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Abstract

Three desirable goals of macroeconomic policy are: full employment, low in-
flation, and a low debt level with no Ponzi scheme. This paper shows that, when
the natural real interest rate is persistently depressed, at most two of these three
goals can be simultaneously achieved. Depending on the parameters of the econ-
omy, each of these three possibilities can be the preferred option, resulting in a
non-trivial policy trilemma.
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1 Introduction

Over the past decades, the natural real interest rate has progressively and persistently
declined across the industrialized world to such an extent that Japan, the Eurozone,
and even the United States have spent long stretches of time with a binding zero lower
bound on the nominal interest rate. It took massive fiscal stimuli following the Covid
pandemic and large contractionary supply shocks to raise inflation above target. How-
ever, population aging, declining productivity growth, high inequality, and persis-
tently low demand for investment suggest that the natural real interest rate is likely to
remain depressed over the coming decades. This paper argues that this entails a major
challenge to macroeconomic policy.

The traditional response to this challenge has been to advocate for a rise in the in-

flation target such as to prevent the zero lower bound from binding (Krugman, 1998).
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Masazumi Wakatabe, and to seminar participants at Waseda University, Banque Nationale de Belgique,
Banque de France, Le Mans Université, T2M Paris 2023 for helpful comments and suggestions.
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However, central banks are reluctant to raise their target above 2%. An alternative re-
sponse to persistently depressed demand consists in implementing a fiscal expansion
financed by an increase in the debt-to-GDP ratio, unbacked by future tax increases,
which can be sustainable provided that the real interest rate remains below the growth
rate of the economy (Blanchard, 2019; Krugman, 2021). This paper formalizes this idea
within a secular stagnation framework, while also highlighting the risk this strategy
entails for price stability.

Secular stagnation is characterized by low inflation, determined by binding down-
ward nominal wage rigidities, and by a binding zero lower bound. This induces the
real interest rate to be above its natural counterpart, resulting in underemployment.
This suggests a policy dilemma: either raise the inflation target sufficiently to depart
from the zero lower bound or keep the economy depressed. But, under secular stag-
nation, the natural real interest rate is so low that a Ponzi scheme of public debt is
likely to be sustainable. Government transfers to households financed by rolling over
debt, rather than by raising future taxes, generate a wealth effect that stimulates ag-
gregate demand, which can restore full employment. However, a Ponzi scheme is
inherently unstable and can collapse, either because households coordinate on run-
ning away from it following a sunspot shock or because a positive shock to the natural
real interest rate brings stagnation to an end. Such a run restores the fiscal theory of
the price level, which results in an upward jump in the price level that shrinks the
Ponzi scheme to zero. While the Ponzi scheme can restore full employment without
raising the inflation target, it entails a small probability of a sudden debasement of the
currency.!

The government must therefore choose between a depressed economy, a higher
inflation target, or a Ponzi scheme. If either the welfare cost of changes to the price
level or the likelihood of collapse of the Ponzi scheme is sufficiently low, then the Ponzi
debt scheme is optimal... until it collapses. Otherwise, the optimal policy consists in
permanently higher inflation and full employment, unless the welfare cost of inflation

is so high that a persistently depressed economy is preferable.

Related literature. In a highly influential AEA Presidential Lecture, Blanchard (2019)
has argued that public debt sustainability need not be a concern in a low interest rate
environment. Building on this insight, Krugman (2021) has argued that, under secular
stagnation, public debt is an attractive alternative to higher inflation to achieve full
employment. Mankiw (2022) has warned about the possibility that, even when a Ponzi

1A Ponzi scheme can also crowd out capital. However, for this to be an adverse effect, the marginal
product of capital must be larger than the growth rate of the economy, which must itself be larger than
the real interest rate for the Ponzi scheme to exist. But, for the marginal product of capital to exceed
the real interest rate, some financial frictions must exist, such as imperfect competition or liquidity
constraints. My analysis abstracts from capital and therefore abstracts from these effects.
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scheme can be sustainable, a run on public debt can occur and is likely to be painful.
This paper formalizes these insights.

Billi, Gali, and Nakov (2024) have characterized the optimal trade-off between
higher inflation and insufficient economic activity within a New Keynesian economy
with a persistently depressed natural real interest rate, but without bubbles. When
a Ponzi scheme is sustainable, Kocherlakota (2022), Blanchard (2022), Miao and Su
(2023), and Aguiar, Amador, and Arellano (2023a) have shown that fiscal policy can
be essential to stabilize economic activity. Also, Campos, Fernandez-Villaverde, Nufio,
and Paz (2024) have shown that a debt-financed fiscal expansion may be necessary to
stimulate aggregate demand such as to prevent the zero lower bound from binding.
My analysis emphasizes that expansionary fiscal policy can reduce the inflation rate
that is necessary to achieve full employment, but it entails the risk of a price level jump
when the Ponzi scheme collapses.

Corsetti and Mackowiak (2023) have argued that delaying a fiscal adjustment is
a gamble that may be worth taking. It reduces inflation in the short-run, but it may
eventually result in a large jump in the price level. However, their analysis abstracts
from the stimulating wealth effect from running a Ponzi scheme.

Bassetto and Cui (2018) have shown that the fiscal theory of the price level does not
uniquely pin down the price level when the interest rate is below the growth rate of
the economy, since a Ponzi scheme may or may not arise. Brunnermeier, Merkel, and
Sannikov (2023) have argued that the steady state with a Ponzi scheme can be made
the unique equilibrium provided that the government makes an off-the-equilibrium
commitment to run primary surpluses forever if the Ponzi scheme collapses (which
raises the value of public debt following the run). I instead consider that the govern-
ment is not able to make such a strong commitment and therefore cannot prevent the
possibility of a run on Ponzi debt.

My analysis assumes a preference for wealth, which makes it possible to have sec-
ular stagnation (Michau, 2018) and rational bubbles (Michau, Ono, and Schlegl, 2023)
within a representative household model of the economy.? Relying on this frame-
work, Michau (2024a) has shown that, under secular stagnation, helicopter drops of
money can be both stimulative and non-inflationary due to the sustainability of a
Ponzi scheme. To explore the policy trilemma, the present analysis adds two features
to this framework: i) price instability has a negative impact on welfare and ii) the Ponzi
scheme can collapse through a stochastic jump in the price level, which introduces the
stochastic discount factor into the valuation of future budget surpluses.’

2The possibility of obtaining rational bubbles under a preference for wealth had previously been
shown by Ono (1994), chapter 11, and by Zhou (2016). However, they did not investigate Ponzi
schemes.

3The Ono (1994, 2001) model of secular stagnation assumes a constant marginal utility of wealth (or



Relying on a tractable model of bubbles with financial frictions and downward
nominal wage rigidity, Hanson and Phan (2017) and Biswas, Hanson, and Phan (2020)
have shown that a bubble can boost economic activity, and its collapse can result in
secular stagnation. While they take the bubble as exogenous, I focus on a Ponzi scheme
that is partly determined by fiscal policy. Also, in their work, the bubble stimulates
economic activity by relaxing financial constraints, whereas in my work, the Ponzi
scheme stimulates aggregate demand through a wealth effect.*

Mian, Straub, and Sufi (2024) have characterized the maximum budget deficit that
can be sustained forever when the natural real interest rate is depressed, with and
without a binding zero lower bound. While their analysis focuses on fiscal space, I
instead characterize the trade-off between inflation, the output gap, and the Ponzi
scheme. They assume that households have a preference for wealth, that they inter-
pret as a convenience benefit of liquidity, which implies that public debt stimulates
aggregate demand. By contrast, to have the Ricardian equivalence, I assume a pref-
erence for net wealth, i.e. wealth net of the present value of taxes, which implies that
only a Ponzi scheme can be stimulative.’

Section 2 presents the setup of the economy, section 3 defines the equilibrium, and
section 4 characterizes the steady state equilibria. The policy trilemma is investigated
in section 5. Section 6 discusses the nature of the shock inducing the price level jump.
Possible ways to break through the trilemma are discussed in section 7. The paper
ends with a conclusion.

2 Economy

The economy consists of identical firms, identical households, and a government. The
only friction is a downward nominal wage rigidity.

Time is continuous. There is a unit mass of infinitely lived households. Population
within each household grows at rate n. At time ¢, the total population of the economy
is equal to V; = e™.

of real money balances), which annihilates the wealth effect from the Ponzi scheme. This results in a
dilemma: higher inflation or underemployment.

“This line of research belongs to a growing literature on the interactions between monetary policy
and bubbles (Gali, 2014, 2021; Dong, Miao, and Wang, 2020; Asriyan, Fornaro, Martin, and Ventura,
2021; Ikeda, 2022; Plantin, 2023).

SRecently, Barro (2020), Mehrotra and Sergeyev (2021), Reis (2021), Cochrane (2021), Abel and
Panageas (2022), Amol and Luttmer (2022), Brumm, Feng, Kotlikoff, and Kubler (forthcoming), Kocher-
lakota (2023), Aguiar, Amador, and Arellano (2023b) have also carefully investigated the sustainability
of public debt in low interest rate environments, but in real economies without the possibility of de-
pressed demand.



2.1 Government

Nominal indebtedness at time t amounts to B,. Real lump-sum taxes per capita are set

equal to 7;. Public indebtedness therefore evolves according to
Bt =By — PNy, 1)

where i, denotes the nominal interest rate and P, the aggregate price level at ¢.

Real indebtedness per capita is given by b, = B,/(F,N;). I denote by ®, the expected
present value of the real primary surpluses per capita 7; from time ¢ onward. In the
absence of Ponzi scheme, we would have b, = ®,. It is therefore natural to define the

magnitude of the government Ponzi debt scheme as
At - bt - q)t- (2)

Whether a Ponzi scheme is sustainable will be determined endogenously in equilib-
rium.

An important drawback from running a Ponzi scheme is that it can collapse at any
moment. I therefore assume that a sunspot shock occurs at exogenous Poisson rate
e. It induces households to run away from the Ponzi scheme, resulting in its collapse.
By assumption, the government remains committed to the same present value of sur-
pluses ®;, which is therefore not affected by the sunspot shock. The shock induces an
upward jump in the price level that is multiplied by 1 + A;/®,.° The evolution of the
price level is therefore given by the following stochastic process

Ay
AP, = mPdt + atPtht, 3)
where 7; denotes the inflation rate at time ¢ in the absence of price level jump, while
dJ, denotes the Poisson jump, which is equal to 1 with probability cdt and to 0 with
probability 1 — edt. Throughout my analysis, I consider that lump-sum taxes are set
such that the present value of surpluses ®, is strictly positive; otherwise, an arbitrarily
large price level jump would not be sufficient to eliminate the Ponzi scheme.

Using Itd’s lemma with jumps, we can compute d(1/F;) and, hence, d(B;/(P:Ny)),

which gives
dby = [(iy — m — n)by — 7] dt — AydJ,. 4)

The derivation is provided in appendix A. When the shock occurs, public debt falls

®Indeed, as the price level increases from P, to P;(1 + A;/®;), public indebtedness falls from
B,/(NiP,)) = A+ @ to By /(N P,(14+ A/ ®,)) = ®;, which reduces the magnitude of the Ponzi scheme
to zero.



from b; to by — A; = ;.
Finally, monetary policy follows a Taylor rule, unless the zero lower bound is bind-
ing, which implies
iy = max{r" + 7" + ¢[m — 7], 0}, 5)

where 7* is the inflation target, r" is the natural real interest rate to be subsequently

defined, and ¢ determines the responsiveness of the nominal interest rate to inflation.

2.2 Firms

For simplicity, I assume that labor is the only factor of production. The representative
tirm employs L, units of labor per capita to produce output Y; using a constant returns
to scale production function

Yi = NiLy. (6)

Employment therefore amounts to N;L,. The real wage w; is equal to the marginal
product of labor, which gives

2.3 Households

The representative household discounts the future at rate p, where p > n. It inelasti-
cally supplies one unit of labor per capita, resulting in aggregate labor supply being
equal to N;. The household derives utility u(c;) from consuming ¢, per capita at time
t, where v/(-) > 0, () < 0, and lim,._,o u'(c) = oo.

The household also derives utility from holding wealth, which is equal to a; per
capita. However, government debt b, must eventually be repaid through taxes; unless
the government is running a Ponzi scheme. The expected present value of taxes is
therefore equal to b, — A;, where A, denotes the magnitude of the government’s Ponzi
scheme. The household perceives its net wealth to be equal to a; — b, + A, at time ¢,
and derives utility v(a; — b, + A;) from holding it. This specification of net wealth im-
plies that households are Ricardian. A lump-sum transfer eventually repaid through
a lump-sum tax temporarily raises both a; and b; by the same amount, while leaving
a; — by + Ay unchanged. Thus, the marginal utility of wealth 7/(a; — b, + A¢) is un-
affected by the transfer, consistently with the Ricardian equivalence proposition. The
preference for wealth satisfies v'(-) > 0, v”(-) < 0, 7/(0) < oo, limy_,o ¥'(k) = 0, and

oo 7

o v (eM)dt < oo forany X > 0.

"This last technical condition, which makes it possible to rule out explosive Ponzi schemes, is very
mild. It is satisfied for any CRRA specification (k) = [(k — k)3~ — 1]/(1 — o) with reference wealth
level £k < 0.



Finally, the household gets disutility ¢c(dP;/F;) from changes to the price level,
where 1) determines the strength of this disutility, while the function ¢(-) is given by

C(@) ) al® if d.J, = 0
P, éc(%’t> ifdj, =1 "
|| if dJ, =0
pr— 9 8
{éC (5) ifasr=1 ®

where the function C(-) satisfies C(0) = 0, C’(0) > 1, and C”(-) > 0.° This specifi-
cation nests a linear flow cost of inflation under normal circumstances, together with
a discrete cost when the price level jumps. The discrete cost is weakly convex in the
magnitude of the jump. This utility cost of inflation has no impact on the behavior
of the representative household, since inflation is beyond its control, but it will be
relevant for our subsequent welfare analysis. The adverse effect of inflation can be
interpreted as the mental cost of optimizing purchases when the price level changes,
together with an additional convex cost from the financial disruption and the loss of
monetary policy credibility entailed by a sudden debasement of the currency.
The household’s expected intertemporal utility is given by

Eo [/OOO e~ (Pt {u(ct) +y(a; — by + Ay) — e (%)} dt} . )

Let r; denote the real return that is risk-free in real terms (whereas i; — 7; is the
real return that is risk-free in nominal terms, but risky in real terms due to the inflation
risk). The portfolio of the representative household h is composed of two assets: gov-
ernment bonds ] and bonds that are risk-free in real terms d'. Thus, at any point in
time a; = b} + d}'. The risk-free bonds yield a return r, — n per capita. Government
bonds yield i; —m,—n and their value drops by A;/b; when the price level jumps, which
occurs with probability edt at time ¢.° The household receives labor income w; L, pays

lump-sum taxes 73, and consumes ¢, per capita."” Hence, household wealth per capita

81f we impose C’(0) = 1, then the two parts of (8) can be nested into the single expression ¢ (

%. Indeed, by (3), if dJ, = 1, we have |dP,/P,| = A;/®,; while, if dJ, = 0, we have % =
C(|me|dt) C(0)+|m¢|dtC’ (0)
t

dapPy
Py

di = |mil.
gAs the price level is multiplied by 1+ A, /®,, the value of bonds b/ held by the household decreases
by b — b} /(14 A/ @) = b (b — 1) /by = b At /by
101f there is less than full employment, labor demand L, is below 1 and labor income is equal to w; L;.



follows

da;, = [(re—n)d} + (i, — 71 — )b} + w Ly — 7 — ¢] dt — b??—:djt,
= [(ry —n)ay +w Ly — 7 — ¢ dt + 0 | (iy — 7, — 7r,)dt — ?—:th . (10)
Finally, the household is subject to a no-borrowing constraint
a; > 0. (11)

In equilibrium, this constraint is never binding since households are identical and the
supply of assets is always positive.
The representative household maximizes its expected utility (9) subject to its flow
of funds constraint (10) with initial wealth a, and to the no-borrowing constraint (11).
Before the jump in the price level has occurred, the intertemporal allocation of

consumption satisfies the Euler equation

¢ —cu(c uw(¢y) ' (¢y)

where ¢; denotes consumption at time ¢ immediately after the price level jump. Once
the price level jump has occurred, consumption follows a similar Euler equation with
both A, and ¢ equal to zero. The optimal portfolio allocation between risky govern-
ment debt b} and risk-free bonds d} results in

At U/(Et)

Tt:it—ﬂt—g—

bt u' (Ct)

. (13)

The real return on government bonds i, — 7; is above the risk-free real interest rate r,
due to the price level risk. Finally, the optimizing behavior of the household implies
that the following transversality condition must be satisfied

lim E, [6_(p_”)tu’(ct)at} = 0. (14)

t—o00

The Euler equation (12), the risk premium relationship (13), and the transversality
condition (14) are sufficient conditions to characterize a solution to the household’s
problem. This is formally established in appendix B.

The role of the preference for wealth can be seen from the Euler equation (12): in
addition to raising the propensity to save, it ensures that in steady state, i.e. when
¢ = 0, consumption is a decreasing function of the real interest rate. This is essential
to allow for the possibility of a sustainable Ponzi scheme or of secular stagnation.



24 Downward nominal wage rigidity

Following Schmitt-Grohé and Uribe (2016), I impose a downward nominal wage rigid-
ity. Workers never accept a rate of nominal wage growth that falls below a reference
rate of inflation 7. But, the profit maximizing behavior of firms implies that, under
our linear production function, the real wage must always be equal to 1, as given by
(7). Hence, the price level P, must be equal to the nominal wage rate. So, the down-
ward nominal wage rigidity prevents inflation from ever falling below 7t. This results
in two possibilities: if inflation is above 7%, the downward nominal wage rigidity is
not binding, ensuring full employment with L, = 1; conversely, if there is less than
full employment with L, < 1, the downward nominal wage rigidity must be binding,

resulting in inflation being equal to 7%. We must therefore have''
7, > 1 and L; < 1 with complementary slackness. (15)

Throughout my analysis, I assume that the inflation target 7* from the Taylor rule (5)

is greater or equal to the reference rate of inflation 7*.

2.5 Market clearing

For the economy to be in equilibrium, markets must clear. Goods market clearing
requires aggregate demand N;c; to be equal to aggregate supply Y; = N;L;, which
gives

cr = Ly. (16)

Financial market clearing requires households’ demand for government bonds b and
for risk-free bonds d!' to be equal to their respective supply, equal to b, and 0. As
a; = bl + d, this implies

a; = by. (17)

Hence, net household wealth a; — b, + A, must always be equal to A,. Finally, the labor
market clearing condition is replaced by the downward nominal wage rigidity (15).

'Michau (2018) offers a slightly more general specification, where under-employment induces work-
ers to accept a rate of nominal wage growth below 7. However, empirically, the Phillips curve is very
flat at low rates of inflation (Forbes, Gagnon, and Collins, 2021), suggesting that downward nominal
wage flexibility is very limited.



3 Equilibrium
Given the structure of the economy, and the preference for wealth of the representative

household, the stochastic discount factor is given by

’Y,(Au>

A, = e B (=528 a0, (18)

Let us now rely on this stochastic discount factor to provide a precise definition of the
present value of primary surpluses ®;, from which the magnitude of the Ponzi debt
scheme A, = b; — ®; can be deduced.

Assuming that the present value of real primary surpluses ®; does not jump when
the sunspot shock occurs, @, is akin to a safe asset whose dividends must be dis-
counted by the risk-free real interest rate. Thus, ¢, can be defined by

dd, = [(ry — n)®, — 7] dt, (19)

together with the boundary condition limy_,, E; [Ar®7] = 0. As required, this defini-

tion implies

(Pt = ]Et |:/ %Tsdé’] . (20)
t t

This is formally established in appendix C.

For simplicity and clarity, I am assuming that, when the price level jumps at time ¢,
the path of lump-sum taxes (7;):2, adjusts such as to leave the present value of primary
surpluses ®; unchanged. Alternatively, we could be tempted to assume that, when the
shock occurs, the government raises the present value of surpluses ®; to the level of
public debt b; such as to prevent any jump in the price level. However, as shown in
appendix D, when ¢ > 0, this generically results in A; = 0. Intuitively, a Ponzi cannot
exist if the government commits to raising the present value of surpluses conditional
on the realization of the sunspot shock, since public liabilities would then always be
backed by fiscal surpluses.

The evolution of public debt b; and of the present value of surpluses ®,, respectively
given by (4) and (19), together with expression for the risk premium (13), imply that
the Ponzi scheme A; = b, — ®, follows

P
dAt = |:7"t —-n+ €UI<Ct):| Atdt — Atdjt, (21)
u'(cy)
which entails A
A= lim E, {fATl . (22)
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This is also shown in appendix C. Hence, a Ponzi scheme is only valuable if house-
holds expect it to be valuable in the future.

Throughout my analysis, I do not impose the government’s no-Ponzi condition
A; < 0. Instead, the limit to public indebtedness is endogenously determined by
households” willingness to lend to their government, which is itself determined by
their transversality condition (14).1

The no-borrowing constraint (11) prevents households from running Ponzi schemes.
Hence, by Walras’ law, the government’s no-Ponzi condition must either be binding
A; = 0 or violated A, > 0, but cannot be slack. I henceforth consider that A, > 0.3

Recall that ¢, was assumed to be strictly positive; otherwise, by (3), an arbitrarily
large price level jump could not eliminate the Ponzi scheme. The supply of assets b, =
®,+A; must therefore always be strictly positive. This implies that the household’s no-
borrowing constraint (11) cannot be binding in equilibrium. Also, in equilibrium, the
household’s transversality condition (14) can be written as lim; ., e~/ (¢,)A; =
0 conditional on the absence of a price level jump. This is shown in appendix E.

This allows us to define the equilibrium of the economy.

Definition 1 An equilibrium of the economy before the price level jump (c;, 7, 74, iy, A¢)52,

is characterized by the Euler equation (12) with asset market clearing (17):

() b )

the downward nominal wage rigidity (15) with goods market clearing (16):

7 > 7l and ¢, < 1 with complementary slackness; (24)

the risk-premium equation (13) with by = ¢, + Ay:

. Ay u(E)
Ty = 1 T Emm, (25)
the Taylor rule (5):
iy = max{r" + 7 + ¢[m; — 7], 0}; (26)

12N0t€ that AtAt = hHlT_,OO Et [ATAT] = hmT—>oo Et [AT(bT — (I)T)] = hmT_wo Et [ATbT], where
the last equality follows from limp_, E; [Ar®7] = 0. Using the asset market clearing condition (17)

’
AL |

and the stochastic discount factor (18), we obtain A;A; = limy_, o E; [e

Hence, without the preference for wealth, the households’ transversality condition (14) implies A; = 0.
But, as we shall see, with a preference for wealth, we can have A; > 0.

13Formally, by the previous footnote, we have AyA; = limp_, o E; [Arbr]. Hence, the no-borrowing
constraint a; > 0 together with the asset market clearing condition a; = b; implies A; > 0.

11



the dynamics of the Ponzi scheme (21) with d.J; = 0:

u'(cr)

u'(cy)

A, = {rt—me }At; @7)

the transversality condition conditional on the absence of a price level jump:

1tlim e~ PO (¢) A = 0; (28)
and the initial magnitude of the Ponzi scheme A, chosen by the government. The equilibrium
after the price level jump is also characterized by (23)-(28), but with A, = 0 and ¢ = 0. This
determines the consumption level immediately after the price level jump ¢, which affects the
economy before the jump through (23), (25), and (27).

In equilibrium, net household wealth is equal to A;. Hence, assuming a preference
for net wealth implies that public debt can only stimulate aggregate demand if it is un-
backed, i.e. if it corresponds to a Ponzi scheme. An alternative would be to assume
a preference for wealth (i.e. y(a;) rather than vy(a, — b; + A;)). This would imply that
a high level of public debt would be stimulating, even if backed by future surpluses.
A Ponzi scheme would nonetheless still be possible and, as the Ricardian equivalence
would not hold, the timing of tax collection would affect the equilibrium of the econ-
omy. This would substantially complicate the analysis. For a careful comparison of
the preference for net wealth and for wealth, see Michau (2024b).

I henceforth assume that the fiscal policy of the government is characterized by a
constant present value of surpluses equal to ® until right after the Ponzi scheme has
collapsed. Thus, when A, > 0, the primary surplus 7; is determined residually such
as to keep ®; = ¢. From equation (19), this implies that 7, = (r; — n)®, which entails
7, < 0 whenever r, < n. Once the Ponzi scheme has collapsed, the present value of
surpluses ®; disappears from the definition of equilibrium.'*

4 Steady state equilibria

Let us now characterize the steady state equilibria of the economy (c, 7, 7,4, A) before
the occurrence of the price level jump. From the downward nominal wage rigidity
(24), we must either have full employment with ¢ = 1 or low inflation with 7 = 7.

From the dynamics of the Ponzi scheme (27), we must either have no Ponzi scheme

4Once the Ponzi scheme has collapsed and uncertainty has dissolved, equations (18) and (20), to-
gether with the Euler equation (23) with A; = 0 and ¢ = 0, imply that &, = [~ e~ S ru=n)ydur g,
Hence, if ®; > 0 and the economy is in a steady state with r < n, then surpluses 7, must be converging
to zero. With 7, > 0 for all ¢, the present value of surpluses ®; must then be shrinking over time.

12



with A = 0 or a Ponzi scheme of constant magnitude with r = n — eu/(¢) /u/(c)." This

gives the following four steady state equilibrium possibilities:
* A neoclassical steady state with full employment ¢ = 1 and no Ponzi scheme A = 0;

* A secular stagnation steady state with low inflation 7 = 7%, no Ponzi scheme A = 0,

and under-employment ¢ < 1;

* A Ponzi steady state with full employment ¢ = 1, interest rate r = n — eu'(¢) /u'(c),

and a Ponzi scheme A > 0;

A Ponzi-stagnation steady state with low inflation 7 = 7%, interest rate r = n —

eu'(¢) /v (c), under-employment ¢ < 1, and a Ponzi scheme A > 0.

Once the price level jump has occurred, only the first two steady state survive. Of
course, the latter two steady state are only “steady” conditional on the absence of a
price level jump. For simplicity, I nonetheless refer to them as steady states. I now
characterize each of these four steady state equilibria.

4.1 Neoclassical steady state

A neoclassical steady state (¢, 7", r", ", A™) is characterized by full employment ¢ =
1 and no Ponzi scheme A™ = (0. Recall from (3) that, in the absence of Ponzi scheme,
the price level cannot jump. We can therefore consider that, once in the neoclassical
steady state, the economy remains there. Hence, ¢ = ¢" = 1. From the consumption

Euler equation (23), the real interest rate is therefore given by

(29)

This is the natural real interest rate, which enters the Taylor rule (26). A persistent lack
of demand corresponds to a low natural real interest rate r". In this framework, this
results from a strong marginal utility of wealth +/(0). This can be seen as a proxy for
other factors depressing aggregate demand, such as population aging, which would
not change the nature of the underlying policy trilemma.

In the absence of price level risk, the risk premium in (25) is trivially equal to zero,
which gives " = r™ + 7". The Taylor rule (26) therefore entails " = max{r" + (¢ —
1)[r" —7*|, =" }. Hence, we must either have 7" = 7* or 7" = —r"; and both possibil-
ities require

™ > —r" (30)

BNote that an explosive Ponzi scheme, with lim; ,., A; = 0o, cannot be an equilibrium outcome.
This is shown in appendix F.
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This shows that, when the natural real interest rate " is depressed due to a lack of
demand, the existence of the neoclassical steady state requires the inflation target 7*
to be sufficiently high to overcome the zero lower bound on the nominal interest rate.
This is an important element of the policy trilemma.

Finally, the downward nominal wage rigidity (24) requires 7" > 7. But, we must
either have 7" = 7" and 7* > —r" or 7" = —r", both of which imply 7" > —r". And,
as we are about to see, —r" > 7/ is a necessary condition for the secular stagnation
steady state to exist and, hence, for the trilemma to arise. It follows that 7" > Tk,

implying that the downward nominal wage rigidity is slack.

4.2 Secular stagnation steady state

A secular stagnation steady state (¢**, 7°%, 7%, i**, A*®) is characterized by low inflation
7 = 7%, no Ponzi scheme A* = 0, and underemployment ¢* < 1. Again, in the
absence of Ponzi scheme, the price level cannot jump and we can consider that, once
in the secular stagnation steady state, the economy remains there. This implies that
¢ = ¢ and r** = i** — 7*°. The Euler equation (23) in steady state, given by 1/u'(c**) =
(p —r**)/9'(0), implies that ¢** is a decreasing function of **. Hence, to have under-
employment with ¢** < 1 = ¢", the stagnation real interest rate ** must be above the
natural real interest rate r".

The Taylor rule r** = max{r" + (¢ — 1)[x" — 7*], =7 %} with r** > " and 77! < 7*
implies that r** = —7f and, hence, i** = 0. Thus, for the secular stagnation steady
state to exist, and for the trilemma to arise, aggregate demand must be so depressed
that 7" < r** = —7f. T henceforth assume that the condition r" < —7* is satisfied.

Finally, by the Euler equation (23), output is demand determined with

1 _p+7rR

TCORETON o

where I consider that 7% > —p. Note that a relaxation of the downward nominal
wage rigidity, through a reduction in 7%, raises the real interest rate —7%, which fur-
ther depresses the economy. This is the paradox of flexibility, which shows that the
fundamental cause of stagnation is not the downward nominal wage rigidity, but the
existence of money that prevents the nominal, and hence the real, interest rate from
being sufficiently low. Underemployment is a general equilibrium phenomenon: the
interest rate is excessively high in the financial market, which depresses the demand
for goods and, hence, firms” demand for labor. The downward nominal wage rigidity
is only necessary to put a break on the deflationary spiral, which would otherwise be
so strong as to prevent the existence of the secular stagnation steady state.
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4.3 Ponzi steady state

A Ponzi steady state (c?, 77,77, P, AP) is characterized by full employment ¢* = 1 and

P =n— ez,lf?) Hence, by the Euler equation (23), the magnitude of the Ponzi scheme
AP must be given by

7V (AP) = (p—n+e)u'(1). (32)

This is the size of the Ponzi scheme that is necessary to induce aggregate demand to
w(e)
w'(1)”

The existence of this Ponzi steady state requires A? > 0 or, equivalently, 7/ (A?) <
7'(0). Hence, by (29) and (32), we must have r* < n — . The larger the likelihood

e of collapse of the Ponzi scheme, the more stringent the existence condition for this

be sufficiently high to have full employment under interest rate r» =n — ¢

Ponzi steady state. This insight was originally obtained by Weil (1987) in his seminal
analysis of stochastic bubbles.

From the risk-premium equation (25), together with r» = n — 55:8, we have ¥ —
™= n—egi % The Taylor rule (26) can be written as ¥ —7? = max{r"+(¢—1) 7P —
7*], —m?}. Hence, from these two equations, we must either have 7?7 = 5&% —n
or P = 7 4+ ﬁ n—r"— g %} ; and both possibilities require

¢ ¢ W()
>t - —— —e—1" 1-— . 33
™ > —r p— (n—e—1r")+¢ B+ A (1) (33)

If the collapse of the Ponzi scheme does not entail an output risk, i.e. if ¢ = 1, then
the lower bound for the inflation target (33) is lower than in the neoclassical steady
state (30). This is due to the fact that the Ponzi scheme A? generates a wealth effect,
which stimulates aggregate demand. Hence, the corresponding real interest rate r” =
n — ¢ is higher than in the neoclassical steady state r", which relaxes the zero lower
bound constraint. This is the essence of the policy trilemma: offsetting a depressed
level of aggregate demand either requires high inflation or a Ponzi scheme.

Even with an output risk, i.e. with ¢ < 1, which depresses demand and reduces
the real interest rate ” = n — e%, the threshold for the inflation target is likely to be
lower in the Ponzi steady state (33) than in the neoclassical steady state (30). This is
always the case when either € or ® is sufficiently close to zero.

Finally, to have full employment, the downward nominal wage rigidity must be
Y, % —n > 7%, then the constraint is always trivially satisfied.
Otherwise, the threshold (33) for the inflation target must be raised to 7* > 7% —

L e _w(e) — 1 IR )
1 n—r"—e@rmm] such as to have 77 = 7" + == [n—r”—&t@rmw(l)

the unique possibility for the inflation rate in the Ponzi steady state.

non-binding. If ¢

> 7l as
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4.4 Ponzi-stagnation steady state

A Ponzi-stagnation steady state only exists under stringent conditions. It is derived in
appendix G.

5 Policy options

Our first three steady state possibilities capture the essence of the policy trilemma,
illustrated in Figure 1. The neoclassical steady state has full employment and no Ponzi
scheme, but fairly high inflation equal to at least —r". The secular stagnation steady
state has low inflation equal to 7% and no Ponzi scheme, but under-employment with
c®® < 1. The Ponzi steady state has full employment and typically fairly low inflation,
but with a Ponzi scheme A? > 0 that can collapse at any moment. For simplicity,
I henceforth consider that 7# > 0, which implies that the downward nominal wage
rigidity prevents the occurrence of deflation. Hence, from a pure welfare perspective,

inflation cannot be excessively low.

Full employment

Neoclassical m

No < N Low

7

Ponzi Stagnation inflation

Figure 1: Trilemma for low interest rate macroeconomics

However, the trilemma does not always arise. First, to have a policy trade-off,
the secular stagnation steady state must exist, which requires aggregate demand to be
sufficiently depressed to have 7" < —rfl. Otherwise, the neoclassical steady state can
combine full employment, no Ponzi scheme, and inflation as low as 7%. Second, when
r™ > n — ¢, a Ponzi scheme is not sustainable. In that case, the policy options amount
to a dilemma: either full employment or low inflation.

The government has two policy instruments: the inflation target 7* and the initial
magnitude of the Ponzi scheme A, which can be implemented through a lump-sum
transfer of magnitude A, financed by the issuance of nominal bonds (which can be
interpreted as a helicopter drop of nominal bonds). I assume that the inflation target
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is constant over time, and can only be changed when the Ponzi scheme collapses. The
government sets these instruments such as to maximize welfare.

Throughout my analysis, I focus on the best case scenario where households spon-
taneously coordinate on the best equilibrium consistent with the policy (A, 7*) cho-
sen by the government. I only impose one restriction. It concerns the equilibrium
path following the realization of the sunspot shock. I assume that, if the economy is
depressed with ¢, < 1 and the Ponzi scheme collapses with A, < A where A is fairly
small, the economy subsequently remains in the secular stagnation steady state. In
other words, the sunspot shock can only trigger a persistent increase in inflation if
the Ponzi scheme that is collapsing is fairly large. Otherwise, even with an arbitrarily
small Ponzi scheme, the sunspot shock can trigger a persistent upward jump in the
rate of inflation and in employment, the expectation of which can stimulate economic

activity. This appears to be implausible.'®

5.1 The dilemma

Before investigating the trilemma, we need to solve the dilemma facing the govern-
ment once the Ponzi scheme has collapsed. The definition of equilibrium (given by
(23)-(28) with A; = 0 and ¢ = 0) implies that, once the Ponzi scheme has collapsed,
the economy must either reach the neoclassical or the secular stagnation steady state.
I assume that if the two steady states can be reached, which requires both a suffi-
ciently high inflation target and a situation before the collapse such that either ¢; = 1
or A; > A, then households spontaneously coordinate on the neoclassical steady state.
In other words, households rationally expect inflation to be on target if that is possible.
Let (¢, m;) denote the steady state equilibrium that solves this dilemma at time ¢.
When the economy is depressed with ¢; < 1 and the Ponzi scheme is small with
A, < A, the economy remains depressed, which implies (¢;, 7;) = (¢**, 7%?). Let us now
solve the dilemma when either ¢, = 1 or A; > A. As the government sets the lowest
inflation target 7* consistent with the desired steady state, inflation in the neoclassical
steady state must be equal to —r". Inflation is always equal to 7% in the secular stag-
nation steady state. The welfare of the representative household is equal to [u(1) +
v(0) + ¢r"]/(p — n) in the neoclassical steady state and to [u(c**) + v(0) — 7] /(p — n)
under secular stagnation. It follows that full employment is chosen if and only if the
welfare cost of higher inflation ¢(—r" — 7f') > 0 is lower than the welfare cost of

16My results on the nature of the trilemma are not fundamentally modified if A = 0, except that for
some parameters the optimal equilibrium trajectory seems implausible.
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under-employment u(1) — u(c**) > 0. Hence, when either ¢; = 1 or A; > A, we have

o (1, —r")  if gy < WD)
Ct, M) = Ty - 34
(@) {ww) if > w0l (34

This also characterizes the solution to the dilemma at time 0.
Note that, in the presence of a Ponzi scheme, ¢ has an impact on welfare, as reflected
by the risk-premium (25).  am assuming that the government chooses ¢ once the Ponzi

scheme has collapsed and cannot commit ex-ante to a different value of c.

5.2 The trilemma

When r" < min {—7",n — £}, the secular stagnation and the Ponzi steady state both
exist, resulting in a policy trilemma. If we denote by (c;, 7, A;)2, the equilibrium of
the economy conditional on the absence of a price level jump and by (¢, 75)2, the

steady state equilibrium afterwards, then welfare along this path is given by

/oo o~ (pnte)t |:U(Ct) +v(4Ay) — Yy — el <%>
0

+ € ( / " e lmma) [u(@s) +v(0) — o] ds)} dt. (35)
t

This expression is derived in appendix H. At each point in time, a price level jump oc-
curs with probability edt and momentarily raises the cost of inflation to »C(A;/®)/dt.
This inflation risk is the welfare cost of running a Ponzi scheme of public debt. Note
that, if households never run away from the Ponzi scheme, i.e. if ¢ = 0, then the Ponzi
steady state is always superior to the neoclassical steady state, thanks to the welfare
gain from higher wealth and to lower inflation equal to max{—n, 7%} instead of —r".

To solve for the optimal policy, for any value of A, € [0,00), we need to charac-
terize the equilibrium paths that exist, before determining the lowest inflation target
7* consistent with each path, and then evaluating the corresponding level of welfare
using (35). The solution to the trilemma is given by the policy (A, 7*) that maximizes
welfare.

For simplicity and clarity of exposition, I first consider the case where the govern-
ment chooses among steady state equilibria, i.e. Ay € {0, AP}, which captures the
essence of the trilemma. I then allow for other values of Aj € [0, 00). As my analysis

relies on numerical simulations, I now calibrate the model.
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5.2.1 Calibration

Households have constant relative risk aversion for consumption

u(c) = ﬁ, (36)

and, following Kumhof, Ranciere, and Winant (2015) and Michau (2024a), constant

relative risk aversion for wealth, relative to a reference wealth level a < 0,

_la—a)7 -1
a) = k—7— 37)
The convex welfare cost of a price level jump is given by
1% —1
Clx) = a%, (38)

where o > 1 determines the cost of a price level jump relative to the cost of a continu-
ous increase in the price level” and 3 > 1 determines the convexity of this cost.

I assume a 5% discount rate and constant population, which gives p = 5% and
n = 0%. Core inflation in Japan has been close to 0% on average over the past three
decades, while it was close to 1% in the Eurozone from 2013 to 2021 when the zero
lower bound was binding. I therefore set 7% = 0.5%.

Eggertsson, Mehrotra, and Robbins (2019) and Rachel and Summers (2019) have
estimated the U.S. natural real interest rate to be equal to —2.2% and 0.4%, respectively.
However, throughout my analysis, the natural real interest rate " is defined by (29) as
the real interest rate consistent with full employment in the absence of Ponzi scheme. But,
Eggertsson, Mehrotra, and Robbins (2019) and Rachel and Summers (2019) have found
that the rise in public indebtedness in the U.S. over the past four decades has raised
the natural real interest rate by about 2%. Hence, their estimation implies that the U.S.
natural real interest rate as defined by (29) is between —4.2% and —1.6%. The natural
real interest rate is probably even lower in the Eurozone and in Japan.'® T therefore
set the coefficient of relative risk aversion for consumption 6 such that the natural real
interest rate 7" is equal to —3%, which gives 6 = 3.56. Note that with " = —3%, in the
absence of Ponzi scheme, a 2% inflation target is inconsistent with the economy being
at full employment.

I set the scale parameter k of the preference for wealth such that, under secular

7" An infinitesimally small price level jump |dP;/P;| entails a welfare cost %

w = C'(0)|m] = a|m|. By (8), a continuous increase in price of the same magnitude

t
entails a welfare cost |m|.

8Holston, Laubach, and Williams (2017) have estimated the natural real interest rate in the Eurozone
to be about 0.7% below the U.S..
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stagnation, the output gap amounts to 10% of GDP, i.e. ¢** = 0.9¢" with ¢" normalized
to 1, which gives £ = 0.08. According to Hausman and Wieland (2014), the output
gap in Japan was about 10% in 2013, before the monetary and fiscal expansion of Abe-
nomics, while Hall (2017) reported a 15% output gap for the U.S. in 2015. The reference
wealth level a, which gives the theoretical upper bound to household indebtedness, is
set equal to one year of output at full employment, which gives a = —1. Neither the
calibration of other parameters nor the simulation results are very sensitive to a. The
present value of surpluses is set equal to 100% of GDP at full employment, which gives
® = 1. Public debt in excess of that threshold must correspond to a Ponzi scheme. The
maximal magnitude of a Ponzi scheme, reached when ¢ = 0, is set equal to 150% of
GDP, implying that public debt could potentially rise to 250% of GDP, but not higher.
This gives 0 = 0.51. Finally, the threshold magnitude of the Ponzi scheme A below
which a depressed economy must remain stuck in secular stagnation following the
occurrence of the sunspot shock is set equal to 20% of GDP, which gives A = 0.2.

The calibration is summarized in Table 1. While this calibration is plausible, the
model remains stylized. Importantly, the qualitative insights from my simulations are

robust to plausible changes to this calibration.

Parameter Calibrated value Moment
Discount rate p="5%
Population growth n = 0%
Reference rate of inflation for wage bargaining 7t =0.5% .
CRRA for consumption 0 = 3.56 r* = —3%
CRRA for wealth (relative to reference level) o =0.51 AP = 1.5¢" whene =0
Scale parameter of preference for wealth k =0.08 ¢ =(1-0.1)c"
Reference wealth level a=—1 a=—c"
Present value of primary surpluses d=1 O ="
Threshold to be stuck in depression A=0.2 A =0.2c"

Table 1: Calibration of the model

5.2.2 Choosing among steady states

Let us now solve the policy trilemma assuming that the government chooses among

the three steady state equilibria. In the Ponzi steady state, when inflation is set as low

as possible, we have 77 = max {5 3 f’ N Z,/g —n, WR}. Thus, from the welfare function

(35) and after simplifications, the Ponzi steady state is the preferred option if and only
if
AP
u(1) +7(AP) — 7 — eC (3) > (@) +(0) — v, (39)
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where ¢ and 7 are given by (34) and A? by (32)." If this inequality is not satisfied, then
the neoclassical steady state is the solution to the trilemma when v is below the thresh-
old from the dilemma (34) and the secular stagnation steady is the solution when v is
above this threshold.

The critical parameters for the policy trilemma are the the welfare cost of changes to
the price level ¢ and the likelihood of collapse of the Ponzi scheme ¢. The parameters
a and f of the cost of a price level jump (38) are also important. I therefore characterize
numerically the optimal steady state equilibrium as a function of ¢» and ¢ for different
values of o and /.

I tirst consider the possibility that o = 5 and 5 = 1. This implies that an increase in
the price level is 5 times more costly when it is due to the collapse of a Ponzi scheme
than when it results from a high inflation target (see footnote 17). Intuitively, when
a = 5and f = 1, a 1% chance per year of having a 50% upward jump in the price
level, which raises expected inflation by 0.5%, is as costly as a 0.005a = 2.5% antici-
pated increase in inflation. The idea is that sudden and uncontrolled fiscal inflation
generates financial disruption and a loss of monetary policy credibility that makes it
markedly more costly than a smooth and anticipated increase in the price level in-
duced by monetary policy. Similarly, the sovereign debt literature typically assumes a
sizeable deadweight cost of default (Aguiar and Amador, 2021).

The optimal steady state, as a function of 1 and ¢, is displayed in Figure 2. Recall
that, when ¢ = 0, the Ponzi scheme is of maximal magnitude (calibrated to be equal to
150% of GDP) and never collapses; while, when ¢ = n — r" = 3%, the Ponzi scheme
is of zero magnitude. Figure 2 shows that when either ¢ or 1) is close to zero, a Ponzi
scheme is either so unlikely to collapse or the cost of a collapse is so low that it is the
preferred option, thanks to the welfare gain from higher wealth. The vertical dashed
line corresponds to the threshold from the dilemma, given by (34). After the collapse
of the Ponzi scheme, the economy must be in the neoclassical steady state to the left of
this line and in secular stagnation to the right.”

As ¢ increases, a Ponzi scheme is more likely to collapse and to induce an upward
jump in the price level, making it less attractive. At some point, a Ponzi scheme is no
longer desirable. If the cost of inflation 1 is below the threshold from the dilemma
given by (34), then the neoclassical steady state is optimal even though inflation per-
manently rises to —r" = 3%; while, if the cost of inflation is above the threshold, then
a permanently depressed economy with consumption equal to ¢ = 0.9 < ¢" = 11is
preferable.

YNote that, in the Ponzi steady state, we have ¢ = 1. Thus, even if AP < A, ¢ and 7 are given by (34)
following the collapse of the Ponzi scheme.

2This implies that, before the price level jump, the Ponzi steady state yields slightly higher welfare
to the left of that line, where ¢ = 1, than to the right, where ¢ = ¢*°.
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Figure 2: Trilemma fora =5and 8 =1

What is the solution to the trilemma when the cost of the price level jump is a
convex function of the magnitude of the jump? To emphasize the effect of convexity, I
set a = 1 and § = 6. With a = 1, there is no discontinuity between a continuous rise
in the price level and an infinitesimal jump. With 3 = 6, a 100% increase in the price
level is about 6 times more costly than a 50% increase. The corresponding trilemma
is displayed in Figure 3. A small likelihood of collapse ¢ entails a large magnitude
of the Ponzi scheme and, hence, a sizeable welfare cost when the price level jump
does occur. So the Ponzi steady state is optimal when ¢ is either so large that the
Ponzi scheme is small or so close to zero that the Ponzi scheme is unlikely to collapse.
The neoclassical steady state with permanently higher inflation becomes optimal for
intermediate values of . The secular stagnation steady state remains optimal for a
high welfare cost of inflation v, unless ¢ is very close to zero.

Another situation of interest arises when a = 1 and = 1, implying that changes
to the price level are equally costly whether they occur through jumps or through
continuous changes.?! As shown in Figure 4, under our calibration, the neoclassical
steady state is never preferred to the Ponzi steady state: the welfare benefit from the
Ponzi scheme v(AP) outweighs the expected cost of a higher price level e AP /.

HFormally, when o = 1 and 8 = 1, we have C(z) = z and, hence, equation (8) simplifies to
¢(dP,/P;) = |dP;/P;|/dt regardless of whether a price level jump occurs.
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Figure 4: Trilemma (or dilemma) fora =1and g =1

5.2.3 Starting away from steady state

Let us now allow for the possibility that the government sets an initial magnitude

of the Ponzi scheme A, that is inconsistent with being in steady state. As shown in
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appendix I, there are three equilibrium possibilities: i) a depressed path with ¢; < 1
converging to the Ponzi steady state, ii) a depressed path with ¢; < 1 converging to
the secular stagnation steady state, and iii) and a full employment path converging to
the neoclassical steady state. The existence conditions for each possibility is given in
appendix I.

For each A, I compute the equilibrium paths that exist, determine the lowest in-
flation target 7 consistent with each path, and then compute the corresponding level
of welfare using (35). The solution to the trilemma is given by the policy (A, 7*) that
yields the highest welfare. Figure 5 displays the unrestricted solution to the policy
trilemma when o = 5 and 8 = 1. The white surface corresponds to situation where
the optimal policy consists in going straight to a steady state, as in the previous sub-
section. The light grey area corresponds to an optimal path with a depressed economy
converging to the Ponzi steady state, while the dark grey area corresponds to a de-
pressed economy converging to the secular stagnation steady state.

0.03

0.025

Neoclassical
(high 7)

0.02
Secular stagnation
(low ¢)

W 0.015

0.005 Ponzi
(A positive)

0 1 2 3 4 5 6 7 8 9 10

(4

Figure 5: Trilemma for o = 5 and = 1 with Ag € [0, c0)

To understand the rationale for setting the economy on a depressed path leading
to the Ponzi steady state, let us consider the situation where ¢ = 0.014 and ¢ = 2.1
(shown in Figure 5 by a cross within the light grey area). The corresponding equi-
librium path, which is optimal, is displayed in Figure 6. While the economy fails to
produce at full capacity for 8.3 years, it is nonetheless close to full employment thanks
to the stimulating wealth effect of the Ponzi scheme. The main benefit from being
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away from the Ponzi steady state is that the downward nominal wage rigidity is bind-
ing, resulting in low inflation. This can be seen from the right panel of Figure 6, which
displays both the inflation rate 7; and the effective rate of inflation from a welfare

perspective given by m; + cC'(A/ D).
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Figure 6: Optimal equilibrium path whena =5, 3 =1, = 0.014, and ¢ = 2.1.

This theoretical possibility is reminiscent of the situation of Japan over the previous
decades. The economy has remained depressed with inflation persistently well below
target. But, to reduce the shortfall in the output gap, Japan has implemented a highly
expansionary fiscal policy eventually resulting in a debt-to-GDP ratio over 250%. This
suggests that the Japanese economy has navigated between the Ponzi and the secular
stagnation steady state.

Figure 7 displays the optimal equilibrium path for ¢ = 0.004 and ) = 6.0 (shown
in Figure 5 by a cross within the dark grey area), which converges to the secular stag-
nation steady state. The initial magnitude of the Ponzi scheme A is such that, at time
0, the economy produces at full capacity.”? The Ponzi scheme shrinks at a very low
rate, below 1% per year. Convergence to the secular stagnation steady state therefore
takes centuries. The main benefit from this equilibrium path is to be nearly at full em-
ployment with utility from Ponzi wealth, while having very low inflation thanks to

the binding downward nominal wage rigidity.

Multiplicity of equilibrium paths. Throughout this analysis, I have been assuming
that households spontaneously coordinate on the best equilibrium path consistent
with the policy chosen by the government. While this assumption seems strong, it
should be emphasized that for a given policy (A, 7*), the number of possible equilib-
rium paths is limited. If the optimal path converges to either the secular stagnation

22The initial magnitude of the Ponzi scheme Ay is equal to 104% of GDP, which is smaller than in the
Ponzi steady state for ¢ = 0.004 where A? = 116% of GDP.
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Figure 7: Optimal equilibrium path when a =5, 8 = 1, ¢ = 0.004, and ¢ = 6.0.

or the Ponzi steady state, the inflation target is too low to be consistent with the exis-

tence of the neoclassical steady state. Moreover, convergence to the secular stagnation

steady state requires —7 — n + ¢ < 0, while convergence to the Ponzi steady state

R d v (er)
D+AP u/(1)

value of ¢, these two conditions are mutually inconsistent. Hence, if the optimal pol-

requires —m"* —n + ¢ > 0 (see appendix I). Under my calibration, for any
icy (Ag, ") induces convergence to either the secular stagnation or the Ponzi steady
state, then the corresponding equilibrium path is unique.

If the optimal path converges to the neoclassical steady state, the corresponding
policy (Ag, 7*) is typically also consistent with another equilibrium path converging
to one of the other two steady states. Our assumption that households spontaneously
coordinate on the best equilibrium path is equivalent to assuming that inflation will be
on target provided that this is possible. Hence, if the inflation target is set sufficiently
high to have full employment, inflation will be on target and the economy will pro-
duce at full capacity. Michau (2023) provides a detailed investigation of the difficulty
of moving from the secular stagnation to the neoclassical steady state when inflation
is persistent. In theory, a state-contingent fiscal policy can eliminate the low infla-
tion equilibrium by committing to engage in massive government spending when-
ever inflation falls below target. This is an off-the-equilibrium threat that entails a
zero welfare cost. But, when fiscal policy must be non-contingent, the transition from
stagnation to full employment can be quite costly, reducing the attractiveness of the
neoclassical steady state. These considerations are beyond the scope of this analysis,
which emphasizes that, even in the best case scenario where this equilibrium selection
problem can easily be overcome, a fundamental trilemma remains.

Finally, note that, in the absence of Ponzi scheme, a private sector bubble may arise.
On the one hand, it can boost aggregate demand without necessarily being a threat to

price stability. But, on the other hand, the bursting of a bubble can be a major source of
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financial disruption, especially in the presence of credit constraints. A careful analysis
of bubbles is beyond the scope of this analysis.

6 Persistent lack of demand

So far, we have assumed a permanent lack of demand, with a permanently depressed
natural real interest rate. But the analysis remains unchanged for a sufficiently persis-
tent lack of demand. In particular, we can assume that ¢ is the likelihood of a decline
in the marginal utility of wealth, which raises aggregate demand sufficiently to elim-
inate the secular stagnation and the Ponzi steady state. Hence, the upward jump in
the price level can be driven by a fundamental shock, rather than by a sunspot shock.
Appendix | shows that the analysis remains unchanged, with the equilibrium before
the shock still given by (23)-(28), but with ¢, = 1.

The steady states also remain unchanged, except for the secular stagnation steady
state that is now characterized by a higher output level, i.e. by less underemployment,
since the prospect of an economic recovery raises aggregate demand. The existence
condition for the secular stagnation steady state remains unchanged, and given by
r" < —xfl. The existence of a Ponzi scheme still requires ¢ < n — r™ with 7" given by
(29). Hence, the existence of the trilemma now requires a very persistent, rather than
a permanent, depression in aggregate demand.

7 Breaking through the trilemma

Is there a way to break through the policy trilemma? First, the country can switch to
electronic currency, i.e. abolish cash, such as to remove the zero lower bound on the
nominal interest rate. A negative nominal interest rate can then be implemented by
taxing bank deposits, which, in practice, would make such a reform politically difficult
to implement. Inflation could always be set equal to 7t and, hence, secular stagnation
would never be optimal. The Ponzi steady state would be preferred to the neoclassical
steady state if and only if v(A?) — ¢eC (AP /®) > ~(0).7

Another way to circumvent the zero lower bound is through tax policy. As shown
in Michau (2018), a negative nominal interest rate can be replicated through either a
wealth tax or an increasing rate of consumption tax, together with offsetting adjust-
ments to the taxation of labor and investment. However, in practice, wealth is neither
easily observable nor very liquid, while the rate of consumption tax can hardly keep
increasing for a prolonged period of time.

2Note that if the planner, unlike households, does not value Ponzi wealth, then a Ponzi scheme
would never be desirable.
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Government spending financed by lump-sum taxes can boost aggregate demand
such as to overcome the trilemma. However, if households do not value the goods
and services that are publicly produced, it is preferable to have a negative output gap
such as to minimize the disutility from supplying labor.

In a heterogeneous household economy, redistribution policy can be used to break
through the trilemma. The government can stimulate aggregate demand by redis-
tributing income from households with a low marginal propensity to consume to those
with a higher one (Rachel and Summers, 2019). However, the scope for such policies
seems limited in Europe and Japan, where aggregate demand is particularly weak de-
spite an already extensive welfare state. Moreover, a one-off redistribution of wealth
from rich-thrifty households to poor-spendthrift ones can only temporarily boost ag-
gregate demand, until wealth inequality regains its original level (Illing, Ono, and
Schlegl, 2018; Mian, Straub, and Sufi, 2021). Such policies therefore require a constant
flow of income redistribution across households, and therefore a permanent distortion
to the allocation of resources.

These considerations suggest that the trilemma cannot easily be overcome.

8 Conclusion

This paper has shown that, when aggregate demand is permanently or persistently
depressed, we cannot simultaneously have full employment, low inflation, and no
Ponzi scheme.?*

While I have assumed that inflation should ideally be as low as possible, alter-
natively the central bank can be strongly committed to its inflation target 7 with
7* € (7, —r™), which rules out the neoclassical steady state. In that case, the govern-
ment must choose between secular stagnation, where the liquidity trap makes mone-
tary policy unable to raise inflation from 7 to m*, and a Ponzi scheme, where mon-
etary policy cannot prevent a price level jump that temporarily raises inflation much
above 7*. In both cases, when inflation is too low and when it is too high, mone-
tary policy is powerless. A persistently low real interest rate therefore entails a major
challenge to the inflation targeting framework of central banks whenever the inflation
target is below —r".

My analysis has abstracted from capital accumulation. When " < n, the capital
stock is below the golden rule level, implying that the crowding out of capital by the
Ponzi scheme is welfare enhancing (as in a dynamically inefficient OLG economy).

But, in the presence of financial frictions, we can simultaneously have " < n and the

2Under a preference for wealth, rather than a preference for net wealth, high public debt would
replace the Ponzi scheme within the trilemma.
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capital stock below the golden rule level, implying that the crowding out of capital is
a detrimental consequence of the Ponzi scheme. A careful quantitative analysis of the

trilemma under financial frictions is left to future research.
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A Government’s flow of funds

By It6’s lemma with jumps, if X; follows a continuous time stochastic process with
jumps given by d.X; = u(X;)dt + v(X;)dJ;, then for any differentiable function f(-) we
have SE(X

a0 = 2Ly (X + [F(X,+ (X)) = F(X0)

Applying this lemma to dP;, = m;Pidt + (A¢/P;) PodJ; yields

1 —1 1 1
d{ =) = —mPdt ——— — — | dJ,
(Pt) prr (Pﬁ%;}% Pt> t
— Tt At ]_
= —dt— ——d Al
_Pt bt _Pt Jt7 ( )
where by = &, + A,.
We therefore have

B dB B 1 B 1
PN BNy Ny \ R B\ Ny
_ WB BN, Befmmg, Sl o Bendh
PN Ne \ P be Py Py N;

= [(Zt — T — n)bt — Tt] dt — Atdjt,

dt,

where the second line was obtained using equations (1), (Al), and the fact that N, =
et

B Solving the household’s problem

To provide sufficient conditions that characterize a solution to the household’s prob-
lem, let us introduce slightly more specific notations than in the text. The only source
of uncertainty is the time 7" when the price level jump occurs, which follows an ex-
ponential distribution with parameter ¢. A state-contingent allocation chosen by a
household can therefore be denoted by (&, @, b, ((t), @s(t))22,)2,, Where &, @, and
bl denote consumption, wealth, and government bond holdings at time ¢ conditional
on the absence of a jump, while ¢(7") and a;(7") denote consumption and wealth at

time ¢ conditional on the price level having jumped at time 7.7

2 After time T, the economy is risk-free and the household no longer needs to make a portfolio deci-
sion.
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Using these notations, the Euler equation before the jump in the price level is

(Y YO (460 )]y

u'(¢) uw'(¢)

where ¢(t) is the consumption level immediately after a price level jump occurring at
time ¢. Once the price level jump has occurred at time 7', the Euler equation simplifies

to .
a(T) ( u'(e(T)) > { 7' (@(T) — bt)}
— = — X Te—p+—— . A3
oT)  \Zamuey) [ 77T e )
The expression for the risk premium (13) can be expressed as
Tt:it—ﬂt—gém. (A4)
bt ’U/(Ct)
As T is exponentially distributed, we have
E, [e_(p_")tu'(ct)at} = / ce—T [6_(”_")tu’(ct)at] dT,
0
t
= / ee ! [e” N/ (¢,(T))ay(T)] dT
0
+/ ge T [e’(p’”)tu/(ét)dt} dT,
t

+e~ PO (&) dy. (A5)

Hence, the transversality condition (14) can be written as

lim {e—@—”%ﬁu'(@)at + /O t ee ! [e" N/ (¢,(T))ay(T)] dT | = 0. (A6)
I'shall now prove that (A2), (A3), (A4), and (A6) are sufficient to characterize a solution
to the household’s problem.*

Any feasible allocation satisfies the household’s flow of funds equation (10) with a,
given and the no-borrowing constraint (11). Let (&, ar, b}, (¢5(t), a*(t))22,);°, denote
any feasible allocation that satisfies (A2), (A3), (A4), and (A6). Throughout the proof,
I am assuming that such allocations satisfy the no-borrowing constraint (11), which is
therefore non-binding.

The objective of the household is to maximize the following objective, where the

cost of changes to the price level is omitted since it is exogenous to the household’s

26Note that the Euler equations (A2) and (A3) as well as the equation for the risk-premium (A4) can
be derived from the Hamilton-Jacobi-Bellman equation for the household’s problem.
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behavior,
E, [ /0 e fu(ey) + (@ — b+ A)] dt}
_ /0 R [ /0 U 0 (@) + (e — by + A dE
# [T )+ (@lD) - b ar,

_ /0 h { /t h geETdT} e~ (&) + (@ — by + A)] dt

b [T | [T e ey  stad) - bl ar]ar,
_ /0 " ot [w(é,) + (@ — by + Ay)] dt

w[Cee | [T e utam) 4 atadm) - v ar

Let D be defined by
D=E, [/ e (Pt [u(cp) +v(ay — by + Ay) —ulcr) — y(ar — by + Ay)] dt} . (A7)
0

I shall now show that, under equations (A2), (A3), (A6), and (A4), we must have D > 0.
To establish this result, the following lemma will be used.

Lemma A1 For any differentiable and concave functions u(-) and ~(-), we have
u(c)+y(ap) —ule) =y(ar) 2 (ae — ap) w'(c;) = (ar—ag) [re () + 7' (a7)] =i (b= b} )u'(cf),
where ¢, is given by ¢, = rya; + i:b, + x4 — a4 for some scalars ry, iy, and x, at time t.

Proof. Let ¢, be defined by

Qp45t — Q¢

ct:rtat—i—itbt—i—xt— ot ,

with 0 > 0. We have

Qast — @
u(c) +v(a) = wu (Ttat +iby + 2 — %) +v(a),

1 . a
= u ((E —H"t) a; + 1:by + x4 — ;&) + y(ay).

For ¢ sufficiently small, 1/(6¢) 4+ r must be positive. Hence, the above expression is
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concave in a;, —a;5, and 7,;b,. It follows that

o) o) < uled) +(a) + (= i) | (5 4 ) ) 4 (a)

ot
L) . x
—(at+5t - a’t_i'_é‘t)% + Zt(bt — bt)u/(ct),

< ulc}) +7(af) + (ae — a7) [ra'(c}) + 7' (af)]

Qursr — G Ay g5 — Gf , . .
- (Pt ) ) i ),

X
ay

where ¢; = raf +ib; +x,— Te % —t. Taking the limit as ¢ tends to zero gives the desired

result. m
For any t # T, by the household’s flow of funds constraint (10), we have
dt = (7} — n)at + U)tLt — T — C + b?('&t — Ty — Tt),

with r, = ¢, — m for t > T'. Hence, from Lemma A1, for any ¢ # T we have

u(er) +y(ay = be + Ar) — uler) = y(ae — by + Ay) = (4 — af) w'(cf)
— (ar — a;) [(re = n) (&) +'(af = by + Ap)] = (i — 7 — 1) (b — b )’ (f).
Substituting this inequality into the expression for D yields
D > /0 T et [ (@ = &) w'(@) = (@ — @) [ (o= m) /(&) + /(@ — b+ A
(i = =) B = B ()] i
b [T | [T e - aiy )

—(@(T) = a;(T) [(re = n) ' (& (T)) + 7' (@ (T) = by)]] dt} T (A8)
Integrating by parts, we have

/ e Pt (G, — ap) /() dt
0

= [Jim =7 @y — ) ol (@)] — (@0 — ) /()
—00

8

-/, (ar — a;) d [e”"7 %/ ()] |

= [lim e @ — ) /()]
t—00

_ / e~ (POt (G G [—(p—n+e)(c) + u//(gz)gﬂ dt,
0
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where, to obtain the last line, I have used the fact that initial wealth is exogenously

given, implying that a, = ;. Similarly, we have

/ T o 6y(T) — a3 (T)) ol (E(T)) dt

—~ [nnle*@*"ﬁ<axzv-—zﬁ<79>z/«ﬁ(70> — e T (ap(T) — az(T)) o/ (e3(T))

t—00

- /T et (@(T) = a; (1)) [=(p — n)u/ (¢ (T")) + u"(c; (7)) 5 (T)] dt.

Substituting these two equations into (A8) yields

D > / e~ PG, — a) [(p—n+e)u'(E) - u'(@)6;
0
— (re —n)u'(¢)) — /(@ — be + Ay)] dt
_/ 6_(p—n+6)t(it — Ty — ’I"t)a;? - B?*>u/<é:>dt
0

o0

ge =T [e_("_”)T (ar(T) — ap(T)) ' (e5(T))] dT

_|_

J
J

g [ | e = i) (o= mi (6(1) ~ @ D)D)

i {“”"“” (@ —ap) /(@)

+ /0 T ee T [e= =" (@,(T) — a;(T)) v/ (¢;(T))] dT] . (A9)

By the households’ flow of funds constraint (10), at time 7', when the price level jumps,
we have
ar(T) = ap — b=,
br
This implies
| e T e (D) - ai (1) (65 (1)) d
0
> ~ ~ % 7 7 hx A (=%
= [T - ) - @ - 55 e rar
0

Substituting this expression into the third term of the right-hand side of the inequality
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(A9) and rearranging terms yields

D > / e~ (G, — ()
0

(@) V@bt A d(G(0)
V*g @t T T T w@) 5w@n]“
+/ e—(P_”‘f'a)t(l;? — 6?*)u ( *) |: ?t Y ( (*>)) 1y +m + Tt:| dt

w(
+Amw4ﬂ/ —Wn<xn—%aww<<»

; (T) -, - L) —b) bt)} dt} ar

b

+ lim [e (p=nte)l (G, — a?) ' (&)

+ /0 ee ! [e" P (@, (T) — a; (1)) u'(¢;(T))] dT] :

By the Euler equation before the price level jump (A2), the expression for the risk
premium (A4), the Euler equation after the price level jump (A3), respectively, the first
three terms must be equal to zero, which yields

D > tlg?o Eo [e™ ™% () (a; — ay)] -
By the transversality condition (A6), this simplifies to
D> hm Eo [e™ ™" (¢} )ay] -

But the borrowing constraint (11) implies that a, cannot be negative. This establishes
that, for any feasible allocation (&, d;, b, (¢(t), @s(t))22,)32,, we have D > 0, with D de-
fined by (A7). Hence, the feasible allocation (&, a;, b, (¢*(t), a*(t))2,)2, that satisfies
(A2), (A3), (A4), and (A6) must be welfare maximizing.

C Intertemporal government budget constraint

With a preference for wealth, the stochastic discount factor is given by

N
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Applying It6’s lemma with jumps (from appendix A) yields

(A Z (e 2 AW 4, .
an; = —(p—n—lf(@t;)Ame o) e )
t

7 (Aw)

e BV ™ () — (o)) d

e T s [

where ¢; denote consumption immediately after the price level jump (which was de-
noted more preciesly by ¢,(t) in appendix B). Using the Euler equation (12), together
with the fact that E,[d/J;] = edt, yields E;[dA;] = —(r, — n)A\.dt, as expected for the
stochastic discount factor.

Using the definition of the present value of surpluses ®; given by (19), which is not
directly affected by the price level jump, we have

d(AD,) = Add, + O.dA,,
= [(rs —n)®, — 7] Ayds + ,dA,.

Taking expectations and using the fact that E,;[dA,] = — (15 — n)Ads yields

Es [d(As®s)] = [(rs —n)Ps — 7] Agds — (rs — n)PsAgds,
= —71,A\ds.

Taking expectation at time ¢ with ¢t < s, using the law of iterated expectations, integrat-
ing with respect to s from time ¢ to infinity, and using the limit condition limy_, . E; [A7®7] =

Atq)t = Et |:/ AsTsd8:| .
t

This gives expression (20) for the present value of real primary surpluses.

0 yields

Recall from equation (2) that the Ponzi debt scheme is defined by A, = b, —®;. From
the evolution of public debt b, and of the present value of surpluses ®;, respectively
given by (4) and (19), and then using the expression for the risk premium (13), we

obtain
dAt = [(Zt — T — n)bt — Tt] dt — Atdjt — [(Tt — n)@t — Tt] dt,
At U/(Et)
= et ) by (=)D, | dt — A
|:<Tt n—+ e bt ul(ct)> bt (T’t n) t:| dt tht7
_ [n et (Ct)} At — A,
uw(¢y)
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which corresponds to equation (21).
[td’s lemma with jumps implies that d(A;A;) = AydAy+ AgdAs + dA;dA,. From the
above expressions for dA; and dA;, we therefore have

d(AA,) = {rs —n+ g“,gcﬂ AAyds — AT, + AgdA, — l“gcg - 1} AL,
u'(Cg U (Cs
re— b eSO A s+ Adn, — 1A A
w'(cs) w'(cs)

Taking expectations and using the fact that E;[dA;] = —(rs — n)Ayds and E,[dJ;] = eds
yields

ul<58)
u/(cs)

UI(ES)
u'(cs)

Es [d(AsAs)] = [7”3 —n+e AgAgds,

= 0.

} AgAgds — (rs —n)AsNgds —

Using the law of iterated expectations and integrating from time ¢ to infinity yields
AtAt = lim ]Et [ATAT] s
T—o00

which corresponds to equation (22).
Note that these results imply that

by = &+ A,
o As . AT
= ]Et [/t ETst:| +11£I;O Et [EAT} ,
A . A
= E, [ /t E75d5:| + lim E, [be},

where, to obtain the last line, I have used the fact that limy_,, E; [A7®7| = 0. This is
the government’s intertemporal budget constraint at time ¢.

D Jump in the present value of surpluses

Let us now allow for the possibility that, when the sunspot shock occurs, the present
value of surpluses ®; jumps.

Using a state-contingent notation as in appendix B, let us denote by ¢, 74, 7, by, ®,
A, the variables at time ¢ conditional on the absence of a sunspot shock at or before
time t and by &(T), 7(T), 7(T), b;(T), ®:(T), A¢(T) the same variables at ¢ conditional
on a sunspot shock having occurred at 7', where T' < ¢. Note that we trivially have
Ay(T) = 0since, by construction, the shock reduces the magnitude of the Ponzi scheme
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to zero.
The present value of surpluses before the sunspot shock is still defined by equation
(20).” Assuming a finite horizon of length H, we have

. H A
o, = E ds|
! ' [ t AtT S}
H T A H A (T H A
= / ce=s@D) = F.ds + / o )%S(T)ds dT + e~ =) / = Tads,
t t At T At t At

where e~*(# =Y is the probability that the sunspot shock does not happen by time H,
while A, and A,(T) are given by

R, = Bl @) gz,

A(T) = e I (P*nﬁ(@ﬁf)dwﬁ@ "=t My (5,(T)).

The present value of surpluses at time ¢ after the sunspot shock has occurred at T is

defined b
o 51y = [ N
— — Ts .
: ¢ M(T)

We therefore have
- H T A A Apr(T) -
o, = / ge_a(T_t) / s ~ d AT 7:( )(I)T(T)
t t At At AT

H [ pH H R
= / {/ ce =T th] A—Tst +/ se_E(T_t)ﬁA:C—(T)CI)T(T)dT
t s At t At AT

.
teeH-t) / &?Sds
¢ A

t

H
dT+6_8(H_t)/ &%Sds
t

t

" . _
- / e*dT*t)ﬁ {%T + gATfT) @T(T)] dT,
t A A

— /t o (e ”tu(éu))“)d“?i?(z)) {%T +€%I_T—g)))®T(T)] dT.

Finally, using the Euler equation before the realization of the shock, given by (12) with
(17), and integrating it from time ¢ to 7" (as in the first two equations of appendix F),

27To derive this equation, ®; should now be defined by
' (G (t) ¢ — Bu(t)
U/(Ct) @t

where the state-contingent notation is not used within this stochastic differential equation. This expres-
sion generalizes (19). Using exactly the same steps as in appendix C yields equation (20).

= [(re-n+e )@= n] e [91t0) - @10,
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this simplifies to

¢ = / I G o L PRI CILCRF e s
t w'(cr)

Let us now assume that, when the sunspot shock occurs, the present value of sur-
pluses @,(t) is set equal to the level of government debt b, such as to avoid a jump
in the price level. This policy ensures that government bonds are safe in real terms,
which implies that the risk-premium equation (13) is replaced by r; = i, — m;. Hence,
it follows from (4) that, before the realization of the sunspot shock, government debt
evolves according to db, = [(7; — n)b, — 7]dt. This implies that, when the shock occurs
at time 7', with T' > ¢, we have

T
by = el Fummdup, / eI Fummyduz g
t

Setting ®7(T') = by into the above expression for @, yields

- S et Y g, 0o pr et g, o (er(T
t

u'(Cr)

H
u’ (Cy(u))
_/ e_f* (ru—n—%ﬁ) u / f Fu—n)du deT
t

H r L eu@) g, T o) g, T
_ / e J; (u +te—ren )d %TdT—Fbt/ = == d 5Md]’
t t

u'(Cr)

-/ Y (e [/ C o pr e Ve D) )
t S

u'(Cr)

H
2 et [ (Fum e ) ) gy (H 1 Culw)
= bt |:1_€ ft € PUCH) du :| +/ e ft(ru ntes Tl (Gw) ) e fs € W (E0) du~d5
t

H
~ H u(au(u)) S/~
= b—e Je e Sty [bt—/ e_ft(r“_”d“Nds}.
t

Hence

Ay = b~
"¢ H
_ _ftH ,(u(( D) du, |:bt / o fts(fu—n)du%sds} )
t

Taking the limit as H tends to infinity shows that, if ¢ > 0 and [ e~ /i Fu=mduz g g
finite, then A, = 0.

While the limit is typically indeterminate when [ e~ JE Fu=n)duz g s not finite,
progress can be made in the special case where the economy is in steady state and

primary surpluses are constant until the realization of the sunspot shock. I hence-

42



forth consider that 7, = 7, ¢ = ¢, ¢s(s) = ¢, and 7y = 7 for all s > t. Note that,
as [[“e )(t=9)7ds is not finite, we must have 7 < n. The magnitude of the Ponzi
scheme is therefore given by

H
A, = e eu,Eji(H—t) {gt_/ o~ (=)t S)Td5:|,
t

u' (@) ~ T () T
— e (C)(H t) [bt — :| +e <r n+e ,(C>)(H t)
T—mn

In the limit as H tends to infinity, we have

1o IfTE <—oo,n — eZiEii)
A = ffn ifr=n— euigég

0 ifr e <n — 5U,E3 n)

In equilibrium, we cannot have A, < 0 or A, = oo, thereby ruling out the first pos-
sibility. If 7 = n — 5“ ,then A, = %n where, to ensure A; > 0, we can consider
that 7 < 0, i.e. the government is running permanent deficits until the sunspot shock
occurs. However, for the economy to be in steady state, the magnitude of the Ponzi
scheme must also satisfy 7/(A) = (p — n + ¢)u’(1) (which formally follows from (32)).
Hence, the possibility to have an equilibrium with A > 0 and no jump in the price
level only exists in a knife-edge case. We can therefore consider that, if an equilibrium
exists with @,(t) = b; such as to avoid a jump in the price level, then it must generically
satisfy A; = 0.

E Transversality condition in equilibrium

Using expression (18) for the stochastic discount factor, we have

’Y/(Au)

EO [Atq)t] = ]EO 6_ fo (p—n— w!(cu) >du'u,/(Ct)(I)t Z EO [ef(pfn)tu'(ct)q)t] s

where the inequality follows from the fact that fot (7' (Ay)/u/(cy))du is always non-

negative and, hence, elo %du must always be greater or equal to one, while &, was
assumed to be non-negative. But, by definition of ®;, we know that lim;_,, E¢ [A;®;] =
0. Hence, lim;_,oc Eq [e™*"™"/(¢,)®¢] = 0.

Using the asset market clearing condition (17), the household’s transversality con-
dition (14) can be written as lim;_,, [ [e (P=mty (¢,) (B4 + At)} = 0. But, we always

have lim;_o, Eq [e=*~"/(¢;)®;] = 0. Hence, in equilibrium, the transversality condi-
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tion (14) can be written as lim;_,.c Eq [e=*~"/(¢;) Ay] = 0.

Using a state-contingent notation as in appendix B or D, let us denote by ¢ and A,
the variables at time ¢ conditional on the absence of a sunspot shock at or before time
t and by &/(T)and A;(T) the same variables at ¢ conditional on a sunspot shock having
occurred at 7', where 7" < t. Using equation (A5) from appendix B, we have

¢
Eo [e= ™"/ ()] = / ee™ T [em Y/ (G(T))Ay(T)] dT + e~ P70 (¢,) A,
0

But, after a price level jump, the magnitude of the Ponzi scheme must be equal to zero;
which is formally implied by (21). Hence, A,(T') = 0. It follows that

lim E, [e_(p_”)tu'(ct)At} = lim e~ P/ (&) A,.

t—o0 t—o00

F Ruling out explosive Ponzi schemes

The consumption Euler equation before the price level jump (23) can be written as

dinfu/(c.) T (28 1),

dt T u'(cy) u/(cy

Integrating this expression from time ¢ to 7" yields

W (er) = ' (e)e (pr=arti == (rteg =)

Integrating the dynamics of the Ponzi scheme given by (27) from time ¢ to T" yields

T u’(aw)
ry—n+e—7—% |du
AT — Ateft < “ u’(cu) .

From these two equations, conditional on the absence of a price level jump, we have

. (A _ . _ TW/(Au)d
lim e~ P OT =0y (cp)Ap = ' (¢) Ay lim e 78 Wl
T—o0 T—o0

Hence, for the transversality condition (28) to be satisfied, we must have

T (A
lim/ 7/( u)du:oo. (A10)
t

T—o00 w(cy)

If the Ponzi scheme is explosive, there must eventually be a strictly positive lower
bound z to its growth rate, i.e. r, —n + cu'(¢,) /v (¢,) > x > 0 for all uw > ¢ for some
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arbitrarily large . We therefore have

T u’(au)>
Try—n+e du
J; ( W (cy) > ﬁtex(T_t).

AT = Ate
Note that, as labor supply is equal to 1, we must have ¢, < 1 for all u. Hence, if the
Ponzi scheme is explosive, we have
T y'(A) 1 !

: < : / z(u—t)
M), e ™S A ), Y (BT du < oo,

where the last inequality follows from our assumption that [~ +/(e*)dt < oo for any
A > 0. This establishes that the limit (A10), and hence the transversality condition (28),
cannot be satisfied for a Ponzi scheme that is explosive conditional on the absence of

a price level jump.?

G Ponzi-stagnation steady state

A Ponzi-stagnation steady state (c¢P*, 7%, rP* i?*, AP*) is characterized by low inflation
u' ()
u/(cPs)”

Ponzi scheme AP is given by

7P = gland rPS = n — ¢

Hence, by the Euler equation, the magnitude of the

V(A7) = (p—n + el (7). (A11)

Also, by the Taylor rule i** = max{r" + 7% + (¢ — 1)[r" — 7*],0} with 7% < 7* and

r" < —7f, we must have #* = (. Finally, from the risk-premium equation (25), we
have
o J(e)

— R Al12
8<I>—i—Ap$u’(cp5) nT ( )

where we assume that ® is constant in the Ponzi-stagnation steady state. The steady
state values of ¢?* and A are jointly determined by (All) and (A12). The Ponzi-
stagnation steady state exists if and only if there exists a solution to these two equa-
tions that satisfy ¢** < 1 and AP® > 0.7

From (A12), this steady state cannot exist when n + 7't < 0. Even when n+ 7% > 0,
it does not exist when either € or ® is sufficiently close to zero.

If it exists, we can characterize a number of its properties. First, under-employment
c? < 1 implies by (A11) that the Ponzi scheme is of a smaller magnitude than in the

A similar proof of the impossibility of explosive bubbles under a preference for wealth was pro-
vided by Michau, Ono, and Schlegl (2023) for the case of deterministic bubbles, i.e. with ¢ = 0.

PIf P = 1, then AP* = AP and this steady state coincides with the Ponzi steady state with a binding
zero lower bound.
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Ponzi steady state AP® < AP. Second, by (29), (A11), A?* > 0, and ¢** < 1, the Ponzi-
stagnation steady state can only exist if 7" < n — ¢, i.e. if the Ponzi steady state also
exists.

Finally, with ¢ € {¢*,1}, we must have ¢”® > ¢*. Substituting (A12) into (A11)
yields /(AP*) = (p + 7 + e)u'(¢?*) — e 5751/ (¢), which defines ¢” as an increasing
function of AP°. Moreover, this relationship together with (31) implies that, if A?® =0,
then (p + m®)u/(c**) + eu'(¢) = (p + 7% + &)u/(cP*). Thus, if AP* = 0, then ¢ € [¢*%, .
We therefore have a relationship that defines ¢** as an increasing function of A?* with
c”® > % when AP = (. This establishes that ¢?* > ¢%5.

H Welfare function

From the welfare function of the representative household (9), together with the asset

market clearing condition (17), the objective of the government is to maximize

W =K, [/OOO e~ (Pt [u(ct) +v(Ay) — e (‘%)} dt} .

The only source of uncertainty is the time 7" when the price level jumps, which is ex-
ponentially distributed with parameter . Let us denote by (c;, 7, A¢, @,)7°, the equi-
librium of the economy conditional on the absence of a price level jump and by (¢, 7)
the steady state equilibrium afterwards. Using the specification for the cost of inflation
(8), we have

00 T A
_ —eT —(p—n)t _ _ o~ (p—)T =27
W= [Tee | [ et ua) 480 — vl - e e (57)

+ / el [u(Er) +~(0) — ¥[m] dt} dr,

T

_ /OOO [/too 5e_€TdT] e~ [u(e,) + (D) — |m|] dt

_ /OO e~ (=t (ﬁ) dT
0 ®r

+ [ w*““W[/ KWMWMhmw+wm—wMMﬁ}ﬁ,
0 T

Ay

= [Tt futa) + (@ - viml - vec ()
0 t

t

+e / " o= [u(E) + 7(0) — ¥|7] ds] dt.

Using m; > 7t > 0 and ®, = ®, this gives equation (35). When there is a Ponzi scheme,

at each instant, there is a probability edt of a price level jump that raises the cost of

46



inflation to Y C (A, /®,)/dt.
If the economy is in steady state before the price level jump, then the expected
welfare of the representative household is equal to

W= ﬁ u(c) +7(A) = Ylr| — yeC (%)]

1 €
+
p—np—n-+e

[u(e) +~(0) = [z}

I Possible equilibrium paths

Let us now characterize the possible equilibrium paths for Ay ¢ {0, A”}. Before reach-
ing steady state, the economy can either be producing at full capacity with ¢, = 1 or
it can be depressed with ¢; < 1. Let us consider each possibility in turn. Throughout
this appendix, I assume that the present value of surpluses is constant over time with
O, = .

I.1 Full employment paths

When the economy produces at full capacity, from the Euler equation (23), its real

interest rate must be given by

)]

where ¢ is the solution to the dilemma given by equation (34). Substituting this ex-
pression into the dynamics of the Ponzi scheme given by (27) yields

7' (Ay)
w'(1)

At:{p—n—f—{{— :|At

This implies that the Ponzi steady state, with A = AP, is locally unstable.

Full employment paths leading to the neoclassical steady state. The only equilibrium
possibility with full employment is to have A, € (0, A?) followed by convergence to
the neoclassical steady state. By the risk-premium equation (25), we must have

: (A _u(9) A, W(e)
TIPS ) T (1 u'<1>> T A w(a)

As A, is decreasing over time, i; — m; must also be decreasing. It converges to 1" +¢(1 —
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u'(¢)/v'(1)). By the Taylor rule (26), we have
iy —m = max{r" + (¢ — 1)[m — 7*], —m; }.

Hence, we must either have i, — 7y = ™ + (¢ — 1)[m; — «*] with ¢, — 7y > —m; or

iy — m = —m with 4, — m > 1" 4 (¢ — 1)[m, — *]. Both possibilities require

* _¢ . '
Zgb_l(/bt—ﬂ't)—f—gb_l

T

As i, — m, is decreasing over time, existence of an equilibrium path with full employ-
ment converging to the neoclassical steady state requires this inequality to be satisfied
for A, = 0, which yields

oot ()

Whenever ¢ = 1, this coincides with the existence condition for the neoclassical steady
state.”

I.2 Underemployment paths

Let us now consider equilibrium paths that are characterized by underemployment
before reaching steady state. By the downward wage rigidity (24), we must have m; =
7f. The Taylor rule (26) can be written as i; = max{r" + 7% + (¢ — 1)[x® — 7*],0}.
Since " < —nf* (otherwise the secular stagnation steady state does not exist and there
is no trilemma), we must have i; = 0. Using the resulting risk-premium equation (25),
the equilibrium of the economy with under-employment is fully characterized by the
Euler equation (23) and the Ponzi dynamics (27), which gives

. M) [_WR_ A C OB “/(th c Al3
! (—ctu”(ct) poet ' (ct) +€®+AtU'(Ct> i (A1

: d U,(ét)
Ay = |—nf - Ay Al4
' [ " n+6q)+AtU/(Ct) ' (A1

As explained in the text, I am assuming that, if the Ponzi scheme collapses with

A; < Aand ¢; < 1, the economy subsequently remains in the secular stagnation steady
state. Hence, ¢, = ¢** when A\, < A and ¢, is determined by equation (34) when A, > A.
By the two differential equations, convergence to the neoclassical steady state can

30Clearly, when ) is so high that ¢ = ¢**, this equilibrium path is very unlikely to be the solution to
the trilemma.
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be ruled out since ¢, cannot asymptotically converge to 1 as A; converges to zero.”! The
remaining possibilities are that underemployment paths either lead to the Ponzi or to
the secular stagnation steady state.

Underemployment paths leading to the Ponzi steady state. An equilibrium path with
underemployment can only reach the Ponzi steady state in finite time. Let 7" denote
the point in time when ¢y = 1 and Ay = A?. When A € (0, A?), the existence of such
an equilibrium path requires both ¢ > 0 and Ar > 0. From (A13) and (A14), with the
magnitude of AP given by equation (32), both conditions are satisfied if and only if

d  u(a)
L !
m n+€<I)+APu’(1)

When this condition is satisfied, the equilibrium path from time 0 to 7" is fully char-
acterized by the two differential equations (A13) and (A14) where A is exogenously
given and 7' is determined such that c¢; = 1 and Ay = AP,

When A, € (A?, c0), the existence of an equilibrium path with underemployment
leading to the Ponzi steady state requires both ¢ > 0 and A < 0. However, these

two conditions, with A? given by equation (32), are mutually inconsistent.

Underemployment paths leading to the secular stagnation steady state. When A, >
0, convergence to the secular stagnation steady state requires A, < 0 when A, is close
to zero. As ¢ = ¢* when A; < A, by the differential equation (A14), we must have

—rf —n+e<0.
If it exists, the corresponding equilibrium path is fully characterized by the two differ-
ential equations (A13) and (A14) with A exogenously given and ¢, = ¢** and A, = 0.
The highest feasible value of A is such that ¢y = 1.

J Fundamental shock

Recall that J; is initially equal to zero and can jump to one at any point in time at
Poisson rate . Rather than being a pure sunspot shock that raises the price level, let
us now assume that it is a shock to the marginal utility of wealth. More specifically,

311t is possible for the economy to be depressed until ¢; = 1, followed by full-employment and con-
vergence to the neoclassical steady state as described in the previous subsection. However, for any A,
there is a continuum of such paths, which makes them fundamentally indeterminate. I therefore ignore
these equilibrium possibilities.
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the representative household’s intertemporal utility is now given by

E, [ /0 L {u(ct) (L= A)y(ar— b+ Ay — dhe (%ﬂ dt] |

t

The parameter A € [0, 1] is assumed to be sufficiently high to satisfy

p—(1-X) > max{—7" n —¢}.

This implies that, once J; = 1, the natural real interest rate, equal to the left-hand side
of this inequality, is too high to allow for the possibility of either a secular stagnation or
a Ponzi steady state. Hence, after the realization of the shock, the economy must be in
the neoclassical steady state.’” The equilibrium before the shock remains characterized
by equations (23)-(28), but with ¢, = 1.

This establishes that the upward jump in the price level can be driven by a funda-
mental shock to the economy that reduces the marginal utility of wealth, rather than
by a sunspot shock inducing households to run away from the Ponzi scheme of public
debt.

The steady states remain unchanged, except for the secular stagnation steady state
(e, m°, % 4% A®*), which is no longer an absorbing state. This steady state is still
characterized by the absence of Ponzi scheme A** = 0 and by a binding downward
nominal wage rigidity 7% = 7. From (23) with ¢, = 1, the Euler equation in steady

state is now given by

1 1 (1
= {p—r“—s(ld) —1)} (A15)
As ¢** < 1, we have

W_(Or)n B u’}l) > u/(;s) = 7’20) [p s e (u?f;(;z) B 1>} . pﬂ;(g;i

which establishes that r** > r™, where " is the natural real interest rate before the
occurrence of the fundamental shock. From the risk premium relationship (25) with
A* = 0, we have m** = ** — 7%. Hence, from the Taylor rule (26), we have r** =
max{r"® + (¢ — 1)[7f — 7*], —7%}. Asr** > r" and ¥ < 7*, we must have r** = —r%

and, hence, ** = 0. From the steady state Euler equation (A15), the output level is

32Naturally, I consider that the natural real interest rate 7" of the Taylor rule (26) is equal to p — Z;%

before the shock and to p — (1 — \) Z:E(B afterwards.
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given by
1 p+nR+e

w(es=)  7(0) +ew(1)

Existence of the secular stagnation steady state requires ¢** < 1 or, equivalently, " <

—7f which is the same condition as under a permanent lack of demand.

Output ¢*® is an increasing function of likelihood ¢ of occurrence of the fundamen-
tal shock, with ¢** = 1 in the limit as ¢ tends to infinity. When ¢ > 0, the secular
stagnation steady state is the same as under a permanent lack of demand, except that
output is higher, i.e. the economy is less depressed. The prospect of an economic re-
covery raises households” demand for consumption and, hence, output under secular
stagnation.
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