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Abstract

This paper studies the optimal selling mechanisms for incremental prod-
ucts, with a particular emphasis on scenarios where consumers’ private in-
formation profoundly influences their preferences across time periods. To
mitigate their intertemporal information rent, the manufacturer encourages
upgrades through refunds rather than payments, introducing inefficiencies
but maximizing profits. We investigate how the manufacturer shapes con-
sumer preferences by combining basic and innovative upgrades in subse-
quent product iterations. The optimal strategy follows a bang-bang so-
lution, prioritizing innovation for consumers with lower valuations of the
previous product iteration and basic upgrades for those with higher values.
Additionally, we reveal that per-consumer information disclosure allows the
manufacturer to tailor disclosures about innovation strategically, enhancing
incentives for truthful reporting and extracting more surplus from specific

consumer segments.
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1 Introduction

In today’s fiercely competitive business environment, firms are constantly seeking
ways to enhance profitability and maintain market relevance. One promising av-
enue in this pursuit involves the strategic development and sales optimization of
incremental products, which often take the form of new variants or novel features
integrated into well-established offerings. A prime example of this concept is seen
in the tech industry, where smartphone manufacturers iteratively introduce new
models with enhanced features. The ability to self-iterate and adapt to consumer
demands is a defining characteristic of these incremental products. Thus, this
paper centers on addressing two research questions: What are the most effective
selling mechanisms for firms’ incremental products, enabling them to maximize
profits? Moreover, with the ability to introduce new functions, how can they
shape consumers’ preferences to extract more surplus?

Consider a monopolistic manufacturer who introduces an incremental product,
denoted as “P”, to consumers across two periods. Initially, consumers privately
evaluate the first generation, “P1”. In the subsequent period, the manufacturer
launches the second generation, “P2”, and consumers re-evaluate it and decide
whether to keep the old device or to upgrade the newest version. The valuations
for P2 may be correlated with their earlier assessments in period 1. Importantly,
consumers can only use either P1 or P2, even if they own both.

Consumers’ information rent from privately knowing the valuation of P1 ex-
tends beyond the initial period and persists into period 2. This enduring infor-
mation rent is the key difference between incremental products and conventional
products of which information rent typically does not carry over across time pe-
riods. It comes from two sources: i) the first source is obvious, consumers have
the option to keep P1 and not to upgrade to P2, which means they still own the
information rent gained initially; ii) in contrast, even if they upgrade, they can
anticipate their valuation of P2 through P1 because P1 and P2 are not completely
irrelevant products. In other words, the information rent embedded in the old
device can partially transit to the new one.

Although consumers can anticipate the valuation of P2 through their knowl-
edge of P1, they do not possess precise information about it. This gives the manu-
facturer chances to mitigate their information rent. In period 2, the optimal selling
mechanism functions as the manufacturer incentivizes consumers to upgrade from
P1 to P2 by offering refunds rather than requiring payment. This approach is

distinctive, it encourages consumers to choose P2 over P1, even when owning P1



might offer a higher utility, which consequently brings additional inefficiencies.

In period 1, the payment for consumers to acquire P1 consists of three com-
ponents: the price for P1 (efficiency minus information rent); the expected addi-
tional surplus (or a deficit if the consumer chooses to upgrade even when P1 offers
a higher utility), combined with the potential refund from replacement in period
2; and, through this replacement, the reduction in information rent which was
compelled to be shared to the consumer. Notably, the second and third compo-
nents together become the price of a “swap”. With this swap, consumers have the
option to exchange P1 for P2, receiving a refund if their valuation of P2 surpasses
a certain threshold.

At first glance, this mechanism may appear similar to a trade-in policy, which
typically functions as if one is buying P2 at a reduced price when owning P1.
However, in the optimal selling mechanism, the buying action for P2 is effectively
concluded in period 1. In other words, the trade-in option is monetized in pe-
riod 1. This difference is crucial, as it enables the manufacturer to implement
price discrimination in period 2 to generate more profit, primarily because con-
sumers cannot capitalize on the information rent derived from privately knowing
the valuation of P2.

We then study how manufacturers can actively shape consumers’ preferences
through different types of upgrades. Some upgrades are basic, like improving the
phone’s chips to boost processing power or increasing battery capacity. These up-
grades foster a stronger intertemporal dependency of consumers’ valuations. More
innovative upgrades, such as introducing AI modules or facial recognition, do not
link as closely to the older device. We explore a scenario where the manufacturer
decides to incorporate a customized mix of these upgrades. In period 2, based on
the consumer’s valuation of P1, it commits to implementing the basic upgrades
for some parts of the devices, and for the rest, the innovative upgrades.

When this happens, the innovative upgrades decrease the intertemporal depen-
dency of consumers’ valuation of the old and new devices. This means that with
the optimal selling mechanism, the manufacturer can reduce consumers’ informa-
tion rent by privately knowing the valuation of the old devices, and extract more
surplus. However, there’s a downside brought by this approach; it might make
the trade less efficient, which can hurt the overall revenue. We find that the con-
sumer, nevertheless, bears all the efficiency loss that results from these innovative
upgrades. After eliminating these two opposing effects, the manufacturer faces a
choice: maintain the virtual value from P1 in P2 or replace it with the expected

value from innovation. For those consumers with lower valuations of P1, prior-



itizing innovation is optimal, while for those with higher values, basic upgrades
prevail. Consequently, the manufacturer’s optimal strategy follows a bang-bang
solution.

We further extend the study to the case where consumers may lack precise
valuations for innovative products before ownership. This allows the manufac-
turer to shape their perceptions through information disclosure about innovation.
With per-consumer disclosure, the manufacturer tailors disclosures to strengthen
incentives for truthful reporting. Specifically, the value of information about in-
novation becomes more significant for consumers with a higher valuation of P1
since their decision of whether to upgrade relies on whether P2 can bring more
value. With a strategic decrease in the disclosure informativeness for those who
report a low valuation of P1, the manufacturer can mitigate consumers’ incentives
of downward reporting, ultimately contributing to surplus extraction. This reveals
the intricate interplay between information disclosure strategies and consumers’
reporting behaviors in dynamic mechanism design.

The rest of the article is organized as follows: Section 2 presents the model.
Section 3 introduces the optimal mechanism. Section 4 discusses how the man-
ufacturer controls innovation and information disclosure to generate maximum
profit. Section 5 concludes the study and provides scope for further discussion.

All proofs are in Appendix 6.2.

1.1 Related Literature

This study first contributes to the literature of dynamic mechanism design (Pa-
van et al. [2014], Bergemann and Valiméki [2019]). While the existing literature
has explored various facets of optimal dynamic mechanisms (Baron and Besanko
[1984], Riordan and Sappington [1987], Courty and Li [2000], Battaglini [2005],
Es6 and Szentes [2007], Board [2007], Krdhmer and Strausz [2011], Boleslavsky
and Said [2013]), our focus extends to situations where agents’ private informa-
tion influences their intertemporal preferences. In these contexts, the interplay
between private information and preferences across periods adds an additional
layer of complexity to the design of optimal selling mechanisms. Additionally, an
ironing technique is introduced when dealing with the violation of monotonicity
constraints.

This study contributes to several topics of industrial organization, including
monopolistic pricing and innovation. Lu and Zhao [2023] study a related question,

of how to sell two objects sequentially in different periods and consumers’ utility



is additive. They find that bundling is the best selling mechanism if the intertem-
poral values are negatively correlated. Our study focuses on a different case that
the consumer has a unit demand and the best selling mechanism involves swaps
or options. Doval and Skreta [2019] consider selling a durable good in multiple
periods; they find that the best selling mechanism is fixing prices in each period.
What we find is the consumer has the option to upgrade or stay with the old
products.

This study incorporates product design in the optimal dynamic selling mech-
anism. Schaefer [1999], Dahreméller and Fels [2015] and Veiga and Weyl [2016]
focus on the product designed with multiple complementary components. Johnson
and Myatt [2006] and Bar-Isaac et al. [2012] construct the product design with
disperse value or demand rotation. Different from the previous studies, we follow
a natural orthogonalization way of product design in which the value of the new
device is composed of two parts. One is fully correlated with the old device, and
the other is fully independent.

This study also incorporates information design (in the way of Bayesian per-
suasion, Kamenica and Gentzkow [2011]) in the optimal dynamic selling mech-
anism. Bergemann and Pesendorfer [2007] find that the information structures
should be represented by monotone partition in monopolistic pricing. Bergemann
et al. [2015] further studies the situation that the pricing protocol is contingent
on the information structure. Li and Shi [2017] find that per-consumer disclosure
is weakly better than full disclosure in sequential screening problems. Bergemann
et al. [2022] analyze a second-degree price discrimination problem with capacity
constraint of quality where the firm also chooses the information that buyers have

about their own value.

2 The Model

Consider a monopolistic manufacturer who sells an incremental product (P) to
consumers over two periods. In period 1, the manufacturer introduces the first-
generation product, referred to as “P17. Consumers observe their private valu-
ations for P1, v; > 0, which follows some distribution F' and the hazard rate
f/(1 = F) is non-decreasing. In period 2, the manufacturer enhances the prod-
uct and launches the second generation, labeled as “P2”. Consumers observe their
private valuations for P2, v, > 0, which can be correlated with the valuation in pe-
riod 1, va|v; ~ G. The consumers’ utility will be discussed later in the consumers’

problem (section 2.1). We assume that both the manufacturer and consumers are



fully patient, which means the discount factor is 1.

We assume that the manufacturer can commit to a selling mechanism that
covers both periods. The parallel analysis of limited commitment is in Appendix
6.1. By the dynamic revelation principle (Sugaya and Wolitzky [2021]), the man-
ufacturer can use a direct selling mechanism, where consumers report truthfully
their private information in each period. In period 1, contingent on the con-
sumer’s report 01, the allocation probability of P1 is x1(?9;) € [0, 1], accompanied
by a corresponding monetary transfer of ¢;(91). In period 2, when the consumer
owns P1, given his report 95 in period 2 and v; in period 1, the allocation prob-
ability of P2 is yi(01,02) € [0,1]. Importantly, consumers get utility from only
one product. Thus, there is no meaning to allocate both P1 and P2 in period
2. The two events are mutually exclusive. The probability of still owning P1
is 23(01,02) € [0,1 — y3(01,0)], and the monetary transfer is t3(v1,02). When
consumers do not own P1, these variables are denoted as y3(0y, 0s), 29(01, 72) and

t9(y, Do) correspondingly.

2.1 Consumers’ problem

We discuss the consumers’ problem in a backward way.

Period 2

The consumer utility, given his true valuation and report, is represented as

ué(vla 7517 Vg, /172)7
ub(vy, Ty, Vo, Ta) = 00y - (D1, Vo) + Vo - YTy, Up) — th(D1, Do), i € {0,1}

where 0 represents the depreciation of P1 in period 2, and ¢ is the indicator of
whether P1 is allocated in period 1. Importantly, we can only guarantee truthful
reporting on the equilibrium path. No IC restriction is put on those who do not
report truthfully in period 1.

The Incentive Compatibility Condition, referred to as IC%, states that given
the consumer reporting truthfully in period 1, it is incentive compatible to

also report truthfully in period 2.
Lemma 1. IC% is equivalent to

1. yi(vy,v9) is increasing in vy for any v;.



2. For every combination of vi and vy,
tyon,02) = £5(0n) + 801 - on,0) + v vhon,vz) = [ ghlon, )
0

Then, we discuss consumers’ strategic reporting off the equilibrium path. De-
note 44 (vy, 01, v9) the optimized utility in period 2 under any report in period
1,

i~ R Sy e i ~
Uy (vy, 01, v9) = uy(vy, V1, Ve, U5), Vs € argn%ax%(vl,vl,vg,vg)
2
The First-Order Condition with respect to o5,

6u12 5 (91'12 (’[)1, ?72) 8y§(1~11, {)2) até(ﬁl’ {)2)
-2 =0 ——F—= + vy - - -
8112 S 802 6’02 81}2 T =0}

0

Combining the expression of t, the FOC is equivalent to

02 (y, U) i\ OYy (D1, 9)
%, + (U2 Uz) Oy =0

6(1}1 — 771)
When the feasibility condition is binding, v + 2% = 1, we have
f); = V2 + (5(@1 — 1)1>

The Individual Rationality Condition, designated as IRY, states that given
the consumer reporting truthfully in both periods, u)(vy, vy, v, v9) >

0, Yuy,vy. Given lemma 1,
v2
uy (01,01, 09, 03) = —Ly(v1) +/ Yo (vr, t)dt > —t5(v1) = us(vy,01,0,0) > 0
0

Therefore IR is equivalent to t3(v;) < 0, Voy.
Since the outside option for the consumer owning P1 is dv; in period 2, we
define TR} as: given the consumer reporting truthfully in both periods,

ud (vy, v1, 9, v2) > dvy, Yoy, vy which is equivalent to
uy(v1,v1,0,0) = —ty(vy) > dvy, Yoy

Importantly, no IR restriction is put on those who do not report truthfully in

period 1.

Period 1



Consumers’ utility in period 1, given their true valuations and their reports, is
uy (vy, 1) = v1-a1(01) —t1 (01)+H(1—21 (1)) Evp oy [0 (v1, 01, v2)[4+21 (01) Evy oy [hg (v1, D1, v2)]
The Incentive Compatibility Condition, (Y, is defined as,
IC;: v, € argr%zlixul(vl,ﬂl), Yo,

Lemma 2. ICy is equivalent to

/ "
1. Yy, 7,

,Ual _ S~ — 5. — oyl
/ 3u1 (Ul t, (%] t) . aul (Ul t, 0 Ul) dt >0
v 81)1 aUl

!
1
2. For every vy,

t(v1) =ty +v1 - 21 (01) + (1 — 21 (v1)) By, [049 (v1, vy, v2)]

~ V1 au - t"ﬁ :t
+ 21 (v1) By, [ (v1, v1, v2)] _/ 1(v1 = L =1)
0 1

dt

The Individual Rationality Condition in period 1, IRy, is ui(vy,v1) > 0, Voy,
which is equivalent to

u1<07 0) - _zl > 0

2.2 Manufacturer’s problem

When considering a consumer’s valuation in period 1, vy, the revenue the manu-

facturer generates from this consumer is as follows:

R(v1) = t1(v1) + (1 = 21(01)) Euyjo, [15(01, 02)] + 21 (01) Buypo, [t (v1, v2)]

vt 8U1(U1 == t, 1~)1 = t)

=t +vix1(v1) — dt
o+ (o) - [ =

+ (1 = 21(01)) Bugp, [001 - 25(v1,02) + 03 - y3 (01, 02)]
+ 21 (01) By, [001 - 23(01,v2) + 03 - g3 (01, v2)]

The manufacturer’s objective is to maximize its revenue

400
My, oyl 29, ) = / R(o))dF (v,)
0



with constraints
1. yi(v1,v2), 7 € {0,1} is increasing in vy for any v;.

/ "
2. Yy, vf,

”i/ _ S~ — . — /
/ 0u1 (Ul t, (] t) o aul ('Ul i, Ul) dt >0
v 81)1 8?}1

1

Apparently, ¢; should be 0. Note that both #3(v;) and ti(v;) are offset in
the expression of R(v;). Except for specific mention, we can fix 3(v;) = 0 and

ti(vy) = —d0vy, Yuy, without loss of generality.

3 Optimal Mechanism

In this section, we solve the optimal selling mechanism. We first solve the extreme
case where consumers’ valuations are intertemporally uncorrelated. We find that

the optimal mechanism brings inefficiency. Then, we present the general case.

3.1 Uncorrelated Valuation

We begin by considering the case where v; and v, are independent, i.e., G(vy|v;) =

G(Ug).

Proposition 1. The allocation rule of the optimal mechanism is:

1.
0 v <of
x1(v1) =
(@) { 1 otherwise
where v} is the Myersonian cutoff. ¢ is the Myersonian virtual value.
1—F(vy)
p(v}) =v] — ——— =0;
! ! f(r)
2.
0 vy <dop(v
o) =4 0200 g e, m) = 1~ (o, )
1 otherwise
3.

Yo (v1,v9) = 1 and x5(vy,vy) = 0.



Under this optimal selling mechanism, consumers might receive P2 in period 2,
even if owning P1 would provide higher utility. This suggests that this mechanism
introduces inefficiency, beyond the consumers with v; < v} not obtaining P1.
This inefficiency arises because consumers benefit from privately knowing v; in
both periods. When v; is high, it is less likely that consumers will receive P2 in
period 2, which results in a higher information rent also in period 2. To mitigate
this, the optimal mechanism increases the chances that consumers receive P2, even
when it’s not efficient to do so (v < dvy). Consumers accept this because they

receive a refund for making this choice, which is reflected in the transfer in period

2 1s
0 vy < 6¢(v1)
f(v1)
With
aul 0 1
gorl = (L= @a(0)0Bu (v, v2)] + @1(0n) (14 0B, w3 (0r, v2)])

= fEl(Ul) (1 + (ﬂEvQ[l — y%(vlaUQ)]) )

if v; < v}, the transfer in period 2 is 0, t3(vy, v2) = 0, and

+oo
tl(’Ul) = ]EUQ [ﬁg(vl,vl,vg)] = / ’UgdG(Uz)
0

which is the expected surplus from P2.

If vy >,

v1

t1<1)1) = U1 + IEUQ [ﬂé(vl, 1)1,1)2)] — / (1 + 5Ev2[1 — y%(t,vg)]) dt

»
U1

= (L+8)0} + B [(12 — Su)sb(o0,8) — (o0, 0)] + |

U1

(2

5EU2 [y% (ta UQ)]dt

+oo v1
= (14 6)v] +/ (vg — dp(v1))dG (vs) + / O[1 — G(do(t))]dt
dp(v1) vY

where the first item is the price for P1, the second item is the expected additional
surplus (or deficit if vo < dvq) plus refund from P2, and the remaining item
measures the reduced information rent shared with the consumer. The last two
items together constitute the value of a swap. With this swap, the consumer can
choose to exchange P1 for P2 and get a refund, if his valuation is high enough.

This mechanism looks similar but radically different from a trade-in policy. In

10



a trade-in policy, customers typically buy P2 at a reduced price if they already
own P1, while in the optimal selling mechanism, the purchase of P2 in period
2 is effectively completed in period 1. This approach appears to generate more
profit than a traditional trade-in policy because consumers can’t benefit from the
information rent of privately knowing their vy.!

It is worth mentioning that

+oo
H() = (14 6)0 + / vadG(vs)
0

and | Py
(v, vg) = —5_—@1) = —uv}, Vo,

fp)

So, the surplus of those consumers with v} is totally exacted.

Value of the Swap
¢ (v1) > 1, and

ty(v1) = =06 (v1)[L = G(d¢(v1))] + 6[1 — G(d¢(v1))]
= 6[¢(v1) — 1[G(¢(v1)) — 1] <0

The value of the swap decreases as v increases, since the consumer is unlikely to
find P2 giving more additional value and thus does not execute this swap. Even
if it is executed, the refund is low. Therefore, in period 1, consumers have no

incentives to misreport upwards.

3.2 Correlated Valuation

Now assume that vy follows a distribution conditional on vy, G(va|v1), and G(va|v;)

first-order stochastic dominates G(vs|v]) if vy > v].

The expression for g—lﬁ, given U7 = vy, is different from the previous case. It

!Apple’s iPhone upgrade program in the US, UK, and mainland China shares similarities
with this optimal selling mechanism, but with less price discrimination. Under this program
(US), consumers enter a 24-month installment loan for an eligible iPhone. Once they have paid
the equivalent of at least twelve (12) installment payments, they are eligible to upgrade to a
new eligible iPhone before the installment loan’s expiration date. If they decide to upgrade,
they enroll in a new iPhone Upgrade Program. This includes applying for and entering into a
new 24-month installment loan. Consequently, customers who upgrade after the release of a new
iPhone are not required to pay the remaining 12-month installment loan, which is equivalent to
a refund.

11



takes the following form:

0
a—zl = 21 (v1) (14 0By o, [23(v1,v2)]) + (1 = 21(v1))0Euy oy [25 (v1, v2)]
1 V1=v1

+ 21 (01) By oy [Y2 (01, v2) L (01, 09)] + (1 = 21 (01)) Euy oy 15 (01, v2) Lo (01, 09)]
where I5(vq,v2) is the impulse response function,
0G (va2|v1)

ovy
g(vy |U1)

I(vy,v9) = —

The value of I, indicates how much information v; provides about vy. A higher
value of I, signifies a stronger correlation.

Proposition 2. Under the following assumption,

1-F - o
1. vg — f(v(;;l)lg(l)l,’l)g) is increasing in vg,

9 1}2(1131)[2(01’02) 15 decreasing in vy, and

3. FEither Iy(vy,v9) < 6, Yy, vy and Iy(vy,vy) is increasing in both vy and vs,

or Iy(vy,v9) > 0, Yuy, vy and Iy(vy,v2) is decreasing in both vy and vs,
the allocation rule of the optimal mechanism is as follows:

1.
0 v <o
$1(U1)={ 15U

1 otherwise

0 vy < vl(w
y%(vl,vz):{ 2 > 2( 1) ’

1 otherwise

where vy (vy) is implicitly defined by the equation

vl _—1—F(v1) vy, Ui (v = v
vy (v1) o) Iy (v1, 0y (v1)) = d(v1),

and

zy(v,v2) = 1 — yy(v1, v2);

0 vy <0y (vy)
0 2 > Ugl\l1

,U 7U = . )
va(v1,v2) { 1 otherwise

12



where v9(vy) is implicitly defined by the equation

_].—F(Ul)

vy (v1) sz(vl,ﬁg(w)) =0,

and

xg(vl,vg) = 0.

If v; < o}, in period 2, according to the allocation rule 39, the consumer will

receive P2 if their reported valuation is high enough. The transfer is

P LR
2 9(v1) otherwise

In period 1, the consumer does not get P1 and his monetary transfer is

tl (Ul) = ]Ev2|1)1 [ag(vlv U1, U2)] - / Evz\t[éxg(ta U2) + yg(ta UQ)IQ(ta U2)]dt
0

+o0 V1

— [ (v b(w)dGlenlor) [ Bulsdlt, v o, va)l
vy (v1) 0

These two terms represent the value of a call option, which is the option to get

P2 in period 2 and v9(v;) is the strike price. The first part is the additional value

from P2 in period 2 and the second item is the reduction of consumer’s information

rent. The higher I, is, the lower the reduced amount is and the more consumer

surplus the manufacturer has to share with the consumer.

Value of the Call Option

The derivative of the value of the call option is

8t1(2]1) . +oo 8173(2}1)
o /Ug(vl) Do dG(vg|v1) >0

The inequity comes from the strike price decreasing in v; derived from the implicit
function theorem. The value of the call option increases in v; because the consumer
with a relatively higher valuation for P1 is more likely to have a higher valuation
for P2. Thus, the manufacturer sets a lower strike price to encourage trade in

period 2 and extract more consumer surplus through this option.

If v; > vj, the consumer receives P1 in period 1. With higher 5, more infor-
mation is embedded in vy regarding v;. As a result, the manufacturer’s strategy

to reduce information rent through upgrading becomes less effective. One can

13



observe this from the fact that the consumer owning P1 gets P2 less often. He

gets P2 only if

1-— F(U1>
f(v1)

where the right-hand side is increasing in I5. The monetary transfer is

tl( ) 0 (%) S 1_)% (Ul)
vy, Vg) = P .
2 [I5(v1, U3 (vy)) — ] %v(l)l) otherwise

vy > Uy(v1) = dvy — [0 — Lo (vy, Dy (v1))]

Different from the uncorrelated case, if Io(vq,v2) > 6, Yoy, v9, to get P2, consumers

now need to pay rather than get a refund in period 2, [I5(vq, 03 (vy)) —0] 1}5)(1131) > 0.

The monetary transfer in period 1 is

ch
t1(v1) = vy 4 By, [3(01, 01, v2)] — / By, t[025(t, v2) + ys (£, v2) (¢, va)]dt
0

_/'mMLm@@m+@@m@@@W

*
1

“+oo

= (1+4)vy +/ (va — T3(v1))dG (v v1) — /Ovl B e[y (t, v2) Ia(t, v2)]dt

o3 (v1)

+ /vl Byt [(6 — I(t, v9))ya(t, va)]dt

*

1

Similar to the uncorrelated case, the monetary transfer in period 1 consists of the

price for P1 and a swap.

Value of the Swap

The derivative of the value of the swap is

(6-52) - Glablen)

B 8?]1

Note that if Iy(vy,v9) < §, Yu1,vy and Iy(vy,v9) is increasing in vp, along with

(;5’(1)1) > 1,

1-F(v
ouy  Ta+ (6 = L)/ () + i 5
- o il—F(vl)
vy 31}3 f(v1)

>0

Similarly, as in the uncorrelated case, the value of the option decreases in v;.
However, the opposite result can be found if Iy(vq,ve) > §, Vo1, vy and Iy(vy, ve)
is decreasing in both v; and v,. This is because with more information about vy

embedded in vy, the consumer with high v; knows that vy is more likely to be high

14



also, in which case the option becomes valuable.

3.3 Relaxing the Monotone Hazard Rate

We have assumed that the hazard rate f/(1 — F') is non-decreasing and in propo-
sition 2, the impulse response function is monotone. In this section, we relax these
assumptions and use the ironing technique (Myerson [1981]) to find the optimal
mechanism. We first discuss the case where consumers’ valuations are intertem-
porally uncorrelated. Then, we extend it to the general case. Moreover, without
the monotone hazard rate, the manufacturer’s revenue decreases compared to the
relaxed problem. In section 4.3, we demonstrate how this discrepancy recovers

with strategic information disclosure.

3.3.1 Uncorrelated Valuation

We need the necessary condition 1 in lemma 2 to guarantee the consumers’ in-

centive compatibility condition in period 1. This condition holds if and only if

DB — gy (1) (1 + OBy 2 (51, 82)]) = 21 (81) (140G (d0r = 2 5E5) ) s im-
2

creasing in v; for any v;.© Without the non-decreasing hazard rate, however, it
is not always non-decreasing in v;. We discuss the optimal mechanism under this

case, specifically for x5 and y4, by ironing the hazard rate.

Proposition 3. The allocation rule of the optimal mechanism is:

1.
0 v <o
z1(v) =
() { 1 otherwise
2.
1 . 0 (%) S 772(1)1) = 51)1 + :‘i(’Ul)
Yo (v1,02) = . )
1 otherwise
and
zh(vi,v2) = 1 — y3(v1, v2);
3.

yg(vl,vg) =1 and xg(vl,vg) =0.

Here, k(vy) should satisfy the following properties,

1. k(vy) is non-decreasing;

24If” part is obvious. “Only if” part comes from the separation of v; and 7 in the expression.
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2. there exists a partition of [0,400) into intervals such that r(vy) is either

equal to —51}5)(31) or a constant;

3. if k(v1) is a constant on interval (vy,v1), for any vy € (v, v1),

/Ujl </§(U1) + 51;(—};1%@1)) g(k(v1) + dvy)dF (v1) < 0.

with equality for vy = vy.

We next discuss how to find such a (-), in other words, the ironing procedure
of a non-monotonic hazard rate. Panel la gives an example of a non-monotonic
hazard rate. We first partition it into monotonic intervals, as shown in panel 1b.
Then, we flatten (“iron”) the decreasing part as shown in panel 1c. The value of
the constant is determined by the equality in the third property of x(-). Then, in
panel 1d, we flatten the drop from the left. Again, the value of the constant is
determined by the equality. In panel le, we flatten the right drop. We iteratively
flattens all the other drops, as in panel 1f to 1g, and finally gets the x(-). It is
easy to verify that the k(-) generated satisfies all the property in proposition 3.

3.3.2 Correlated Valuation

We relax the monotone hazard rate assumption and the assumption in proposition
2 and find the optimal mechanism by extending the ironing technique to the

general case.

Proposition 4. If Ir(vy,v9) < 6, Yuy,ve, the allocation rule of the optimal mech-

anism 1S:

1.
0 v <o
z1(vy) =
() { 1 otherwise
2.
N ] 0 vy < 03(v1) = 0vr + K (v1)
Yo (v1,02) = . )
1 otherwise
and

ry(v1,v2) = 1 — ya(v1, v2).
Here, k'(vy) should satisfy the following properties,
(a) k'(v1) is non-decreasing;
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Figure 1: The ironing procedure of a non-monotonic hazard rate.
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(b) there exists a partition of [0,+00) into intervals such that k'(vy) is

either equal to [I5(vi, k' (v1) + dvy) — 6] 175)(1”)1) or a constant;

f
(c) if k' (v1) is a constant on interval (vy,v1), for any vy € (vy,0;),

1—F(?}1)

/ (F&(Ul) 16 = Bfon, ! un) v |

) g(K* (v1)+6v1|v1)dF (v1) < 0.

with equality for vi = vy.

yS(vl,vz) = )

0 vy <05(vy) := k(1)
1 otherwise

and
x5 (v1,v2) = 0.

Here, k°(v1) should satisfy following properties,

(a) K°(v1) is non-increasing;

(b) there exists a partition of [0,+00) into intervals such that °(vy) is

1—F(v1) .
Ty 0T constant;

(c) if K°(vy) is a constant on interval (vy,v1), for any vy € (vy,0;),

either equal to Iy(vy, K°(vy))

1— F(v)

f(v1) ) g(" (vy)[v1)dF (v1) = 0.

/ (#(00) = Baon, (00

with equality for v, = vy.

To find such a x!(-), instead of ironing the non-monotonic hazard rate as in

the uncorrelated valuation case, one needs to iron &!(vy),

1— F(v)

+oo
& (vy) = arg mkax/k (vg + (6 — Ix(v1, v2 + 0vy)) F(on)

> g(vg + dv1|vy)duy
And to find such a x°(-), instead of ironing the non-monotonic hazard rate as in

the uncorrelated valuation case, one needs to iron A°(v;),

— F(vy)

#%(vy) = arg max /+OO <U2 — Ir(vy, v9) ! ) g(vg|vy)dug
ko Jk ’ f(v1)
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3.4 More than 2 periods

The optimal selling mechanism can be extended to longer periods. In general, the

virtual value of Pn in period t is

d(n,t) =6" (vn — 1_—F(Ul) ﬁ[i(vil, vl)> ,n<t

flo) 5
where
0G (vi|vi—1)
Ov;—
[z'(Uz‘—hUz‘) =
g(vilvi_1)

The consumer owning Pj upgrades to Pn in period n if and only if the virtual value
of Pn is higher than that of Pj, ®(n,n) > ®(j,n), and the monetary transfers are
determined by the IC and IR conditions.

According to the expression of virtual values, one can find that consumers’
information rent from privately knowing v; passes through I;, the information
about the new product embedded in the old one. Once one I; = 0, consumers’
information rent disappears in the sequential periods. The following section shows

how the manufacturer benefits from this point.

4 Innovation Controlling and Disclosure

In the previous section, we assumed that the distribution of G(vs|vy) is exogenous.
However, the manufacturer has the capability to influence this distribution through
various types of upgrades. Some of these improvements are basic, like upgrading
chips, increasing battery capacity, or enhancing camera pixels, which intensify the
intertemporal dependence of consumers’ valuations. Conversely, other innovative
upgrades, such as Face ID, Apple Pay, or 3D Touch, result in consumer valuations

that are less correlated with the older device.

4.1 Upgrade

In this section, we endogenize the distribution G(vy|vy) by assuming that, with
the consumer’s report 9, in period 1, the manufacturer commits to making basic
upgrades in some proportion a(?;) € [, 1]* of the devices and replacing the rest
with innovative upgrades in period 2. This situation can be thought of as the

consumer’s fixed time spent with the device. To introduce a new function or

3a< 6
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technology to P2, the manufacturer must retire the old one. As a result, the

relationship between v; and vy becomes,
ve = a(01)vy + [1 — a(ty)]w

Here, w > 0 is a random variable independent of v; and follows a cumulative
distribution function H (with corresponding probability density function k). In

this case, we can determine that,

D1, 053 01) = ——2 = — M o)
slalo) i (CRLET)

We consider the innovation cost as a sunk cost, not affecting the manufacturer’s

optimization problem. The manufacturer’s objective function is defined as:

“+o0o
H,(Il,yg,yé7$g,$§,a) :/ R(Ul)dF(Ul)
0

According to the findings in Section 3, iterating the product with innovative
upgrades brings two opposite effects. First, a higher proportion of innovative
upgrades (lower «r) reduces the intertemporal correlation between consumers’ val-
uation. Thus, the manufacturer can reduce consumers’ information rent from
privately knowing v; under the optimal mechanism and extract more surplus. Sec-
ond, it leads to an efficiency loss that, in turn, affects revenue negatively. These
two effects offset each other.

One can observe that the marginal efficiency loss caused by innovative upgrades
is

/0 Ooavg—(sl)val[y%(vl,vg)]dF(vl): /0 00(1—F(m))Em[y%(vl,vz)}dvl

which coincides with the marginal reduced information rent,

oo Ol (t, va; t e
[ [ B | P25 )| drare) = [ 0P B o, vl
0 0 0

The equality comes from integrating by parts.

After eliminating these two effects, the manufacturer faces a trade-off between
either keeping the virtual value ¢(v;) or replacing it with expected value brought
by innovation E[w]. When v is low, the virtual value is low, so introducing as

many innovations as possible is optimal. Otherwise, the manufacturer should just
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make basic upgrades. Therefore, the following proposition demonstrates that the

manufacturer’s optimal strategy a follows a bang-bang solution.

Proposition 5. There is a unique cutoff v{ > v which satisfies

Feo 1-9
Jo o (1 HOE = 50000,

—a

The manufacturer chooses a level of basic upgrades o(01) = a if ¥y < v{. Other-

wise, it chooses () = 1.

4.2 Depreciation

In addition to innovative upgrades, the manufacturer has the ability to adjust
the depreciation level of old devices, either positively or negatively. This can be
achieved through actions such as providing maintenance services or using non-
replaceable components (e.g., non-replaceable batteries). The extent of deprecia-
tion is controlled by the parameter ¢ in the model.

A low depreciation level, corresponding to a large 9, has two significant effects.
First, it increases the selling price of P1 because P1 retains a high value in period
2. Conversely, it reduces the likelihood of consumers upgrading from P1 to P2,
resulting in a decrease in the sales of P2. The following proposition demonstrates
that the first effect dominates. This is due to the fact that the first factor impacts
all consumers purchasing P1, while the second effect only affects those consumers

with sufficiently high valuations for P2.

Proposition 6. Fven without a commitment on the value of 0 in period 1, The
manufacturer chooses a depreciation level 6 = 1 with commitment in period 1,
regardless of the distributions F(vy) or H(w).

Apparently, P1 with low depreciation discourages the consumers to upgrade
for P2. Therefore, even without commitment in period 1, the manufacturer will

keep the value of P1 to avoid paying a refund.

4.3 Information Disclosure

It is reasonable to expect that consumers do not have a precise valuation of P2 with
innovations before owning it. This gives the manufacturer areas to manipulate con-
sumers’ perception of w by using different ways to disclose information. Specifi-

cally, it chooses a rule of information disclosure (signal), s(w|9y) : [0, +00) — AM,
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where s(w|v;) is a signal observed by the consumer reporting o; in period 1 with
valuation of innovation w and M is the signal space. Since the consumer’s utility
is linear in vq, and thus linear in w, E[w|s] is a sufficient statistic for determining
their preference. Therefore, we only need to focus on the realization of E[wl|s], of
which the distribution is denoted as H € A([0, +00)). H can be induced by a rule

of information disclosure if and only if it is a mean-preserving contract of H,

/.Hmmmug/_ﬂwﬁ,qua+m)
0 0

and
/mu_mmmﬁg/mu—mmﬁ

Then, we study the optimal per-consumer information disclosure. The follow-
ing example shows how the manufacturer strengthens consumers’ incentives to

report truthfully by making customized disclosure of innovation.

Example 1. Suppose that v; € {a,b} with Probability 1/2 each, 0 < a < b <
2a < 1. vy = w follows a uniform distribution H on [0, 1] which is independent
of v1. Denote t, (ty,) the monetary transfer in period 1 if the consumer reports
01 = a (0; =b) in period 1. Denote r, (ry) the monetary transfer in period 2 if the
consumer reports U1 = a (V4 = b) in period 1. Assume § = 1. Then, the consumer
will upgrade if vo — 5, > vy, and

uy(v1, 1) = —t5, +v1[1 + H(max{0, v + rz })] + / (vg — 15, )dH (vg)

max{0,v1+75, }

The ICy requires that uy(vi,v1) > ui(vy, 1), Yui,01. The IRy requires that

ui(v1,v1) > 0, Yoi. The revenue of the manufacture is
1
3 Z ty, + 7y, [1 — H(max{0,v1 + 7., })]
v1€{a,b}

It is easy to verify that the ICy for vi = b and the IRy for vi = a are binding.

The solution is

re=a—>b, 1, =0

The complete solution is in Appendiz 6.2.

Now, consider a mean-preserving contract of H(ve|0; = a) that it pools the
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interval [2a — b, 1],

Vg vg € [0,2a — b)
]A{(U2|’l71:a): 2a — b Vg € [2@-[),%)
1 vy € [H2a=b 1]

It only decreases the value of ui(b,a).

The ICy is not binding, which enables the manufacturer to extract more surplus
from consumers with vi = b through increasing t,. Intuitively, the information
about vy is more “valuable” to consumers with vi = b since they only upgrade after
knowing that vy is high enough. Thus, reducing the informativeness of H (9|07 =

a) strengthens their incentive to report truthfully.

We focus on the binary-partition signal structure in which for any report v; in
period 1, it only reveals whether vy is above or below the threshold. The following
proposition shows that when the monotone hazard rate assumption is violated,
per-consumer information disclosure enables the manufacturer to generate more
profit even if v; and vy are independent, H (vs|vy) = H (vy), which is different from
the finding in Li and Shi [2017]. We simplify the discussion to v; € [v],?] to
guarantee full supply in period 1.

Proposition 7. Assume that for any vy,

Elugfvs < 86(01)] + 51}(—”)> < bu}!
and
Busfvs > 06(v1)] + 01— ) 5 g5

f(v1)
The binary-partition disclosure, for any report vy in period 1, only reveals
whether vy is above or below the threshold d¢(v1), enables the manufacturer to

have a higher revenue than full disclosure when the hazard rate is not monotone.

5 Conclusion

This paper emphasizes the unique nature of incremental products, where the en-
during information rent arising from consumers’ private knowledge of product
valuations extends beyond the initial period. The manufacturer’s challenge lies in
reducing this rent by incentivizing consumers to upgrade to newer versions. This

is achieved through a selling mechanism that provides refunds instead of requiring
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payments for upgrades. This distinction serves to extract additional surplus while
introducing a level of inefficiency, thus defining incremental products.

This paper unveils the strategic implications of endogenizing the consumers’
preference by incorporating consumer-reported valuations in dynamic mechanism
design. By committing to a mix of basic upgrades and innovative enhancements in
period 2, the manufacturer influences consumer valuations, balancing the interplay
between reduced information rent and efficiency loss. Despite the offsetting effects,
the manufacturer’s optimal strategy follows a bang-bang solution, maximizing
profitability by selectively introducing innovations based on consumers’ reported
valuations.

The manipulation of consumer perceptions through strategic information dis-
closure plays a crucial role in dynamic mechanism design. Our analysis demon-
strates that per-consumer information disclosure, especially in scenarios where
hazard rates are non-monotonic, can significantly enhance the manufacturer’s
revenue even when there is no intertemporal dependency, challenging previous
findings. This highlights the dynamics of information asymmetry and strategic

disclosure in driving consumer behavior and market outcomes.
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6 Appendix

6.1 Manufacture with Limited Commitment

In this section, unlike the main body, we assume that the manufacturer lacks
commitment power over two periods and can only commit to the selling scheme
within each period. The consumers’ problem remains the same as illustrated in
section 2.1, but the manufacturer’s problem differs. We discuss it in a backward

way.

Period 2
Given the consumer’s reports in both periods and the allocation of P1 in period

1, the manufacturer’s revenue in period 2 is as follows:

Ry(vy,v9) = (1 — 1 (v1))ty(v1, va2) + 21 (v1)t5(v1, v2)

The manufacturer’s objective is to maximize its revenue

—+o00
Hg(yg,yé,xg,xé) = / Ry(v1, v2)dG (vavy)
0

with constraints
i . . . . .
o y\(v1,v9), i € {0,1} is increasing in vy for any v;.

We denote IT5(v;) as the maximized revenue in period 2.

Period 1
Given the consumer’s report in period 1, the manufacturer’s revenue in period

1 along with the expected revenue in period 2 is as follows:

Ry(vy) = t1(v1) + I3 (v1)

The manufacturer’s objective is to maximize its revenue

+oo
Hl([El) = /0 R1(1)1>dF(1)1>

with constraints

o Vi, 07,

/
1

/”i’ du( =t =t) duw=tu=v)\
; 31}1 81]1 -
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Then, we present the optimal allocation rule.
Proposition 8. Under the following assumption,
1. G(-|vy) is regular for any vy,

2. FEither Iy(vy,v9) < 6, Yy, vy and Iy(vy,vy) is increasing in both vy and vs,

or Is(vy,v2) > 9, Yy, vy and Iy(vy, va) is decreasing in both vy and v,
the allocation rule of the optimal mechanism is as follows:

1.
0 v <of
xl(vl):{ <

1 otherwise

0 (%) S ’02('1]1)

1 otherwise

yé(vl,vz) = {
where Vg(vq) is implicitly defined by the equation

o 1-— G(@Ql'l}l)

_ — v =0,
g(02]v1) '

and

zh(v1,v2) = 1 — yj(v1, v2).

Due to the manufacturer’s limited commitment, the allocation rule resembles
selling two products across two periods. In period 1, the consumer receives P1 if
the virtual value is positive. In period 2, the consumer receives P2 if its virtual
value exceeds the outside option, which is the depreciated value of P1. Specifically,
Uy — OV = 1=Glaln) o by the definition.

g(02[v1)
If v; < vj, in period 2, the transfer is

(01, v9) = dvy vy < D(vy)
’ Ug(v1) otherwise

In period 1, the consumer does not get P1 and his monetary transfer is
v1
t (Ul) = ]Evz|vl [ﬁg(vla V1, U2)] - / Ev2|t[5x8(t> 02) + yg(ta U2)12(t7 02)]dt
0

_ / " (v — o(00))dC (o) — /O B n[020(t, v3) + 92t v) Ta (£, v2)]dt

2(v1)
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The value of t; is equivalent to the price of a call option in which the manufacturer
guarantees the consumer to get P1 in period 2 along with an option to get P2 with

a higher price.

If v; > v}, in period 2, the transfer is

0 <9
t%(UhUQ) = { 2= vg(vl)

Ug(v1) — dvy  otherwise

If the consumer owns P1 in period 2, he can upgrade to P2 with a discount price,
which is similar to a trade-in policy.

In period 1, the consumer does not get P1 and his monetary transfer is

tl (’Ul) = U1 + Ev2|v1 [ﬁ%(@l, U1, UQ)] — / EU2|t[6ZEg(t, UQ) + yg(t, UQ)]Q(t, UQ)]dt
0

- / ]Ev2|t[1 + 5.T%(t, Ug) + y%(t, UQ)IQ(t, Ug)]dt

*
1

+oo
= (14 0)v] +/ (ve — 02(v1))dG(va|vr)

D2 (v1)

Ch
- / Eoy1[029(t, 03) + y(t, 02) In(t, va)dt
0

-+ /v1 ]Ew|t{((5 — [2(t’ Uz))y% (t, U2>]dt

6.2 Proofs

Proof of lemma 1:

“=": For any v} and v7,

7 ~ / / 7 ~ ! "
u2(vl7vl - U17U27U2) Z ug(vlyvl - ’U17’U2,U2>

& vy (v, v5) + vpys (01, v5) — th(v1,v5) > dvrary(vi, vy) + viys (vr, vy) — th(vi, vy)
and

A ~ " o 7 ~ "o
UQ(Ulavl = V1, Uy, Vg ) Z UQ(’Ulavl - '0171)271)2)

& ouizy(v1,v5) + Vi (vr,v5) — th(vr,v5) > dvray(vr, v) + viys(vr, vh) — ty(vr,v5)

29



With the above two inequities,

Ué [y; (Ula Ué) - yé (Uh Ué,)]
> duixy(v1,vy) — th(v1, v5) — dvray(vi, vp) + th(v1, vp)
> Ué/[yé(vlv ’Ué) - y;(”h Ug)]

& (v = v5) [y (v1,v5) — ya(v1, v5)] = 0

Given the arbitrary values of vy and v, y5(v1,v2) is increasing in v, for any v;.

By applying the envelop theorem,

dﬁé(vbﬁl = U17U2) _ aaé(vhf}l = Ul7v2)
dUg 81}2

= yé(vl, )

Thus,

. . - . v2 .
v (v, Vo) F9ys(v1, Vo) —t5 (vy, v2) = Uy (v, vy, v2) = 12’2(211,111,0)+/ ys(vy, t)dt
0
Therefore,
. . . . v2 .
ts(v1,v9) = to(v1) + dvy - wh(v1,v2) + vy - Y5 (v1, v2) — / ys (1, t)dt
0

where t4(vy) = —b(vy, vy, 0).

“<”: For v} and v},

i ~ o i ~ A/
ws(vy, U = vy, Uy, Uy) — us(vy, U1 = V1, Uy, Vg )

/

v2 ) ) .
= [ a1, 1)dt + (vy — vy)ys(vi,vy) > (vy — v3)ys(v1,vy) — (V5 — vy)ys(v1,v5)
vy

0

The inequity comes from y(vy,vs) increasing in vy,. W

Proof of lemma 2:
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The expression of t; comes from the envelop theorem. Then, with ¢,

" 14 i ! / 1
ICy & uy (vf,v)) > up (v, vy), Yy, vf

1)/1/ fr—y v =
Iy UL PR

(%1

+ (1= 21.(0]) (Bugpogy [ (0, 07, 02)] = Eugpeg [t (7, 01, v2))])

+ 21 (V) (Bugpop [ (v], v, v2)] = By [ (v], 0], v2)])

/
1

Note that
Oup(vy,01) . OB, [45 (01, D1, v2)] OBy, [y (v, Ty, v2)]
o 21 (01)+(1—21(01)) o0, 1(01) oo,

Therefore, the right-hand side of inequality is fljfil %ﬁflzvi)dt. |
1
Proof of proposition 1:

By applying the envelop theorem,

d'LLl

dUl

_om
_801

V1=v1 U1=v1

=(1- xl(@l))aEvz [d5(v1, D1, v2)] OE,, [ts (v, 171,1)2)])

81)1 8vl
= (1 = 21(01))0 By, [w5(v1, v2)] + @1 (v1) (14 0y, [25(v1, v2)])

+mm<w

The Lagrangian function of the manufacturer’s optimization problem is

V1=0v1

“+o00 “+o00
£ =Tl(xy, 0, yb, 23, 2l) - / / £1(0) M1, 02) (g (01, 02) + 2h(01, v2) — 1)dC(va)dF (v7)
0 0

- / N / (1 a0 (o, 02) (200, 02) + 201, 02) — 1)dC(u)dF (v1)

First, we solve ya(vi,v2) and xl(vi, v).

oL

@%ngm_mmmmmﬁmmw

oL

Dzl (vy,v9)

= [0v1f(v1) = 6(1 = F(v1)) = Alvr, va) f(0)] 1 (v1) g (v2)
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With the constraint y(vy,vs) + x3(v1,v2) < 1, the solution is

0 vy <0p(v1): =46 (Ul — 1}5,(31))

1 otherwise

y%(vhvg) = {

and

zy(v1,v2) = 1 — ys(v1,v2)

One can repeat these steps to solve y9(vy,v9) and z9(vi,v7), and will find that
they have the same expression as y4 (v1, v2) and z3(vy, v2).

Then, we solve z1(vy).

oL
81'1 (’Ul)

= vif(v1) + (1= F(01))0E,[z5(vi, v2)] — (1 = F(v1)) (1 + 0y, [23(v1, v2)])

— [(01)Ey,[0v125(01, 02) + vays (01, v2)]
+ f(01) By, [0v125 (01, 02) + vay (01, 12)]
= ¢(v1) f(v

The last equality comes from all things canceled given the same expression of y9

and ys (23 and z1). Consider regular distribution F, and

¢(vy) =0

1 otherwise

0 v <o
$1(U1)—{ 1SV

Under this result, yo = 1 for any v; < v}. In other words, the consumer not
owning P1 in period 1 always gets P2 in period 2.

The constraint 1 holds. Then, to check constraint 2, it is sufficient to verify
that

aul (’Ul, ’l~]1)

Jo, 21 (01) (1 + 0By, [23(01,0)]) + (1 = 21(01)) 0B, [23(01, 05)]

e I1(61> + 5Ev2 [xg(ﬁ17 @;))]

is increasing in ¥y for any vy, or the single crossing property holds. The second
equation comes from the same expression of x3 and 9.

Since x9(01,72) = 1 — y5(01,02), according to the FOC with respect to 99, we
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have 0 = vy — 6(vy — 7).

8u1 (’Ul, 61)

) ) o 1— F(in)
81)1 = 371('1]1) + 5G(5¢<U1) + 5(7)1 — ’Ul)) = .131('1]1) + oG ((5'(11 — (5—>

f(01)

which is increasing in v;. W
Proof of proposition 2:

R(vi) = t; +vi21(v1)
— /0 x1(t) (1 + 0By, ¢ [x%(t,vg)}) dt — /0 (1 —21(t))0Ey, [:Bg(t, vg)} dt

+ (1 = 21(v1)) By oy [501 - 29 (v, ) + v - ?/(2)(“1,1)2)]
+ 21(01)Euy oy, [001 - 23(01,02) 4 v2 - Y3 (v1, v9)]

‘Amu—xmmEmﬁﬁﬁwﬁb@wﬂﬁ

_ /Ovl Il(t)Evz\t [y%(t, /UQ)IQ(t, U2)} dt

Again, we apply the Lagrangian approach and get

o {UQ 1= F(vw)

k(v v) f(v1) Ly(vr,v2) = MULW)} z1(v1) f(v1)g(valvr)

oL

1-— F(Ul)
0zl (vy,v9)

f(v1)

[02 — l}a(ﬁl)lg(vl,vz)] is increasing in vy and ¢(v1) < 0 if and only if v; < vj}.

Thus, if v; < o7,

:[&q_g _A@hwﬂxmmﬁwnmwwﬁ

0 (%) S 68(@1)

1 otherwise

y%(vhvz) = {

where o0 — =E@I 1 (4 59) = 0, and z(vy, v2) = 0.

)
If V1 > UT,
Ya(v1,v2) = 0 v < &lm)
1 otherwise
where 03 — 1}5)(1";1)12(111, 03) = d¢p(v1), and xd(vy,ve) = 1 — yi (v, v2).

One can repeat these steps to solve y9(vy, ve) and x3(vy,v7), and will find that

they have the same expression as y4(vi, v2) and z3(vy, v2).
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Then, we solve x;(vy).

oL
3951 (’Ul)

= v1f(v1) = (1= F(v1)) (1 + 0By, [73(v1, 02)]) + (1 = F(01))0Buy oy [25(v1, v2)]

— [(01) By, [0v125 (01, 02) + vy (U1, v2)] + f(01) By [0v125 (01, 02) + vays (01, 12)]
- (1= F(Ul))Evzlm [yg(vl>7)2)12<“1a U2)] + (1 - F(Ul))Evz\vl [y%(vl, U2)[2(711,112)}
= f(v1)d(v1)

The last equality comes from all things canceled given the same expression of

vy and ya (29 and x1). Thus,

0 v <o
$1(U1)={ 1SV

1 otherwise

Then, to check constraint 2, we need to verify that

8U1((;1]J11’ ﬂl) = 371(771) (1 + 5]Ev2|v1 [x%(f)l?@%)]) + (1 - xl({}l))(SE”ﬂ”l ['Tg({}l’@g)]
+ xl(f)l)]Evzlm [y%(@l, @%)IQ(Ul, Ug)] + (1 - xl(ﬁl))Evﬂm [yg(@lv 68)12(1)1’ U2)]
= 21(01) (140 + Bugpo, [y2(01, 03) (T2 (v1, v2) = 0)])

+ (1 — 21(01)) B, [y (01, 99) I (v1, v2)]

is increasing in 0; for any vy, or the single crossing property. Since z3(0y,0s) =
1 — ya(91,09) if ©3 > v}, according to the FOC with respect to 04, we have 0} =
vy — 6(vy — 01). Since 23(v1, 02) = 0 if ¥, < v}, according to the FOC with respect
to 09, we have 99 = v,.

If Iy(v1,v9) < 6, Yuy,vg and I(vy,vq) is increasing in both v; and vy, the

condition ya (01, 03) = 1 is equivalent to

1— F(&)
f(@1)

1— F()
f(@r)

The right-hand side of the inequality is increasing in v;. Under this case,

@2 > (5@5(61) + ]2(51,@%> < Uy > 51)1 + (]2(?71,@%) — 5)

Eoy v, [y3 (01, 03) (I2(v1, v2) — 0)] is increasing to 0.
If Iy(vq,v9) > 9, Yy, vy and Iy(vy,ve) is decreasing in both v; and vy, the
right-hand side of the inequality is decreasing in v;. Under this case,

Eos o, [ya (D1, 03)(Io(v1,v2) — 0)] is increasing to vy.
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If o, <of, 1 —21(97) =1 and

+oo
Eoy o [12(61, 09) L1, 03)] = / To(v1, 02)dG (v ]o1)

v2(01)

To have Ey,y, [y5(01,93)I>(v1, v2)] increasing in 0, 02(0;) should decrease in ;.

With 93(51) — S (0, 93(61)) = 0,

8(— 1}5(:)1) [2(1)1’”2))

-0
avZ ov
— = 1_F(vp) <0
0ty 6(1}27 T 12(1)1»1)2))
Ovg

The inequity comes from the first and the second assumption in the proposition.

Therefore, constraint 2 is satisfied. W

Proof of proposition 3:

+o0
(s, o2, 23, 43, ) = / R(vr)dF ()
0
—+o00

= i ¢(v1)z1(v1)dF(v1)

“+o0o
+ / 21(01) Bugpo, [00(v1)a5(v1, v2) + vayy (01, v2)] dF (vy)
0

+ /0 00(1 — 21(v1)) Eyy o, [5¢(Ul)x8("01,v2) + Ung(Ul,Uz)} dF (v1)

—+00

= i é(v1)xq(v1)dF (v1) + /0 h By o, [00(v1)z2(v1,v2) + vaya(vi, v2)] dF (vq)

The last equation comes from the same expression of the expectation, so we do not
distinguish between 9 and x3 (y9 and y3). Then, the solution z; = 1 if ¢(vy) > 0
or v; > vi. Otherwise, 7 = 0. Moreover, if ¢(v;) < 0 or v; < v}, 29(vy, ve) should
be 0 and y3(vy,ve) should be 1 obviously, and thus the monotonicity constraint
holds. We can just focus on the case v; > 7.

If vy > v}, ¢(vy) is non-negative. Thus, the feasibility condition must be
binding, ys + 3 = 1. Then, IT is linear in yi. According to the extreme point
theorem (Bauer’s Maximum Principle), for any v; > vf, each of the solution
ya(v1, ) must be extreme points in the space of increasing functions [0, +00) —
[0,1], which are step functions. The cutoff of yi(vy,-) is denoted as vy(vy) :=
dvy + K(vq).
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To guarantee the incentive compatibility condition, one needs to have E,, [z3(0y, 02)] =
Ey,[1 — y2(01,92)] = G (v + k(1)) being increasing in 0y, which means r(v;)
should be increasing in vy, or &(vy) > 0.

Then, we check the k(v;) characterized is the solution of the manufacturer’s
optimization problem. We focus on the Hamiltonian (only with regard to ys) of

the problem,

—+00

H(k, K, v,01) = f(vl)/ (vg — 9 (v1))dG(va) + v(v1)k(vy)

V2 (Ul)

+oo 1—-F(v .

= f(v1) / (v2 + 5#> g(va + dv1)dvs + v (v )ie(vy)
K(v1) f(vl)

where £(v;) is the control variable and k(v;) is the state variable. The necessary

conditions of the optimization are
1. A(v1) maximizes H(k, k, v, v1);
2. k(v1) and v(vy) solve the following system,

oH

(o) = =57 = fon) (o) + 6= 200

o) ) g(k(v1) + dvy).

We next prove that x(v;) characterized in the proposition satisfies the necessary
conditions.

For an interval of v; such that &(v;) > 0, or the monotone condition is not
binding, v(v;) should be 0 and »(v;) = 0 which leads to k(vy) = —5%1)(1”)1).
Moreover, apparently, /(v;) maximizes H under this case.

For an interval (v, v;) such that &(v1) = 0, or x(vy) is a constant, we should

have

0 = v(5))—v(v,) = / (0y)dvy = / (ﬁ(vl) ”1}(—2()01)) g((v1)+6v0)dF (u1)

Moreover, we claim that v(v;) < 0,v; € (vy,7;) because otherwise, £(vy) = 0 does

not maximize H. It is equivalent to for any v; € (v,, v1),

/: (K@l) T 51;(—];()U1)> g(k(v1) + 6v1)dF(v1) < 0.

Next, we use the Arrow sufficient theorem to show that x(v;) also satisfies the

sufficient condition by checking that 7—2(&, v,v1) = max H(k, k,v,v1) is concave in
K
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k. This can be verified by that % = 0 almost everywhere. Thus, # is concave in
k. B

Proof of proposition 4:
The proof is similar to that of proposition 3. We point out the subtle difference.

First, the revenue function is

R(vy) = viz1(vq) — /0”1<1 — x1(t)) Eu, e [5m8(t,v2) + Ig(t,vg)yg(t,vg)} dt

— /0 21(t) (1 + By [025(8,v2) + L(t, v2)y3 (8, v2)] ) dt

+ (1 = 21(v1)) Eyjo, [5U1 - 29 (vy,v2) + s - yg(”lﬂ&)]
+ 21(v1) Euy oy [0v1 - 23(v1,02) + v2 - Y3 (v1, v2)]

and the objective function is

+o0
(s, 0, 2%yl 2l) = / R(vr)dF (v,)
0
“+oo

= ¢(v1)z1(v1)dF (v1)

0

+o00 B
+ / 21(v1) By, |:5¢(U1>$%(U17U2) + (1)2 ~ Doy, )01
0

Flr) ) y%(vl,@)} dF (v,)
L= F(v)

b [ [t + (v~ b

) sbton )| ar ()
If v; > v}, the feasibility condition must be binding, yi + 1 = 1. According

to the extreme point theorem, for any v; > v}, each of the solution yi(vy,-) must

be extreme points. The cutoff of ya(vy,-) is denoted as v3(vy) := dv; + '(v1). To

guarantee the incentive compatibility condition, one needs to have

400
Boy o, [(L2(v1, v2) — 8)y3 (01, 03)] = / (Ia(v1,v9) — 0)g (va|v1) dvy

N1(51)+5’U1
being increasing in 9;. Take the derivative over ©;. One gets x'(v;) should be
increasing in vy, or £*(vy) > 0.

The Hamiltonian (only with regard to 1) of the problem,

too 1— F(’Ul)

f(Ul)

) g(vg + dvi|vy)dvy 4 v(v1) k' (v1)

H(E & v,0) = f(vl)/

”L_)% (1)1)

<v2 —0¢(v1) — Ix (v, v2) ) dG(valvr) + v(vr)i* (v1)

1 — F(vq)

= f(vl)/+oo <vg—|—(6—lg(vl,vg~l—5vl)) o)

w1 (v1)
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If v < v}, ¢(v1) < 0, so 29(vy,ve) should be 0. According to the extreme
point theorem, for any v; < o7, each of the solution yy(vy,-) must be extreme
points. The cutoff of y9(vy,-) is denoted as 99(v;) := dvy + £°(vy). To guarantee

the incentive compatibility condition, one needs to have

oo
E’L}lel [1—2(111,@2)98(771,778)] = / [2(711,112)9 (’02\711) dvy

K0(01)
being increasing in ¥;. Take the derivative over 9;. One gets x°(v;) should be
decreasing in vy, or £%(vy) < 0.

The Hamiltonian (only with regard to 49) of the problem,

Foo 1 —F(1)1>

f(v1)

- ) [ (Oo) (2= 2o, o) 25 ) g = 2 (008

HE o) = J(on) |

9 (v1)

<v2 — Ir(v1,v9) > dG (va|vy) — y(v1)E° (v1)

Proof of proposition 5:

+o0
I (1, 4, 23, b, a2, ) = / R(un)dF (o)
0

_ +°° S(v1)dF(vy)
v °° Evu [5¢<v1>m;<v1, ) + ( - a(vol}(—ff;“)) (o, w)} dF(v,)
- g "B, (o2 ol S5 ) shten o) ar )

= o(v1)dF (v1) + /0 ooT(vl, a(vy))dF (v1)

"
V1
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If v, <of,

T(vr, a(v1)) = By, [(W — (o) =S FW) (o, w)}
_ /+°° (v2 ~ )= FW) 4G (vs]vr)

a(vl)%(lv)l) f</U1)
_ [ e F<vl>) (W)
— /a(m)lfﬁ)(f)” (U2 a(vr) o) dH (o)
B +oo O./(’Ul)
—41—amﬂlﬁwmmﬂG+1_a@ﬁﬂm0dﬂﬁ

Since ¢(v1) < 0, — 1?;1}(1@)1@(01) increases in . Thus, T decreases in o. The optimal
a*(vy) = a.

If vy >y,

T(vr, a(vr)) = Eugp, [w(vl)x;(m,vz) + (w - a@l)l;(—i()“l)) Y (o, 02)1

= 36(01) + B | (12 = 86(00) — a0 25 ) hon )
+00
=dp(v1) + /@é(vl) (va — B3 (v1)) dG(va]uvy)

1—F(v1)
for) -

where 03(v1) = dé(vy) + a(vy)
If Oé(Ul) > 5,

vy — Uy (v1) = (a(v1) — 6)p(v1) + (1 — a(vy))w > 0

Thus,

“+o00

T(ena(e) = a9(w) + [ (= ok(e)) A6

= 5¢(U1) + /( : (’UQ — ’U%(Ul)) dG('UQ'Ul)
+oo

= 6¢(v1) + a(v))vy — Vs (v1) + / (1 — G(va|vy))dvy

a(vi)vr

IQMW@0+O—MMMAWO—H®Mt
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T is linear in a(v;) when a(vy) > 6.
If a(vy) <9,

—+o00

T(vy,a(v1)) = dg(v1) + / (v — B (v1)) dG(vav1)

o5 (v1)

=0¢(v1) + / h (1 — G(va|v1))dvy

—+00

— 5o(o) + (1 — a(w) / (1= H(t))dt

where y(v1, a(v1)) = 2 o(vy).

oT +o00 0—1
- /m’a)u ~ HO)t — (1= )1~ H(3(0n,0) 7 —530(01)
+oc 1=
— (o)L= Hiy(a) — [ th(tde+ (1= H o)) ;o)
¥(v1,0)
S /( )th(t)dt + (1 — H(y(v1, ) p(vy)
2T 9 o

= (w1, 0)h(y(vr, a»a—g — hy(vn, @))o(vn) 5y

( ) Ay (or, ) > 0

Thus, T is convex in a(vy) when a(vy) < § and v; > vy.

da2

Then, we can focus on «(v;) being three values: «, ¢ and 1. Correspondingly,
“+oo

T(oy,0) = 86() + (1-a) [ (1= HO)

(Ul 7Q)

T(v1,6) = 8¢(v1) + (1 — §) /0+°°(1 — H(t))dt,

and

T(Ul, 1) = ¢(Ul).
Deduce d¢(vy) from all of them and divide them by 1 — 4§,

B 1—a +oo
Tona) =175 [ (=B
y(vi,&

T(v1,9) = E[w],
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and

T(vi,1) = ¢(v1).

T(v1,a) decreases in v; and T'(vy,1) increases in v;. Suppose T(vy,d) and
T(vy,1) cross at v%, Blw] = ¢(v?).

(L= 0)(F () T o) = (1 ~a) [ (1= H)r— (1~ DB

e gl

The derivative with regard to ¢ is

- (1 —H <‘15 _QE[UJ])> Elw] + Ew] > 0

-

which indicates that (1 — &)(T(v}, ) — T(v%,6)) is always positive, and further
indicates that T'(vy, 0) is always lower than the maximum of T'(v1, &) and T'(vy, 1)
for any vy. Thus, when vy < v, o*(v1) = a. Otherwise, a*(v;) = 1.

Finally, we need to verify consumers’ incentive compatibility holds.

Ouq (v1,0 B o o )
% E fEl(Ul) (1 + Evz\vl [555%(@1, U%) + y%(vl,v%)b(z}l, Vg Ul)])
1
+ (1= m (o)) (]E”?'”l (625 (D1, 03) + 2 (01, 63)12(7117@2;’171)])
If v < UT,
Ouq (v1,0 o o )
% = Ev2|v1 [51’3(”17@3) + yg(vl, Ug)]2(U1,U2; Ul)]
1

== ]Ev2|v1 [ng(ﬁla UQ)]

:g(1_(;(g1‘—”f’l>

f(o1) Ul))

Since the hazard rate is monotone, the right-hand side increases in ;.

If 9, € (v}, v9),

W = 1+ By o [025 (01, 03) + Yo (01, 05) I (v, v; 01 )]

1
=140+ Eppu, [(@ = 8)y3 (01, 05)]

1— F(#)

=146+ (a—96) (1—G(5”1+(Q_5) f(@1)

"))

The right-hand side increases in ;.
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If v, > ’Uil,

Ouq (v, v - . -
1(6’1}1 1) =1+ E'U2|v1 [&B%(UDU%) + y;(vl, U%)IQ(UMU?;Ul)]
1

=2

The last equation comes from the fact that vy > dv; and thus y3 always equals 1.
~ 6”1(111,171) . . ~
In summary, for any report vy, 5, increases in U for any v1. So, con-

sumers’ incentive compatibility holds. W

Proof of proposition 6:
With the proof in proposition 5, the value of § matters only when v; > v} and

a(vy) < 6, in which case

—+00

T(vy, (v1)) = dp(v1) + (1 — a(vl))/ (1—H(t))dt

y(v1,a(v1))

where v(vy, a(vy)) = f:g&;qb(vl).

oT
5% ¢(v1) — (1 = H(y(v1, @))p(v1) > 0
Thus, 0+°° R(vy)dF(vy) is increasing in § and § = 1 is optimal.
To verify the manufacture has no incentive to deviate in period 2, one can check
the monetary transfer in period 2 increases in 6. When v; < v}, the monetary

transfer in period 2 is irrelevant to 6. We can focus on the situation v; > v7.

1 — F(v)

RZ('Ul) = Ev2|v1 [t%(vh,u?)] = ]E’U2"Ul |:(O'/(U1) - 1) f(vl) ]]‘{’U2>”Dé(”1)}:|

— (o) — 1— F(vy)
T

 (afwy) — 1)1 =) (1 _H (le _ gb(vl)))

P’I"[’Ug > @;(U1)|U1]

f(v1) 1 —a(v)

where v4(v1) = §'vy + (a(vy) — 1)%1)(1”)1), d’ is the depreciation level chosen in

period 2 and vy = a(vy)v; + (1 — avy))w. It is easy to see that Rs(vy) increases
in 9.
In summary, even without commitment in period 1, the manufacture will not

deviate from choosing 6 = 1 in period 2. B

Solution of Example 1:
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The Incentive Compatibility condition for consumer with v; = a, ICY, is
ul(a’v CL) > Ul(a, b)

1 1
ICY : —ty+ty+alry—1p) + / (vg — 1rq)dvy — / (vg — rp)dvg >0

a+rg —+ry

For consumer with v; = b,

1 1
ICY . —ty 4ty + b(ry — Tq) + / (vy — 1p)dvg — / (vg — 1rg)dvg >0
b

b+ry +7q
The Individual Rationality condition for consumer with vy = a, IR{, isu;(a,a) >

1
IRY : —ta—{—a(l—i—a—l—ra)—l—/ (vg —14)dvg >0

a+rq

For consumer with v; = b,

1

IRY . —ty +b(1+b+mp) —|—/ (vg — 1p)dvg >0
b+rp

The sum of the both sides of IC? and IR indicates

1 b+ra

(vg — 1p)dvg + / (vg — 1q)dvg

a+rq

Og—tb+b(rb—7’a)~|—a(1—l—a+7”a)+/
b+7‘b
1

1
= —tb+b(rb—7“a)+a(1+a+ra)+/ (Ug—rb)d02+§(b2—a2)

b+rp
1

1
= —t+0b(ry—710) +a(l+1,) + / (vg — 7p)dvg + 5(62 + a?)

b-l—T‘b
1

< —tp+b(ry —1a) +0(1 +74) + / (vy — 73)dvy + b
b-‘rT‘b
1

= —tb+b(1+b+7“b)+/ (UQ—Tb)dUQ

b+Tb

which is TRS. Thus, IR is redundant and I R¢ should be binding.
The sum of the left-hand sides of IC¢ and IC? indicates

(@ —=b)(ra =)

which is irrelevant to ¢,. To maximize the manufacturer’s revenue, ¢, should reach
to maximum. Thus, /C? should be binding and IC¢ is redundant.

With I Cf and R}, we can rewrite the expression of ¢, and ¢, in r, and ry.
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Then, take the derivative of the manufacturer’s revenue with regard to r, and 7,
and get the solution. It is easy to verify that v; + 7, is in the range [0, 1].

Before strategic disclosure,

1

ui(b,a) = —ta +b[1+ H(b+1r,)] + / (vg — rq)dH (vs)

b+rg

:—ta+b(1+a)+%[(1—a+b)2_b2]

After strategic disclosure,

wy(b,a) = —ty + b1 + H(b + r4]a)] + / (Vg — 74)dH (vs]a)

b+rg

1
:—ta+b(1+2a—b)+5(1—2a+b)(1+b)

And,
1
uy (b, a) — uj(b,a) = é(a —b)?>0M

Proof of proposition 7:

We focus on the allocation rule and monetary transfer discussed in proposition

First, the ICy, I Ry and I R; still hold under the binary-partition disclosure H.
Then, we check IC}.

ur (v, 01) = v1 — t1(01) + B0, [G2(v1, 01, 02)]

where

—+00

tl(’ﬁl) = UI + /5¢(~ )(UQ - (5¢(’Z}1))dG(’Ug) + /Ov1 5[1 - H((Sgb(t))]dt

and given the assumptions in the proposition, the consumer report the signal
truthfully. Thus,

+oo _F o
E f1 (4o 2 (v1, 01, v2)] = 601 H (09(01)) + /M(~ | (U2 + 51TU1())) dH (v2)

Then, %@i’m =1+ dH(0¢(?,)). Since F is regular, %ﬂlfn) increases in 07 for
any v1. Therefore, IC holds.

If the hazard rate is not monotone, the revenues coming from selling P2 under
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these two disclosures are

—+00

[ e ot aittlon) = [ (o2 sotun)) dit ()

#(v1) dp(v1)

> /5 (v — dp(v1)) dH (v3), Yy

vitr(v1)

Thus, the binary-partition disclosure generates higher revenue than full disclosure.

Proof of proposition 8:

+00
Hg(yg,xg,y%,xl) = / RQ(U17U2)dG(U2|U1)

0

+o0o v2
=(1— xl(vl))/ {51}1 -y (1, v2) 4 vy - Y5 (v1,v2) — / yg(vl,t)dt] dG (ve|vy)
0 0

+00 v2
+ xl(vl)/ [—51}1 + vy - a3(v1, v2) 4+ g - Y3 (v1, Vo) — / s (vy, t)dt} dG (va|vy)
0 0

%W) .yg(m,w)] 4G (vaor)

1— G(’l)g"l}l)
g(va|vn)

—(1 = 21(0)) /Om {51)1 - 20(on, v2) + (v2 -

+oo
+ 1’1(1)1)/ |:—(5U1 + (5111 . xé(vl,vg) + (Uz — ) . y;(vl, Ug):| dG(U2|Ul)
0

U'nder zh(vy,v9) +ys(vr, ve) < 1, if vy — % > dvy, y4(v1, v2) = 1. Otherwise,
xh(v1,v9) = 1. Since G is regular, one can find a threshold 95(v;) defined by

Lo 1-— G(@Q‘Ul)

0 - —ov; =0
2 g(2]v1) '

I (1) = /0 " Ri(0)dF(w)

_ [ D(v1)21 (1) + vy, |60(v1)22(v1, v2) + vg—fg(vl,w)l_—i(”l) y2(v1,v2) | ) dF (1)
/0 ( { < f(vr)

We ignore the superscript of x% and 33 because the expressions are the same for
i =0,1. Then, x;(v1) should be 1 if ¢(vy) > 0. Otherwise, it should be 0.
The verification of monotonicity condition follows the same procedure in the

proof of proposition 2. H
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