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Abstract

This paper considers inference in first-price and second-price sealed-bid auctions in empirical
settings where we observe auctions with a large number of bidders. Relevant applications include
online auctions, treasury auctions, spectrum auctions, art auctions, and IPO auctions, among
others. Given the abundance of bidders in each auction, we propose an asymptotic framework
in which the number of bidders diverges while the number of auctions remains fixed. This
framework allows us to perform asymptotically exact inference on key model features using only
transaction price data. Specifically, we examine inference on the expected utility of the auction
winner, the expected revenue of the seller, and the tail properties of the valuation distribution.
Simulations confirm the accuracy of our inference methods in finite samples. Finally, we also

apply them to Hong Kong car license auction data.
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1 Introduction

This paper considers inference in first-price and second-price sealed-bid auctions in empirical set-
tings where we observe a possibly small number of auctions, each with a large number of bidders.
The abundance of bidders in each auction prompts us to consider a novel asymptotic framework in
which the number of bidders diverges, while allowing the number of auctions to be small and re-
main fixed. This framework differs substantially from the more conventional approach in which the
researcher observes multiple bids from a large number of independent and identically distributed
(ii.d.) auctions. See Athey and Haile (2002); Haile and Tamer (2003); Athey and Haile (2007);
Guerre, Perrigne, and Vuong (2000), among others. Our analysis can deliver an accurate approx-
imation in empirical settings in which the number of bidders is large relative to the number of
auctions. Relevant examples include online auctions, treasury auctions, spectrum auctions, art
auctions, and IPO auctions, among many others. Since our asymptotic framework does not re-
quire the number of auctions to diverge, our analysis is suitable for applications with substantial
heterogeneity across auctions, implying a limited number of truly homogeneous auctions.

Within our novel asymptotic framework, we introduce new inference methods for the winner’s
expected utility, the seller’s expected revenue, and the valuation distribution’s tail behavior. We
show that the latter can be used to test the regularity conditions commonly assumed in auction
literature. Our data requirements are minimal; our methods rely on observing transaction prices
from a finite number of auctions. We do not need to observe multiple bids or the number of
participating bidders in these auctions.

Our methodology characterizes the limiting behavior of transaction prices as the number of
bidders increases. Unlike the traditional asymptotic framework with a growing number of auctions,
the transaction price data does not allow us to fully identify the valuation distribution. However,
it can reveal the distribution’s tail properties, which are sufficient for conducting inference on
practical objects of interest, such as the winner’s expected utility and the seller’s expected revenue.
Moreover, the tail behavior allows us to evaluate whether the valuation distribution has bounded
support and positive density at its highest value, which is a common regularity in the auction
literature. (e.g., Maskin and Riley, 1984; Guerre et al., 2000; Guerre and Luo, 2022). Within our
asymptotic framework, our inference methods are shown to control size and exhibit desirable power
properties. Specifically, our confidence intervals are shown to minimize expected length and our
hypothesis tests are shown to maximize weighted average power. Finally, Monte Carlo simulations
confirm the accuracy of our methodology in finite samples, and a study of Hong Kong car license
plate auctions illustrates its empirical relevance.

Our assumptions are arguably mild. The baseline version of the model assumes that the bidders
are symmetric and have independent private values (IPV). We require a large number of bidders

and that the valuation distribution falls within the domain of attraction of the extreme value (EV)



distribution, a condition satisfied by commonly used distributions like Pareto, Student-t, Gaussian,
and uniform distributions (see Section 2 for details). In this setup, we can conduct inference using
transaction prices from just three or more auctions. Furthermore, the auctions do not need to have
the same number of bidders (which may remain unknown), but should diverge at the same rate.
Beyond the IPV setup, we discuss how to extend our analysis to allow for conditional IPV and
reserve price.

The asymptotic framework with many bidders has been extensively employed in the economic
theory literature (e.g., Hong and Shum, 2004; Virag, 2013; Di Tillio, Ottaviani, and Sgrensen, 2021)
but less so in econometrics. Hong, Paarsch, and Xu (2014) studies the asymptotic distribution of
the transaction price in a clock model of a multi-unit, oral, ascending-price auction as the numbers
of bidders and units increase. Krasnokutskaya, Song, and Tang (2022) considers a latent group
structure on the set of agents and allows both the number of agents and the number of markets
to grow. Menzel and Morganti (2013) shows that the nonparametric estimator of the valuation
distribution may become irregular and perform poorly when the number of bidders increases. This
issue does not affect our method, which relies on the EV approximation. In comparison, much of the
existing econometric literature has focused on identifying and estimating the valuation distribution.
In cases with a small number of bidders, like timber auctions, identifying the valuation distribution
is the key to understanding the relevant auction features. The seminal work by Athey and Haile
(2002) derives general results about identifying the valuation distribution from the distribution
of bids. Haile and Tamer (2003) investigates English auctions and establishes bounds on the
valuation distribution and other objects of interest with minimal structural assumptions. Chesher
and Rosen (2017) extends these bounds to the non-IPV setup. Aradillas-Lopez, Gandhi, and Quint
(2013) nonparametrically identifies bounds on seller profit and bidder surplus while accounting for
variations in the number of bidders across auctions. Brendstrup and Paarsch (2006) and Komarova
(2013) derive nonparametric identification of the valuation distribution with the transaction price
and the winner’s identity. Brendstrup and Paarsch (2007) investigates multi-object English auctions
and establishes semiparametric identification using winning bids under the Archimedean copula
assumption.

There is a vast literature that considers inference in the more traditional asymptotic framework
in which the number of auctions diverges to infinity. We now briefly highlight some of its recent
contributions. For example, Li (2005) studies first-price auctions with entry and binding reservation
prices and estimates the valuation distribution with the observed bids and the number of actual
bidders. Without knowing the number of bidders, An, Hu, and Shum (2010) proposes using a proxy
of the number of bidders and an instrument variable. Kim and Lee (2014), Song (2015), Mbakop
(2017), and Freyberger and Larsen (2022) construct identification of the valuation distribution with
two or more order statistics of bids. Shneyerov and Wong (2011) derive nonparametric identification

of model primitives based on finitely many groups of bidders. Recently, Luo and Xiao (2023) derives



identification results with two consecutive order statistics and an instrument or three consecutive
ones. All these methods of identification, estimation, and inference are based on the traditional
asymptotic framework with many auctions and multiple bids from each auction. We refer to
Hickman, Hubbard, and Saglam (2012) and Gentry, Hubbard, Nekipelov, and Paarsch (2018) for
recent surveys.

As already mentioned, our paper provides inference based only on transaction prices. This
aspect of our paper resembles the recent work by Guerre and Luo (2022). However, there are
considerable differences between this paper and our contribution. In particular, Guerre and Luo
(2022) considers first-price auctions in which the number of bidders in each auction is random and
has finite support. In this context, they establish that the winning bid is increasing in the number
of bidders and, hence, the density of the winning bids exhibits discontinuities as the number of
bidders changes. Our framework has many differences with Guerre and Luo (2022). First, their
identification strategy relies on the assumption that the number of bidders is finite, while we
specialize in the case when this amount diverges. Thus, the contributions are designed for different
empirical environments. Second, their argument does not apply to second-price auctions, while
ours does. Third, their method relies on observing a large number of auctions, while ours can deal
with applications with a finite number of them. Finally, their paper delivers identification analysis,
while ours focuses on inference.

Finally, our paper is also connected to the literature on testing in auction models. Donald
and Paarsch (1996) introduces parametric tests within the context of IPV setups. Haile, Hong,
and Shum (2003) devises nonparametric tests for common values in first-price auctions. Jun,
Pinkse, and Wan (2010) develops a nonparametric test for affiliation. Hortacsu and Kastl (2012)
proposes a test of common values when some bidders have information about rivals’ bids. Hill and
Shneyerov (2013) develops a test for common values in first-price auctions utilizing tail indices.
Liu and Luo (2017) puts forward a nonparametric test for comparing valuation distributions in
first-price auctions. Relative to these studies, our work stands out as we address testing within a
comprehensive framework accommodating numerous bidders in both first and second-price auctions.
Furthermore, our methods remain applicable when multiple bids from each auction are available,
operating effectively after conditioning on unobserved heterogeneity and requiring only a small
number of auctions.

The rest of the paper is organized as follows. Section 2 establishes the new asymptotic frame-
work with many bidders and discusses its relationship with extreme value (EV) theory. Section 3
focuses on second-price auctions and introduces our new inference methods. We begin by outlining
the auction format and deriving the asymptotic distribution of transaction prices within the new
framework. Subsequently, Section 3.1 presents confidence intervals for the winner’s expected utility,
Section 3.2 introduces confidence intervals for the seller’s expected revenue, and Section 3.3 outlines

hypothesis tests for the tail index. Section 4 offers analogous results for first-price auctions. Section



5 describes how to extend our analysis to allow for conditional IPV and the presence of reserve
prices. Section 6 provides the Monte Carlo simulation results. Section 7 presents an empirical
illustration of our methodology. Finally, Section 8 concludes. The paper’s appendix provides all

proofs, auxiliary results, and computational details.

2 Asymptotic framework with many bidders

We consider inference in sealed-bid auctions for a single object, where the data consist of transaction
prices from n > 3 independent auction realizations, denoted as {P; : j = 1,...,n}. Importantly,
our framework does not require n to diverge to infinity.

For each auction j = 1,...,n, the setup is as follows. There is a single object for sale, and
K; potential buyers are bidding for it. These bidders have independent private values (IPV)
{Vij :i=1,...,K;} distributed according to a common cumulative distribution function (CDF)
Fy with support on [vr,vg], with 0 < vy, < vy, where vy = oo is allowed. We assume that
Fy strictly increases on its support and admits a continuous probability density function (PDF)
fv = F{,. Bidders are assumed to be risk-neutral and maximize expected profits without facing any
liquidity or budget constraints. Fy and K; are common knowledge to all bidders, but unknown to
the researcher. Our inference methods rely on the asymptotics with diverging numbers of bidders
K; and a finite number of auctions n. To this end, we assume that K = min{Ky,..., K,} — o0
and K;/K — 1 for each i = 1,...,n. That is, we assume all n auctions have approximately the
same large number of bidders.!

We make an additional assumption about the valuation distribution Fy. We assume that it is
in the domain of attraction of the EV distribution G¢, where { denotes the tail index. Formally,
this means that there is a sequence of normalizing constants {(ax,bx) € Ry x R: K € N} such
that, for all z that is a continuity point of Gk,

Kli_r>noo (Fy(axz +br)® = Ge(w). (2.1)
See de Haan and Ferreira (2006, Chapter 1) or David and Nagaraja (2004, Chapter 10) for recent
expositions on this topic, including sufficient conditions for (2.1). Under the condition in (2.1),
standard asymptotic results imply that G¢ belongs to one of three types: Weibull (if £ < 0),
Gumbel (if £ = 0), or Fréchet (if £ > 0). We can unify these distributions into the generalized EV

! Allowing for an unknown number of bidders and K;/K # 1 for some j = 1,...,n significantly complicates
our inference problem. In particular, this would require observing more than the transaction price in each auction,
contradicting the core premise of this paper.



distribution, with the following CDF:

exp(—(1 4+ &x)"YOI(1 + €z > 0) if € >0,
Ge(z) = { exp(—exp(—w)) if £ =0, (2.2)
exp(—(1+&x) VOI(1+ x> 0) +I(14&x <0) ifE <0,

Condition (2.1) is an arguably mild restriction, as is satisfied by most commonly used valuation
distributions Fy,. The case with £ > 0 covers distributions with unbounded support (i.e., vy = 00)
and polynomial decaying (i.e., “heavy”) right tail. In this case, moments of order less than 1/¢
exist, and moments of order greater than 1/¢ do not (see de Haan and Ferreira (2006, page 176)).
Then, the restriction to £ < 1/2 implies that Fy has finite second moments. Examples include
Pareto, Student-t, and F distributions. Second, the case with & = 0 encompasses distributions
with unbounded support (i.e., vy = 0o) but with exponential decaying (i.e., “light”) right tail and
bounded moments of any order. Examples include normal and log-normal distributions. Finally,
the case £ < 0 covers distributions with bounded support (i.e., vy < 00), such as Beta, Uniform, and
triangular distributions. In turn, condition (2.1) fails for any distribution that has a probability
mass point at the highest value of its support, such as geometric or Poisson distributions; see
de Haan and Ferreira (2006, Exercise 1.13).

The significance of (2.1) in our paper is that it allows us to characterize the joint distribution
of the ordered valuations for all auctions as the number of bidders diverges. We now introduce
the relevant notation to this end. For each auction j =1,...,n, let {V(i)d :i=1,...,K;} denote
the order statistics of {V;; :i=1,..., K;} in decreasing order, i.e., V(1) ; > V(g); > -+ > Vik).i-

Lemma 2.1 provides the joint distribution of the extreme order statistics for all auctions.

Lemma 2.1. Assume (2.1) holds. For anyn € N and any d € N, and as K — oo,

{(V(“’j_bK, Yy —bc - Wd)’j_bK) j=1n} S
ag aK aK
{(He(Bry), He(Br + Bay), .. Hg(Zj:1 Byj)) =1y}, (2.3)

where {(ax,bx) € Ry x R : K € N} are the normalizing constants in (2.1), {Es; 1 s =
1,...,d, j=1,...,n} are i.i.d. standard exponential random variables, and

He(x) =

{ @ -1/E A0, 0

—In(z) if € =0.

Lemma 2.1 characterizes the asymptotic distribution of the largest order statistics. In this
paper, we consider first-price and second-price auction formats, which involve only V) ; and V) ;,

respectively. We assume symmetric equilibrium bidding, enabling us to establish a relationship



between private valuations, equilibrium bids, and transaction prices P = {P; : j =1,...,n}. Asa
corollary, we can completely describe the asymptotic distribution of transaction prices in terms of
the tail index £. This, in turn, allows us to perform inference of several objects of economic interest

solely based on the transaction prices.

3 Second-price auctions

We begin our analysis with second-price sealed-bid auctions, in which the highest bidder wins the
object and pays the second-highest bid. Since we consider a private value framework, second-
price auctions are equivalent in a weak sense to open ascending price (or English) auctions (see
Krishna (2009, page 4)). By standard arguments (e.g., Krishna (2009, Proposition 2.1)), the weakly

dominant strategy for a bidder with valuation v in auction j =1,...,n is

Bi(v) = v. (3.1)

Pj = Vig);- (3:2)
By Lemma 2.1 and (3.2), we conclude that as K — oo,
P;—b
{u:jzl,...,n} 4z 5=1,... n}, (3.3)
aK

where {Z; : j =1,...,n} is iid. with Z; = H¢(E1 j + Ea ;) for each j =1,...,n, and {(ax,bx) €
Riy xR:K eN}, {(E1j,E2;): j=1,...,n}, and He are as in Lemma 2.1.

If the constants {(ax,bx) € Rip x R : K € N} were known, we could use (3.3) to perform
inference on functions of the EV index . Unfortunately, these constants are unknown and depend
implicitly on the underlying distribution of valuations. To sidestep this issue, we sort the transaction
prices across auctions (i.e., Pj) < Py < -+ < P,), and consider the sorted and self-normalized

prices: for j=1,... N=n—-22>1,

Piy—Pa
b { PPy 1Py > Py (3.4)

P = |
0 if P(n) = P(l)a

andlet P={P;:j=1,...,N} X ={he€[0,1]N:0<hy <--- < hy < 1}. The following result

characterizes the asymptotic distribution of P as K — co.



Lemma 3.1. Assume (2.1) holds. For any N € N, and as K — oo,

?
ISH

P={Pj:j=1,...,.N} % Z={Z;:j=1,...,N}, (3.5)
where the joint density of 7 is
fz|£(zl,...,zN) = 10<z <---<zy <1 (N+2)! T(2(N +2))x
_ N £5)—1/¢ -1/
f0—1/£ sV exp ( 2(N +2) ln(ijVl(l + 2;€s) +(1+&s)77%) >ds i€ <0,
—(1+2/8 (321 In(1 + z;¢s) + In(1 + &s))
o o (AN DT exp(—255) + exp(—5)) Yoo e
Jo o s exp ( —28(2?[:1 ) s if € =0, (3.6)
_ N ) —1/¢ —-1/¢
fooo s exp < 2(N +2) In(zjjivl(l + 2;¢s) + (1 +&s) ) >d8 if€>0,
—(14+2/6) (2252 In(1 + 2;¢s) +In(1 +&s))

and I' is the standard Gamma function.

Lemma 3.1 reveals that the asymptotic distribution of P is informative about the tail index
£. In the next subsections, we show how to use this information to conduct asymptotically valid
inference on the tail index £ and several other important features of these auctions, such as the

winner’s expected utility and the seller’s expected revenue.

3.1 Inference about the winner’s expected utility

Our objective is to conduct inference on the average of the winner’s expected utility based on the
transaction prices. Since each bidder bids their own valuation, the auction is won by the highest
bidder, and the transaction price is equal to the second-highest bid, we conclude that the winner’s

expected utility in auction j =1,...,n is E[V(l),j - Pl = E[V(1),j — ‘/(2)7]‘], whose average is

1 n
ne =~ BV — Vol (3.7)
j=1

Given transaction prices P, we consider a confidence interval (CI) for ux given by

UP) = (P — Pu)) x U(P), (3.8)

where P € ¥ are the sorted and self-normalized transaction prices in (3.4), and U : ¥ — P(R) is
a CI defined on P. By (3.8), the CI U(P) is invariant to the sorting and translation of P, and
equivariant to their scale.

The remainder of the section denotes Z1; = He¢(E1;), Zoj = He(Evj + Eoyj), {(E1j, Eaj) :

j=1,...,n} are i.i.d. standard exponential random variables and H¢ is as in (2.4). We also use
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Z={Zj:j=1,...,n}, Zypy =max{Zs; : j =1,...,n}, Zqy = min{Zy; : j = 1,...,n}, for
j=1,...,N=n—2,

Zg+n—Za)
~ { Z](:;—Z(l)l if Z(n) > Z(1)7

Z; = _ (3.9)
0 if Zy = Zp),

J
and Z = {Z; : j = 1,...,N} € %. Finally, let Y, = E[Z11 — Z2.1]/(Z(y — Z(1)) and ke(Z) =
E[Zy) — Z(1)|Z]. The distributions of these random variables are fully characterized by the tail
index £. In particular, Lemma A .4 shows E[Z; 1 — Z3,1] = I'(1—-¢), where I is the standard Gamma
function. For the remainder of this section, we will use Pz and E¢ to refer to the probability
and expectation associated with this distribution. The following result describes the asymptotic

properties of the CI in (3.8) as K — oc.

Theorem 3.1. Assume (2.1) holds, and that for some € > 0 with (1 +¢)¢ < 1, E[|V;;]17¢] < o
foralli=1...,K; in auction j = 1,...,N. Finally, assume that the CI for px, U(P), is as in
(3.8) with U : ¥ — P(R) that satisfies the following conditions:

(a) Pe({Yy,Z} € 0{(y,h) ERx X :y € U(h)}) = 0, where DA denotes the boundary of A.

(b) 1g(U(h)) < 0o for any h € B, where 1g(A) denotes the length of A (i.e., 1g(A) = [ 1]y € Aldy).
(¢) For any sequence {hy € S}pen with hy — h € ¥, 1g(U(hy)) — 1g(U(h)).

Then, as K — oo,

1. P(ux € U(P)) — Pu(Y, € U(Z)),

2. Ellg(U(P))l/ax — Eelre(Z)1g(U(Z))]-

Suppose that we consider the class of Cls for px given by (3.8) and conditions (a)-(c) in Theorem
3.1. The finite sample properties of these Cls are unknown. If the number of bidders is large, it is
natural to rely on the asymptotic behavior derived in Theorem 3.1 to choose our CI. First, we can

guarantee asymptotic validity by imposing

Pe(Y,€eU(Z)) > 1—a forall{eE. (3.10)

Second, we can seek improvements in statistical power by choosing a CI that has a small asymptotic
expected length (scaled by ax > 0). Since the tail index ¢ is unknown, we focus on the CI’s

asymptotic weighted length, given by
- E¢[re(Z)1g(U(Z)))]dW (¢), (3.11)
SC)

where W is a user-defined weight function. We can combine both objectives by choosing the CI
for px that minimizes the asymptotic weighted length in (3.11) subject to asymptotic validity
condition in (3.10).



Formally, let U denote the collection of CIs that satisfy conditions (a)-(c) in Theorem 3.1. Then,

we propose choosing U in (3.8) as the solution to the following problem:

arg min :  Eelre(2)1g(U(2))dW (€) st Pe(Y, €U(Z)) > 1—a forall{€E.  (3.12)
UeU €=

Following Miiller and Wang (2017), we write down (3.12) in its Lagrangian form:

min EE[IQg(Z) 1g(U(Z)))]dW (€) + P:(Y, € U(Z))dA(¢), (3.13)
UeU Jeez ¢e=
where the non-negative measure A denotes the Lagrangian weights chosen to guarantee the asymp-
totic size constraint in (3.12). If we ignore the constraints in U, the solution to (3.13) is given by
the following set: for every h € X,

o) = {yek: e e ) < T DAN© Y, (319

{eE
where for every (y,h) € R x X, ﬁg(h)fmg(h) and f(sz)lg(y, h) are given in Section A.3, and the
integrals in (3.14) can be numerically calculated by Gaussian quadrature. We can verify numerically
that U(h) in (3.14) takes the form of an interval whose length varies continuously with h € ¥.2
Under these conditions, Lemma A.3 shows that U(h) in (3.14) belongs to U and, therefore, U(h)
in (3.14) solves (3.13).

By combining (3.8), (3.14), and the arguments in the previous paragraph, we propose:

UP) = (P — Pay) x {yeR: /é . re(P) f¢(P)AW (€) < - f(Ym(y,f’)dA(f)}. (3.15)

Under the conditions in the previous paragraph, Theorem 3.1 implies that (3.15) belongs to the
class of asymptotically valid CIs and minimizes the asymptotic expected length (scaled by ax > 0)
within this class.

To calculate (3.15), the only remaining challenge is to find appropriate Lagrangian weights
A that ensure asymptotic validity in the limiting problem, as described in (3.10). We tackle this
challenge using a numerical approach developed by Elliott, Miiller, and Watson (2015). It is relevant
to emphasize that these Lagrangian weights depend solely on the value of n and, as a result, they
only need to be computed once. For more information on calculating these weights, please refer to
Section A.3.

2@Given the intricate nature of the densities, we were unable to prove this result analytically.



3.2 Inference about the seller’s expected revenue

We now conduct inference on the average of the seller’s expected revenue based on transaction
prices. Since bidders bid their valuation and the transaction price is the second-highest bid, we get

that the seller’s expected revenue in auction j = 1,...,n is E[P;] = E[V(y) ;], whose average is

1 n
o= ) BVl (3.16)
j=1
Given transaction prices P, we consider a CI for mx given by
UP) = (P, — Pu)) x UP)+ Py, (3.17)

where P € ¥ are the sorted and self-normalized transaction prices in (3.4), and U : & — P(R) is a
CI defined on P. By (3.17), the CI U(P) is invariant to the sorting of P, and equivariant to their
location and scale.

The remainder of this section denotes Zy ; = H¢(E ; + Eaj), {(E1j,E2j) 1 j =1,...,n} are
i.i.d. standard exponential random variables and He is as in (2.4). We also use Z = {Zy; : j =

L...,nh, Zpy=max{Zyj:j=1,...,n}, Zqy =min{Zy;: j=1,...,n},forj=1,...,.N =n-2,

7 = Zny=Z)

3 { 2= g Zimy > Z1),
" lo it Zi = Z01),

and Z = {Z; : j = 1,...,N} € . Finally, let Yz = E[Z21]/(Z(s) — Z(1)) and ke(Z) =
E[Z ) — Z(l)\Z]. As in the previous section, the distributions of these random variables are fully
characterized by its tail index £. In particular, Lemma A.5 shows that E[Z ;] = (I'(2—-§) —1)/¢ if
£#0,and —1 4+ 7 if £ = 0, where I' is the standard Gamma function and 4 = 0.577 is the Euler’s
constant. For the remainder of this section, we will use Pr and E¢ to refer to the probability and
expectation associated with this distribution. The next result provides the asymptotic properties
of the CI'in (3.17) as K — 0.

Theorem 3.2. Assume (2.1) holds, and that for some € > 0 with (1 +¢)é < 1, E[|V; ;]'7¢] < o0
foralli=1...,K; in auction j = 1,...,N. Finally, assume that the CI for mx, U(P), is as in
(3.17) with U : & — P(R) that satisfies the following conditions:

(a) Pe({Yr,Z} € 0{(y,h) ER x X :y € U(h)}) = 0, where DA denotes the boundary of A.
(b) 1g(U(h)) < oo for any h € ¥, where 1g(A) denotes the length of A.
(¢) For any sequence {hy € L}pen with hy — h € 3, 1g(U(hy)) — 1g(U(h)).

Then, as K — oo,

10



1. P(rg €eUP)) — P(Yre€U(Z)),
2. Ellg(U(P))l/ax — Eelre(Z)1g(U(Z))].

Following the ideas in Section 3.2, we choose our CI based on the asymptotic behavior in
Theorem 3.2. In particular, we propose to choose U in (3.17) to minimize the asymptotic weighted

length of the CI subject to asymptotic validity, given by

arg min :  Eelre(Z)1g(U(Z))AW (€) st Pe(Yr€U(Z)) > 1—a forallé €5, (3.18)
UeU €=

where U denotes the collection of Cls that satisfy the conditions in Theorem 3.2 and W is a

user-defined weight function. The solution to (3.18) is as follows: for every h € X,

Oy = {yer: [ we®igemdv©) < [ fo gewhar©b,  319)
§EE ez

where, for every (y,h) € R x 3, Iig(h)fz‘g(h) and f(YW Z)|£(y’ h) are given in Section A.3.
By combining (3.8), (3.14), and the arguments in the previous paragraph, we propose:
UP) = Puy+ (Pun) — Pyy)

«{uer: [ _re®sge @i < | o PNG | 320)

£e=

Our derivations establish that (3.20) belongs to the class of asymptotically valid CIs and minimizes
the asymptotic expected length (scaled by ax > 0) within this class.

3.3 Inference about the tail index
A key parameter in our asymptotic framework is the tail index & € Z. The goal of this section is
to conduct inference on this parameter. That is, we are interested in the following hypothesis test:

Hy:£€& vs. Hp:§€E, (3.21)

where & is a fixed parameter value in Z and = = E\{{}.

We divide this section into three subsections. Section 3.3.1 considers the situation where the
alternative hypothesis in (3.21) is simple, while Section 3.3.2 explores the case where this alternative
hypothesis is composite. Finally, Section 3.3.3 applies the methods in previous sections to test the

standard regularity conditions in auction models.
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3.3.1 Simple alternative hypothesis

This section considers the following inference problem:
H()ig:f() V.S. H1 Zfzgl, (322)

where £y and £; are distinct parameter values.

By the Neyman-Pearson Lemma, a natural starting point is the likelihood ratio test for the
sorted and self-normalized version of our data. While the likelihood ratio test is unknown in finite
samples, its limiting distribution is provided in Lemma 3.1. This idea yields the following testing

procedure:
P(Z) = 1fye, (D)) fze,(Z) > al60: 1. 0)] (3.23)

where the critical value is given by

(&0, &1,) = (1 — a)-quantile of fZ‘gl(ZO)/fZKO(ZO)

and Zg is distributed according to f2|§0- The Neyman-Pearson Lemma implies that (3.23) is the
most powerful level-a test in the limiting problem.
Following the guidance of the asymptotic analysis, our candidate for optimal test follows from

replacing in (3.23) the limiting random variable Z with its data analog P, i.e.,

Pk (P) = 1[fze,(B)/ f2e,(B) > al€0,€1,)]. (3.24)
By Lemma 3.1 and standard convergence arguments, (3.24) is asymptotically valid, i.e.,

lim B, [0 (P)] < o, (3.25)

K—oo

where E¢ denotes the expectation with respect to distribution with tail index &. In fact, (3.24)
is asymptotically level a, i.e., (3.25) holds with equality. More interestingly, we can leverage
Miiller (2011, Theorem 1) to establish that (3.24) is efficient in the sense of being the asymptot-
ically most powerful test in the class of asymptotically valid and equivariant tests. Formally,
for any asymptotically valid test ¢x(P) (i.e., (3.25) holds with ¢} (P) replaced by ¢x(P)),

limsup Ee¢, [¢r(P)] < limsup Eg, [¢} (P)]. We record these conclusions in the following result.
K—oo K—o0

Theorem 3.3. Assume (2.1) holds. In the hypothesis testing problem in (3.22), the test defined
by (3.24) satisfies the following properties:

1. It is asymptotically valid and level «, i.e., (3.25) holds with equality.

2. It is asymptotically efficient.

12



3.3.2 Composite alternative hypothesis

We now turn our attention to the case in which the alternative hypothesis in (3.21) is composite.
Following the ideas used in Section 3.3.1, we consider the feasible version of the efficient test in
the limiting problem. Unfortunately, the limiting problem does not lend itself to the usual tools
to develop uniformly most powerful tests.? For this reason, we consider tests that maximize the
weighted average power criterion (WAP), following the approach of Wald (1943); Andrews and
Ploberger (1994). To this end, let W denote a user-defined weight function on Z;, which the
researcher chooses to reflect the importance attached to the various alternative hypotheses. The
weighting function W effectively transforms the composite alternative into a simple one, allowing

us to focus on the weighted average power:
WAPK(¢x) = [ Eelox(®)aw ().
=1

As in the previous section, we use the asymptotic behavior to guide the construction of our

hypothesis test. The likelihood ratio test in the limiting problem applied to its data P is given by

elP) = 1] [ S PUW(E) e, (B) > al6o. We)| (3.26)
where the critical value is

Fa1e)(Z0)AW (€)/ f31¢,(Zo),

=1

q(&, W,a) = (1 — a)-quantile of/

and Zg is distributed according to fZ\ £ By standard asymptotic arguments, we can establish that
(3.26) is asymptotically valid and level «, i.e.,

lim Eg o (P)] = . (3.27)

K—oo

Moreover, (3.26) is efficient in the sense of maximizing the asymptotic weighted average
power criterion in the class of asymptotically valid and equivariant tests. Formally, for any
test @i (P) that is asymptotically valid (i.e., (3.27) holds with ¢J, replaced by ¢k), then

limsup WAP g (pr) < limsup WAP g (¢}). The next result records these conclusions.
K—o0 K—oo

Theorem 3.4. Assume (2.1) holds. In the hypothesis testing problem in (3.21), the test defined
by (3.26) satisfies the following properties:

1. It is asymptotically valid and level «, i.e., (3.27) holds.

2. It is asymptotically efficient.

3In particular, the likelihood ratio statistic is not monotonic, rendering the results in Lehmann and Romano
(2005, Section 3.4) inapplicable.
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3.3.3 Testing the regularity conditions in the auction literature

The auctions literature routinely assumes the regularity condition that fy is continuous, and that
there is a finite maximum valuation (i.e., vg < oo) with fy(vg) > 0. For examples of this, see
Maskin and Riley (1984), Guerre et al. (2000), and Guerre and Luo (2022). Within our asymptotic
framework, the next result shows that these regularity conditions imply that (2.1) holds with

£=—1.
Lemma 3.2. Assume that fy(v) = fv(vg) >0 as v T oy < oo. Then, (2.1) holds with { = —1.

In light of Lemma 3.2, we can test the regularity conditions used in the auction literature via

the following hypothesis test:
Hy:¢£=-1 vs. H;:{€E, (3.28)

where 21 = E\{—1}. In the remainder of this section, we will argue that = = [—1,0.5] is a suitable
choice for the parameters space for £. Since (3.28) is a special case of (3.21) with =; = (—1,0.5],
we can implement this test using the procedure in (3.26). For concreteness, we consider uniform
weight W(§) = 1[¢ € (—1,0.5]]. By Theorem 3.4, our proposed test is asymptotically valid, level-c,
and efficient.

We now justify choosing = = [—1,0.5] as the parameter space for the test. We rely on the
so-called von Mises’ condition to interpret the different values of {. de Haan and Ferreira (2006,
Theorem 1.1.8) states this condition and shows that it is a sufficient condition for (2.1). Under the

von Mises’ condition and that f{, is bounded, we have three possible cases:
1. fy(v) = fyv(vg) >0 as v — vy < oo implies that £ = —1.
2. fv(v) = fy(vg) =0 as v — vy < oo implies that £ € (—1,0].
3. fv(v) = fv(vg) =0 as v — vy = oo implies that & > 0.

A few remarks are in order. First, as expected, Case 1 aligns with the findings of Lemma 3.2.
Second, we note that de Haan and Ferreira (2006, Theorem 2.1.2) shows that vy < oo if and only
if £ < 0. Cases 2 and 3 then follow from derivations in de Haan and Ferreira (2006, page 18) and
Falk, Hiisler, and Reiss (1994, Theorem 2.1.2). Since these three cases are exhaustive, we deduce
that £ > —1. Finally, if we also impose that V' has second moments, de Haan and Ferreira (2006,
page 176) implies that £ < 1/2. Combining these restrictions, we conclude that = = [—1,0.5] is a
suitable parameter space for £.

Figure 1 presents the asymptotic rejection probabilities of (3.26) for the hypothesis testing
problem in (3.28). The proposed test is asymptotically valid under Hy : £ = —1 and has nontrivial

power properties under Hq, with asymptotic rejection rates that increase when either £ or n increase.
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It is worth noting that Figure 1 only shows the asymptotic properties (as K — o0) of our test. We

explore the finite sample properties of our methodology via simulations in Section 6.

Figure 1: Asymptotic rejection probabilities of the hypothesis testing procedure in (3.26) with
a = 5% for the hypothesis testing problem in (3.28).

4 First-price auctions

We now consider first-price sealed-bid actions, in which the highest bidder gets the object and
pays the highest bid. This type of auction is strategically equivalent to an open descending price
(or Dutch) auction (see Krishna (2009, page 4)). By standard arguments (e.g., Krishna (2009,
Proposition 2.2)), the symmetric equilibrium strategy for a bidder with valuation v in an auction
with K participants is to bid 8;(v) = E[‘v/(l)’jHV/(I)J < v], where f/(l)J denotes the highest bid
among the remaining (K; — 1) participants. Note that

f;)L Fy(u)fi—ldu

Bi(v) = ‘/” wFy (u)%i72 fiy (u)du @ v

vL

(4.1)

where (1) holds by computing E[‘v/(l),jﬂv/(l)’j < v] using the fact that the remaining (K; — 1)
participants have a common valuation distribution with PDF fi,, and (2) by integration by parts.
Since fB(v) is increasing, the auction is won by the highest-valuation bidder, with a transaction

price equal to
Vi s _
U035 Fy ()t du

Fy (Vg )%t

Py = Vi, — (4.2)
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Lemma A.7 uses (4.2) to deduce that

{W:j:y..,n} A AX; i j=1,...n), (4.3)
where, for each j =1,...,n,
JEEED) Ge(h)dh
A = HeBra) = Ge(He(En ) 44

with G¢ is as in (2.2), and {(ak,bx) € R4y xR: K € N}, {E1;: j=1,...,n}, and H¢ are as
specified in Lemma 2.1.
As in Section 3, the statement in (4.3) cannot be directly used for inference as it requires the

unknown normalizing constants {(arx,bx) € Ri+ x R: K € N}. Nevertheless, we can reiterate the

idea of considering sorted and self-normalized prices in (3.4); for j=1,..., N =n—22>1, let
Porn—Pa -
P = { Py =P if Plny > Fur) (4.5)

and let P = {]5] :j=1,...,N} € ¥. The next result characterizes the asymptotic distribution of
P as K — 0.

Lemma 4.1. Assume (2.1) holds. For any N € N, and as K — oo,

P={P:j=1,.... N} 4 X={X;:j=1,...,N}, (4.6)

whereX:{Xj:jzl,...,N}EZ is obtained as follows: for j=1,..., N=n—22>1,

(4.7)

X+ =X .
X, = { X%, T Xm > X

X; .
0 if Xm) = X,
with {X; : j=1,...,n} is i.i.d. according to (4.4).

Given that the random variable in (4.4) is informative about the tail EV index ¢, Lemma
4.1 implicitly reveals that the asymptotic distribution of P can be used to conduct inference on
functions of £. From this point onward, the remainder of this section is analogous to that of Section
3. The main difference is that the explicit PDF of the asymptotic distribution of P in Lemma 3.1

is replaced by the implicit distribution in Lemma 4.1.

4.1 Inference about the winner’s expected utility

Our goal is to conduct inference on the average of the winner’s expected utility using the transaction

prices. Since bidders act according to (4.1), the auction is won by the bidder with the highest
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valuation. From here, we conclude that the winner’s expected utility in auction j = 1,...,n is

E[Viy),; — Pj], whose average is

Vs &
1 n f_(l),a Fv(u)Kj_ldu

pr ==y El== — | (4.8)
e R

By the Revenue Equivalence Theorem (e.g., Krishna (2009, Section 3)), pux coincides with the
average of the winner’s expected utility in second-price auctions.

The construction of the CI for pug closely follows the arguments and derivations presented in
Section 3.1. In particular, we propose a CI for ux given by

UP) = (P~ Fo) < fy e R [ rePixe P (e) < o0 PN} (19)

{eE
where P = {]53 :j = 1,...,N} with ]5] as in (4.5), X = {f(j :j =1,...,N} as in (4.7),
ke(h) = E[X(n) — X(l)\f( =h],and Y, = E[filo’ Ge(u)du/Ge(X17)]/(Xny — X(1))- By repeating
arguments in Section 3.2, (4.9) belongs to the class of asymptotically-valid CIs and minimizes the
asymptotic expected length within this class. See Theorem A.1 in the appendix for a statement of
this result.

Unfortunately, implementing the CI in (4.9) is considerably more challenging than in the case
of second-price auctions. The main reason is that there is no closed-form expression for the PDF
of X available for first-price auctions. Without these, we cannot easily compute ke(h) ff(lg(h) and
f(Y;uf(N g(y, h) for (y,h) € R x X. To sidestep this issue, we use a numerical approximation to the

problem based on a Taylor series expansion. See Section A.3 for a detailed explanation.

4.2 Inference about the seller’s expected revenue

We now conduct inference on the average of the seller’s expected revenue using transaction prices.
Since bidders act according to (4.1) and the transaction price equals the highest bid, the average

of the seller’s expected revenue is given by

Vi, Ki—1
Fi d
f—oo V(u) J U] (4.10)

1 n
o= > B[V, - —
" JZ::l W R (V)
Reiterating arguments in Section 3.2, we propose a CI for ux given by

UP) = Puy+ (Pw) — Pay

rers [ _n@rixe@av© < [ iy xdnPis©). @

£e=

~—
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where Y = E[X;; — fj(oloj Ge(h)dh/Ge(X15)]/(Xn) — X(1)) and the rest of the objects are as in
Section 4.1. By the same arguments in Section 3.2, (4.9) belongs to the class of asymptotically
valid Cls and minimizes the asymptotic expected length within this class. See Theorem A.2 in the
appendix for a statement of this result.

Implementing the CI in (4.11) suffers from the computational issues elaborated in Section 4.1,

which we avoid via numerical approximations. Once again, see Section A.3 for details.

4.3 Inference about the tail index

Finally, we consider the problem of inference about the tail index using transaction prices from

first-price auctions. As in Section 3.3, we are interested in the following hypothesis test:
Hy:£€é vs. H €€, (412)

where &) is a fixed parameter value in = and E; = Z\{{y}. For brevity, we only focus on the case
when the alternative hypothesis in (4.12) is composite. By our previous arguments, we propose

using the feasible version of the generalized likelihood ratio test in the limiting problem, i.e.,
eilP) = 1 [ B/ g, B) > o W), (4.13)
=51

where P, X, and ke(h) are as in Section 4.1, W is the user-defined weight function on Z;, and

q(&o, W, @) is the critical value of the likelihood ratio test in (4.12), i.e.,
alo, W) = (1 a)quantile of [ fye (Ro)dW(E€)/fxg, (Ko
=

and X is a random vector with PDF f)~(|§0. By our previous arguments, it follows that (4.13)
is asymptotically valid and asymptotically level «, and efficient in the sense of maximizing the
asymptotic weighted average power criterion in the class of asymptotically valid and equivariant
tests. See Theorem A.3 in the appendix for a statement of this result. The implementation of the
hypothesis test in (4.13) suffers from the aforementioned computational issues, and is addressed by
the approximation described in Section A.3.

To conclude, we note that the arguments presented in Section 3.3.3 indicate that the hypothesis
test in (4.12) can be applied to test the standard regularity conditions in the auctions literature.

This can be achieved by conducting the hypothesis test in (4.12) with {; = —1 and E; = (—1,0.5].
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5 Extensions

Our analysis thus far considers an IPV setup and does not allow the seller to use a reserve price.

This section briefly explains how our analysis can be extended beyond these features.

5.1 Beyond the IPV setup

According to Section 2, the K; bidders in auction j = 1,...,n have IPV distributed according to
a common CDF Fy. The auctions may differ in the number of potential bidders, but these are
assumed to coincide asymptotically in the sense that K;/K — 1 with K = min{Ky,..., K,}.

The IPV assumption may be restrictive in certain empirical settings. For example, consider
the case where the K bids in auction j depend on an auction-specific feature A;. In this context,
it is plausible that auctions are independent and, conditional on A;, the K; bids in auction j are
independent and distributed according to a common CDF Fy|4,. This is known as the conditional
IPV model, and it is an extension of the standard IPV setup that allows for heterogeneity across
auctions and (unconditional) dependence among private values within an auction. See Li, Perrigne,
and Vuong (2000) for a discussion of the conditional IPV model. As we now explain, it is possible
to adapt our methodology to the conditional IPV setup.

First, consider the case in which the auction-specific features {4; : j = 1,...,n} are observed.
In this case, one can always apply our analysis to collections of auctions that have the same (or
similar) feature value, which we refer to as clusters. One can apply the analysis to each cluster
with more than three auctions without any modification. This extension illustrates one of the
advantages of our methodology, as it does not require the number of auctions to diverge.

Second, consider the case in which {4; : j =1,...,n} are unobserved. If so, it is still possible
to implement inference based on our asymptotic framework provided that we observe at least
three bids from each action. The basic insight is to treat each auction as its own cluster (in
the sense of the previous paragraph), which naturally satisfies the IPV model in Section 2. For
illustration, we consider the second-price auctions, in which bidders declare their true valuations.
Suppose that for auction j = 1,...,n we observe m > 3 bids {Py,);, Pks)j>- > Pm),jt for
known indices (ki, ko, ...,kn) € N, which are in increasing order without loss of generality (i.e.,
k1 < ky < ... < ky,). These bids need not be consecutive (i.e., k41 need not equal k, + 1 for
u=1,...,m—1) or include the maximum in the auction (i.e., k;, need not equal m). Given that
the bids belong to the same auction, the unobserved auction-specific feature A; is conditioned upon

in these data. By repeating the arguments in Lemma 2.1, it follows that, as K — oo,

Pliy),j — bij Pty — 0K\ d m Fm
<7 —) A He (S Boy ) He [ S By ), (5.1)
s=1 s=1

OK,j OK,j
where {(ak j,brj) € Ryi x R : K € N} are auction-specific normalizing constants, Hg, (-) is
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defined in (2.4) with auction-specific EV index &; = {(A;), and {Es; : s = 1,...,kp} are iid.
standard exponential random variables. Given these bids, we can construct the auction-specific

self-normalized statistics: foru=1,.... M =m —2 > 1,

P —P, .
p { P(km)yj_P(kl),j if P(km):J > P(kl),]

u?j

0 if Plrn)j = Pl

andlet P; = {P,;cu=1,..., M} e X ={h e [0,1JM:0< hy <--- < hy <1}. We can then
derive the asymptotic distribution of f’j as K — oo from (5.1). If we observe multiple bids from
several independent auctions, we can combine the self-normalized statistics f’j forj=1,...,J for
further analysis. Since auctions are independent, the limiting distribution of the combined self-
normalized statistics is the product of their limiting distributions. We can then test hypotheses
about these auctions similar to the one in our paper. In addition, we can test the homogeneity of

the J auctions (i.e., £(A4;) = ¢ for all j = 1,...,J) by using a generalized likelihood ratio test.

5.2 Reserve price

Our analysis can be adapted to allow for the presence of a reserve price r set by the seller. For
concreteness, we assume that r € (vr,vg). By setting a reserve price, the seller reserves the right
not to sell the object if the price determined in the auction is below this price. Krishna (2009,
Section 2.5) analyses the effect of the reserve price on the equilibrium bidding behavior. In second-
price auctions, bidders still have a weakly dominant strategy to bid their valuation, i.e., (3.1)
holds. In first-price auctions, the symmetric equilibrium strategy for a bidder with valuation v in
an auction with K; participants and reserve price r is to bid 5;(v) = E[max{ff(l)J, 7"}|V(1)7j < v,
where V(IM denotes the highest bid among the remaining (K; — 1) participants. By repeating
arguments used in Section 4, we can show that the resulting formula for 5;(v) is as in (4.1) but
with vy, replaced by r.

These results imply that reserve prices do not affect the asymptotic distribution of the trans-
action prices in our asymptotic framework. That is, reserve prices have no effect on Lemmas 3.1
and 4.1, or any of the subsequent asymptotic results. Since vz, does not appear on our asymptotic
distributions, these remain unaltered when vy, is replaced by r. Intuitively, the asymptotic behavior
of transaction prices with K — oo is naturally focused on the upper tail of the valuation distribu-
tion (i.e., valuations in the neighborhood of vgr), which remains unaffected by the introduction of
a reservation price r < vp.

The fact that reserve prices do not affect the asymptotic analysis is a by-product of our limiting
framework in which K — oo and r < vy. If one were interested in making reserve prices a salient
feature in the asymptotic analysis, one would need to consider an asymptotic framework in which

the reserve prices approach vy as K — oo. (As with any other asymptotic analysis, this is not
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meant to be taken literally, but rather as an approximation to a finite-sample situation in which
K is large and r is relatively close to vg). We decided to omit the results under this alternative

asymptotic framework for brevity, but these are available upon request.

6 Monte Carlo simulations

This section investigates the finite sample performance of our proposed inference methods using
Monte Carlo simulations. We also compare their performance with other inference methods that
rely on the standard asymptotic framework with a divergent number of auctions. For brevity,
we concentrate on simulations for second-price auctions. The corresponding results for first-price
auctions are provided in the supplementary material.

We first consider the problem of inference about the winner’s expected utility using only trans-
action prices. Each simulated dataset consists of n independent second-price auctions where auction
7 =1,...,n has K bidders with independent valuations distributed according to a distribution Fjy .
As explained in Section 3.1, our parameter of interest is the average winner’s expected utility across
auctions, given by pux = %E?Zl EV(1),; — Vi2),;]- We conduct simulations with four distributions
for Fy: (a) the standard uniform distribution over [0, 3], (b) the absolute value of standard Normal,
(c) the absolute value of Student-t(20), and (d) the Pareto distribution with exponent 0.25. These
distributions satisfy condition (2.1) with £ = —1, 0, 0.05, and 0.25, respectively.

In our simulations, we set the number of auctions to n = 10 or n = 100. For each one of
these n auctions, we set the number of bidders to either K = 10, K = 100, or to a random
number to a uniformly distributed integer in {90,91,...,110}. This generates six possible designs
for (n, K), and includes combinations that are better approximated by our asymptotic framework
with a growing number of bidders (e.g., n = 10 and K = 100 or K € {90,91,...,110}), but also
others that are better aligned to the traditional asymptotic framework with an increasing number
of auctions (e.g., n = 100 and K = 10). Our results are based on S = 500 independent datasets.
Finally, we set the significance level equal to o = 5% throughout this section.

We now describe the three Cls that we consider for p:

(i) This is our proposed CI in Section 3.1. The method is implemented by constructing U(P)
in (3.15) with = = [—1,0.5] and W equal to the uniform distribution over this interval. As
already explained, the validity of this CI is based on asymptotics as K — oo.

(ii) A CI based on observing the two highest bidders in each auction. We note that this approach
is infeasible in our data setting (we only observe transaction prices), but we take it as a
benchmark for any method that relies on the traditional asymptotics with n — oco. These
data allow us to compute Dj = B(y); — B(); for each auction j = 1,...,n. In turn, this

enables us to test Hy : ux = b using the t-statistic v/n(D,, — b)/s, with D, = > =1 Dj/n

21



and s2 = > i=1(Dj = D,)?/(n—1). One can then construct a CI by standard asymptotic

approximations based on n — oo.

(iii) A bootstrap-based CI. To implement this idea, we first need to express px as a function of the
distribution of transaction prices (further details are provided in Section A.5). By replacing
this distribution with a suitable estimator, one can consistently estimate purx. In addition,
one can repeat this process using bootstrap samples to construct a CI for ux. The method
is implemented with 500 bootstrap samples. The validity of this method relies on standard
asymptotic arguments with n — oco. For references using this type of CI, see Bajari and
Hortagsu (2003) and Haile and Tamer (2003).

Table 1 presents the average coverage and length of the three CIs. We summarize the findings as
follows. First, our proposed CI exhibits excellent coverage properties across all data configurations.
As one would expect, in scenarios where K is significantly larger than n, our empirical CI coverage
closely approximates the desired level. On the other hand, when n is considerably larger than K,
our proposed CI exhibits slight overcoverage, especially when valuations are distributed according
to U(0,3). Second, the CI based on the two highest bids and n — oo are relatively shorter
and tend to suffer from slight undercoverage, especially when n is small or valuations are Pareto
distributed. Finally, the bootstrap-based CI tends to suffer significant undercoverage problems.
We attribute this to the fact that n € {10,100} is insufficient to guarantee accuracy based on
asymptotic arguments as n — oo.

Next, we consider the problem of hypothesis testing the value of the tail index based on trans-
action prices. Motivated by Section 3.3.3, we focus on Hp : £ = —1 vs. Hy : £ € (—1,0.5], with W
equal to the uniform distribution over this interval. As explained, the validity of this method is
based on asymptotics as K — oo. We consider the same four distributions for Fy: (a) the standard
uniform distribution over [0, 3], (b) the absolute value of standard Normal, (c¢) the absolute value of
Student-t(20), and (d) the Pareto distribution with exponent 0.25. The first distribution satisfies
Hy : £ = —1, while the other three belong to H; with £ = 0, 0.05, and 0.25, respectively.

Table 2 presents the empirical rejection rate of the test proposed in Section 3.3.3 over 500
simulations using a nominal size of 5%. Under Hy (i.e., when valuations are U(0, 3)), our proposed
test controls size as long as the number of bidders is not too small relative to the sample size.

Under H; (i.e., when valuations are not U(0, 3)), our methodology provides reasonable power.

7 Empirical illustration

This section illustrates our new inference method using auction data for vehicle license plates in
Hong Kong. Since 1973, the Hong Kong government has employed standard oral ascending auctions

to auction license plates. As mentioned in Section 3, this auction format is weakly equivalent to
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# Bidders K =10 K =100 K ~U{90,91,...,110}
# Auctions n =10 n =100 n =10 n =100 n =10 n =100
Dist. Cov Lgth Cov Lgth Cov Lgth Cov Lgth Cov Lgth Cov Lgth
Method (i): Our proposed CI, asy. with K — oo
U(0,3) 098 0.72 096 0.09 098 030 099 0.13 0.97 030 098 0.13
|N(0,1)] 095 154 097 029 094 120 0.98 0.23 0.92 1.21 0.97 0.23
1£(20)] 093 174 097 037 094 152 098 035 093 149 099 0.35
Pa(0.25) 096 1.45 0.99 062 095 262 098 1.11 0.95 262 098 1.10
Method (ii): CI based on two highest bids, asy. with n — oo
U(0,3) 0.86 0.28 094 0.10 0.83 0.03 0.93 0.01 0.88 0.03 0.88 0.01
|N(0,1)] 0.89 046 094 0.16 088 035 096 0.12 0.8 0.35 0.95 0.12
[t(20)] 0.89 0.55 092 0.19 086 048 0.92 0.17 0.87 047 0.93 0.17
Pa(0.25) 0.81 0.76 090 030 080 1.34 090 051 0.78 1.35 0.88 0.51
Method (iii): CI based on bootstrap, asy. with n — oo
U(0,3) 0.66 0.22 093 0.08 0.67 003 095 0.01 0.68 0.03 094 0.01
IN(O,1)] 004 022 023 011 005 015 020 008 005 0.15 018 0.08
[t(20)] 0.02 0.24 0.15 013 0.04 0.19 0.13 0.11 0.03 0.19 0.14 0.11
Pa(0.25) 0.00 0.17 0.06 0.15 0.01 031 0.05 0.25 0.00 0.30 0.05 0.25

Table 1: Empirical coverage frequency (Cov) and length (Lgth) of various CIs for the winner’s
expected utility px in second-price auctions. The results are the average of 500 simulation draws
and a nominal coverage level of 95%.

a second-price auction. The dataset was provided by Ng, Chong, and Du (2010), who obtained
it from the Hong Kong Transport Department. The data include a detailed description of 292
license plate auctions conducted from 1997 to 2009, resulting in the sale of a total of 40,000 license
plates. Given the substantial size of the auction venue and the rapid increase in the number of
registered private cars in Hong Kong, it is reasonable to assume that a significant number of bidders
participated in these auctions. On average, each one of these auctions sells more than a hundred
different plates sequentially. In terms of our asymptotic framework, we treat each one of these
license plates as an individual instance of a second-price auction with a large number of bidders.
While the dataset includes numerous individual instances of license plate auctions, there is
significant heterogeneity among them. In fact, the main finding in Ng et al. (2010) is that certain
plates are more valuable due to superstition. To account for this observed heterogeneity, we focus
on ordinary license plates that meet specific criteria: letters are not ‘HK’, letters are not the same

(e.g., not AA, BB, CC, etc.), the numbers on the plate are not in order (e.g., not 1369), or in
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# Bidders K =10 K =20 K =100 K ~U{90,91,...,110}
# Auctions n=10 n=100 n=10 n=100 n=10 n=100 n=10 n = 100

U(0,3) 0.06 0.35 0.05 0.14 0.04 0.05 0.03 0.04
|IN(0,1)] 0.42 1.00 0.46 1.00 0.48 1.00 0.45 1.00
|t(20)] 0.46 1.00 0.48 1.00 0.54 1.00 0.51 1.00
Pa(0.25) 0.73 1.00 0.71 1.00 0.68 1.00 0.66 1.00
Table 2: Empirical rejection rate of the test proposed in Section 3.3.3 for Hy : £ = —1 in second-price

auctions. The results are the average of 500 simulation draws and a nominal size of 5%.

reverse order (e.g., not 9631), the number part of the plate has 4 digits, and none of these digits
is an 8 or a 4 (considered fortunate or unfortunate), and the transaction price exceeds the reserve
price. After imposing these restrictions, we are left with 318 license plates sold from 1997 until
2008. These data are further divided by year, allowing valuation distributions to vary over time.
This results in 12 separate datasets, one for each year from 1997 to 2008, with an average of 26.5
auctions per year. We assume that the selected auctions within each year are homogeneous, with
a large and relatively constant number of bidders. Under these conditions, we can implement our
methods for each one of these years.

Table 7 displays the confidence intervals for the expected utility of the winner and the p-values
of the test (3.26) with a null hypothesis Hy : £ = —1 using data from each year. Our analysis reveals
several interesting empirical observations. First, the expected utility of the winner is economically
substantial, with the midpoints of the 95% confidence intervals ranging from approximately 1,500
to 7,000 HKDs (equivalent to 192 to 895 USD at the current exchange rate). Prior to 2006, the
average confidence interval had a midpoint of approximately 3,500 HKDs and a width of around
4,500 HKDs. After 2006, these figures were reduced to 1,600 HKDs and 2,300 HKDs, respectively.
We speculate that these differences could be attributed to the introduction of special license plates
in these auctions in 2006. Third, the hypothesis of & = —1 is strongly rejected for all years.
This suggests that the standard regularity conditions imposed by traditional inference methods in

auction literature do not hold in this dataset.

8 Conclusions

This paper considers the problem inference for first-price or second-price sealed-bid auctions with
many bidders with symmetric independent private values. In this context, we present a novel
asymptotic framework where the number of bidders increases significantly while the number of
auctions remains small and fixed. This approach differs from the more conventional approach with

a divergent number of auctions, while the number of bidders remains fixed. We argue that our

24



95% CI p-value for 95% CI p-value for
n

year n year
for pg Hy:¢=-1 for pg Hy:¢£=-1

1997 26 [2.23, 9.23] 0.00 2003 46 [0.82, 2.98] 0.00
1998 27 [1.71,7.29] 0.00 2004 12 [0.69 , 5.59] 0.00
1999 32 [1.22,5.72] 0.00 2005 22 [0.61 , 3.83] 0.00
2000 29 [1.58,6.63] 0.00 2006 17 [0.12, 1.69] 0.00
2001 34 [1.23,4.71] 0.00 2007 31 [0.69, 3.07] 0.00
2002 18 [1.02, 6.30] 0.00 2008 24 [0.58 , 3.54] 0.00

Table 3: 95% ClIs for the winner’s expected utility (in 1,000 HKDs) and p-values for the test in
(3.26) for Hy : £ = —1 in Hong Kong car license plate auctions.

results provide an accurate approximation in auction settings where the number of bidders is large
relative to the number of auctions. This framework is especially well-suited for applications with
substantial heterogeneity across auctions, where only a few truly homogeneous auctions exist.

Within our novel asymptotic framework, we introduce new inference methods for the expected
utility of the auction winner, the expected revenue for the seller, and the tail behavior of the
valuation distribution. We show that the latter can serve as a means to test the validity of the
regularity conditions typically imposed in auction literature (e.g., bounded valuation support and
nonzero density at the upper end of the support). Our data requirements are minimal; our tests
only necessitate observing transaction prices from a fixed and finite number of auctions. That is,
we do not require observing multiple bids from these auctions or the number of bidders.

Our methodology relies on the fact that, as the number of bidders grows, the transaction prices
reveal the tail properties of the valuation distribution. This information is sufficient to provide
asymptotically valid inference for the above-mentioned objects of economic interest. Within our
asymptotic framework, our inference methods are shown to control size and have desirable power
properties. We demonstrate through Monte Carlo simulations that our methodology provides an

accurate approximation in finite samples.

A Appendix

The appendix is organized as follows. Section A.1 collects all of the proofs omitted from the main
text. Section A.2 gives intermediate results. Section A.3 provides computational details omitted
from the main text. Section A.4 presents additional Monte Carlo simulations, focusing on first-price

auctions. Finally, Section A.5 provides auxiliary derivations related to the Monte Carlo simulations.
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A.1 Proofs of results in the main text

Proof of Lemma 2.1. By independence across auctions, it suffices to prove that for any auction

j=1,...nand as K — o0,

Vg i—b Vigy i—b d d
( (1)(,13K Ko (d)(,l]K 2) S (He(Bry),. .., Hg(zszl Eg;)), (A1)
where {F,;:s=1,...,d} are i.i.d. standard exponential random variables.

Let = be any continuity point of G¢. Since K; — oo as K — oo, (2.1) implies that there is a

sequence of constants {(ar;,bx;) € Ryy x R: K; € N} such that

lim F(aKj$+bKj)Kj = Ge¢(r) as K — oo. (A.2)

K—o0

Under (A.2), de Haan and Ferreira (2006, Theorem 2.1.1), implies that as K — oo,

Vi), —br. Viay,;—br;\  d d
\I/j = ((U;TjKJ,..., %ﬁ) — (Hf(ELj);"'7 Hé(zszl Es,j))- <A3)
Note that
(P M) = e (), (A4)

By (A.3) and (A.4), (A.1) follows from showing that

lim (25 MUY (), (A.5)

K—o0 * 2K K
We devote the remainder of this proof to establish (A.5).

Let  be any continuity point of G¢. By (A.2) and K;/K — 1 as K — o0,

lim Flag,z+bg,)" = Ge(z) as K — co. (A.6)

K—oxo

Under (2.1) and (A.6), de Haan (1976, Lemma 1) implies that for all y € R,

Ge( Tim (y+ 27) = Ge(y). (A7)

K—oco aK

Regardless of &, there is a continuum of values for which G¢ is strictly increasing and, thus, invert-

ible. For any y in this continuum, (A.7) implies that

aK . br.—b
lim —Ly+ —1 "~ =y, (A.8)

From this observation, (A.5) follows. m
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Proof of Lemma 3.1. This result follows from Lemma 2.1, Lemma A.1, and the continuous mapping

theorem. m

Proof of Theorem 3.1. Part 1. By (3.2) and Lemma 2.1, as K — oo,

{(M,ﬂ) :j:1,...,N} i) {(ZL]‘—ZQJ‘,ZQJ) IjZl,...,N}. (Ag)

aK aK

Let 6 >0 and K € N be as in Lemma A.2. Then, forall j =1,...,N and K > K,

Viy i —Pj 1467 () Viyi—Vi2).j (146 5 Vi, —br 148 Vizy;—br 1487\ @)

E[| (1)aJK 9 +} v/ E[| (1)JaK (2>J| +] < 9 (E“ (1)aJK K| + + (2)aaK K| + ]) < o0, (A.10)

where (1) holds by (3.1) and (3.2), and (2) by Lemma A.2. By (3.7), (A.9), and (A.10), as K — oo,
U {(B) g =1 NY S (BlZ = Zoal (g G =10 NY, (AL

where we have used that Z11 — Z21 4 Z1,j — Zaj forall j =1,...,n. Define

Ry =

LK .
{ PPy 1 Hw) 7 Py, (A.12)

By (A.11), (A.12), Lemma A.1, and the continuous mapping theorem, we have that, as K — oo,
(R, P} 5 {¥,,,Z}. (A.13)

Next, consider the following derivation as K — oo.

P(ug € U(P)) = P({ux € UP)} N{Py) # Pu)}) + Pk € UP)} N {Py) = Puy})
P({ux € (Py — Pay) x UP)} N {Pyy # Pay}) + o(1)
P({Rk € UP)} N {Puy # Puy}) +o(1)
P(Ric € U(B)) +o(1)
P({Rk,P} € {(y,h) e Rx S:y e U(h)}) +o(1)

P({Y,,Z} € {(y,h) eRx X :y € U(h)})
= P(Y# € 0(2))a

—~
[y
~—

—
N
~

—
Eﬁll

&

as desired, where (1) holds by (3.8) and Lemma A.1, (2) holds because (A.12) implies that {ux €
(Py — Pay) x U(P)} = {Rg € U(P)} under P, # Py, (3) by Lemma A.1, and (4) by (A.13),

Assumption (a), and the Portmanteau Theorem.
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Part 2. By similar arguments as those used in the proof of Lemma 3.1, we have that, as K — oo,
~ d ~
{(Pn) = Py) Jar, PY = {Zwm) — Zn1y, Z}- (A.14)

By (A.14), Assumption (c¢), and the continuous mapping theorem, we have that, as K — oo,

(P = Pay)/ax) x 1g(0(P)) 5 (Zw) — Zay) x 1e(U(Z)). (A.15)

Let 6 > 0 and K € N be as in Lemma A.2. Then,

[Py — Py < (D [P = Py)'?

I,m=1
(2 - V _ V 1+6
(> Moy = Vigyml)
I,m=1
< (2n)'F0Y | Vigys — b, (A.16)

=1

where (1) holds by (3.2). Then, for all K > K,

—

Py —P, ~ = ! o Vigy —b ~ = (2)
B g@ )] < (2) 03T BT @@ < oo, (A7)

ak
=1

~—

where (1) holds by (A.16), and (2) by Assumption (b), lg(U(h)) > 0 for all h € ¥, and Lemma A.2.

Then, consider the following derivation as K — oo.

Ellg(U(P))/ax] £ El(Poy — Puy)/ax) x 1g(U(P))]

(32 E[(Z(n) — Z(l)) X 1g(U(Z))]

= Eelre(Z) x1g(U(Z))],

as desired, where (1) holds by (3.8), and (2) by (A.15) and (A.17). m

Proof of Theorem 3.2. This proof follows from the same arguments as in Theorem 3.1. The main
difference between the proofs is that the vector {(V(y); — P;) : j = 1,...,N} is replaced by
{(Pj—bk):j=1,...,N}, which then implies that (7x — bx) and Y, are replaced by ux and Y,
respectively. With these changes in place, the desired result follows from repeating the steps used

to prove Theorem 3.1. m

Proof of Theorem 3.3. This proof follows from applying Miiller (2011, Theorem 1) based on the
convergence result in Lemma 3.1. To apply these results in that paper, we specify the connection

between our object and the relevant objects in that paper: the class of DGPs satisfying (2.1) take
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the role of M, K — oo takes the role of T'— o0, j = 1,...,n therole of i = 1,...,n, {{} the role
of ©p, {&1} the role of ©1, P the role of Yy, P the role of X7, ¥ the role of S, the self-normalizing
transformation {(P;— P 1))/ (P — 1)) é\le : P — X the role of hy, Z the role of X, $*(Z) = ¢*(Z)
the role of pgs(Y), ¢} (P) the role of @5.(P), ¢k (P) the role of pr(P), and 3¢, the role of pp.
Moreover, we set Fs equal to the set with the zero function and 7y = 0, which effectively trivializes
Miiller (2011, Equations (5)-(6) and (10)-(11)).

By definition, ¢*(Z) : ¥ — [0,1] is a level-ar test in the limiting problem, i.e., (3.25) holds.
According to the Neyman-Pearson Lemma, it maximizes power in the limiting problem. Finally,
note that ¢* is continuous except for a set of zero fZ\ ¢,-Ineasure. These conditions align with the

requirements in Miiller (2011, Theorem 1), and so our desired results follow immediately from its

application. m
Proof of Theorem 3.J. This proof follows from the same arguments as in Theorem 3.3. m

Proof of Lemma 3.2. Fix x > 0 arbitrarily. By vy < oo and de Haan and Ferreira (2006, Theorem

1.2.1), it suffices show that

. 1-Fy (vg—tx) _
ltligl 1—Fv(”UH—t) =7
To this end, consider the following derivation.

i = Fvp—tz) ).
b R = IR

vfv(vp—tz) (2) z,

as desired, where (1) holds by L'Hoépital rule and (2) by fy(v) = fy(vg) >0asv T vg. B

Proof of Lemma 4.1. This result follows from Lemma A.1, Lemma A.7, and the continuous map-

ping theorem. m

A.2 Auxiliary results

Lemma A.1. For any n > 1 and for first-price or second-price auctions,

Proof. Note that

{Pmny =Py} < N U {Vii = Vipum} (A.18)
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where (1) holds by (3.2) and (4.1) for second-price and first-price auctions, respectively. Then,

(1)
P(Py) = Pu)) < min > PViy =Vinm) 2 0,

Im=1,...nl#m -
=1, Kjim=1,...Km

~

as desired, where (1) holds by (A.18) and (2) by the fact that valuations are continuously distributed

and [, m refer to different and, thus, independent, auctions. m

Lemma A.2. Assume (2.1) holds. For some e > 0 with (1+¢)¢ < 1, assume that E[|V; ;]'*¢] < oo
foralli=1...,K; in auction j =1,...,N. Then, 3K € N such that for § =¢/2 and K > K,

Bt 148 o o gpg pYRuTPR ) o o (A.19)
aK K

a

Proof. The first result in (A.19) is a corollary of de Haan and Ferreira (2006, Theorem 5.3.1). Thus,
we focus the rest of this proof on the second result in (A.19).

It is convenient to introduce the following notation. For any K € N, let U (f( ) distributed
according to max{V;;:j=1,... ,K}. For any z € [vg,, vg], the CDF and PDF of U(K) are

Fuio(e) = Fo(@) and  f (@) = K(Fy (@) fr(e). (A.20)
Conditional on V(1 ; = = € [vr,vg], V(g ; is the highest valuation among the remaining K; — 1
bidders. Thus, for any t < z with x,t € [vg,vu], P(Vig); <tV = 2) = (Fy(t)/Fy(x))Xi—1. By

setting t = (t — bx)/ax and & = (v — b)) /a for any z,t € [vp,vy| with t < x,

Vg i—bk _ fVins—bx _ =\ _ ( Fv(ax+br) \ it
P(Hnate <M = 7)) = (frien
and, so, the conditional PDF is
N (Kjfl)(Fv(t}lKui»bK))Kj72fv(t~aK+bK)CLK o fU(Kj—l)(EaK‘i’bK)aK
f<V(2),ij‘V(1),ij :50) (t) — Fv(faK+bK)Kj_1 - FU(Kj—l)(i'aK"FbK) . (A.Ql)
ar ax

For any x € [vg,vg], we have P((V(1); — bx)/ax < &) = (Fy(Zax + bx))™ and, so,

fV(1),j*bK (53) = Kj(FV(iaK + bK))KjilfV(jaK + bK)aK = fU(Kj)(iCLK + bK)aK. (A.22)

aK
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Consider the following derivation:

B2 )

B[ Kt ¥ Lot

ar

. vg—bg T~
(O T = 140 fua; 71>(t“K+bK)“K
N [_vaK </t_vaK T e Gar ) )fUK)(maK+bK)ade

T ak T ag

- vH—bk ( )
@ [* ek U(K;—1)~bg |1+6 Juuce) Gax+oi i
T vt (EU]aiKK! HU(K; - 1) < K+bKH)FU<Kj]—1><iaK+bK>aKd$’ (4.29)

aK

where (1) holds by (A.21) and (A.22) and (2) by the change of variables t = tay + bx.
For any p,q > 1 with 1/p+ 1/q = 1, we have

| LU0 | 09 (17 (K — 1) < Fage + bic]]

aK

—

—

(

U(Kj—1)—bg._1 aK . — br._1—b 148)p- 1
< E[| aK._lK - I;Kl Kja; K‘( e “] /pF UK ._1)(£BCLK+bK)1/q
@ (1+5 p—1 HU(Kj—l)—bKj_l ‘(H(g)p] |aK —1 |(1+5 n }bKj_l—bK {(1+5)p] 1/p
g { ;-1 axK } (A.24)
XFU( )(QZGK + bK)l/q

where (1) holds by Hélder’s inequality and (2) by Minkowski’s inequality. Next, let C' >
2((A+0)p=/p[E(| Z¢|1+9)P)]1/P where Z¢ has CDF G, and p = (1 +¢)/(1+0) = (2+2¢)/(2+¢) > 1
(since 0 = ¢/2). Under these conditions, we have that

lim [E I < C. (A.25)

U(Kj—l)—b[(j,1 ’(1+§)p] ‘aKj,1 ‘(1+5)p + ‘bKj—l_bK ‘(1+5)pi| 1/p
K—o0

aK;—1 aK aK

This result is a corollary of two observations. First, we note that (A.5) implies that
th%oo(aKjfl/aKa (bKjfl - bK)/(IK) = (150) Second, under p= (1 + 6)/(1 + 5)7 (1 + 8)5 <1,
and E[|V; j|'T¢] < oo, de Haan and Ferreira (2006, Theorem 5.3.1) implies that

U(K;j—1)=bg . _ U(K; b .
Jim E(I%\“”)p) = lim E(y%lw) = E[|Z|"7] < .
—00 K—oo

Note that (A.24) and (A.25) imply that 3K € N such that for all K > K,

EHM‘H—&HU(K 1) < Fag +bk]] < C x Fy,—1y(@ax +bg)". (A.26)

aK
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To complete the proof, consider the following argument for all K > max{K, 2},

Vi2y,;—b 5
Bl =]

vH—bk
ax

,\
INE

o1 —brc FU(Kj,l)(fcaK + bK)l/qflfU(Kj)(i;aK + br)agdz

aK
v —bk

=C vL—abI; Fuy(re,—1)(Fax + b)Y K (Fy (Fak + bi)) 7 fy (Zak + b )axds

ax
vE—bk
aK

—~
-

,\
A

2C v b FU(Kj—l)(i’aK + bK)l/qfl(Kj —1)(Fy(Zag + bK))Kj72fv(J~jaK + br)ardz
ax
v —bi

2C val:; Fu(r,—1)(Zak + b)Y -1y (Eak + b )agxdE

aK

1
20/ Y1y = 20 < oo,
0

—~
[N
Nz

=

as desired, where (1) holds by (A.23) and (A.26), (2) and (4) by (A.20), (3) by Fy(Zax +bx) <1
and K; > K > 2, and (5) by the change of variables y = Fyyx, 1)(Tax + b ). m

Lemma A.3. For any h € X, assume that
{ver: [ repycmaw(© < [ 1y, ayelwWr©} = A®).BRL  (a20)

where B(h) — A(h) : ¥ — Ry is continuous. Then,

O = {veR: [ nelm) fyemaW (@) < [ fiy, zelv. M)}

Proof. Tt suffices to show that [A(h), B(h)] satisfies conditions (a)-(c) of Theorem 3.1.

Part (a). Consider the following derivation.

(2

P(O{(y,h) eERx T :y € U(h)}) %) /Pg(Yu € {A(h), BWYZ = h) fz(h)dh = 0,

where (1) holds by (A.27), which implies that 9{(y, h) € RxX :y € U(h)} C {(A(h),h),(B(h),h) :
h € B}, and (2) because {V,,|Z = h; £} is continuously distributed.
Part (b). Fix h € ¥ arbitrarily. Since

lim_ [ i, 2 AN =0 < [ i) f(m)aw ),

ly|—o0

Jy(h) € (0,00) such that max{|B(h)|,|A(h)|} < y(h) for all |y| > y(h). Then, [A(h), B(h)] C
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[=y(h),y(h)], and so 1g([A(h), B(h)]) < 2y(h) < occ.
Part (¢). Under (A.27), 1g([A(h), B(h)]) = B(h) — A(h) which is assumed continuous. m

Lemma A.4. Assume that £ < 1. Let Zy = H¢(E1) and Zy = H¢(Ey + Es) with By, By i.i.d.

standard exponential random variables and He as in (2.4). Then,
ElZ) - Z5] = T(1-¢),

where T' is the standard Gamma function.

Proof. The support of (Z1,22) is S¢ = {(x1,22) : 1 > x2, &xy > —1, &xog > —1}. For any
(331,35‘2) S Sg, the PDF of (Zl, ZQ) is

(14 &) "ML 4 €)™V exp(— (1 + €2) 718 i € #0,

fzi zoe(21,02) = exp(—z1) exp(—z2) exp(— exp(—z2)) if § =0,

The desired result follows from this formula. We only show the result for £ < 0, as the result for

the other two cases is analogous.
E[Z, — Z]
-1/& p—1/¢
_ / / (1 — 22) (1 + €21)" Y6 (1 + €29) Y6 exp(—(1 + £x9)~YE)dar iy
—00 X2
I C1/e—1,—1/6— -
53/ / (t1 — ta)t] 1/¢ 1t2 1/¢ 1exp(7152 Ug)dtldtz
oo Jig
* 1

exp(—v)v ¢t do
| g et eia
= I'(1-9),

—~
[
~

—~
N
~

—
=

as desired, where (1) holds by the change of variables ¢t; = 1 + &x1 and to = 1 + £x9, (2) by the
change of variables v = t2_1/§, and (3) by 1 -1 -¢) =T(2-¢). m

Lemma A.5. Assume that & < 1. Let Z = H¢(Ey + E») with Ey, Ey i.4.d. standard exponential

random variables and He as in (2.4). Then,

TE2=8-1)/¢ f&#0
y-1 f€=0

where I" is the Gamma function and 5 =~ 0.577 is the Euler constant.
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Proof. Note that the PDF of Z is

(14 &2)~ O exp(—(1 4 &2) V)11 + €2 > 0] ifE#0
exp(—2z) exp(— exp(—z)) it £ =0.

fzie(2) = {

We only show the result for £ # 0, as the result for £ = 0 is analogous.

Elz) = /wza+5aﬁﬁwma+fa*@nu+szzmw

—00

= 1-€ _ exp(—
(A (1€ — ) exp(—t)dt) /¢
2 (r2 ) - 1)/,

—~
[
N

—
DN
—~

where (1) holds by the change of variables u = (1 + £2)~%/¢ and (2) by T'(0) = 1. m

Lemma A.6. Assume (2.1) holds. Also, assume that £ < 1 and E[|V|'T¢] < co for some ¢ > 0.
For any sequence {zx : K € N} with vz — x € S¢ = {s : Ge(s) > 0}, limg oo Lr(zx) = L(z),
where

Fy (hax+br )% dh J7 . Ge(h)dh

Lg(z) = z— Joop b0 jac and L(x) R CAE R (A.28)

FV(a:aK—l—bK)K

Proof. Throughout this proof, it is relevant to note that Fy (hax + bx )™ is the CDF of Vi —
bi)/ax and G¢ is the CDF of H¢(E4), where V() denotes the sample maximum of K random
draws from Fy, He and E; are as in Lemma 2.1.
As a preliminary step, we show that for any x € R,
z

lim (Fy (hax +bg)® — Ge(h))dh = 0. (A.29)

K—oo J_

To this end, consider the following argument for any K.

/m (Fv(hag + bK)K — Ge¢(h))dh

|: Fv(xaK+bK)K Gg( ))
E[He(E)1[He(Ey) < a]] — B[XQ=t%

ax [ ax

(1)

Vi)—bx < ] : (A.30)

where (1) holds by limy,_s o Fy (hax + br)® = limy_,_ o G¢(h) = 0 and integration by parts.
Lemma 2.1 implies that as K — oo,

Vin—bx 4

34



Since H¢(Eq) is continuously distributed, (A.31) implies that

lim .%'(Fv(.%'a[( + bK)K — Gg(l‘)) =0 (A.32)

K—oo

Also, note that (A.31) and the continuous mapping theorem imply that as K — oo,

Yobey (Y=t o 4 [ (B)1[He(Ey) < 2. (A.33)

aK aK -

Let 6 >0 and K € N be as in Lemma A.2. Then, for all K > K,

EHV(n*bkl[V(l)*bK SleﬂS] < E[‘M‘lﬂs] < 0. (A.34)

aK aK - aK

Then, (A.33) and (A.34) imply that

lim B[O (YO < o o BIH (B 1[He(B) < 2] (A.35)

K—oo aK aK -

Finally, note that (A.29) follows from (A.30), (A.32), and (A.35).

As a second preliminary step, we note that
| Getan @ aGee) ~ [ hgelmyih < aGe(w) + ElH(EN]) < s (A30
where (1) holds by integration by parts and lim,_,_o 2G¢(x) =0, and (2) by £ < 1.

We are now ready to show the desired results. For any x € 5‘5, consider the following argument:

JPK Py (hax+br)S$dh [T Ge(h)dh
Fy(zxar+br)X Ge(2)

lzre — x| + | [T (Fy(har + br)™ — Ge(h))dh| |

Lic(ex) — L(z)] ¥

+(J* . Ge(h)dh) supycg |Fy (yar + br)™ — Ge(y)]
@ +(J* . Ge(h)dn)|Ge (k) — Ge(x)]
= Ge(o)[Ge(x)—supyeg |Fyv (yax +br ) K —Ge(y)|—|Ge (v ) —Ge ()]

(A.37)

where (1) holds because Fy (v) = 0 for v < v, and (2) by sup,eg Fv (yax + bi)® <1 and Ge(z) <
1. As K — oo, we can show that the numerator and the denominator of the right-hand side of
(A.37) converge to zero and Gg(x)? > 0, respectively. This conclusion relies on z € S¢ (and so
Ge(z)? > 0), zx — x € S¢ as K — oo, the continuity of G, (A.29), (A.36), and van der Vaart
(1998, Lemma 2.11). From this and (A.37), the desired result follows. m

Lemma A.7. Assume (2.1) holds. Assume that & < 1 and that E[|V; ;|'T¢] < oo foralli=1...,K;
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in auction j =1,..., N for some € > 0. For anyn € N and as K — oo,

H§<El,j

)
(B j—1, 0} S {He(Byy) - L ged

ax _Gé(HE(El,j)) j=1,... ,n},

with {(ax,bx) € Ryy xR: K e N}, {Ey;: j=1,...,n}, and He¢ as in Lemma 2.1.

Proof. Since auctions are independent, it suffices to prove that for any auction j = 1,...n, as

K —
- P—bi  d 1HEELD) G (hyan
by e
o He(Bry) - T Ge(H(Bry) (A.38)

where E ; is a standard exponential random variable. To this end, consider the following argument.

Vigy ,7
Pj—bx _ (V(l),j_bKjfl B (va(l)yj Fy (u)i ldu)/aKjfl)aKj—l n b, -1—bk
aK aK;—1 Py (Vi) 7! aK aK
(1) Viy,j—=br;-1\yex;-1 | br;-1—bx
= (LKjfl( aKj_l )) ar + aK ’ (A39)

where (1) holds by the change of variables u = hag; 1+ bk;—1 and Lk as in (A.28).

Since (K; —1)/K — 1 as K — oo, the same argument as Lemma 2.1 implies that

= (1,0). (A.40)

Next, notice that Lemma 2.1 and (A.40) imply that as K — oo,

V(l),j*bKj—l _ Viy,;—bk  ax
aK ;-1 aK  aK;-1 ag

br—bk; -1 d

In addition, He¢(E1) € Se = {x € R : G¢(x) > 0}. By (A.41), Lemma A.6, and the extended

continuous mapping theorem (e.g. van der Vaart, 1998, Theorem 1.11.1), as K — oo,

V(l)yjfbKj—l

L, ) L L(H(E) = 0y(1), (A42)

ag;—1
where L is as in (A.28). Then, (A.38) follows from (A.39), (A.40), and (A.42). m

Theorem A.1. Assume (2.1) holds, and that for some e > 0 with (1+¢)¢ < 1, E[|V;;|'T¢] < o0
foralli=1...,K; in auction j = 1,...,N. Finally, assume that the CI for pr, U(P), is as in
(4.9) with U : ¥ — P(R) that satisfies the following conditions:

(a) Pe({Y,,X} € d{(y,h) ERx D :y € U(h)}) =0, where A denotes the boundary of A.
(b) 1g(U(h)) < oo for any h € X, where 1g(A) denotes the length of A (i.e., 1g(A) = [1[y € Aldy).
(¢) For any sequence {hy € X}ien with hy — h € X, 1g(U(hy)) — 1g(U(h)).

Then, as K — oo,
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1. P(ux € U(P)) — Pe(Y, € U(X)),
2. Elg(U(P))l/ax — Eelre(X)1g(U(X))].

Proof. This proof follows from the same arguments used to prove Theorem 3.1. The main difference
between the proofs is that we replace {(P; —bx)/ax :j=1,..., N} with {Lg;((Vi1); — br)/ak) :
J=1,..., N} with Lk, as in (A.28) (instead of {(V(9) ; —bx)/ax : j = 1,..., N} as in second-price
auctions). Then, the vectors {Z; : j = 1,...,n} and 7 = {Zj :j=1,...,N} are replaced by
{X;:5=1,...,N}and X = {X; : j=1,...,N}, as in (4.4) and (4.7), respectively. With these

changes in place, the results follow from repeating the steps used to prove Theorem 3.1. m

Theorem A.2. Assume (2.1) holds, and that for some ¢ > 0 with (1 +¢)¢ < 1, E[|V; ;7] < o0
foralli=1...,K; in auction j = 1,...,N. Finally, assume that the CI for nx, U(P), is as in
(4.11) with U : ¥ — P(R) that satisfies the following conditions:

(a) Pg({YW,X} € d{(y,h) eRxX:yecUh)}) =0, where DA denotes the boundary of A.
(b) 1g(U(h)) < oo for any h € %, where 1g(A) denotes the length of A.

(¢) For any sequence {hy € X}sen with hy — h € 3, 1g(U(hy)) — 1g(U(h)).

Then, as K — oo,

1. P(rx € U(P)) — Pe(Yy € U(X)),
2. Ellg(U(P))]/ax — Eelre(X)1g(U(X))].

Proof. This proof follows from the same arguments as in Theorems 3.1 and A.1. m

Theorem A.3. Assume (2.1) holds. In the hypothesis testing problem in (4.12), the test defined
by (4.13) satisfies the following properties:

1. 1t is asymptotically valid and level o, i.e., limg_,o0 Ee (@3 (P)] = a.
2. It is asymptotically efficient.

Proof. This proof follows from the same arguments as in Theorems 3.3 and 3.4. m

A.3 Computational details
A.3.1 Second-price auctions

This section provides computational details for objects introduced in Section 3. Throughout this

section, we use Z = (21,...,2y) € X and N =n — 2.
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First, recall that f2|.5(2) is as computed in (3.6). For z € ¥, we can compute:

(& —2n)log (Y7, (1 + 2;€s)71%)

b(e)
Ke(#) f(7) = n!(T(2n — s ex
¢(2)fz)(2) = /(T2 5))/0 p< —(1+ 2)( X7 log(1 + z;€s))

)ds, (A.43)
where r¢(Z) = E[Z,) — Z(1)|Z = z] and b(§) = —1/¢ for £ < 0, and b(§) = oo otherwise. For
(y,z) € Ry x X, calculations yield:

fYH,Zlf(y’ z) =

(gt /C“f)exp( =S5 €+ (DL - ©)z/y) e ) s

(A.44)
Y w(©) —(1+ ) X5y log(1 + &5 + (D(1 = £))éz;/y)

where a,,(£) and ¢, (&) are defined such that for all s € (a,(€), cu(€)), we have 1+&s+(I'(1-€))&/y >
0 and 1+ ¢&s > 0. For (y,z) € R x X, more calculations yield:

meZ|§(y7 2) =

n! /Cﬂ(g) ’W_s’n—lexp < _qulzl(l+§(S+Zj(ﬂ'—5)/y)—1/§

T ds, A.45
M Jan) —<1+§>z;-;110g<1+s<s+zj<w—s>/y>) 19)

where a,(§) and c,(§) are such that for all s € (a,(§),cu(§)), we have 1 4+ &(s + (7 — s)/y > 0,
1+¢&s >0, and (m —s)/y > 0. The integrals in (A.43), (A.44), and (A.45) can be approximated
by Gaussian quadrature.

The CI’s in Section 3 require Lagrange multipliers A that we compute using the algorithm
developed by Elliott et al. (2015). See Miiller and Wang (2017) for another application of this

algorithm. We now provide a detailed description of how we implemented this algorithm:

1) Discretize = into a fine grid =y = {&1,&2, ..., &u } between & = inf{=} and {41 = sup{E} (we
use M = 50 uniformly located points between &; and &y;41). Set s = 1, and define an arbitrary
set of initial positive weights ) = {)\g,i) :m=1,...,M} over Ej; (we use a uniform weights,
e, XU ={1/M,...,1/M}).

2) For each m = 1,..., M, simulate a large number B of n i.i.d. draws the EV distribution with
parameter &, (we use B = 10,000). For each m = 1,...,M and b = 1,..., B, the samples
is denoted by Z¢, (b) = {Z¢,1(b),...,Z¢,, n(b)}. By applying (3.9) to each sample, we get
N =n — 2 sorted and normalized draws, denoted by Z¢, (b) = {Z,, 1(b),..., Z¢,, n(D)} € 5.

3) For each m =1,..., M, use the random draws in step 2) to approximate the limiting coverage

probabilities for parameter &, in the following manner:

(a) For the winner’s expected utility, we approximate P, (I'(1 —¢&mn)/(Zm) — Za)) € U(Z))
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with

B
1 I'(1-£m) ~
bz; 1 m,(1) b) Zeym,(n) (D) < U(ng(b))),

where I is the standard Gamma function and U(Z,, (b)) is as in (3.14), involving integrals
of (A.43) and (A.44).

(b) For~ the seller’s expected revenue, we approximate P, ((7(&m) — Z1))/(Zmn) — Za1)) €
U(Z))), with

B
L )= Zepy () (0) 7
bzg 1 Zsm OO ~Zey @ UlZe, (1)),

where (&) = (I'(2 — &n) — 1) /& with T is the standard Gamma function if &,, # 0, and
T(&m) = —1 + 7 if &, = 0 with 4 ~ 0.577 equal to the Euler’s constant, and U(Zg,, (b)) is
as in (3.19), involving integrals of (A.43) and (A.44).

4) Update the weights by setting ALTD )\ e((1 —=P,,) —a) forall m=1,..., M, where « is
the significance level and £ > 0 is a small step length (we use e = 0.05). Intuitively, the weight

on &, is decreased or increased if the CI has overcoverage and undercoverage, respectively.

5) Repeat steps 3)-4) a large number of times S (we use S = 2,000), to get A(%) = {)\ tm o=
., M}. The Lagrange multipliers A is obtained by interpolating A5 from 2, to E.

If the algorithm’s tuning parameters are appropriately chosen, the Lagrange multipliers generated
by it yield a CI that (a) approximately minimizes asymptotic weighted length (due to the reliance

n (3.14) or (3.19)), and (b) achieves approximately size control for all £ € Zj7, which should
extend to all £ € = by continuity. Finally, it is worth noting that these Lagrange multipliers only
need to be determined once for a given value of n and set =. The tables of the Lagrange multipliers

and the corresponding MATLAB code are available on our website.

A.3.2 First-price auctions

We now consider analogous expressions for first-price auctions. Let 7 = 1,..., IV denote an arbitrary
first-price auction. Relative to the previous section, the main difficulty here is that PDF of X in
(4.4) does not generally have a closed-form expression and, thus, we do not have an analog of (3.6)
for first-price auctions.

To explain this issue, we now provide an implicit formula for the PDF of X; for any arbitrary
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auction 5 =1,..., N. Consider the following argument for £ < O:

H,

X, = H - ﬁ N Ge(h)dh

Hy
D Hy — exp((1+€Hy) ) / exp(—(1 + &h)~V€)dh

= Hy —exp((1+&EHy) TV (=€, (14 €Hy)™H5)
= [(B1;)7¢ — 1]/€ — exp(E1j))T(=€, By )

D fexp(B1,)T(1 — €, By ) — 1]/€, (A.46)

where (1) holds by (4.4) and denoting Hy = H¢(Ey ;) with {Ey;: j =1,...,n} and H¢ as specified
in Lemma 2.1, (2) by (2.2), (3) by the change of variables u = (1 4+ £h)~"/¢ and using I'(a,z) =
[ u* ! exp(—u)du to denote the upper incomplete Gamma function, (4) by E1; = Hs_l(Hl), and
(5) by I'(1+4a,z) = al'(a, ) + 2% exp(—x) applied to a = —¢ and = = E; ;. By a similar derivation
for £ > 0 and £ =0, we get X; = e¢(F1;) with

(A.47)

o) = { RER0—E2) - 1e e

—In(z) — exp(z)I'(0, x) it £ =0.

We numerically verified that e¢(x) is decreasing in z for all £, and so the PDF of X can be expressed

as follows:
de; () _
fxje(@) = — —57— exp(—e; ' (x)). (A.48)

We can use (A.48) to derive an implicit expression for the joint PDF of X = {X;:j=1,...,N} e
¥ with X; as in (4.7). The main difficulty relative to the second-price auction is that neither
e¢ in (A.47) nor its inverse have closed-form expressions, and so evaluating them repeatedly is
computationally challenging. For this reason, we do not have a closed-form analog of (3.6) for
first-price auctions.

To deal with the aforementioned computational issues, we propose a numerical approximation
based on a series expansion of the incomplete Gamma function in Abramowitz and Stegun (1964,

Page 263): for z sufficiently large,

T(1—-¢&a) ~ o Sexp(—a)[1 + C8 4 EOCEN | COCCNEED) (A.49)

T 2

A first-order approximation based on (A.49) gives In(exp(x)I'(1 — £, z)) =~ —&Inz. To allow for

approximation errors, we propose the following equation:

In(exp(z)T'(1 — &,2)) ~ ro(€) —ri1(&) Inz, (A.50)
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where 71(€) and 72(€) are functions of ¢4 To find suitable values for these functions we fit an
OLS regression of In(I'(1 — £, ) exp(z)) on Inz and a constant for a grid of 50,000 equally-spaced
values of z between 107% and 1 — 1076 quantiles of the exponential distribution. We use the OLS
coefficients as our values for (—r1(§),72(§)). By combining (A.47) and (A.50), we get

_f [ @ exp(ry(€)) — 1]/€  if £ A0,
o) ~ { (r1(0) = 1) Inz — 75(0)  if € = 0. (451
y (A.51) and using r3(§) = exp(r2(£)/r1(£)), we get
eg ' (2) ~ { ra(€)(1+&x)t/m® if € # 0,
¢ exp|(z + 12(0))/(r1(0) — 1)] if € =0,
86%;(33) ~ { —(1 + &x)~WmOFDers(€) /r1(€) if £ #0, (A.52)
exp((x +72(0))/(r1(0) — 1)]/(r1(0) = 1) if £ =0.

By combining (A.48) and (A.52), we obtain an approximation of the joint distribution of X and
related functions. Ignoring the case & = 0, then for x € 3 and N =n — 2 we get

—nln(rs(€) Y0 (14 &F;5)~H/(0)
fx1e(X) ) = nifn |7°1 / —(1/r1(§) + 1) X5y In(1 + &Ejs) >ds, (A.53)
+nn(|€rs(€)/ri1()])

where b(§) = —1/¢ for £ < 0, and b(§) = oo otherwise. This expression is the analog of (3.6) for

first-price auctions. Analogously, we have

ke (X) fxe(X) =
P /b(g) o (r1(€) — n) In(r3(€) 2%1(1 + gjjsz—l/n(ﬁ))
2l A —(1/r1(§) +1) 325, In(1 + &2y8) ds,  (A.54)
+nIn(|€r3(€)/r1(6)])

where r¢(x) = E[X(,) — X(1)|)~( = x]|. For (y,%) € Ry x X, we also have

fy X\g( ) =
ex(E) —(1/r(€) + 1) 37 In(1 + (s + Z(m — 5) /y))

W /a o 5" exp ( —13(§) Yoy (1 + (s + 3(m — 5) /) 71/ @ )ds’ (A.55)
) +nIn(|Ers(§)/r1(8)])

where a,(€) and ¢ (§) are such that for all s € (ar(§),c(£)), we have 1 + &(s + (7w — s)/y) > 0

“If the first-order approximation was exact, we would have 71(¢) = £ and 72(¢) = 0.
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1+&s >0, and (m —s)/y > 0. The integrals in (A.53), (A.54), and (A.55) can be approximated
by Gaussian quadrature. Given these expressions, we can use the algorithm in Section A.3.1 to

compute the CI.

A.4 Additional Monte Carlo simulations

This section provides Monte Carlo simulations for first-price auctions. We first consider the problem
of inference on the winner’s expected utility using only transaction prices. The parameters of the
simulations are as in Section 6.

We consider three CIs for px that are analogous to those used in Section 6:

(i) This is our proposed CI in Section 4.1. As in Section 6, this method is implemented by
constructing U(P) in (4.9) with = = [—1,0.5] and W equal to the uniform distribution over
this interval. As before, the validity of this CI is based on asymptotics as K — oo.

(ii) A CI based on observing the transaction price and the highest valuation for each auction.
These data are infeasible in empirical applications of first-price auctions (valuations are unob-
served), but we take it as a benchmark for any method that relies on the traditional asymp-
totics with n — oo. These data allows us to compute D; = V() ; — P; for each auction
j =1,...,n. In turn, this information enables us to test Hy : ux = b using the t-statistic
vn(D, —b)/s, where D,, = > j=1Dj/n and s? = > i=1(Dj —D,)?/(n—1). Under Hy,
standard asymptotic arguments imply that the t-statistic converges to a standard normal dis-
tribution as n — oo. One can then construct a CI by inverting the aforementioned hypothesis
tests. In contrast to the first CI, the validity of this method relies on standard asymptotic

arguments with n — oo.

(iii) A bootstrap-based CI based on observing the highest valuations for each auction. This ap-
proach is obviously infeasible in using data from first-price auctions, but it could be feasible
with bid data from second-price auctions; cf. Menzel and Morganti (2013). Observing the
highest valuations across auctions allows us to identify the distribution of valuations which,
in turn, allows us to identify pg (further details are provided in Section A.5). By replacing
identified objects with suitable estimators, one can consistently estimate pg. In addition,
one can repeat this process using bootstrap samples to construct a CI for ux. The method
is implemented with 500 bootstrap samples. The validity of this method relies on standard

asymptotic arguments with n — oc.

Table 4 presents the coverage and length of the three CIs. Our proposed CI suffers from a slight
undercoverage when valuations are U(0, 3) or when n is significantly larger than K. As our theory
predicts, this undercoverage should diminish as K increases. On the other hand, our proposed CI

demonstrates excellent size control for the non-U (0, 3) valuations and K is significantly larger than
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n. The other two methods perform analogously to Table 1. The CI based on observing the highest
valuation and the transaction price and the asymptotics n — oo are relatively shorter and tend to
suffer from undercoverage, especially when n is small or valuations are Pareto distributed. In turn,

the bootstrap-based CI tends to suffer significant undercoverage problems.

4 Bidders K =10 K =100 K ~U{90,91,...,110}
# Auctions n =10 n = 100 n =10 n = 100 n =10 n = 100
Dist. Cov Lgth Cov Lgth Cov Lgth Cov Lgth Cov Lgth Cov Lgth

Method (i): Our proposed CI, asy. w. K — oo

U(0,3) 089 1.20 0.89 029 091 022 098 012 091 022 098 0.13
IN(0,1)] 094 128 084 040 097 1.46 098 0.33 098 147 098 0.33
1£(20)] 095 1.29 0.86 046 098 1.30 097 042 098 1.34 098 0.43

Pa(0.25) 097 147 087 054 097 212 095 099 097 212 096 1.00

Method (ii): CI based on highest valuations, asy. w. n — oo

U(0,3) 0.89 0.03 095 001 085 0.00 095 0.00 090 0.00 0.96 0.00
|N(0,1)] 0.86 031 094 0.11 086 024 093 0.09 086 0.25 0.93 0.09
[t(20)] 0.88 040 093 014 083 037 092 013 08 036 094 0.13

Pa(0.25) 0.81 0.69 088 028 0.76 1.22 091 047 075 1.21 090 047

Method (iii): CI based on bootstrap & highest valuations, asy. w. n — oo

U(0,3) 035 0.19 0.89 0.1 036 002 089 001 036 002 088 0.01
IN(0,1)]  0.28 029 084 012 028 021 085 0.09 027 021 0.86 0.09
1£(20)] 029 034 085 014 027 028 082 012 026 028 0.86 0.12

Pa(0.25) 0.20 034 069 020 023 061 069 035 023 0.61 0.69 0.35

Table 4: Empirical coverage frequency (Cov) and length (Lgth) of various CIs for the winner’s
expected utility px in first-price auctions. The results are the average of 500 simulation draws and
a nominal coverage level of 95%.

Finally, we consider the problem of hypothesis testing about the tail index using only transaction
prices. We focus on testing Hy : £ = —1 vs. Hy : £ € E/{—1}, with £ = [-1,0.5] and W equal
to the uniform distribution over this interval. Table 5 shows the average rejection rate of the test
proposed in Section 4.3 over 500 simulations using a desired nominal size of 5%. Under Hj (i.e.,
when valuations are U(0, 3)), our proposed test controls size as long as the number of bidders is
not too small relative to the sample size. Under H; (i.e., when valuations are |N(0,1)|, [¢(20)], and

Pa(0.25)), our proposed test exhibits adequate power.
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# Bidders K =10 K =20 K =100 K ~U{90,91,...,110}
# Auctions n=10 n=100 n=10 n=100 n=10 n=100 n=10 n = 100

U(0,3) 0.06  0.09 0.04 0.6 0.04 0.5 0.03 0.09
IN(0,1)| 0.25 1.00 0.22 1.00 0.28 1.00 0.29 1.00
1£(20)] 0.27 1.00 0.29 1.00 0.34 1.00 0.36 1.00
Pa(0.25) 0.54 1.00 0.55 1.00 0.55 1.00 0.62 1.00

Table 5: Empirical rejection rate of the test proposed in Section 4.3 for Hy : £ = —1 in first-price
auctions. The results are the average of 500 simulation draws and a nominal size of 5%.

A.5 Auxiliary derivations related to the Monte Carlo simulations

We first provide auxiliary derivations related to the third CI considered in Section 6. In a second-

price auction j = 1,...,n with K bidders, the CDF of the transaction price satisfies:

Fry @) 2 Fyy,(0) @ Fe@) + KF (@)1 (1 - Fr()), (A.56)

J

where (1) holds by (3.2) and (2) by the fact that bidders’ valuations are i.i.d. The previous equation
expresses the CDF of the transaction price as a function of the CDF of valuations. By inverting
this mapping, we can derive a relationship between the distribution of transaction prices and the
distribution of valuations. Furthermore, we have the following connection between the distribution

of valuations and the winner’s expected utility:

b = E[V(1),j - Pj]
= BV, — Vol

DK [ et @ s (1 - DK [ s @)1 - (@) P @) )da
0 0

@ K</O°O(1_F§(x))dx—/ooo(1—Fé(‘l(x))dx)a

where (1) holds because the auctions are i.i.d. (which holds in all of our Monte Carlo designs), (2)
holds by (3.2), (3) by the fact that bidders are i.i.d and valuations are nonnegative (which holds in
all of our Monte Carlo designs), and (4) by integration by parts.

To conclude, we provide auxiliary derivations related to the third CI considered in Section A.4.
Recall that this method presumes that we observe the highest valuation Vy); for each auction
j=1,...,n. Given that there are K bidders, the CDF of the highest valuation satisfies:

F‘/(l)(x) = FV('I‘)Kv (A57)
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where (1) holds by the fact that bidders’ valuations are i.i.d. and V(;) = max{Vi,Vs,...,Vk}.
Furthermore, we can connect the distribution of valuations and the winner’s expected utility in the

following fashion:

(i) fv(1> F (U)Kildu
pr = B [FVWV())K

@ /0“’ (/0 KFéfl(@m) fv(v)dv

® K/Ooou — Fy(v))Fy (v)Xdv,

where (1) holds by (4.8) and by the fact that valuations are nonnegative and auctions are i.i.d.

(which holds in all of our Monte Carlo designs), (2) by (A.57), and (3) by integration by parts.
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