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Abstract

In this paper, we consider a model of platform competition to examine the mechanisms
through which asymmetric platforms attract different agents. Specifically, we analyze how
platforms strategically choose different attributes to appeal to the buyers. We consider a
two-stage game where heterogeneous platforms simultaneously choose features on the buyers’
side in the first stage and membership fees in the second stage. Our results show that
the equilibrium values of attributes depend significantly on the relative strengths of cross-
network effects along with the degree of heterogeneity between platforms. Buyers’ decisions
to join a platform therefore are influenced not only by the membership fees and cross-
network effects but also by the range of functionalities offered by the platform. Furthermore,
even though such attributes are offered solely on the buyers’ side in our model, sellers’
participation is also significantly affected by them via their interactions with the membership

fees and cross-network effects.

1 Introduction

In recent times, there has been a significant surge in the volume of electronic commerce
attributable to the widespread availability of the Internet. According to Euromonitor Interna-
tional’s 2018 report, the proportion of retail sales conducted online accounted for 13.7% and
17% in the United States and the United Kingdom, respectively, while globally, it represented
11.5% of all retail sales. These figures translate into substantial revenue, with online retail
sales reaching over $400 billion, $86 billion, and $1.7 trillion for the USA, UK, and worldwide,

respectively.!

E-commerce typically involves buying and selling goods or services through online platforms,

which is a business model connecting buyers and sellers, enabling them to engage in value-
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creating exchanges. It is common that a dominant platform is present in this type of market,
such as Amazon in the online retailing sector?, Airbnb in lodging services®, and Uber in the
ride-hailing industry?, among others. The underlying factors that contribute to these platforms’
successful attraction and retention of agents have generated significant scholarly and practical
interest. One potential explanation for their success is the platform’s ability to serve as an
intermediary between agents and actively shape the business model. It is this active involvement
that may give rise to heterogeneity among platforms, and may, in turn, affect agents’ incentives

and valuations regarding which platform to join.

In this study, we present a framework for analysing how platforms appeal to agents, specif-
ically on buyers’ side. Our argument is that buyers’ decisions to join a platform are not only
based on membership fees and cross-network effects but also on other attributes platforms of-

fer.b

The combination of these three elements determines which platform buyers find most
appealing. Buyers are more inclined to join a platform that has built a favourable reputation
and brand image over time by offering a diverse range of features. As the quality of platform’s
features increases, buyers’ perception of the platform’s benefits improves, resulting in a stronger

reputation and brand image, thereby increasing the likelihood of buyers joining the platform.

A specific example is Amazon, which not only works as an intermediary between buyers
and sellers but also has an active function adopting a customer-centric approach to generate
attributes that create value. For buyers, the platform’s benefits proposition transcends beyond
product pricing. It extends to the ability to appeal to and initiate a loyal customer base, enhanc-
ing their browsing experience through the provision of flexible delivery options, an extensive
product assortment, swift checkout processes, and a lenient refund and return policy. On the
seller side, having their products affiliated with Amazon’s brand name enhances their credibility
with customers and leverages the platform’s Prime audience. Wells et al. (2019) observed that
the majority of attributes developed by Amazon are primarily buyer-oriented. Amazon strives

to attract buyers to its site by developing various attributes to meet their needs.

This paper makes a two-fold contribution to the existing literature on two-sided markets.
Firstly, we introduce the platform’s features as a form of vertical product differentiation on the
buyers’ side, shedding light on the importance of quality attributes in shaping market structure.
Secondly, we analyse the intricate interactions between these quality attributes and cross-group
network effects to gain insights into the resulting market configurations. By exploring these
dimensions, our study expands the understanding of two-sided markets and offers valuable

insights for market participants and policymakers alike.

Vertical differentiation refers to the differentiation of products or services offered by plat-
forms based on their perceived quality, features, or attributes that cater to the distinct needs
of both sides of the market. Platforms offer different levels of quality to enhance their fea-

tures, functionality, user experience, or service level to attract and retain users on both sides

2 Amazon.com, 2019 Case 716-402.
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of the market. Rather than attempting to capture all possible features a platform may have,
we integrate them into a single variable representing buyers’ perception of the quality of the

platform.

Our model builds on the framework of Armstrong (2006), where equilibrium membership
fees depend on cross-group network effects, and the literature on vertical differentiation, includ-
ing Mussa and Rosen (1978); Gabszewicz and Thisse (1979); Shaked and Sutton (1982, 1983),
which identify consumer income as a source of differentiation. We extend Armstrong (2006)
model by introducing the level of features offered on the buyers’ side as a strategic variable on
the vertical dimension. This allows for the existence of asymmetric platforms in equilibrium, as
shown by Gabszewicz and Wauthy (2014).

The provision of attributes by platforms creates a competitive advantage in attracting
agents in a two-sided market. This competitive advantage can be understood as heterogeneity
within a vertically differentiated product space, where agents prefer platforms offering more
attributes compared to those offering fewer attributes. The concept of vertical product dif-
ferentiation space was first explored by scholars such as Mussa and Rosen (1978); Gabszewicz
and Thisse (1979); Shaked and Sutton (1982, 1983). Mussa and Rosen (1978) investigated a
monopoly pricing model for quality differentiated goods, and found that a monopolist cannot
price discriminate in the usual way, but rather assigns a price-quality pair to customers to par-
tially discriminate against them, thereby reducing the quality sold to customers compared to
a competitive market. Gabszewicz and Thisse (1979) analysed a non-cooperative price equilib-
rium between firms, where consumers have different willingness to pay for quality improvements,
and found that with less income disparity, the firm selling the lowest quality product will exit
the market. Moreover, when consumers’ tastes are less differentiated, Cournot’s equilibrium
price is near zero. Shaked and Sutton (1982, 1983) studied vertical differentiation in a competi-
tive market and found that firms differentiate themselves by choosing distinct qualities to lower

price competition and earn positive profits.

Subsequently, the seminal works of Economides (1989); Neven and Thisse (1990) were the
first to jointly examine both horizontal and vertical product differentiation spaces. Horizontal
differentiation pertains to the range of products offered, while vertical differentiation refers to
the quality of the products sold in the market. Both studies yield comparable results, showing
that firms maximise one dimension (variety) while minimising the other characteristic (quality)
to gain a larger market share and increase profits. Building on these findings, Irmen and
Thisse (1998) extended the previous models to include multiple characteristics and report similar
results, indicating that firms choose to maximise differentiation in the dominant characteristic

and minimise the remaining attributes to reduce price competition.

These models have undergone extensions to encompass a diverse range of sectors. Degryse
(1996) explored banking services, Baake and Boom (2001) examined markets with network
externalities. Inderst and Irmen (2005) focused on space and time as strategic variables in
horizontal product differentiation, specifically in the retail markets, and Hansen and Nielsen
(2011) investigated price as a proxy for quality in the trade between two countries. Garella and

Lambertini (2014) identifies situations in which firms select maximum differentiation in both



characteristics by studying economies of scope. Finally, Barigozzi and Ma (2018) developed a
general specification model that allows for general consumer preference distributions, general
production cost functions (increasing and convex), and firms selecting any arbitrary number of

quality characteristics.

Recent studies have explored the intersection of two-sided markets and vertical differentia-
tion. For instance, Gabszewicz and Wauthy (2014) introduced heterogeneity among participants
and found that platform competition with cross-group externalities and vertical differentiation
can result in the equilibrium coexistence of asymmetric platforms. Zennyo (2016) investigated
vertically differentiated two-sided markets and found that in a sequential game, both platforms
charged the same per-transaction fee in equilibrium, even with quality asymmetries. Under
certain conditions, a low-quality platform was found to have higher profits than a high-quality
platform. Roger (2017) studied two-sided markets where platforms compete for agents on both
sides of the market, and concluded that when cross-group externalities are too strong, pure-
strategy equilibrium may not exist. Lastly, Etro (2021) considered the differences between
device-funded and ad-funded platforms. His results showed that device-funded platforms are
more aligned with consumers because they provide high-quality products and services, while

ad-funded platforms offer products at competitive prices and free services.

The seminal models of Caillaud and Jullien (2003); Armstrong (2006); Rochet and Tirole
(2003, 2006) analysing two-sided markets have been extended in various directions by subsequent
research. Belleflamme and Toulemonde (2009); Hagiu (2009); Belleflamme and Toulemonde
(2016); Belleflamme and Peitz (2019a) introduced competition among sellers and investigate
how pricing equilibrium, product variety, and the optimal number of platforms are affected
in the presence of a monopolistic or duopolistic platform. Their findings indicate that while
consumers and producers prefer product variety, platforms prefer to minimise differentiation
among them. Weyl (2010) proposed a nonlinear tariff that is conditional on the participation of
agents on both sides in order to address the problem of equilibrium multiplicity. Choi (2010);
Choi et al. (2017) investigated the impact of tying in a two-sided market where agents can
use multiple platforms. They find that allowing multi-homing can improve welfare through
tying. Gao (2018) analysed the effects of overlapping agents on both sides of a platform.
Finally, Karle et al. (2020); Jeitschko and Tremblay (2020) examined how agents endogenously

determine whether to singlehome or multihome.

Our model consists of two stages, where agents can join one platform (singlehome) only
and platforms simultaneously determine the level of attributes they offer on the buyers’ side in
the first stage, and then determine membership fees in the second stage. We find equilibrium
membership fees follow Armstrong (2006) result, but are adjusted by the differences in attributes
offered by platforms on the buyers’ side, and weighted by the cross-group network effect one

side exercises on the other side.

Our first key finding is that the difference in attributes on the buyers’ side between two
competing platforms not only affects their behaviour but also has an impact on the sellers’
side as a result of the presence of cross-group network effects on both sides of the market. We

analyse two different scenarios based on the strength of these cross-group network effects. The



first scenario establishes identical indirect network effects on both sides of the market. The
second scenario analyses when the network effects are distinct. We find that when both cross-
network effects are equal, the sellers’ equilibrium membership fee remains as Armstrong (2006)
stated, indicating that the difference in attributes on the buyers’ side only impacts buyers’

decisions.

We establish conditions for a max-min strategy to enhance profits, as demonstrated in the
early works of Economides (1989) and Neven and Thisse (1990) and the generalized model of
Irmen and Thisse (1998). Specifically, we identified two scenarios where such a strategy is ef-
fective: when the cross-group network effects on both sides of the market are equal, and when
the cross-group network effect buyers have on sellers is greater than the impact sellers exert
on buyers. In the former situation, platforms differentiate themselves as much as possible on
attributes on buyers’ side (vertical dimension) and as little as possible on the product differen-
tiation cost (horizontal dimension). In the latter setting, platforms differentiate themselves as
little as possible on attributes on buyers’ side and as much as possible on the horizontal dimen-
sion to maximise profits. Furthermore, we find conditions for a max-max strategy to maximise
profits, as seen in recent studies by Garella and Lambertini (2014); Barigozzi and Ma (2018).
In particular, we find platforms differentiate as much as possible on both dimensions when the
cross-group network effect exerted by sellers on buyers outweighs those exercised by buyers on

sellers.

The paper is structured as follows. Section 2 outlines the model primitives, while Section 3
presents the solution to stage 2 of the model to obtain equilibrium membership fee configura-
tions. Section 4 provides the solution to stage 1 of the model, deriving equilibrium attribute
configurations on buyers’ side. In addition, Section 5 analyses and compares market structure
where the cross-group network effects on both sides of the market are identical and opposite. In
both cases, we express the strategic variables as a function of the model parameters and provide

intuitive explanations for the results. The paper concludes in Section 6.

2 Model

This chapter considers a model of platform competition with cross-group external effects
and attributes on the buyers’ side. There are three different players: platforms, buyers and
sellers. The model follows Armstrong (2006) considering two platforms that are horizontally
differentiated and charge access fees to both sides of the market. Buyers and sellers whom we
refer to as agents, make a decision to join a single platform, a scenario known as singlehoming.
In this model we introduce the level of attributes ¢, as a strategic variable capturing various
platform features on buyers’ side: the higher the value of g, the more attractive the platform

is for buyers, given membership fees.

Two platforms engage in competition through membership fees and attributes offered on
the buyers’ side. This setup is designed to facilitate interactions between a unit mass of sellers
and buyers, generating positive cross-group network effects. Positioned at the extremes of a

unit interval, the platforms exhibit horizontal differentiation a la Hotelling and bear a constant



cost of f, and fs for serving buyers and sellers, respectively. Buyers and sellers, uniformly
distributed across this interval, face a cost of visiting a platform that increases linearly in
distance, 7, and 7y, respectively. This cost can be interpreted as a potential mismatch with
buyers’ and sellers’ preferences. Considering our focal point is the relationship between the
cross-group network effects and the attributes a platform offers on the buyers’ side, we assume,
that the cost associated with visiting a platform is homogeneous across both platforms and
both sides. This means that both buyers and sellers face the same disutility cost when their

preferences are mismatched, and we defined it as 7, = 75 = 7.

Buyers, upon joining the platform, purchase one unit of product from each active seller on
the same platform. For each trade, buyers and sellers obtain a cross-group network effect of v
and 7, respectively; which can also be seen as gains from trade. Additionally, there exists a
stand-alone benefit of Ry for buyers and R, for sellers when they visit the platform, a benefit
uniform across both platforms. We define 17}; and 71’ as the mass of buyers and sellers joining
platform ¢, ¢ = 1,2. The membership fees charged to buyers and sellers on platform i are

denoted as pZ and p’, respectively.

In addition, buyers receive qi for the attributes platform 4 offers. Platform i’s for i = 1,2
production cost of providing these attributes on the buyers’ side is set as C? (q};) = %ai (q};)2.
The parameter o' captures the efficiency of platform i developing characteristics on the buyers’
side. We assume 0 < a! < o?, meaning platform 1 is more efficient in developing these attributes
compared to platform 2. This is possible, either because it can produce more features with the
same inputs or deliver the same level of features at a lower cost. As a result, platforms are
heterogeneous in terms of both product differentiation and the characteristics they offer on the

buyers’ side.

Therefore, buyers and sellers, respectively, obtain a surplus of visiting platform ¢, i = 1,2,
of:6

vy = Ry + g +on, — pj (1a)

Vi = R, + ) — (1b)

The model consists of two stages. In the first stage, platforms simultaneously choose char-

acteristics on the buyers’ side, and in the second stage, they simultaneously choose membership

fees. Then, buyers and sellers choose which platform to join. In the next sections, we analyse
different cases using the previous framework.

The model parameters must meet the following assumptions.”
Assumption 1. T>”T+“if7r>vor%<7<%2“ ifv>w

Assumption 2. o/ > 37, i = 1,2 where ¥ = 972 — (27 + v) (7 + 2v)

Assumption 1 is developed on the second-order conditions of the platform maximisation

problem at stage 2 of the model and from the conditions to guarantee equilibrium market

SWe assume that the market is fully covered, implying that buyers and sellers do not have an outside option
to interact. This assumption is standard in the literature, as evidenced by Choi (2010); Hagiu (2009).
"For further details on both assumptions see Appendix A.1.



shares are restricted to a unit interval. This condition stipulates that the degree of product
differentiation must fall within a range defined by the cross-group network effects. This condition

also is needed to have positive equilibrium attributes®.

Assumption 2 guarantees the existence of positive equilibrium attributes. This condition
means that the parameter measuring platform i efficiency in developing attributes on the buyers’
side is not negligible. This condition guarantees that the second-order conditions of the platform

maximisation problem at stage 1 of the model will be satisfied.

3 Equilibrium membership fees

We develop a two-stage model of two-sided markets with vertical differentiation where
agents singlehome. We solve our model using backward induction. In this section, we solve
the second stage of the game where platforms choose simultaneously membership fees and then
agents choose simultaneously which platform to join, assuming the level of attributes on the
buyers’ side as given. We then obtain market shares and platform profits at equilibrium, offering

some insights into the results.

We identify a buyer (b) and a seller (s) positioned at locations x, and z, within a unit
interval, respectively, who are indifferent between joining platform 1 and 2, such that I/; —TXE =
1/,3 —7 (1 — ) where k = b, s. Buyers and sellers located between 0 and x;, or z, visit platform 1,
while those positioned between xp or x5 and 1 visit platform 2. Consequently, we have 77; = xp,
nt = (1 — ), Nt = 25 and n? = (1 — x;), with the total number of buyers and sellers on both
platforms being n,} + ng =n! +n? = 1. We then determine the proportion of buyers and sellers
for platform ¢, i = 1,2 using the expressions for the indifferent buyer and seller along with

expressions for z; and x4 and the surpluses given by Equations (1a) and (1b):*

1 T(qé—(]i) -I-T(pi—pf)) +U(pg—pi)

%
= — 2
=5 + 2(12 — mv) (22)
i_1+W(Q£—QZ)+T(p§—pi)+7r(pi—pi) oh)
s = 35 2(r2 — v)

We are interested in a solution where both platforms remain active. This implies that
not only do buyers’ and sellers’ market shares decrease when their own side’s membership fee
increases, but also when the membership fee of the other side increases.'® In other words, the

market shares of both sides are influenced by changes in fees on either side of the market.!

8Equilibrium attributes are defined in Definition 2 and equilibrium market shares are defined in Equations (5a)
and (5b)
9See Appendix A.2 for further details on how market shares are determined.

10 Alternatively, if the cross-group network effects outweigh the opportunity cost associated with mismatched
preferences on both sides of the market, i.e., 7> < 7o, both sides’ market shares would become an increasing
function of their membership fee. Consequently, both buyers and sellers would opt for the same platform, leading
to a tipping point in the market.

1The partial derivative of Equations (2a) and (2b) concerning both membership fees are negative, as long as
7 > /mv. Considering Assumption 1, expressed as 7 — ”—J;J > 0, we can show that 7 — y/7v > 0. This can be
derived from the inequality (7 4+ v)? > 47v which simplifies to (7 — v)* > 0 if 7 # v.



Definition 1. An equilibrium at stage two of the model is a pair pé,pé such that pf) and
p’ solves the platform maximisation problem MAX (i iy I = (pé - fb)né(pé,pi,péjpi,%,qg)
(0~ £k (vh o g ) — S for cach ij =12, i # ]

From the first-order conditions for platform ¢’s maximisation problem, the following best

response functions are obtained:!?

7

C prren (4-4) v(por) ras-f)

Py 5 T o T T o 2 (32)
A P P 4

_ferrep T(@B-0) 7(B-r) (i) -

Ps = 2 Tty T oy T or (3b)

The best strategy for platform ¢ when the difference in characteristics qé — qi on the buyers’
side is positive!® is to increase the membership fee on both sides of the market. At the same
time, platform ¢’s best response is to increase the membership fee on both sides when the
other platform increases its fees on either side (9p}/ apb' = op}/ opl > 0). However, platform i
decreases the membership fee on one side when the membership fee on the other side increases,
(Opi/Opt = Opt/Op; < 0). Following Bulow et al. (1985), membership fees’ best responses
are, for a certain side, strategic complements amongst platforms; whilst they are strategic

substitutes between sides for a certain platform.

Although platform ¢’s best response is to increase both sides’ membership fee when the
difference in attributes is positive, on the sellers’ side the best response is boosted when the
cross-group network effect buyers exert on sellers 7 increases. This behaviour is common in
two-sided markets where sellers benefit as more buyers join the platform. Platform 7 developed
attributes on buyers’ side appealing to more buyers because they can enjoy more features, but

also appealing to more sellers given the cross-group network effect.

Next, we solve the best response functions given in Equations (3a) and (3b) to obtain
the equilibrium membership fees as a function of the model parameters and the difference in

attributes on the buyers’ side:™

pi =fotTom [9723—72(2_7::-(:)—2731—}1—) 2U):| (qli’ B qg) (4a)
o= fitT vt [97’2 — (277r(7—r|—_v)v()7r + 21))] (qi a qz) (4b)

First, notice the difference in attributes q}; — qg affects equilibrium membership fees on both

sides of the market, even though they were developed only on the buyers’ side. The sellers’

12See Appendix A.3 for details.

13When we refer to the difference of a strategic variable: membership fees, market-shares, attributes and
plat forms’ profits, it is always between both platforms.

!4YWe are interested in obtaining an equilibrium where both platforms are active. Therefore, Assumption 1
guarantees, platform ’s profit function is concave and the second-order conditions of the maximisation problem
are satisfied. See Appendix A.4 for more details.



side is affected by the difference in characteristics on the other side because of the cross-group
network effects one side exerts on the other side. Therefore platforms adjust sellers’ membership

fees taking into account the difference in features on the buyers’ side.

Both agents’ equilibrium membership fees on platform i are a function of two terms. The
first term is Armstrong (2006) result, the cost of serving buyers and sellers f, and fs, the
disutility for mismatch preference 7, and the cross-group network effect this side exerts on the
other side, 7 for buyers and v for sellers. The second term captures the difference in attributes
developed on the buyers’ side qé—qg. This extra markup could be positive or negative depending

on which side exerts a stronger cross-network effect on the other side.

In a one-sided market, a firm typically increases its prices as it offers more attributes to
customers. However, in a two-sided market, pricing dynamics are influenced by the interplay of
cross-group network effects on both sides of the market. As a result, membership fees on one
side may actually decrease despite platforms offering additional features, as they can offset this
decrease by charging a higher fee on the other side, using the indirect network effects present

in the market.
We summarise our discussion in the next proposition:
Proposition 1. For (qé - qi) > 0, whenever this difference in attributes increases, platform i,

(i) Increases buyers’ and decreases sellers’ equilibrium membership fees, whenever the cross-
group network effect experienced by buyers is higher than the one experienced by sellers

(i.e.,v >m);

(ii) Increases sellers’ and decreases buyers’ equilibrium membership fees, whenever the influ-

ence exerted on sellers by buyers outweighs the impact on buyers by sellers (i.e., m > v).
Proof: See Appendix A.5

Platform ¢ appeals to more agents by increasing the features on buyers’ side, attracting more
buyers directly and more sellers indirectly since the cross-group network effect. This creates
a positive loop considering more agents are attracted on both sides, i.e buyers join platform
1 given there are more features developed for them, sellers join as well because more buyers

joined, then more buyers,..., and this behaviour continues.

Platform ¢, decides to charge a lower fee on the side that exerts a stronger cross-group
network effect on the other side. On the one hand, platform i decreases buyers’ fee if the
influence buyers exert on sellers is higher than sellers on buyers, (7 > v). On the contrary,
platform i decreases sellers’ fee if the cross-group network effect sellers exert on buyers is higher

than the impact buyers exert on sellers (v > ).



Equilibrium market shares and profits (stage 2)

At equilibrium, buyers’ and sellers” market shares for platform ¢ where ¢,5 = 1,2, ¢ # j,

are:1° ~ _
i1 37 i d a
=5 2[97% — (27 +v) (7 + 2v) ] | <Qb qb) (52)
1] (7 +2v) Vi
L 2[972 — (27 +v) (7 +2v) | (qb qb) (5b)

As with equilibrium membership fees, we find that even when platform features are exclu-
sively developed on buyers’ side, the difference in attributes impacts both sides’ market shares.
Sellers join platform ¢ even in the absence of tailored attributes for them, through the influence
of cross-group network effects. Furthermore, buyers’ and sellers’ market shares experience an
increase when there is a positive difference in attributes developed on the buyers’ side (q}; — qi),

regardless of which side places a higher value on interaction with the other side.'®

Platform 4 can increase its position in the market by developing more attributes on buyers’
side. Buyers and sellers will be drawn to join platform ¢, buyers will join to enjoy more features
developed for them and sellers will join because they can interact with more buyers (cross-group

network effects).

As we already have the equilibrium membership fees and market shares on both sides of

the market, we can compute equilibrium profits for platform 7 as:

rr), 7o) v -d) @)’

=7 —
2 2[972— (27 +v) (ﬂ+20)} ?

where Q = 672 — (7 +v) (7 + 2v) + 7 (v — 7).

Equilibrium profits are equal to the degree of product differentiation on both sides of the
market (7), adjusted downwards by the cross-group network effects, 7 and v as in Armstrong

(2006) main result. Furthermore, profits are adjusted by two additional elements. The first
, N 2 , .
term, 5= I:T <q§; - qg) +Q (ql’7 - qg)} , where ¥ = 972 — (27 + v) (7 + 2v) is an extra markup

il i)2
associated with the difference in attributes on buyers’ side and the second component % is

the cost of developing these attributes.

We can see from Equation (6) that platform i’s equilibrium profits increase when additional

attributes on buyers’ side are developed.!'” When platforms offer new and innovative features,

15For more details on how to derive market shares see Appendix A.6.

S Partially differentiate equilibrium market-shares in Equations (5a) and (5b) respect the difference in attributes
on buyers’ side. The numerator is always positive and to show the denominator 972 — (27 4 v) (7 4 2v) is positive
we use Assumption 1 by making the left side of both inequalities equal to compare the right side, showing
that Assumption 1 right side is greater and therefore the condition is positive. That is, Assumption 1 can
be transform to be 72 > %, then we have ”Zvﬁ > (2”+U)é"+2“) which simplifies to 9 (7 + 27v + v?) —
4 (27* 4 5mv + 2v%) > 0 and then simplifies to (7 — v)? > 0if 7 # .

o1T? 2q£(7'7ai2)727qg+ﬂ >

17 This can be seen by partially differentiate Equation (6) with respect to ¢i.That is S5 7=
b
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they can appeal to more agents (buyers and sellers) and increase customer satisfaction leading

to higher profits.

4 Equilibrium attributes

In this section, we find the equilibrium values of attributes on buyers’ side at stage 1 of the
model. Platform ¢ differentiates by the features offered on buyers’ side, measured by gi. There
is a cost of providing q}; of C* (qi) = %ai (q};)2, where i = 1,2 and a? > o' > 0. The parameter
o' measures the efficiency platform i has in developing attributes on buyers’ side. The fact
that platform 1 is more efficient in developing attributes can be related to specialisation in
certain technology, experience in having a better understanding of buyers’ needs, or innovation

by investing more in research and development.

In stage 1 platforms simultaneously choose the characteristics’ levels on buyers’ side q{’;,

i =1,2. We can state the next definition:'®

Definition 2. An equilibrium at stage one of the model is q}; such that q}; solves the platform

i 462
mazimisation problem max i I = (p — fi) mp (6h)+ (Pl — fs) mt (a}) — 2 (gb) foreachi=1,2.

From the first-order conditions for platform ¢’s maximisation problem, we obtained the

following best response function:

—7q] +67-2—(7r—|—v)(7r+2v)+7‘(v—7r)

. . f he,j=1,2, i #j
(i% — 1) 2 (% — 7) or each 7,7 ,2, 1#£ (7)

g =

where ¥ = 972 — (1 + 2v) (27 + v)

Note that attributes are strategic substitutes considering the best response function in
Equation (7). Platform i’s employs a strategy of increasing attributes on buyers’ side whenever

its competitor takes the opposite approach.'”

Solving the best response function in Equation (7) for ¢ = 1,2 we obtain the equilibrium
attributes on buyers’ side as a function of the model parameters, that is:?"
(% —27) [67% — (m 4+ v) (T + 20) + 7 (v — )]

i _\ ' i f Wii—1.9 i 3
dp 2% [l S — (o + ad) 7] or each 7,7 ,2, 1 £ ] (8)

where ¥ = 972 — (27 + v) (7 + 2v).

We observe from Equation (8) that the rivals efficiency parameter in developing attributes
is what differentiates equilibrium attributes on buyers’ side between both platforms. Platform

1 increases attributes when platform 2 becomes less efficient in developing characteristics on

Qqufﬂ
Q(T—aiE) ?
18See Appendix A.7 for more details.

9The partial derivative of Equation (7) respect to qi is negative. (’)qi/@qg = _(aigi—f)

0if ¢f > where ¥ = 977 — (27 + v) (7 + 2v).

, where 'Y — 7 is

positive as long as Assumption 2 holds.
20 Assumption 2 guarantees, platform ¢ profit function is concave and the second-order conditions of the max-
imisation problem at stage 1 of the model are satisfied. See Appendices A.1 and A.8 for more details.
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21 as long as Assumption 1 and Assumption 2 hold.?? Platform 1

buyers’ side (higher a?)
enhances attributes offered on buyers’ side to appeal buyers and sellers, establishing itself as a

leading intermediary in the industry.

Finally, we define the difference in attributes on buyers’ side, using Equation (8) as:

(o —ad) [67% = (m 4+ v) (m+20) + 7 (v —T)]
2 [0l — (ot + ad) 7]

Agy=q,—q =

for each 4,7 = 1,2, i # 2 and ¥ = 972 — (27 + v) (7 + 20).

The equilibrium difference in attributes on buyers’ side in Equation (9) is positive for
platform 1 and negative for platform 2 considering platform 1 is more efficient in developing

features compared to platform 2 (a? > o). 23

Therefore, recognising the significance of the impacts that the difference in cross-group
network effects has on platform attributes and overall market equilibrium (fees, market shares
and profits), our focus now shifts towards a comprehensive analysis of these effects in the

subsequent section.

5 Analysis of cross-group network effects on market configura-

tions

In this section, we study how cross-group network effects shape the structure and dynamics
of the market. We explore two distinct scenarios to gain insights into the interactions between
platform’s attributes and cross-group network effects. Firstly, we consider a benchmark case
where cross-group network effects are identical on both sides of the market. Secondly, we explore

a scenario where the cross-side network impacts are allowed to differ.

5.1 Benchmark scenario: Identical cross-group network effects, m = v

In this section, we develop a benchmark scenario where the cross-group network effects are
identical on both sides of the market, (7 = v). We use the game’s solution at stage 1 to obtain
the strategic variables as a function of the model’s parameters. We use the superscript “bs”
to denote the equilibrium market structures. Furthermore, we provide some intuition for the

results that are going to help us to examine asymmetric network effects in the next section.

Using equilibrium attributes at Equation (8) and the fact that 7 = v, benchmark equilib-

rium attributes on buyers’ side are:

inbs 907 (7’2 — 7r2) — 27
(4)" = 3[9atad (12 — w2) — (o + ad) 7]

for each i,7 = 1,2, i #j (10)

21To avoid confusion between squared parameters and parameters of platform 2, italic numbers will be used
instead of normal numerals 1 and 2 when referring to platforms 7 and 2 in the mathematical expressions.

22Partially differentiate ¢; in Equation (8) respect to o®. ¢/ /0o = 2§T2 (alE — 27’) > 0, where Q =
67> —(m+v)(mr+20)+T7(v—7), B =97 — 271 +v) (7 +2v) and A = (04104242— (o' +a”)7)

23 Appendix A.9 shows conditions for positive equilibrium attributes, which applies to the difference in attributes
in Equation (9).
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Equilibrium attributes on buyers’ side on Equation (10) are positive as long as Assumption
1 and Assumption 2 holds?*, and considering identical cross-group network effects on both sides

of the market we can state the next proposition:

Proposition 2. Fquilibrium attributes on the buyers’ side decrease in the product differentiation
parameter T and increase in the cross-group network effect (m = v). Moreover, an increase in
the cross-group network effect is stronger in the platform that is more efficient in developing

attributes.
Proof: See Appendix B.1

Proposition 2 says that an increase in the product differentiation parameter 7 (in the
horizontal dimension) prompts the platforms to reduce attributes on the buyers’ side thereby
differentiating less on the vertical dimension. As the product differentiation parameter 7 in-
creases across both sides of the market, the platform no longer has any incentives to further
enhance attributes on the buyers’ side. This is due to the costs associated with simultaneous

differentiation on both the horizontal and vertical dimensions.

Instead, to gain a competitive advantage, platform 1 opts for a broader degree of product
differentiation, catering to a wide range of preferences from both buyers and sellers. Rather
than focusing on increasing the level of features on buyers’ side for a specific set of preferences,
platform 1 engages in less intense competition for the same pool of agents as the degree of
product differentiation expands. Consequently, agents become more captive and there is reduced

pressure to develop additional attributes on the buyers’ side.

We notice also from Proposition 2 that platform 1 increases the attributes on buyers’ side
whenever the cross-group network effects increase because this attracts directly more buyers
and more sellers, given the cross-side network effects. This creates a positive loop where the
more agents use platform 1, the more valuable it becomes to buyers and sellers, which in turn
attracts even more agents. Considering platform 1 is more efficient in developing attributes

than platform 2, a? > a!, this outcome is more pronounced on platform 1.

Corollary 1. The difference in attributes on buyers’ side decreases when there is a higher
product differentiation on both sides of the market and increases when the cross-group network

effects become stronger.

Proof: See Appendix B.1

Corollary 1 extends the proven arguments on Proposition 2 to the difference in attributes
on buyers’ side. For this reason, the intuition is the same as in Proposition 2.
Equilibrium membership fees

We now obtain equilibrium membership fees, market shares and platform profits as a func-

tion of the model parameters.

27
90?7

2 2

2*When v = 7 Assumption 1 turns to 7 > 7 and Assumption 2 turns to o’ > where 0 =77 — 7°.
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For the equilibrium membership fees we have:

i\bs (aj—ai)a _ 1 i\ bs
(pb) _fb+T_7T+ 9a’oﬂa—(oﬂ—|—oﬂ)r = fb+7_7r+§(Aqb) (11&)
(pi)bs =fstT—v; v=m (11b)

for each i,j = 1,2, i # 2 and where 0 = 72 — 7.

When the cross-group network effects are identical on both sides of the market 7 = v,
platforms charge symmetric fees on sellers’ side. This is a consequence that the difference in
attributes on buyers’ side does not influence sellers’ fees when the cross-network effects are the

same. Both platforms charge sellers the same fee as in Armstrong (2006) seminal model.

However, buyers’ equilibrium membership fee is higher on platform 1 than it would have
been without the development of specific features for them. This is due to the extra markup
denoted by % (Aqg)bs, which is positive for platform 1 considering (a® > a'). Consequently,
platform 1 lacks the option to discern which side values interaction more, and thus, cannot
adjust the fee accordingly when the cross-group network effects are identical on both sides of

the market.

We examine the effects of the model parameters on the difference in equilibrium fees be-
tween the two platforms, under the assumption that platform 1 is more efficient in developing

attributes compared to platform 2, (a® > a’). Hence, we set the following:

Proposition 3. The difference in equilibrium fees buyers pay decreases when there is a greater
heterogeneity between platforms (higher T) and increases when platforms become more valuable
for both groups (stronger m = v). In addition, buyers’ fees are more expensive in the plat-
form which is more efficient in developing attributes whenever the cross-group network effect is

stronger.
Proof: See Appendix B.2

Proposition 3 reveals that as the product differentiation parameter increases (7 1), platform
1 reduces buyers’ fees because the difference in attributes between platforms decreases. This
fee reduction serves as an incentive to attract more buyers. Then, it raises sellers’ fees, as
indicated in Equation (11b), to compensate for the decrease in buyers’ fees. Conversely, when
the cross-group network effect (m = v) increases, it raises buyers’ fees as it has developed
more attributes to enhance their experience. Simultaneously, it lowers sellers’ fees to encourage

greater participation from sellers, as observed in Equation (11b).?

An increase in the cross-group network effect has a greater impact on buyers’ equilibrium
membership fee in platform 1. This is because platform 1 is more proficient in developing
features, which attracts a larger number of buyers. Consequently, it exploits this by charging

buyers a higher fee, allowing it to extract a greater portion of buyers’ surplus.

25The proof for Proposition 3 is straightforward, partially differentiate Equation (11a) with respect to the
model parameters. For details see Appendix B.2.
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Equilibrium market shares and profits

Using equations Equations (5a), (5b) and (10) we obtain the following equilibrium market

shares:26

ibs_1 (aj_ai)T
(m)" = 515 [9aiado — (af + ad) 7] e

ibs_l (aj_ai)ﬂ-
()" =35 +3 9aiaio — (ai +ad) 7] "

for each i,j = 1,2, i # 2 and where 0 = 7% — 2.

Platform 1 gains a larger market share among both buyers and sellers considering it is more
efficient in developing attributes on buyers’ side, (a? > a!). Equilibrium market shares on both
sides increase when the cross-group network effect is stronger (7 = v). Platform 1 becomes more
valuable to both buyers and sellers as the cross-group network effects strengthen, resulting in
the development of more attributes for buyers. This positive feedback loop contributes to a

rapid expansion of its market share, potentially leading to its dominance in the market.?”

Using equilibrium membership fees in Equations (11a) and (11b) and equilibrium market
shares Equations (12a) and (12b) we obtain equilibrium profits as a function of the equilibrium

features configurations:

()" =7 —7 +
9o (aj — ai) [9aiaja — (ai + aj) 7'] —at (Qaja — 27') (90/0 — 27')

18[9aiaio — (o 4 ad) 7)?

(13)

for each i,j = 1,2, i # 2 and where ¢ = 7% — 7%

Platform i’s equilibrium profits are a function of two terms. The first term (7 —7) is similar
to Armstrong (2006) having product differentiation on both sides of the market (7, = 75 = 7)
and cross-group network effects (7 = v). The second term is an extra markup related to the
difference in attributes on buyers’ side between both platforms, which is positive for platform

1 because is more efficient in developing attributes and as long as Assumption 2 holds.?®

We obtain some insights into platforms’ strategy to maximise profits, under the assumption
that platform 1 is more efficient in developing attributes compared to platform 2, (a® > a?),

in the following proposition:

Proposition 4. The difference in equilibrium profits decreases as the degree of product differ-
entiation intensifies (higher T) and increases the more valuable it becomes for both buyers and

sellers since the cross-group network effect (m = v) turns stronger.
Proof: See Appendix B.6

Proposition 4 contrasts with Armstrong (2006) where equilibrium platforms’ profits are

26Condition for buyers’ and sellers’ market shares distributed in the unit interval is o > g—;. For details see
Appendix B.3.

2TPartially differentiate Equations (12a) and (12b) respect the model parameters. For details see Appendix B.4.

288ee Appendix B.5 for details.
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increasing on the degree of product differentiation (7) and decreasing on cross-group network

effects (m = v). In our benchmark scenario, the effects in equilibrium profits are the opposite.

As platform 1 becomes more horizontally differentiated (7 1), there is a decrease in the
development of attributes on buyers’ side. Consequently, the number of buyers joining the
platform decreases, along with the number of sellers, considering the cross-group network effect.
As a result, platform 1 has a smaller pool of agents to charge additional fees to, leading to a

decline in the difference in equilibrium profits.

Conversely, an increase in cross-group network effects leads to an increase in attributes on
buyers’ side. This attracts a larger number of buyers and sellers, taking into account the cross-
effect of the networks. In response, platform 1 charges a higher fee on buyers’ side and a lower
fee on the sellers’ side, as indicated in Proposition 3. Accordingly, it charges an additional fee

per additional agent, resulting in higher profits.

These findings align with the early work conducted by Economides (1989) and Neven and
Thisse (1990) and the generalised model by Irmen and Thisse (1998). These studies suggest
that platforms’ profit-maximising strategy involves maximising differentiation on one dimension
while minimising differentiation on the other dimension. In the current scenario, platform 4
increases the vertical dimension by developing attributes on buyers’ side when the horizontal
dimension, representing the product differentiation parameter on both sides of the market,

decreases.

5.2 Non-Identical cross-group network effects, © # v

In this section, our objective is to analyse the presence of asymmetric cross-group network
effects. To ensure that the analysis remains tractable without sacrificing its essence, we simplify

the model by setting the side that exerts a weaker network effect on the other side to zero.?’

The first case we consider is when buyers value interactions more than sellers or when the
cross-group network effect sellers exert on buyers is greater than vice versa (v > 7). To keep
our analysis tractable, we normalise the value of 7 to zero. The second case we examine is when
sellers value interaction more than buyers or when the cross-group network effect buyers exert
on sellers is greater than vice versa (m > v). Again, for simplicity, we normalise the value of v
to zero. By using the game’s solution at stage 1, we obtain the strategic variables as functions

of the model’s parameters and gain insights into the results.

Equilibrium attributes

Using equilibrium attributes in Equation (8) we obtain platforms equilibrium attributes on

buyers’ side for two different scenarios:

_ (afoy, —27) (37 +2v) (21 — v) (14a)

o i
When v > 7 (TF = 0) > (qb) - 20, [aiajav _ (ozi + aj) 7-]

2Ideally, what we mean is that the network effect exerted by this side is negligible compared to the magnitude
of the network effect originating from the other side.
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~ (odor—27)Br+7) (27 —7)
o oy [alado, — (0l + a9) 7] (14b)

When 7> v (v=0), (g

for each 7,5 = 1,2, i # 2 and where o, = 972 — 20? and o, = 972 — 272 .

We can observe in Equations (14a) and (14b) that equilibrium attributes on buyers’ side
(qg) ‘ and (qg) ‘ are positive if Assumption 1 and Assumption 2 holds.?® Then we can
v>T T>U

state the next proposition:

Proposition 5. The difference in equilibrium attributes on buyers’ side decreases as the degree
of product differentiation increases and rises with a stronger cross-group network effect, as long
as T > 4v when the cross-group network effect sellers exert on buyers is greater than the effect

ezerted by buyers on sellers, v > m, m = 0.
Proof: See Appendix C.1

Propositions Proposition 2 and Proposition 5 provide similar insights regarding equilibrium
attributes on buyers’ side. Regardless of whether the cross-group network effects are identical
or if one side exerts a stronger network effect on the other, these propositions establish that
equilibrium attributes on buyers’ side unambiguously decrease with a higher degree of product

differentiation (7 1) and increase with stronger cross-group network effects (7, v 7).

Proposition 5 is based on the observation that as the degree of product differentiation (7)
increases, platform 1 engages in less aggressive competition for both agents. This is because
the unique and distinct nature of its services reduces the need to develop additional attributes
on buyers’ side to attract them. Conversely, when there is a stronger relationship between
the two groups, characterised by increased features on buyers’ side, given higher cross-group
network effects, the platform becomes more valuable to both agents. The growth of one group
enhances the value of the other group, resulting in mutual growth. When the effect sellers exert
on buyers is stronger than vice versa, v > w, m = 0, the degree of product differentiation has to
exceed a certain threshold (7 > 4v), for an increase in attributes on buyers’ side to attract more
participants, as it becomes more costly (7 was 5 and now is 4v) for them to join and can feel
discouraged. Therefore, platform 1 starts developing more attributes to appeal to more buyers

and eventually more sellers given the cross-group network effect.

Equilibrium market shares and profits

We proceed to obtain the equilibrium market shares on both sides of the market using

Equations (5a) and (5b) and equilibrium attributes in Equation (8)3!

1 (&f—a")37[67% — (m+v) (m+2v) + 7 (v —7)]

R — . A 15
=5t AY [0l ¥ — (o + o) 7] (152)

27

30 Assumption 1 and Assumption 2 turn to 7 > 5 and al > 2

they turn to 5 < 7 < 27” and o' > 3—: respectively, when v > 7 (m = 0). Where o, = 972 — 202 and

o = 972 — 272,
31Buyers’ and sellers’ market shares are distributed in the unit interval as long as Assumption 1 and Assumption
2 hold. For more details see Appendix C.2.

respectively, when m > v (v = 0). Conversely,
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;1 (o —af) (m+20) [67% — (7 + ) (7 +20) + 7 (v — )]
Gl I3 [0fals — (0 + ad) 7] (15)

for each 4,7 = 1,2, i # 2 and where ¥ = 972 — (27 + v) (7 + 2v).

Based on the equilibrium market shares in Equations (15a) and (15b), we can conclude that
platform 1 gains a competitive advantage over its rival by being more efficient in developing
attributes on buyers’ side (a? > a'). This advantage remains regardless of whether the cross-
group network effects are identical (7 = v), as mentioned in Section 5.1, or if the indirect
network effect exerted by sellers on buyers is larger (v > w,m = 0), or if the cross-group
network effect exerted by buyers on sellers is stronger (r > v,v = 0) in Section 5.2. Platform
1 outperforms platform 2 because it is capable of producing more features on buyers’ side with

fewer resources and/or in less time.

The following claim captures the impact of model parameters 7 and 7, v, on buyers’ and
sellers’ equilibrium market shares under the assumption that platform 1 is more efficient in

developing attributes compared to platform 2, (a® > a?).32

Claim 1. Buyers’ and sellers’ equilibrium market shares decrease when platform 1 is more
heterogeneous in the horizontal dimension (higher T) and increase when the cross-group network

effects become stronger (higher v, ).
Proof: See Appendix C.3

The claim states that as platform 1 becomes more heterogeneous in terms of the degree of
product differentiation (7 1), the number of attributes on buyers’ side decreases. This reduction
diminishes the incentives for buyers and sellers to join the platform. Conversely, as the cross-
group network effects increase, platform 1 becomes more valuable, attracting more participants

on both sides of the market.?3

The next step is to obtain platform i equilibrium profits as a function of the equilibrium

features in Equation (8):

=7

T+v n (aj — o/) by [o/ajE - (ai —i—aj) T] —at (ajE — 27) (0/2 — 27)

— — 0 (16
2 8¥2 [aiad Y — (o + o) 7] (16)

for eachi,j = 1,2, 4 # 2 and where ¥ = 972— (27 + v) (7 + 2v) and Q = 672 — (7 + v) (7 + 2v)+

T(v—).

Platform i’s equilibrium profits are a function of two terms. The first term is similar to

Armstrong (2006), product differentiation cost and cross-side network effects on both sides of

T+v
2

buyers’ side, which is positive for platform 1 because a® > o’ and as long as Assumption 2
holds.?*

the market 7 — . The second term is a markup related to the difference in attributes on

32As we observe equilibrium market shares on buyers’ side is 1 = % + %Aqbi and on sellers’ side is ¢ =
14 MA(]{,’L‘
2 25

33The detailed derivation of these results can be found in Appendix C.3, where Equations (15a) and (15b) are
partially differentiated with respect the model parameters.

31Gee Appendix C.4 for details.
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Case 1: When sellers exert a stronger influence on buyers: v > 7 (7 = 0).
Equilibrium membership fees and Platform Profits

In this case, we have:

, 3(ad —af) 72 (37 +2v) (27 — V)
J = L : . 17
B0) |, o = P T T Taiaion — (@ + ) 7 (172)
, (af —a') v (31 4 2v) (21 — V)
i R al il 17h
(ps) — fstT—v 20, [aiadoy, — (ot + ad) 7] (17b)

for each i,j = 1,2, i # 2 and where o, = 972 — 202

Note that the extra markup on Equations (17a) and (17b) is positive in platform 1 consid-
ering o® > o’ and as long as Assumption 1 and Assumption 2 hold. Therefore, when the cross-
group network effect sellers exert on buyers outweighs the effect buyers exert on sellers (v > ),
platform 1 implements a pricing strategy that deviates from the seminal results by Armstrong

(2006). Specifically, platform 1 charges on buyers’ side an additional markup while reducing sell-

> (p;)Armstrong and (p;) ) ( 1)Armstrong.

ers’ subscription fees. That is (p;) ‘ .
v>T

=0 v>m, =0
Next, we characterise the impacts on the difference in equilibrium fees considering platform

1 is more efficient in developing attributes compared to platform 2, (a® > o)
Proposition 6a. For v > 7 (w =0), the difference in equilibrium membership fees
(i) On buyers’ side decreases and on sellers’ side increases when T increases.

(ii) On buyers’ side increases and sellers’ side decreases as the cross-group network effect

becomes stronger (i.e., when v increases).
Proof: See Appendix C.5.

According to Proposition 6a, as the degree of product differentiation increases (7 1), there is
no need for platform 1 to develop additional attributes on buyers’ side. Platform 1 is perceived
as offering unique and distinct services compared to the other platform. As a result, the features

on buyers’ side decrease, discouraging buyers from joining it.

To counteract this potential decrease in buyer participation, the platform adjusts its pricing
strategy by charging a lower fee on buyers’ side. This lower fee is aimed at attracting and
retaining buyers. To compensate for the revenue loss from lower buyer fees, the platform
charges a higher fee on sellers’ side. The higher fee is justified by the increased participation of

sellers due to the positive cross-group network effect.

This finding contrasts with the results of Armstrong (2006), where membership fees on both
sides of the market increase as the degree of product differentiation increases. The difference
arises from the fact that in our model, platforms adjust their pricing strategies indirectly by ma-
nipulating the features developed on buyers’ side, rather than directly adjusting the membership

fees.

Furthermore, when the cross-group network effect exerted by sellers on buyers is stronger
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(v > ), platform 1 increases the attributes on buyers’ side. This strategy aims to appeal
to more buyers and incentivise their participation in the platform. Consequently, it charges a
higher fee to buyers, reflecting the additional value provided through the developed attributes.
Additionally, the stronger cross-group network effect encourages more sellers to join the plat-
form, as they benefit from the increased buyer participation. To attract and retain sellers,

platform 1 charges them a lower fee.

This result aligns with existing findings in the literature on two-sided markets as in Arm-
strong (2006); Jullien et al. (2021), where platforms often adjust their pricing strategies by
charging a lower subscription fee on the side that exerts a more substantial influence on the
other side. In this particular scenario, sellers have a more prominent effect on buyers. By
charging a lower fee to sellers, platform ¢ promotes their participation, which, in turn, attracts

more agents on both sides of the market.

The next step is to obtain the difference in platforms’ equilibrium profits using Equa-
tion (16):

20, [aiajav — (ozi + ozj) T] + (ajav — 27) (aiav — 27) 02
2 [

(18)

v>T

Al = (of — o — ——
( ) 802 [atadoy, — (af 4+ o) 7]

for each i,j = 1,2, i # 2 and where o, = 972 — 20% and €, = (37 + 2v) (27 — v).

Next, we characterise the impacts on the difference in equilibrium profits considering plat-

form 1 is more efficient in developing attributes compared to platform 2, (a® > a?)

Proposition 7a. Forv > 7 (i.e., sellers exert a stronger cross-group network effect on buyers’
side) the difference in equilibrium profits increases as the degree of product differentiation and
the indirect network effect grow. The impact of the cross-group network effect holds as long as

T > 4u.
Proof: See Appendix C.6

Proposition 7a shows that when the cross-group network effect exerted by sellers on buyers
is stronger, v > m, (m = 0), the difference in equilibrium profits increases. This is because as
platforms become more valuable to buyers (indicated by higher v), the profit-increasing strategy
involves developing additional attributes if the degree of product differentiation 7 is big enough
as 4v. The intuition on why platform 1 develop more attributes is the same as in Proposition 5.
This prompts participants from both sides of the market to join, resulting in an additional fee

per buyer and seller and ultimately leading to an increase in the platform’s profits.

On the contrary, when the degree of product differentiation is below 4v the difference in
equilibrium profits decreases as the cross-group network effect exerted by sellers on buyers
increases. This occurs because fewer attributes are developed, discouraging both buyers and
sellers (given the cross-group network effect) from joining the platform. Consequently, this
behaviour impacts platform revenue by reducing the number of participants available to charge

fees, ultimately decreasing its profits.

The result on Proposition 7a aligns with more recent research by Garella and Lambertini
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(2014) and Barigozzi and Ma (2018), which suggests that platforms strive to differentiate them-
selves on both dimensions to maximise profits. Specifically, platforms aim to increase the degree
of product differentiation in the horizontal dimension by becoming more heterogeneous, and in
the vertical dimension by enhancing features on buyers’ side, as buyers are highly valued by
platforms. By pursuing these strategies, platforms can effectively increase their profits in the

market.

Case 2: When buyers exert a stronger influence on sellers, = > v (v = 0).
Equilibrium membership fees and Platform Profits

In this case, we have:

(af —a') (372 = 7?) (37 +7) (27 — )

( = — — : - 19
(pb) >0, v=0 fotr—m+ 20, [0ador — (o + ad) 7] (192)
. (o — ') 7o (37 +7) (27 — )
i = f, A : . 19b
(ps) >0, V=0 fotm+ 20, [0fddog — (o 4+ ad) 7] (19b)

for each i,j = 1,2, i # 2 and where o = 972 — 272,

Note that the additional markup on Equation (19b) is positive in platform 1 considering
a? > ol and as long as Assumption 1 and Assumption 2 hold. However, on Equation (19a),
it turns negative when 372 — 72 < 0 holds true, provided that 7 < %.35 When the cross-
group network effect exerted by buyers on sellers is stronger than the effect sellers have on
buyers (7 > v), platform 1 also adopts a pricing strategy that deviates from the seminal results

presented in Armstrong (2006) as in case 1. Specifically, platform 1 charges a lower subscription
< (pl)A'rmstrong

T>vU b

> (p; ) Armstrong

fee for buyers, (p%) ’ . Additionally, platform 1 applies an extra markup on

sellers’ side, (p},) ‘ . This sets the stage to develop the following proposition:
>V
Proposition 6b. For m > v (v =0), the difference in equilibrium membership fees

(i) On buyers’ side increases and sellers’ side decreases when T increases.

(i) On buyers’ side decreases and on sellers’ side increases as the cross-group network effect

becomes stronger (i.e., when m increases).
Proof: See Appendix C.5.

It is noteworthy that platform 1’s pricing strategy in Proposition 6b is the opposite of
Proposition 6a. The reason is as a consequence of the reversal in the strength of the cross-group

network effects, form v > n, r=0to 7w > v, v =0.

According to Proposition 6b, platform 1 adjusts its pricing strategy by lowering the equi-
librium fee for sellers, acknowledging their higher valuation of interaction with the other side of
the market, (7 > v). This adjustment is in response to a reduction in features on buyers’ side,

given an increase in the degree of product differentiation (7).

35This condition is compatible with Assumption 1 since 5 <7< %
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On the one hand, this strategy discourages buyers from joining the platform, and as a
result, it also affects the sellers’ participation due to the cross-group network effect. On the
other hand, sellers fee reduction attracts more of them and, in turn, encourages buyers to join
the platform due to the positive cross-group network effect. However, to compensate for the fee

decrease on sellers’ side, platform 1 charges a higher fee to buyers.

Furthermore, when the cross-group network effect exerted by buyers on sellers is stronger
(m > v), platform 1 develops more attributes on buyers’ side to appeal to a larger number
of participants. This increased attractiveness of the platform to sellers, who value interaction
more, leads to a higher equilibrium fee charged to them. At the same time, the platform adopts
a pricing policy of lowering buyers’ subscription fees. This strategy creates a positive feedback
loop, as the lower fees attract more buyers, which in turn further enhances the benefits of

platform 1.
The next step is to obtain the difference in platforms’ equilibrium profits using Equa-

tion (16):

20, [0/0/07T — (ai + ozj) T] + (ocja7r — 2T) (o/o7T — 27)

— —— Qr (20
802 [dlador — (o + ad) 7]

T>U s

AL = (aj — ai)

for each i,j = 1,2, i # 2 and where o, = 97% — 272 and Q, = (37 + 7) (27 — 7).

Next, we characterise the impacts on the difference in equilibrium profits considering plat-

form 1 is more efficient in developing attributes compared to platform 2, (a® > a?)

Proposition 7b. Form > v (i.e., buyers exert a stronger cross-group network effect on sellers’
side) the difference in equilibrium profits increases as the degree of product differentiation grows

and decreases as the cross-group network effect rises.
Proof: See Appendix C.6

It is important to notice that contrary to the previous scenario where the cross-group
network effects on both sides are identical when the indirect network effects on both sides of
the market are different, the difference in equilibrium profits increase in the degree of product

differentiation 7 as in the seminal model of Armstrong (2006).

Proposition 7a and Proposition 7b specify that when platforms are more heterogeneous
(higher 7) the difference in equilibrium profits increases whether one side influences the other

more or vice versa. The mechanism by which this occurs is as follows:

e Platform 1 offers unique and differentiated services compared to the other platform, there
is no obligation to develop additional attributes on buyers’ side. Consequently, the features
available to buyers decrease, which can lead to a decrease in their motivation to continue

using or joining platform 1 on both sides of the market.

e If buyers value interaction more than sellers (v > ), the platform charges them a lower
fee. To balance this, charges a higher fee on sellers’ side, as more sellers are expected to

join due to the cross-group network effect. This combination of pricing strategies leads to
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an increase in the difference in equilibrium profits.

e Conversely, when the cross-group network effect exerted by buyers on sellers is stronger
(m > v), platform 1 adjusts its pricing strategy by lowering sellers’ equilibrium fees. This
strategy encourages more buyers to join, driven by the cross-group network effect. To

offset the fee decrease on the sellers’ side, it charges buyers a higher fee.

As seen in Proposition 7b the result driven from the cross-group network effect may seem
counterintuitive. As platform 1 becomes more valuable for both agents (higher 7), it develops
more features on buyers’ side, attracting more participants and generating additional fees per
agent. However, the increase in sellers’ cross-group network effect enhances their value, leading
platforms to compete more intensely to attract sellers. This intensified competition prompts
platforms to develop even more attributes on buyers’ side (an increase in 7 increases the differ-
ence in equilibrium attributes), escalating competition further. Finally, this results in a decrease

in the difference in equilibrium profits.

As in the scenario where the cross-group network effects on both sides of the market are
identical, Proposition 7b aligns with the earlier work of Economides (1989) and Neven and
Thisse (1990), as well as the generalised model of Irmen and Thisse (1998). This result suggests
that platforms strive to maximise their differentiation on one dimension while minimising it
on the other to increase profits. Specifically, platforms focus on increasing differentiation in
the horizontal dimension by becoming more heterogeneous, while reducing differentiation in the
vertical dimension by developing fewer features on buyers’ side when the cross-group network

effect exerted by sellers decreases.

6 Conclusion

We have introduced a two-stage model for a two-sided market that incorporates the con-
cept of vertical differentiation. By analysing the intricate interplay between quality attributes
and cross-group network effects, our research provides valuable insights into various market
configurations. This study enables us to explore the relation of price competition, cross-group
network effects and platform’s quality between two-sided platforms that are differentiated both
horizontally and vertically, thus extending the seminal findings of Armstrong (2006); Rochet
and Tirole (2002, 2006).

We introduced platform attributes on the buyers’ side to account for the vertical dimension.
In the first stage of the model, platforms selected the level of attributes they offer to buyers
simultaneously. In the second stage, platforms simultaneously chose membership fees. The
equilibrium membership fees, market shares, and profits were determined by the difference in
attributes on the buyers’ side. Although the features were developed only on the buyers’ side,
they also influenced decisions on the sellers’ side. As a result, we demonstrate that vertical
differentiation allows for the existence of asymmetric platforms in equilibrium. Overall, our
contribution is to provide a comprehensive model that captures the dynamics of competition in

two-sided markets with vertical differentiation.
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Our study examines two scenarios depending on the strength of the cross-group network
effects. Specifically, we consider the following scenarios: Firstly, we explore a case where the
indirect network effects on both sides of the market are identical. Secondly, we centre our
attention where sellers’ cross-group network effect on buyers is stronger than buyers’ impact
on sellers, normalising sellers’ network effect to zero. Then, we analyse where buyers’ cross-
group network effect on sellers is stronger than sellers’ impact on buyers, normalising buyers’
network effect to zero. By examining these scenarios, we contribute to the existing literature
on two-sided markets by offering insights into the influence of cross-group network effects and
attributes as a vertical differentiation variable on platform competition. This knowledge can be
leveraged to devise effective strategies that enhance platform performance and support overall

market welfare.

Our analysis shows platforms use attributes on the buyers’ side as the main trigger to adjust
their strategies to appeal to agents and boost profits. We find that the more heterogeneous
platforms are (measured by the degree of product differentiation), the fewer attributes they
develop on the buyers’ side. Whereas the more valuable platforms become given a stronger
cross-group network effect, the more attributes are offered on the buyers’ side. This mechanism
drives platforms to adjust equilibrium membership fees and profits. Our analysis also uncovers
interesting insights into the impact of model parameters on equilibrium membership fees, which
are contingent on the relative strength of cross-group network effects between the two sides of
the market. By providing such granular insights, platforms design optimal pricing strategies in

two-sided markets with attributes on the buyers’ side.

We also identify the optimal conditions for platforms to maximise their profits by strategi-
cally balancing the degree of product differentiation on the horizontal dimension and attributes
on the buyers’ side on the vertical dimension. This finding aligns with previous research con-
ducted by Garella and Lambertini (2014) and Barigozzi and Ma (2018). Specifically, we observe
that this optimal strategy occurs when the cross-group network effect exerted by sellers on buy-
ers is stronger than the impact buyers have on sellers. Moreover, we establish the conditions
under which it is optimal to maximise one dimension while minimising the other dimension
to enhance profitability. This pattern is consistent with earlier studies, including Economides
(1989) and Neven and Thisse (1990), as well as the generalised model proposed by Irmen and
Thisse (1998). Particularly, we observe that this optimal strategy occurs when the cross-group

network effect exerted by buyers on sellers is stronger than the effect that sellers have on buyers.

Our findings shed light on the strategic trade-offs platforms face in two-sided markets with
vertical differentiation seen as attributes on the buyers’ side and provide important insights
for platform managers and policymakers seeking to optimise their pricing strategies. By under-
standing the optimal conditions for maximising profits, platforms can enhance their performance

and contribute to the overall welfare of the market.

Furthermore, our findings can provide valuable insights for regulators seeking to establish
minimum quality standards to identify opportunities to enhance social welfare. However, it is
crucial to consider the influence of cross-group network effects on price competition and, con-

sequently, on the welfare of participants. This entails understanding how interactions between
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buyers and sellers across horizontal and vertical differentiation affect two-sided market dynamics

and overall welfare.

One potential extension of the study involves incorporating features on the sellers’ side,
which would contribute to a more comprehensive model that better reflects real-world dynam-
ics. Additionally, enabling both buyers and sellers to engage in multihoming would provide
valuable insights into how platforms define their pricing strategies. In addition, a welfare anal-
ysis can be included by comparing the aggregate surpluses of buyers and sellers across the
different scenarios. By including these additional features, a more thorough understanding of

the platform’s decision-making processes can be attained.
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A  Model

A.1 Model Assumptions

In this section, we show how the model assumptions are defined.

Second-order conditions

First, to guarantee a unique equilibrium where both platforms remain active, the second-
order conditions of the platform maximisation problem must be satisfied in both stages of the
game. Specifically, the sufficient conditions required for the second-order conditions at stage

. . . . .. (7r+1))
two are detailed in Appendix A.4 and are (i) 7 > /7v and (i) T > 5.

Now, we determine which of the two conditions is more stringent, ensuring the other is also
met. Initially, since the left side of both inequalities is equal, we compare the right sides to
identify the greater one. This yields =£¥ > \/7v, which can be rewritten as (7 + v)? > 4.
Further simplification leads to w2 + 2wv + v? > 47w, which simplifies to (7 — v)2 > 0if m # .

Therefore, if condition (i7) holds, condition (7) is satisfied. Thereby Assumption 1 is established.

Second, the sufficient condition that needs to be set for the second order conditions of the

platform maximisation problem at stage one to be satisfied is obtained in Appendix A.8 and is

21

(i) o > &. This condition is satisfied as condition o’ > %F is more stringent (this condition

guarantees positive equilibrium attributes and is going to be shown next).

Positive Equilibrium Attributes

Third, the conditions to have positive attributes in equilibrium obtained in Appendix A.9

(7r+v)

are (i) o/ > 27, (i) T > and (iii) of > & TT Next, we show that these conditions are

satisfied. For the first Condltlon, we use the fact that platform 1 is more efficient in developing
attributes than platform 2, that is o2 > o', as was defined in Section 2. Therefore if a? > !

and o > % we derive a' > Z. Then o’ > 2T for i = 1,2. Thereby Assumption 2 is established.

(m+v)
2

ol > Z — is satisfied if Assumption 2 is more stringent. We show this by comparing the right side

The second condition (i7) T > is the same as Assumption 1. The third condition (ii7)

of both 1nequaht1es, then if the right side of Assumption 2 is greater, the condition is satisfied.

Next, comparing the right side we have %T > af‘zjo which simplifies to 2 (ozj - 7') —ai¥ >0
27

57, which is the same Assumption 2. Therefore if

is satisfied.

and simplifies to o/ — 27 > 0 if o/ >

a’T

Assumption 2 holds, condition > =

Equilibrium market shares

Fourth, the conditions to have equilibrium market shares on both sides within the unit

interval, 0 < 7y < 1 and 0 < n} < 1, obtained in Appendix C.2 are (i) 7 < ™t2% if v > 7 or

7r+2'u (m+v)(7+2v)
6

T > and (iii) 7 > T£22. Now, we show these

T+2v
3

if 7 > v. Furthermore, (i7) 7 >

condltlons are satisfied using Assumption 1. For (i) 7 > , we compare the right sides of the

inequalities to show that the right side of Assumption 1 is more stringent and therefore condition
(i) is met. That is ZF% > T£22 which simplifies to 3 (7 +v) > 2(7 + 2v), which further
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simplifies to 7—v > 0if 7 > v. For (i7), we use the same method comparing the right side of both
inequalities and showing the right side of Assumption 1 is more stringent and therefore condition
(i1) is satisfied. That is 5% > (7r+v)(++2y) which simplifies to 3 (7 +v) — 2 (7 4+ 2v) > 0 and
further simplifies to 7 — v > 0 if # > v. For (iii) we have =¥ > @ which turns to

3(m+wv) > 2 (7 + 2v) which simplifies to 7 —v > 0 if 7 > v.

To summarise, the assumptions we are establishing are (i) 7 > T if 7 > v, and ¥ <
T <2 f o > 7, (i) of > E.
A.2 Market’s Shares

To get the proportion of buyers and sellers at Equations (2a) and (2b) we use Equations (1a)

1
Y

. —J . . . . . . .
and (1b). For buyers n; = %+ 2:1’ turns to 1, = %—I—% [Rb—I-qi,—l—vn;—pé— (Rb + g + ol — p{)) ]

turns to 27'77}; =T74v (n; — ng) —I—qg—qg+ (pi —pi). Then, since 172—1—771{ =1 and 77§+17£ =1we

. . . . . . X i i_ o J J_ i
have 27n, = T+v (277f9 — 1)+ (qg — qi) + (p{) — pé) and turns to n; = T+ (208 1)U+(2q7lj @)+ (m, pb).

i,
Vi—Vs

For sellers 7! = % + =5 turns to Nt = % + % [Rs + i — pl — (RS + 7r77g — pé)] turns

to 2yl = 7+ (7]2 —ni) + (p?s —pé), Then, since n}; + ni =1 and i + n} = 1 we have

, , ’ . e (2ni— 1)+ (pl—p
2y =147 (27]}) - 1) + (p?g - pé) and turns to 7} = + (2 lg:_(p ps). Then we have:

oo @E-Do+ (d-a) + (- )
My = or (1)

i + (20, — 1)27; + (pé —p§> o)

We solve the previous system of equations to obtain 77;; and 1! as a function of mem-
bership fees. First, we find the value of (21} — 1) from equation (2) and substitute this
value into equation 1 and then solve for ng. That is, from equation (2) we have 21! — 1 =
% [(277}; — 1) T+ (pi —pi)}, then we substitute it in equation (1) 2rm) = 7 + (q}; — qg) +

(pi —p}i) +% [ (2772 — 1) T+ (pg —pé) ] turns to 2 (72 — 7rv) ni = (7'2 — m}) —mu+T (q}; — qi) +

: ) ; . . i_ gl J i J i
T (pi - pi) +uv (p]s - Pé) Then it turns to 7} = 1 + i qb)+;((f2s_iz))+7(pb pb). Then we sub-
. i_ gl J_ i J i
stitute the previous result into equation (2) to get 1} = 3 + ~lai qb)+;r((f§_§f}))+7(ps %) The

solution for the system of equations (1) and (2) are:

i

nb_2+ 2(12 — 7o)

o1 W(qé—qi>+7f v, — ) +T<p§—pé)
s + 2(1%2 — o)
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A.3 Maximisation Problem - stage 2

Platforms maximise the next expression concerning both sides’ membership fees to have:

o I = (p}, = f) (pho vl ) + (B2 = £) it (pho vl L)
DyDs

The first-order conditions for platform ¢ = 1, 2:

o1’ i 87712; i 3772 i

=i = (- f) + == (Pl = f) =0
8}??, My 8% (Pb f b) 3p’b (P f )
o’ _ 87}2 i i o _ _

Using Equations (2a) and (2b) the first-order conditions for platform 4 turn to Platform 1

first-order conditions:

omt 1 7(e—a) trpp—p) ro@iop) T —f) 7 S)
opp 2 2(12 — 7o) 2(12 —mv)  2(72 — 7o)
omt 1 m(s =)t o) A mm) T f) v —h)
opl 2 2(r2 — 7v) 2(12 —mv)  2(r2—mv)

Platform 2 first-order conditions:

o 1 (g —a)+7m-p) +o o) T f) T(eI-f)
op; 2 2(12 — ) 2(12 —7v)  2(72 — 7o)
o 1 m(g =)t —p) kel —py) T f) v—h)
op? 2 2(12 — v) 2(12 —mv)  2(r2—mv)

From the first-order conditions on both platforms, we obtain:

2Tpi+(ﬂ+v)pi—w2—vp§=be+7rfs+(72—7w)+T(q2—qi)
(7T+U)p§,+27'pi—7rpz—7-pg:Tfs+vfb+(7‘2—7rv)~|—7r(qf,—qz>

2

—7ply — vpl + 27p) + (1 + )Pl = Tfy + 7 fs + (72— 70)

+7 (s - ai)
—mph— Tk + (T + V) ) + 2] = 7o + vy + (72 =) + 7 (o — )

Then, we solve for p/ in equation (b3) and then substitute it into equations (b1), (b2) and

(b4) to obtain:

T(2r +v)pp + 7 (7 +20)pl 4+ 7 (v — ) pl =7 (7 +20) fr + 7 (7 + 20) fst

(7? —mv) (7 +20) + 77 <ql’, — qi) (b5)
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— [72—(7r+v)2}p2+7(27r+v)p§+ [272—7r(7r+v)]piz (72 +v(r+0)] fio

FTEEEO) ot (T4 () (7P - wo) = (P w(w ot 0) (4 ) (06)

[2T2—7T(7T—|—’U)in—|—7'(v—ﬂ')pi— [47’2—(7r—|—v)2]pi:—[272—v(7r+v)] 1o

+7(w=m) fi— @1 = (r+v) (72 = 7o) + 22 = x (w+0)] (G- qf) (O7)

Then, we solve for pg in equation (b7) and substitute it into equation (b5) and (b6) to

obtain:

T [672 — (7 +v)? —271'1]} ph+ [T2 (51 + ) — 7 (m + ) (7 + 20)] pi = T[67% — (7 + v)?
—2mu)fp+ [P (5 +v) — 7 (T + ) (7 + 20)] fs + [67° — (7 +v) (7 + 2v)] (7* — )
+7(v—m) (r* — ) + 27 (72 — 7v) <q1§—QZ> (b8)

[72 (m 4+ 5v) —v (7 +v) @r +v)] p) + T [672—(7r+v)2—27rv} pl = [7* (7 + 5v)
—U(7T+U)(27T+U)]fb+7’|:6T2—(7T+U)2—27TU} fs+ [67% = (7 +v) (27 + v)] (7* — )

+7(m— ) (7‘2—7TU)—|—(7T+U) (TQ—WU) <Q£—QZ> (b9)

Next, we solve for p’ in equation (b9) and then substitute it into equation (b8) to express p;
as a function of the model parameter and the attributes developed on buyers’ side. Subsequently,

we substitute this outcome into equation (b9) to obtain:

i 372 — 1w (m +2v) i
Ph=JotmmmE [972(27T+U)(7T+2U) (qb_qb>

972 — (;—ﬂ(qii-_v;()w + 21))] (qz a qg)

pi:fs‘i"r_v_[
fori,j=1,2, ©#j.

A.4 Second-order conditions at stage 2

We obtain the following second-order conditions from the profit maximisation problem at

stage 2 of the game in Appendix A.3, which define the Hessian matrix as:

Hl . = 821—[1 = — T H’L .. = 821_[1 = — (TF+U)
H— PPy A(pi)? (r2—mv) pyps 9} Ik 2(r?—mv)
o Hz _ ot (mtv) Hz _ ot T
ipt — Opiopt —  2(r?—mv) ipl — V2~ (12—7v)
PsPy Ps 0Py DsDPs a(ps)

In order to guarantee that platforms’ profits reach a maximum with equilibrium fees in
Equations (4a) and (4b) a sufficient condition is having H negative definite, indicating that
|H| > 0, and either H;bpb < 0 or H;)Sps < 0. To show H;bpb and H;Sps are negative, the
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denominator 72 — mv must be positive because the numerator is always positive, then we get

2
72 > 7o that turns to 7 > /7mv. To show |H| > 0 we have 72 (r+v)” > 0 that turns

(r2—7v)? B 4(r2—mv)?
to 472 — (7 4+ v)? > 0, that turns to 7 > v,

In summary, for the second-order conditions defined by the Hessian matrix to be negative
definite, the following conditions must hold (i) 7 > /7v and (i) 7 > =%,

Now, we determine which of the two conditions is more stringent, ensuring that the other
condition is also met. Initially, since the left side of both inequalities is equal, we compare the
right sides to identify the greater one. That is ™5 > y/mv, which turns to (7 + U)2 > 4dmv.
Further simplification leads to 72 + 2wv + v? > 47w, which simplifies to (7 — U)2 > 0if 7 # v.

Therefore, if condition (i7) holds, condition (7) is satisfied.

A.5 Proof of Proposition 1

Proof. Partially differentiate equilibrium membership fees at stage one of the game in Equa-
tion 4a and Equation 4b regarding the difference in attributes on buyers’ side. First, we define
oy 32 —7(7+2v)

6AZ}, = 57— (r o) (1 20) " To demonstrate that the
previous expression is positive is sufficient to show both the numerator and denominator are

Aql; = qg — qg. Now, on buyers’ side we have

positive. The denominator is positive if this condition 972 — (27 + v) (7 + 2v) is positive. We
use Assumption 1 to show 972 — (27 + v) (7 + 2v) is positive. First, we make the left side of both
inequalities equivalent to compare the right side, showing that Assumption 1 right side is greater
and therefore the condition is positive. Assumption 1 can be transform to be 72 > %, then
we have (WZU)2 > (2ﬂ+v)9(7r+2v) which simplifies to 9 (72 + 27v + v?) — 4 (272 + 5mv + 20%) > 0

and then simplifies to (7 — v)? > 0 if 7 # v. Therefore, 972 — (21 + v) (7 + 2v) is positive.

Following, we use the same method to show 372 — 7 (7 + 2v) is positive by comparing the

right side of both inequalities and showing Assumption 1 right side is greater, so the condition
2

is positive. That is (WZU) > ﬂ(”;%)

(3v+m) (v —m) >0 if v > 7. Therefore dp}/0Ag, > 0 if v > 7.

which turns to 3v? — 27v — 72 > 0 which simplifies to

817?9 — s (T—v)
OAg, — 9m2—(2m+v) (1 +2v)

we showed the denominator 972 — (27 + v) (7 + 2v) is always positive as long as Assumption 1
holds. Therefore dp’/0Aq, > 0 if © > v. O

On sellers’ side we have which is positive if 7 > v, considering

A.6 Buyers and sellers Market-shares

We obtain equilibrium market shares at stage two of the model in Equations (5a) and (5b)
using membership fees in Equations (4a) and (4b). First, we compute the difference in mem-

bership fees on both sides of the market, pz — pz = —%[37’2 — 7T(7T—|—2v)] (q}; — qg) and
pl—pl = —Z (1 —v) (qg - qi). Where ¥ = 972 — (2r 4+ v) (2v + 7). Then we substitute
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these expressions into Equations (2a) and (2b) to get:

1 ’7’[97’27(27T+U)(2U+7T)72(37' —7(r +2v))72v(7rfv)] (qgfqg)
20972 — 27 +v) (2u+ 7)) (12 — 7v)
1 372 — v (14 20) — 2v (7 — V)
20 2(972 — (27 4+ v) (20 + 7)) (72 — 7v)

3T i .
2[97% — (27 + v) (7 + 20) ]] (6 - )
S [71 (972 — (27 +v) (2U+7r)) — 272 (7 —v) =27 (37’2 —77(774—211))] (q;; —qg)
2 2972 — 27 4+ v) (2v + 7)) (72 — V)
3721 — o (m + 2v) — 272 (7 — V)
2972 — 27 4+ v) (2v + 7)) (72 — 7o)
(m+2v) i g
2[972 — 27 4+ v) (m + 2v)]] (qb a qb)

A.7 Attributes Maximisation Problem - Stage 1

The first-order conditions of the platform ¢, i = 1, 2 maximisation problem at stage 1 come
from maximising Equation 6, that is:

8H172T(qg—q§)+[67’2—(7r+v)(7r+2v)+7'(v—7r)]_ 1o
aql 21972 — (21 — v) (7 + 20)] B =
on? 27 (qp —qy) + [67% — (7r+v)(7r+2v)+7(v—7r)]7 0
o 2[972 — (27 —v) (7 + 2v)] o’gj =

From the first-order conditions on both platforms, we obtain:

2 [ [972 — (27 +v) (1 +20)] — 7] gf = —27q, +67° — (T +v) (T +20) +7 (v —7) (bl0)
2[a? [97% — 27 +v) (1 +20)] — 7] g

J = —21qh + 672 — (m+ ) (m+20) +7(v—7) (b11)

Then, we solve for qi on both equations (b10) and (b11), then we compare them to get qg,
that is:

Z[ (aZ—T) [67’ —(7T+U)(7T+2U)+T(U—7T)H:
2@[7'213—7) [—27q) + [67% — (7 +v) (7 + 2v) + 7 (v — 7)]]
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Where ¥ = 972 — (27 + v) (7 + 2v)

2(@S—7) (S =7) g, +7[67° — (T +v) (7 +2v) + 7 (v—7)] =277
+ (72 = 7) [67° — (7 +v) (T + 2v) + 7 (v — )]
28 [@'a?S — (o' + &) 7] g = (/S — 27) [67° — (7 +v) (7 +20) + 7 (v — 7)]
(@I —27) [67% — (m 4+ v) (T + 20) + T (v — )]
2% [0l ¥ — (o + ad) 7]

g = fori,j=1,2, i#j

where ¥ = 972 — (2 + v) (7 + 20)

A.8 Second-order conditions at stage 1

We obtain the following second-order condition from the profit maximisation at stage 1 of
the game in Appendix A .4 as:
_9%1r T

Hii i = - —ao =0
T 8((]2)2 972 — (27 +v) (7 + 2v) “

To guarantee that platforms’ profits reach a maximum at stage 2 of the game with equi-
librium attributes in Equation (8), a sufficient condition is to have the previous second par-
tial derivative negative. To show Hfli < 0 is sufficient to have o' > 5 where ¥ = 972 —

b

(21 4+ v) (7 + 2v)

i
b

A.9 Positive Equilibrium Attributes

In order to achieve positive equilibrium attributes in Equation (8), we require the follow-

. IN—27)|672— (7 s T(v—T

ing: q; = (o722 3§ala](ztl()is+zq)jﬁ (v-m)] > 0. Where ¥ = 972 — (27 +v) (7 + 2v). Ini-
tially, we see that qf, is made up of three different elements. Let’s call (aj - 27‘) part one,
(672 — (7 + v) (7 + 2v) 4+ 7 (v — )] part two and 2% [a’a/E — (o’ + of) 7] part three. Then it

is sufficient to show that all three parts are positive to confirm positive equilibrium attributes.

Firstly, element number one (aj > — 27') is positive if o/ > %T Now, we show it is satisfied
using the fact that platform 1 is more efficient in developing attributes than platform 2, that
is a® > a' as was defined in Section 2. Therefore if a? > o' and a? > %T we derive a® > %T

Then we obtain o > %T for ¢ = 1,2 which is Assumption 2.

Secondly, for element number two 672 — (7 + v) (7 + 2v) + 7 (v — 7) to be positive, we de-
termine a value for 7 that ensures the entire expression is positive. We rearrange the expression
as a quadratic polynomial in 7, that is 672 — (1 —v) T — (7 + v) (7 + 2v). Then, employing
S G D)E2VA [7<Hl>;f4<w+v><w+2u><—6>

the quadratic formula to find the roots, we obtain 7 =

(m—v)£(57+Tv) m+v
12 :

which simplifies to 7 = The first root is 7, = *5* and the second root

is 7, = M Since the square term of the polynomial in 7 is positive, the expression
67% — (1 —v) 7 — (7 +v) (7 + 2v) is positive for values outside both roots, that is for 7 > =
and for 7 < w Since transportation cost 7 is positive by definition, values for 7 < w

are dismissed. Consequently, 672 — (1 —v) 7 — (7 +v) (7 4+ 2v) > 0 if 7 > T, as stated in
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Assumption 1.

Finally, we show the third component is positive. First, we show ¥ = 972— (27 + v) (7 + 2v)
is positive by using Assumption 1. We make the left side of both inequalities equal to compare
the right side, showing that Assumption 1 right side is greater and therefore proving ¥ > 0.
(7r+v) (m+v)? (2m4v) (m+2v)

T~ 9
which simplifies to 9 (72 + 2mv 4 v?) —4 (27 + 5mv + 2U ) > 0 and simplifies to (7 — v)? > 0 if

T # v. So we have demonstrated 3} is positive. Now, for [o/aj > — (o/ +od ) ] to be positive it

That is, Assumption 1 can be transform to be 72 > , then we have

is sufficient to have o > Then, we show it is satisfied if Assumption 2 is more stringent

JZT

than the previous condition. We compare the right side of both inequalities, that is E > T

aIN—T

which simplifies to 2 (oﬂE — 7') —aJ¥ > 0 and simplifies to a/¥ — 27 > 0 if o > 27, which is

Assumption 2. Then if Assumption 2 holds, condition of > af‘ET is satisfied, Wthh leads us
to have proven the third element of qb to be positive.
Summarising, qb > 0if o > 2’ a > = T and 7 > (F;U) which are satisfied as long as
Y—7

Assumption 1 and Assumption 2 hold.

B Benchmark Scenario: 7 = v

When v = 7 Assumption 1 turns to 7 > 7 and Assumption 2 turns to o/ > 2, where

90
O'ET2—7T2.

B.1 Proof of Proposition 2 and Corollary 1

Proof. We prove Proposition 2 by partially differentiate Equation (10) with respect to 7 and =
under the assumption that platform 1 is more efficient in developing attributes on buyers’ side
than platform 2, o® > a'l.
0 (qg)bs B 3 [90%0#0 — (o/ + ozj) T] (18ajT — 2) -3 (Qaja — 27) [180/0ij — (0/ + oaj)]
or 9[90iaio — (ai + ad) 1)
18atad (90/7' — 1) — 27 (ai + aj) (90/7' — 1) — 18a‘adT (9aj0 — T) + (Oéi + ozj) (9aj0 — 7')
3[9c¢tado — (ot + ad) 7]2

0 (ql’;)bs _ 18atad (272 — 0’) —9aJ (o/ + Oéj) (272 — U) B —3aJ (aj — ai) (T + 7r2)

ar 3[9aiaio — (ai + ad) 1)  [9aiaio — (af +ad) 7]
9 (qg)bs _ —5dadm [9d'alo — (of 4+ o) 7] + 5dalad T (90T — 27)
or 9[9aialo — (ai + ad) 7]’
0 (qg)bs _6ddm[2a'7+ (o' +ad) 7] 6adTm (of — o)
ot [Paiado — (of +ad) 7> [9aiado — (of + ad) 7]

Now, to know the signs of both partial derivatives for platform 1, we need to find out the
signs of their elements. The denominators are positive given they are squared. The elements

on the numerators are positive considering platform 1 is more efficient in developing attributes

a(‘?li;)bs — _3aj(aj_o‘i)(7—+7r2) < 0 and (qb) —

compared to platform 2, (a® > a’). Therefore, 7 = Toatade—(al +ai)T
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(% (aj —ai)Tﬂ'

[9ciado—(oi+ad)r]?

> 0.

o) 2(a)"

Furthermore, — =

on on
6a’ (af —a') 7 60 (o' —ad) Tm _ 6 (@ +d) (& —a') 77 >0
9aiado — (o' +ad) 7 [9aialo — (ai +ad) 7 [9aiado — (i + ad) 7]’

The difference between the partial derivatives of the equilibrium attributes with respect to the

a(qf)"™ a(q2)” . e
cross-group network effect on both platforms, ((gﬂ) and % is positive given the same

argument shown previously.

Next, we prove Corollary 1 by partially differentiate (Aqé)bs = qf) — qi with respect to
7 and m, considering platform 1 is more efficient in developing attributes compared to plat-
form 2, (o? > a'). Firstly, We use Equation (10) to compute (Aq};)bs, which is (qu')bS =

(9ajo—27)—(9aio—27) . . . i\bs SU(aj—ai)
3[9ataio—(at+ad)r] which simplifies to (Aqé) T 9atado—(at+ald)T

. Then, we have:

0 ()" _ 67 (o@ — o) [9aiadr — (i + ) 7] — 30 (0 — o) [180’air — (o + )]

or aiaio — (af + ad) 7]°
_ 3 (ozj - ai) [—2 (ai + aj) 240 (ai + aj)] _ -3 (ozi + aj) (aj - ai) (7' + 71'2)
Dataio — (o + ad) 7]2 Dataio — (o + ad) 7']2

0 (Ag))"™ _ 67 (af — ') [-9alado + (a' + ad) 7+ 9alado] _ 6 (a’ +af) (ol — al) 77

or [9aiaio — (af 4+ ad) 7]? © [9adado — (of + ad) 7]
. o o(ag)” . : o(aqi)” . L .
The partial derivatives ——*— < 0 is negative and ——2— > 0 is positive as established

using the same reasoning presented in the proof of Proposition 2 O

B.2 Proof of Proposition 3

Proof. We prove Proposition 3 by partially differentiating the difference in buyers’ equilibrium

membership fees with respect to 7 and 7 using Equation (11a).

Firstly, we manipulate the expression for the difference in buyers’ equilibrium membership

fees in the following way: (Api)bs = (p}) bs_ (p%) - fotT—m+3 (Aqg)bs— [fb +r-T+3 (Aqg)bs]
= % Then we see that (Api)bs = % (qu)bs.

Now, we obtain B(Aapj;)bs = %8(%‘?)%. We have shown that B(Aa(f;)bs < 0 in the proof of
Proposition 2, therefore E)(ATPE)M < 0. Next, we compute a(Aapf)bs = %8(%6;2)“. We have shown
that a(%icf)bs > 0 in the proof of Proposition 2, therefore a(%ilﬁ’)bs > 0.

Finaly, e compute 51— 2507 = 1.y feelera [ el

6(oci+o¢j ) (ai—aj)TW

Daiado— (@ Tal )y Then, considering platform 1 is more efficient in devel-

which simplifies to
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:\bs i\ bs
. . a 7 a 7
oping attributes compared to platform 2, (a® > a!) we get (g’;r) — (g’;r) > 0. ]

B.3 Market-shares conditions

We obtain conditions for buyers’ and sellers’ market shares to be distributed in the unit

interval using Equations (12a) and (12b)

0 < (né)bs < 1. For (ng)bs > 0 we have %4— 2[9ai§?;:((x;i)4:ai)ﬂ > 0. This inequality
turns into (aj — ai) T > —9d'alo + (o/ +aj) 7, which simplifies to o (9ajo — 27') > 0 if

al > g—g. This condition holds under Assumption 2 when m = v. For (n};)bs < 1 we get

9ol — (ozi + aj) T — (aj — ai) 7 > 0. This inequality simplifies to o/ (90/0 — 27) > 0 if
ol > 3—;. This condition holds under Assumption 2 when m = v.

(ad—ai)n

i\ b i\ b
0 < (ng) ® < 1. For (né) ® > 0 we have %—i— S0aiaio—(aital)r]

turns into (of —a') 7 > —9a’alo + (o + o) 7, which simplifies to 9o’ado — o' (T + ) —

> 0. This inequality

o (r—m) > 0if o > %;Yi(ji% Now, if the right side of Assumption 2‘ is greater than
the right side of a’ > %@Z)w) the condition is satisfied. That is 32 > % turns to

180T — 27 (T + ) — 9?0 (7 — m) > 0. This inequality simplifies to (7 + 7) (9a/o — 27) > 0.

This inequality is positive under Assumption 2 when m = v. For (ng)bs < 1 we get 9a’alo —

(e +ad)7— (e +a')m > 0if &/ > #(;?W) We follow the same method comparing the
right side of this condition and Assumption 2. That is 22 > 90?2(17% turns to 18a‘oT —

27 (14 m) — 9a'o (r —m) > 0. This inequality simplifies to (7 + 7) (9a‘c —27) > 0. This

inequality is positive under Assumption 2 when 7 = v.

In summary, as long as o > g—;, for ¢ = 1,2, which is guaranteed by Assumption 2 when
m = v, then the conditions 0 < (77};) " < 1and 0 < (né)bs < 1 are satisfied.

B.4 TImpacts on Equilibrium Market-shares

We compute the impacts on buyers’ and sellers’ equilibrium market shares respect param-

eters 7 and 7 using Equations (12a) and (12b).

Firstly, we manipulate the expression for buyers’ and sellers’ e?u_ﬂibrium market shares in
. olad—ai .
Equations (12a) and (12b) as follows: We know that (Aq}))bs L o) 7 then (n(’))bs =1+

(Oéj—Oéi)ﬂ'

(aj—ai>7' bs
— l_+
2[9ataio—(at+ad)T] — 2 ' 2[9atado—(ai+ad)T]

can be rewritten as (ng)bs = % + 55 (Aqé)bs.

can be rewritten as (n};)bs = %—Fé (Aqg)bs, and (ng)

-\ bs
. . . . a(n; ;
Next, we compute the partial derivatives on buyers’ side, (gl;) = 62102 [6 (qu)bs (cr —
-\ bs i\ bs
. i Adgi .
27'2) 4600 (Aqi)bs /87’], which simplifies to % = # [U <8(;Tb)> — (Aqg) bs (7'2 —1—772) +].
. o . a(ag)” .
All the elements of the partial derivative are positive except 8rb , which we demonstrated

i\ bs i\ bs
. L. O0(Aqj . o(n;
in the proof of Proposition 2 that % < 0, consequently, it follows that % < 0.

i\ bs i\bs )
8(7;,;2 = T [30 (8(%?) > 4+ (Aql‘,)bs ] We demonstrated in the proof of Proposition 2 that

1802

-\ bs
I(Agq; . . . oy .
( azf) > (, and all elements of the partial derivative are positive, consequently, it follows that
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a(n)"

871" > 0.

. . . ) a(ni)bs 6(Aqi)bs
Next, we compute the partial derivatives on sellers’ side, —5*— = &%[a 87: —

-\ bs
; . . . . 9(Ag;, .
27 (qu)bs]. All the elements of the partial derivative are positive except ( aqu) , which we
i\ bs
. .. O(Ag} .
demonstrated in the proof of Proposition 2 that % < 0, consequently, it follows that

i\bs i\ bs ) i\bs i\ bs
% < 0. % = &%[(qu)bs (U + 27r2) + 7o <8(A£Tb)>] which simplifies to 6(22) =

, a(Agi)™ . .
L (Aql’,)bs (7‘2 + 772) + o <(qb)>] . We demonstrated in the proof of Proposition 2 that

60 o
o(aqi)™ : o . .

5->— > 0, and all elements of the partial derivative are positive, consequently, it follows that
B(nﬁ)bs

871_ > 0.

B.5 Positive Equilibrium Profits

We show the conditions for Equilibrium profits in Equation (13) for platform 1 to be posi-

tive. We notice Equation (13) is compose of two elements, the first is 7 — 7 and the second is

QU(Oéj —ai)[Qaiaja—(oci+aj)T]—ai (9aja—27) (90/0—27’)
18[9 ad o —(ai+ad ))?

tion 1 when m = v. To determine if the second element is positive, we can partially differentiate

it with respect to o and evaluate the result when o? = 3—;.

. The first component is positive under Assump-

Opart2

0a?
(9(110 — 7') —9alo (9(110 — 27) ] -2 (9a10 — 7') [9a1a20 — (al + a2) 7'] [90 (a2 — 041)
4

9a'a%s — (o' +a?) 7] = a! (900 — 27) (9a'e - 27) ]| /182 [9a'a%s — (o' +a?) 7]

= 18[ [9a1a20 — (al + a2) T]2 (90 [9a1a2a — (al + a2) 7] + 90 (042 - al)

= [180 [90410420 — (oz1 + a2) T] [90410420 -9 (a1)2 o — 27 (a2 — ozl) } — 180 (a2 — ozl)
(9@10 — 7‘) [9(11@20 — (oz1 + a2) 7'] + 20} (9a10 — 7') (90410 — 27)
(9020 —27) | /18 [90'a%s — (a' +a?) 7]°

= [180 [90410420 — (al + a2) T] [a2 (9a10 — 7') —a! (9a10 — 7') } — 180 (a2 — al)
(9ozla — T) [90410420 — (al + 042) T] + 20t (90410 — T) (9a10 — 27)
1 1. 1 2, _
(9a20 — 27’)}/18 [90410420 — (al + a2) 7']3 = a (9a 7 T) (9a U 27_) (9a ; 2T)
99ata?o — (al + a?) 7]
Opart2 ol (9aro — 1) (9atco — 27) (90”0 — 27)

da® 9[a? (9ato — 27) + 7 (a? — ab)]?

As it can be observed, for values of o' and o® greater than g—;, the equilibrium profits on platform
1 in Equation (13) are always positive. This condition o/ > 3—;, for ¢ = 1,2 is Assumption 2

when ™ = v.
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B.6 Proof of Proposition 4

Proof. We prove Proposition 4 by partially differentiating the difference in equilibrium profits
with respect to 7 and 7 using Equation (13) under the assumption that platform 1 is more

efficient in developing attributes on buyers’ side than platform 2, a® > o!.

o (AIr)”
or
+87 [9aialo — (o) + o?) 7]° = 2 [9aialo — (a + o) 7] [18alad T — (o + )]

90 [27aiozja —4 (ai + o) ] + 47'2]} /182 [go‘iajg - (O‘i + aj) 7]4

=18 (ozj — ozi) [187’ [27aiozj0 —4 (ai + aj) T] + 90 [540/04]'0 —4 (ai + aj)]

— (o7 —a') |9[54a’a0 — 2 (o' + o) (0 +27) | 90’0 — (o' + o) 7] + 47 [90'a0
— (o' +a?) 7] =90 [18a'a!T — (o' + /)] [27a’ o — 4 (o' + o) 7]
—47* [18a'alr — (o' + )] | /990’ — (o' + ) 7]
(07 = a?) (o = 27%) [9ad (o + ad) & — 27 (o' + a7) + daiair]
N Yaiaic — (ai + ad)7]?

P (AHi)bs — (af = ') (72 + 7?) [(oz")2 (9aio — 27) + (ozj)2 (9a'c — 27')}

or B Daiaio — (o 4 o) T]S

To guarantee that B(Aairf)bs is negative for platform 1, it is sufficient for all of its components
to be positive. The denominator can be expressed as [ozj (9aj o — 27) +7 (ozj — ozi)] 3, which is
positive if Assumption 2 holds when m = v. The elements in the numerator are all positive,
based on the same reasoning as for the denominator, provided that platform 1 is more efficient

in developing attributes, a? > o' and Assumption 2 holds when 7 = v.

o (ATTF)"

o = (aj — ai) { — 187 [9aiaj0 — (ai + aj) 7]2 [ [27aiaja —4 (ai + ozj) T]

+27a'a’0] + 36a’aln [9a'alo — (o +ad) 7] [90 [27a'alo — 4 (o + o)) 7] + 477
/18 [9a‘alo — (o’ + of) 7]
= 2r (o7 = o) | = a’alo — (o +of) 7] [27a’alo — 2 (a’ + o) 7]
+9a'alo [27a'als — 4 (o' +of) 7] + 'l 2] [ [9a'als — (o' + of) 7]
207 (0 - o) [90%ad (o + ad) o — 2 (o)’ 7 = 2 (a)? 7]
B [9aiaio — (ai + ad) 7)?
o(AI)  2(c7 —af) 77 [(a%) (9090 - 27) + (a)* (90 — 27)]

or Paiaio — (af + ad) 7]°

i\ bs
O( AIT* . . o . .
To guarantee that % is positive for platform 1, it is sufficient for all of its components

to be positive. The denominator can be expressed as [aj (90/ o— 27) + 7 (aj — o/)] 3, which is
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positive if Assumption 2 holds when m = v. The elements in the numerator are all positive,
based on the same reasoning as for the denominator, provided that platform 1 is more efficient

in developing attributes, a? > o' and Assumption 2 holds when m = v. O

C Scenario: v #

When v > 7 (7 =0) Assumption 1 turns to § < 7 < %“ and Assumption 2 turns to
ol > g—z Conversely, when 7 > v (v = 0) Assumption 1 turns to 7 > § and Assumption 2

turns to af > (27—7, where o, = 972 — 20? and o, = 972 — 272,
s

C.1 Proof of Proposition 5

Proof. We prove Proposition 5 by partially differentiating the difference in equilibrium at-
tributes with respect to 7, v and 7 using Equations (14a) and (14b) under the assumption that

platform 1 is more efficient in developing attributes on buyers’ side than platform 2, a? > ol.

Casel. v>m, m=0

(ad — ') { [aiado, — (af + af) 7] (127 4+ v) — [18aladT — (' + o?) ]| (37 + 2v) (27 — U)}
2

8 (Aqll)) v>T
or 2[atadoy, — (af + ad) 7]

= (o/ — o) 5 [[ai (ozjav —27) =7 (ozj — o/) | (127 4+ v)

2[efadoy, — (o + ad) 7]

— (37 +20) (21 —v) [2a (977 — 1) — (& — )] ]

_ _(aj_ai) o ol — T ) =)= (Ao, — 27 4w
_Q[Qiajgv_(ai+aj)7]2[ [2(9 1) (37 +2v) (27 —v) — (oo, — 27) (127 + v) |

+(af —a') [ (127 +v) = (37 +2v) (27 — v)] ]

Next, % is negative if o/[2(9a7T — 1) (37 + 20) (27 —v) — (ado, — 27) (127 +v) ] +
(af —a') [T (127 4+ v) — (37 + 2v) (27 — v)] is positive. The first part o/[2(9a/7 — 1) (37 +
2v) (27 —v) — (&0, — 27) (127 +v) | can be rearranged as a'[a’ [187(37 + 2v) (27 — v) —
oy (127 + v) | =2[ (37 + 2v) (27 — v)—7(1274v)]], and  is positive if a/ > 15[7((?;,112212)((22:_—13)_—7;;(3(217;1)1];)‘
We use Assumption 2 to show the condition is satisfied by making the left side on both inequal-

ities equal and comparing the right side. Then showing that Assumption 2 right side is greater
2[(37+2v) (21—v)—7(127+v)]
187 (374+2v)(27—v)—0 (1274+0)

to (187% — 0y) (37 + 2v) (27 — v) > 0 and finally turns to (972 + 20?) (37 + 2v) (27 — v) > 0 if
7 > 4. Then, the first part is negative. The second part (of — o) [7 (127 4+ v) — (37 + 2v) (27 — v)]

we guarantee the condition is positive. That is c% , which simplifies

simplifies to 2 (ozj — o/) (37’2 + UQ), which is positive for platform 1 given a® > a!
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9(Aq)

Therefore, ——457*>* < 0 under Assumption 1 and Assumption 2 when v > 7, 7 = 0.

9 (Aqg)wﬂ - (od — at) [ [a'adoy, — (o + of) 7] (1 — 4v) + da'adv (3T + 2v) (27 — v)]

ov B 2[afado, — (af + ad) 7']2
(af —at) [ [od (oo, —27) + (&f — &) 7] (T — 4v) + 4a'adv (31 4 2v) (27 — U):|

2 [icio, — (o + ad) 7]

d(Aq; . o .
Therefore, % is positive under Assumption 2 when v > w, 7 = 0 and as long as 7 > 4v.

Case 2. 7 >v,v=0

o (Aqlé)ﬂm; (f —at) { [a'ador — (of +af) 7] (127 — 7) — [18a’ed T — (o' + o) ] (37 + 7) (27 — W)}

or N 2 [icdoy — (o + ad) 7]?
_ (af — af) [ai o —97) — (e — o)1 (127 — =
2[icioy — (af 4+ ad) 7)? [o¢ (e?on ) ( ) I ( )

—Br+m)(2r—m) [20/ (90/7 - 1) — (aj - ai)] ]

T2 [aiaj(_,— (O: (;ia+)aj) T [ai [2(907T — 1) (37 + 20) (27 —v) — (alor — 27) (127 — ) |

+ (ozj — o/) [7’ (121 — ) — (37’ + 7[') (2T — 77)] ]

Next, % is negative if o/[2(9a/7 — 1)(37 + 7) 27 —7) — (&dor —27) (127 —7) ] +

(o — o) [t (127 — 7)) — (37 + ) (27 — m)] is positive. The first part o’[2(9a/7 — 1) (37 +

m) (21 —7) — (alor — 27) (127 — 7) | can be rearranged  as o' [’ [187(37 + m) (27 — 7) —

or (127 — ) |-2[ (37 + ) (27 — m)—7(127—7)]], and  is positiveif o > 1é%;i%%i:%:ﬁ?fz;t)jr).

We use Assumption 2 to show the condition is satisfied by making the left side on both inequali-

ties equal and comparing the right side. Then showing that Assumption 2 right side is greater we
2[(3r+m) (2T —7)—7(127—7)]
187(37+m)(27—7)—0x(127—7)

(1872 — 04) (37 4+ m) (27 — ) > 0 and finally turns to (972 + 272) (37 +m) (27 — ) > 0 if 7 >
7. Then, the first part is negative. The second part (o — o) [7 (127 —7) — (37 4+ 7) (27 — )]

simplifies to (ozj — ozi) (672 + 7r2), which is positive for platform 1 given o® > o'

9(Agh)

Therefore, —57*=* < 0 under Assumption 1 and Assumption 2 when 7 > v, v = 0.

, which simplifies to

guarantee the condition is positive. That is 3—7

0(Ad) ., - (d — at) [ — [a'ador — (' + o) 7] (7 + 27) + 4a'ad 7 (37 + 7) (27 — 7'(')}

on - 2 [0tddo, — (af + o) 7]2
B (0 —a') [a'ad [4m BT+ ) (21 —71) —ox (T+27) | + 7 (T +27) | + &7 (7 + 27)]

B 2[aiado, — (af 4+ ad) )2
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(Ag})

To determine the sign of 0 5. it is sufficient to find the sign of the following expression
ool [Ar BT+ 7) (27 — ) —ox (T4 27m) | + 7 (7 + 27) | + &?7 (7 + 27). We use Assumption 2
to show the condition is positive. We make the left side of both expressions equal and compare
the right side. Then showing that Assumption 2 right side is greater we guarantee the condition
is positive. That is 3—2 > w, where B = o/ [4n (37 +7) (27 — ) — ox (T4 2m) | +
7 (7 + 2m). Then we have o/ [87 (37 + 7) (27 — 7) — 05 (T + 27) | + 27 (7 + 27) > 0. Then we

use the same method of comparing the right side of Assumption 2 and the previous inequality

27 > —27(7+27)
on 8m(37+m)(2T—7)—0ox(T+2m)

87 (37 + ) (2 — m) > 0, this condition is satisfied under Assumption 1 when 7= > v, v = 0.

9(Agh)

Therefore, —5~7=* > 0 under Assumption 1 and Assumption 2 when 7 > v, v =0. [

and show the condition is satisfied. That is , which simplifies to

C.2 Market-shares conditions

Buyers and sellers equilibrium market shares in Equations (15a) and (15b) must satisfy

conditions 0 < ni < 1and 0 <7l < 1, respectively.

Firstly, for platform 1, both equilibrium market shares are positive because all of their
elements are positive. Given platform 1 is more efficient in developing attributes, a® — a! > 0
and given Assumption 1 and Assumption 2 hold. That is 672 — (7 —v)7—(7+v)(7+2v) > 0 when
T> %, as was demonstrated previously in Appendix A.9. Furthermore, [o/aj - (ai + o ) T]
is positive, which can be observed when rewritten as o’ (aiZ — 27) + (aj — 0/) 7, where X =
972 — (21 +v) (7 + 2v).

3T(aj —ai) [672—(7r—v)7—(7r+v)(7r+2v)]
e . ' 1Yt ol B—(at+ad)T] . .
rewritten as 2X [a’a/ X — (o' + o) 7] > 37 [67% — (1 — v) T — (7 + v) (7 + 20)] (! —a'), which
simplifies to 20/% (a'S — 27) + (o — o) 7[25=3[672 — (7 + v) (T + 2v) +7 (v —7) ]| > 0. To

show that the previous condition is positive, it is sufficient to demonstrate that 2¥ — 3[67’2 —

< 1. This inequality can be

Forni<1wehaven,’;:%+

(m+v) (74 2v) + 7 (v — 7) ] is positive, considering that the other elements are positive. This
expression turns to 1872 —2 (27 + v) (7 + 20) — 1872 +3 (7 + v) (7 + 2v) — 37 (v — 7) > 0 which
simplifies to (v —7) [(m +2v) —37] > 0if 7 < E2¥ and v > 7 or 7 > T2 and 7 > v. We
use Assumption 1 to show the previous condition is satisfied by comparing the right side of
both inequalities. Therefore showing that if Assumption 1 right side is greater the condition is

satisfied. That is @ > @ which simplifies to 7 — v > 0 if 7 > v.

; ; (m+2v) (ad —a?) 672 —(1—v)T—(7+v) (1+2v)
For n! < 1 we have n! = %—!— ( 42[)0[1'&12_((14&]')7] ]

ity can be rewritten as which turns to QE[aiajE — (ai + aj)T] — (7 + 2v) (aj — ai) [67’2 —
(r—v)7 — (r+v)(r+2v)] > 0, which simplifies to 2073 (a'S - 27) + (af — ') [275 —
(mr+2v) [67* — (m —v)T — (T +v) (74 2v)]] > 0. To show that the previous condition is
positive, it is sufficient to demonstrate that 275 — (7 + 2v) [67% — (7 — v) T — (7 + v) (7 + 20) |
is positive, considering that the other elements are positive. This expression turns to 1873 —
27 (21 +v) (7 + 20) — 672 (1 + 20) + (7 + 20)* (7 + v) — 7(v — ) (7 + 2v) > 0 which simpli-
fies to 672[37 — (1 +2v) | — 37 (7 + 2v) (7 +v) + (7 + 20)? (7 +v) > 0 and then simplifies to
(672 — (7 +v) (7 + 2v) | [37 — (7 4 2v)] > 0. For the previous condition to be positive, it is suf-

< 1. This inequal-

ficient to have expressions 672 — (7 + v) (7 + 2v) > 0 and 37— (7 + 2v) > 0. We use Assumption
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1 to show the first condition is satisfied by making the left side on both inequalities equal and

comparing the right side. Then showing that Assumption 1 right side is greater we guarantee
2
the condition is positive. First, Assumption 1 can be expressed as 72 > %, then comparing
2
the right side we have (WZU) > (W+U)gr+2”) which simplifies to 3 (m +v) — 2 (74 2v) > 0 an

finally simplifies to 7 — v > 0 if # > v. Moreover, 37 — (7 +2v) > 0 if 7 > @ This

condition is met if Assumption 1 holds as was previously shown for 7]}; < 1.

In summary conditions 0 < 172 < 1land 0 <nl < 1 are satisfied if 7 < % and v > 7 or

T> ”TJ““ and 7 > v which is stated in Assumption 1 and o > %T which is stated in Assumption
2.

C.3 Proof of Claim 1

Proof. We prove Claim 1 by partially differentiating the equilibrium market shares on both
sides with respect to 7, v and 7 using Equations (15a) and (15b) under the assumption that

platform 1 is more efficient in developing attributes on buyers’ side than platform 2, o® > a!l.

Case 1. v>7m, m1=0

We use Equations (15a) and (15b) to compute the equilibrium market shares on buyers’
and sellers’ sides, and then we use Equation (14a) to express the market shares as a function of

the difference in attributes in equilibrium.

1 3r(af—a")Br+2v)(2r—v) 1 37

_ )

i
— - s A SRS TN
(nb)“>“ 2 + 4o, [fado, — (b + ad) 7] 2 20, ( qb)“>”

7 9 (Aqll))v s
(8Gh) o + 7 <(9T>

— 1872 (Aqg)wwl

or - 202 v
3 ) ) _ d(Aq), -
_ 303 (97% + 20%) (Aqé)v>7r — 0T ( o v>T
o(Aqt
According to Proposition 5 and its proof in Appendix C.1, we know that % is negative.
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Therefore 0 (77};)1)>7r /ot < 0.

0 (M) e 3(ef —a')7 i j i j
abv = 402 [aiaj(a _ (ai)Jr ad) 1] [Uv [o'a’ o, = (o + /) 7] (7 — 4v)

+ [8vaiajav —4rv (o' + ozj)] (31 + 2v) (27 — U)]

3(ad —ai) T o ‘ ‘ - | |
e et )

+8va‘alay, (31 +2v) (27 —v) — 471v (o’ + aj) (31 + 2v) (217 — V)

B 3(aj—ai)7

402 [aicd oy — (o + ad) 7]

TOy, [aj (aiav — 27’) + (ozj — ozi) T] + 4atdd oy [2 (37 + 2v)

27 —v) —o,] +4 (' + ) Tv[0oy (37’4—211)(27—11)]]

_ 3 (aj — Oéi) T ) i j i
 4o2[aiaio, — (ai + ad)7]? [TUU (o (a'oy —27) + (¢ — ') 7]

+4atdd o, [37’2 + 271U — 2v2] +4 (ozi + ozj) 20 (31 — v)

o(m)

To determine the sign of ——== it is sufficient to examine the sign of 372 + 270 — 202
and 37 — v as the remaining elements of the partial derivative are positive. Specifically,
TOy [aj (aicrv — 27) + (Oéj — ai) 7'] is positive under Assumption 2 when v > 7, 7 = 0, and

given platform 1 is more efficient in developing attributes a® > o!.

Next, 372 4 2u7T — 20? is a quadratic polynomial in 7. We use the quadratic formula to find

the values of 7 that make the expression positive. The roots are 7 = % (—v +vv6 ) Thus, the

first root is 7., = ‘/6;11) and the second root is 7,, = f“v Slnce the square term of the

polynomial in 7 is positive, 372 + 2uT — 202 is positive for values outside both roots, meaning

T>\f1 f+1

vand 7 < — v. Given that transportation cost 7 is positive by definition, we

f

dismiss the negative root. Therefore 372 4 2ur — 202 is positive if 7 > Ly. This condition

is satisfied under Assumption 1 when v > 7, # = 0. Namely, if the right 31de of 7 > 3 is greater

than the right side of the previous condition, we guarantee it holds true. That is § > \/63_1@,

which results in 3 > 2.89. Moreover, 37 — v is positive if 7 > %, which is also satisfied under
Assumption 1 when v > 7, 7 = 0 similar to the the previous condition. That is § > g, which
results in 3 > 2.
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o(n;)

Therefore, — > is positive under Assumption 1 and Assumption 2 when v > 7, 7 = 0.

1 v(ed—a')Br+2v)2r—v) 1

i v @
= - — . A =—4+— (A
(778)11>7r 2 + 20, [a’oﬂav _ (Oﬂ + Oﬂ) T] 9 + o ( qb)y>7r

d (nt . 0 (Ag!
(778)1;>7r — —— 187 (Aqlz)) — 0oy ( qb)v>7r
or oz v>T or
o(Aqt
According to Proposition 5 and its proof in Appendix C.1, we know that % is negative.
Therefore 0 (77gl)v>7T /ot < 0.
o (ni J_ ot o . .
(775)1,>7r = : ,(a a ) —— |0y, [a’oﬂav — (ozZ + oz]) ’7’] [v (1 — 4v)
v 202 [aladoy, — (ot + ad) 7]

+ (37 +20) (27 —v) | + v (37 4+ 2v) (27 — V) [8UOéiOéjO'U —A4tv (ozi + ozj)} ]

(o~ o

202 [aiado, — (af + ad) 7]

5 !av [a'adoy, — (o' + o) 7] [rv + (37 +20) (27 — V) |

+4a'ao,0? [2 (3T 4 20) (21 — V) — 0] + 4702 (ozi + ozj) [0y — (37 + 2v) (27 — U)]]

— (aj _ ai) o [aj (aia — 27') + (ozj — o[“) 7'] [TU
202 [oiad o, — (o + ad) )2 | © !

+ (37 +20) (27 — v) | + 4’ o,v? [37% + 270 — 207 + 47%0% (o + o) (37 — v)]

a(n L : : ;
% it is sufficient to examine the sign of 372 +27v—2v? and 37 —v

To determine the sign of m

as the remaining elements of the partial derivative are positive. Specifically, o, [aj (aiay — 27') +
(0 —a') 7] is positive under Assumption 2 when v > 7, m = 0, and (37 + 2v) (27 — v) is
positive under Assumption 1 when v > 7w, m = 0 and given platform 1 is more efficient in

developing attributes a? > al.

0(Adgj)

50 v>r > () that both conditions 372 + 27v — 202 and 37 — v

(g : . . :
are positive, we conclude that % is also positive under Assumption 1 and Assumption 2

As it has been shown in

when v > 7, 7 = 0.

Case 2. m>v,v=0

We use Equations (15a) and (15b) to compute the equilibrium market shares on buyers’

and sellers’ sides, and then we use Equation (14b) to express the market shares as a function
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of the difference in attributes in equilibrium.

1 37 (ozj — o/) (37 +7) (21 — 7r) 1 37

(7717;7)7r>v = 5 + 4U7r [OJZOéJO' _ (az + aj ~ 5 + 9 (Aqli))ﬂ>v

0 (ni)w v 3 7 Aqb T
“or g2 |7 (B, T
(

0 (A
ort 2% (3 ., - e (P

— 1872 Aqg)WN)]

According to Proposition 5 and its proof in Appendix C.1, we know that
Therefore 0 (né)ﬁ>v /ot < 0.

a (nl’b))w 0] 37 a (qu)ﬂ' v 7
“or a2 |7\ T o) T (B0,

is negative.

8(Aqli7)7r>v
or

9(Aq)

According to Proposition 5 and its proof in Appendix C.1, we know that ﬂ”>“ is positive.

Therefore 9 (nb)ﬂ>v /om > 0.

; 1 W(aj—ai)(37+7r)(27'—7r)_1 ™ i
(775)7T>U ) 4oy [diodoy — (o 4 od) 7] D) + E (AQb)w>v

8 (ng) T>U

9 (Ag)) .,
o = 552 [187‘ (Aqb)ﬂ>v Oxn (87’>

7T
B(Aqi)‘n>v
or

According to Proposition 5 and its proof in Appendix C.1, we know that
Therefore 0 (17:‘;)70” JoT < 0.

8 (n£>7r>v 1
or T 202 on

is negative.

% 9 (Aqll))w v
(AGh) psp + <a7r>

) 0 (Aqg?
(97‘ + 27 ) (Aq}))ﬂ>v + Tor <(qb)”>”>

+ 42 (Aqg)DU]

2 on
. . . . . o(Adh) . ..
According to Proposition 5 and its proof in Appendix C.1, we know that ——5~=* is positive.
Therefore 0 (ng)ﬂ>v /om > 0. O

C.4 Positive Equilibrium Profits

We show the conditions for Equilibrium profits in Equation (16) for platform 1 to be posi-

tive. We notice Equation (16) is compose of two elements, the first is 7 — ”—‘H’ and the second

[E(aj —ai) [aiaj E—(ai—l—aj)T] e (aj2—27) (aiZ‘—Qr)]QQ
852[aiad B—(ai4ad)r)?
sumption 1. To determine if the second element is positive, we can partially differentiate it with

is . The first component is positive under As-
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respect to o and evaluate the result when o? = g—g.

Opart2
0a?
(alz — 7') — o'y (alz — 27) ] -2 (alE — 7') [a1a22 — (oz1 + a2) T] [E (a2 — al)

[@'a?s — (o' +0%) 7] - o' (oS - 27) (a'x - 27) ]| /18 [a'a?S — (o' + a?) ]

= 822[ [alonE — (al + 042) 7]2 [E [alazz — (041 + 042) T] + X (042 — al)

= 22 [ala?s - (o' + ) 7] [o'a?S - (a))? B — 7 (a? — ') ] — 25 (a® — )
('S —7) [@'e’T — (o' +a®) 7] + 20! ('S = 7) (a'S —27)
(22— 27) | /852 [ala?® — (' + 0?) 7]’
= [B[alas - (o' +0?) 7] [a? (a'S = 7) —a! ('S = 1) | - £ (a? — o)
(a'S - 7) [@ra®S — (a! +a?) 7] + ! ('S - 7) (a'E - 27)

(a® —27) } /422 [a'a®L — (o' +a?) 7]’ = ol (o'S = 7) (72 = 2r) (a2 - 2r)
432 [ata?Y — (al 4 o?) 1)
opart2 o' ('Y —7) (&' —27) (o®% — 27)

da? 492 [ (al'S = 27) 4+ 7 (? — a)?

As it can be observed, for values of a? greater than %T, the equilibrium profits on platform

1 in Equation (16) are always positive.

C.5 Proof of Propositions 6a and 6b

Proof. We prove Proposition 6a and Proposition 6b by partially differentiating the difference in
equilibrium market shares with respect to the parameters of the model 7, v and 7 using Equa-
tions (17a) and (17b) when the cross-group network effect sellers exert on buyers are stronger
than vice versa v > 7, m = 0; and Equations (19a) and (19b) when the cross-group network ef-
fect buyers exert on sellers are stronger than vice versa m > v, v = 0, under the assumption that

platform 1 is more efficient in developing attributes on buyers’ side than platform 2, o® > a!.

Casel. v>m, m1=0

We use Equation (17a) to compute the difference in equilibrium membership fees on buyers’
side. Then, we use Equation (14a) to express this difference as a function of the difference in
equilibrium attributes as

; 3(ad —a®) 72 (31 +2v) (21 —v) 672 i
A (pb)v>7r = ( ) - (Aqb)u>7T

oy [atadoy, — (b + ad) 7] o
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8A (pZ)U>7r 6 [O’

i 9 (qu‘)v T i
2T (A‘Ib)v>7r + 72 (#)] — 1873 (Aqb)v>7r]

67 i a (Aqlz))v s
= G—g -2 (Aqb)v>7r (187’2 — av) + o,T (87’ >
67 i 8 (qu)v s
= U—g -2 (AQb)U>7r (972 + 2U2) + 0T (87’ =
o(Aq?
According to Proposition 5 and its proof in Appendix C.1, we know that % is negative.
BA(pé)'u>7r
Therefore —z7== < 0.
OA (pl 32 (o — ot o . A
(Ph) ysr _ o7 (@ ‘O‘) | |ov [a'ddo, — (o + ) 7] (7 — )
v ol aladoy, — (ot + ad) 7]

+ [Sva'al oy, — 41v (o' + )] (37 + 2v) (27 — v)

372 (od — o o ‘ ‘ -
= o2 [O‘ia‘jgv(_ = +)aj) T]2 [TO'U [oﬂ (azav — 27’) + (aﬂ _ oﬂ) 7_] + 40&104]01)1)[2 (37 + 20)

21 —v) — 0] +4 (e’ + &?) Tv [0y, — (37 + 2v) (27 — V)]

o 37‘2 (Oéj — ai) ; . ) i
= o2 [iado, — (b + aj)T]g [TJU (o (a'oy —27) + (o) — ') 7]

+4aldl o, [37’2 + 271U — 21}2] +4 (o/ + aj) 20 (31 — U)]

To determine the sign of % it is sufficient to examine the sign of 3724+27v—2v? and 37 —v
as the remaining elements of the partial derivative are positive. Specifically, oy, [ozj (aiav — 27') +
(o — ') 7] is positive under Assumption 2 when v > m, # = 0, and (37 + 2v) (27 — v) is
positive under Assumption 1 when v > 7w, 7 = 0 and given platform 1 is more efficient in

developing attributes a? > o'.

9(Agh)

As it has been shown in the proof of Claim 1 in Appendix C.3, specifically in —45 =% > 0

AA(p?
that both conditions 372 + 27v — 202 and 37 — v are positive, we conclude that % is
p ) ov

also positive under Assumption 1 and Assumption 2 when v > 7, w = 0.
Next, we use Equation (17b) to compute the difference in equilibrium membership fees

on sellers’ side. Then, we use Equation (14a) to express this difference as a function of the

difference in equilibrium attributes as

A (pi)w,r _ (of —a') Tv (37 4 2v) (27 — v) _ 21 (

— . , Agl
oy [0tado, — (ot 4+ od) 7] O qb)v>7r
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OA (pY) yor 20

— 1872 (Aqg)v>7r]

7 8 (Aqlza)'u s
or oz |7 [(A%)m T (aT>
—2v

. 9 (Aq))
_ 1) 2 v>m
> (Aqb)v>7r (187’ O'U) + ouT (87’

— ﬁ [(Aqb)’u>7r (97—2 + 2'1)2) — OyT (87’>

v

o(Aq?
According to Proposition 5 and its proof in Appendix C.1, we know that % is negative.
NGNS
Therefore —574== > 0.
8A pi aj — ai T . . .
( 5)“>7T = — . ( ) —— | oy [o/oﬂo*v— (a’—i—oﬂ) 7'} [’U(T—4U)
v ol [aiadoy, — (af + ad) 7]

+ (37 +20) (21 —v) | + v (37 + 20) (27 — v) [Svalal o, — dTv (o' + )] ]

= _02 [Oinéj(UU — (Oci)—l— Ocj)T]Q [JU [oﬂoﬂo‘v — (Ozl + Oz]) 7_] [TU + (37 + 20) (27 — U)}

+4a'ao,0? [2 (37 4 20) (27 — V) — 0] + 470° (o + o) [0, — (37 + 20) (27 — v)]]

=— (o —a)7 oy [ (alo, — 271 o —af) 7| [To
B Ug[aiajav—(ai+aj)7]2[v[ (o' =27) + )71

+ (37 +20) (21 —v) | + 4’ Ao, 0? [37% + 270 — 20%] + 4720 (o + o) (3T — U)]

To determine the sign of % it is sufficient to examine the sign of 3724-27v—2v? and 37—v
as the remaining elements of the partial derivative are positive. Specifically, o,, [ozj (aiav — 27') +
(o — ') 7] is positive under Assumption 2 when v > m, # = 0, and (37 + 2v) (27 — v) is
positive under Assumption 1 when v > 7w, 7 = 0 and given platform 1 is more efficient in

developing attributes a? > ol.

(Agt
As it has been shown in the proof of Claim 1 in Appendix C.3, specifically in % >0
A (pk .
that both conditions 372 + 27v — 202 and 37 — v are positive, we conclude that % is

also negative under Assumption 1 and Assumption 2 when v > m, 7 = 0.

Case 2. t>v,v=0

We use Equation (19a) to compute the difference in equilibrium membership fees on buyers’
side. Then, we use Equation (14b) to express this difference as a function of the difference in

equilibrium attributes as

(0f —a') (372 —7?) Br+m) (271 —7)  2(37% —n?)

A (pZ)ﬂ'>’U = or [diadioy — (of + ad) 7] = o (AQIZ))wN)
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OA (Ph) vy _

2 7 8 Aqi >V 7
o7 U—Tzr 67 (Aqb)ﬂ>v + (37’2 — 71'2) ((b>>>] — 187 (37’2 — 71'2) (Aqb)W>U]

[mr

N or
= U—ﬂ [67’ (Aqb)ﬂ>v (07r — 972 4 37r2) + ox (37’2 — 7r2) (87’ =
2 . 0(Agy),,
= - [67’%2 (Aqb)ﬂ>v +ox (37’2 — 7T2) (87’>

I(Aq
According to Proposition 5 and its proof in Appendix C.1, we know that % is nega-
tive. Furthermore, as was mentioned in the intuition of the equilibrium membership fees in
s

Equations (19a) and (19b) 372 — 72 is negative as long as 7 < et which is compatible with

aA(pé)'/r>v > O

Assumption 1 when 7 > v, v = 0 since § <7 < % Therefore T
9A pi v 2 i 9 Aqi >v )
(87‘;)7r> =3 [077 [—277 (Aq},)ﬂ>v + (37’2 - 71'2) <(8:')>>] —4r (372 - 7r2) (Aqb)ﬂN}]

Or

o)

2 (Aqg)ww (—ox + 672 — 27r2) + o, (37‘2 — 7r2) ( o

— _3 [67277 (qu)w>v — O (3T2 B 7T2) ((NA(;J?WNJ)]

Or

I(Aq
According to Proposition 5 and its proof in Appendix C.1, we know that ( (g;?”“
Furthermore, as was mentioned previously 372 — 72 is negative as long as 7 < %, which is
OA(p?
compatible with Assumption 1 when 7 > v, v =0 since § <7 < % Therefore % < 0.

is negative.

We use Equation (19b) to compute the difference in equilibrium membership fees on sellers’

side. Then, we use Equation (14b) to express this difference as a function of the difference in

equilibrium attributes as

; (@ —a) (B3 +7) (21 —7)  2rm i
A (pS)Tl'>7J - O [aiOéjO'ﬂ— _ (067’ + Oéj) 7_] - o (AQb)w>U

OA (pi - 0 (A, '
% — QI Or [(qu>n>v + 7 <(;I;_)7r>v> - 187-2 (qu)ﬂ>v]
‘”Aq%f)]

or o2
i 2 2\
(Aqb)ﬂ>v (97’ + 27 ) OxT ( o

(Agh)
[5]

7]
According to Proposition 5 and its proof in Appendix C.1, we know that =T is negative.
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AN (pt
Therefore % < 0.

8A (pi)ﬂ'>v _ 27

or [(Aqi)ﬁxj +m ( o

+ 472 (Aqg)ﬂM}]

on o2
27 : o oo 9 (Agp) ..
== (Aq},)w>v (97’ + 27 ) + To, ( o >V
a(Aq
According to Proposition 5 and its proof in Appendix C.1, we know that % is positive.
OA(pt
Therefore % > 0. O

C.6 Proof of Propositions 7a and 7b

Proof. We prove Proposition 7a and Proposition 7b by partially differentiating the difference in
equilibrium profits with respect to the parameters of the model 7, v and 7 when the cross-group
network effect sellers exert on buyers are stronger than vice versa v > w, m = 0; and when the
cross-group network effect buyers exert on sellers are stronger than vice versa m > v, v = 0,
under the assumption that platform 1 is more efficient in developing attributes on buyers’ side

than platform 2, a? > al.

Case 1. v>7m, m1=0

We use Equations (17a) and (17b) and Equations (15a) and (15b) when v > 7, # = 0

to compute the difference in equilibrium profits. Then we use Equation (14a) to express this
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difference as a function of the difference in equilibrium attributes as

7

Asz>7r = [(pb)f»w - fb} (77b)2>7r + [(ps)ﬁm - fS} (Us)ﬁ»ﬂ - % (qli))iwr
[ = ] ) = [0~ £5] Hn + 5 ()
[Tt s )] - [ Ta )| [ ama(4), ]

1 v i TV ; 1 v j
e | R e e S | s I

2

Lo (afo, —27)° Br +20)2 (27 —0)?] & [(ado, —27)% (37 + 20)% (27 — v)?
2 4ﬁmmwwﬂw+w)F 2 402 [aiai oy, — (of + ad) 7)?
372 i 973 2
- 0'71] |:A (qb)v>7r —A ( U>7I' 20'12) A qb v>T qb)v>7r:|

v (1T — 2v) j
g (M) A (d) -
(37 4 20)% (21 —v)?
802 [atadoy, — (ot + ad) 7]

_ 672 (a/ — a') (37 + 2v) (21 — v) 97-;9’1 [ ) (q )UM]
(
(o

[ ()5 — A (%);J

5 {aj (o/av - 27')2 —a' (ajav — 27')2]

20, [0fadoy, — (af + ad) 7] 202
2v (1 — 2v) (ozJ —a') (37 +2v) (27 — v)
ETOE

12 ) sr — 2 ()

5 [aj (ai)Z af, +4ad7% — of (aj)2 O'g — 4ai72]

(A (dh)or = ()

7"U2

o [A (ah) o + A (q{,)

(37 +2v)* (27 — v)?

802 [atadoy, — (af + o) 7]

u>7r} 4o, [0fadoy, —

v>T v>7r]

Since A (qé)v>7r _ Qf{;i?ﬁj‘jﬂfj);f), we have A (qg)v>Tr +A (qg)v>7r = 0, then

672 ; v (T — 2v) ; [aalo? — 472 (37 + 2v) (27 — v)
- jA (qb)v>” + TA (qb)v>” B 402 [atado, — (o + ad) 7] (qb)v>”
; A (ql’;)u>7r [a'ado? — 472 (37 + 2v) (27 — V) ;
Al = = T B+ 20) 27 =) = e e @it an a2 @

Next, we partially differentiate AHL>7r respect 7 and v, obtaining:

aA1_[21>7r _ i [U [aA (qZ)

2
or o2

o v>T (37_ + 2’()) (27- — U) + (127‘ + U) A (Qi)
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1
a 40t [atado, — (ozi +ad) 7]
(37 4+ 2v) (217 —v) [oziozjag — 47'2] + A (qé)v> [a ozj — 47 ] (127 +v) + 47A (qé)
(37 +2v) (27 —v) (9’7, — 2) } {a"ajav — (o' + o) T} - [ [a'alo? — 47%] (37 + 2v)

| A (g
—187 (37 + 20) (27 — ) A (), _ . 5|02 (;i)””

v>T

(21 —v) A (qé)vwr} [54&0?0’37‘ — (o' + o) oy, (3677 + o) ]]

Next, we evaluate the partial derivative when 7 = 5 getting:

Ph e L 12 o) A (gl), . — 2oy [o0Toy = 477 (127 + v)
- —~ (19r _ 2 : A
or =% oy W) v>r 402 [afado, — (ot + ad) 7]
_ (127 +v) A (g}) o - [aalo? — 472
o0 4o, [atado, — (o + ad) 7]

o0 4o, [afddo, — (o + ad) 7]

B (121 +v) A (qli,)qw7r [4(% [aiajav — (ai + ozj) T} — [o/ajag - 472] ]

4o, [afcdo, — (o + ad) 7]

(21 +v)A (qé)v>7r [30/0/012} — 4o, (o' + o) 7 + 472
Ov

(127 +v) A(q}) .., [30'ado? — 6alo,T — 2a'0,T + 472 + 20d 0,7 — 20007
[ 4o, [@fado, — (b + ad) 7] ]

(127 +v) A (qé)v>7r 3oy (aloy — 27) — 27 (aloy, — 27) + 20,7 (& — o)
- [ 4oy, [eladoy, — (af + ad) 7] ]

Ov

Oy

Ov

_ (127 +v) A (qli))v>7r (3ajav — 27') (aiav — 27') + 20,7 (aj — ai)
N 4oy, [@ladoy, — (af + ad) 7]

OAIL. | TA(g),., [(Folv—1) (70/v —1) + § (o/ — of)]
or a vs 1

=3 > [aiad% — L (af + ad)]

_ [7 [(3ajv — 4) (ajv — 4) + 4v (aj — o/)] A (qg)

02 [ad (afv —4) + 2 (od — ad)]

The previous expression is positive under the assumption that platform 1 is more efficient

in developing attributes on buyers’ side than platform 2, o® > a'; and for 7 values greater than

(Assumption 1); and under Assumption 2 which turns to af > % when 7 = 2. Therefore,

2
aAH
s > 0.

M(;%r (37 +2v) (27 —v) + (7 — 4v) A (qz)ww]

2 [ 8A (qll)) v>T
v ov

8A1_[§J>7r _ i
Ov o2 |7V
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“>”] 4ot [aiada, — (ozi +ad)7)?

(37 +2v) (27 —v) [a'alo? — 47%] + A (q} ) [a olol —47?] (1 — 4v)
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+ 4voy, { [aiajag — 47'2] (37 +2v) (21 —v) A (qli’)v>7r} [30/0/(% -2 (ai + aj) T:|]

Next, we evaluate the partial derivative when 7 = 5 getting:

8A1‘[§}>7r 1 ; A (qé)v>7r [a'ado? — 4r%] (1 — 4v)
v =z oy (r—4v)A (qb)u>7r N 102 [aicdoy, — (o + ad) 7]

_ (1 —40) A(q) por - [a'ado? — 472
o0 4oy, [afado, — (o + ad) 7]

. . . L . OAIL .
The right side of the previous expression is the same as in —5*>*, consequently we obtain:

oy oy [afadoy, — (o + ad) 7]

_ (1 —4v) A (qé)v>7r [(BQjO'U — 27) (o/av - 27’) + 20,7 (aj — ai)]

OAILL [ (r—4v) [(3adv —4) (dPv — 4) +4v (of — af)] .
ov =y [ V2 [ad (afv — 4) 4+ 2 (ad — )] A(4h) s

The previous expression is positive under the assumption that platform 1 is more efficient in

developing attributes on buyers’ side than platform 2, a? > a'; and for 7 values greater than

. . ; DATT?
4v; and under Assumption 2 which turns to a* > % when 7 = §. Therefore, —52=% > 0.

Case 2. m>v,v=0

We use Equations (19a) and (19b) and Equations (15a) and (15b) when 7 > v, v = 0
to compute the difference in equilibrium profits. Then we use Equation (14b) to express this

difference as a function of the difference in equilibrium attributes as:

AH;N} = [(pb)iou - fb} (nb);>v + [(pS)jov - fS] (775);>v - C;i (qlz;)?vv
@y ] ) [0y~ ] F + 5 ()

3r2—n? 1 3 .
_ [T_HWA (qg)m] [2+2;A(q},)ﬂ>v}

| —[T—Hwa@z'),mu NOW
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Oﬁ [(aiUﬂ—27)2<37’+7T) (2T — ) ] _Oci (OZJUW—QT) (37—4‘7) (QT_W)QI
2 | 402]aiaio, — (ai+ ad) 1]2 2 | 4o2aicdo, — (ai + ad)7)?

672 — 371 — w2
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(37 4+ )% (21 — n)?
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As was mentioned in aAgEM, A( )ﬂ>v + A (qg) = = 0, then A (qb (q

A, 2 (7)) | [A06)., -2 () .
2[041'(2;::1((2;13%] [2 (af — a')], then it turns to A (qg)w>u —-A (qg)ﬂ>v =2A (qb)ﬂ>v, therefore
we obtain:

)W>U
] = 0, Furthermore, A (qb)ﬂ>v A ( IJ)

>V

i 3r+m) (2T —m i
A1_[71'>’U = ( )( )A (qb)7r>y B
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Next, we partially differentiate AH;N} respect 7 and 7, obtaining;:

oA, 1
or o2 on

—187 (37 + ) (21 — ) A (q})
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(37 +7) (21 — ) [oziajafr — 47'2] + A (qé)ﬂ>v [aiaja?r — 47'2] (127 — ) + 47A (qg)ﬂ'>v
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Next, we evaluate the partial derivative when 7 = 5 and obtain:

8AH§F>U 1 . A (qi)DU l[a'ado? — 472 (127 — 7)
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The right side of the previous expression is the same as in —5*>*, consequently we obtain:

B (121 —m) A (q,’;)DU (30/07r — 27') (aia7r — 27’) + 20,7 (ozj — ozi)
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The previous expression is positive under the assumption that platform 1 is more efficient in
developing attributes on buyers’ side than platform 2, a? > a'; and for 7 values greater than

5 (Assumption 1); and under Assumption 2 which turns to al > % when 7 = 5. Therefore,
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Next, we evaluate the partial derivative when 7 = 7 getting:
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The right side of the previous expression is the same as in Agf?“, consequently we get

(t4+27)A (qé)w>v [(Z%()zjmr —27) (afor — 27) + 20,7 (o — ai)]

On 4oy [tddo, — (af 4+ ad) 7]

OAITL _ ;
= A (qb) T>v

ov

_|5[Beir —4) (/7w — 4) + 47 (o — a)]
2m% [l (a'm — 4) + 2 (ol — o))

_r
T=3

The previous expression is positive under the assumption that platform 1 is more efficient in

developing attributes on buyers’ side than platform 2, o® > «a'; and for 7 values greater than
53 and under Assumption 2 which turns to ol > % when 7 = 7. Therefore, % < 0.
O
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