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Abstract

We study a Mirrleesian economy with labor income, consumption, and retirement savings or
bequests. We derive a novel representation of optimal non-linear income and savings distortions
that highlights the role of consumption inequality and consumption responses to tax changes.
Our representation establishes a close connection between the formula for top income taxes of
Saez (2001) and the uniform commodity taxation theorem of Atkinson and Stiglitz (1976): One
cannot be valid without the other, and departures from this joint benchmark lead to a clear
trade-off between income and savings taxes. Consumption data in turn discipline the optimal
departure from this benchmark. Because consumption is much more evenly distributed than
income, it is optimal to shift a substantial fraction of the top earners’ tax burden from income

to savings.
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1 Introduction

Optimal Top Income Tax Rate: A Puzzle. Consider a static economy in which workers
differ in productivity and choose consumption C' and labor income Y given a non-linear income tax
schedule. In a milestone contribution to the modern theory of income taxation, Saez (2001) shows

that the revenue-maximizing income tax rate on top earners is given by
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where py > 1 represents the upper Pareto coefficient of taxable income, C{/{ > 0 is the compensated
elasticity of taxable income with respect to the retention rate (i.e., one minus the marginal tax
rate), and C{/ > 0 is the income effect of a lump-sum tax levy on taxable income." The appeal of
this formula is that it readily lends itself to quantitative evaluations of the optimal top tax rate.
For example, using standard empirical estimates of the taxable income elasticities, C{}r = 0.33 and
({ = 0.25 (see Section 3.1) and the Pareto coefficient of annual total income py = 1.5 (Diamond
and Saez 2011), we obtain 75%¢* = 80%.

A striking feature of this optimal income tax formula is that it completely abstracts from
consumption to focus exclusively on income inequality and labor supply responses to taxes. This is
puzzling, since the marginal benefit of higher income taxes should intuitively depend on how much
redistribution the existing tax system already achieves, that is, on the distribution of consumption
rather than that of pre-tax income. More generally, focusing exclusively on measures of income
inequality may paint an incomplete picture of the link from allocations to welfare, since in practice
agents may insure against labor market risks through other means than the government, such as
private insurance, precautionary savings, or intra-family transfers.’

The static model studied by Saez (2001) in fact admits an alternative, consumption-based,

'Formally, these variables are defined as follows. We let py = — limy 00 81n (1 — Fy (Y)) /0InY, where Fy (-) is
the CDF of the income distribution. A lower value of py indicates a more unequal distribution, that is, a thicker right
tail. We also let ¢ = dln YH/a In (1 — 7v), where 7y is the marginal income tax rate and Y# is the compensated
labor supply. Finally, ¢{ = 9lnY/dTy, where Ty = Ty (Y)/((1 — 7v)Y) is the (normalized) average tax rate and
Y the uncompensated labor supply. Both Y# and Y are expressed in terms of earnings rather than hours.

2Echoing this discussion, equation (1) contrasts with a vast literature on optimal risk sharing that uses consump-
tion inequality and consumption responses to income shocks to assess the optimality of risk-sharing arrangements
or redistributive policies—including in models with asymmetric information of the kind studied in Saez (2001). The
empirical emphasis on consumption for testing efficiency of risk-sharing arrangements is well known since (at least)
Townsend (1994). See, e.g., Ligon (1998) and Kocherlakota and Pistaferri (2009) for applications of this idea in a
hidden information context.



representation of revenue-maximizing top income taxes:
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where pc > 1 is the Pareto tail coefficient of the consumption distribution, Cg > 0 is the compen-
sated elasticity of consumption with respect to the retention rate, and ¢}, > 0 is (minus) the income
effect of a lump-sum tax levy on consumption.® Equation (2) follows immediately from equation
(1) and three model-implied identities, pc = py, (¥ = (¥, and ¢, = 1 — ¢&, which all follow
from the observation that consumption equals after-tax income in a static setting. Hence, the role
of consumption inequality and consumption responses for optimal income taxes is not separately
identified from the role of income inequality and labor supply. While the literature following Saez
(2001) has systematically focused on equation (1), one could equally well use the consumption-
based formula (2), or any combination of the two, to characterize the optimal policy, assuming that
reliable estimates of the corresponding sufficient statistics are available.

Using consumption rather than income inequality measures radically changes the quantitative
evaluation of the optimal top tax rate, however. Recent empirical evidence shows that consumption
is significantly more evenly distributed than income among top earners, with a Pareto coefficient
for consumption of po &~ 3.1, more than twice the Pareto coefficient for total income (Toda and
Walsh 2015; Buda et al. 2022; Gaillard et al. 2023). Using the same taxable income elasticities
as in the first paragraph, the optimal top income tax rate falls to 55% if we use consumption
inequality rather than income inequality in formula (1), more than doubling the after-tax income
of top earners compared to the income-based estimate given in the opening paragraph.

Thus, the static model unfortunately provides no guidance about which measures are the most
appropriate for estimating income taxes. Moreover, it is inconsistent with the empirical discrepancy
between consumption and income inequality. Interpreting the model-implied identities instead as
testable over-identifying restrictions, their violation suggests that the static model of Saez (2001)
is not well suited to address how consumption or income inequality matter for optimal taxes, or to

offer sound, empirically grounded policy prescriptions.

Our Contribution. Motivated by these observations, in this paper we study to what extent
consumption inequality and consumption responses to income shocks influence optimal tax de-

sign, independently of income inequality and labor supply responses. We consider a Mirrleesian

*Formally, we define po = —limy o 0log(l — Fc (Y))/dlogC, ¢ = omct/on(1 —7v), and ¢& =
—81HC/8T1/.



economy in which agents with heterogeneous labor productivities work, consume and save for re-
tirement.” The additional consumption-savings margin allows us to separate consumption from
after-tax income, and also introduces capital taxes as a second margin for redistributive taxation.
This connects our analysis with another milestone result, the “zero capital tazation” (also known as
“uniform commodity tazation”, henceforth UCT) theorem of Atkinson and Stiglitz (1976), which
states that it is optimal to leave consumption choices undistorted—and, hence, not tax savings—if
preferences for savings are independent of labor productivity. Savings taxes must thus be rational-
ized by departures from this benchmark, for example if agents with higher earnings capacity also
have a stronger preference for savings (see Saez 2002).

§9¢2 and UCT are two sides of the same coin.

Our main result (Theorem 2) shows that 7

39/“62 if and only if

Formally, we show that the revenue-maximizing top income tax is equal to 7
UCT applies and the optimal savings tax is 0, except in the trivial case where savings vanish at
the top of the income distribution. Conversely, departures from this joint benchmark identify a
tradeoff between labor income and savings taxes: Either it is optimal to tax savings and reduce the

income tax below ﬂé;‘wz , or it is optimal to subsidize savings and raise the income tax above 7

Saez,
Moreover, data on consumption inequality and consumption responses to income tax changes
allow us to test the empirical relevance of UCT and characterize the optimal savings tax and the
departure of the optimal income tax from ?é‘wz. We re-evaluate revenue-maximizing taxes on top
income earners and argue that it is optimal to shift a significant part of redistributive taxes from
income to savings: the optimal policy prescribes a strictly positive and quantitatively significant
savings tax, while substantially lowering the income tax below the level prescribed by ?gq/“ez .
What connects the income tax formula (1) of Saez (2001) to UCT? Saez (2001)’s characterization
applies to a static economy with a single labor supply margin, and only requires estimates of income
inequality and labor supply elasticities. Hence, it continues to apply in a dynamic setting, and the

optimal income tax is equal to 79%*, if and only if the design of income taxes can be reduced to

Sacz
a static tradeoff between labor supply and after-tax earnings, with no information needed about
how the latter is allocated between consumption and savings. But this condition is met precisely
when the UCT theorem applies and it is optimal not to tax savings. Conversely, when the UCT
theorem fails to hold, the design of optimal income taxes can no longer ignore how after-tax income
is allocated to consumption and savings, since preferences for savings and incentives to work are

no longer independent.

Why is it optimal to shift part of the tax burden from income to savings? The fact that

40ur baseline model is kept deliberately as simple as possible. In Section 5, we show that our results carry over
to more general settings that include life-cycle and stochastic economies.



consumption is far less concentrated than income in the upper tail suggests that top earners have
a vanishing propensity to consume out of earned income. This could arise either because savings
have a higher income elasticity than consumption for given preferences, i.e., agents view savings
as a luxury good relative to consumption, or because preferences for savings correlate positively
with labor productivity. But existing empirical evidence on consumption responses to tax changes
suggests that the income elasticity of consumption cannot be so low as to explain the gap between
income and consumption inequality for top earners. Hence we reject UCT in favor of a shift towards
positive savings and lower income taxes.

Formally, we first provide a novel representation of optimal income and savings taxes as a
function of the Pareto tail coefficients of income, consumption and savings, as well as behavioral
responses of these variables to income tax changes (Theorem 1). This result generalizes the income
tax formula (1) to economies with consumption and savings, and provides an analogous formula for
optimal savings taxes. Our representation highlights that when agents work, consume, and save,
inequality and behavioral elasticities of all three variables matter independently for the design of
optimal income and savings taxes, even if they are jointly determined by the optimal allocation
and must satisfy similar over-identifying restrictions as in the static model.

As a direct corollary of Theorem 1, we then show that it is optimal to tax savings and set
the income tax below ﬂs/aez if and only if p(;(g > py({,{ , i.e., whenever the product of the Pareto
coefficient and the compensated elasticity is higher for consumption than for income; in the opposite
case, we should tax savings and raise the income tax above the static optimum. This is precisely
the parameter condition that underlies the empirical argument in support of positive savings taxes
when comparing the concentration of consumption vs. income, summarized by the ratio of Pareto
coefficients py /pc, to the pass-through of income changes to consumption, summarized by the ratio
of compensated elasticities Cg / C{f .

Finally, the tradeoff between income and savings taxes described by Theorem 2 becomes es-
pecially stark when consumption has a thinner tail than income, and the highest income earners
save almost all of their income. In that case, which appears to be the empirically relevant one, the
analysis reduces again to a static tradeoff at the top, but now between labor supply and savings,
rather than between labor supply and consumption as in the static model of Saez (2001). There-
fore, the static wedge ?f/“ez continues to determine the optimal policy, but it now accounts for the
optimal combined wedge between income and savings. Consumption data then identify how this

combined wedge should be decomposed into an income tax and a savings tax, i.e., how much one

should depart from the joint benchmark of Saez (2001) and Atkinson and Stiglitz (1976).



Policy Implications. Our results have important consequences for policy design. The income
tax formula (1) of Saez (2001) and the UCT theorem of Atkinson and Stiglitz (1976) have both
been highly influential in shaping tax policies, but they are typically invoked independently from
each other: The former features prominently in discussions about income tax design, while debate
about savings taxes focuses on the policy relevance of UCT. For example, a highly cited review
article by Diamond and Saez (2011) simultaneously makes a case for high top income taxes based
on the formula for ?ﬁ“ez and for positive capital taxes by questioning the assumptions underlying
UCT. Theorem 2 instead implies that policy discussion of income and savings taxes cannot be
conducted in isolation from each other, but both are part of a policy mix that optimally trades off
between multiple margins of redistribution. Hence, the two policy recommendations by Diamond
and Saez (2011) are mutually inconsistent.’

Our characterization of optimal income and savings taxes in Theorem 1 in turn provides empiri-
cal guidance on how the policy maker should resolve this tradeoff: government revenue is maximized
by shifting part of the tax burden from income to savings, and consumption data allow us to identify
the magnitude of this shift. Hence, we provide empirical support for the second recommendation

by Diamond and Saez (2011), while at the same time invalidating their first recommendation.

Relationship to the Literature. Our paper relates to the optimal taxation literature originat-
ing with Mirrlees (1971), as well as the sufficient statistics approach towards estimating optimal
tax rates that was pioneered by Saez (2001). Our model is based on Atkinson and Stiglitz (1976).
Because we allow for arbitrary preferences, their uniform commodity taxation theorem only applies
as a special case of our framework.® Mirrlees (1976), Saez (2002), and Golosov, Troshkin, Tsyvinski,
and Weinzierl (2013) study a similar problem as ours but do not characterize the optimal top tax
rates analytically nor express the formulas in terms of empirically observable sufficient statistics.
Our paper also relates to a large literature that uses consumption data to discipline models of in-
surance or risk-sharing contracts, e.g., Townsend (1994), Ligon (1998), Kocherlakota and Pistaferri
(2009), and Heathcote, Storesletten, and Violante (2014).

The most closely related papers are Scheuer and Slemrod (2021), Gerritsen et al. (2020), Schulz

5The tradeoff between income and savings taxes is intuitive from a revenue maximization perspective: since
savings taxes reduce incentives to work, they negatively impact the government revenue from income taxes. Likewise,
a higher income tax will induce agents to work and save less, and therefore reduces savings tax revenues. Therefore,
the revenue-maximizing mix of tax policies is no longer at the peak of a one-dimensional Laffer curve (except when
UCT applies), but trades off between higher revenues from one instrument versus the other. Discussing income and
savings tax policies independently from each other instead creates the false impression that the government “can have
its cake and eat it too”.

SChristiansen (1984), Jacobs and Boadway (2014), and Gauthier and Henriet (2018) generalize Atkinson and
Stiglitz (1976) to non-homothetic preferences, but typically constrain commodity or savings taxes to being linear.



(2021), and Ferey, Lockwood, and Taubinsky (2021). They recently characterized optimal savings
taxes in models that are similar to ours. Our contribution to this literature is threefold. First, by
studying the design of income and savings taxes concurrently, we identify the joint benchmark that
consists of Saez (2001) for the former and Atkinson and Stiglitz (1976) for the latter (Theorem
2), and highlight a sharp tradeoff between these instruments away from this benchmark. To our
knowledge, these theoretical results are new to the literature.” Second, as in Ferey, Lockwood,
and Taubinsky (2021), we do not impose strong a priori restrictions on preferences or the sources
of underlying return heterogeneity that drive the departure from Atkinson and Stiglitz (1976).%
Third, we emphasize the use of consumption—rather than savings—data to identify the underlying
structure of preferences that pins down the relevant departure from Atkinson and Stiglitz (1976),
and to characterize and quantify optimal income and capital taxes (Theorem 1 and Corollary 1).
Consumption data are essential for identifying optimal taxes on top income earners, who are the
main focus of our analysis. In particular, Ferey, Lockwood, and Taubinsky (2021) estimate optimal
savings taxes along the income distribution, using the causal effect of income on savings as their
main sufficient statistic. As we show formally in Appendix B.1, this identification breaks down at
the top of the income distribution, when consumption is strictly less concentrated than income: The
savings of top earners then respond one-to-one to income changes, which in turn renders savings-
based sufficient statistics uninformative (i.e., redundant given the information already contained in

income-based sufficient statistics). Our paper and theirs are thus complementary.’

Outline of the Paper. In Section 2, we set up our baseline model and derive our main theoretical
results on optimal labor and savings taxes (Theorem 1, Corollary 1) and on the relationship between
Saez (2001) and Atkinson and Stiglitz (1976) (Theorem 2). In Section 3, we study the quantitative
implications of these results. In Section 4, we provide a proof of our first theorem. Section 5 show

that our results carry over to more general environments. The proofs are in the Appendix.

"Gerritsen et al. (2020) and Schulz (2021) also mention a trade-off between labor and savings taxes. However,
our result holds at a higher level of generality, and we prove and characterize this trade-off analytically.

8Scheuer and Slemrod (2021) derive a characterization of the savings tax rates on top earners when agents
have exogenous endowments in addition to labor income and marginal utilities of consumption are independent of
productivity types. In Appendix B.2, we extend our results to a model that nests their framework and discuss
in detail the relationship between both papers. Gerritsen et al. (2020) and Schulz (2021) focus on a model with
heterogeneous returns, assuming that preferences satisfy the Atkinson-Stiglitz restrictions. As we explain in Section
5.1, our model nests this framework as a special case. On the other hand, they explore various microfoundations of
return heterogeneity that are beyond the scope of our analysis.

9Note that even though most of our analysis focuses on the taxation of top earners, our general optimal tax
formulas remain valid in the rest of the distribution (see Section 4). Below the tails, they are equivalent to those
obtained by Ferey, Lockwood, and Taubinsky (2021). This is because consumption and savings data are equally
informative whenever both variables account for strictly positive shares of the agent’s budget. At the top, however,
savings become identical to income (the consumption share vanishes), and hence lose their identification power.



2 Optimal Taxation of Top Earners

In this section, we set up the simplest environment that allows us to decouple consumption from
after-tax income and derive our optimal labor and savings tax formulas. In Section 5, we show that
our results extend directly to much richer environments, with an arbitrary number of periods and

goods, heterogeneous rates of return, and stochastic income shocks.

2.1 Environment

There is a continuum of measure 1 of heterogeneous agents indexed by a rank r € [0, 1] uniformly
distributed over the unit interval. The preferences of agents of rank r are defined over “consump-

tion” C, “savings” S, and “labor income” Y.'” They are represented by
U(C,Y;r)+V(S;r),

where for any r, the functions U and V' are twice continuously differentiable with Ugs > 0, Ugc < 0,
Uy <0, Uyy <0, Vg >0, Vgg < 0 and satisfy the usual Inada conditions as C, Y or S approach
0 or oo. We further assume that U (C,Y;r) 4+ V (S;r) is non-decreasing in r, for any (C,Y,S). We

interpret U and V' as the first- and second-period utility functions, respectively.

Assumption 1 (Single-Crossing Conditions). (i) The marginal rates of substitution (MRS)
between consumption and income, —Uy /Uc, and between saving and income, —Uy [Vs, are strictly

decreasing in r for all (C,S,Y), i.e.,

Ol (=Uy/Uc) _ Uyr Ugy
7 = T Ue < 0. (3)

Oln(=Uy/Vs) _ Uy, ~ Vsr
or Uy %

< 0. (4)

Furthermore, the marginal disutility of effort is decreasing in r, Uy, /Uy < 0.
(ii) The MRS between consumption and savings, Vs/Uc, is monotonic in r for all (C,Y,S),

i.e.,
0ln (Vs/Uc) _ Ve Ucy (5)
or Vs Uc

is either mon-positive or non-negative everywhere.

The single-crossing condition (3) is standard (Mirrlees 1971). Condition (4) introduces its

10While it is convenient for the analysis to define preferences in terms of the observables C, Y, and S, it is
straightforward to map the type-contingent preference over income into a preference over leisure or labor supply.

7



analogue with regards to savings. These conditions rank agents according to their preferences over
leisure, on the one hand, and consumption or savings, on the other hand. On the margin, agents
with higher rank r are more willing to work for a given consumption or savings increase. The
additional restriction Uy, /Uy < 0 implies that higher ranks r find it less costly to attain a given
income level Y'; that is, we can associate agents’ ranks with their labor productivity.

The second part of Assumption 1 imposes that the inter-temporal MRS is monotonic. If it is
increasing, so that (5) is positive, then higher ranks have a stronger taste for saving (relative to
current consumption) than lower ranks. In other words, given the same allocation, those who are
the most inclined to work—the higher ranks—are also the most inclined to save. If instead (5) is
negative, then those who are the most inclined to work are also those who are the most inclined to

spend their incomes on current consumption.

Social Planner’s Problem. Consumption, income, and savings are assumed to be observable,
but an individual’s productivity rank r is their private information. We assume that the social
planner is Rawlsian and wishes to maximize the utility of the lowest-ranked agent; for our results
on optimal top taxes, this assumption is without loss of generality.'! The optimal allocation

{C(r),Y (r),S (r)} maximizes the net present value of tax revenue
1
[ o -ce=swar (©
subject to the incentive compatibility constraint
U(C(r),Y (r);r) +V(S(r);r) = U(C(r),Y (")5r) + V(S () ;7) (7)
for all types r and announcements r’, and a lower bound constraint on the lowest rank’s utility
U(C(0),Y (0)50)+V (S(0)50) = Wo. (8)

To ease notation, we write X (r) = X (C (r),Y (r),S (r);r) for any function X of both the alloca-
tion (C'(r),Y (r),S(r)) and the type r.
Under the Rawlsian objective and the monotonicity of utilities with respect to r, the social

planner values transferring resources towards lower-ranked or less productive agents. On the mar-

1YWe generalize our results to arbitrary planner preferences in the Appendix. Our top income tax results remain
unaffected so long as the marginal utility converges to 0 at infinity, so that top-ranked agents receive vanishing weight
in the planner’s objective function.



gin, this redistribution can occur through three channels: by redistributing effort from less to more
productive agents, or equivalently leisure towards less productive agents—that is, redistribution
“from each according to his ability”; by redistributing consumption or savings towards lower-income
households whose marginal utilities are the highest—that is, redistribution “to each according to
his needs”. The respective signs and magnitudes of Uy, /Uy, Uc,/Uc, and Vs, /Vs govern how
preferences over these various channels of redistribution vary with agents’ types, and therefore how

the corresponding policy instruments interact with their incentives to work and to save.

Labor and Savings Wedges. Let 7y (r) = Uy (r) /Uc (1) + 1 denote the labor wedge at rank
r implied by the optimal allocation {C (-),Y (-),S (-)}, i.e., the intra-temporal distortion between
the marginal product and the marginal rate of substitution between consumption and income. Let
7s (r) = Vg (r) /Uc (r) — 1 denote the savings wedge at rank r, i.e., the inter-temporal distortion in
the agent’s first-order condition for savings.

An interpretation of our optimal tax system is a combination of income taxes, social security
contributions and pension payments (“savings”) that are indexed to labor income, without any
additional private savings. The savings wedge then represents the marginal shortfall or excess of
social security contributions relative to pension payments. Alternatively, we could relabel S in our
model as “bequests”, let C' and Y stand for life-time earnings and consumption, and reinterpret

the savings wedge as a tax on bequests.

2.2 Optimal Top Income and Savings Tax Rates

When should income and savings be taxed? It is well-known since Mirrlees (1976) that the optimal
labor and savings wedges inherit the signs of U¢,. (1) /Uc (r) — Uy, (1) /Uy (r) and Vg, () /Vs (r) —
Ucr (1) /Uc (1), respectively. Assumption 1 implies that the former is positive, and hence that it
is optimal to tax labor income. Analogously, it is optimal to tax (respectively, subsidize) savings
whenever the latter is positive (resp., negative), that is, if higher ranks have a higher (resp., lower)
intertemporal MRS Vg /U¢ and are thus more inclined to save (resp., consume) their current income
than lower ranks. Intuitively, if the more productive ranks have a stronger taste for savings, the
planner can screen them—i.e., deter them from mimicking lower ranks—by taxing the savings of
lower ranks. This general result nests the uniform commodity taxation setting of Atkinson and
Stiglitz (1976) as a special case. When all ranks r have the same intertemporal MRS Vs /U¢, savings
taxes are unable to affect the low-productivity workers differently than the more productive ones

who mimick them. It is then optimal to set 7g () = 0 for all r, so that redistribution should only be



achieved through the income tax without further distorting the intertemporal consumption margin.

Our first main result, Theorem 1, extends these insights by providing a novel analytical rep-
resentation of the rank-dependence of the intra- and inter-temporal MRS Uc,./Uc — Uy, /Uy and
Vsr/Vs — Ucyr/Uc, and hence the optimal income and savings taxes. Our optimal tax formulas
depend on two sets of sufficient statistics: distributional parameters, such as the Pareto coefficients,
and preference parameters or, equivalently, behavioral elasticities with respect to tax changes.

We denote by py (r),pc (r), ps (r) the local Pareto coefficients of the distributions of labor
income, consumption, and savings, respectively, and by s¢ (r) the share of consumption in retained
income at rank r. For any X € {Y,C, S},

dln (1 — Fx (X (r)))
dln X (r)

C (r)
(1 =7y (r) Y (r)

px (r) = , and sc(r) =

where F'x denotes the CDF of the distribution of X. We assume that these Pareto coefficients and
the consumption share converge to constants for top earners; we denote px = lim,_1 px (r) and
s = lim, 1 s¢ (7).

In addition, we define the following preference elasticities:

C(r)Ucc (1)
Uc (r)

S (r)Vss (r)
Vs (1)

Y (7") Uyy (7")
Uy (r)

Y (r)Ucy (r)
Uc (r)

Cc(r)=— , s (r) = — , Gy (r) , Coy (1)

We assume that these elasticities converge to finite limits (¢, (s,(y,(cy as r — 1. Below, we
represent these parameters in terms of the substitution and income effects of labor income taxes
on taxable income (({, ¢{), consumption (¢Z,¢l), and savings (¢¥, ¢L).

Theorem 1 characterizes optimal income and savings wedges in terms of these Pareto coeflicients

and preference elasticities:

Theorem 1. Suppose that Assumption 1 holds and that the optimal allocation {C (-),Y (-),S(-)}
is co-monotonic. Suppose moreover that as r — 1 we have (c/pc < 1+ oy /py and (s/ps < 1.

Then the optimal labor wedge on top income earners, Ty = lim,_1 7y (r), satisfies

S Cy/py +Cc/pc — (1 + scpy /pc) Coy /py )
L+ <y /py — scley/pc

and the optimal savings wedge on top income earners, Ts = lim,_,1 75 (1), satisfies

—. _ $s/ps—Gc/pc+Cey/py
¢ = .

1—(s/ps (10)

Equation (9) generalizes the top income tax rate formula of Saez (2001) to a dynamic environ-

10



ment. Equation (10) provides an analogous formula for savings taxes. We derive these equations
from a pair of perturbations that identify possible welfare improvements starting from a sub-optimal
tax schedule: If the observed income or savings wedge is higher (lower) than the theoretical opti-
mum described by equations (9) and (10), then a marginal reduction (increase) of the corresponding
wedge is strictly welfare-improving. Moreover, the characterization of the optimal labor wedge in

equation (9) applies even if the savings wedge is not at its optimal level, and vice versa.

The Role of Consumption Inequality for Optimal Taxes. Theorem 1 represents optimal
income and savings taxes explicitly as a function of the Pareto tail coefficients and preference
elasticities of consumption and savings in addition to those of labor income. Ceteris paribus, high
income and consumption inequality (i.e., small Pareto coefficients) both lead to high optimal top
tax rates on labor income, while high wealth inequality but low consumption inequality lead to
high optimal top tax rates on savings.

The reason why income, consumption, and savings inequality all matter for optimal taxes
appears clearly in the proof of Theorem 1 in Section 4 below. Proposition 3 shows that the rank-
dependence of the intra- and inter-temporal MRS, U¢,. /Uc — Uy /Uy and Vg, /Vs —Ucy /U, which
determines the sign and magnitude of optimal income and savings taxes, can be identified from the
ratios of preference elasticities and Pareto coefficients, along with the progressivity of the income

and savings taxes in place. More specifically, if 7¢ converges to a constant at the top, we obtain

Vs Uc

v (Vsr Ucr\ _ ¢ G | Gy
(1 T)( >_Ps oc v

(11)

With constant top savings taxes, agents’ consumption and savings must grow with after-tax
income at rates that keep the inter-temporal MRS constant, hence 1/Vg and 1/Uc must have
identical upper Pareto tails. With rank-independent inter-temporal MRS (Vs,./Vs — Uq,/Uc = 0),
this in turn implies that (s/ps = (c/pc — Coy /py. Conversely, if preferences are rank-dependent
(Vsr/Vs # Ucr/Uc), the upper Pareto coefficients of 1/Vs and 1/Uc augment the terms (s/pg
and (¢ /pc — Coy /py, which capture the role of diminishing marginal utilities at a given rank, with
additional terms (1 — r) Vi, /Vs and (1 — r) Ue,/Ue that capture the rank-dependence of 1/Vg and
1/Uc at a given allocation. Equating the two Pareto coefficients then implies that any difference
between (s/ps and (c/pc — Coy/py on the RHS of equation (11) mirrors one-for-one the rank-
dependence of the inter-temporal MRS on the LHS, and can thus be used to fully identify the
latter. Along similar lines, we identify the rank-dependence of the intratemporal MRS by equating
the Pareto tail coefficients of 1/(—Uy) and 1/Uc.
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To build intuition, consider first the case without preference complementarities ((cy = 0)
and suppose that savings are more concentrated at the top than consumption (pc > pg). This
could occur either because top-ranked earners face more strongly diminishing marginal utilities of
consumption than of savings ((¢ > (g), or because agents’ intrinsic preferences for savings are rank-
dependent. The ratio (g/(c identifies the concentration of savings relative to consumption that
is consistent with rank-independent preferences, while the ratio pg/pc identifies the concentration
of savings relative to consumption observed in the data. Rank-independence is rejected when the
former differs from the latter. By comparing ps/pc to (¢/(s we identify to what extent preference
heterogeneity is required to rationalize the gap between consumption and savings inequality, and
thus to what extent savings taxes or subsidies are useful to screen and redistribute from higher- to
lower-ranked agents, on top of redistributive income taxation. When (cy > 0, the preference com-
plementarity with earnings reduces the rate at which the marginal utility of consumption vanishes
at the top, but the argument is otherwise the same. The ratios of preference elasticities and Pareto
coefficients are therefore natural and transparent sufficient statistics for intrinsic rank-dependence

of preferences and hence optimal taxes.

2.3 From Theory to Observables

To characterize optimal taxes in terms of observables, we first identify additional model-implied

restrictions that they must satisfy. We then relate preference elasticities to observable counterparts.

Additional Model-Implied Restrictions: A Tale of Three Tails. First, note that the three
Pareto coefficients and the consumption share s¢ are linked through the agents’ inter-temporal
budget constraint. As r — 1, the spending on consumption or savings of top-ranked agents cannot
grow faster than their after-tax income, so we have po > py and pg > py. Hence the cross-sectional
distribution of labor income must have a weakly thicker upper tail than those of consumption and
savings. But total spending on consumption and savings must grow at the same rate as after-tax
income, which in turn implies that py = min{pc, ps}. This relationship is the analogue of the
condition py = p¢ in the static setting. Moreover, so = 0 if po > py and s¢ = 1 if pg > py, i.e.,
the share of consumption (resp., savings) in retained earnings must be vanishing if consumption
(resp., savings) has a strictly thinner tail than income. On the other hand, sc € [0, 1] remains
unrestricted if py = po = ps. Hence only py and one of the variables pc, pg, sc are unrestricted,
with the other two statistics in each case pinned down by these additional restrictions.

Second, the substitution and income effects on taxable income ((#, ¢t), consumption (¢4, ¢}),
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and savings (CH,¢l) satisfy two additional identities, (¥ = scCH + (1 —s¢)¢H and 1 — (§ =
scCl+ (1 — s¢) ¢k, which are the analogue of the conditions (#f = (¥ and 1 —¢{- = ¢/, in the static
model. The four preference elasticities are therefore exactly identified from these six behavioral
responses to tax changes. However, the behavioral responses that matter for identification depend
on the limit of the consumption share so: If s¢ = 1, the income and substitution effects on
consumption ((#, ¢}) mirror those on taxable income (({, (%), and therefore identification requires
using the response of savings to income tax changes (¢ g ,C é) If s¢ € (0,1), any two pairs of income
and substitution effects identify the third, along with the four preference elasticities. Finally, if
s¢ = 0, then the income and substitution effects on savings (Cgl ,(fg) mirror those on taxable
income (C{/{ , C{/), and therefore identification requires using the response of consumption to income
tax changes (¢4, ¢}).

Our model thus admits three possible scenarios that we summarize as follows:

1. If py = po < ps and s¢ = 1, savings are strictly less concentrated at the top than income and
consumption and top earners consume (almost) all their income. The behavioral responses of
consumption and labor supply then coincide, thus making information from consumption re-
dundant, relative to income data. Preference elasticities and optimal taxes are then identified

from Pareto coefficients and behavioral responses of income and savings.

2. If py = pc = ps and s¢ € [0,1], income, consumption, and savings are equally concen-
trated at the top, and top earners consume and save non-vanishing fractions of their income.
The substitution and income effects of any two of the three variables (income, consumption,
savings) can then be used to identify our four preference elasticities and determine optimal

income and savings taxes.

3. If py = ps < pc and s¢ = 0, consumption is strictly less concentrated at the top than income
and savings, and top earners save (almost) all their income. The behavioral elasticities of
savings and labor supply coincide, making savings information redundant relative to income
data. Preference elasticities and optimal taxes are then identified from Pareto coefficients

and behavioral responses of income and consumption.

In the sequel, we refer to these cases as Case 1, Case 2, and Case 3, respectively.

Linking Preference Elasticities to Standard Behavioral Responses. Following Chetty
(2006), we break the agent’s decision into a first stage in which the agent trades off between labor

supply and after-tax earnings M =Y — Ty (Y), and a second stage in which after-tax earnings
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are allocated to consumption and savings. Define U (M,Y;r) = maxc,s{U (C,Y;r)+V (S,r)}
st. C+ S+ Ts(S) < M as the indirect utility function that characterizes the solution to the
second-stage problem. The first-stage problem then maximizes U (Y — Ty (Y),Y;r) with respect
to Y, and is identical to the static optimal tax problem solved by Saez (2001).

First-Stage: Which Parameters do the Labor Supply Responses Identify? Applying the same
arguments as in the static model (equations (23) and (24) in Saez (2001)), we thus obtain that the
substitution and income effects of taxable income with respect to tax changes, (C{}' , C{/), identify

the following parameters:

1-¢ = = S
7 = ¢ —Cuy, and 5 = (u —CQuy. (12)
Gy Gy
where Cyy = —MUym JUpr is the coefficient of relative risk aversion over after-tax earnings,

&y = YUyy /Uy is the first-stage curvature over labor supply, and Cuy = YUy JUpr is the
complementarity between after-tax earnings and labor supply. Suppose first that the first-period
utility function is separable between consumption and leisure, so that (¢y = 0. In this case, we
have
1 sc 1—sc¢ - -
— = —+ &y = ¢, CQuy = 0.
Cm Cc ¢s ’

Thus, income and substitution effects of taxable income identify the labor supply parameter (y and

the relative risk aversion coefficient over after-tax income (; via the relationships (1— C{/) / C{/{ =(y
and C{/ / C{/{ = Cy. More generally, preference complementarities (cy > 0 lead to fMY > 0 and
modify the relationship between ¢y and ¢y. The corresponding expressions are given in Appendix
A.2 (equation (29)). We obtain that, fixing the preference complementarity {¢-y and the curvature
in consumption (¢, income and substitution effects of taxable income continue to identify the labor

supply parameter (y and the relative risk aversion coeflicient over after-tax income CN M-

Second Stage: Which Parameters do Consumption and Savings Responses Identify? The con-
sumption or savings responses to income tax changes then serve to identify the curvatures on con-
sumption and savings (¢, (g, and the preference complementarity (oy. Suppose again for simplicity
that oy = 0. This restriction implies that the relative strength of income and substitution effects
for taxable income, consumption and savings must be the same: (1 —¢{)/¢# = ¢ /¢l = ¢L/cH.
In addition, we have that CcCg = ngg and (CCé = ng‘é, i.e., income and substitution effects

for consumption and savings are inversely proportional to preference elasticities. Intuitively, in the
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absence of preference complementarities, agents make no difference between earned and unearned
income changes and pass those changes through to consumption and savings with elasticities that
are inversely proportional to the respective preference elasticities (¢ and (5. We thus obtain that
the ratio of preference elasticities (¢ /(s is naturally linked the ratios of income and substitution

effects on consumption and savings:

e _ Y _ Y
¢s 1k 1/

More generally, when (¢y > 0, we show in Appendix A.2 that the ratio (¢ /(s is adjusted down-
wards compared to Cé / C(IJ and upwards compared to ¢ g / Cg . Thus, consumption and income are
complements if and only if ¢ é / Cé > ( g / Cg , and since the adjustments depend on the value of (o,
we can then infer the degree of preference complementarity by comparing these two ratios of in-
come and substitution effects. Intuitively, substitution effects for taxable income, consumption and
savings all have the same sign (a higher income tax causes agents to work, consume and save less).
The complementarity between consumption and earnings increases the response of consumption
relative to savings for given (¢/Cs. This in turn implies that for given (& /¢H, the inferred ratio
of elasticities (¢/(g increases. On the other hand, an increase in unearned income reduces earned
income, while increasing consumption and savings. In this case the complementarity weakens the
income effects of consumption relative to savings for given (¢ /(g, which in turn implies that the

inferred ratio of elasticities (¢/(s is lower than ¢%/¢L with complementarities.

Elasticity of Intertemporal Substitution. We finally define the elasticity of inter-temporal sub-
stitution (EIS) as follows:

dIn (S/C) B 1

78111 (1 + TS) YU constant SCCS + (1 o SC) CC ‘

C1s =

Thus, the EIS (;g and risk aversion 3 jointly depend on the preference elasticities (¢ and Cg. In
Case 1, so = 1 implies that ;s = 1/(s. That is, while consumption mirrors after-tax income at
the top and the first-stage elasticities fully determine the consumption-earnings tradeoff (5 v = Co,
&y = {y, and Cury = Coy), the EIS governs the response of savings to tax changes (and is thus
identified from the latter). The opposite holds in Case 3 (s¢c = 0): the first-stage elasticities imply
Cr =Cs, & = Gy, Cuy = 0, and the EIS (g = 1/(c is identified from the response of consumption
to tax changes. In this case, the top agents face a static trade-off between earnings and savings,

with consumption responses to tax changes determined by inter-temporal substitution.
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This discussion also highlights that risk aversion (y; and intertemporal substitution (7g play
conceptually different roles for determining optimal income and savings taxes: the former governs
variation in marginal utilities of after-tax income, which enters the social planner’s redistribution
motive. The latter affects how much consumption and savings respond to tax changes, which in turn
determines the relative importance of diminishing marginal utilities and rank-dependent preferences
in accounting for consumption and savings inequality—and thus how much redistribution should

be shifted from income to savings taxes.

Optimal Taxes in Terms of Observables. We are now in a position to answer our central
motivating question: To what extent do consumption inequality and consumption responses to
income taxes matter for optimal tax design, independently of income inequality and labor income
responses? The following corollary to Theorem 1 provides alternative expressions for the optimal
income and savings tax rates in terms of behavioral elasticities. This result pinpoints the precise
role that consumption data play in disciplining optimal income and savings taxes in the expressions
given in Theorem 1. For simplicity, we focus again on the case of a separable utility, and treat the

general case in Appendix A.2.

Corollary 1. Suppose that (cy = 0. The optimal income tax can be rewritten as:

py Gy
Ty = -G (1 (13)
PCCC
where ﬂs/‘wz is given by (1), and the optimal savings tax can be rewritten as:
I H
7o = vy PSS ) (14)
pSCs - Cy PCCC
<

. . > > : >
if and only if pc Cg = Py C{/{ , and Tg =0 if and only if pc Cg = Ps C{q{

Suppose in addition that sc < 1 (Cases 2 and 3). It is then optimal to tax savings if and only if

= = =Saez
Hence, Ty = TY

the product of the consumption-Pareto and the EIS is large enough:
H
s > —=F. 15
pc G =

Corollary 1 yields empirically testable necessary and sufficient conditions for the deviation from
the benchmark optimal tax results of Saez (2001) and Atkinson and Stiglitz (1976), obtained by
comparing the substitution effects of consumption with those of earnings and savings, respectively.

As long as the utility function is not quasilinear in consumption (i.e., ¢{- > 0), the optimal labor
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income tax is strictly lower than the static benchmark whenever the product of the Pareto coeffi-
cient and the Hicksian elasticity is larger for consumption than for labor income, pCCg > pyC{/{ ;
analogously, the optimal savings tax is strictly positive if and only if chg > pg(éf . In the next
section, we show that these departures from the Saez (2001) and Atkinson and Stiglitz (1976)
benchmarks, respectively, are in fact closely linked.

Furthermore, condition (15) gives a particularly simple necessary and sufficient condition under
which taxing savings is optimal, in the form of a lower bound on the elasticity of intertemporal
substitution, or an upper bound on the ratio of Pareto coefficients on income vs. consumption.
If the consumption share of income converges to zero at the top, which we argue below is the
empirically relevant case, this condition simply reads (rs > (py({)/(pc¢ ), which depends on
parameters that all have readily available estimates in the empirical literature. In Section 3, we
use condition (15) to argue that for empirically plausible values of the EIS the optimal savings tax
is indeed strictly positive.

Equations (32), (31), and (33)-(34) in the Appendix generalize the formulas of Corollary 1 to the
case (cy > 0. (We further generalize these results to the case where savings are not separable from
consumption and income in Appendix A.3.) Importantly, the results that 7y § ?f,aez if and only if
pC Cg % Py C{f ,and Tg % 0 if and only if po Cg % ps Cg, continue to hold. When it is optimal to
tax savings, however, the magnitude of 75 (and, correspondingly, the lower bound on the EIS) are
adjusted upwards if ¢y > 0. These comparative statics follow from the familiar logic of Corlett
and Hague (1953): When preferences are non-separable, it is optimal to tax less heavily the goods
that are complementary to labor. Thus, a higher degree of complementarity between consumption

and labor income unambiguously raises the optimal top savings tax rate and, symmetrically, lowers

the optimal top income tax rate.

2.4 Deviations from Seminal Taxation Results

Our second theorem connects our representation of optimal income and savings taxes in Theorem 1
and Corollary 1 to the seminal results of Saez (2001) and Atkinson and Stiglitz (1976). It highlights
a deep connection between these two benchmarks, which to our knowledge has not been recognized
before: One cannot hold without the other—outside of the “trivial” case where savings vanish (as
a fraction of earnings) at the top of the income distribution. In other words, the static optimal

income tax rate and the uniform commodity taxation theorem are two sides of the same coin.

Theorem 2. 1. Consider Case 1, in which s = 1 and pc = py < ps. Then the optimal top

income tax rate Ty is equal to the static optimum T59¢% = 74" given by equations (1) or (2).
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2. Consider next Cases 2 and 3; i.e., suppose that sc < 1.Then the optimal savings tazx rate on

top earners is positive (resp., negative), Tg % 0, if and only if the optimal top income tax rate is

< _

lower (resp., higher) than the static optimum, Ty = THaez,

3. In particular, in Case 3, where s¢ = 0, the static wedge is equal to the combined wedge on

income and savings:
1—7y
1— 759 = : 16
Y 14+7g (16)

Consider first Case 1, with s¢ = 1. In this case, savings simply do not matter at the top and the

ff“ez and

model converges to the standard static trade-off between consumption and income; hence, 7
ﬂc/‘ms continue to provide correct representations of optimal income taxes in the dynamic model.
Both consumption and income inequality still matter for optimal income taxes even in this case,
but this distinction only arises at a conceptual level—it does not affect quantative prescriptions,
because Pareto coefficients and behavioral responses of income and consumption are observation-
ally equivalent in the upper tail. Thus, the optimal income tax 7y can be inferred from either
(py, ¢, L) or (po, ¢4, ¢L). On the other hand, savings taxes may or may not satisfy the uniform
commodity taxation theorem and still be either positive or negative, but this departure cannot
be inferred by comparing income and consumption data—it depends instead on the comparison
between the ratio of Pareto tails for income and savings py /ps with a ratio of compensated labor
supply and savings elasticities, (& /¢H.

This raises the question under what conditions consumption inequality and consumption re-
sponses to tax changes matter for optimal tax policies independently of income inequality and
income responses, or conversely, under what conditions the income-based representation ﬂs/“ez cor-
rectly identifies optimal income taxes in the dynamic model. The second part of Theorem 2 answers
this question by showing that whenever s¢ < 1, the optimal income tax equals ﬂs/“ez if and only
if the Atkinson-Stiglitz theorem applies and 7g = 0. To understand this insight, recall that we
can represent the agent’s labor supply and consumption-savings decision as a two-stage problem,
where the second stage allocates after-tax income M to consumption and savings, and the first-
stage decision determines labor supply and after-tax income. Therefore, the optimal income tax is
equal to ?39/“62 if and only if the optimal tax design can be reduced to a static problem with prefer-
ences directly defined over earnings Y and after-tax income M, with no information needed about
how the latter is allocated between consumption and savings. But this condition is met precisely
when preferences satisfy the necessary and sufficient condition for the uniform commodity taxation

theorem of Atkinson and Stiglitz (1976); that is, if the MRS between consumption and savings is

independent of rank r. In this case, income and substitution effects of labor supply, along with the
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Pareto coeflicient for earnings, are sufficient to estimate the optimal income tax, and it is optimal
not to tax savings. Measures of consumption inequality, along with income and substitution effects
for consumption, remain therefore irrelevant for optimal income and savings taxes.

By contrast, the reduction to a single decision margin and single tax distortion characterized by
Saez (2001) no longer applies when the preference restrictions of Atkinson and Stiglitz (1976) fail
to hold. The design of optimal income taxes can no longer ignore how after-tax income is allocated
to consumption and savings, since preferences for savings and incentives to work are no longer
independent. If higher-ranked agents are more inclined to save, the taxation of savings facilitates
redistribution towards lower-ranked agents and allows the social planner to reduce labor supply

gqfaez, and

distortions. Hence, the optimal income tax is strictly lower than the static benchmark 7
vice versa if higher-ranked agents are less inclined to save and it becomes optimal to subsidize
savings. The third part of Theorem 2 shows that this trade-off between income and savings taxes
is especially stark when s = 0 and consumption vanishes at the top. In that case, the optimal
top income tax is again governed by a static trade-off—but it is now between income and savings,
rather than between income and consumption. The static wedge ?gq/“ez therefore equals the combined
wedge between labor earnings and savings, as formalized by equation (16).

It follows from this discussion that, when s¢ < 1, income and consumption inequality, as well
as the income and consumption responses to tax changes, both matter independently for determin-
ing optimal income and savings taxes. If s¢ = 0, then the income-Pareto py and taxable income

Saez
Y

elasticities uniquely pin down 75%¢*, while the moments from consumption data—specifically, the

consumption-Pareto and the elasticity of intertemporal substitution—serve to decompose the com-
bined wedge ?}Sfaez into Ty and Tg, as discussed in Section 2.3. More generally, Corollary 1 shows
that savings should be taxed, and income should be taxed at a lower rate than the static wedge,
iff the product of compensated elasticities and Pareto tail coefficients is larger for consumption
than for savings, i.e., pCCg > PSCE . Using standard identities, this condition can equivalently be
restated as pcgg > pyC{/{ as long as the marginal propensity to save does not go to zero.

Finally, we show in Section 5.2 and Appendix A.3 (equations (35) and (36)) that these results
do not rely on the separability between saving, on the one hand, and consumption and income,
on the other hand. The tight relationship between Saez (2001) and Atkinson and Stiglitz (1976),
along with the condition on ,oc(g and pyC{/{ to identify the departures of the optimal income and
saving taxes away from this joint benchmark, carry over to the case of arbitrary preferences over

the three variables.
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Consequences for Policy Recommendations. The static optimal tax formula (1) of Saez
(2001) features prominently in discussions about income tax design, while debates about savings
taxes typically focus on the policy relevance of the uniform commodity taxation theorem of Atkin-
son and Stiglitz (1976). For example, a highly cited review article by Diamond and Saez (2011)
simultaneously makes a case for high top income taxes based on the formula for ?@aez and for
positive savings taxes by questioning the assumptions underlying the Atkinson-Stiglitz theorem.
We showed, however, that the static income tax formula and the Atkinson-Stiglitz theorem cannot
be studied in isolation—one does not apply without the other. In other words, the two policy rec-
ommendations made by Diamond and Saez (2011) are mutually inconsistent: An expert calling for
high income taxes based on ﬂs/aez must also support the recommendation of zero capital taxation,
and support for positive savings taxes must be accompanied by less extreme recommendations for
the income tax. More broadly, policy recommendations about income and savings taxes cannot be

made in isolation from each other, but are part of a policy mix that optimally trades off between

multiple margins of redistribution.

3 Quantitative Implications

3.1 Calibration

Pareto Tail Coefficients (py, ps, pc). In Gaillard et al. (2023), we document that labor income
and consumption both have Pareto tails and estimate their respective coeflicients in the U.S. using
the 2005 to 2021 waves of the PSID. We find an average estimate of the Pareto coefficient on labor
income equal to py = 2.3. Karahan, Ozkan, and Song (2022) find an even smaller value for the
Pareto coefficient of lifetime earnings, py = 2.13. By contrast, we obtain a much larger average
estimate of the Pareto coefficient on consumption.'? Figure 1, taken from Gaillard et al. (2023),
plots the upper tail of the distribution of consumption for each wave of the data set, along with
the best Pareto fit. We obtain an average value of the Pareto coefficient equal to po = 3.1, with
a lower and an upper bound equal to 2.87 and 3.47, respectively. We further show that the gap
between the two tails is statistically significant and robust across numerous specifications, formal

tests, and alternative data sets. These results are also consistent with those obtained by Buda

2The permanent income hypothesis suggests that it is preferable to use consumption rather than income data to
calibrate the Pareto coefficient py in the static Mirrlees setting, since annual consumption may be a better predictor
of permanent income than annual income. While this only reinforces the critique we raised in the first section of
this paper, according to which one could (and perhaps should) use consumption rather than income inequality data
to evaluate optimal taxes in the static framework, this is not the main point of our paper. Instead, our argument
is that, to the extent that (lifetime) income and consumption inequality measures do not coincide, they both matter
independently for optimal taxes.
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Figure 1: Pareto coefficient of consumption
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et al. (2022) using a rich dataset of credit card transactions in Spain. In light of these findings,
there is little doubt that the relevant empirical scenario is Case 3, in which consumption has a
substantially thinner tail than labor income, pc > py. In turn, this implies that the consumption
share of income s converges to 0 as r — 1.3

Note, however, that our model imposes perfect co-monotonicity between labor income and con-
sumption. To make our quantitative analysis consistent with our model, we compute the mean
log-consumption of workers within each labor income quantile: By averaging, we remove the varia-
tion of consumption conditional on labor income rank. Each graph of Figure 2 plots the following
quantiles: 70; 70.5; 71; ...; 99; 99.5. If the tail of labor income is indeed Pareto distributed, the
fact that the data align along a straight line confirms that consumption is also Pareto-distributed.
Moreover, the slope of the relationship yields an estimate of the ratio of Pareto coefficients py /pc

between 0.55 and 0.71, with an average estimate of 0.66. In our quantitative exercise, we use

13Recall moreover that py = ps in our model. While this might appear counterfactual, note that ps is the Pareto
coefficient for savings, not wealth. As we show in Section 5.1, our model nests the case where asset returns are
increasing in savings, implying that the wealth tail is strictly thicker than the savings—and hence the income—tail.
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Figure 2: Ratio of Pareto Coefficients: Consumption vs. Income
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these values as our lower bound, upper bound, and baseline estimate, respectively. Using our
preferred estimate of py = 2.13, these correspond to Pareto coefficients for consumption equal to

po € {3.0, 3.22, 3.87}.

Labor Supply Elasticities (¢(/,¢{). When s¢ = 0, equation (12) establishes a one-to-one map
between the substitution and income effects on labor supply (C{;I , Q{/) and the preference elasticities
(v, Cs). A vast literature estimates the elasticities of taxable income with respect to marginal tax
rates and lump-sum transfers. The meta-analysis of Chetty (2012) yields a preferred estimate of the
Hicksian elasticity of ({f = 0.33, while Gruber and Saez (2002) estimate a value of ({{ = 0.5 for top

income earners. Empirical evidence about the size of the income effects C{, is mixed (see, e.g., Keane
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2011). Gruber and Saez (2002) find negligible income effects, while Golosov, Graber, et al. (2021)
estimate that $1 of additional unearned income reduces the pre-tax income by 67 cents in the highest
income quartile, which for a top marginal tax rate of 50% translates into an income effect of 0.33.
For our baseline calibration, we choose C{}’ = 0.33 for the Hicksian elasticity and an intermediate
value ¢ = 0.25 for the income effect. These values imply &G =G =010- )/ =227 and
G = (s = ({/ / ({5] = (.76, reasonable values for the inverse Frisch elasticity of labor supply and
the relative risk aversion of top earners; in particular, the latter is consistent with the estimates of
Chetty (2006). We evaluate the robustness of our quantitative results to the alternative parameter

values ¢(ff = 0.5 and ¢{- = 0.33.

Preference Complementarity ((cy). Chetty (2006) shows that (jsy can be bounded as a func-
tion of the coefficient of relative risk aversion Cys by Cary/Cyr < AlnC/Aln L, where Aln C/Aln L
is the change in consumption that results from an exogenous variation in labor supply across var-
ious states, e.g., due to job loss or disability. This empirical moment turns out to be small, with
Cory / Car < 0.15 representing a very conservative upper bound. While this finding is perfectly con-
sistent with Case 8 (s¢ = 0), under which (ysy should converge to 0 for top earners (see equation
(29) in the Appendix), it does not inform us about the underlying value of the preference comple-
mentarity (cy. For our baseline calibration, we use the value (cy = 0 (separable utility), which is
both a natural benchmark and consistent with the baseline estimate of the Marshallian elasticity
of consumption with respect to permanent before-tax wage changes for men in Blundell, Pistaferri,
and Saporta-Eksten (2016). We evaluate the robustness of our quantitative results to a wide range

of values of the complementarity.

Elasticity of Intertemporal Substitution ((;s). When s¢ = 0, the preference elasticity (¢
is related to the elasticity of intertemporal substitution ;g through the relationship (¢ = 1/(ss.
To calibrate the EIS, we use Jakobsen et al. (2020) who focus specifically on the behavior of the
wealthiest households. Through the lens of a life-cycle model similar to ours, they show that an EIS
as large as 2.6, and even higher for the very wealthy, is necessary to replicate the quasi-experimental
evidence on the effects of a large wealth tax reform in Denmark on wealth accumulation. This
value is consistent with that of Holm et al. (2024), who estimate an EIS of 2 by evaluating the
spending response to a dividend tax news shock. Our baseline calibration thus uses (;jg = 2,
which in turn leads to (¢ = 0.5. As an alternative to the EIS, we could also use direct empirical
estimates of the consumption response to a permanent wage shock to calibrate (. Attanasio and

Davis (1996) estimate that between 60% and 80% of relative wage changes among birth cohorts and
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education groups are passed through to relative consumption changes. Using these estimates for the
Marshallian (uncompensated) elasticity ¢ + ¢, and the relationship ¢./¢ = ¢y when (cy =0,
we obtain a range of values (¢ = ¢ /¢H € (1.02,1.36) in our baseline calibration, corresponding to
an EIS in (0.73,0.98). We thus evaluate the robustness of our results to a wide range of values for

the EIS.

A Cautionary Note. Our identification does not rely on any specific functional-form assump-
tion on preferences. Instead, we infer the relevant preference elasticities directly from behavioral
responses to income and tax changes. In particular, we do not calibrate our elasticity parameters
using empirical estimates obtained by estimating structural models that rely on a particular choice
of utility function if the latter is not flexible enough to accommodate the ordering of Pareto tails
and the value of s¢ to which we calibrate our model. By contrast, many papers impose strong
a priori assumptions on the utility function to structurally estimate preference parameters. As
emphasized by Chetty (2009), a potential pitfall of using these structural estimates to discipline
behavioral elasticities and evaluate tax policies is that the structural model on which these empiri-
cal estimates are based may not be compatible with restrictions imposed by the underlying model
that led to the optimal tax formula. For instance, suppose that we derived optimal taxes under the
assumption that preferences take the form U = u (g (C) — v (Y/0(r))) for some concave constant-
elasticity functions v and g and convex function v. While this utility function implies Uoy > 0
and appears to have sufficient flexibility to parametrize (¢, {(y and (¢y via the functions u, g, and
v, we can show that optimal consumption choices resulting from this functional form impose that
sc is bounded away from zero at the top; it can therefore not be consistent with the empirically
relevant scenario of Case 3. A similar comment applies to the widely used estimates of French
(2005), whose preference structure is compatible with s¢ converging to zero only if labor supply is
completely inelastic ((y — o0) at the very top, contradicting empirical evidence on labor supply
elasticities. One could make these preferences consistent with Case 8 by incorporating additional
preference heterogeneity—for example by making g rank-dependent. But by doing so, we would
mechanically attribute the discrepancy between income and consumption Pareto tails to preference
heterogeneity, and therefore hardwire into our preference assumptions the conclusion that it is op-
timal to tax savings, rather than letting the data identify how much of this gap is attributable to

preference heterogeneity rather than income elasticities.
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Table 1: Optimal top labor income and savings taxes

py/pc = 0.55 py /pc = 0.66 py/pc =0.71
Ty Jgs Ty Jgs Ty 1I§S ?39’%2
Baseline values* 58% 26% 59% 24% 60% 23% 69%
=05 49% 12% 50% 9% 51% 8% 55%
¢4 =0.33 55% 39% 57% 37% 57% 36% 73%
¢rs = 0.75 68% 2% 72% —10% 73% —16% 69%
Coy =0.5 47% 42% 48% 40% 48% 40% 69%

*Baseline values: py = 2.13, (¥ =0.33, (& = 0.25, {15 = 2, oy = 0.

3.2 Results

Table 1 below summarizes our quantitative results for the optimal top tax rates on labor income
and savings. While Ty represents a marginal labor income tax on gross income, Tg represents the
savings wedge as a proportion of net savings S. For constant top savings wedges, this translates
into a top marginal tax on gross savings equal to Tg/(1 4+ Tg); this is the variable we report in the
table. We also report the static optimum ?39/“62 . The first row gives the results for our baseline
parameter values py = 2.13, C{EI = 0.33, C{/ = 0.25, {cy = 0, {75 = 2, and for three values of
the ratio of Pareto coefficients of labor income and consumption: py/pc € {0.55, 0.66, 0.71}. The
remaining rows of the table vary one parameter of our baseline calibration at a time.

Our preferred calibration yields a combined wedge ?gq/“ez of 69%, split between a top labor
income tax rate of 59% and a top savings tax rate of 24%. To interpret the values of the savings
wedge, it is useful to translate them into a tax on annualized returns. In our model, the first period
represents a 30-year gap between the beginning of the working period and retirement. If the annual
return on savings is 5% (resp., 3%), a savings tax of 7g/(1 + 7g) = 24% corresponds to a 0.9%
annual tax on accumulated wealth, or a 19% (resp., 31%) capital income tax. Alternatively, if we
interpret our model as one of retirement savings, a wedge of 24% means that top income earners
will receive a present value of $0.81 of additional pension payments for each additional dollar in
social security contributions.

Higher values of the compensated elasticity of taxable income C{/{ reduce the combined wedge
on labor income and savings ?39,“62, but also shift the distortions away from savings and towards
labor income. Intuitively, a higher compensated income elasticity reduces the pass-through from
income to consumption inequality, which in turn reduces the role of heterogeneity in preferences
in accounting for the observed gap between the Pareto coefficients of income and consumption,
and thus reduces the scope for savings taxes. Conversely, higher values of the income effect on

labor supply C{/ raise the combined wedge, but also shift distortions from income towards savings:
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Figure 3: Optimal Income and Savings Tax Rates
Income Tax Rate Savings Tax Rate
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a higher C{, maps one-for-one to higher risk aversion over after-tax income and thus a stronger
redistribution motive, making both the under-lying tax distortions and the shift from income to
savings taxes more salient. As a result, a higher C{, slightly reduces the optimal income tax but
significantly increases optimal savings taxes.

Changes to the elasticity of inter-temporal substitution (;g and the complementarity between
consumption and labor income (cy leave the combined labor and savings wedge unchanged, but
shift the break-down between labor and savings taxes. Equation (15) in Theorem 2 implies that
savings should be taxed whenever the elasticity of intertemporal substitution (;g is larger than
(py /pc)((# /) = 0.87 in our baseline calibration. The large EIS estimated by Jakobsen et al.
(2020) and Holm et al. (2024) thus suggest that savings should optimally be taxed—and, corre-
spondingly, labor income should be taxed at a strictly lower rate than the static optimum 7_'35}““.
Nevertheless, lower values of the EIS, along with more unequal distributions of consumption, may
lead to optimal savings subsidies, as shown in the fourth row of Table 1 for the case (;g = 0.75.

The Corlett-Hague rule implies that the planner should reduce the tax rate on labor income
and raise the tax rate on savings when income and consumption are complements ((cy > 0).
Quantitatively, a value of (¢y equal to 0.5 rather than 0 adds around 15 percentage points to the
optimal savings tax rate while reducing the labor income tax by another 11 percentage points.

Figure 3 gives the values of the labor income and savings tax rates for a wide range of values

of the EIS (;g and complementarity ¢y around our baseline calibration.
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4 Proof of Theorem 1

Before turning to generalizations of our baseline results, we provide a sketch of the proof of our
main result, Theorem 1. We also give an alternative representation of the optimum, based on the

idea of redistributional arbitrage, that formalizes the tradeoff between different tax distortions.

4.1 Step 1: Sufficient Conditions for Incentive Compatibility

We characterize the solution to the planner’s problem of maximizing (6) subject to (7) and (8)
in several steps using standard tools from mechanism design. First, we replace the set of global

incentive compatibility conditions (7) by the local incentive compatibility or envelope condition
W' (r)=Up (C(r),Y (r);7) + Vo (S (r)57) (17)

where W (r)=U (C (r),Y (r);r)+ V (S (r);7r), and a co-monotonicity condition on allocations:

Proposition 1 (Sufficient Condition for Global Incentive Compatibility). Suppose that
Assumption 1 is satisfied. Then an allocation {C (r),Y (r), S (r)} satisfies incentive compatibility
(7) whenever it satisfies (i) local incentive compatibility (17); (ii) monotonicity of income: Y (-)
is non-decreasing in r; and (iii) monotonicity of either savings or consumption, depending on the
sign of Vs, /Vs — Ucy /Uc, namely: S (-) is non-decreasing in r if this term is strictly positive, and
C (-) is non-decreasing in v if it is strictly negative. Conversely, an allocation {C (r),Y (r),S(r)}
that violates both (ii) and (iii) over some open interval of ranks (r1,72) C (0,1) violates incentive

compatibility (7).

Proposition 1 shows that local incentive compatibility combined with co-monotonicity of in-
come and either consumption or savings is sufficient for global incentive compatibility (7). These
conditions are weaker than the co-monotonicity condition of Theorem 1. If Vg, /Vs = Ue,./Uc for
all , condition (7i7) holds automatically, and the monotonicity of Y () and local incentive compat-
ibility are both necessary and sufficient for incentive compatibility—analogous to the well-known
necessary and sufficient conditions in mechanism design problems with a single decision margin. If
Vs, /Vs # Ucyr/Uc for some r, conditions (i7) and (iii) together are sufficient, but not necessary,
for incentive compatibility. With two decision margins (labor supply and consumption-savings),
incentive compatibility (7) holds if, for any pair of types, the sum of information rents across both
margins is non-negative. Condition (7i) guarantees that information rents along the labor supply

margin are always non-negative, while condition (iii) guarantees that the same holds along the
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consumption-savings margin. However, (7) may still hold if information rents are positive along
only one of the two margins, i.e., if one of the two conditions is violated. The partial converse then
says that incentive compatibility must be violated if both conditions are violated over some interval

of types, that is, if information rents are negative along both margins.

4.2 Step 2: Solution to the Relaxed Planner’s Problem

Next, we analyze the “relaxed” planner’s problem of maximizing (6) subject to (8) and (17). We
derive a representation of optimal income and savings wedges in terms of the model primitives,
i.e., the agent’s preferences. Proposition 2 provides a characterization of optimal labor and savings
wedges akin to the well-known “ABC” formula (Diamond 1998). We derive it using a perturbation-

based argument, and give a formal proof in the Appendix.

Proposition 2 (Optimal Tax System). The optimal labor and savings wedges satisfy

TY (T‘) o _r UCr (T‘) _ Uyr (’I“) , -
T~ (e ) e 1e)
and
TS (7“) o o VST (’I“) B UCr (7“) r r
= (% ) 0o 1)
where

> (20)

V(T)—E[UC(T,) p(/r Uo(r”)d>

Thus, Assumption 1 implies that Ty (1) > 0 for all v, and 75 (1) S 0 depending on the sign of (5).'*

Equations (18) and (19) state that the optimal labor and savings wedges equalize the marginal
resource gain from reducing labor or savings distortions at rank 7, to the marginal resource cost
from raising the information rent at rank r, thus hindering redistribution from ranks r’ > r to lower-
ranked agents. More specifically, fix » € (0,1) and consider the following (infinitesimal) perturba-
tion: simultaneously raise the consumption and the earnings (i.e., reduce the leisure) of rank r while
keeping her utility unchanged, so that Uc (1) AC (r) = —Uy (r) AY (). On the one hand, the net
resource gain associated with this perturbation is AY (r) — AC (r) = (7v (r) / (1 — 1v (7)) AC (1),
corresponding to the left-hand side of equation (18). On the other hand, this perturbation makes

it strictly more attractive for ranks ' > r to mimick rank r, since by Assumption 1 they are

MWe use Assumption 1 only to guarantee that local incentive compatibility and monotonicity are sufficient for
global incentive compatibility. The result that 7g inherits the sign of Vs,/Vs — Uc,/Uc for each r applies even
without Assumption 1 provided that incentive compatibility is satisfied.
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more inclined than rank r to give up a given amount of leisure for an extra unit of consump-
tion. Formally, the information rent W' (r) at rank r (i.e., the additional utility that must be
awarded to agents with rank slightly above r to deter them from mimicking rank r) increases
by AW (r) = Ugy (r) AC (r) + Uy, (r) AY (1) = [Uey () /U (r) — Uy (1) /Uy (1] Uc (r) AC (r).
The planner’s marginal resource cost of ceding these additional information rents is then obtained
by multiplying AW’ (r) with the “shadow value of redistribution”, derived in the next paragraph,
(1 —7r)v(r). Equating the marginal benefit and cost of the perturbation yields equation (18). A
similar perturbation of {AC (r),AS (r)} of consumption and savings delivers equation (19).

It remains to validate the interpretation of (1 —r)~ (r) as the shadow value of redistribution
at rank r. Consider a perturbation {AC (r')} that raises the consumption of ranks 7 > r while
preserving local incentive compatibility. Let AW (') = U (r') AC (') denote the associated
increase in welfare for types ' > r, and AW’ (') = Ug, (') AC (1) the increase in information
rent at r’. Therefore, we have AW’ (r') = (Ug, (v') /Uc (r')) AW (r'). That is, the change in
utility at rank 7’ causes a change in information rents that must be passed on to the utility of all
higher ranks r”, thus further changing information rents, etc. Integrating up this ODE yields the
cumulative utility changes for higher ranks that are required as a result of preserving local incentive
compatibility at all lower ranks:'> AW (') = AW (r) - exp f:l[UCT(T/I)/Uc(TII)]dT”. To interpret
this expression, suppose that higher ranks have lower consumption needs, i.e., Uz, < 0. Then the
utility of higher ranks does not need to increase by as much as that of lower ranks to maintain
incentive compatibility, because the higher level of consumption at rank r is not so attractive for
higher ranks 7/ > r; in this case, a smaller increase in utility at r’ is sufficient to deter them from
mimicking lower ranks. Finally, this expression allows us to compute AC (') = AW (+') /Uc (r')
and hence the resource cost of the perturbation, (1 —r)E[AC (¢) |7 >r] = (1 —7)v(r) AW (7).
This concludes the proof.

4.3 Step 3: Identification

Our third and final step consists of mapping the model primitives that appear on the right-hand
sides of equations (18) and (19) to empirically observable sufficient statistics—standard elasticities,
Pareto coefficients, and measures of tax progressivity. We do so in Proposition 3, which generalizes

Lemma 1 in Saez (2001) to our economy. We discussed its interpretation—in particular, the role

1511 the special case where Ug, = 0, i.e., consumption utilities are independent of type, the perturbation raises the
utility of ranks v > r uniformly by AW (r') = AW (r) > 0. It is well known that this perturbation of consumption
preserves incentive compatibility for all # > r. That is, the increase in the consumption of rank ' does not modify
U, (r'), and hence does not require any additional change in utility for types above r’. By contrast, with general
non-separable preferences Uc, # 0, a uniform increase in utility no longer preserves local incentive compatibility.
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that the Pareto coefficients and preference elasticities play in the identification of the intra- and
inter-temporal MRS—in the text following the statement of Theorem 1.

We can then easily complete the proof of Theorem 1 by substituting these expressions into those
of Proposition 2, taking the limit as 7 — 1, and invoking the assumption that the relevant sufficient

statistics all converge to finite limits.

Proposition 3 (Identification). For any given (observed) system of taz distortions {7y (r),7s (r)},

the variables Ucy /Uc — Uy /Uy and Vs, /Vs — Ucy /Uc can be expressed as

o (Yer(r) Uyr(r)\ _ Gelr) | Gr(r)  Cev (r) o (py PY (1)) dn(l =7y (r)

a )(UCW UY(T)) pC(T)JrPY(T) py (r) <1+ C()pC(T)>+ dlfl(l—7")21
" () Uer () () o) oy () dm(l+7s(r)

Vs, (r Ucr (r _ Gs(r) Gl Goy (r) dIn(1+47g(r
(- Tw) T w0 e e may @
Moreover, the shadow value of redistribution can be expressed as:
. ox v Co (rﬂ) _ Coy (Tﬂ) 1 P >
o) = e ([ {0 - )] @

Equations (21), (22), and (23) follow by totally differentiating 1 — 7y (r) = —=Uy (r) /Uc (1),
1+7g(r) = Vs (r) /Uc (r), and Ue (1), respectively, and noting that in each case the differentiation
can be decomposed into a component that captures the rank-dependence of preferences for a given
allocation, and a component that captures the variation in allocations at a given rank. The latter
is fully identified from preference elasticities and local Pareto tail coefficients, and can thus be used

to identify the former, which is given by the left-hand side of (21) to (23).

4.4 Redistributional Arbitrage

Equation (20) expresses the shadow value of redistribution (1 — )~ (r) in terms of redistributing
consumption from agents ranked r’ > r towards lower-ranked ones. Applying analogous pertur-
bation arguments as above, we obtain two additional, equivalent representations of «y () based on

redistributing earnings (or leisure, that is, asking the top-ranked agents to work more) or savings

_ 1 ex " Vs (T’N) n
‘E[vsw') p</ Vs () * )

from higher to lower ranks:

_ 1 ex " Uyr (7“//) !
y(r) = E [—Uy () P (/T Ty () d )

r'>r|.
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Combined with equation (20), these representations articulate the presence of three margins of
redistribution: consumption, earnings (or leisure), and savings. The optimal allocation must then
obey a principle of “no redistributional arbitrage”, according to which there are no gains from
shifting redistribution from one margin (say, consumption) to a different one (say, leisure or savings).
Taking ratios of —Uy (r) 7y (r), Vs (r) v (), and Uc (r) 7y (r), we obtain the following alternative, yet

equivalent, representation of optimal labor and savings taxes:

[ Uy (r) ' Uy (r")
Be(r) B |geih e ()7 Grtdr) |77 2 7]
and
Bs(r) _ Elvsthee ([ Pegmdr”) |7 21]
1+715(r) = _ | Vs S -

Bo )~ E[geth e (I Geimar) 1 =]

These optimal tax formulas formalize the idea that, at the optimal allocation, the planner is indif-
ferent between redistributing slightly less along one margin of inequality—consumption, leisure, or
wealth—and slightly more along another. The variables Bo, By and Bg represent the marginal
(resource) benefits of reducing the consumption, leisure, and savings of agents with rank above
r, respectively. Thus, the ratio By /B¢ describes the trade-off between redistributing resources
from the top via income or via consumption—or in other words, how the social planner maximizes
the extraction of resources from top earners by asking them to work more versus reducing their
consumption. Similarly, the ratio Bg/B¢ describes the trade-off between redistributing consump-
tion or savings. Comparing equations (24) and (25) with the individual’s first-order conditions
1 -7y = =Uy/Uc and 1 4+ 79 = Vg/Uc then leads to the following interpretation of optimal
taxes: The optimal income (resp., savings) wedge equalizes the agent’s private trade-off between
consumption and leisure (resp., savings), to the social trade-off in redistributing from the top via
consumption or leisure (resp., savings). Sufficient statistics representation of these expressions can
then be obtained as in Proposition 3, which would then lead us to recover the formulas given
in Theorem 1.' The interpretation of optimal top income and savings taxes as equalizing the
shadow values of redistributing leisure, savings, and consumption clarifies why all of these margins

of inequality matter independently for the design of redistributive policies.

Tt is straight-forward to check that —Uy (r)vy(r) = E,s.[exp f:/{f% + sc (") Cs;(g,r,,)) 1‘1%:,,] and

Vs (r)v(r) = Epsplexp [7 QS((T ) ar” ]. Therefore, lim, 1 By (r) = [1 + (v /py — scCoy /pc] ™", lim,—1 Bs (r) =

r pg(r’7) I—r"

[1—¢s/ps]™t, and lim, 1 Be (1) = [1 = (o /pe + Cov /pv] '
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5 Extensions

In this last section of our paper, we show that our baseline results can be easily extended to
much richer settings, including heterogeneous rates of return, multiple-period, multiple-good, life-
cycle, and dynamic stochastic economies. We provide formal derivations and study an additional

extension (heterogeneous initial capital) in the Appendix.

5.1 Return Heterogeneity

Recent empirical evidence suggests that heterogeneous rates of return, whereby wealthier agents
earn higher returns on their savings, are an important component of the observed concentration of
wealth at the top; see, e.g., Bach, Calvet, and Sodini (2020), Fagereng et al. (2020), and Gaillard
et al. (2023). There are two potential sources of such heterogeneity: scale-dependence (returns
increase with wealth, regardless of an individual’s rank r) and type-dependence (returns increase
with an individual’s exogenous rank r, for any level of wealth). In the Appendix, we show that
the generic utility function V' (S;r) introduced in our baseline framework of Section 2 nests both
cases. To see this, interpret V (+;r) as an indirect utility function over initial savings, rather than
over second-period consumption. Specifically, define V (S,r) = B (r)v (R (S;r)S), where R (S;r)
denotes the returns on savings, which can be scale-dependent through their dependence on S
or type-dependent through their dependence on r. Second-period consumption is then given by
Cy(r)=R(S;7r)S(r).

This argument implies that our optimal tax formulas continue to hold, except that the relevant
savings elasticity (g and Pareto coefficient pg should be those of initial savings. In particular, as
explained in Section 2.3, we have pg = py by construction. Since 1/pc, = 1/ps + 1/pgr, where
pc, and pr denote respectively the Pareto coefficients on second-period consumption and rates
of return, we obtain that wealth has a strictly thicker tail than labor income—as is the case in
the data. Note finally an important advantage of the calibration in Section 3 of top income and
savings taxes: It identifies the sufficient statistic (g directly from income and substitution effects
on labor supply, without taking a stand on return heterogeneity. That is, conditional on the usual
labor supply elasticities C{i] , C{/, the expressions for optimal taxes we derived above hold for any

underlying heterogeneity in rates of return, and any combination of type- and scale-dependence.'”

"Return heterogeneity would instead enter the characterization of (s in terms of primitives. It is straightforward
to check that (s = (e, — (1 — {c,), where (¢, = —Cov” (C2) /v’ (C2) and n = SRs (S;r) /R(S;r) is the scale-
dependence parameter. Hence, scale dependence of returns affects the savings elasticity (s through the parameter n
whenever (¢, # 1. Increasing returns to savings (n > 0) lower (s and thus optimal savings taxes when (¢, < 1, and
increase (s and optimal savings taxes when (¢, > 1. The opposite result holds if savings have decreasing returns
(n < 0). Note finally that our optimal tax formulas use the Pareto coefficient of savings ps = py as a sufficient
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5.2 General Preferences and Multiple Commodities

In our baseline model of Section 2, we assumed that preferences were additively separable between
“savings”, on the one hand, and “consumption” and “labor income”, on the other hand. We now
extend Theorem 1 to general preferences U (C1,...,Cn,Y;r) over efficiency units of labor Y and
an arbitrary set of consumption goods C',...,Cy, nesting our baseline model as a special case
with two consumption goods. The separability assumption imposed some structure on income and
substitution effects of the different commodities, which simplified the identification of sufficient
statistics leading to Theorem 1: The computation of the top income and savings taxes required
estimates of four preference parameters—three elasticities and an adjustment for complementarity
between consumption and income.

Suppose that agents’ preferences are defined as U (C,Y;r), where C is an N-dimensional com-
modity vector and r € [0,1]. Let U, = 0U/90C,, and U,,, = 90U, /OC,, and assume that U,, /U,
is increasing in n. Hence, U,,/U, is increasing in r whenever m > n. As before, suppose that
Uy = 0U/9Y < 0, and U,y /Uy < Uyp/U, for all n = 1,...,N. Tt will be convenient write
Uy = U,y and Uy = Uy, i.e., to index efficiency units of labor as the lowest-indexed good 0.

The planner can produce good n at a constant marginal cost of p, efficiency units of labor. We
consider a general social welfare objective, with rank-dependent Pareto weights w (-) and a concave
Bergson-Samuelson function G (-) that captures the planner’s aversion to inequality. The planner’s

problem reads

1 N
ma / w(r)GU(C(r),Y (1)) +Y (1) = 3 paCi (r)| dr
C()Y () Jo el

subject to the agents’ incentive compatibility constraints. Let & () = w (r) G' (U (1)) denote the
marginal social welfare weight on rank r. The optimal wedge of any good between any pair of
goods m and n (including labor, n = 0) is defined by 1+ 7y, , (r) = (Up, (v) /Pm) / (Uy, () /pp) and

takes the form

Bu(r)  E[{1-paiUn()a () =

}
Bu(r) — E[{1-pa'Un () ()}

U (r 7" Upr (7"
vtk exo (f) G dr')
U

, (26)
r! Upr(r"
v exp (f] G dr)

L4+ Ton (r) =

7“’27“].

We further have that 7,,, (r) > 0 whenever m > n. This characterization also applies to the

optimal wedge between efficiency units of labor and any consumption good n, for which we have

statistic. Since type dependence only affects the Pareto coefficient of ex-post wealth pc, (via pr), it does not affect
optimal taxes. By contrast, optimal tax formulas expressed in terms of ex-post wealth pc, rather than savings ps as
the relevant sufficient statistic, such as Schulz (2021), are explicitly affected by type-dependence.
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1+ 719 (r) = Bo(r) /By (r) <1 and therefore 7y, (r) < 0. That is, leisure should be subsidized
relative to other consumption goods, and correspondingly, labor income be taxed.

This expression has the same structure and interpretation as equations (24) and (25), except
that the welfare weight @ (r') Uy, (') modifies the expression of each By, (r); this term account for
the fact that, when the planner is not Rawlsian, perturbing the allocation as described in Section 4
has a direct effect on social welfare in addition to the resource costs and benefits. As described in
Section 4.4, By, (r) represents the marginal benefits of reducing the consumption of commodity n for
ranks above 7 while preserving incentive-compatibility for 7/ > r.'® Formula (26) thus characterizes
the optimal relative price distortions as arbitraging between redistribution through one commodity
vs. another.

We can then identify lim,_,; B, () in terms of observables, following a similar proof as that of
Proposition 3. Assuming that the preference elasticities (ui (1) = Ck (r) Ung (v) /Un (7), o (1) =
—Cp (1) U (1) [Un (1), Cuo (r) = Y (r) Uny (r) /Un (r), and (o (r) = Y (r)Uyy (r) /Uy (r), the
spending shares s, (1) = U, (r)Cy, (r)/(=Uy (r)Y (r)) and the local tail coefficients py (r) =
—0InCy (r) /0In (1 —r) converge to constants Cnk, Cn, Cno, Co, Sn, and pr > 1 as r — 1, we

obtain
—-1

N
lim B, (r) = |1+ i;;f] and }gri By (r) =
k=0

r—1

1+ = —

27
PO 5 Pk 27)

o Cko] B
S——

Although the terms B, (r) are expressed in terms of cardinal preference elasticities, we show that
they only depend on ordinal preferences; that is, if U is a monotone transformation of U, then
they generate the same marginal benefits of redistribution B, (r). It follows that these terms
can be fully identified from the income and substitution effects of the various goods. Specifically,
with N + 1 different commodities (including efficiency units of labor in the count), we have N
independent income effects ¢! and N (N + 1) /2 independent substitution effects Cgk that can—in
principle—be estimated as behavioral responses to income, price or tax changes.'” On the other
hand, there are (N + 1)? preference elasticities in {Cn, Cuisi Co, Cnot, With (N 4+ 1) — N (N +1) /2
degrees of freedom, since the off-diagonal elements must satisfy s,(.x = skCrrn. Hence, income and

substitution effects {¢!; fk} together identify the preference elasticities {(p, Guk; Co,Cno}t up to a

¥Note that the Inada conditions ensure that the term in brackets converges to 1 at the top of the type distribution:
If limy 1 & (r) Un (r) = 0 for any n, we recover the Rawlsian representation of Section 4.4. In the Appendix, we show
that the relative price of goods m and n should be undistorted everywhere, i.e., it is optimal to tax the two goods
uniformly, if and only if the marginal rate of substitution U, () /Uy (r) is uniform across preference ranks r. More
generally, it is optimal to tax good m at a higher rate than good n, so that 7m (r) > 0 for all r, whenever
Un (r) /Uy, (r) increases with r.

9The Slutsky matrix has (N + 1)2 entries, but symmetry of the off-diagonal elements imposes N (N + 1) /2 re-
strictions and the usual adding-up constraint on substitution effects for a given price change another N +1 restrictions,
leaving us with N (N + 1) /2 degrees of freedom.
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single degree of freedom, which accounts for the fact that marginal benefits of redistribution and
optimal wedges at the top are invariant to monotone transformations of cardinal utilities and only
depend on ordinal preferences.

Finally, we extend Theorem 2 to the case of arbitrarily non-separable preferences over three
goods C,Y,S. The proof in Appendix A.3 shows that our previous results all go through with
minor adjustments to the sufficient statistics representations. Specifically, equations (35) and (36)
generalize to the case of arbitrary preferences the expressions for the income and savings taxes that
we derived in Corollary 1. These results imply that the optimal top income tax rate is equal to

?gs;‘wz , and the optimal top savings tax rate is equal to 0, if and only if pcgg = py(ﬁ . Away from

this benchmark, it is optimal to reduce Ty below ?gaez and to raise Tg above 0 iff Cg pc > C g ps. In
the opposite case, it is optimal to raise the income tax above the static optimum and to subsidize

savings.

5.3 Income and Savings Taxes over the Life Cycle

As an application of the general framework of the previous section, we now study how income and
savings taxes should vary over the life cycle. Consider a Mirrleesian economy in which households
work and consume over a fixed number of periods, indexed by ¢t = 1,...,T. Their initial preference
rank is drawn prior to date t = 1, and is their private information. The households’ preferences
are given by Zle BtU; (Cy, Yy;7), where the within-period utility function is allowed to vary deter-
ministically over time (for example to capture age-dependence of preferences over consumption or
work productivity), but otherwise satisfies the same restrictions as in our baseline economy. The

age-dependent labor and savings taxes on top earners are then given by:

Ty (t) _ CY%/:OYt + CCt/pCt B CCtY%/th(l + SCtpY;:/pCt)
L+ Cvi/pvi — sciCevi/ pey

and

o (t) = s/ PO — S/ PO, = (6C11Yier / PYir — CCrvi/ PY1)
1- CCt+1 /pCt+1 + CCt+1Yt+1 /th+1

These formulas are analogous to those found in the two-period environment, but they are now
based on age-specific rather than unconditional preference elasticities and Pareto tail coefficients.
Following the same procedure as described in Section 3.1, we compute the age-specific Pareto
coefficients for consumption and income, as well as their ratio, by birth cohort from different PSID

waves, and then plot them against age in Figure 4. The decline of these estimates with age until
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Figure 4: Pareto Coefficients conditional on Age
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retirement illustrate the growth of income and consumption inequality over the first half of the life
cycle. Their ratio is remarkably stable across ages, with values between 0.75 and 0.8.%°

What do these age-specific Pareto coefficients imply for the evolution of income and savings
taxes? Assuming that the preference parameters do not vary too much with age, the rising income
inequality over the life cycle suggests that income taxes should be increasing with age. At the same
time, the fact that age-specific Pareto coefficients are uniformly lower than their unconditional
counterpart also results in uniformly lower income taxes. Using C;tl = 0.44, ¢¢c, = 0.75, (c,y, =0,
along with pg,/py, = 0.75 for all ¢ yields top optimal labor income taxes that increase from
Ty (t) = 60.5% at age 20 to 68.5% for ages 50 and above. Moreover, the gradual increase in
consumption inequality introduces a rationale for back-loading redistribution, or taxing savings.
The previous calibration implies a cumulative savings tax between ages 20 and 50 of 7.7%, or
equivalently about 0.25% per annum, before dropping to 0 beyond age 50. These estimates are
smaller than in our baseline economy, but stem from an entirely different channel, namely the growth
in income and consumption inequality with age, rather than the difference between consumption

and income inequality in the cross-section.

5.4 Inverse Euler Equation

We can finally link our results to the “Inverse Euler Equation” that emerges in dynamic Mirrleesian
economies with stochastically evolving types (Golosov, Kocherlakota, and Tsyvinski 2003; Farhi

and Werning 2013; Golosov, Troshkin, and Tsyvinski 2016) by re-interpreting the second-period

290ur estimates of the Pareto coefficients for income by age are consistent with those found by Karahan, Ozkan,
and Song (2022).
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utility function V' in our model. Except for Hellwig (2021), this literature abstracts from both
heterogeneity in preferences for savings and complementarities between consumption and labor,
which are the two key channels that drive savings taxes in our setting.

Suppose that agents’ preferences over second-period consumption Cy and second-period income
Y5 are given by v (Cq, Ya;72), where the second period rank ry € [0, 1] is uniform and i.i.d. across
agents and independent of the first period rank r. First-period savings S generate a return R > 0.

The social planner then sets second-period allocations {Cs (-), Y2 (-)} to maximize

1
V(s) = /0 0 (Ca (r3) , Yo (r2) s v2) drs

subject to the break-even constraint

RS Z / (CQ (7‘2) — Y2 (7’2)) d?"g

and incentive-compatibility constraints
v(C2(r2), Y2 (r2),72) = v(C2(r3), Y2 (rh),m2)

for all r9, 7y € [0, 1]. That is, our second-period utility function V' (S) simply stands for the expected
present value of future utility. We can then characterize exactly as in our baseline model the optimal
labor distortions in both periods (equation (24)), and the wedge between first-period consumption
and savings, 7g (r) (equation (25)). In addition, a perturbation argument analogous to that of
Section 4 implies that

i [ e (e () fe (7))

(L +7s(r)Uc(r) — Vs(S) BRuc, (r2)  E[exp (fg*{veur () oo, (') }dr')]

(28)

Thus, the inverse marginal utility of savings 1/Vs (S) is equal to an expected inverse marginal
utility of second-period consumption, weighted by an adjustment factor that accounts for the non-
separability of preferences and is analogous to that derived in Proposition 2. Combining this
expression for Vg (S) with our characterization of the savings wedge 1 — 75 (r) = Bg (r) /B¢ ()
thus yields a generalization of the Inverse Euler Equation.

In other words, our characterization of optimal savings wedges naturally extends to a dynamic
Mirrleesian economy, which now combines two separate rationales for taxing savings: the het-
erogeneity in inter-temporal marginal rates of substitution or departure from uniform commodity

taxation that is captured by 7g (1), and the adverse incentive effect of savings that the Inverse Eu-
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ler equation emphasizes by characterizing the marginal value of savings as a harmonic expectation
of second-period marginal utilities. Specifically, to preserve incentive compatibility in the second
period, returns to savings are reweighted by an adjustment factor that is proportional to inverse
marginal utilities 1/v¢,, and a further adjustment to factor in non-separability of preferences akin
to the adjustment factors in the static marginal benefits of redistribution formulas (24)-(25).%!
That said, recall that, as for the extension in Section 5.1, (g is identified directly from income and
substitution effects on labor supply in period 1, without taking a stand on preferences and labor
productivities in period 2. Conditional on C{/{ , C{/, the expressions for optimal taxes we derived in
Section 2 therefore continue to apply.

The present discussion was kept deliberately simple by assuming that ranks were i.i.d. across
time and across agents. Hellwig (2021) analyzes a dynamic Mirrleesian economy with arbitrary
Markovian shock processes and non-separable preferences that integrates motives for savings taxes
due to preference heterogeneity with adverse incentive effects of savings.?? The key difference with
the representation of Theorem 1 is that the sufficient statistics required to compute optimal taxes
are now based on the Pareto coefficients of income, consumption and savings conditional on the
entire prior sequence of types, or equivalently the entire earnings history. Just as age-dependence
alters the level of Pareto coefficients in Section 5.3, conditioning on past income histories further
refines and reduces the within-cohort measures of inequality, thus resulting in lower levels of optimal

income and savings taxes at the top.

Conclusion

This paper argues that labor income and savings taxes cannot be studied in isolation; they form
instead an optimal policy mix that must be characterized jointly. Doing so leads to a stark tradeoff
between raising one tax instrument versus the other. If the marginal rate of substitution between
consumption and saving is homogeneous across agents, it is optimal to leave savings undistorted, as
is well known since Atkinson and Stiglitz (1976), but also to set the level of the labor income tax rate
at the static optimum given by Saez (2001). Away from this joint benchmark, it is optimal to raise

(resp., lower) the savings tax rate above zero and simultaneously reduce (resp., increase) the labor

2'Equation (5.4) can equivalently be written as Uc (1) = {BR/ (1 + 75 () }E[ve, (r2) - M (r2)]/E[M (r2)], where
M (r2) = (1/ve, (r2)) - exp( [, * (voyr (') Juc, (r'))dr’). In this representation, M (rz) represents the type-contingent
returns to savings that are required to preserve incentive compatibility of a small perturbation to consumption-savings
decisions.

22Brendon, Hellwig, and Maideu Morera (2024) extend the present analysis to persistent productivity shocks and
arbitrary, exogenous, returns to savings and show that if shocks are persistent and agents have precautionary savings
incentives, then it is optimal to subsidize savings.
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income tax rate below the static optimum, if and only if more productive agents have a higher taste
for saving relative to current consumption. The central message of our paper is that consumption
data naturally determine the direction and the magnitude of the income and savings taxes away
from the Saez (2001) and Atkinson and Stiglitz (1976) benchmark. Our novel optimal tax formulas,
expressed in terms of the Pareto coefficients and elasticities of income and consumption, suggest
that it is optimal to shift a significant share of the burden of taxes from income to savings. Given
such crucial importance of measures of inequality and behavioral responses of consumption for
optimal taxes, we believe empirical research should devote as much attention estimating them as

has been given to their income counterparts.
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Online Appendix for

“Using Consumption Data to Derive Optimal Income and Capital Tax Rates”

Christian Hellwig and Nicolas Werquin

A Proofs and Additional Theoretical Results

A.1 Proof of Theorem 1

Proof of Proposition 1. Consider an economy with a utility function ¢/ over N goods X1, ..., Xy,

and suppose that for all n,

OWUn [Uni1) _ Une _ Uniir _
8T o Lﬂl Z1n+1 -

In our baseline economy, we have N = 3, and the goods are ordered as follows: Y is indexed
by n = 1, and C (respectively, S) is indexed by n = 2 if Vg,/Vs — Ue,/Uc is positive (resp.,
negative). Consider an allocation X () = {X;, (1)}, <, < that is locally incentive compatible and

continuously differentiable at every r. We then have

UK ()0 UK @sn) = 3 [ (X 07 ) X )

/

N ) ;r
= 3 [ R st X 055 X 0

~ DD

This expression can be rewritten as

a " Un (X (rll)§r) Up—1 (X (T//);T) ol A i "
RZ/T, {u (X (") ‘7“”) “u 1(X(r”)'r”)] Zuk (X (") 57") X5, (") dr

n— k=n
ul(X . x! (" dr”
[ B ey 0

The single-crossing conditions imply that the term in square brackets of the last expression is
positive (respectively, negative) when r > 7" (resp., r < r”). Therefore, we have U (X (r)) —
U (X (") ;1) > 0 whenever S0, Uy, (X (") ;7") X}, (") > 0 for all n. Moreover, the local incentive
compatibility implies that S5, Uy (X () ;7") X}, (") = 0, and therefore the above condition au-
tomatically holds for n = 1, and these conditions are all equivalent to Y p_ Uy (X (") ;7") X (r") <
0 for all n = 1,2,..., N — 1. In our baseline economy, assuming wlog that Vg, /Vs — Ug,/Uc > 0,
these conditions boil down to: (i) Uy (r") Y’ (r") < 0, so that Y is weakly increasing ; and (ii)
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Uy (r")Y' (r") + Uc (") C" (r"") < 0, or equivalently —Ug (r") S’ (r"") < 0, so that S is weakly in-
creasing. (If instead if Vg,./Vs —Ucgy/Uc < 0, so that good n = 2 is savings, condition (ii) becomes
(ii") =Uc (") C" (") <0, i.e., C is weakly increasing.)

Conversely, suppose that there exists an interval (r1,72) C (0,1) in which both Y (-) and S (-)
are strictly decreasing, and assume again wlog that Vs, /Vs—Uc,/Uc > 0. Then the same sequence
of equalities as above, combined with local incentive compatibility U (") C” (r")+Vs (r") S" (v") =
—Uy (") Y ("), implies that

s = [ EEED -
,r/l)

c s (X ( ;7"2) Uc (X (T ) 37"2) ool (o "
" / {Vs (X (r");r")  Uc (X (") ;r")} Vs (") 5' (") dr

(r ; ?7"2)] {*UY (T‘”) v (T,/)}dT”

is strictly negative, contradicting global incentive compatibility. O

Proof (and Generalization) of Proposition 2. Consider a general weighted-utilitarian social
welfare objective, with Pareto weights w (r) > 0 assigned to ranks r that satisfy E[w] = 1. The

social planner minimizes the net present value of transfers:
' 1
K (v) = {C(T)’r}g(lgys(r)}/o [C(r)=Y (r)+ S (r)]dr
subject to the ex-ante promise-keeping constraint
1
/0 w (r) W (r)dr > vy

the promise-keeping constraint

and the local incentive compatibility constraint
W' (r) =Ur (C(r),Y (r):r) + V; (S(r);7).-

If the utility promise vg is chosen so that the net present value of transfers at the optimum equals
0, the solution to the problem corresponds to the allocation that maximizes the expected utility
of agents, subject to satisfying an aggregate break-even condition. (The problem studied in the

main body of the paper is a special case of this general formulation with w () = 0 for all » > 0.)
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This is an optimal control problem with W (-) as the state variable, and C(-), Y (), and S ()
as controls. Defining A, ¢ (1), and ¢ (r) as the multipliers on, respectively, the ex-ante promise-
keeping constraint and the promise-keeping and local incentive compatibility constraints given r,

the Hamiltonian for this problem is given by:

H = {C) =Y @) +50)+A(vo-W(r))wr)}
+ (r){W (r) =U(C(r),Y (r);r) =V (S(r);r)}
+o (M) U (C(r), Y (r) ;) + Ve (S(r);7)} -

The first-order conditions with respect to the allocations C'(-), Y (), and S (-) yield:

i Uort) 1 U ()_ 1 Ve()
e 0T T e T e T e

P (r) =

The first-order conditions for C'(-), Y (-), and S (-) define a shadow cost of utility of agents with
rank 7, ¢ (r), which consists of a direct shadow cost 1/U¢ (1), 1/(=Uy (r)), or 1/Vs (r) of increasing
rank r utility through higher consumption, lower income or higher savings, and a second term that
measures how such a consumption or income increase affects U, (r) and V; (r) and thereby tightens

or relaxes the local incentive compatibility constraint at r by [{J%T(%), %‘;T((T?, or ‘{ZT(%). The latter

is weighted by the multiplier ¢ (r) and added to the former.
Now define

= eX — 1UCT (r/) T/ m ) = €ex — lUYT (T/) T/ m ) = ex — 1VST (r/) T/
melr) = p( / Ue () ¢ ) = p( / Oy () * > s ()= p< i Vs(w)d>

so that Ucy (1) /Uc (r) = mg (1) /me (), and analogous expressions for the other variables. Com-

bining the first two first-order conditions and rearranging terms then yields the following static

optimality condition:

1 v(r) 1 1 (Um (r)  Uyr(r)

“\Uc(r)  Uy(r)

U T=n () =Or () Ucl) Jo()= 4o

The multipliers ¢ (-) and A are derived by solving the linear ODE ¢’ (r) = —9H/OW, after substi-
tuting out 1 (r) using the first first-order condition:

0 1 Ucr (1)

1) = g = M) 1) = X (1) s =0 0) G

along with the boundary conditions ¢ (0) = ¢ (1) = 0. Substituting into the previous ODE and
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integrating out yields

or

/
r>r

—AE [w (') me ()| 7' > T]} )

00 = i B e gme

mo (1)

The boundary condition ¢ (0) = 0 then gives A = E[mcU;']/E [m¢ w]. Therefore,

o(r) 1 me()] Elgmmed] 1 me)| . 1 _ Be(r)
i = el Zr]_E[ww)mC“’)]E{ a2 = T

mg(r)

Substituting this expression into the static optimality condition then yields the first intra-temporal

optimality condition (“ABC”) 2L — A(r)- Be (r).

1—7y(r)

The first-order condition for income yields an analogous ODE,

1 Uy,
8 ()=o)~ g = 6 () o,
Apply the same steps as above to get
o) _ g 1m0y ] = e o) s ) 2 Br)
1—r Uy (r'y my (r) | — E [w (r) Tnx;((:/))} my (r) | — —Uy (r)’

and A = E[my(~Uy")]/E[my w]. We obtain the second intra-temporal optimality condition
(“ABC”) 1y (r) = A(r) - By (r), and setting By (r) / (=Uy (r)) equal to B¢ (r) /Uc (r), the re-

distributional arbitrage condition (equation (24)):

1—7'y(7‘):

Finally, we solve for the inter-temporal optimality condition. Combining the ODE ¢’ (r) =
—0H /OW = Aw (1) — 4 (r) with the first-order condition for savings yields

¢ (r) = Aw(r) —
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The previous ODE can be integrated and solved along the same lines as above to find

Vs(r') mg(r)

E [w () 28]

() _ [ 1 ms() |t e
1—7r Vs (r") mg (1)

| = v

r’zr}—

with A\ = E[mg/Vs]/E[msw]. Equating this last expression to B¢ (1) /Uc (r) then yields the

arbitrage representation for the savings wedge (equation (25)):

(r) _ Bs(r)

(r)  Bel(r)

1+715(r)= gz
We finally show that if savings are unbounded above and lim,_,; 7y (r) < 1, then optimal allo-
cations satisfy the Inada condition lim,_,; U () = lim,—,; (—=Uy (r)) = lim,_1 Vs (r) = 0. The last

equality follows from the Inada condition on V. Moreover, lim,_,; (=Uy (1)) = lim,_; g‘g((:)) Vs (7).

It is easy to check that lim,_,; Bg(r) > 1 and lim,_,; By (r) < 1, and hence lim,_,; (=Uy (r)) <

Uy () _ . 0

lim, 1 Vs (r) = 0. Finally, lim, 1 Ug (r) = lim, 3 = (1)

Proof of the Atkinson and Stiglitz (1976) Theorem. The theorem of Atkinson and Stiglitz
(1976) and its converse follow easily from the previous proof: The optimal savings wedge is 7g (1)
is positive (resp., negative) for all r if and only if Vs, (r) /Vs (r) — Ucy (1) /Uc (r) is positive (resp.,
negative) for all r. To see this, recall that

1 Ver(r) 1 . Ucy (1)
N~ Tem T T

with ¢ (r) > 0 for all . Since Ug, (1) /Uc (1) — Vg, (1) /Vs (r) has a constant sign, we get Uc (1) ;
Vs (r), or 7 (r) = 0 for all 7, if and only if Ucy (r) /Uc () — Vs (1) /Vs (r) = 0 for all 7. More
generally, consider a framework with multiple goods as in Section 5.2. For any two goods m < n,
suppose that the marginal rate of substitution Uy, (r) /U, (r) is weakly increasing in 7, so that
Up (7) JUyp (") > Up (7) JUp, (v') for all ' > r. Equivalently, Uy, (1) /Uy, (1) > Upy (1) /Uy, (1) for

all . The first-order conditions of the planner’s problem read

Pm _ DPn Unr (r)  Unr (1)
= s+ o (P - ).

with ¢ (r) > 0 is the Lagrange multiplier on the local incentive constraint. We immediately obtain
that 7., (r) = 0 for all = if and only if the MRS U,, (r) /U, (r) is uniform across types. More
generally, we have U, (1) /Uy (1) < Pm/Pn, s0 that 7, , (1) > 0iff Up,. (1) /Uy, (1) > Upnyr (1) /Upy, (7).

O
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Proof of Proposition 3. We now rewrite the optimality conditions derived above in terms of

sufficient statistics. Totally differentiating Uc (1), —Uy (r), and Vs (r) yields respectively

&Uc(r) _ Voo )y Uor @)y o Uer(@)
Uc (1) Uc (r) Uc (r) Uc (r)’
& (=Uy (1)) Ucy (1) - Uyy (r) Uyr (1)
o T = r r
e T RO
Vs () Ves(r) () 4 L ()
Vs (r) Vs (r) Vs (r)

Using the two first-order conditions —Uy /Uc = 1 — 7y and Vg/Uc = 1 + 79, and noting that
CUcy/ (=Uy) = sclcy, we obtain that these three equations can be rewritten in terms of our

elasticities and Pareto coefficients as follows:

dlnUg(r)

__dln(1-r) _ CC (T) CC'Y (T) + Ucr (T)
1—r (L=r)pc(r) (L=r)py(r) Uc(r)’
dIn(1—7y (1)) dlnUc(r)
dln(ler) + T _ _sc (r)Cey (1) Cy (r) n Uy (1)
L—r (L=r)pc(r) @A=r)py(r) Uy(r)’
dIn(14+71g(r dInU,
B dgnu—sqf))) + dln(lC(r)) . Gs(n) L Vs (r)
L—r (I=r)ps(r)  Vs(r)
It follows that
UYT . UCT‘ _ CC _ CY + <1 + SCPY) CCY . 7—{/
Uy Uc (1=r)pc (A —=7)py pc ) (L=r)py 1-1y
Vsr " Ucr _ G . Gs oy TS
Vs Uc (I=r)pc (L=r)ps (L—-r)py 1475
Moreover, let
1 _fl Ucy(r )d'r'/ 1 fl UY7 (T )d / 1 _rt VSr(T/)dr/
Mc (r) = e " Uet) T  My (r) = , Mg (r) = ——e " Vs(")
0= 7w YO e AT
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We have

1 TUC ) rorl) ol C,(T/) ! Y/(Tl) ! 1 _CC’(TI) CCY(’"/) _dr’
Mo() = Lt ERET e Bt Gt en i b =SS SR

Uc () a ’
d / 1.1 (.0 / / /
U)o NY' () NGO W 1 & () _se(Niey ()| ar’
My(r) = — ¢ men B O o ) G A U e £
—Uy ()
1 fl dr ) f CS S(T)dr 71‘1 CS(T) dr/
Mg (r) = V(T s(r) 7 = 7 oes() 10"
This leads to equation (23), along with the corresponding expressions in Section 4.4.
Finally, we have lim,_,; Ulc;(:) = 0 from the boundary condition for tax distortions at the
top. This leaves two possibilities. First, if lim,_,q Z[(JIC_(:)) < 0o, then lim,_,q ‘211?186;(:)) = 0, ie.
the inverse marginal utilities necessarily have a thin upper tail. Second, if lim,_,; Z((]lc_(:)) = o0,
dUc(r)

there exists a sequence {ry,} =2 1, such that Uc (rn) > Uc (1) + (1 —1y) a0
r=

, Where
Tn

Uc (1) = lim,—; Uc (). Dividing by Ue (r,,) and taking the limit as n — oo implies that

i d0Uc () U@

r—1 dln(l—r) r—>1 Uc'( )
Hence if Uc (1) > 0, we obtain lim,_,; %lc_(:)) = 0, whereas if Ug (1) = 0, lim,_,; %lc_(:)) < 1.
Furthermore, if it were the case that lim,_,; (fil;ﬁc%) = 1, then there would exist A # 0, such that
Uc(r)=A(1—-7r)+o0 ((1 -7) ) But then lim,_,; 7+ Uo ( 75 0, which would violate the bound-

ary condition. To summarize, lim,_,; (Zlnﬁ(i(r)) is bounded above by 1 (imposing a lower bound on the

dinUc (r
dln(lc—('r)) =0

Pareto tail coefficient of inverse marginal utilities) whenever Ug (1) = 0, and lim,_,;

(implying that inverse marginal utilities are thin-tailed), whenever Uq (1) > 0. O

Proof of Theorem 1. Using the expressions derived in the previous proof, we can write

e Y NI ' (") w7
e E|e e I sy o
E{ r(r)| s > r} -
limry () = 1—1lim — 20— =1~ lim i T
" B[S 2] H Elefr gt e s,
E (y( ’))‘<Y (G(r’))SCCCY s
o Y () o) =
o _rlani E|(ct) ey @)\ —Sey s ’
(cm) (Y(r)) rer

For the numerator, define X (r) = (Y (1))~ (C (r))*¢*cY . We wish to compute E [X (') /X (r) |r' > 7],
given that C'(r), Y (r), and X (r) are perfectly co-monotonic and C and Y are distributed according
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to a Pareto distribution with tail coefficients po and py. We get

dln X (r) X' (r) Y (r) ' (r) ¢ s
“im-g ~ 0T X YAy ey (0 g = T

so that X (r) follows a Pareto distribution with tail coefficient 1/[—Cy/py + scCoy/pc]. This

implies
Y (P " NN scley -
lim E ( <T)> (C(r)) r>r| = {I—FQ—SCCCY}
r—1 Y (r) C (r) PY [ Z6;
Along the same lines,
NN\CC 7y () TSeY -
lim E (C(T)) ( (T)> r>rl = [1—CC—|-CCY}
r—1 C(r) Y (r) pc Py
and therefore
. 1— [¢e] + oy
}ETY(T):1_1+Q_Sc<cy'

pc
At the optimal allocation, we must have (¢/pc < 1+ (cy/py. It then follows automatically that

lim, 1 7y (r) < 1. To prove the second part of Theorem 1, follow analogous steps as above to get

M / s’ (T )d ”
lim Bs (r) = limE{ s () ’>r]—limE[f 5 Semy >
r—1 r—1 S (T‘) r—1
/
— limE (S(r)> . [1_@9]
r—1 S (r) ps
for (s/ps < 1. Combining this result with the previous expressions, we get
1— o] + Sey.
_ PC pY
}gq s (r) = 1_Ss L
Ps

This concludes the proof. O

A.2 Proof of Corollary 1

Relationship between Preference and Behavioral Elasticities. Consider a labor income tax
schedule Ty (Y') and a savings tax schedule Ts (S). For ease of notation, assume that the tax sched-
ules are locally linear in the top bracket, Ty (Y) = T¢ (S) = 0. A perturbation of the total tax
payment by 0Ty and the marginal tax rate by 975 leads to behavioral responses (9Y, dC, 0S) that
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satisfy the perturbed first-order conditions
Uy [C+0CY +0Y;r]
Uc [C+0C,Y +9Y;r]

=1-T,(Y) - 0T}

and
V' [S + 99]

- /
Toicracyrovs T

with
0C+ (1+T5(9))0S = (1-Ty (Y))dY — 9Ty

We obtain the responses of income, consumption and savings by taking first-order Taylor expansions

of the two perturbed FOCs around 0:

and
0Ty

SS-mY

5587}/ — {szc + SCCAS} 86(’1

where we let (¢ = (o — sclov, &y = Gv = Cev, (s = (s + ssCoy and s¢ = C/(1-T})Y,
ss = (1+76)S/((1-1T%)Y). Note that as r — 1, so that Y, S — oo and T3, T¢ converge to

constants, we have s¢ + sg — 1. Solving this system leads to

= - e
Y L T’ (1-— T{,) Y
C 1-— (1 — T{/) Y’
g 1- T’Y A-T1)Y
with R
Cols
CH _ 1 CI _ Sch-i-fcgs
Vg 4 s VUG Sl
ssCc+scls ssCet+scCs
and . .
(s SyCs
CH _ SchJru‘icgs CI _ ssCctscs
O Ll T e Ll
ssCoctscis ssCc+scls

In particular, when s¢ — 1 and sg — 0, we have C{}’ = Cg =1/ (fy + fc) and ({/ =1- Cé =

CC/ (fy +CAC). When s¢ — 0 and sg — 1, we have ¢ 5+CCY &,

_ 1 I _
Gy (s Gy = CY+CS’ CC -

o1



and (% = CYE%C{/ Moreover, the budget constraint C' + S +Ts (S) =Y — Ty (Y') implies that:

scCH+(1-se)¢d =¢f
and
1—sc¢h—(1—sc) =G

Conversely, the primitive elasticities CA(;, fy, Coy, (s are given in terms of the behavioral responses

H rI H ~I _:
CY ) CY? CC ) CC via

R S CCY:M (o= (L=sc) G
G+ G/ ¢ G —sc¢l’ G —sc¢l
Finally, the Slutsky equations read
)4 B )4 Yy v
o(1-Ty)  0(-Ty)|, oIy’
oC B oC _oc v
o(1-Ty) — 0(-1Ty)|, OTv

Therefore, using the above definitions of the substitution and income effects (4 = 9InC/dIn (1 —T7)|,,,
¢t = —(1/s¢) 0C /0Ty and denoting by (¥, ¢M the Marshallian (uncompensated) elasticities, we

have (¢ = ¢# — ¢§ and (M =¢84 + (. -

First-Stage and Second-Stage Elasticities. The FOC to the problem maxy U (Y — Ty (Y),Y;r)

reads (1 — 7y) Uy + Uy = 0. We can thus derive the impact of a tax reform (0Ty,d7y) as follows:

Uyory = (1—1y)[((1—7v)Unm +Uny) OY — Upn 0Ty ]
+ (1 —7mv)Uny +Uyy) OY —Upy OTy]

Rearranging terms leads to

v Uy )Y ory
Y Uy JUrr)* Uniar — 2 Uy [Un ) Ungy + Uyy T — Ty
Uy JUrr)* Uniar — Uy [Unr) Unry 0Ty

(Uy JUN)? Ungag — 2 Uy [Ung) Uny +Uyy (1 =Ty) Y
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Thus, we obtain

o~ i Uy Y _ _ 1
(Uy [Un)"Unins = 2 Uy [Uni) Ungy +Uyy = HHdiu 1(/1_7?:();/) — 2y 4 Yy
L (UY/Z;{M>22/{MM — Uy /Unr) Unry _ _Mz%{%jl 1(’1—_;:()1);) — ‘
(Uy [Unt)"Unins = 2 Uy [Uni) Ungy +Uyy = MHdi 1(/1_7?:();) —2¥y 4 Xy
Hence, using the fact that, for top earners, A};ZX[ = (1},_1%(}8/))3/ — 1 as the marginal tax rate 7y (V)

converges to a constant strictly below 1,

H _ 1 I _ QTM - éMy
/R E— AR B3 ) G-
Cv — 2Cuy + Gy Cv — 2Cmy + Cy
Therefore,
- - Lo
7 =C —Cuy, and 7 =(m — Quy.
Gy Y

Next, we have Y (M, Y ;1) =U (M — S* —Ts (S*),Y;r)+V (S*,r), where S* is the solution to the
first-order condition (1 + 75) Uc (M — S* —Ts (S*),Y;r) = Vs (S*,r). By the envelope theorem,

we have
Uy (M, Y1) =Uc (C,Y5r),

where C' = M — S* — T (S*). Differentiating this expression leads to

*

oS
Unrm (M,Y;T‘) = [1 — (1 —l—TS) :| Ucc (C,Y;T),

oM

so that
My 95*1Y — Ty (V) CUcc { 981 Co
uy | (HTS)aM} c R R ST v et

Differentiating the FOC leads to (1 + 7g) {1 — (14 79) %} Ucc = Vggg%, or

1 S —
0S* - Uco - 1 . (47s)8 +(T;S) 70520 _ 1 ‘ ISZCC
Substituting into the previous expression gives
b= g =
— 1-s¢ — 1-s¢ sc ”
sc Co +¢s sc Cs ™ Gc
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Similar calculations easily lead to

1 sc  1=sc = (' sc x {u

= = —+ , by = = [1=sc>= | =@y, Cuy = sc=Cey. (29)
Cm Co Cs ( e ) e Cc

Note that, when s¢ = 1 (Case 1), the first-stage elasticities are equal to their primitive coun-

terparts, i.e., (i = Co, Cuy = Coy, and (y = ¢y. Next, using the map derived above between

preference and behavioral elasticities, we have

CCCS
<7Y _ ssCotscis = (g
¢ e
ssCotscls

and R R
& ssotscls _ (1= sc) e+ scis
¢t (s ¢s + (1 —sc)Cey

so that, using the identity ( = sc¢H + (1 — s¢) ¢#

e 1 & Jley  sc Ci+ClC07Y
s 1—sc¢l ¢ 1-s¢ ¢ ¥ ¢

or, alternatively,

CC:[ sc ¢t

= +
Cs 1-sc ¢

CCY} s ¥ [1 +(1—s¢c)Cey/Cs
(s 1—sc ¢4 1 —scley/¢e

{1+(1 o)

We can also write

g = fé - (1- qucy) Fov]

where (¥ is the Frisch elasticity of labor supply, which satisfies 1/(f = Gy — Eﬁw [Cu = Gy —

scg%y /Cc. To summarize, we have shown that

v _ & Cy

pu— C pu—
¢ ¢t C
Finally, the elasticity of intertemporal substitution is defined by

d1n (S/C)

C1s T (1 o) '
Oln (1 + TS) Y,U constant

The expenditure minimization problem ming g C + (14 75) S s.t. U (C,Y) 4+ V (S) > U yields the

optimality condition 1+ 79 = Vg/U¢c along with the constant utility constraint. Differentiating
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1+ 715 =Vgs/Uc leads to

o(l+7s) . 0S  aC
s gty

Differentiating U (C,Y) + V (S) = U yields Uc9C = —Vs0S, and therefore

00 _ 1-sc0
c s S

Substituting the latter into the former yields

o(l+7s) 05 1
e S se [(1—sc)Co +scis],
and therefore
oc _ 9S 1
(1+7s) (1—=s¢)Cc +scCs

1+7g Y,U constant

which is the expression given in the text. O
Proof (and Generalization) of equation (13). We can rewrite the income tax formula as

1—Co/pc+Cey/py  _  (1—=Cs/ps) (1 +7s)
L+ ¢y /py —scCev/pc 1+ Cv/py — sclov/pc

1-7y =

The previous proof, along with the equalities ({f = sc¢H + (1 — s¢) (& and ZTS/ = scg—g +1-s¢,

imply that the numerator equals

O—QwaQ:L—g +G—”g>uﬂ@QV

ps pcH pcCH ps
. _ 111 (I-sc)cd & 1 _ps¢l B oy _
Now, using (1 — s¢) 05 = 5y —SC5g and pete pczo $C 55> we have that (1 poll (1—sc)5Cx =
Cey o as
o (1 P cg)’ and therefore
(1- ) aeme) = vt~ b+ (o + v (1- 225,
ps py pcCH
For the denominator, we write
= @Gy  2Cy: 1-¢ Gy oy &
Gy =Cv +sc - Cr = + sc +sc—>
Co & i Co Co ¢
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so that

1— I I H
1+<l_SC<CY 14 %/_’_SCCCY <Y+CYHCCY_C£
py pc py Gy Cc py Gy pc
I e Cov G+ ey py (7
=1+ 7 tsc ¥t 1-— 7 |-
py Gy ¢ pyCy pcle

Combining these expressions and rearranging terms yields

1- (1= s0%2) (¢ + léor) (1- 225

Loyl = ¢+ 508 (¢ + (ffcov) (1- 25 )

Ty =

Using (¢ = (C{/ + CcyC{f) /CH to substitute for (¢ in this expression, and the relationship ¢ —

sogg =(1-sc) Cg, we can rewrite this equation as

1— {C{/Jr(l —SC)C{?{CCY} <1_ ZZEg)

. (30)
H
L= ¢+ oyl + soctiGor (1- 225 )

Ty =

This expression generalizes equation (13) to the case (cy # 0. If s¢ = 1, then pc = py and

¢ = ! and we recover Ty = 799, If s¢ = 0, then

H
Fy = Fees ll - (({/ + C}gCCY> <1 B ZZ?EI)] 7 v
C

so that the last term serves as a downwards or upwards adjustment factor relative to ?f,“ez ; for

general s¢, this adjustment factor represents a lower bound on the departure of 7y from TS“EZ ]

Proof (and Generalization) of equation (14). Differentiating the budget constraint C (r) +
Sr)+Ts(S(r) =Y (r)=Ty (Y (r)) yields C" (r)+ 5" (r) (1 + 75 (1)) + Y’ (r) (1 — 7y (r)) or, after

dividing by Y (r) (1 — 7y (r)):
1—sc(r)  sc(r) _ 1
ps(r)  pc(r) py(r)

We work with the limit as » — 1: (1 —s¢) /ps + sc/pc = 1/py. Now, the optimal savings tax

formula reads

e (s/ps —Ce/pc+Cov/py _  Gs/ps Cs/ps —Ce/pc + CCY/PY
1—(s/ps 1-(s/ps Cs/ps
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But recall that

o _& & oy

¢s ¢ ¢

and hence

pC

__Gs/ps [1 _ ps¢d L Sev/py <1 3 PYC{?)]
1—C(s/ps pcC Cs/ps pe¢H )|

__ (s/ps _ps (¢ CﬁCcy) Ccy/py]
"8 T " ¢s/ps [1 <<g TG ) T s

Substituting (¥ = scCH+(1 — s¢) (¥ and 25 = 5025 +1—s5¢ yields ”—S—p—sg—(l—s ) 1 sy
&Gy = Scte CJ5s py — “Cpc cy py  pc T ¢ poCl

and therefore, after substituting (s = ¢({-/¢¥, we obtain

rs—G;(l—pSCg) [1+(1—SC)CCY

- opsCH - pccl (s

Using (s = C{/ /C gf to substitute for (g in this expression, we can rewrite this equation as

_ G+ -se) vl psCl
¢ = BLEML 1- P55 ) (32)
PSCS - Cy PC’C(]
This expression generalizes equation (14) to the case (cy # 0. O

Proof (and Generalization) of equation (15). We have shown that 7¢ > 0 iff ¢ /¢H <

pc/ps- If Coy = 0, then we have (& /¢H = (o /(s, so that the condition can be rewritten as

S _ P
¢s  ps

If in addition s = 0, we can use the expressions (¢ = 1/(;s and (g = C{,/C{i] to rewrite this
condition as

Py &

pc (Y-

Note that, in the other polar case s¢ = 1, we would get a lower bound on the EIS: we would now
have (s = 1/(rs and (o = {/¢{f, and hence (15 < (py/ps) (C{?/C{,) More generally, consider

arbitrary (cy and s¢. Using the expressions (s = ({-/¢H and (¢ = & /C8 + ({E/¢H) oy, the

Crs >
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condition ¥ /¢CH < pc/ps can be rewritten as

H

o - oy < %,
C ps

Now recall that the EIS is given by (rs = 1/ [sc(s + (1 — s¢) (c]. If s¢ < 1, we can substitute for

Cc in the previous expression to get the equivalent condition

I N pc, S
(1= s0) [CI SC(S} < CS + ] ~mscoy;

which can be restated, using (1 — s¢) pls = /%Y - sc— and (s = (L /¢H, as

Crs > pe & S ]_1.

oy +(1—sc) CHCCY

Analogously, if s¢ > 0, we can substitute for (g to get

H

pc 1 [ 1
CHCC%

o< L1 s 4

ps sc LCrs

which can be restated, using (¢ = ¢ /¢H + (¢ /¢H) oy, as

H 71
p*SC*Y +(1—sc) C);]CCY] : (34)
Cc ¢o

Crs <

Thus, if s¢ = 0, we obtain a lower bound on (75 above which savings should be taxed; this condition
coincides with (15) if {¢y = 0, since we then have (¥ = (. If s¢ = 1, we obtain an upper bound
on (g that generalizes the expression obtained above. If s¢ € (0, 1), both of these conditions are

equivalent and can be used interchangeably. O

A.3 Proof and Generalization of Theorem 2

Proof of Theorem 2. Suppose that C{/ + C{}r Coy is strictly positive (i.e., the first-period utility

function is not quasilinear in consumption). Then expression (31) implies that 7y < 759 if and

PYCY pSCS
pcCl pcCl

that SCCC (1—sc) ¢l = ¢ and (1 — s¢) /ps+sc/pc = 1/py. Therefore, we have psCH < pc¢H

only if < 1. Moreover, equation (32) implies that 7g > 0 if and only if

< 1. Now, recall

if and only if
1
(I—so) L [C}I/{ - Sccg} < pocH,
5C) s
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or (#f — scCH < pcCl [1/py — sc/pc), which in turn reduces to py(# < pc¢H. This concludes
the proof. O

Generalization of Corollary 1 and Theorem 2 to Non-Separable Preferences. Consider
first the outer problem: maxy U (M,Y) s.t. M =Y — Ty (Y). Defining Cyv, Cur, Cury as before, we
obtain ; ;
g[ =y —Cuy  and ! Z{;Y

Second, the problem ming,g C + S +Ts (S) s.t. U (C,S,Y) > U yields the following expression for

= EY - EMY-

the elasticity of intertemporal substitution:

1y = DOECIS) _ 1
"7 dlog (1+7) Iy syymo 50 (Gs + Cos) + (1= s¢) (o + Cso)

where (cs = UcsS/Uc and (s¢ = UcsC/Us = (cs - s¢/ (1 — s¢). Third, the inner problem
U(M,Y)=maxcsU(C,S5Y)st. C+S5+Ts(S)=M leads to

&y = & —sc(1—sc)(Coy —Csv)? Crs
v = (CeCs — Cscles) (s
{uy = Coy — (1=s¢) (o + Cse) (Coy — Csy) Crs-

Note that, as s — 1, we have (y — (v, (rg — CSTI (it must be that ¢og — 0), Car — Co and
Cury — Coy. As s¢ — 0, we have &y — (v, Crg — C51 (it must be that (sc — 0), Cv — Cs and
Caury — Csy. Fourth, the Hicksian demand functions for Y, S, and C' are defined by the first-order
conditions —Uy = (1 — 7y) Ug and Ug = (1 + 75) Uc and the equal utility constraint U (C, S,Y) =
U. Let C{}' , Cg ,and ¢ g represent the compensated elasticities of earnings, consumption, and savings
with respect to the retention rate 1—7y. Perturbing the income tax by 0 (1 — 7y) yields the following

perturbations to the first-order conditions:

(C-Y FOC): 1= (¢ —Cov) G + (o — scoy) (& — (Cos + (1= s¢) Csy) ¢
(C-S FOC): 0= (Csy — Cov) G + (Co + Cse) ¢E — (s + Cos) ¢E

(Equal Utility constraint): (& = sc¢H + (1 —s¢) ¢H.

Combining the second and third conditions yields

%1
<

H
= (s +¢es + (1 —sc) (Coy —(sy)) (s and g‘z = (¢ +¢sc — sc (Coy — Csy)) Crs-
Y
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The equation C{, / {{}I = (yr — Cary can be written in the following two equivalent ways:

& Gels —Csebes + (1= s0) (Ce + Cse) (Coy — Csy) R

¢t sc (Cs + Ces) + (1= sc) (Ce + ¢se) o
and v _ Sols = Cselos = so (Gs + Cos) (Coy = Gsv) Coy

< sc (Cs +Ces) + (1= so) (Ce + Cse)

Using the previous results to substitute for (g in the first expression and for (¢ in the second one

yields respectively

_ &+ Cov ! + Coscl

G+ vl + CscCg‘

Cc and (g =

< G
In addition, using the definitions of fy and f MY, we have
I ¢&
7 =C — CQuy = Gy — Cov + (1 = s¢) (Cey — Csy) 255
Gy 6%
or ; "
]_ _
¢y —Coy = HCY - (1=sc) (CCY—CSY)C%-
Gy 6%

Therefore the preference elasticities are identified from income and substitution effects on labor
supply and consumption, up to the complementarity parameters {c¢g, (cy and (gy -

The optimal savings tax satisfies 7¢ = Bg/Bc — 1 where B§1 =1-"C(s/ps+Csc/pc+ sy /py
and Bal =1—-C{c/pc +Ces/ps + Coy/py. Therefore

(Cs +<es) /ps — (Ce +Cse) /pc + Loy — Csy) [py
1 —C(s/ps+Csc/pc + Csy/py ‘

Recall that p;l = scpal + (1 -s¢0) pgl, so this expression can be rewritten as

Fo — (Cs + Cos + (1 —s¢) (Coy — Csy)) /ps — (Co + Csc — sc (Coy — Csy)) /pc
1 —(s/ps +Csc/pc + Csy /py
(¢s +¢es + (1 = sc) (Cey — Csy)) /ps (1 B Cgps>
1 —Cs/ps + Cse/pc + Csy /py oo )

Substituting (g = (C{/ + CSY(;I/{ + CSCCg ) /¢ g into the numerator and denominator then yields

. 4+ ¢ (Cse + scCsy) + CH (Cos + (1= s¢) Coy) (1 B Cgps> . (35)

Hps— = CH (Cse+ sclsy) (1 — Cé{ps) o

¢Hoc
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It follows that 7g E 0 if and only if Cg pc E ¢ g ps, and ceteris paribus Tg is strictly increasing in
1 _ Cgps

Ero

The optimal static income tax ﬂs/aez satisfies

(ﬂé;aez)il =1-C +ovy =py¢y |1+ & oury
PY

Using the expression derived above for (y — Cary, we obtain

_ _ 1 H
(ﬂs/aez) g py (Y (1 + tv — ey pYCCY +(1-s0) g (Coy — Csy) Zii%) :

The optimal income tax satisfies 7y = 1 — By /B¢ where 351 =1—-C(c/pc+Ccs/ps+Coy/py and
By' =14 Cy/py —sclov/po — (1 = sc) sy /ps. Substituting (o = (C§ +Covy + Ccs(fq{) /¢E,

the former expression can be rewritten as

_ 1 Gey | Cos
gl o o1 (d H o\ , Scy | Gcs
5 el (G + Gor e + Coscil) + =% 42
et Cey PY<1I/{> Ccs ( PsCE)
= 1- 5O (g 58 (g
pcCH - Py ( pcCl " ps pcCl
¢ Ces 1 pYC{?)
1- iy
pccl * <1 — 50 * CCY) py < pc¢ )’

where we used the fact that 1/ps — ¢4/ (PCC(I;{> =1/((1—sc)py) (1 - py{{?/pcﬁg). Analo-

gously, the latter expression can be rewritten as

B o= 1+M+(1_Sc)i(CCY_CSY)
Y 0s
1 aez -1 CH
— py (# ((Ti? ) + (1= s¢) ¢ (Cov — Csy) (Z};Cg[ _ 1))
_ L (1 — &+ py A+ socH (Coy — Csy) (1 B pyC{f)) '
py pore
Therefore
_ _ 1 ;

Byl - Bzt = el [1 — {C{/ — soCl (Coy — Csy) + GF <1C_Cic 4 Ccy>} (1 B Zzggr)]

1

H
— ll — {C§ + ¢ (Cse + scCsy) + ¢ (Cos + (1 - s0) Ccy)} (1 vy )] 7

py (H pcCH
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after substituting C{/{ = scgg + (1 —=s¢) Cg and using the fact that (os/ (1 —s¢) = (sc/sc-
Therefore, the optimal income tax satisfies

- {C’I/ + ¢ (Cso + selsy) + (¢ [Cos + (1= sc) CCY]} (1 B PYC$>

pcCl

(36)

Ty =

1— + oy + s (Coy — Csy) (1 - pYCg)

pcCl

It is straight-forward to check that this expression is equal to ?39/“” if and only if pcg“g = png ,
H

and it is strictly decreasing in 1 — Yoy O
pCCC

B Relationship with the Previous Literature

B.1 Relationship to Ferey, Lockwood, and Taubinsky (2021)

Following Saez (2002) and Gerritsen et al. (2020), a recent paper by Ferey, Lockwood, and Taubin-
sky (2021, henceforth FLT') estimates optimal savings taxes emphasizing different sufficient statis-
tics, namely the cross-sectional variation of savings with income net of the causal effect of income
on savings. This sufficient statistic decomposes the cross-sectional variation in savings into a com-
ponent due to cross-sectional variation in income and a component due to cross-sectional variation
in preferences, and identifies the latter as the key driver of optimal savings taxes, in line with
Atkinson and Stiglitz (1976).

We derive below the precise relationship between our optimal tax formulas and this alternative
representation. We show that both representations are equivalent provided that sc (r) > 0, i.e.,
consumption takes up a non-negligible fraction of after-tax income. However, if—as we argued is the
empirically relevant case—consumption has a strictly thinner tail than savings and lim,_,1 s¢ () =
0, then the identification of FLT breaks down for top earners; that is, their additional sufficient
statistics lose their informational content. This is consistent with the observation that information
from savings remains informative only if s¢ (r) > 0, i.e., consumption is non-vanishing at the top
of the income distribution.

Hence, while FLT’s representation offers additional insight into the identification of preference
elasticities along the bulk of the tax schedule, their identification breaks down towards the top of
the income distribution and they cannot offer prescriptions on top savings taxes unless the equality
pc = py holds empirically. By contrast, our result based on the Pareto tails of consumption offers
an alternative that identifies top income taxes even if lim,_,; s¢ (1) = 0. Both papers are therefore

complementary, in the sense that we are able to offer prescriptions for income and savings taxes on
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top earners, on which their sufficient statistics are unable to shed light.

Proof. Formally, given the tax schedule, define S (Y,r) as the optimal savings of a household of
rank r given income Y, defined by solving the FOC for savings (1 + 75) Us = V' and the household
budget constraint C+S =Y —T (Y, S), where 7g = % and Ty w , for C and Y. Taking
derivatives, we decompose S’ (r) as follows:
OlnS(Y,r)Y'(r) olnS (Y,r)

any v LT 0o

(1—-r) =

S’ (r Iy .
S((r)) (1-r)= psl(r) and Y0 (1 — ) = p%(r) we obtain

dlnS(Y,r) 1 OlnS(Y,r) 1

_8ln(1—1") a pg(?“)_ oY  py(r)

Hence the elasticity % captures the effect of preference heterogeneity on savings for a given

income and corresponds to s},,;- (l_r) in FLT, while the elasticity %n(;/’r) measures the causal effect

of income on savings and corresponds to s},. - & in FLT. Also recall that sc (r) = %

and define sg (r) = % We characterize %ﬁ;’” and —%ﬂ using perturbation

aurguments:23
oms(v,r)  Sclr) (1 —sc () %)
OlnY ~ ss(r) e (r) +sc (r) s (1)

and

_OmSEr) sc (r) ( s(r) _ Celr) +CCY(7"))'
Oln(L—r) — ss(r)Cc(r)+sc(r)is(r) \ps(r)  pc(r)  py(r)
Cs

Hence, whenever s¢ (1) > 0, %ﬂ(ﬂ};r) is strictly decreasing in Cc(( % and thus offers an additional

identifying moment for the preference elasticities. Likewise —%g’)r) is strictly increasing in

Cs(r (( )) for given preferences, spending shares, and Pareto tails. However, if lim, 1 s¢ (r) = 0 =

Ce
1 —lim,—; sg (r), then lim,_,; %@ =1 and lim,_,1 (—%@) = 0, regardless of the other

parameters, which confirms that the identifying power of %(};,r) vanishes when lim,_,; s¢ (r) =0
at the top of the income distribution.

The main representation of optimal savings taxes in FLT (equation (19)) can then be translated

2 Consider a perturbation (9C, 8Y, dS) along the households’ FOC for savings, CC Ccy = CS , and budget
constraint sc 5 9C 1 sg as = ‘9Y Solving these two equations for & Y yields w. Totally dlfferentiating the
FOC for savings (1 + Ts) Uc = V'’ and using Lemma ?? to substltute out 1‘17% + UCT yields the expression for

dln S(Y,r)

T Omn(l—r) *
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as follows into the notation of our model:

(r) _9In5(¥,r)

Ts\r)  _ dIn(1—r) o

l+rg(r)  _0ms(n) E[L—g ()| >r].
dIn(1+7s) Y, T(Y,S) constant

Here, —% is as defined above, and — 22S(Y:r)

T o(li7s) represents a compensated elas-

Y, T(Y,S) constant
ticity of savings to savings taxes, holding constant the households income Y and total tax burden

T (Y,S). A simple perturbation argument shows that>*

_alns(yﬂ")’ _ sc (r)
dln(1+7s) Y, T(Y,S) constant a ss (r)Ce (r) +sc (r) Cs (r)

where sg (r) (o (r) + sc (r) (s (r) represents the inverse of the inter-temporal elasticity of substitu-

tion. Therefore —2nSm) g _9lnS(¥r)

both converge to zero if lim,_,; s¢ (7),

dIn(1-r) 9n(1+7s) |y, 1(v,S) constant
but their ratio converges to a finite constant S50 — ¢c(r) 4 Cov (1) which s the same as 257)=Belr)
ps(r)  pc(r) * py(r)’ . Bs(r)Bo(r)
. L . Ts(r) _ Bs(r)=Bc(r)
in our model when r — 1. By contrast, our representation implies 5 Freln) = Bst) The

two representations are therefore identical if the remaining term, E[1 — g (+') |/ > 7], converges to
Be (r). The term E[1 — g (r') |’ > r] in FLT captures a mix of Pareto weights (which are vanishing
at the top) and changes in tax revenue in response to income tax changes, which do not have a
straight-forward mapping to our model. However, both the discussion in FLT and the equivalence
between the two models suggests that lim,_,; E[1 — g (') |’ > r] = lim, 1 B¢ (r). In addition, we

can rewrite equation (18) in FLT as

1 Oln S (Y, 1 AN (o
TY:{ SSW(WCs—CC(W—Ccyw}E[l—g(rﬂr > 7]

1—1y H - ps pc  Co Py

where the compensated income elasticity C{/{ satisfies”®

1 Cs + ssCoy
—=Cy —Covy + (Co — =0 T OCE
C{j CY CCY (CC SCCCY) SSCC+SCCS
Aln S(Y,r) ss¢c(1-=scloy /Sc)

Substituting ss=—p1.7~ = then allows us to evaluate the above expression in

ssCc+scCs

24 Consider a perturbation (9C, 85, 87s) along the households’ FOC for savings, (c%j + 1‘3_:55 = Csa?s7 that keeps

household utility unchanged: UcdC + BV'0S = 0, or sc% = —ss%. Solving these two equations for —%S/ fffs
jelds — 2 s(¥ir) .
Y Oln(1+7s) Y, T(Y,S) constant
2 Consider a perturbation (9C, dY, S, Oty) along the households’ FOCs for income — fffy = (¢y — Cey) ‘97’/ +
(Cc — scley) %, and savings CC% — CCYBTY = CS% that keeps household utility unchanged: Uc0C + Uy 0Y +
BV'8S8 =0, or sc% + ss% = BTY. Solving these three equations for — %~ ﬁ’)’y yields ¢{F.
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the limit as » — 1: If lim,_,; s¢ = 1 (Case 1), it follows that o= ¢y — Coy + (¢ — (oy and

1
dln S(Y,r) Y
n ,T
Ss—amy— — 0, so

0% 1 .
T ={CY—CCY+CC—CCY};TY]E[1—9(7‘/) r'>r].
If lim,_,; s¢ = 0 (Case 2), it follows that é = (y + (s and ss%n();’r) — 1, s0
v PY Coy 1 EM—a0") I >
-7 Cy + Cc Pic_cic‘ piy [—g(?“)|7“_7‘].

. cpq- dln S(Y,
Finally, if lim,_,; s¢ (r) € (0,1) (Case 3), % = % =1,and é—ss% (%CS — (o ('Z—’C’ — %))

converges to (y — (oy + (o — ScCoy- In all three cases, equation (18) in FLT yields

Ty

N H A / />
Tl A(E[1— g () = ]

where A (r) = %—CC"" — %—‘;” as defined above, and again the expression for the top labor wedge is

equivalent to ours when lim, 1 E[1 — g (+') |/ > r] = lim, 1 Be (7). O

B.2 Relationship to Scheuer and Slemrod (2021)

We now study a special case of the general environment of Section 5.2 that allows for heterogeneous
initial capital holdings, and thus breaks the equality between the Pareto coefficients on income and
wealth that the budget constraint imposes in our baseline model. The setting is the same as in our
baseline model of Section 2, except that agents also receive an exogenous endowment Z (r) that
is strictly increasing in r. This framework nests that of Scheuer and Slemrod (2021), who assume
that preferences satisfy the restrictions of Atkinson and Stiglitz (1976), that is, separable between
consumption and income and homogeneous across consumers.

We show that if endowments have a strictly thinner tail than consumption and income, then
the top income and savings taxes are the same as in our baseline model. Intuitively, endowments
simply do not matter at the top of the distribution. When instead endowments have a thicker
upper tail than income, inequality is mostly driven by inherited wealth and labor income becomes
a negligible fraction of top earner’s incomes. If, as in Scheuer and Slemrod (2021), endowments
and consumption have an equal tail and preferences are separable, the solution for both labor and
savings taxes is interior. However, this result is “knife-edge”: As soon as consumption and income
are complementary, it is optimal to impose arbitrarily large labor wedges on top earners. In the

empirically plausible case where pz = ps < py < pc, optimal taxes are just as stark: since the labor
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income and consumption of top earners are negligible, redistribution from the top is implemented
through savings taxes that become arbitrarily large, and are accompanied by arbitrarily large
earnings subsidies.

To summarize, the model with endowments substantially changes implications for optimal labor
and savings taxes by shifting the burden of redistributive taxation from income to savings taxes

when endowments become the main source of income for the top income earners.

Proof. Consider the same setting as in our baseline model, but suppose in addition that agents
also receive an exogenous rank-specific endowment Z (7). Since income and savings are taxed and
hence observable, consumption is assumed to be unobserved. An agent with rank r then consumes
C(r,r") = C (') + Z(r) — Z (') when announcing type r’. Define the indirect utility function
W(r) =

utility function is homogeneous across consumers. The planner’s problem is stated as follows:

U(C(r),Y (r);r) + V(S (r)), where we assume for simplicity that the second-period

1
K (v) = {C(T)’rél(lgvs(r)}/o (C(r)=Y (r)+S(r))dr
subject to .
/ w (r) W (r)dr > vy
0
W(r)=U(C(r),Y (r);r)+V(S(r))
W' (r)=Uc(C(r),Y (r);r) Z' (r) + U (C(r),Y (r);7).

Following analogous steps as in our baseline setting to solve this problem, we obtain the same
characterization of optimal labor and savings wedges as in Section 4.4, except that we must adjust
the definition of the incentive-adjustments and the marginal benefits of redistributing income,

consumption, and savings By, B¢, and Bg as follows:

bty = B[Yey s " |55 B [o ) Ve () S = 7]
| M (r) " — E w () Uc (') A]\{[%((Z))}
- , My (r') w () (— ) My () s,
| My (r) E |w () (~Uy () 55

Bg (1) ]]\\442((:)) = ’I“} ~-E []]\\IZ;((:)) E[w(r') |r" > 7]




with

Uc(r') ~ Uc(r')
1 ! /
My (r) = N  exp l—/ (UYT (r) + Ucy (r )Z/ (r’)) dr’]

Mo (r) = 1 exp [_ /Tl (Ucr (") N Ucc (1) 7 (T/)) dr']

UY (T‘I) Uy (’I“/)

These marginal benefits converge to

- 1 =
B
lim B (r) = 1—(1—sZ)CC+CCY} = _—C
r—1 I pc Py 1+ Besz(e/po
- -1 D
B
lim By (r) = 1—|—<Y—(1—SZ)SCCCY} = ——d
r—1 L oy pc 1+ ByszscGeoy /pc
r -1
lim Bg (r) = 1*4;3 = Bg,
r—1 L ps

!
where sz = lim,_, g/—g% = Z—Z lim, 1 % represents the marginal increase in consumption scaled

by the marginal increase in endowment at the top of the income (and endowment) distribution, and
where Be, By, and By correspond to the marginal benefits of redistributing consumption, income,
and savings in the baseline model without endowments.

The budget constraint implies that min {py, pz} = min {pc, ps}, which allows us to distinguish
different scenarios: 1. Endowments have a thinner Pareto tail than income (py < pz and szsc = 0)
and/or preferences are separable ((cy = 0); 2. Endowments and income have equal Pareto tails
(py = pz), and consumption and income are complementary ((cy > 0); 3. Endowments have
a thicker Pareto tail than income (py > pz), and consumption and income are complementary

(Cey > 0).

In Case 1, lim,_,; By (r) remains the same as in our baseline model, and hence endowments

-7y _ 1=Cs/ps
1+7g 1+Cy /py

The thickness of the Pareto tail of consumption and endowments then governs the limit of B¢ (r):

only affect the combined wedge through their effect on the Pareto tail of savings.
Specifically, if endowments have a thinner tail than consumption (pc < pz), then sz = 0 and the
top income and savings taxes are the same as in our baseline model. Intuitively, if endowments
have a strictly thinner tail than consumption and income, then they simply do not matter at the
top of the distribution: Top earners’ endowments are negligible compared to their consumption and
labor income. If instead endowments have the same tail as consumption (pc = pz), then sz > 0,

resulting in a shift from income to savings taxes. This shift can go so far as to make it optimal
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to subsidize income, and if endowments have a strictly thicker tail than consumption (pc > pz),
then Be (1) — 0 and earnings subsidies, along with savings taxes, become arbitrarily large for top
income earners.

In Case 2., 0 < szs¢ < oo and the combined wedge is strictly lower than in the baseline model.
If consumption has the same Pareto coefficient as income and endowments (pc = py = pz),
then sz and sc are both finite, so that the wedges Ty and Tg are finite. The introduction of
endowments reduces both By and B¢, resulting in a strictly higher savings wedge and a lower
combined wedge than in the baseline model; the labor wedge is reduced whenever Sc%g—z < 1.
If instead consumption has a strictly thinner tail (pz = py < p¢) then s¢ — 0, sz — oo and
B¢ (r) — 0, resulting as before in arbitrarily large earnings subsidies and savings taxes at the top.

In Case 3., szs¢ = oo and By (r) — 0, so that the combined wedge converges to 1. If
consumption and endowments have equal tail coefficients (pc = pz), then 0 < sz < oo and Tg is
finite and strictly larger than in our baseline economy, while the labor wedge becomes arbitrarily
large (Ty — 1). If pz < pc < py, we have both sz — oo and s¢ — oo implying both arbitrarily
large savings wedges (because pz < pc) and arbitrarily large labor wedges (because po < py).

If poc = py, the savings wedge remains unbounded but the labor wedge is finite and given by
Cc

scCoy

1-7y = If pc > py, we obtain Ty = —oo, making it optimal to have arbitrarily large
savings taxes and earnings subsidies (but the combined wedge is always dominated by the savings
wedge).

Intuitively, when endowments have a thicker upper tail than income, the planner’s main tool
for redistribution becomes the savings tax. Moreover, if consumption has a thinner tail than
endowments (and savings), then a savings tax becomes non-distortionary at the top, and can
therefore be arbitrarily large. The optimal labor wedge can then be understood by considering the
spillover of labor income on savings: An increase in income allows households to both increase their
spending on consumption and savings, and it induces them to substitute towards more consumption
relative to savings. When s¢ is high, the substitution effect dominates, which implies that an
increase in income reduces savings, and hence the scope for redistribution through savings taxes.
The planner then finds it optimal to tax income to reduce spill-overs to savings. In constrast, when
sc is low, the wealth effect of income on savings dominates, which makes it optimal to subsidize

income. In the limit when s¢ — 0, and a fortiori when pc > py, the implied savings subsidy

becomes arbitrarily large at the top. O
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