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ABSTRACT. We study a decision maker who approaches an uncertain decision prob-
lem by formulating a set of plausible probabilistic models of the environment but is
aware that these models are only stylized and incomplete approximations. We in-
troduce the concept of a best-fit map that identifies the most suitable model within
this potentially misspecified set based on observable data. Building on this, we
develop an axiomatic foundation for preferences that are averse to misspecification.
In particular, we introduce a novel criterion that discriminates between aversion
to misspecification and attitudes toward model ambiguity. First, conditional on a
model having the best fit, the decision maker forms a misspecification-robust eval-
uation by considering a range of models in proximity to the best-fit one. Then,
she aggregates these robust evaluations via a monotone and quasiconcave aggrega-
tor incorporating uncertainty about what model is the best approximation of the

environment.

1. INTRODUCTION

Economic agents often employ simplified and stylized descriptions of the complex

environment they face in order to help guide their decisions. This implies that model
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misspecification is a pervasive phenomenon affecting many decision problems. For
example, a policymaker might have an incorrect description of how the economy
would respond to a fiscal or monetary stimulus, or a company’s marketing department
might have a wrong assessment of how demand would react to changes in the price of a
product. Asa result, a growing literature studies the implications of using misspecified
models in the context of decision making and strategic interaction. Starting with
Esponda and Pouzo (2016), many papers have examined the asymptotic behavior of
actions and beliefs when agents take repeated decisions in a stochastic environment of
which they have a possibly incorrect or only partial understanding (see, for instance,
Frick, lijima, and Ishii, 2022; Fudenberg, Lanzani, and Strack, 2021). A related strand
of the literature has focused on studying whether misspecification is asymptotically
persistent. For example, Ba (2021), Fudenberg and Lanzani (2023), and He and
Libgober (2021) provide conditions to identify whether and which misspecifications
will persist in the long run. These papers suggest that misspecification matters in
shaping agents’ behavior and beliefs and that it is a persistent phenomenon, even
when agents collect many observations generated by the true data-generating process.
A common assumption in this literature is that once agents have settled on using a
specific statistical model of the environment, they disregard the possibility of it being
misspecified and act in a fully Bayesian fashion, as they evaluate alternative actions by
computing their expected utility with respect to their model. However, sophisticated
enough agents should realize that their model is only a simplified approximation
of reality. As suggested by Hansen and Sargent (2001), a decision maker who is
concerned with acting on the basis of an incorrectly formulated model should make
decisions that are robust; that is, policies that do not depend on the fine details of their
reference model, but work reasonably well across all models that are perturbations

of that reference model. Following this idea, first axiomatic treatments of decision
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criteria featuring misspecification aversion have been proposed by Cerreia-Vioglio
et al. (2020) and Lanzani (2022).

In this paper, we provide an axiomatic foundation of a general class of prefer-
ences that are averse to the possibility of misspecification. We introduce a way of
meaningfully disentangling misspecification aversion from the more commonly stud-
ied aversion to model ambiguity and show that these are captured independently
by two different elements of decision criterion obtained in the main representation
result. In particular, we study a decision maker who faces a decision problem in a
generalized version of the Anscombe-Aumann setting. The uncertainty is captured
by a set of states of the world 2 and the decision maker needs to choose an act f
that maps states of the world to outcomes. The decision maker does not know the
true stochastic process governing the environment, but she has statistical informa-
tion in her possession. This is given by a set M of distributions over states of the
world. Following Cerreia-Vioglio et al. (2020) and Hansen and Sargent (2022), we
interpret distributions in M as being explicitly motivated on the basis of scientific
knowledge or empirical considerations. This is in keeping with the classical setup
of Wald (1950), according to which the set M would be interpreted as a collection
of alternative hypotheses regarding the data-generating process (DGP) under study.
Unlike Wald (1950), we allow for the possibility that the set M does not include the
true DGP. A decision maker who is aware that models are only imperfect and styl-
ized descriptions of the real environment might become concerned that, in fact, no
structured model is an accurate approximation of the DGP. In order to differentiate
between the ambiguity about which structured model is the best approximation to
the DGP and the decision maker’s perception of and concern about misspecification,
we follow the approach in Cerreia-Vioglio, Maccheroni, Marinacci, and Montrucchio
(2013) and formalize the notion of the missing information the decision maker would

need to determine the best structured model via the idea of sufficient statistics and
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information (Dynkin, 1978). In particular, we assume that there exists a best-fit map
q: Q — M measurable with respect to a sigma-algebra A that encodes the sufficient
information to determine the best structured model. This can be seen as the decision
maker having a possibly misspecified statistical procedure that would allow the deci-
sion maker to identify the best approximation in M to the true DGP given different
realizations of the state of the world. After observing the additional information in
A, she would be able to dissipate the model ambiguity within this misspecified pro-
cedure, but she would not be able to infer whether the statistical procedure itself is
misspecified or not. In other words, q can be interpreted as an estimator of the DGP
that, because of the possibility of using a misspecified set of models, converges almost
surely not necessarily to the true probability law, but to its closest approximation
(see Berk, 1966) among the structured models.

Endowed with this structure, we provide an axiomatic foundation of a general
misspecification averse decision criterion. First of all, we characterize preferences
conditional on a structured model m € M being the best-fit model and show that
they are represented by the misspecification-robust criterion

0 V() = min {Eylu(f)] +clp.m)}

where u is a utility over outcomes and ¢(-,m) is an index of misspecification aversion.
That is, even conditional on observing sufficient information to determine that m is
the best structured model, the decision maker would not completely trust it out of
misspecification concerns. Therefore, in evaluating an act f, she would also take into
account other distributions p outside of M that are not too far apart from m. The
index ¢(-,m) captures exactly the decision maker’s confidence in the structured model
m. An important special case is given by ¢(-,m) = AR(-||m), where R is the relative

entropy and A > 0 is a parameter of misspecification aversion. When the decision
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maker’s concern for misspecification is high, A is low, and therefore, she would give
preference to acts that perform robustly well across a larger set of models around m.
The idea that even if aware of the possibility of misspecification, the decision maker
still puts substantive trust in the set of structured models is captured by an axiom
of consistency. If the misspecification-robust evaluation of an act f dominates that
of another act g unanimously according to all structured models, the decision maker
should prefer f to g. This axiom, which is the misspecification averse analogue of the
consistency requirement in Cerreia-Vioglio et al. (2013), allows us to show that the
preferences of a misspecification averse decision maker are represented by aggregating
together the misspecification-robust evaluations:

) V() = (V" ()ere) = 1 ( min. {Epfu(f)] + c(p, ->})

PEA(Q)

where [ : RM — R is a monotone and quasiconcave aggregator capturing the deci-
sion maker’s attitudes towards the ambiguity regarding what structured model is the
best-fit one. After the main representation result, we perform a comparative statics
exercise that clarifies how the decision criterion above disentangles misspecification
aversion from aversion to model ambiguity. In particular, we show that we can rank
two decision makers in terms of their degree of misspecification aversion by only com-
paring their misspecification index ¢ (without imposing any mutual restrictions on
their aggregators I ). In particular, decision maker 1 is more misspecification averse
than decision maker 2 if and only if the index of misspecification aversion of the first
one is always lower than that of the second one for each structured model; that is,
c1(-,m) < co(-m) for all m € M. Similarly, we show that we can rank decision makers
in terms of their attitudes toward model ambiguity by only comparing their aggre-

gator I (without imposing any mutual restrictions on their misspecification aversion

indexes). In particular, decision maker 1 is more averse to model ambiguity than
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decision maker 2 if and only if I, < I,. Since we can interpret the aggregator as a
certainty equivalent, this amounts to saying the first decision maker is more model
ambiguity averse if she is willing to accept lower certainty equivalents than the second
to eliminate the ambiguity regarding the identity of the best-fit model.

Different assumptions regarding the linearity properties of the preferences will char-
acterize specific shapes of the aggregator I. In particular, we provide an axiomatiza-
tion of two important cases. First, we show that when the decision maker confronts
the uncertainty regarding the identity of the best-fit model according to the subjective
expected utility tenets, she then aggregates the misspecification-robust evaluations in
a Bayesian fashion. In this case, the decision maker forms a subjective prior y over the
set of structured models M and takes a quasi-mean of the robust evaluations using
this subjective belief and an index ¢ capturing her attitudes towards the uncertainty
about the best-fit model:

(3) Vaulf) = |

M PEA(Q

o iy a7+l ) duo).

In particular, if the decision maker is neutral towards model ambiguity and shows a
uniform concern for misspecification, this criterion becomes the average robust control
representation axiomatized by Lanzani (2022).' It is also worth noticing how this cri-
terion collapses to the well-known smooth ambiguity model of Klibanoff et al. (2005)
under the assumption of misspecification neutrality; that is, when ¢(-,m) assigns an
infinite penalization to any probability model different from m itself. Moreover, we
show that if the decision maker is cautious and evaluates the uncertainty about the
best-fit model according to a worst-case scenario approach, then the aggregator takes

on a maxmin form and we obtain the criterion proposed by Cerreia-Vioglio et al.

ITo be precise, we would also need to impose that the conditional misspecification-robust evaluations
are the multiplier preferences proposed by Hansen and Sargent (2001) and axiomatized by Strzalecki
(2011).



(2020):

() Viin(£) = min, {E,fu(£))+ min cp,m) |

Discussion and Literature Review. In this paper we revisit the framework introduced
in Cerreia-Vioglio et al. (2013) and allow to incorporate misspecification aversion in
the preferences of a decision maker who uses exogenous, statistical information to
inform her choices. The Dynkin space structure (€2,G,P) in Cerreia-Vioglio et al.
(2013) can be interpreted as the decision maker being sure she has available a sta-
tistical framework that is correctly specified. The sufficient o-algebra A represents
for the decision maker exactly the missing information she would need to identify the
true probabilistic model of the world. Therefore, upon observing this information,
the decision maker should just evaluate acts according to their expected utility with
respect to P € P. Therefore, the set of models induces an objectively rational pref-
erence; that is a dominance relation in terms of expected utility certainty equivalents

with respect to models in P:

VP e P, /SfdP,ﬁ/SgdP.

In our case, however, even after observing the missing information sufficient to pin
down a unique best-fit model m € M, the decision maker, out of misspecification
concerns, would only trust m to be the best approximation to the DGP among the
structured models, but not necessarily the correct distributions of states of the world.
Therefore, our objectively rational dominance relation is given by the unanimity cri-
terion with respect to the preferences conditional on each structured model m € M.
Since the possibility of misspecification implies that uncertainty about the true prob-
abilistic model is not resolved even after observing the additional information (only

the ambiguity regarding the identity of the best approximation is), such conditional
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preferences need not be expected utility with respect to the structured model but
can still display a preference for robustness across models that are in a vicinity of
m. From a mathematical perspective, Cerreia-Vioglio et al. (2013) show that consis-
tency of the subjective preferences with the objectively rational dominance relation
imply that any utility representation only depends on the profile of expected utility
evaluations (Ep[u(f)])pep. This allows their preferences to be represented via an
aggregator of the map P — Ep[u(f)]. In our case, due to misspecification aversion,
in Theorem 4 we show that the representation of our class of misspecification averse
preferences only depends on the profile of misspecification robust conditional evalu-
ations (min, E,[u(f)] + c(p,m)),,cr> S0 that the representation can be expressed as
a certainty equivalent I of the map m — min, E,u(f) + ¢(p, m). The fact that this
map is no longer linear in the models m € M is the main technical difficulty that we
deal with in this paper.? In particular, we show that also in our case properties of
preferences over acts can be translated into properties of the certainty equivalent I
without having to resort to second-order acts.

This paper is closely related to the literature on decision criteria that incorpo-
rate misspecification aversion. There are a few papers proposing axiomatizations of
such preferences. Cerreia-Vioglio et al. (2020) axiomatize the criterion (4) in a two-
preference setup. The decision maker has both a mental preference, assumed to be
an incomplete variational preference, and a behavioral preference that is, instead,
complete but satisfies independence only on constant acts. These two preferences are
connected to each other via two axioms that originated in the seminal work of Gilboa
et al. (2010). The first is a consistency requirement that the behavioral preferences
always agree with the mental ones. The second is that the decision maker exercises
caution; that is, if the mental preference is not confident enough to rank an uncertain

%In this respect, this paper is also related to Mu et al. (2021). In a different context, they show that
monotone additive statistics can be represented as averages of CARA certainty equivalents.
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act over a deterministic one, then the behavioral preferences rank the deterministic
outcome over the uncertain one (in other words, the decision maker picks the safe al-
ternative whenever in doubt according to her mental preferences). Moreover, the two
preferences are informed by the set of structured models via a coherence requirement
analogous to the one given in this paper. Lanzani (2022) also adopts the view of
Cerreia-Vioglio et al. (2013) by considering states of the world that describe both the
realization of the payoff relevant state and the distribution over such payoff states.
They assume that the decision maker has variational preferences and obtain the aver-
age robust criterion (3) by imposing that preferences on bets over models satisfy the
sure thing principle and uncertainty neutrality (thus obtaining an affine ¢). More-
over, they propose axioms that characterize the asymptotic behavior of the index of
misspecification concern when the decision maker’s preferences evolve in reaction to
the arrival of new information. We show (Theorems 6 and 7) that the criteria intro-
duced by Lanzani (2022) and Cerreia-Vioglio et al. (2020) both fall within the general
class of misspecification averse preferences studied in this paper and represent two
opposite ends of the spectrum; the average robust criterion is neutral towards model
ambiguity, while the maxmin criterion displays an extreme form of model ambiguity
aversion. One contribution of our paper is to allow more flexible attitudes toward
model ambiguity while proposing a way to disentangle those from the degree of mis-
specification aversion. This is reflected in the fact that the representation parameters
capturing model misspecification aversion (the index ¢) and model ambiguity aversion
(the aggregator I ) are independent of each other.

This paper is also related to the recent axiomatization by Denti and Pomatto (2022)
of identifiable smooth ambiguity preferences. In a purely subjective framework, they
find conditions under which the preferences are represented by the smooth ambigu-

ity criterion, where the beliefs involved in the representation are identifiable; that
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is, they are completely orthogonal for some kernel . In this paper, we take the re-
verse approach. We start with a decision maker employing an exogenous statistical
model and then impose conditions so that the subjective preferences are informed by
this statistical model. This approach might be more natural in discussing the issue
of misspecification, which is usually defined in the context of parametric statistical
models which might fail to include the true parameter. However, it would be an
interesting exercise to extend the techniques of Denti and Pomatto (2022) to identify
in a purely subjective framework the perceived misspecification and misspecification
concern revealed by the preferences.

The rest of the paper is structured as follows. Section 2 lays out the decision frame-
work and the notions of structured space and best-fit map. Section 3 introduces and
discusses the axioms characterizing the misspecification averse preferences. Section 4
states and discusses the representation results. Section 5 concludes. All proofs can

be found in the Appendix.

2. DECISION FRAMEWORK

We begin by describing the decision environment faced by the decision maker (DM).
Uncertainty is described by a state space {2 endowed with a countably generated o-
algebra G. Fix X to be the space of consequences, a non-empty, convex subset of a
linear space. The decision maker needs to choose simple acts, that is simple functions
f 2 — X mapping states to consequences that are measurable with respect to G.
Denote by F the set of all such simple acts. As usual, we can embed X in F by
abusing notation and denoting with x € X the constant act yielding consequence x
in each state of the world w € 2. We can define the operation of convex combination

in F in the natural way: for all f, f' € F and for all « € [0, 1],

(af + (1 = a)f)(w) = af(w) + (1 —a)f'(w)
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for all w € 2. The affine structure of X implies that af + (1 — «)f’ € F. Then, the
set of simple acts F with the operation just defined is a mixture space, as defined by
Herstein and Milnor (1953). We introduce a few useful pieces of notation. Given any
E € G and simple acts f,g € F, denote by fFEg the act taking value f(w) if w € F
and value g(w) if w € Q \ E. Moreover, if £ is a sub-o-algebra of G, denote by F (&)
the subset of simple acts in F that are measurable with respect to £.

We model the decision maker’s subjective preferences on the set of simple acts F
via a binary relation 7~ and we denote by > and ~ respectively the asymmetric and
symmetric part of 7~. We say that an even E € G is null if for all acts f, f' € F,

flove = f~|Q\E implies that f ~ f’. We say that an event is nonnull if it is not null.

2.1. Structured Models and Best-Fit Map. We denote by A = A(Q,G) and
A7 = A?(, G) respectively the space of finitely and countably additive probability
measures on (€2, G). Moreover, we endow A? with the natural o-algebra D generated
by the family of evaluations maps and any subset of A%, with its relative o-algebra.?

We assume that the decision maker has constructed a set M C A7 of probability
distributions over states of the world that, due to external information and consid-
erations, she believes are plausible descriptions of the uncertain environment she is
facing. Following the terminology established in Hansen and Sargent (2022) and
Cerreia-Vioglio et al. (2020), we call the probabilities distributions in this set struc-
tured models. We interpret structured models as being statistical descriptions of the
environment that are based on substantive motivations, like scientific theories and
evidence. Following Box and Cox’s idea that models are only approximations, we do
not assume that the set of structured models includes the data-generating process
(DGP), that is, the true probability law governing state uncertainty. Moreover, we

allow for the possibility that the decision maker is aware of this fact; that is, the

3Appendix A provides rigorous definitions of the mathematical concepts and details regarding the
notation.
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decision maker perceives the possibility that her set of structured models might be
misspecified.

In this paper, we want to discern between ambiguity about which structured model
is the best approximation to the DGP and concern about misspecification; that is, the
fact that no structured model is an accurate approximation of the DGP. Uncertainty
about models is usually motivated in terms of “lack of information” preventing the
the DM from selecting the best one. Following Cerreia-Vioglio, Maccheroni, Mari-
nacci, and Montrucchio (2013),* we formalize this missing information via the idea of

sufficient statistics and information (Dynkin, 1978).

DEFINITION 1: We say that a measurable space and the posited set of structured
models (€2, G, M) form a structured space if M is measurable and we can find a best-
fit map q : Q2 — A7 and a sufficient sub o-algebra A of G, satisfying the following
properties:

(i) A is the o-algebra generated by q,
(ii) m({w € Q: q(w) =m}) =1 for all m € M.

Note that in our definition of structured space, we allow the best-fit map to select
also probability models that are not in M. However, if we denote by {2y the set
of states of the world w € 2 such that q(w) € M, we can see that condition (i)
implies that m(€y) = 1 for all structured models m € M. The requirement that
each structured model m € M is selected by the best-fit map with probability one®
is equivalent to the notion of sufficient statistics introduced by Dynkin (1978) and is
related to the strong law of large numbers. We interpret this framework as follows.
Suppose that the well-specified description of the environment is given by the set of

models P and a map p : w — p* € A7 such that P({w € Q : p¥ = P}) =1 for

4See also Amarante (2009), Al-Najjar and De Castro (2014), Epstein and Seo (2010), and Klibanoff
et al. (2014) for related approaches.

In mathematics and probability, this property is what is known as complete orthogonality of the
set of probability models M. See, for example, Mauldin et al. (1983) and Weis (1984).
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all P € P. The interpretation is that the realization of the state of the world also
pins down what is the true DGP p“, so that sigma-algebra of events A that makes p*
captures the sufficient information to determine what is the true probability law over
states. Moreover, the statement that p* = P with probability one according to P is a
requirement that the correct description of the environment is not contradictory; that
is, whenever P is the true DGP, then it is selected with probability one by the map
p®.% However, the decision maker posits a misspecified set of models P, that does not
necessarily include all models in P”. Now, suppose the decision maker observed the
missing information in 4 that would be sufficient to infer P € P. However, since the
decision maker has posited a misspecified set of models, the insight from the classical
result of Berk (1966) suggests she would select from Py the closest model to P; that
is, she would select the unique minimizer ¢*(P) € Py solving mingep, R(q||P), where
R(-||) is the relative entropy.® Then, if we define q(w) = ¢*(p*)° and M = {m €
A? : 3P € P, m = ¢*(P)}, we can notice that for all m € M we would, indeed, have
that m ({w : q(w) =m}) = 1'°. It is in this sense that we interpret q as a best-fit
map and the information in A as the sufficient information to determine the best
approximation of the DGP among those in M. That is, if the decision maker were
able to observe w, she would infer that the model m,, = q(w) is the model that closest

resembles the true DGP.

6We can see the analogy to the strong law of large numbers if we interpret each w as the realization
of an infinite sequence of random variables and p“ as the limit of a consistent estimator.

TAssume that Py is compact and convex and that for each P € P, there exists a model g € Py such
that ¢ is absolutely continuous with respect to P (written ¢ < P).

8Recall that for every ¢,p € A%, R(q||p) = JoIn Z—qu if ¢ < p and equal to oo otherwise. Notice
that a minimizer exists since we are assuming that Py is compact and contains at least one ¢ < P
and it is unique since R is strictly convex in its first argument and Py is assumed to be a convex set.
9Notice that by the measurable maximum theorem, p ~ arg max,ep,.q<p R(q||p) is a measurable
function, so that q so defined is A-measurable.

10For each m € M, there exists P € S such that m = ¢*(P), so that {w : p* = P} C {w: q(w) =
q*(p¥)} and, therefore, P(2\ {w : q(w) = m}) < P(Q\ {w : p¥ = P}) = 0. Since m < P, it then
must be the case that m(2\ {w : q(w) =m}) =0.
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ExaMPLE 1 (Exchangeability): Suppose S is an underlying finite set of contem-
poraneous states and assume that at each time period t € N, the uncertainty is
described by the realization of a contemporaneous state s, € S. Then, a state of the
world is an infinite sequence of realizations from S, and the state space is given by
the sequence space 2 = SV, In this case, the relevant o-algebra G is that generated
by all cylinders. Let Il be the group of all finite permutations of N. If we let A be
the set of all exchangeable events; that is, events E € G for which 77'E = E for all
permutations m € II. If we let P = {P :Vr € II, VE € G, P(n 'E) = P(E)} be
the set of all exchangeable probability measures, we know that (€2, G, P) is a Dynkin
space with sufficient o-algebra A and the set of extreme points S is given by the
models P € P that take on 0-1 values on the sufficient o-algebra A. For example,
if S = {0,1}, the set of structured models could be given by the iid Bernoulli dis-

tributions with success parameter in between p < p; that is, Py = {¢ = Xpenp :

p ~ Ber(p) for some p € (p,p).}

3. SUBJECTIVE RATIONALITY, COHERENCE, AND CONSISTENCY

In all the following discussion, we fix a structured space (£2,G, M) with a best-fit

map q and sufficient o-algebra A satisfying the properties outlined in Definition 1.

3.1. Subjective Rationality. First of all, we assume that the preferences of the
decision maker satisfy behavioral axioms capturing the idea of subjective rationality.
We state some axioms characterizing the notion that the preferences of the decision

maker are subjectively rational.

AXI10M 1 (Subjective Rationality):

(i) Weak Order. 7 is complete and transitive.

(i) Monotonicity. For all f, f' € F, if f(w) 22 f'(w) for allw € Q, then f 7 f.
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(#ii) Mixture Continuity. If f, f', f" € F, the sets {a € [0,1] : aof'+(1—)f" 77 [}
and {a € [0,1] : f Z af' + (1 —a)f"} are both closed.

(iv) Risk Independence. For all z,y,z € X and a € [0, 1],
vy <= aww+(l-a)zzay+(1—-a)z.
(v) Uncertainty Aversion. For all f, f" € F and a € (0,1),
frof = af'+Q-a)fzf.

(vi) Unboundedness. There exist x,y € X such that x = y and for all o € (0, 1),

there are z,2' € X such that
az+(l—a)y=xz>-y=-ar+(1—-a) .

The first four requirements of subjective rationality guarantee that the preferences
are a continuous and monotone weak order satisfying independence when restricted to
constant acts. Then, the theorem of Herstein and Milnor (1953) implies that the pref-
erences are represented on X by an affine utility u. If we interpret the mixture space
X as the set of simple lotteries over outcomes, these axioms imply that the decision
maker evaluates lotteries - i.e., constant acts that are not affected by ambiguity but
only involve risk - according to their objective expected utility. Requirement (v) is
the classical axiom capturing a preference for hedging due to Schmeidler (1989), and
is usually interpreted in terms of averse attitudes towards uncertainty. The last re-
quirement could be substituted with the much weaker non-triviality assumption that
there exist constant acts z,y € X such that z > y. We go with this stronger require-
ment for technical convenience, as it guarantees that the utility over consequences u

will be unbounded above and below.
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Finally, the next axiom guarantees that preferences are robust to small perturba-

tions and guarantees the countable additivity of the subjective probabilities.

AX10M 2 (Monotone Continuity): Forall f, f' € F andx € X, for all (E,)nen € G
such that Ey D Ey D+« and Npeny En = 0, if f > f', then, there exists ng € N such
that xE,, f ~ f'.

3.2. Coherence and Consistency. Define for each structured model m € M the
set of states of the world for which the best-fit map would imply that m is the best
approximation of the DGP. This is the set E™ := q~!(m) and notice that E™ € A.
Moreover, given p € A(f), for each simple act f, define

E(f]:= Y ap(f (@)

z€lm f
be the “average” of f according to the probability model p. Notice that since f
has finite image and X is convex, E,[f] € X and it is the certainty equivalent of f
for an Anscombe-Aumann EU maximizer who holds belief p over the state space €.
The following axiom captures the idea that the preferences of the decision maker are

coherent with the statistical framework embodied by the structured space.

AxioM 3 (Coherence):
(i) For all structured models m € M, E™ is nonnull and fE™h 7, gE™h if and
only if fE™R 7 gE™h for all f,g,h,h € F.
(ii) For allm € M and f,g,h € F,

f=g ae. [m] = fE"h~gE"h.

(iii) For allm € M, if p < m but p # m, then there exist f € F and x € X such
that fE™z 7 x but x > E,[f].

(iv) For allz € X and f € F, the set {m € M : fE™x 7 x} is measurable.
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Coherence requires that the decision maker’s preferences are adapted to the statis-
tical information implied by the structured models and the best-fit map. First of all,
point (i) requires that for each structured model m, the preferences of the decision
maker deem possible the event that m is the best approximation of the true DGP.
We can think of this as a parsimony requirement: if the decision maker thought that
a structured model could never be the best-fit one, then she might just as well drop
it altogether. Moreover, the second part of the first point requires that the decision
maker is able to identify for each structured model the event that such model is the
best approximation of the DGP and make conditional assessments of the acts based
on this event. In particular, this guarantees that we can define nontrivial preferences
=™ conditional on a structured model m € M being the best approximation to the

true model in an unambiguous way: for all f,g € F,

fz"g <= (3heF, fE"hZgE™h) .

The second requirement ensures that the preferences of the decision maker recognize
the substantive motivations underlying the selected structured models and incorpo-
rate the information provided by the best-fit map. Indeed, if two acts are equal with
probability one according to a structured model m € M, the fact that the decision
maker pays special attention to the model when it is the best-fit one is reflected by
the fact that the two acts are ranked as indifferent conditional on the event that m
is, indeed, the best approximation. The third point clarifies the interpretation of m
being substantively motivated in the eyes of the decision maker compared to other
models not in M. This is reflected in the fact that for each non-structured model p
that also assigns probability one to the event E™, there exists a (possibly) uncertain
act f that the decision maker would be willing to take over a deterministic outcome

x conditional on m being the best-fit model even if = is strictly preferred to the EU
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certainty equivalent of f according to p. Finally, the last point is a measurability
requirement of preferences with respect to the sufficient o-algebra. To summarize,
coherence implies that each structured model m € M induces a well-defined and non-
trivial conditional preference =™ that ranks as indifferent acts that are equal with
probability one according to m and changes in a measurable fashion with respect to
the structured models.

The next axiom is key in tying together the subjectively rational preferences with

the set of structured models and the conditional preferences they induce.

Axiom 4 (Consistency): For all f, ', g € F,

(VmeM, fE"gZ f'E"g) = [Z [ .

Y

This assumption is analogous in nature to the consistency axiom introduced in
Gilboa et al. (2010) and Cerreia-Vioglio et al. (2013). We can think of the set of
structured models M as identifying an objective preference over acts. If an act f
dominates act f’ conditional on each structured model m € M, then f is objectively
preferred by the decision maker to f’. Consistency requires that the subjectively
rational preferences of the decision maker are informed by the objectively rational

preferences.

3.3. Misspecification Aversion. We next state a conditional version of the axiom
characterizing the variational preferences of Maccheroni et al. (2006). That is, the
preferences after conditioning on the event that the structured model m € M is the
best-fit one satisfy a stronger form of independence, weak certainty independence, but
they still do not need to satisfy full-fledged independence because of misspecification

concerns.
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AxioMm 5 (Misspecification Aversion): For all structured models m € M, f, f' € F,

z,y € X, and a € (0,1),
af+l—-a)rzaf/E"f+(1-a)z = af+(1—a)yZafE™f+(1—a)y .

We interpret Axiom 5 as capturing the idea that the decision maker is aware that
the set of structured models is possibly misspecified and is concerned about it. Recall
that we interpret ambiguity as the lack of information needed to pin down a unique
probability distribution over states of the world. Now, suppose the decision maker
was able to observe sufficient information to determine that a structured model m
is the best-fit among all those in M. If she was completely certain that the true
DGP is included in M, she should conclude as a matter of fact that m s the correct
description of the uncertainty about the states. If such were the case, having received
the missing information to determine the DGP, there is no reason why the decision
maker’s preferences should exhibit any ambiguity aversion but should instead behave
according to the subjective expected utility tenets. The fact that even after being
told that m is the best-fit structured model, the decision maker’s preferences might
still feature violations of independence implies that she does not trust that the best-
fit model m is, in fact, the true DGP, reflecting a concern for the set of structured

models being misspecified.

4. REPRESENTATION OF MISSPECIFICATION AVERSE PREFERENCES
In this section we discuss our main representation results. We begin by defining
the preferences under analysis.

DEFINITION 2 (Misspecification Averse Preferences): A preference relation 77 on F

is said to be Misspecification Averse if it satisfies Axioms 1, 2, 3, 4, and 5.
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As a first step, we provide a representation for the preferences =™ conditional on
the event that the structured model m € M is the best-fit one. The result is that

each 7™ is a variational preference (Maccheroni et al., 2006).

PROPOSITION 1: Suppose (2,G, M) is a structured space and - is a misspecifi-
cation averse preference relation. Then, there exist an affine and surjective utility
function u: X — R and a convex statistical distance’* ¢ : A x M — [0, 00|, such that

for eachm e M, f,g e F,

fZ"g = I"(u(f)) = I"(ulg))

where I : B(G) — R is defined as

o) 1) = min{ [ dp+ e(p.m)}

pEA

for all ¢ € B(G) and satisfies for all p, ¢’ € B(G),
p=¢ ae [m] = I"(p) =I"(¥).

Moreover, u is unique up to positive affine transformations, and c is unique given u.

We can interpret the result in Proposition 1 in terms of a robust approach to the
possibility of misspecification. Suppose that the decision maker has observed sufficient
information to determine that m is the best-fit structured model she has available.
Because of the possibility of misspecification, in evaluating an act f conditional on
this information, the decision maker forms a variational evaluation of the act f

( V()= 1) = mind [ u(Pdp+elpm) |

pEA

The statistical distance ¢(-, m) captures how distant in a statistical sense an unstruc-

tured model p is from the structured model m. In particular, since the decision maker

HGee Appendix A for a rigorous definition of the notion of statistical distance.
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is concerned that m might not be an accurate approximation of the true DGP, she
also takes into account other models p that are not too far apart from m. The in-
dex ¢(-,m) captures exactly the decision maker’s confidence in the structured model
m. When c¢(-,m) is (uniformly) lower, the decision maker potentially takes into ac-
count a larger set of models around m in evaluating an act; this reflects a lower
trust in m or, conversely, a higher aversion to misspecification, as reflected in the
concern that m is not a good approximation even if she knows it is the best struc-
tured model. An important and tractable case is when the misspecification index
takes the form c(-,m) = AR(:||m) for all structured models m € M, where A > 0 is
a parameter of misspecification aversion. In this case, the misspecification concern
is proportional to the relative divergence with respect to the structured model, and
it is uniform across structured models (see Lanzani (2022)). In this case, a higher
aversion towards misspecification is captured by a lower parameter \. We now make
this intuition about the statistical distance (-, m) precise by adapting to the present
context the well-established notion of comparative uncertainty aversion due to Ghi-
rardato and Marinacci (2002). Given two preferences 7-; and 729, we say that 7=; is

more misspecification averse than =5 if for all m € M, f € F and x € X,

(7) fE"r =1 x = fEMr 7o x

The idea behind this notion is that also in this case, constant acts are unaffected
by the possibility that the set of structured models is misspecified, since they are
non-stochastic and, therefore, their evaluation does not depend on the probabilistic
assessment of state uncertainty. Therefore, if it is true that after conditioning on
any given structured model m € M, a decision maker is not concerned enough about
misspecification to choose a constant act over an uncertain one, a fortiori, that should

also be true for a less misspecification averse decision maker. The following result
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shows that this definition agrees with the notion that the statistical distance in the

representation is an index of misspecification aversion.

PROPOSITION 2: Suppose (2,G, M) is a structured space and 7, and 7o are two
misspecification averse preference relations. Then, 71 is more misspecification averse
than 79 if and only if uy is a positive affine transformation of u; and, after normal-

izing uy = ug, c1(-,m) < o+, m) for all structured models m € M.

From a mathematical standpoint, note that each function I™ can be seen as a
non-linear expectation with respect to the structured model m € M. Indeed, while it
fails to be linear, it satisfies many other characteristic properties of expectations, like
monotonicity, normalization and same evaluation of functions that are almost surely
equal. The next corollary shows that by focusing on structured space, we are able to
find a non-linear conditional expectation given A that is common to all structured

models m € M.

COROLLARY 3: Suppose (2,G, M) is a structured space and (I™)nmem are de-
fined as in (5). Then, there exists a generalized common conditional expectation
of (I™)mem given A. This is a map T4 : B(G) — R®? such that for all ¢ € B(G),
I4(p) is in B(A), I4(p)(w) = I9)(p) for allw € Qo and for all A € A and m € M,

I (La(p)xa) = I"(pxa)-

Given the representation of the conditional preferences given in Proposition 1, we
are able to associate to each act f € F a function m +— I(f,m) := I"(f) that maps
each structured model m to the misspecification-robust evaluation of act f condi-
tional on m being the best-fit model. The axiom of Consistency then implies that
it I(f,m) > I(g,m) for all m € M, then f should be preferred to g. That is, if
for each structured model m, the corresponding misspecification-robust evaluation of

an act f is always higher than the robust evaluation of another act g, the decision
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maker is confident that act f is better than act g, and her preferences will follow suit.
As remarked in Cerreia-Vioglio et al. (2020), this exemplifies the special status of
structured models over unstructured ones. If the misspecification-robust evaluations
according to each structured model rank unanimously an act over another, this is suf-
ficient for the decision maker to decide to pick the first one. However, in general, the
set of structured models will not provide a unanimous robust ranking of every pair of
acts. The first main result is that the representation of misspecification averse pref-
erences will only depend on I(f,-); that is, there exists a monotone, continuous, and
quasi-concave aggregator of these misspecification-robust evaluations that represents

the preferences of the decision maker.

THEOREM 4: Suppose (2, G, M) is a structured space. The following are equivalent:
(i) 7, is a misspecification averse preference relation,
(ii) there exist a surjective utility function u : X — R, a conver statistical dis-
tance ¢ : A x M — [0,00|, a monotone, normalized, quasiconcave, and
lower semicontinuous functional I B(M,Dr) — R, which is continuous

on By(M, D) such that for all f,g € F,

(8) fzg = IT((f),)=1((ulg),)

where for all m € M, I(-,m) = I"(p) is given as in Proposition 1:

Ve € B(G), I(p,m) = I"(¢) = min {/Q odp + c(p, m)} .

pEA

Moreover, u is unique up to positive affine transformations, and ¢ and I are unique
given u.
We already discussed how ¢(-,m) can be interpreted as an index of the decision

maker’s uncertainty aversion. On the other hand, quasiconcavity of I reflects the

decision maker aversion towards uncertainty about the identity of the best-fit model,
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given that she lacks the sufficient information represented by the sigma-algebra A
to pin down the best approximation of the DGP at her disposal. We now make
precise the idea that I captures attitudes towards the uncertainty regarding the best-

fit model. To this end, say that =1 is more averse to model ambiguity than =5 if for

all fe F(A) and z € X,
(9) fZie = 2

The intuition for this definition is that acts that are measurable with respect to
the sufficient information A are exactly those acts that are only affected by the
uncertainty regarding what is the best approximation among the set of structured
models but not by misspecification concerns regarding any structured models (notice
that they need to be constant on each event E™). Therefore, the definition above
states that if 77; is more averse to model ambiguity than 7~5 then, whenever model
ambiguity considerations are not enough for the first decision maker to prefer the
certain outcome x to the act f that is affected by ambiguity about the best-fit model,
then definitely they should not be enough for the less averse decision maker. We have

the following comparative statics result.

PROPOSITION 5: Suppose (2,G, M) is a structured space and 7, and 7o are two
misspecification averse preference relations. Then, 721 is more model ambiguity averse
than 7o if and only if uy is a positive affine transformation of uy and, after normal-
12ing U1 = Us, fl < fg.

Since I; and I, are normalized, they can be interpreted as certainty equivalents of
uncertain bets on the likelihood of which model is the best-fit one. The result can
then be taken as stating that 77, is more averse to model ambiguity than 75 if DM 1 is
willing to accept lower certainty equivalents than DM 2 as compensation for uncertain

bets over the likelihood of the best approximation in M. In this sense, Proposition 5
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allows us to interpret the aggregator I as incorporating the decision maker’s attitudes
towards uncertainty about the identity of the best structured model. This result,
together with Proposition 2, clarifies how representation (8) achieves a separation
of attitudes regarding the ambiguity about the identity of the best-fit model and
misspecification concerns. Indeed, aversion to model ambiguity is captured by the
aggregator I, while the statistical distance ¢(-,m) is an index of the degree of aversion
to the possibility that the set of structured models is misspecified.

The abstract form of I in the general representation of Theorem 4 is due to the fact
that no behavioral assumptions regarding the independence properties of the prefer-
ence relation 7~ have been made other than risk independence. The next two results
characterize two specific shapes of the monotone aggregator of the misspecification-
robust evaluations. The first result provides a foundation for a Bayesian version of the
misspecification averse preferences, where the DM forms a subjective belief capturing

her uncertainty regarding the identity of the best-fit structured model in M.
THEOREM 6: (2,G, M) is a structured space. The following are equivalent:

(i) 7 is a misspecification averse preference relation whose restriction to F(.A)
satisfies Savage (1954)’s Axioms P2-PG6,

(ii) there exist a surjective and affine utility function v : X — R, a conver sta-
tistical distance ¢ : A x M — [0,00], a strictly increasing, continuous, and
concave function ¢ : R — R and a nonatomic prior p € A7(M,Dpy) such
that 77, is represented on F by:

(10) V()= [ ¢ (min [ u(f)dp-+ c(p.m)) du(m)

pEA

Moreover, u is unique up to positive affine transformations, ¢ is unique given u, ¢

is unique up to positive affine transformations given u, and p is unique.
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As before, the decision maker’s concern for misspecification is captured by the fact
that even conditioning on the information to determine m as the structured model,
she still takes into account models that are not structured but are close enough to
m. In this case, the perception of uncertainty regarding the identity of the best-fit
model in the absence of the information in the sufficient sigma-algebra A and the
attitudes towards this uncertainty are captured, respectively, by the Bayesian prior u
over the set of structured models and the index of uncertainty aversion ¢. The sub-
jective belief 1 quantifies what structured models the decision maker considers more
likely to be good approximations of the true DGP. The nonlinearity of ¢ captures the
negative attitude exhibited by the decision maker towards this ambiguity about the
best-fit model. The Bayesian criterion (10) can be seen as an extension of the smooth
ambiguity model of Klibanoff et al. (2005) to incorporate misspecification concerns.
We can recover the smooth ambiguity model by letting the misspecification aversion
index ¢ go to infinity (except on the diagonal, where it is always 0). This is equivalent
to taking a limit case where the decision maker is neutral to misspecification. As al-
ready remarked in the introduction, this criterion becomes the average robust control
criterion axiomatized by Lanzani (2022) when the decision maker is neutral towards
the ambiguity regarding the identity of the best-fit model. This would, indeed, imply
that the index ¢ is affine. The relative entropy formulation of the misspecification
aversion index ¢(-,m) = AR(-||m) could be obtained by imposing suitable versions of
the multiplier preferences axioms discussed by Strzalecki (2011).
Finally, the next theorem shows that the criterion axiomatized in Cerreia-Vioglio
et al. (2020) can arise as a special case of the representation in Theorem 4 when we
assume that preferences exhibit a cautious attitude with respect to the uncertainty

about the best-fit model.
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AxioM 6 (M-Caution): For all f € F and x € X,
IJneM, x> fE"r = x 2 f.

This axiom is the conceptually similar to the caution axiom in Gilboa et al. (2010).
Indeed, the set of structured models induces a typically incomplete dominance relation

=~ m, where for all f, g € F,
fZmyg <= VYmeM, fz"yg.

If f Z—am g, this means that f is better than g according to each structured model m €
M after taking into account misspecification concerns. Because of the substantive
motivation the decision maker attaches to the set of structured models, when f = g,
the decision maker is sure that f is better than g. Then, Axiom 6 can be rewritten
as the requirement that if f 7 x, then x =~ f. The interpretation is that if the
decision maker is not sure that the uncertain act f is better than the constant (and
therefore unaffected by uncertainty considerations) act z, then she should behave
cautiously and prefer the certain act over the uncertain one. We also impose the

following technical axiom.

AXIOM 7 (M-Lower Semicontinuity): For all z € X and f € F, the set {m € M :
x 7 fE™z} is closed.

This axiom is a strengthening of requirement (ii7) in the axiom of Coherence (it
requires closedness and not only measurability) and it is only needed to ensure that
minima are achieved in the criterion. The following result shows that M-Caution
delivers the criterion of Cerreia-Vioglio et al. (2020).

THEOREM 7: Suppose (,G, M) is a structured space and M is compact."* The

following are equivalent:

1275 for Axiom 7, closedness of M is only needed to ensure that minima are achieved.



28

(i) 7 is a misspecification averse preference relation satisfying Azioms 6 and 7,

(ii) there exists a surjective utility function v : X — R, a convex statistical dis-
tance ¢ : A x M — [0, 00] such that 7 is represented on F by:

(11) V(f) = min/ﬂﬂ(f)dpﬂggpd c(p,m).

peEA

Moreover, u is unique up to positive affine transformations, and c is unique given u.

Notice that min,,crs c(m’,m) = 0 for all structured models m’ € M. Therefore,
Cm(+) = minyep c(-,m) can be seen as a statistical distance between probability
distributions and the set of structured models M capturing the degree of misspecifi-
cation concern of the decision maker, when she takes a worst-case scenario approach

to the uncertainty regarding what is the best structured model.

5. CONCLUSION

This paper provides an axiomatic foundation of general preferences that are mis-
specification averse. We study a framework where the decision maker formulates a
possibly misspecified set of structured models that she considers plausible descrip-
tions of the environment. We introduce the notion of a best-fit map that identifies
the most suitable approximation of the true DGP based on (in principle) observable
states. This allows us to discern between the decision maker’s concern about the set of
structured models being misspecified and negative attitudes towards the uncertainty
about what structured models are more likely to be the best description of the en-
vironment. The main result is that the decision maker’s preferences are a monotone
and quasiconcave aggregation of misspecification-robust evaluations based on each
structured model. In particular, this representation achieves a separation of attitudes
towards model ambiguity, captured by the aggregator, and misspecification concerns,
captured by the misspecification-robust conditional evaluations. Many specific shapes

of the aggregator can be obtained by imposing additional suitable behavioral axioms
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on the decision maker’s preferences. We show that two important decision criteria
recently introduced in the literature by Lanzani (2022) and Cerreia-Vioglio et al.
(2020) fall within the general class of misspecification averse preferences we studied.
In particular, we provide specific axioms to obtain the Bayesian aggregator and the

cautious criterion from the general case.
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Appendix

APPENDIX A. MATHEMATICAL PRELIMINARIES

A.1. Basic Notions. Given an arbitrary measurable space (Y,)), we denote by
A(Y,Y) and A7(Y,)) respectively the space of finitely and countably additive prob-
ability measures on (Y,)). Sometimes, we will omit making explicit reference to the
o-algebra whenever no ambiguities can arise. Since both these spaces can be iden-
tified with subsets of the dual space of By(Y,)), the space of Y-measurable simple
functionals mapping Y to the real line, endowed with the supnorm || - ||, we endow
them with the weak™® topology. We endow A?(Y,)) with the Borel o-algebra gener-
ated by this topology; which is the same as the natural o-algebra DYY generated by

the family of evaluations maps:
VE€), E":A°(Y,Y)—R, p—p(E).

and any subset Q of A?, with the relative o-algebra D}C’ty = DYY N M. Moreover,
denote by B(Y,)) the set of bounded Y-measurable functionals from Y to R. We
know that B(Y,)) is the supnorm closure of By(Y,)).

Given a nonempty subset B of B(Y,)), a functional ¥ : B — R is said to be a

niveloid if for all ¢, ', € B,
U(p) — U(¢') < sup(p — ¢)
A niveloid is Lipschitz continuous with respect to the supnorm. Indeed:

U(p) —U(¢) <sup(p — ¢') < |sup(p — ¢')| <suple — ¢'| = |l — ¢'[|

U(p') —W(p) <sup(yp' — @) < [sup(¢p’ — @) <suplp' — ¢'| = |l — ¢'[|=
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so that [U(p) — U(¢)| < |J¢ — ¢'||e for all ¢, ¢ € B. Moreover, the functional
U is said to be normalized if W(k) = k for all k € R such that k € B, where we
identify each real number with the constant function yielding it everywhere. Finally,
the functional ¥ is said to be monotone if whenever ¢,¢’ € B and ¢ > ¢, then
U(p) > W(¢)."* We say that W is monotone continuous if for all ¢, ¢’ € B and
k € B, for all monotone sequences (FE,), € ) such that E, | 0, if U(p) > ¥(¢),
then there exists ng € N such that ¥(kxg,, + ¢xrg )¢ > V(¢').

We define on B(Y,)) the lattice operations V and A as follows: for all ¢, ¢" €
B(Y,Y), (¢ V¢')(w) = max{e(y), ¢'(y)} and (¢ A ¢')(w) = min{ep(y), ¢'(y)} for all
y € Y. We say that a nonempty subset L of C B(Y,)) is a lattice if for all p, ¢’ € L,
oV, oNg € L. If (p,)n is a sequence of functions in C B(Y,Y) and ¢ € B(Y,)),
we write ¢, — ¢ to mean that (¢,), converges uniformly to ¢. If we want to stress
that the uniformly convergent sequence is monotone, we write ¢, ¢ if ¢, < @41
for all n € N and ¢, N\, ¢ if v, > @,41 for all n € N. Finally, we write ¢, T ¢ if
“n < pne1 for all n € N and (p,), converges pointwise to ¢ and, similarly, ¢,, | ¢ if

©n > pni1 for all n € N and (¢,,), converges pointwise to (.

A.2. Probabilities and Statistical Distances. We now discuss some basic math-
ematical notions about probabilities and statistical distances. Fix an arbitrary mea-
surable space (Y,)). For any p,q € A(Y,)), we write p < ¢ to denote that p is
absolutely continuous with respect to q. Moreover, if ¢ € A(Y,)) and f and g are
Y-measurable functions mapping Y to some arbitrary set, we write f = g a.e. [q]
whenever ¢({y € Y : f(y) = g(y)}) = 1. As it is standard in measure-theoretic
contexts, we assume throughout the convention 0-co = 0. If f is a function mapping

Y to some measurable space, we denote by o(f) the o-algebra generated by f.

138ee Maccheroni et al. (2006) and Cerreia-Vioglio et al. (2014) for an in-depth discussion of niveloids
and their properties.
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Given a convex subset C' of A(Y,)) and an extended real valued function ¢ : C' —
R, we denote by dom ¢ the effective domain of ¢, that is the subset of its domain on
which ¢ takes on finite values; that is, dom ¢ = {p € C : |¢(p)| < oo}. Moreover, we
say such function ¢ to be grounded if inf,cc ¢(p) = 0. Fix a subset Q@ C A?(Y,)) of
countably additive probability measures. A function ¢ : A(Y,)) x Q — [0, o0] is said
to be a statistical distance if it satisfies the following two properties:
(i) for each ¢ € M, p = q implies ¢(p,q) =0,
(ii) ¢(-, q) is lower semicontinuous for all ¢ € Q.
Furthermore, a statistical distance c is convex if the section ¢(-, q) is a convex function
for each ¢ € Q and is said to be a divergence if for all ¢ € Q, p € dom¢(+,q) implies

that p < q.

APPENDIX B. STRUCTURED SPACES

Fix a measurable space (£2,G) where G is a countably generated o-algebra and a
set of structured models M C A%(G) := A(Q, G), where we denote by Let D := D9
and D)M = DY respectively the natural o-algebra on A(G) and the relative o-
algebra on M. Throughout the section, assume that (£2,G, M) is a structured space
with sufficient sub o-algebra A4 C G and best-fit map q :  — A?(G) satisfying the
properties in Definition 1. In particular, recall that E™ := q~'(m) and m(E™) = 1
for all m € M. Denote by A the set of all the events in G that have probability either

0 or 1 according to all models m € M:
A={FeG:Yme M m(E)=1or m(E)=0}.

LEMMA B.1: The o-algebra generated by q is in A: A = o(q) C A. In particular,
m(E) € {0,1} for all E € A and structured model m € M.
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PrROOF OF LEMMA B.1: By definition of the o-algebra D, o(q) is generated by

the class:
C={q ({peA’(G):p(E) <a}):xe0,1], E€G} .
Then, take any z € [0,1] and £ € G. We have that for any m € M,

m (a7 ({p € A%(G) : p(E) < })) =m ({w € Q: q°(E) < z})
=m{{weQ:q“(E)<z}NE™)
1 ifm(F) <z

)

0 ifm(E)>0

and, therefore, ¢! ({p € A7(G) : p(E) < z}) € A, showing that C C A.

It is clear that ©,0) € A and that if E € A, then Q \ E € A. Moreover, if we take
(E)nen € A, for each m € M, we have either of two cases. If m(E,) = 0 for all
n € N, then:

m(UpenEn) < Z m(E,) =0 = m(UpenE,) =0.
neN

If, instead, there exists k € N such that m(E)) = 1, then:
m(UnENEn) Z m(Ek) =1 = m(UneNEn) =L

It follows that U,enE, € A. We can, thus, conclude that A is a o-algebra containing
M and, therefore, o(q) = o(C) C A. |

Suppose that u : X — R is an affine and surjective function. If £ is a sub-o-algebra

of G, we can define the operator u : F(£) — By(€) as follows: for each f € F(E),
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for all w € Q.

LEMMA B.2: Suppose u is affine and surjective. Then, u : F(E) — By(E) is an
affine operator and {u(f) : f € F(E)} = Bo(E).

PROOF: Take any f € F(E). Then, there exists a finite, measurable partition of
Q, (E;)k_, C &, and consequences (7;)F_, C X such that f = ¥ | xg,2;. Then, for
all F; and for all w € Fj,

and therefore, u(f) = SF_ | xg,u(x;). Therefore, u(f) € By(€) for all f € F(E) so
that the operator is well-defined and {u(f) : f € F(E)} C By(E). Moreover, take
a € (0,1) and f, f' € F(E). We have that for all w € Q,

u(af + (1= a)f)(w) = u((af(w) + (1 - a)f'(w))
= au(f(w)) + (1 — au(f'(w))
= au(f)(w) + (1 = a)u(f)(w)

proving affinity. Finally, take any ¢ € By(€). Then, there exist a finite, measurable
partition of Q, (F;)%, C &, and reals (;)%_, C R such that ¢ = >F | xp7. Since
Imu = R, for each 7; we can pick z; € X such that 7; = u(z;). Setting f = XF | g2
we can see that ¢ = u(f) and ¢ € F(E). This shows that By(€) C {u(f) : f €
F(&)}. [

APPENDIX C. PROOF OF PROPOSITION 1

We say that a binary relation 2~ over F is solvable if, for each act f € F, there
exists a constant act ¢ € X such that zy ~ f. We call such (possibly non-unique) act
the certainty equivalent of f. Next, we show that a preference relation that satisfies

Axiom 1 is solvable.
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LEMMA B.3: Suppose that - is a preference relation on F satisfying Aziom 1.

Then, - is solvable.

ProOOF OF LEMMA B.3: Fix any f € F. Since f takes on only finitely many
values, we can pick z* and z, in X such that for all w € Q, z* 7 f(w) 7 z.. By
Axiom 1.ii, this implies that z* 77 f 7~ .. Now, {a € [0,1] : az* + (1 — @)z, Z [}
and {a € [0,1] : f Z az* 4+ (1 — a)z,} are closed by mixture continuity and are
non-empty, since the first one contains 1 and the second one contains 0. Moreover,
by completeness of 7Z, their union is the whole [0, 1]. Since the closed, unit interval is
connected, such sets must have a non-empty intersection. This shows the existence
of x5 € X such that z; ~ f. [ |

We proceed by defining the preferences conditional on a given structured model
m € M being the best-fit model and show that they inherit some properties from the
unconditional preferences. Let us first recall the following axioms characterizing the
variational preferences axiomatized by Maccheroni et al. (2006).

AxioMm B.1 (Variational):

e Weak Certainty Independence. For all f, f' € F, x,y € X, and a € (0,1),

af+(1-a)rzaf+(1—a)r = af+(1—-a)ysaf +(1—-a)y.

e Uncertainty Aversion. For all f, f' € F and a € (0,1),
frf=af+0-a)fZf.

LEMMA B.4: Suppose that (Q2,G, M) is a structured space and that the preference
relation 7 satisfies Axioms 1, 2, 3, 4, and 5. For all m € M, define 7™ as follows:
forall f, f' € F,

fz"f = 3geF, fE"gZ f'E™g.
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Then, 7™ is well-defined, satisfies Axiom 1, 2, and B.1 and coincides with =~ when

restricted to constant acts in X.

PRrROOF OF LEMMA B.4: Fix any m € M and consider ;2™ as defined in Equation
B.4. We show that this is a well-defined binary relation over F. Indeed, suppose that
for f, f’ € F, there exists some g € F such that fE™g 7~ f'E™g. Then, Axiom 3
implies that fE™h = f'E™h for all h € F. Therefore, in the following, we just fix
a g € F and notice that f =™ f' <= fE™g = f'E™g. Moreover, note that for
any f,f',g € Fand a € [0,1], (af + (1 - ) f)E™g = a(fE™g) + (1 — a)(f'E™g).
Indeed, if w € E™:

((af + (1 = a)f)E™g) (w) = (af + (1 =) f)(w)
=afw)+(1-a)f(w)
= a(fE"g)(w) + (1 - a)(f'E™g)(w)

= (a(fE"g) + (1 = a)(f'E™g)) (w)
and, if w € Q\ E™:

((af + (1 = a)f)E™g) (w) = g(w)
= ag(w) + (1 — a)g(w)
= a(fE"g)(w) + (1 - a)(f'E™g)(w)
= (a(fE™g) + (1 = a)(f'E™g)) (w) .
Step 1: Weak Order. Take any f, f' € F. Then, since = is complete, it follows
that cither fE™g = f'E™g or f'E™g = fE™g. That is, cither f =™ f" or f' =™ f,

showing that =™ is complete. Moreover, suppose that there are f, f’, f” € F such
that f =™ f"and f' =™ f”. Then, fE™g = f'E™g and f'E™g 77 f"E™g. Since 77 is
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transitive, it follows that fE™g - f”E™g and, therefore, that f =™ f”. This shows
that 7—™ is also transitive.

Step 2: Mixture Continuity. Take any f, f', f" € F. We show that {a € [0,1] :
af'+ (1 —a)f" ™ f} is closed. Indeed, take any g € [0, 1] and let g = f:
ap €{ac[0,1]:af +(1—a)f" 2" f}

—anf+1—ag)f" =™ f

= (aof + (1 —ag)f")E™g Z fE™g

= ao(f'E"f)+ (1 —ao)(f'E"f) Z f

= ag€fac01]:a(fE"f)+ (1 —a)(f"E"f)Z [}
so that {« € [0,1] : af' + (1 —a)f" =™ f} = {a € [0,1] : a(f'E™f) + (1 —
a)(f"E™f) = f} and the latter is closed by Axiom 1. By an analogous argument, it
follows that also {o € [0,1] : f Z™ af' + (1 — «)f"} is closed. Hence, ™ satisfies
mixture continuity.

Step 3: Weak Certainty Independence. Take any f, f' € F, z,y € X and a € (0, 1).
Then,

af+(l—a)rZmaf'+(1-a)z = [af + (1 —a)z]E™g Z [af' + (1 — a)z]E™g
and letting ¢ = af + (1 — a)x this implies that:

af+(1—-a)r Z[af + (1 —a)z]E"af + (1 - a)z]

=af'E"f+ (1 - a)z.
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But, then, by Axiom 5,

af+(1-a)y Zaf E"f+(1—a)y

= [af + (1 =)yl E"af + (1 — a)y],

which, then, implies that af + (1 —a)y =™ af’+ (1 —a)y. If follows that 72 satisfies
Weak Certainty Independence. A fortiori, it satisfies Risk Independence.

Step 4: Non-triviality. Since E™ is nonnull, there must exist f, f’,g € F such
that fE™g = f'E™g. Since f and f’ are finite-valued, we can pick z,y € X so that

x 2 f(w) and f'(w) 7 y for all w € E™. But then, monotonicity implies that
aE"g 7 fE"g = f'E"g Z yE™g

and, by transitivity, tE™g > yE™g so that =™ y. It follows that =™ is non-trivial.

Step 5. 7=™|x =7 x. By Axiom 1, = is a non-trivial weak order satisfying mixture
continuity and independence when restricted to X. By Steps 1-4, the same is true for
=™, Then, by Herstein and Milnor (1953), there exist affine functions w, u,, : X — R
such that u represents 7Z|x and u,, represents 5" |x. Moreover, since both 77 and ™

are non-trivial, u and wu,, are non-constant. Now, take any x,y € X such that x = y.

Then, for all w € €,

weE" = (2E"g)(w) =z Zy=(yE"g)(w)

w€ N\ E" = (zE£"g)(w) = g(w) = (y£™g)(w)
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so that, since 7~ satisfies reflexivity and monotonicity by Axiom 1, zE™g =~ yE™g

and, therefore, x =™ y. Thus, for all x,y € X:

u(z) > u(y) T Zlxy
Ty

r "y

A A

By Corollary B.3 in Ghirardato et al. (2004), there exists a € R, abd b € R such
that u = au,, + b. This implies the claim.

Step 6: Monotonicity. Take f,f" € F and assume that f(w) =™ f'(w) for all
w € Q. Since by Step 4, Z™|x =Zx, it is also the case that f(w) 2z f'(w) for all
w € . Then, since 77 satisfies Axiom 1, reflexivity and monotonicity imply that
fE™g = f'E™g and, therefore, f =™ f’ proving the statement.

Step 7: Unboundedness. This follows immediately by Step 5.

Step 8. Uncertainty Aversion

Take any f, f/ € F and a € (0,1) and suppose that f ~™ f’. Then, taking g = f

in the definition of 7™ and since 7 satisfies Axiom 5, we have

fm = f~fETS
= af+(1-a)f'E"fZ f
= laf+ A —a)f1E"f Z fE™f
— af+(1—a)f 2" f

showing that 7~™ satisfies Uncertainty Aversion.

Step 9: Monotone Continuity.
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Take any f,f' € F such that f =™ [, © € X, and (A,)nen € G such that
A; D Ay D -+ and Npey An = 0. Taking g = f in the definition of =™, we have
that f > f'E™f. Moreover, for each n € N, let F, := A, N E™ and observe that
E,=A,NE"2D A, 1NE™=FE,;; and
NE.=(A.NE™) =(()A)NE™"=0NE" =0.
neN neN neN

Since 77 satisfies Axiom 2, we can find ny € N such that zF, f = f'E™f. Moreover,

W€ Bpy = Apy NE™ =5 (2B, f)(w) = & = (x4, f)E™ ) (W),
wE B\ Ay = (B f)w) = f(w) = (xAn f)E™ )(w).

wg E" = (2B, f)(w) = f(w) = (£An, f)E™ [)(w).

Therefore, (xA,,f)E™f = xE,f = f'E™f which implies that zA, f =™ f' as we

wanted to show. [
We are now ready to prove Proposition 1.

PROOF OF PROPOSITION 1: (i) implies (i) Suppose that (§2,G, M) is a structured
space and the preference relation 7~ satisfies Axioms 1, 2, 3, 4, and 5. Since 7~ is a non-
trivial, continuous weak order satisfying independence when restricted to constant
acts, we know by Herstein and Milnor (1953) that there exists an affine and non-
constant function u : X — R representing >~ over X. Moreover, such u is cardinally
unique. Next, we show that Imu = R. Clearly, being u affine and X convex, Imu
must be an interval. Pick z,y € X such that x 7 y and a monotonically decreasing
sequence (@), C [0,1] such that o, — 0. Then, by unboundedness, for each n € N,

there exists z,, 2/, € X such that:

nzn+ (1 —an)y =z =y = apz, + (1 —ay)x
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Since u represents ~~ on X and is affine, this implies:

/

anu(zn) + (1 — an)u(y) > u(z) > u(y) > anu(z),) + (1 — ap)u(z)
and, rearranging:

+u(y) and wu(z,) < _u(x) —uly)

>
u(za) n n

+ u(x)

for all n € N. Therefore, (u(z,)), and (u(z))), are sequences in Imwu, the first
monotonically increasing and diverging to +oco, the second monotonically decreasing
and diverging to —oo. This implies that Im u = R.

Now, fix m € M. By Lemma B.4, Z=™|x =2|x. Therefore, 7-™ is represented
by u when restricted to constant acts in X. Define the functional Ij* : By(G) — R
as follows: for each ¢ € By(G), I™(¢) = u(xys,) where f, € F is chosen such that
¢ = u(f,) and xy, ~™ f,. This functional is well-defined by Lemmas B.4 and B.2.
Moreover, define V" (f) == I’ ou : F — R. Again, by Lemma B.2, V™ is a well-

defined functional over F. Moreover, it represents 2=". Indeed, for any f, f' € F:
f ?\:m f/ <~ Iy ?\:m Ty
= u(zy) > u(xy)
= Ig'(u(f)) = 15" (u(f"))
= V™) =V"(f).

LEMMA B.5: 1" is a normalized and concave niveloid.

PROOF: Step 1: Monotonicity. Take ¢,1 € By(G) and assume that ¢ > 1. By
Lemma B.2, we can find f,, f, € F such that u(f,) = ¢ and u(fy) = 1. Then, for

all W' € Q,

u(fo(w)) = ulfy) (W) = p(w') 2 (W) = u(fy)(@W) = u(fy())
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and, therefore, f,(w) ™ fy(w). Then, since by Lemma B.4, 2™ satisfies monotonic-
ity and transitivity, f, Z™ fy and, therefore, zy, =™ xy,. We can, thus, conclude

that
15" (p) = ulzy,) = ulzy,) = 15" ()

which proves the claim.
Step 2: Normalization. Take k € R. Since Imu = R, we can find 2% € X such that
u(2®) = k. Then:
Ig"(k) = u(z®) = k

showing that " is normalized.

Step 3: Translation Invariance. Take any @, 9 € By(G) and k,r € R. By Lemma
B.2 and surjectivity, we can find f,, fy € F and z¥,2" € X such that u(f,) = ¢,
u(fy) = ¥, u(z*) =k, and u(z") = r. Now, for any a € (0, 1), since u is an affine

operator, we have for each £ € {p,v¥}, | € {k,r},
u(afe + (1 —a)z') = au(fe) + (1 — a)u(z') = aé + (1 —a)l .
Moreover, by Lemma B.4 and the fact that I o u represents 7™

I (ap + (1 = a)k) = Ig" (o) + (1 — a)k)
= I (u(af, + (1= a)2¥)) = 1" (u(afy + (1 - a)ah))
= af, + (1 —a)a® ~™ afy, + (1 — a)s*
= af, + (1 —a)z" ~" afy, + (1 —a)z"
= 17" (u(af, + (1 = a)a”)) = I" (u(arfy + (1 = a)a”))

= 1" (ap + (1 —a)r) = I§" (e + (1 = a)r) .
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Then, for any ¢',¢ € By(G) and k', € R, by letting ¢ = ¢'/a, ¥ = ' /a, k =

k'/(1—a), and r =r'/(1 — a) in the previous implication:
" (¢ +K) =I5 (' + ) = Lg" (¢ +7) = I" (@' +7) .

Then, take any { € By(G) and | € R. By Step 2, IJ* is normalized and, therefore,
I(&) = 15 (15 (€)). By what is shown above, this implies:

Ig"(E+1) = Ig"(Ig"(§) + 1) = Ig"(§) + 1

proving the claim.

Step 4: Quasi-concavity. Take any ¢,1 € By(G) such that I[*(¢) = IJ"(¢) and
a € (0,1). By Lemma B.2, we can find f,, f;, € F such that ¢ = u(f,) and ¢ = u(fy).
Then:

V™ (fo) = Iy (ulfe)) = 1" () = 15" (¥) = Ig"(u(fy)) = V"™ (fs)

so that f, ~™ f,. Since 2™ satisfies Axiom B.1, uncertainty aversion implies that

afe+ (1 —a)fy Z™ fy

and, therefore:

proving the claim.
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By Steps 1-4 and Theorem 4 in Cerreia-Vioglio et al. (2014), it follows that I7* is

a normalized and concave niveloid. O

Denote by I"™ : B(G) — R the unique normalized and concave niveloid extending
I" (see Lemma 25 in Maccheroni et al. (2006)). It is clear that V™ = "™ o u on
F. Then, by Lemma 26 in Maccheroni et al. (2006), there exists a grounded, lower
semicontinuous and convex function ¢™ : A — [0, 1] such that:

I"(p) = min){/ﬂwdp' + cm(p’)}

(12) p'eEA(G
c"(p) = sup {Im(<ﬂ’)—/ﬂ<p’dp}

©'e€B(9)

for all ¢ € B(G) and p € A(G). Then, define ¢(-,m) = ¢™(-) for all m € M. We
have that for each m € M and for each f, f' € F,

frmf o= V) = V()
= I™(u(f)) > I"™(u(f))

<= min {/Qu(f)dp+c(p,m)} > min {/Qu(f')dp—i-c(p,m)},

PEA(9) PEA(9)

proving the representation in (5). We only need to check that ¢(-,m) is finite only on
probabilities that are absolutely continuous with respect to m. This is the content of

the next lemma.

LEMMA B.6: For allm € M, if p € domc(-,m), then p < m and ¢(p,m) = 0 if

and only if p = m. In particular, c is a convex divergence.

PrOOF OF LEMMA B.6: Fix any m € M.

We first show that if p € dom ¢(-, m), then p is absolutely continuous with respect to
m. Suppose there exists a structured model m € M and a p € dom ¢(-, m) that is not
absolutely continuous with respect to m. We show that >~ would violate Coherence.

Indeed, we can find a measurable set £ € G such that m(E) = 0 but p(E) > 0.
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Consider the sequence of acts (f,)neny € F such that for each n € N, f,, = z,Ex
where, since u is surjective, we can pick g € u'(0) and z, € u™!'(—n). Since
m(E) =0, f, = x¢ a.e.fm] for any n € N. Since p € domc(-,m), c(p, m) < 0o, so

that there exists N € N large enough such that ¢(p,m) < N - p(E). Therefore,

V() = I uf) = min { [ w(fn)dp+ e(p.m) |

= min{/E —N dp + c(p, m)}

pEA

=min{—N p(E) + c(p,m)}

pEA

< 0= u(zo)

showing that xo =" fy and, therefore, xoE™x¢ o fnE™x. But since xy = fy with
probability 1 according to m, this violates Coherence.

We now show that c¢(p,m) = 0 if and only if p = m. Let Py = {py € A(Q) :
c(po,m) = 0}. First of all, Py is non-empty because ¢(-,m) is grounded. Moreover,
Py C {po € A(Q) : pp < m} by what just shown above. Take py < m such that
po # m. Then, by Coherence there must exist f € F such that fE™x = x, but
x > [ fdpo. But, then,

[ uthdpetmnm) = min { [ u(h)+ ctpm) | = @) > u ([ u(Pdm) = [ ulr)dpo

PEA(Q)

which implies that ¢(pg, m) > 0. Since this holds for all py < m sich that py # m, it

must be the case that ) # Py C {m}. That is, ¢(p,m) = 0 if and only if p = m.
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As an almost immediate consequence of Lemma B.6, we show that for any m € M,

if o, € B(G) and ¢ =9 a.e. [m], then I"™(p) = I"™(1)). Indeed:

m{w: plw) £ V(@)}) =0 = ¥p < m, p({w : o) £ bw)}) =0

and, therefore,

I"(¢) = min {/ng dp + c(p, m)} = min {/Qw dp—l—c(p,m)} =I"(1).

p<m pKm

Finally, as far as uniqueness, that u is cardinally unique follows from Herstein and
Milnor (1953). Moreover, the uniqueness of ¢ given u is guaranteed by the fact that
™ is an unbounded variational preference and Proposition 6 in Maccheroni et al.

(2006). n

Nest, we show the characterization of the comparative notion of misspecificaiton

aversion.

PROOF OF PROPOSITION 2: Suppose that 77; and 7 are two misspecification
averse preferences. Let (uy,c;) and (ug, ¢2) represent respectively (225" )merm and (255
)mem as in Proposition 1 and define 17" and IJ* accordingly for all m € M. Suppose
that us is a positive affine transformation of u; and ¢; < ¢o. Without loss of generality,
assume that u; = ug = u. Fix any m € M and take any f € F and x € X such that
fE™x = x. Then, f 77 x and, therefore, I7"(u(f)) > u(x). Then:

() = min { [ u(r)dp -+ calp,m)

pEA

> min {/Q u(f)dp + c1(p, m)}

pEA

= u(x)

so that f =0 x, and, therefore, fE™x 7= x.
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As for the other direction, note that Equation 7 and nontriviality imply that wus is

a positive affine transformation of u;. Without loss of generality, set uy = us = u.
Fix any m € M and take ¢ € By(G). Let f € F be such that u(f) = ¢ and x € X

such that f ~7* z. Then, condition 7 implies that f 7Z7" x, so that

I'(¢) = [ (u(f)) = u(x) < 15" (u(f)) = 5" ().
Therefore, I7"(¢) < I13'(p) for all ¢ € By(G). Since the latter is dense in the space
B(G), we conclude that I; < I,. Then, using Equation (12):

ci(p,m) = sup {I{”(@')— / sO’dp}
©'€B(9) Q

< sup ){15"(90') —/Qso’dp} = ca(p,m)

v'€B(G
for all p € A. |

We conclude this section by proving the existence of a generalized conditional

expectation.

PROOF OF COROLLARY 3: First, we show that for any given ¢ € B(G), I"™(yp) is

measurable as a function of m.

LEMMA B.7: The map m +— I"(p) is a Dr-measurable and bounded functional for
all p € B(Q,G).

PrROOF OF LEMMA B.7: Fix ¢ € B(Q,G) arbitrarily. We first show that m —
I"(p) is bounded. Indeed, since ¢ is bounded, there exist k, K € R such that
k< ¢ < K. By Lemma B.5, for each m € M, I" is normalized and monotone and,
therefore,

k=I"(k) < I"(9) < I"(K) = K

proving boundedness. We now show that m — I"™(p) is also measurable. Take any

real number € R. We want to show that {m € M : I""(¢) > r} is a measurable set
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in Dyy. Since u is surjective, take x, such that u(x,) = r. Moreover, by Lemma B.2,

we can pick f,, such that u(f,) = ¢. Then, we have:

{meM:I"(p) >r}={meM: I"(u(f,)) > u(z,)}

={meM: fE"x, Z x}

and the latter is measurable since - satisfies Coherence. This proves that m — I"™(y)

is bounded and measurable for any ¢ € B((,G). [

Denote by qg the restriction of q to €. Clearly, qo is Aq,/Dm, where Aq, is the
relative o-algebra A N €. Fix any ¢ € B(Q2,G). Since m — I™(p) is bounded and

D p-measurable by Lemma B.7, it follows that the composition

1) o (Qo, Ag,) — (M, Dpy) — (R, B(R))
w = qw) = 1@(p)

is a Agq,-measurable and bounded functional. Obtain I4() by extending 19)() to
the whole Q in the following way: I4(p)(w) = Iy if w € Qy and L4(p)(w) = 0 if
we Q\ Q. It is easy to see that I4(¢) € B(A). Moreover, take any A € A and
fix m € M arbitrarily. We know that m(E™) = 1, so that m(Q2 \ £™) = 0, where
we recall that E™ = {w € Q : q(w) = m}. By Lemma B.6, we also have that if
p € domc(-,m), it must be the case that p is absolutely continuous with respect to
m. Then, p(Q\ E™) = 0 and p(E™) = 1 for all p € domc(-,m). Moreover, since
A € A by Lemma B.1, we have that either m(A) =1 or m(A) = 0. In any case, this

implies that for any p € dom ¢(-, m),

p(ANE™) =p(A)p(E™) = p(A) = m(A).
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Then:

(L)) = min { [ Ta@@))xalw) dple) + c(p.m)}
- min /E 1) dp(w) + (p.m)

pEdom c(-,m

= 1 m d ’ }
pedggllcr%.,m) {/AﬁEm (¢) dp(w) + c(p, m)

= min {Ip) q(A) + c(p,m)}

pEdom c(-,m)

=1"(p) m(A)
= I"(px4)-

The last equality follows from the fact that m(A) € {0, 1}. Indeed, if m(A) =0,

I"(pxa) = min {/A @dp + c(p, m)} =0=1I"(p)m(A)

pEdom c(-,m)

and if m(A) =1,

I"(pxa) = min ){/AsoderC(p,m)}

pedom c(-,m

= min {/Q dp + c(p, m)} =1"(p)m(A) .

pedom c(-,m)

APPENDIX D. STRUCTURED FUNCTIONALS

Throughout the section, assume that (2, G, M) is a structured space with sufficient
sub c-algebra A C G and best-fit map q : Q — A%(G) satisfying the properties in
Definition 1, that I™ is given as in the representation of Proposition 1 for all structured
models m € M, and that I4 is the common generalized conditional expectation of

M given A, which exists by Corollary 3. Notice that for each ¢ € B(G, we can see
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I (p) as a function from structured models to R:
I(o,) : M =R, me I(p,m)=I1"(p).
Define the operator T : B(Q,G) — R™ such that for all ¢ € B(Q,G),

T(p)(m) = I(p,m)

for all m € M. By Lemma B.7, we have that In T C B(M, D).

LEMMA B.8: Let T(B(A)) and T(Bo(A)) be the images through T of B(A) and
By(A) respectively. Then, T(B(A)) =ImT and T'(By(A)) is supnorm dense in Im T
Moreover, T' preserves lattice operations when restricted to B(A). In particular, Im T

1s a lattice.

PROOF OF LEMMA B.8: It is clear that

T(B(A)) = {I(¢,-) - v € B(?,A)}

C{l(e,"): o€ B(Q,G)}=ImT

since A is a a sub-o-algebra of G. As for the reverse inclusions, take any £ € ImT
and let p¢ € B(G) be such that £ = T'(¢¢). Then, by Corollary 3, I4(ps) € B(A)
and for all m € M,

T(La(pe))(m) = I"™ (Lalpe)) = 1" (pe) = T(pe)(m) = €(m),

so that £ € T(B(A)), showing that Im7T C T(B(A)) Next, we show that T'(By(A))
is supnorm dense in Im7T". Take £ € ImT" and a corresponding ¢, € B(A) such that
€ = T(p¢) (which exists given what shown above). Since By(.A) is supnorm dense in
B(A), we can find a sequence (¢,), € By(A) such that ||¢, — ¢¢|loc — 0. Define
& = T(pp) for each n € N and note that (§,), € T(By(A)). We show that &,
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converges to £ in the supnorm. Indeed, for each m € M, since I is a niveloid and,

therefore, Lipschitz continuous, we have that:

[€(m) = &u(m)]| = [T(p)(m) = T(pn)(m)| = " () = I"(pn)| <[l = @nllo

and, therefore,

Finally, we show that T" preserves lattice operations on B(.A). Indeed, pick ¢, ¢ €
B(A) arbitrarily. Since By(A) is supnorm dense in B(A), we can take sequences
(©)ns (Pn)n € Bo(A) such that || — @ulleo, ||@ — @nllee — 0. For each n € N, we can

find a finite partition (E!)¥_ | and reals (r¢)%_,, (70)*_, such that:

=1
— Lt - et
Cn =Y XEiTh, $n = Xl
=1 =1

Fix any m € M. By Lemma B.1, for each n € N, there is a unique E! in the

partition such that m(E!) = 1. Therefore, ¢, = r\ and @, = 7 a.e. [m], so that by

l

Proposition 1 and normalization, I"™(p,) = I"™(r}) = rl and I"™(p,) = [™(F) = 7L

for all n € N. Clearly, it is also the case that ¢, V @, = rL V7 a.e. [m] so that

I™(pn V @n) = I™(rt, v L) =7l v 7L for all n € N. Therefore:
I"(on V ) = riz N fﬁz =1"(pn) VI™(&n)

for all n € N. Since lattice operations are continuous and I™ is Lipschitz, taking

limits, it follows that

T(pV@)(m) =1"(eV @) =1"(p) VI™(@) = T(p)(m) vV T()(m)
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Since m was chosen arbitrarily, we can conclude that T'(¢ V @) = T'(¢) VT(¢). That
ImT is a lattice follows from the fact that ImT = T(B(A)) and T'|p(4) preserves
lattice operations. [ ]

Recall that By(Da) = Bo(M,Dp) and B(Dpy) = B(M,Dp) are, respectively,
the spaces of simple and bounded functions on the set of structured models M mea-
surable with respect to Dp,. The following result shows that these spaces can be
covered by applying the operator T respectively to By(A) and B(A). Further, char-
acteristic functions of sets in Dy, can be recovered by applying the operator T to
characteristic functions of sets in \A.

LEMMA B.9: ImT = B(M, D). Moreover, T(By(A)) = Bo(M, D) and T({xE :
EecA}) ={xp: D € Dum}.

Proor or LEMMA B.9: We prove the results via a series of steps.

Step (i). For all E € A, there ezists Dg € Dy such that T(xg) = Xpg-

Proor: Take any F € A. By Lemma B.1, E € A and, thererfore, for all m € M,
either m(E) =1 or m(F) = 0. But then for all m € M:

m(E) =1 = xp=lae [m] = T(xg)(m) = I"(xs) = I"(1) = 1,

m(E) =0 = xg=0ae. [m] = T(xg)(m)=I1"(xg)=1"(0)=0.

Therefore, ImT'(xg) € {0,1}. Moreover, by Lemma B.7, Dp = [T(xg)] ' ({1}) €

Dy and T'(xg) = Xp, as we wanted to show. O
Step (ii). For all D € Dy, there exists EP € A such that T(xgp) = Xp-

PROOF: Take any D € Dy and let EP = q~1(D). Since the space is structured,
EP € Aand m(EP) =1if m € D and m(EP) =0 if m € M\ D. But then for all
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meD = xpp =1lae. [m| = T(xgp)(m)=I1"(xgpr) =1"(1) =1,

m(E) e M\ D = xgp =0a.e. [m| = T(xgp)(m)=1"(xgr) =1"(0) =0,

and we can, thus, conclude that T'(xgp) = Xxp. O

Steps (i) and (i7) together imply that T({xg: E € A}) = {xp: D € Dum}.

Step (iit). T(Bo(A)) C By(M, D).

PRrROOF: Take £ € T(By(A)). By definition, there exists ¢ € By(A) such that
£ = T(p¢). Then, there exists a partition (E;)¥; C A and reals (r;)¥; such that
0e = S8 xgmi. By Step (i), we have that for each i = 1,...,k, we can find
Dg, € Dpg such that T'(xg,) = XDp, - Moreover, since for all i = 1,...,k, E; € AC A
by Lemma B.1, either m(E;) = 1 or m(E;) = 0 for each m € M . It follows that
for each m, there is a unique element in the partition £} such that m(E; ) =1 and

m(E;) =0 if i # j,,. Then, for each m € M,

pe = 14y e, ] = T(pe)(m) = ["(00) = I"(r5,) = 73,
and, since xg, =1 a.e. [m] and xg, =0 a.e. [m] for i # jp,,

Xog, (m)=T(xg,,)(m)=1"(xg,,)=1"(1) =1 = me Dg,,

m

It follows that @e = S5, Xpg,Ti € Bo(M, D). O
Step (iv). Bo(M,Dr) € T(Bo(A)), In particular, for all D € Dy, there exists
EP € A such that xp = T'(xgp).
PROOF: Take any £ € By(M, Dyy). By definition, there exists a partition (D;)¥_, C

Dy of M and reals (r;)¥_; such that & = X% | xp,r. By Step (ii), for each i =
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1,...,k, we can find EP € A such that xp, = T(xpn;). Define o == S5 | xpo, 7y
Clearly, ¢¢ € By(A). Moreover, for each m € M, let D;  be the unique element of
the partition such that m € D, . We know by Lemma B.1 that since EPm € A,
m(EPim) e {0,1}. If m(EPm) = 0, then x,p;, = 0 ae. [m] and, therefore,
T(EPim)(m) = I"™(EPim) = I"™(0) = 0 # xp,, (m) = 1, a contradiction. We con-

clude that m(EPim) =1 so that ¢¢ = r;,, a.e. [m]. Therefore,

T(pe)(m) = I"(pe) = I"(1,,) = Tjou = T X5, (M) = E(m).

for all m € M. Tt follows that T'(¢¢) = &, showing that By(M, D) C T(Bo(A)). O
Step (7iz) and (iv) imply that By(M, Dyg) = T(Bo(.A)). Then, we have the follow-

ing chain of inclusions:

Moreover, Bo(M, Dyy) is supnorm dense in B(M, D) and by Lemma B.8, T'(By(A))
is supnorm dense in Im7. Taking the supnorm closure of the previous chain of

inclusions, we obtain that:

and, therefore, we can conclude that Im 7T = B(M, D). [ |

LEMMA B.10:
(i) If £,& € Bo(M, D) are such that & > &, then there exist pe, e € By(A)
such that @ > per and & =T(p¢), & =T(pe).
(70) If (§,)n C T(By(A)) is an increasing (decreasing) sequence uniformly bounded
above (below) by a constant K, there exists an increasing (decreasing) sequence

(on)n € Bo(A) such that &, = T(p,) and ¢, < K (p, > K) for all n € N.
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(iii) If £ € ImT and (§,)n C T(Bo(A)) such that &, T & (€, | &), then we can

find an increasing (decreasing) sequence (@n)n C Bo(A) and ¢ € B(A) such
that ©, T (pnd ), € =T(p), and &, = T(pn) for all n € N. Moreover, if
KeRand{ <K (> K), thenp < K (p > K).

Proor or LEMMA B.10: We prove the lemma in a number of steps.

PROOF OF (i): Take &,&" € T(By(A)) such that £ > &'. By definition, we can
pick ¢, e € Bo(A) such that £ = T(¢¢) and £ = T(pg). Moreover, we can find a
partition (E;)", C A of Q and reals (r;)?,, (;), such that

Pe =D XETi P =) XET
i=1 i=1
Take an element Ej in the partition. If m(FEy) = 0 for all m € M, we can assume
wlog that 7, = 7. Indeed, for all m € M, o = 3,24 XE,7; + XE, T a.e. [m] and by
Proposition 1, this implies
' =T(pe)(m) =I"(pe) = I"(Q_ xEri+ x57R) = T X"+ XB,7H) (M),
i#k i#k

If there exists m € M such that m(FEy) # 0, then m(Ey) = 1 since Ey € A C A by

Lemma B.1. Therefore, ¢ = rj, and pg = 1}, a.e. [m] and, therefore:

re = 1" (re) = 1" (pe) = T(p¢)(m) = &£(m),

r =17 (ry) = I" () = T(pg)(m) = £'(m),

and, we conclude that rp = {(m) > &(m) = r;,. We have thus shown that r; > 7
for all ¢ = 1,...,n. Hence, it follows that ¢ > ¢g. It is then immediate to see that
since each I™ is normalized, if { < K for some K in R, we can find ¢, € By(A) such

that e < K and £ = T'(p¢). O
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PROOF OF (ii): Take a sequence (&,), € T(By(A)) and K € R such that &, <
&nt1 < K for all n € N. By Step (4), we can find a sequence pg, € By(.A) such that
&n = T(pe,) and g, < K for all n € N. However, this sequence is not necessarily
increasing. Then, define for each n € N, ¢, (w) = sup,<, ¢, (w) for all w. Notice
that ¢, : @ — R is well-defined and in By(.A). Moreover, the sequence (¢,), SO
constructed is increasing and uniformly bounded above by K. Moreover, since T

preserves lattice operations by Lemma B.8, we have that for each n € N,
T(pn) =T (SUP s%) =sup T (pg,) = sup & = &,
k<n k<n k<n

where the last equality follows from the fact that (&,), is a monotonically increasing

sequence. 0

PROOF OF (iii): Take a sequence (§,), C T(By(A)) and £ € Im T such that &, 1 &.
Since ¢ is bounded, Ky = sup,,cq € is finite. Moreover, we have that &, < { < K,
for all n € N. By by point (ii), we can find an increasing sequence (¢,), C By(A)
such that &, = T'(p,) and ¢, < K for all n € N. Since for each w € Q, (p,(w)), is a
monotonically increasing sequence of numbers bounded above by Kj, it converges to
some lim,, ¢, (w) < Ky. Therefore, the pointwise limit ¢ = lim,, ¢,, is well-defined, it
is in B(A), and it is uniformly bounded above by K,. Moreover, we have that for all

n €N,

k=mingi(w) < o1 < pn < Ko = [[@nlloo < max{|k],[Kol}.

Therefore, (¢,), is uniformly bounded in the norm. Moreover, for each m € M,
Thereom 13 in Maccheroni et al. (2006) and Proposition 5 in Cerreia-Vioglio et al.

(2014), imply that I"™ has the Lebesgue property. Therefore:

T(p)(m) = I" () = I"(timg,) = lim I (p,) = lim &,(m) = E(m).
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It is immediate to see that for all £ € R such that ¢ < K, K > K, and, therefore,
p < K. 0
This concludes the proof of the lemma. [ |

ProprosITION B.11: The following are equivalent:

(i) I: B(A) — R is normalized, monotone, and such that for all p,¢’ € By(A),
(Vm e M, I"(p) 2 I"(¢)) = () = 1(¢).

(ii) there exists a normalized and monotone functional I : By(M,Dy) — R such

that for all p € By(A),

I(p) = I(T())-

Moreover, I is unique and
e [ is continuous if and only if I is continuous.
e [ is quasiconcave if and only if I is quasiconcave.

e [ is monotone continuous if and only if I is monotone continuous.

PROOF OF PROPOSITION B.11:

(i) implies (ii). Define I : By(Dp) — R as follows: for all £ € By(Dry),

1(¢) = I(we),

where ¢ € By(A) is chosen so that £ = T'(p¢).

Step 1: I is well-defined. Pick & € By(Dy) arbitrarily. That a ¢ € By(A) such
that & = T'(p¢) exists follows from Lemma B.9. Moreover, suppose there are two
g, € Bo(A) such that T(g)(m) = I™(p) = &(m) = I™($) = T()(m) for al
m € M. Then, by assumption, it must be the case that I(p) = I(¢), showing that
I is well-defined.
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Step 2: I is normalized. Take any k € R. Then, since each I™ is normalized, it
follows that k = I"™(k) = T(k)(m) for all m € M. By definition, it follows that
I(k) = I(k) = k, where the last equality follows from the assumption that I is
normalized. This proves the step.

Step 3: I is monotone. Take £, € ImT such that £ > ¢. By Lemma B.9,
€,¢ € T(By(A)) and, therefore, Lemma B.10 implies that we can find ¢¢, ¢ € By(A)

such that ¢¢ > e and £ = T'(¢¢), = T(pe). Since I is monotone

1(€) = I(T(w¢)) = L(pe) = I(per) = I(T(pe)) = 1(€)

showing that also [ is monotone.

Step 4: I is unique. Suppose there is another I : Bo(M,Dpr) — R such that
I(p) = I(T(y)) for all ¢ € By(A). Then, take any & € By(M, D). By Lemma B.9,
there exists ¢ € By(A) and such that & = T'(¢¢). Then,

1(8) = I(T(p¢)) = 1(pe) = [(T(pe)) = 1(£).

It follows that [ = I.

Step 5: I is continuous. Suppose that [ is continuous. Fix any &,& € By(Dua)
and ¢ € R. First we show that the set {o € [0,1] : I(af + (1 — @)&') < ¢} is closed.
If it is empty, it is closed. If it is nonempty, take any sequence (o), C L such
that o, — ap. By Lemma B.9, we can pick ¢, ¢’ € By(A) such that £ = T'(¢) and
¢ = T(¢'). Moreover, we can pick we a finite partition (E;)¥_, and reals (r;)%_,,

(r)¥_, such that:

k k
=Y X, ¢ =Y Xgr.
i=1 =1
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Fix any m € M. Then, there is a unique E;,, such that m(E;,) =1 and m(E;) =0

if i # j,. Therefore, it follows that for all n € N,

I"(ane + (1 = an)g') = anty,, + (1 = an)r) = anI™(p) + (1 — an) ™ (¢),

(g + (1 = ao)y’) = aory,, + (1 —ag)r), = aoI™ () + (1 — ag)I™ (&)
Since m € M was arbitrarily chosen, it follows that:

VneN, a4+ (1—a,)é=a,T(p)+ (1—a,)T(¢) =T(tp+ (1 —a,)¢)

aof + (1 = ag)§ = aoT'(0) + (1 = ag)T(¢") = T + (1 — o))
Therefore, by definition of I and continuity of I:

¢ > lim inf I(ané + (1 — )¢
= lim inf (o + (1 — ay)¢')
= I(app + (1 — ag)y’)

= I(oé + (1 — ag)¢)

and, therefore, ap € {a € [0,1] : [(aé+(1—)&') < ¢}, showing that this set is closed.
By a symmetric argument, we can show that {a € [0,1] : I(af + (1 — @)&') > ¢} is
also closed. Siince this holds for all £,¢" € By(Dyy) and ¢ € R, and I is monotone by
Step 3, Proposition 43 in Cerreia-Vioglio et al. (2011) implies that I is continuous.
Step 6: I s quasiconcave. Fix any a € R. We show that the set U. = {¢ €
Bo(Dpm) : € > ¢} is convex. If it is empty, this holds vacuously true. Suppose it is
nonempty. Take &,& € U, and a € [0,1]. By Lemma B.9, we can pick ¢q,ps €
Bo(A) such that & = T(¢, and & = T = @,. Notice that I(g;) = I(£,) > ¢ and
I(p1) = 1(&) > . Since I is quasiconcave, it follows that I(ap; + (1 — a)ws) > ¢

Now, pick a partition {E;}¥_, C F and profiles of scalars (r})%_,, (r?)¥, C R such

=1
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that 1 = S8, xg, 7t and gy = S8, g, 72, Fix m € M. Since the partition is in A,

there is a unique j,, such that m(E; ) =1 and m(E;) = 0 if i # j,,,. Therefore,
I"™(pr+(1=a)pa) = arj +(1—a)rj = al™ (1) +(1=a)I" (p2) = a&i(m)+(1—a)&(m)
Therefore, we can conclude that T'(cvp; + (1 — a)ps) = a&; + (1 — a)&. Then:

oty + (1= a)g) = Ia& + (1 - a)) > ¢

and, therefore, a&; +(1—a)&; € U., showing convexity. Since ¢ was arbitrarily chosen,
we conclude that I is quasiconcave.

Step 7: I is monotone continuous Take &,& € By(Dpr) and k € R, a monotone
sequence (D), € Dy such that D, | 0, and assume that I(¢) > I(¢'). Then,
we can find ¢, ¢’ € By(A) such that & = T(p) and T(¢') = &. It follows that
I() = 1(€) > I(¢) = I(¢'). Let E, = q %(D,) € A and notice that E, | 0.
Therefore, there exists ng such that I(kE, @) > I(¢'). Since E,,, € A, for allm € M,
m(En,) € {0,1} and

m(En,) =1 = kE, o =Fkae [m] = I™(kE,p)=1"(k)=Fk

m(En,) =0 = kE, ¢ = ¢ ae. [m] = I"(kEnp) =I1"(p) = E(m)

Moreover, notice that m(E,,) = 1 if and only if m € D,,, and m(E,,) = 0 if and only

0
if m ¢ D,,. Therefore, kD, ¢ = T(kE,,p) and we can conclude that [(kD, &) =
I(kE,,©) > I(¢') = I(¢') as we wanted to show.

(13) implies (i).

Suppose there exists a normalized, monotone, and continuous functional I: By(M,Dp) —

R such that for all ¢ € By(A), I(¢) = I(T(p)).

Step 1: I is normalized.
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Take k € R. Since [ is normalized, we have that I(k) = k. Moreover, T'(k)(m) =
I'"™(k) = k for all m € M. Therefore, I(k) = I(T(k)) = I(k) = k, showing that I is
normalized.
Step 2: I is monotone.
Take ¢, ¢ € By(A) such that ¢ > ¢'. For all m € M, I"™ is monotone and,

therefore, T(¢)(m) = I"™(¢) > I"™(¢') = T(¢')(m). But, then, since I is monotone

showing that I is monotone.
Step 3: If o, " € Bo(A) and I () > I"™(¢') for allm € M, then I(p) > I(¢').
Take any two ¢, ¢ € By(A) and assume that I™(p) > I"™(¢’) for all m € M.

Then, T(p) > T(y') and, therefore, since I is monotone:

I(p) = [(T(¢)) = L(T(¢")) = I(¢").

Step 4: I is continuous. Take a sequence (), C By(A) such that ¢, — ¢ € By(.A)

uniformly. Since for each m € M, I is Lipschitz continuous, it follows that for all

m, [I™(pn) — I™(0)| < || — ¢nllo so that:

1T (en) — T(0)]|oo < |l — nlloc = 0.

Thus, T'(¢,) converges uniformly to T'(¢) and by Lemma B.9, T'(¢,,), T(¢) € Bo(Dpm).

Therefore, by continuity of /, we have that:

A

I(pn) = I(T(n)) = (T () = ()

showing that I is continuous.
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Step 5: I is quasiconcave. Suppose I is quasiconcave. Take oy, s € By(A) and

€ [0,1]. Since I"™ is concave, it follows that
IM(apr + (1 = a)pz) > al™(p1) + (1 — )™ (p2)
for all m € M. Therefore, since I is monotone and quasiconcave,

I{aps + (1= a)ps) = I(T(ap + (1 — a)p))
> [(aT(p1) + (1 — a)T(¢2))

> min{1(T(1)), [(T(p2))} = min{I (1), I(02)}

showing that I is quasiconcave.

Step 6: I is monotone continous. Take ¢, ¢’ € By(A) and k € R, a monotone
sequence (E,), € A such that E, | 0, and assume that I(p) > I(¢'). Then,
I(T(g)) = I(p) > I(¢') = I(T(¢)). Notice that for each n € N, E, € A and,
therefore, m(E,) € {0,1} for all m € M. Then, let D, = {m € M : m(E,) > 3}
and notice that m € D, if and only if m(E,) = 1 and m ¢ D, if and only if
m(E,) = 0. Clearly, D, is a decreasing sequence of sets. We show that N,D,, = 0.
Take any m € M. Since m is countably additive, by continuity of finite measures,
it must be the case that m(E,) — 0. However, since m(E,) € {0,1} for all n € N,
this implies that there is a N such that m(E,) = 0 for all n > N. This implies that
m ¢ E, for n > N and, therefore, m ¢ N,D,. It follows that D, | 0. Since I is
monotone continuous, there exists a ny such that j(XDnOk + xpg, T(9)) > I(T(¢)).

Finally note that for all m € M,

m € Dy, = m(Dny) =1 = I"(xp, k+ xpg, 0) = I"(k) =k

m € Dy = m(Dn,) =0 = I"(xp,,k + Xy, 0) = I"(p) = T(p)(m).
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Hence, T'(xp,,k + Xps, %) = XD,k + Xpg, T(¢) and, therefore,

I(XDnok + XD%O 90) = f(T((XDnok + XD%O 90))

= I(xDayk + X035, T(#))

as we wanted to show. [ |

APrPENDIX E. PROOF OF THEOREM 4

PrOOF OF THEOREM 4: We know that 2~ is represented by u when restricted to
constant acts. Define the functional I : By(G) — R such that for each ¢ € By(G),
I(p) = u(xy,), where f, € F is chosen so that ¢ = u(f,). By Lemma B.2, such
act f, exists for all ¢ € By(G), while the certainty equivalent xy, ~ f, exists by
Lemma B.3. Moreover, for any ¢ € By(G), if there are two f,, f, € F such that

u(f,) = ¢ = u(f,), we then have that since u represents 7 over X,

u(fo)w) = u(fo)(w) = u(fp(w)) = u(f,(w))
- fcp(w) ~ f;(w)

for all w € Q. By Axiom 1.(ii) of monotonicity, it follows that f, ~ f, and, by
transitivity, that @y, ~ ;. Therefore, we can conclude that u(zs,) = u(zy),
showing that I is a well-defined functional on By(G). It is easily seen that such
functional is also normalized, monotone, and continuous.'* Moreover, it is monotone

continuous and its restriction to By(A) is quasiconcave.

18ee for example the proof of Theorem 1 (Omnibus) in the working paper version of Cerreia-Vioglio
et al. (2022).
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Define the function V := T owu : F — R. For all f, f' € F,

fof = zpZap
= V(f)=I(u(f)) = w(xs) > u(zy) = 1(u(f) =V (f) .

This shows that V' represents =~ on F. Moreover, by Proposition 1, for each m € M,
=™ is represented by I™ o u, where I"™ : B(G) — R is as defined in (12). Moreover,
let 14 be the generalized conditional expectation as in Corollary 3. Take now ¢, €
By(G) such that I™(p) > I™() for all m € M. By Lemma B.2, we can find
fos fo € F such that ¢ = u(f,) and ¢ = u(fy). Then, I"(u(f,)) > I™(u(fy)) for
all m € M so that f, ™ f, for all m € M. Consistency implies that f, 2= fy.

Therefore:
I(p) = I(u(f,)) =V (fp) 2 V(fs) = I(u(fy)) = 1(¥) .

By this fact and since [ is monotone, normalized, continuous, and quasiconcave,
by Lemma B.10, there exists a unique monotone, normalized, continuous, and quasi-
concave functional I : By(M, D) — R such that (@) = I(T(¢)) for all ¢ € By(A).
Moreover, since [ is monotone continuous, so is I. By Theorem 21 in Cerreia-
Vioglio et al. (2013), I admits a unique monotone, normalized, lower semicontinuous,
and quasiconcave extension to B(Dy,), which, abusing notation, we also denote by
I. Moreover, since [ is monotone continuous when restricted to By(Dpnm), it is in-
ner/outer continuous on B(Dyy). Take now any ¢ € By(G). Since I4(p) € B(A) and
By(A) is dense in B(A), we can pick sequences (1!),cn, (V%) nen € Bo(A) such that
Pl 2 Ta(p) and ¥ N\, I4(p) uniformly. Fix any m € M. Since I™ is monotone, we
have that for all n € N:

I™(h) < I™(La(y)) < I™(yy)
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By Proposition 1, we also have that I"™(I4(p)) = I"™(p) and, therefore, we have that

for all n € N,
I"(4y) < I™(p) < I™(¢y)

for all m € M. By what shown above, we have that for all n € N:

H(T (L)) = 1) < I(p) < I(yY) < I(T(YL)).

Since I™ is monotone and Lipschitz, we have that T(L) 1 T(I4(p)) = T(p) and
T(p¥) | T(Ix(g)) = T(p). Then, since I is inner/outer continuous, passing to the

limit in the above sequence of inequality, we obtain:

A

I(T(p)) = lim [(T(y},)) < 1(p) < lm I(T(yy)) = I(T(p)).

A

This shows that I(¢) = I(T(y)) for all ¢ € By(G). It follows that for all f, g € F,

A

fzg = Iulf) = (ulg) <= HT(u(f))) = I(T(u(g)))-

PROOF OF PROPOSITION 5: Let 7~; and 7o Suppose that -, and 775 are two mis-
specification averse preferences represented respectively by (f 1,U1,c1) and (I}, Uz, Co)
as in Theorem 4. Suppose that u; = uy = u and that I; < I,. Take any f € F(A)
and r € X and assume that f >~; x. Since f is measurable with respect to A, for

each m € M, f must be constant on £™ and, therefore coherence and normalziation

imply:

Li(u(f),m) = L (u(f)xen,m) = u(flem) = I (w(f)xem,m) = L(u(f),m).
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Then, we have that:

A

u(z) < L (L(u(f),-) < I (L(u(f), ) = L (L(u(f),-))

so that f 7= x.

As for the other direction, equation (9) and nontriviality automatically imply that
us is a positive affine transformation of u;. Assume that u; = us = u and take
€ € Bo(Dprg). Then, by Lemmas B.9 and B.2, there exists f € F(A) such that £ =
Li(u(f),-). By the same argument given above, it is also the case that & = I(u(f),-).

Take 2 € X such that f ~; . Then, condition (9) implies that f >~o x. Therefore:

L) = Li(L(u(f),") = u(@) < (L (u(f),)) = L2(€).
Thus, [; < I, on By(Dy,). Since this set is dense in B(D ), we can find a monoton-
ically decreasing sequence (£,),, € By(Duyy) such that &, N\, €. Then, I1(&,) < (&)
for all n € N. Since [ is inner /outer continuous, passing to the limit we can conclude

that 11 (&) < I,(€). n

E.1. Proof of Theorems 6 and 7. In this section we prove the general represen-

tation in Theorem 6. We start with the following lemma.

LEMMA B.12: Suppose == is a misspecification averse preference whose restriction
to F(A) satisfies Savage’s P2-P6. There exist a non-constant, affine, and surjective
u: X — R, a strictly increasing ¢ : R — R, and a non-atomic v € A°(Q, A) such

that for all f,g € F(A),

g o ([ o@ir) =67 ([ slatg)av) .

Moreover, v is unique, 4 is unique up to positive affine transformations, and ¢ is

unique up to positive affine transformations given .
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PrROOF OF LEMMA B.12: Since when restricted to acts measurable with respect
to A, 7 satisfies the Axioms of Savage (1954) and monotone continuity, there exist a

non-constant function v : X — R and a non-atomic probability measure v € A7(€2, A)

such that for all f, f" € F(A):

Ff e [odv= [ o)

Clearly, v represents - on X. By Herstein and Milnor (1953), there exists an affine
@ : X — R representing 2~ on X. Since 7 is unbounded, the argument in the
proof of Proposition 1 shows that u must be surjective. Then, there exists a strictly
increasing trasformation ¢ : R — R such that v = ¢ o u. Now, Take any k, k" € Im ¢
and A € (0,1). Then, we can find zy,xp € X such that ¢(k) = ¢(u(xy)) and
o(k") = ¢(u(zg)). Since v is non-atomic, we can pick E, € A such that v(E)) = .
Then, f\ = zpE\zpy € F(A) and, by Lemma B.3, we can find 2y, € X such that

xf, ~ fr. Clearly, both f\ and x;, are measurable with respect to A. Therefore:

Mo(k) + (1= No(K). = v(EN)d(uer) + v(Q\ Ex)é(u(a))
= | o(u(f)dv
= ¢(u(‘rf>\>>dy

Q

= o(u(zy,)) € Im¢ .

Thus, ¢ : R — R is strictly increasing and has a convex image. It follows that ¢ is
continuous.

The uniqueness of the representation follows by standard arguments. [ |

LEMMA B.13: Suppose (Q2,G, M) is a structured space and there exist a utility
function v : X — R, a convex statistical distance ¢ : A X M — [0,00], a strictly

increasing and continuous function ¢ : Imu — R and a prior p € A%(M,Dyy) such
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that 7 is represented on F by

[, U u(£))) dia(m)

where I™ is defined as in (5). Then, there exists a probability measure v € A%(2, A)

such that the restriction of 72 to F(A) is represented by

| oty

Moreover, v is nonatomic if u is nonatomic.

ProOOF OoF LEMMA B.13: Suppose the premise holds and define the following

measure: for all A € A,
v(A4) = [ m(A)du(m)

and notice that v € A7(Q2, A) and v(2) = 1. Moreover, for all D € Dy, since

meD = m{weQ:qw)eD}) >m{we:qw)=m}) =1,

megD = m{weN:qw)eD}) <1l-m{H{we:qw)=m})=0
then,

voq (D) =v({weQ:qw) € DY)

I,
= [,mw e Q) e DYdutm) + [ m(fw € 2 a(w) € DY) du(m)
Iy
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Therefore, for any 1 € By(€2,.A), we have that

J o @) dutm) = [ 6" @)dwoq™)m)
= o (1"w) dv(w)
= [ 6 (La(¥)(@)) dv(w)
:/Q¢(¢) dv.

where we apply the change of variable formula and 4 is the generalized common
conditional expectation of (I"™),,ear given A of Corollary 3. It follows that for all

frg€e A, f = fif and only if

J et > [ olulo))dv.

as we wanted to show.

Furthermore, assume that p is notatomic. We show that also v is non-atomic. To
this end, take F € A such that v(A) > 0. Then, there exists by Lemma B.9 a set
Dg € Dy such that I™(xg) = xp,(m) for all m € M. Then,

u(Dp) = [ xpp(mdu(m) = [ I"(xp)du(m) = [ m(E)du(m) = v(E) >0

where we use the fact that m(E) € {0, 1} for all m € M. Since p is nonatomic, there
exists a subset Dy C Dg in Dy such that 0 < pu(Dy) < p(Dg). Again by Lemma
B.9, we can find EP° € A such that xp,(m) = I"™(xgn,) for all m € M. Then, let
Ey = En EPo C E. We have that for all m € M,

XDo = XDo XDy = 1" (XE0o) I™(xE) = I"(XE,)
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where again we use Lemma B.1. Therefore,

v(Eo) :/./\/l m(Ep)du(m) =/ I™(x g )dp(m / Xpodp(m) = (Do)

so that 0 < v(Ey) < v(FE), proving that v is nonatomic. [

PROOF OF THEOREM 6: (7) implies (ii).

We know that =~ is represented by u when restricted to constant acts. Define the
functional I : By(G) — R such that for each ¢ € By(G), I(¢) = u(xy,), where f, € F
is chosen so that ¢ = u(f,). By Lemma B.2, such act f, exists for all p € By(G),
while the certainty equivalent xzy, ~ f, exists by Lemma B.3. Moreover, for any
¢ € By(G), if there are two f,, f, € F such that u(f,) = ¢ = u(f]), we then have

that since u represents 2~ over X,

ulfo)(w) = u(fo)(w) = ulfe(w)) = u(f(w))

for all w € Q. By Axiom 1.(ii) of monotonicity, it follows that f, ~ f, and, by

transitivity, that zy, ~ xy . Therefore, we can conclude that

I(p) = ulxs,) = ulzg,) = 1(f;)

showing that [ is a well-defined functional on By(G). It is easily seen that such
functional is also normalized, monotone, and continuous.'®
Define the function V := [ owu : F — R. For all f, f' € F,
fRf = apZay

= V(f) = I(u(f)) = ulzf) = wzy) = I(u(f)) = V() -

158ee for example the proof of Theorem 1 (Omnibus) in the working paper version of Cerreia-Vioglio
et al. (2022).
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This shows that V represents =~ on F. Moreover, by Proposition 1, for each m € M,
=™ is represented by I"™ o u, where I"™ : B(G) — R is as defined in (12). Moreover,
let 14 be the generalized conditional expectation from Corollary 3. Take now ¢, €

By(G) such that I™(p) > I™() for all m € M. By Lemma B.2, we can find

fos fo € F such that ¢ = u(f,) and ¢ = u(fy). Then, I"(u(f,)) > I"™(u(fy)) for
all m € M so that f, 2™ f, for all m € M. Consistency implies that f, = fy.

Therefore:
I(p) = I(u(f,)) =V (fp) 2 V(fy) = I(u(fy)) = 1(¥) .

Moreover, by Lemma B.12, there exist an unbounded and affine @ : X — R,
a strictly increasing ¢ : R — R, and a non-atomic v € A“(£,.A) such that the

restriction of 7~ to F(.A) is represented by the functional:

£ 07 ([ otatyav) .

Moreover, since 2\ Qq is null, v(Q\ ©Qy) = 0. Without loss of generality, we can
assume that @ = w and normalize ¢(0) = 0 and ¢(1) = 1. Now, define the map
J : B(A) — R such that

T =07 ([ ole)av)

for all ¢ € B(A). Since ¢ is continuous and strictly increasing, J is well-defined,

normalized, and continuous. Moreover, for all f,g € F(A),

fZg = J(f) = J(ug)) .

Moreover, take any ¢ € By(A). By Lemma B.2, we can choose f, € F(A) such that
¢ =u(f,) = f,. Then, since both V" and J o u represent 27 on F(A),

I{p) = I(u(fy)) = V(o) = ulzy,) = J (u(fy)) = J () -
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We conclude that I(¢) = J(p) for all ¢ € By(A). Take now any ¢ € By(G). Since
I4(¢) € B(A) and By(.A) is dense in B(A), we can pick sequences (¢)nen, (V%) nen €
Boy(A) such that ! 7 I4(p) and ¥* \, L4(p) uniformly. Fix any m € M. Since I™

is monotone, we have that for all n € N:

I™(h) < I™(Laly)) < I™(yy)

By Proposition 1, we also have that I"™(14(¢)) = I"™(p) and, therefore, we have that

for all n € N,
I™(¢y,) < I™(p) < T™(y) -

Since m was chosen arbitrarily, this holds for all m € M. This and the fact that I
and J coincide on By(A) imply that for all n € N:

T(W) = 1) < I(p) < I(yy) = J(uy)
Passing to the limit and using the fact that J is continuous, we obtain that:
J(Lalp)) < I(p) < J(Laly)) -
That is:

I(p) = J(1a(w))

= o7 ([ 6 Uale) vid))

= ¢! (/QO ¢ (géig {/ﬂ ¢ dp + c(p, q@))}) V(d@)) -

Finally, since qo = q|q, is a measurable transformation from (€, .4p) to (M, D),

define the image measure p = v o gy € A?(M,Dyy). Then, by Theorem 16.23 in
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Billingsley (1995):

19) =07 ([ o (min{ [ @ dp+cp.a@)}) avi)
=4 (/M ¢ (ggg {/Q p dp + c(p, q(@))}

=¢ (/M ¢ (Iggg {/Q  dp + c(p, m)}) du(m)> :

But, then, 7 is represented on F by

v = 1) = o7 ([ ¢ (min{ [ u(r) dp+clp.m) }) duagm) )

pEA

as we wanted to show. Next, we show that if xp = T(xg) for £ € A and D € Dy,
then v(E) = (D). Indeed,

s w(E) =07 ([ sxp)dv)
= J(xpr) = J(Lalxe)) = I(xp)
=07 ([ o (Itxe.m) du(m) )
=07 ([, ¢ (o) dutm)
— 67 (u(D)).

and since ¢! is strictly increasing, this implies that v(F) = p(D). We now show
that p is nonatomic. Take D € Dy such that u(D) > 0. By Lemma B.9, there exists
EP € A such that xp = T'(xgp). Therefore, by what shown above, v(E?) = u(D) >
0. Since v is nonatomic, we can find £, € A such that £, C EP and vE, > 0. By
Lemma B.9, we can find D, € Dy such that xp, = T'(xg,). Suppose m € Dp,.
Then, I(xg,,m) =1 and since Ey € A, it must be the case that m(Ey) = 1. Since
Ey C EP, m(EP) = 1 and, therefore, xp(m) = I(xgp,m) = 1, so that m € D.

This shows that Dg, C D. Moreover, by what shows above p(Dg,) = v(Ey) > 0.
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This shows that p is non-atomic. It only remains to show that ¢ is concave. Take
r1,72 € R and a = 1/2. Since v is nonatomic, we can find F such that v(E) = /2.

Moreover, we can pick 1,z € X such that r;y = u(z1) and ro = u(xs). Then:

J(u(z1Ex)) = 67 ( /Q & (u(z1 Ez,)) du)

=¢! (%Gﬁ(ﬁ) + %¢(7"2)>

_ ! < /Q 6 (u(z2Exy)) du) — J(u(zsExy)).

Thus, x1Fxe ~ w9 Exy. Since 77 satisfies uncertainty aversion, it follows that

1 1 1 1
51'1 + 51’2 = §ZL‘1EZL’Q + §ZE2E1'1 r>\: JflEIQ

and, therefore, since ¢ is increasing:

o(gr+g) =0 (7 (o (3m+3m)))
> ¢ (J (u(z1E22)))

1 1
= §¢(7’1) + §<Z5(7’2)-

This shows that ¢ is midpoint concave. Since it is also strictly increasing on the
interval R, we conclude it is concave.

Uniqueness follows by standard arguments.

(ii) implies (i). It is clear that 77 satisfies Axioms 1-5 are satisfied. Moreover, by
Lemma B.13, there exists a nonatomic probability measure v € A7(2, A such that

the restriction of 77 to F(.A) is represented by the functional

| ()

This implies that - satisfies Savage (1954)’s P2-P6 when restricted to F(A). [
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PROOF OF THEOREM T7: (i) implies (ii). We know that there exists an affine
u : X — R and a normalized, monotone, continuous, and quasiconcave functional
I: By(G) — R such that 7 is represented by I ou on F. By Proposition 1, we know
that for each m € M, there exists I™ given as in (5) such that I"™ o u represents /5™
on F. By consistency, we also know that for all v, € By(G), I™(p) > I™(¢) for
all m € M implies that I(p) > I(¢). Therefore, by Proposition B.11, there exists a
unique normalized, monotone, and continuous I : By(D ) such that I(I(¢p,-)) = I(y)
for all ¢ € By(G). Moreover, I is quasiconcave and monotone continuous. Take
¢ € By(Dr). By Lemma B.9, we can find a ¢ € By(A) such that £ = T'(¢) and
f € By(G) such that ¢ = u(f). Notice that since there exists a K such that £(m) > K
for all m € M, 1y := inf,,cp (M) > K and, therefore, rqg € R. Pick r > r¢. Then, we
can find 2o, x € X such that ro = u(z) and r = u(x). Take a sequence (o) € (0,1)
such that «,, | 0 and let x,, = a,z + (1 — ). Fix any n € N. By affinity of u,

u(zy) = apu(z)+(1—ay)u(xg) = apr+(l—ay)rg > 19 = Tﬁg/fw&(m) = n%g/fw I(u(f),m).

Therefore, there exists m,, € M such that w(z,) > I(u(f),m,). This implies that

Zn >=m [ and, therefore, Caution implies that z,, 77 f. That is,

anr + (1= an)ro = u(zy) 2 I(u(f)) = I(p) = 1(€).

This holds for all n € N and passing to the limit, we obtain ro > I (€). On the
other hand, we have that for all m € M, ry = inf,ycp §(m') < €(m) and, therefore,

since I is normalized and monotone, ro = I(ry) < I(£). Tt follows that (&) = ry =

inf,e g £(m). Therefore, 1. Now, for all £, & € B(Dy,

1(§) = I(¢) = inf &(m)— inf &(m) < inf (£(m) — &(m)).

meM meM meM
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Thus, Tisa niveloid, and it is, therefore, Lipschitz continuous. It follows that it admits
a unique, monotone, and continuous extension to B(D), wich, abusing notation, we
also denote I. Then, pick any & € B(D,y). Since By(Dy) is dense in B(D,y), we can
find two sequences (£, (€L), such that €% N\, € and & €. Since I is monotone,

we have that for all n € N, ¢, < & < &% and, therefore,
3 l — : l < : < : u — 7 u .
(&) = inf &(m) < inf {(m) < nf &(m)=1(&;)

Since I is continuous, passing to the limit, we obtain that (€) = inf,,epm €. Therefore,

we have that for all € By(G),

A

I(I(p.)) = inf min | pdp+c(p,
(I(g,")) = inf min | ¢dp+c(p,m)

— inf il [ odp+clp,
L c(p,m)

- 'f/ dp+ inf c(p,m).
jaub) J edp+ inf c(p.m)

Suppose that in addition M is closed and - satisfies. Fix any ¢ € B(G). Take any
r € R and pick f € F and z, € X such that ¢ = u(f) and r = u(x,). Then:

{meM:I(p,m)<r}={me M:I"(u(f)) <u(z,)}

={meM:z.7" f}

and the latter is closed by axiom. Therefore, m — I(p,m) is lower semicontinuous.
Therefore, the functional I, : A(G x M — R defined as I,(p,m) := I(¢,m) — [, pdp
is lower semicontinuous in (p,m). Then, since
c(p,m) = sup {f(so,m) —/ sodp} = sup L,(p,m)
©€By(G) Q »€Bo(G)

for all (p,m) € A x M and by the theorem of the maximum (see Aliprantis and

Border (2007), Lemma 17.29), we can conclude that ¢ is lower semicontinuous in
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(p,m). Then applyin Aliprantis and Border (2007), Lemma 17.30 twice, we obtain

that inf,ea c(-,m) = ming,ea c(-,m) is lower semicontinuous and, therefore,

A

I(I(p,")) = inf /Q pdp + inf c(p,m)

= min dp + min c(p, m).
peA(g)/ﬂsop min c(p,m)

Since ¢ € By(G) was arbitrarily chosen, we conclude that this holds everywhere on

By(G). Therefore, for all f,g € F,

fzg <= 1u(f)) = I(u(g))
= 1(I(u(f),) = I(I(u(g),"))

<= min [ u d+minc,m>min/u dp + min c(p, m
pGA(g)/Q (f) P memM (p )_pEA(g) Q (g) P meM (p )

as we wanted to show. [ |



