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Abstract

We propose a correlation utility (CU) representation of correlation prefer-
ence without requiring transitivity nor completeness. Under a correlation in-
dependence axiom, CU specializes to correlation expected utility (CEU) which
is not compatible with the extended Allais paradox. This motivates our cor-
relation betweenness and correlation projective independence axioms, which
characterize correlation weighted utility (CWU). In the absence of correla-
tion sensitivity, CEU reduces to EU while CWU reduces to skew-symmetric
bilinear utility which reduces further to weighted utility under transitivity. Fi-
nally, we characterize correlation probabilistic sophistication, subsuming two
major directions of generalization of SEU: maintaining Savage’s Postulate 2

without transitivity, and vice versa.
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“It seems that the essential point is, and this is of general
bearing, that, if conceptually we imagine a choice being made
between two alternatives, we cannot exclude any probability
distribution over those two choices as a possible alternative. The
precise shape of a formulation of rationality which takes the last
point into account or the consequences of such a reformulation
on the theory of choice in general or the theory of social choice

in particular cannot be foreseen; ...” — Arrow (1951, pp. 20)

1 Introduction

The Condorcet (1785) paradox has inspired a voluminous follow-up literature in
which intransitive choice has a central role. It has been most prominent in the
study of social choice since |Arrow| (1951) who seeks to address the question of how
to aggregate individual preferences into a social decision. He starts by outlining the
fundamental conditions that a rational collective decision-making process should
satisfy, including transitivity of individual preferences. However, he also acknowl-
edges that “we could as well build up our economic theory on other assumptions
as to the structure of choice functions if the fact seemed to call for it”. Indeed,
the recent social choice literature appears to be gravitating towards questioning the
desirability of transitivity in a preference aggregation setting. (See, e.g., Brandl
et al.| (2016); Brandl and Brandt| (2020)).)

The Condorcet paradox is considered “the root cause for central impossibil-
ity theorems in social choice theory such as Arrow’s Theorem or the Gibbard-
Satterthwaite Theorem” (Brandt, |2017). At the same time, there does not appear
to be works in the literature on mechanism design without requiring transitivity
for mechanism participants. By contrast, in game theory, participants’ identities
and associated transitive preferences, often assumed to be EU, are modeled explic-
itly. Aumann’s (1974) correlated equilibrium enriches players with the ability to
perceive strategy recommendations potentially correlated with each other through
opponents’ strategies. Subsequently, Aumann! (1987 recast correlation equilibrium

as EU maximization in line with Savage| (1954).

Motivated by the Allais (1953) paradox which inspires much of the subsequent



development of transitive NEU models, [Fishburn| (1982) proposes the nontransitive
model of skew-symmetric bilinear utility (SSB) which is determined by a skew-
symmetric bilineaill| kernel ¢(-,-) on pairs of lotteries over outcomes X: the de-
cision maker weakly prefers one lottery p € AX over another ¢ if ¥(p,q) = 0;
when the set of outcomes is finite, ¥ (p, ¢) can be written as },, v p(7)q(y)¢ (7, y)
where x, y stand for the corresponding degenerate lotteries. The SSB utility has
been applied extensively to social choice theory where individual and social prefer-
ences are not necessarily transitive. In particular, the mazimal lottery (Fishburn|
1984)), a probabilistic social choice function (SCF), is guaranteed to exist for an
SSB utility by applying the minimax theorem due to von Neumann| (1928). More-
over, maximal lottery is the unique (probabilistic) SCF satisfying two influential
axioms: population-consistency and composition-consistency (Brandl et al., 2016)E|
In another line of study, Brandl and Brandt| (2020) restore Harsanyi’s utilitarian
aggregation under Arrovian axioms within a specific SSB preference subdomain,
the pairwise comparison preference (PC), where the SSB kernel ¢(z, y) only takes
one of the three values {0,1, —1}. Intuitively, p is preferred to ¢ for PC if, when a
pair of alternatives (z,y) is randomly selected according to p and ¢ respectively, p

generates the winner with higher probability in expectationﬂ

The SSB utility resembles the payoff in a zero-sum game where a row player
chooses a mixed strategy p over actions z € X and the opposite column player
chooses ¢q. Then, one might contemplate Aumann’s idea of correlated equilibrium in
this setting by replacing p(x)q(y) with a joint density m(z,y), where 7 € A(X x X).
Two papers attempt to extend SSB utility to pairs of correlated lotteries. |Fishburn
(1989) accomplishes this in a Savagean setting leading to a skew-symmetric additive
utility (SSA), where the incomprehensive consideration on joint densities is also
reflected when he describes the relation between SSB and his newly proposed SSA as
“both parent and child”. Recently, the problem is revisited in the risk setting when

1Skew-symmetry means 9(p,q) = —(q,p); bilinearity requires ¥ (ap + Bq,r) = ab(p,r) +
Bib(q,7) and ¢(r, ap + Bq) = avb(r, p) + B(r, q)-

2Population-consistency regards comsistency with respect to a variable electorate, while
composition-consistency requires composition-consistency (Brandl et al.| [2016). See their paper
for the formal definitions and a discussion on the development of these axioms.

3In individual choice, the validity of transitivity assumption has also been in doubt given
similar problems such as the intransitive dice (Gardner, [1970) and its original and more formal
form as a statistical paradox (Steinhaus and Trybulal |1959)); the problem has been followed by
literature in applied statistics on voting paradox, (e.g., [Usiskin| (1964), Blyth| (1972))), which is
closely connected to the idea of PC.



Lanzani (2022) axiomatizes regret theory (Bell, |1982; |[Loomes and Sugden, 1982)
and salience theory (Bordalo et al., 2012) in the form of comparing marginals of joint

densities m taken from A(X x X)), as opposed to lottery pairs (p,q) € AX x AXE]

From the emerging literature on nontransitive preferences, we seek to distill
and develop a theory of choice towards what Arrow suggests, in the epigraph, as
“cannot be foreseen”. To this end, we characterize a general utility representation
for binary choice through a form of continuity without requiring transitivity nor
completeness. We begin by incorporating correlation sensitivity to Samuelson’s
four-lottery version of the independence axiom. This yields a characterization of
the correlation expected utility (CEU) in which utility difference ¢(x,y) is defined
on pairs of outcomes and then taken expectation over joint density 7: the decision
maker (weakly) prefers the row marginal lottery to the column lottery under  if
E.¢ is nonnegative. Notably, CEU encompasses the nontransitive models of regret
theory, salience theory and Lanzani’s correlation sensitive representation, which
corresponds to CEU under skew-symmetry of the bivariate utility function. Without
skew-symmetry, CEU includes additionally an extension of the expectations-based

reference dependent (ERD) model to setting of correlation preference.
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Table 1: SML with 3 outcomes [ < m < h.

As example of correlation preference, consider the following binary choice prob-
lem (Loewenfeld and Zheng, [2023)) bearing some resemblance to the Condorcet
paradox. Subjects are asked to choose between a pair of same-marginal lotteries
(SML) A and B, each with three equally likely outcomes (Table[L)). [Loewenfeld and
Zheng (2023)) find a significant majority of subjects exhibit preference for A over
B, even after a premium is added to B so that it first-order stochastically domi-
nates A. Such pattern can be accommodated in a simple CEU model, but not in

models ignoring correlation between lotteries.E] In the absence of correlation sensi-

4We will revisit this issue in Section @ where we axiomatize a correlation counterpart of prob-
abilistic sophistication.

5As discussed in [Loomes and Sugden! (1987) and Starmer (2000), imagine a third alternative
C paying (m, [, h) for the three states: if A is strictly preferred to B, then it would be reasonable
for B to be strictly preferred to C, and C to A, giving rise to a preference cycle. Note that the
preference for A over B is opposite to the prediction of regret theory; see detailed discussion on
the experiment in Section



tivity, CEU reduces to transitive expected utility. The corresponding reduction of
skew-symmetric CEU to EU boils down to the weaker requirement of for correlation

insensitivity over SMLs.

Despite its greater flexibility, CEU cannot account for the range of reported
choice behaviour in the Allais common-consequence problem (Allais| (1953); see sub-
section 3.2) which is traceable to an exchange between Allais and Savage during the
1952 Paris Colloquium and revisited in Savage, (1954). The literature documents a
wide range of proportions of EU violating behavior even when the Allais gambles are
presented in a correlated mannerﬂ Recently, Frydman and Mormann| (2018) report
a change in subjects’ propensity to exhibit Allais behavior when the correspond-
ing lottery pairs are correlated at different levels depending on a single probability
parameter. Subjects are asked to choose from the two pairs of correlated lotteries
L% = ($25,33%; 2,66%; 0,1%) versus L; = ($24,34%; 2,66%), =z € {0, $24}, under

zero, intermediate, and maximum correlation illustrated in Table [2[7]

T 0 24 Tint 0 24 Tmaz| 0 24

0 | 44.22% | 22.78% 0 65% 2% 0 66% 1%
24 24 24

25 | 21.78% | 11.22% 25 1% 32% 25 33%

Table 2: Joint densities used in [Frydman and Mormann| (2018)) when z = 0, with
zero (stochastically independent), intermediate, maximal correlation.

A significant decrease in rates of Allais type reversal is observed as the level of
correlation increases (Table E] Despite being correlation sensitive, CEU cannot
account for the significantly positive rate of Allais behavior as it satisfies sure-thing
principle: common-consequence effect is uniform with ¢(x,z) = 0 required for all
x € X[| The pattern is also incompatible with any correlation insensitive utility

model, including SSB and all transitive NEU models (see discussions in Section [3)).

To accommodate the above extended Allais paradox, we formulate a correlation

betweenness axiom to axiomatize a non-CEU preference, called correlation between-

6Reported proportions range from 33-36% in [Starmer (1992)), 20% in Bordalo et al. (2012),
14-36% in [Ostermair| (2022), 19-40% in [Esponda and Vespa| (2023)),40% in [Humphrey and Kruse
(2023).

“Scaled by 1:100 from the values in Problems 1 and 2 of [Kahneman and Tversky| (1979).

8Decreasing rates of Allias behavior from “independent” to “maximally correlated” are also
documented in Bruhin et al|(2022)) and [Loewenfeld and Zheng (2024) for other probability and
outcome parameters.

9Tf we were to allow for non-zero ¢(z,x), we would have strict preference at the degenerate
choice problem §(,, ,y under completeness.



’ Degree of correlation H Independent ‘ Intermediate‘ Maximal ‘

Frydman and Mormann| (2018) 48% 36% 15%
Bruhin et al] (2022) 3% - 20%
Loewenfeld and Zheng] (2024) 62% - 18%

Table 3: Allais behavior decreases with correlation.

ness utility (CBU), which, under correlation insensitivity and transitivity, reduces
to betweenness conforming utility (Dekel, 1986; (Chew, [1989). In conjunction with
an alternative weakening of correlation independence, called correlation projective
independence, CBU specializes to a representation, called correlation weighted util-
ity (CWU), given by E,¢ + ¥ (p, ¢) which comprises a CEU kernel defined on 7 and

a SSB kernel defined on the row and column marginals p and ¢ of 7.

Correlation Sensitivity
Insensitive Sensitive
Linearity of Linear EU CEU
representation in - SML preference
. e . SSB/WU CWU
(joint) probability | Bilinear - indep. Allais | - extended Allais

Table 4: Correlation sensitivity, linearity, and Allais behavior.

Table 4] summarizes how different generalizations of EU can account for the
experimental evidence in the literature relating to SML and Allais behavior. Under
correlation insensitivity, while SSB and WU can both exhibit Allais behavior, the
rates of violations do not depend on the degree of correlation. Although CEU
can exhibit SML preference, it is incompatible with Allais behavior in correlated
common-consequence problem. CWU is the only model which can both exhibit SML
preference and account for the extended Allais paradox. The specific arguments are

discussed in Section [Bl

2 Preview of Main Findings

In binary choice, it is customary to denote a (nonstrict) preference for a lottery
p over another lottery ¢ using the notation p > ¢. In this regard, the domain of
choice is implicitly A(X) x A(X) where X refers to a real outcome set and the set of
(finite support) lotteries defined on X is denoted by A(X). The preference p > ¢ is
often written equivalently as (p, ¢) € R where the subset R < A(X) x A(X), called

preference set, comprises all ordered pairs of lotteries such that the first element

>



is preferred to the second element. Although we are cognizant of the potential
incidence of correlation between any pair of lotteries, this is typically ignored in the

presence of transitivity part of the decision maker’s preference make up.

To accommodate the possibility of binary preference being sensitive to potential
correlation between lotteries, we would need to expand the domain from A(X) x
A(X) to A(X x X). For a joint density m € A(X x X), illustrated in Table 5] below,
we adopt the convention 7 € II if the decision maker weakly prefers receiving its row
marginal m; = p paying x; with probability p(z;) than receiving its column marginal
Ty = ¢ paying y; with probability ¢(y;), where II < A(X x X) comprises all joint
densities 7 for which the row marginal 7, is weakly preferred to the corresponding

column marginal .

Kl |
zy || m(@,y1) | o0 | m(@1,y0) || plx)
T || T( Ty y1) | - | 7@y Yn) || P(Tm)

L ay) ] alwa) |

Table 5: A joint density = with row marginal p(x) and column marginal ¢(y).

In line with the practice of identifying > with its preference set R < A(X) x A(X),
it is convenient to refer to >" in terms of the preference set IT < A(X x X): we
denote by p =™ ¢ the decision maker’s (nonstrict) preference for “p over ¢ under
correlation " with p and ¢ being the row and column marginals of 7. We refer to

both {>"},cn and II as the decision maker’s correlation preference.

2.1 Correlation Utility Representation

We offer a general representation theorem for binary choice which can accommo-
dates correlation between lotteries. A particularly simple form of correlation utility
is given by an expectation utility form: U(m) = Ex¢ = 3}, o = ?(@,9)7(2,y).

The following continuity axiom is maintained throughout the paper.

Axiom 0 (Continuity). IT is closed relative to A(X x X) wunder the topology of

pointwise convergence.

Definition 0 (Correlation Utility Representation). The correlation preference I1 is
represented by a correlation utility function U : A(X x X) — R if U is continuous
and forme A(X x X), nell < U(m) = 0.

6



It turns out that continuity is the only axiom needed to obtain a correlation

utility representation.

Proposition 0. The correlation preference I1 admits a correlation utility represen-

tation if and only if 11 is continuous.

The “only if” part of the proposition is immediate, whereas the “if part” follows
by, for example, setting U(7w) = infen d(m, 7') where d is the distance defined on
A(X x X) for the topology of pointwise convergence. Notice that the representation
is not unique: any continuous function that assigns nonnegative value to II and

negative value to its complement suffices.

The following notations will come in handy. Denote by 7" the transpose of
7, I = {r : 7 eIl, n" ¢ II} as the strict preference set, I := H\f[ as the
indifference set, and II as the complement of II. The table below explains the sets
with the corresponding equivalent notations. Notice the distinct role of indifference
set II from that of indifference curves (lines) in the two settings: under transitivity,
indifference curves partition the entire domain, while in the correlation setting, two

arbitrary points in IT do not satisfy such an equivalence relation. Let 8, stands for

e - 11 11 II 11
pvs. q | p="q|p>"q|p~"q|p*"q

Table 6: Equivalent notations for correlation preference.

the degenerated probability density putting probability mass 1 at the point z alone.

In the sequel, we maintain the following assumption throughout the paper.

Assumption 0. The preference 11 is

(i) non-trivial: neither the complement 11, nor 1I°, the interior of I1 (relative to
the probability simplex A(X x X)) is empty;

(ii) pointwise reflexive: each degenerate joint lottery 8z ) lies on the boundary of
II, i.e., D = {0z : x € X} < IINII°.

Intuitively, pointwise reflexivity requires that the decision maker marginally
prefers the degenerate lottery x to itself, in the sense that a slight perturbation
away from it could change the decision maker’s preference. Mathematically, this is

saying for any x € X, 0, ,) € II and for any of its neighbourhood N, N 1+ .



2.2 Correlation Insensitivity and Transitivity

We first introduce a notion called correlation insensitivity under which a correla-
tion preference bears close relation to the classical preference under risk in which

completeness and transitivity are standard.

Let T'(p,q) = {m e A(X x X) : (m,m) = (p,q)}. The correlation insensitive
preference binary relation > induced by IT is defined as p > ¢ <= T'(p,q) < II: the
decision maker weakly prefers p to ¢ no matter how they are correlated; equivalently,
p =" q for all m € '(p,q). The weak preference > naturally induces its strict and
indifferent parts defined as p > ¢ <= p>qgbutnot¢>p,andp~q < p>gq
and q > p.

Axiom 1 (Correlation Insensitivity). A correlation preference Il exhibits correlation
insensitivity if for all (p,q) € AX x AX, p =™ q for some 7 implies p > q:
equivalently, either p > q, or I'(p,q) n 11 = @.

A correlation insensitive decision maker always compares a pair of lotteries (p, q)
regardless of their correlation. Such a decision maker’s preference at one correlation

of (p, q) pins down the preference at any other correlation of (p, q).

Remark 1. As a corollary of Proposition [0, for correlation insensitive preference
IT (and the induced >), there exists a continuous ¥ : AX x AX — R such that
p>=q <> Y(p,q) = 0. Fishburn’s SSB utility is a specialization with 1 being both
skew-symmetric and bilinear in its arqguments (p,q).

The correlation insensitive preference is further complete and transitive if and
only if it admits a classical transitive utility : there exists a continuous u : AX — R
such that p > ¢ < u(p) = u(q) (see, e.g., Debreu (1964)). As we will show in

Section ], CEU will reduce to EU under correlation insensitivity.

The following weaker notion of correlation insensitivity restricts to same-
marginal lotteries (SML, Loewenfeld and Zheng (2023)) which will be further

discussed in Section [Bl

Axiom 1* (SML Correlation Insensitivity). A correlation preference 11 exhibits

SML correlation insensitivity if for all p e A(X), T'(p,p) < II.

If a decision maker is SML correlation insensitive, p =" p for any 7 with identical

marginals (p,p). In contrast, SML correlation sensitivity can be viewed as a pure



correlation preference that does not involve difference in marginals. SML correlation
insensitivity appears weaker than full correlation insensitivity. As it turns out, the

two are equivalent under correlation completeness for CEU and CBU.
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Correlation Betweenness Utility | CBU | CLU Conditional Linear Utility
Correlation Weighted Utility | CWU | SSB Skew-Symmetric Blinear Utility

Figure 1: Relation among Axiomatic Preference Models.

Figure (1] illustrates the interrelations between the transitive models on the right
and their correlation counterparts on the left. The next two sub-sections will pre-
view CEU and CWU before they are formally discussed in Sections 4 and 5 after
section 3 on experimental evidence. The relations between CPS and CIPS and the

other models will be developed and discussed in Section 6.

2.3 Correlation Expected Utility

We state below the definition of the correlation counterpart of expected utility.

Definition 1 (Correlation Expected Utility). The correlation preference I admits
a correlation expected utility (CEU) representation if there exists a continuous func-
tion ¢ : X x X — R with ¢(z,z) = 0 Ve e X such that Vr e A(X x X),mrell
E,¢ = 0.

The kernel ¢(z, y) may be interpreted as the utility of receiving x while foregoing



y. Notice that linearity of the CEU representation implies continuity of the corre-
lation preference Il and its representation. Specific restrictions can be imposed on
the CEU kernel ¢ corresponding to respective behavioral properties. For example,
by pointwise reflexivity, we have ¢(x,x) = 0 for all z € X. In the following we
assume the CEU representation is non-trivial: there exists (x,y), (¢, y') such that
¢(z,y) > 0 and ¢(2',y’) <O.

We say the CEU preference is symmetric if ¢ is skew-symmetric, i.e., ¢(z,y) =
—¢(y, x), as the decision maker experiences the same level of utility change whether
receiving x in foregoing y or vice versa. Symmetry of CEU preference implies
E.p >0 < we f[ and E,¢ = 0 <= 7 e II. Asymmetry of CEU
preference could come from various sources, e.g., when there is asymmetric regret
in counterfactual comparison, reference dependence, and when the column outcome
y is an aggregate either through taking the average (Bordalo et al., 2022)) or the

maximum over other candidate lotteries (Quiggin, |1994).

The CEU class includes the following important utility models which we will

refer to subsequently.

e Expected Utility (EU) model: ¢*Y(z,y) = u(z) — u(y).

e Regret Theory (RT) by Bell (1982) and Loomes and Sugden| (1982): ¢
is often assumed to satisfy regret aversion ¢(x,y) > ¢(x,2) + ¢(y, z) for all
x>z >

e Salience Theory (ST) by Bordalo et al. (2012): ¢ (z,y) = o(z,y)(z—y) with
the salience function o satisfying a set of salience properties (their Definition
oy

e The correlation sensitive representation by [Lanzani| (2022)): This is the sym-
metric CEU model.

e Expectations-based-Reference-Dependent (ERD) model from |Ké6szegi and Ra-
bin (2007): ¢FFP(z,y) = (A 1y=y+1s<y)(z—y), where A > 1 captures decision
maker’s aversion to the anticipated loss by switching from x to y when x > y.

(bERD

Since A > 1, is not skew-symmetric.

Theorem [2] in Section [4.3] relates CEU and EU through correlation sensitivity

WASE 1¢ = —E,¢ <0,s0 7" el

UThough with different behavioral/psychological fundamentals, ST representation also satisfies
lz—yl

[z +y|+6

paper. [Herweg and Miiller| (2021]) propose a generalized RT and demonstrate that it includes ST

as a special case.

the regret aversion condition. An example would be o(z,y) = as provided in the original

10



without involving directly transitivity: for a correlation preference II, the following

are equivalent:

(i) II admits a CEU representation and exhibits correlation insensitivity;
(ii) II admits a symmetric CEU representation and exhibits SML correlation in-
sensitivity;

(iii) IT admits a EU representation.

Theorem [2] also implies that SML correlation insensitivity is equivalent to full
insensitivity for symmetric CEU under correlation completeness. In conjunction
with Theorem [I] Theorem [2] can be seen as providing an alternative proof of the

Expected Utility Theorem.

2.4 Correlation Weighted Utility

The Allais (1953) paradox has provided the primary impetus for the development
of transitive NEU models since Kahneman and Tversky| (1979). The betweenness
direction in this literature has started with Chew’s (1983) weighted utility (WU)
which is shown in [Fishburn| (1983) to be the transitive counterpart to the nontransi-
tive SSB model discussed in the Introduction.We formally state both specifications

below.

Definition 2 (Weighted Utility). The preference relation admits a weighted utility
representation if there exist continuous u : X — R and weight function w : AX —
AX, such that p =™ q <= Eypu > Eygu , where wlp](z) = 3 = Z ,)p(w for
some continuous w : X — Ryg.

Notice that the above WU representation admits a Radon-Nikodym derivative
interpretation for the weight function w (Chew, |1983).

Definition 3 (SSB Utility). The preference relation admits an SSB representation
if there exists a continuous and skew-symmetric bilinear V : AX x AX — R such

that p =™ q < ¥(p,q) > 0.

Nakamura, (1990) points out that SSB implies a characteristic property of WU
called ratio consz’stencyfz] which we restate in Online Appendix |B| where we offer

proofs of our main results relating to correlation betweenness. To develop an ac-

2For p,q,r with p ~ g and p % r,q # r, Bip+ (1 — Bi)r ~ vig + (1 — vi)r for i = 1,2 implies
m/l=m _ 72/1=72
B1/1=B1 — B2/1-P2"

11



count of the extended Allais paradox, we observe that SSB has a central role in being
both correlation insensitive and reduces to WU under transitivity. This points to

the following correlation weighted utility proposed formally in Section [5.2]

Definition 4. The correlation preference 11 admits a correlation weighted utility
(CWU) representation on A’ < A(X x X) if there exists a continuous, skew-
symmetric kernel ¢ : X x X — R, and a continuous, skew-symmetric bilinear
kernel ¢ : AX x AX — R, such that forme A, tell < E, ¢+ ¢(m,m) = 0.

In Section 5.2 we will show that for a correlation preference Il that admits a
CWU representation on A(X x X), it is correlation insensitive if and only if it
admits an SSB representation. Given that SSB and symmetric CEU both involve a
skew-symmetric kernel, it may be tempting to view SSB as resulting from restrict-
ing the latter to AX x AX. In this regard, Lanzani| (2022) invokes Theorem 1 in
Fishburn! (1982) to conclude that the skew-symmetric kernel for a symmetric CEU
is uniquely pinned down by comparisons across independent lotteries. This observa-
tion is however not compatible with the equivalence between correlation-insensitive
CEU and transitive EU in our Theorem [2 as well as the axiomatic foundation of
SSB (Fishburn, 1982) reducing to WU under transitivity (Fishburn, 1983)[]

A CWU decision maker combines a correlation-sensitive symmetric CEU kernel
on joint densities with a correlation-insensitive SSB kernel on pairs of marginals.
While SSB containing WU can exhibit correlation-insensitive Allais behavior, CEU
can exhibit correlation-sensitive Allais behavior except in the case of maximal cor-
relation. We demonstrate in Section [3] that the resulting CWU combining these
two kernels can exhibit correlation sensitivity in Allais behavior including the case
of maximal correlation thereby accounting for the extended Allais paradox.

In terms of parametric form, as an example, we can adopt the double ex-
ponential specification of WU in [Chew and Tan| (2005) as transitive SSB ker-
nel ¥(z,y) = wr)wy)|[u(z) — u(y)] with w(z) = e, u(x) = —e, deliv-

ering correlation insensitive Allais behavior. At the same time, the ST kernel

13Recently, [Chambers et al.| (2024) study coherent distorted beliefs that commute with con-
ditioning: DM obtains the same decision weights regardless of distortion preceding information
updating or updating preceding distortion. They show that the only suitably continuous coherent
distorted beliefs that induce expected utility preferences are those that are weighted per the WU
representation. Interestingly, if we apply such idea to the domain of joint densities (i.e., a belief
as correlation m € A(X x X)) and binary utility, then the same analysis would imply that CEU
already captures coherency: any coherent distortion can be “absorbed” into the utility term, so
that equivalently there is no need of distorting beliefs.

12



o(z,y) = o(z,y)(x —y) with o(z,y) = % in [Bordalo et al.| (2012)) exhibits

correlation sensitive Allais behavior except at maximal correlation. |Chew| (1983))
has derived the Arrow-Pratt measure of local risk attitude for WU as comprising
an EU term —u”/u’ plus a weighted term —2w'/w. The corresponding Arrow-

Pratt measure for CWU also comprises a CEU term and a SSB term given by:

_ _ P22yt (yy)
Aly) = b2(y,y)+¥2(y,y)

left and right derivatives, and similarly for <z_522 Interestingly, now the ¢ term is

dominated by v in the Arrow-Pratt measure: A(y) = Y2 _ )\ 9 g the same

1112(%9)
as in |Chew and Tan| (2005).

, where ¢y(z,y) = %qbg(a:, yt) + %¢2($, y~) is the average of

3 Experimental Evidence

We provide details on how our correlation preference approach can account for the
experimental findings discussed in the Introduction. We begin with the finding on
pure correlation preference using SML. This is followed by evidence based on the

independent and correlated versions of Allais’ common-consequence problems.

3.1 Same-Marginal Lotteries

Our CEU preference requires that a decision maker linearly evaluate a joint density,
i.e., m € Il if and only if E;¢ > 0. Recently, Loewenfeld and Zheng (2023)) test a
key assumption in RT and ST: ¢(h,l) > ¢(h,m) + ¢(m, 1) for all | < m < h. When
skew-symmetry of ¢ is assumed, this is equivalent to ¢(I, h) + ¢(h,m) + ¢(m,1) < 0.
They devise a same-marginal lottery (SML) test where subjects are asked to choose
between two correlated lotteries with the same marginal. The following properties
are closely related to the SML test. We say the decision maker is increasingly (resp.
decreasingly, constantly) sensitive to payoff difference, denoted ISPD (resp. DSPD,
CSPD) if ¢(1, h) + ¢(h,m) + ¢(m,l) < (resp. >,=) 0 for | <m < h.

’ Probability H % ‘ % ‘ % ‘
DSPD Il | h|m
ISPD him)| I

Table 7: ISPD vs. DSPD, SML with 3 outcomes | < m < h.

One can easily verify that EU is CSPD, RT and ST are both ISPD while ERD is

Notation ¢ means the partial derivative of the second marginal of ¢, and similarly for others.
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DSPD. Earlier results, mostly for testing the RT and ST theories, report evidence
with choice patterns supporting the ISPD assumption (see |Loewenfeld and Zheng
(2023)) for a complete reference.) |Loewenfeld and Zheng (2023)) ask each subject to
choose one from the following two SML, where the lotteries are named so that the
ISPD (resp. DSPD) lottery will be chosen if the subject’s preference satisfies ISPD
(resp. DSPD). The experimental results confirm the existence of SML correlation
sensitivity (37.4%) in their subjects’ choice behavior and thereby rejects EU as well
as SML correlation insensitivity of any symmetric CEU preference by Theorem [2]
Moreover, their evidence also shows that choices display moderate DSPD while find-
ing no ISPD pattern at the individual level, thereby rejecting the ISPD assumption
in regret and salience theory. The results could be interpreted either as supporting
DSPD (rejecting ISPD) under skew-symmetry, or rejecting skew-symmetry under
ISPD. As our axiomatization covers both symmetric and asymmetric CEU prefer-
ences, it is compatible with the evidence from both directions and calls for further

experiments to distinguish the two possibilities.

3.2 Extended Allais Paradox

We trace the extended Allais paradox described in the Introduction to Savage’s
(1954, p.102) exposition of how he corrects his error in violating EU by choosing
gamble 1 in Situation 1 and Gamble 4 in Situation 2 in the two binary choice

situations below:

Situation 1. Gamble 1: $500,000 with probability 1, versus Gamble 2: $2,500,000
with 10% probability, $500,000 with 89%, 0 with 1%, and

Situation 2. Gamble 3: $500,000 with 11% probability, 0 with 89%, versus Gamble
4: $2,500,000 with 10% probability, 0 with 90%.

Given the common perception of gambles 3 and 4 as being independent lotteries,
the above may be referred to as the independent version of the Allais common-
consequence problem.

In correcting his self confessed choice error, Savage first transforms the two
choice situations into the seemingly equivalent correlated form illustrated in the

Table E] He then describes a thought process involving the application of a con-

5Notice that the marginals of gambles 2, 3, and 4 are the same regardless of whether they
appear in the independent or the correlated versions.
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Ticket Number Drawn
1 \ 2-11 \ 12-100

Gamble 1 || 5 5 5!
Gamble 2 || 0 | 25 5
Gamble 3 || 5 5 0
Gamble 4 || 0 | 25 0

Table 8: Savage’s presentation of Allais paradox, prizes in units of $100,000.

tingent reasoning principle, called the sure-thing principle (STP).E] Observing that
it would not matter, in either situation, which gamble is chosen, if one of the tickets
numbered from 12 through 100 is drawn, he focuses on the complementary event of
the ticket drawn being numbered between 1 and 11, in which case Situations 1 and
2 are exactly parallel. He writes, “The subsidiary decision depends in both situa-
tions on whether I would trade an outright gift of $500,000 for a 10-to-1 chance of
winning win 32,500,000, a conclusion that I think has a claim to universality, or
objectivity”. Consulting my purely personal taste, I find that I would prefer the gift
of $500,000 and, accordingly, that I prefer Gamble 1 to Gamble 2 and (contrary to
my initial reaction) Gamble 3 to Gamble 4.” And yet, Savage writes that he still
feels an intuitive attraction to his favoring Gamble 4 over Gamble 3 when they are
independent after applying STP and arrive at the opposite preference when the two

lotteries are correlated, pointing to the potential instance of correlation sensitivity.

In Frydman and Mormann’s (2018) investigation of correlation sensitivity in
the Allais common-consequence problem where correlation is described with a sin-
gle parameter 3 (see Table [9] below), they report a declining rate of Allais be-
havior from “independent” (uncorrelated) to “intermediate” to “maximally cor-
related” (see Table [3| in Introduction), based on two pairs of correlated lotteries
L} = (25,33%; 2,66%; 0,1%) versus L3 = (24,34%; z,66%), z € {0,24} from
Kahneman and Tversky (1979). This extended Allais paradox is incompatible with
CEU implying no violation as well as any transitive NEU (PS) preference implying

uniform rates of violation.

As previewed in Section 2.4 a CWU decision maker can be seen as evaluating
joint densities linearly, but with different thresholds ¥ (p,¢) when the marginals
(p,q) change, thus account for extended Allais-type behavior. Let ¢(x,y) =

o(z,y)(z —y) where o(z,y) = |w‘|i|;3|’|+0 as in [Bordalo et al.| (2012), and ¢ (z,y) be a

16 “Tf the person would not prefer f to g, either knowing that the event B obtained, or knowing
that the event ~ B obtained, then he does not prefer f to g.” (Savage, 1954, p.21)
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| joint prob. || 0.668 [ 0.66 —0.668 | 0.67 — 0.66/ | 0.665 — 0.33 |

LY 0 25 0 25

LY 0 0 24 24
T 0 24 Tint 0 24 Tomax 0 24
0 44.22% | 22.78% 0 65% 2% 0 66% 1%
24 24 24
25 | 21.78% | 11.22% 25 1% 32% 25 33%

Table 9: Correlation between lotteries increasing with

WU kernel. Then, oU (7%)/08 = —24(260%+1230+1200)/(6+24)(0+25)(0+49) < 0,
so that the chance of choosing LY, and hence the rate of exhibiting Allais behavior,
decreases with correlation 5. Meanwhile, a non-degenerating 1 kernel would allow

for a non-zero rate when there is maximal correlation 5 = 1.

4 Correlation Expected Utility

Our development of correlation expected utility is closely related to |Lanzanis
correlation-sensitive representation which parallels Fishburn’s (1989) axiomati-
zation of skew-symmetric additive (SSA) utilityE] representation in a Savagean
setting (CSEU). Distinct from Lanzani (2022)), our axiomatization does not rely

on completeness nor transitivity while convexity continues to play a key role.

4.1 Correlation Independence

Consider Samuelson’s (1952) and subsequently Fishburn’s (1975) four-lottery ver-
sion of the independence axiom: p ~ (>) g and p’ ~ (>) ¢ imply ap + (1 — a)p’ ~
(>)ag + (1 — a)¢ for a € (0,1)[ Below is the correlation counterpart to this

independence axiom.

Axiom 2 (Correlation Independence). For any a € (0,1),
(i) m,7'ell=ar+ (1 —a)r’ eIl;

(ii) 7,7 el = ar + (1 — a)n’ eIl

"In a Savagean framework, let S, X, F be the sets of states, outcomes, and acts with F < X*.
Fishburn axiomatizes a preference relation > on F' represented by a probability measure p on S
and a skew-symmetric ¢ : X x X = R such that f > g <= {5 0(f(s),g(s))du >0

18In a footnote, Samuelson acknowledges that the above four-lottery version of his independence
axiom “differs trivially from the Paris version” where three lotteries are used, under transitivity.

16



The above may be stated, equivalently, in a form that resembles closely the
original four-lottery independence axioms: p =™ (+7) ¢ and p’ =™ (+™) ¢’ implies
Pa =" (£™) o, where 7, := am + (1 — a)7’, and similarly for p, and q,.

Without completeness, correlation independence includes a separate statement
on II. Notice that it is silent on behavior within the strict preference and indif-
ference sets while it implies that II and IT are both convex, so that II serves to
separate 11 and II in the simplex. Observe that correlation independence allows
for imprecise preference discriminability (Fishburn, 1982; Nakamuray, 1990) or more
broadly, inertia (Bewley|, |1986)): when 7 € [T and 7’ € II, it is possible that their

convex combination still belongs to the indifference set [

We further refine correlation independence requiring that p ~™ ¢ and p’ ~™ ¢’

imply p, ~™ qq, while p > (+7) g and p’ =™ (™) ¢’ imply po >" ($7) qo. The
axiom below is a restatement of what is proposed in Lanzani (2022) by the same
label.

Axiom 2% (Correlation Strong Independence). For any « € (0,1),
(i) 7,7’ el = ar + (1 — a)r’ € II;
(i) Tell, 7’ eIl = ar + (1 — a)x’ € II;

(iii) 7 e MYILw' e I = an + (1 — a)7’ e IL.

We axiomatize below a general CEU representation that allows for incomplete-

ness as well as inertia in decisions without requiring skew symmetry of the kernel.

Theorem 1 (Axiomatization of CEU). A continuous correlation preference I1 sat-

isfies correlation independence, if and only if it admits a CEU representation.

Proof of Theorem [l The proof of sufficiency is immediate. To prove necessity,
notice that since both IT and II are convex sets, they can be weakly separated by
Hahn-Banach separation theorem (see, e.g., Corollary 5.62 of Aliprantis and Border
(2006)). That is, there exists some ¢ : X x X — R and ¢ € R such that E,¢ > (<) ¢
if 7 € IT (I1). Since each 7 is a joint density, we may set ¢ = O.

Suppose there exists a 7’ € II such that En¢ = 0 (). Pick a m € II°, the non-
empty interior of I (relative to the simplex), with E ¢ > 0 (xx). By continuitylﬂ,

9This is also related to the notion of wutility of gambling (page 28 of von Neumann and Mor-
genstern| (1944))).

“0therwise, let ¢’ = ¢ — ¢, then the corresponding threshold ¢’ = ¢ — ¢ = 0.

2'Here we make use of a weaker version of continuity which is close to Lanzani’s (2022)
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there exists a 3 € (0,1) such that 7”7 = 7 + (1 — B)n’ € I, so that B¢ < 0,
which contradicts (%) and (+x). Hence, En¢ < 0 for all © € II. Consequently,
Ep >0 < mwell O

Observe that the CEU representation is unique up to multiplication by a positive
constant, as ¢ now represents the hyperplane E ¢ = 0 between half-spaces. Here,

convexity plays a simple but vital role.

Notice that for CEU, the preference II (and ¢) are determined by the indifference
set 11 given the convexity brought by the correlation independence axiom, which can
be further pinned down from examining l:[]md, the indifference set within the joint
densities for (stochastically) independent marginals, as it forms a spanning set given
the linear structure. Alternatively, one may view ¢ and II as determined by I1};,q4
first through spannin, and further by ﬁ\md given convexity on the marginals; this
is also observed by Lanzani (2022, footnote 9). These two ways of double reduction

will no longer be available when we axiomatize CWU.

4.2 Correlation Completeness

We next demonstrate how correlation completeness stated below together with
strong correlation independence leads to the symmetric CEU representation in |Lan-
zani (2022)).

Axiom 3 (Correlation Completeness). For all me A(X x X), rell = 77 eIl

Observe that if IT is represented by a correlation utility function U, the corre-
lation preference is complete if for every 7, either U(mw) = 0 or U(x") = 0. Under
correlation completeness, each symmetric 7 (in the sense of 7 = 7") belongs to I,
and further we show in Online Appendix |A| that IT = II™ := {z™ : 7 € II}.

Corollary 1 (Axiomatization of Symmetric CEU). A continuous correlation pref-
erence 11 satisfies correlation completeness and correlation strong independence, if

and only if it admits a symmetric CEU representation.

Proof. To see how the above corollary follows from Theorem [I notice that the

axioms already imply the existence of a CEU representation ¢. That is, E, ¢ <

Archimedean continuity axiom. See details in Online Appendix
*In fact, for a (stochastically) independent 7 € T'(p,q), Ex¢ = 3, p(2)q(y)¢(z,y), which
coincide with the SSB utility for marginals (p, ¢) with the SSB kernel ¢ properly induced from ¢.
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0 < 7 € II. It remains to show the skew symmetry of ¢. By correlation strong
independence, for any 7, E.¢ > 0 = 7 € II. Now suppose ¢(z,y) + ¢(y,z) # 0
for some (z,y). Then, for 7 = %(5(14,) + %5(%1), E,¢ is either positive or negative.
Notice that we have 7" = 7 here. Then, the former case implies both w, 7" € ﬁ,
contradicting the definition of fI, while the latter implies both 7, 7" € II, contra-
dicting completeness. We conclude that ¢(x,y) + ¢(y,x) = 0 V(x,y). The opposite
direction is immediate. O

Here our proof makes use of a correlated lottery 7 = $0(s,) + 30(y2) and is
substantially simpler than the proof of skew symmetry in the SSB representation
of [Fishburn| (1982)) which only makes use of independent lotteries. As mentioned
earlier, the symmetric CEU representation shares a similar functional form with
Fishburn’s other utility model, CSEU (Fishburn, [1989)). We will elaborate on their

close connection in Section [l

4.3 Correlation Insensitivity and Expected Utility

To facilitate our characterization of classical EU in terms of correlation insensitivity,
we introduce some notions from optimal transport theory (OT). Recall that the
correlation insensitive preference relation > is defined as p > ¢ <= T'(p,q) < 11,
which is equivalent to minger(.q) 2., , (7, y)7(z,y) = 0. The Kantorovich| (1942)
duality delivers the following equation@ which will bridge CEU and EU:
min E, ¢ = max E,u —Egv.
e u(z)~(4)<0(a.9)

Hence, p > ¢ < MaXy(z)—v(y)<d(z.y) ]Epu — Eqv = 0.

Theorem 2 (Correlation Insensitivity and Expected Utility). For a correlation
preference 11, the following are equivalent:
(i) II admits a CEU representation and exhibits correlation insensitivity;
(ii) II admits a symmetric CEU representation and exhibits SML correlation in-
sensitivity;

(iii) IT admits a EU representation.

Points (i) and (ii) in Theorem [2|strengthen Lanzani’s Proposition 1 in two ways:

ZThe optimal (u,v) on the RHS satisfies vp,(y) = ming {d(z,y) + upg(z)},  upg(x) =

maxy {—¢(z,y) + vpe(y)}, and vpg(y) — upe(x) = ¢(x,y) V(z,y) € supp 7%, where 7* is any
optimal solution to the LHS.
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part (i) relaxes symmetry, while part (ii) limits the examination of correlation in-
sensitivity to SML. Both correlation insensitivity and SML correlation insensitivity
appear weaker than the classical notion of transitivity@ Indeed, correlation in-
sensitivity only concerns a pair of (p,q) without referring to a third lottery, while
SML correlation insensitivity only involves one lottery. While Theorem [2| shows
that correlation insensitivity does imply transitivity of CEU preference, this will
not be the case for correlation preferences satisfying a betweenness property being
developed in the next section. One would also see how transitivity alone appears a

more natural property for a rank-dependence correlation preference in Section [7}.2.

Theorems (1| and [2] together imply that it is impossible to have non-EU pref-
erences that satisfy correlation independence and are fully dictated by comparing
marginals. In other words, non-EU preferences such as SSB or WU, becomes in-
complete if we require, following the idea of [Fishburn| (1988) and Machina and
Schmeidler| (1992)), that a lottery be valued only according to its distribution.

It is apparent that (iii) implies (i) and (ii). Here we first sketch how (i) implies
(iii) by invoking the Kantorovich duality. For IT admitting CEU representation ¢,

consider the following minimax problem on a finite support X’ x X':

minmax o u(@)p(e) = 2 e)aw),
P w(@)—v(y) <o(ay) @ y

where P = {(p,q) : p > q}. By the equivalent definition, correlation insensitivity
and pointwise reflexivity implies the problem has value 0. By correlation indepen-
dence and correlation insensitivity, P is convex; moreover, it is compact by conti-
nuity. We can restrict the dual variables (u,v) to a bounded set due to properties
of the Kantorovich duality, so that it is also compact and convex. By minimax the-
orem, we can swap min and max; hence, 3(4, 0) such that a(x) —0(y) < ¢(x,y) and
>a(z)p(x) — D 0(y)q(y) = 0 holds for all (p,q) € P. Pointwise reflexivity then im-
plies © = @ through the dual constraint. Finally, we apply the Kantorovich duality
once again, but in the opposite direction, to show that > a(x)p(z) — > u(y)q(y) = 0
implies p > ¢. This completes the proof of (i) = (iii) on X’ x X’. Uniqueness of ¢
then guarantees the extension to the whole space.

Although we can apply a similar duality argument to show that (iii) follows

24Lanzani| (2022) proposes the following transitivity: for p,q,7 € AX and 7 € I'(p,q), 7’ €
I(¢,7),p =" qand ¢ =™ r = p > r. Under pointwise reflexivity and correlation independence, it
implies CI and hence the reduction from CEU to EU; we defer the details to Online Appendix @
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from (ii), we invoke a different one here that highlights the respective roles of SML
correlation insensitivity and skew-symmetry of ¢. Notice that the two together
imply Y ¢(x,y)m(x,y) = 0 for all 7 with SML (so that = € II). Then, we use
a perturbation argument to show that ¢ must have zero synergy in the sense of
Anderson and Smith| (2024), namely ¢(x1, y1)+ d(2, Yo ) — d(1, Yo ) — d(22, Y1) = OE
It follows that ¢ is additively separable and thus reduces to EU through skew-
symmetry. A similar argument also appears in Machina and Schmeidler| (1992)) due

to a private correspondence with Frank Gul.

As observed in subsection 2.3, Theorem [2| together with Theorem [I| can be seen
as providing an alternative proof of the Expected Utility Theorem@ Three versions
of linear duality play the main role in the establishment. Convexification and then
de-convexification are used to link the two theories through the separation theorem,
the Kantorovich duality, and the minimax theorem. This alternative route involves
the strategy of convexification in a way similar to the essence of extending Nash
Equilibrium to Correlated Equilibrium (Aumann, (1974). The idea resembles the
proof by [Hart and Schmeidler| (1989) on the existence of correlated equilibrium and

explicitly reveals the advantage of using preference sets.

The idea of convexification (without introducing correlation) relates to the proof
by [Fishburn! (1975, who makes use of the cone C' = Cone{p—q : p > ¢q}. A similar
technique also appears in [Dubra et al.| (2004) for an incomplete preference with
expected utility form. More recently, [Hara et al.| (2019)) axiomatize a coalitional ex-
pected multi-utility with the independence axiom, but not transitivity nor complete-
ness. One observation is that they use the three-lottery version of independence,
leading to a non-convex C' and subsequently a family of utility sets. We discuss in
Appendix a correlation multi-utility that extends the above ideas to correlation
preference where convexity is restored. This is akin to the benefit from adapting
the Samuelson| (1952) four-lottery independence axiom to arrive at our correlation
independence. Moreover, following |Cerreia-Vioglio et al.| (2015) who obtain a com-

plete multi-utility model via the negative certainty independence axiom introduced

25We discuss in Online Appendix [E| how OT helps identifying correlation sensitivity for CEU
through identifying extremal correlations, and more broadly, how OT relates to other strands of
literature such as matching, no-regret-learning, and information design.

26Under CI, we can induce a correlation preference IT> from an uncorrelated preference >. The
EU axioms (e.g., Mas-Colell et al.| (1995) ordering and independence would imply our assumptions
and correlation independence/correlation strong independence, while continuity implies correla-
tion continuity. Therefore, Theorem 1/Corollary 1 leads to a CEU representation and then EU is
given by Theorem 2.
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by (Dillenberger, [2010)), we discuss in Section a correlation extension of their

cautious expected utility and negative certainty independence.

4.4 Asymmetric CEU Preference

One may wonder whether SML correlation insensitivity in Theorem [2] suffices to
guarantee the reduction to EU without requiring symmetry. The example below

based on the ERD model shows that this is not the case.

Consider the ERD model with representation function proposed by [Lanzani
(2022): @EEP(z,y) = (A 1umy + lugy)(x — y), A > 1. It satisfies ¢pZFP(z,z) = 0,
but is not skew-symmetric when A > 1.

Recall that the function ¢P7P(x,y) is submodular. Then, when ¢ = p,
to minimize the OT primal, we should choose the perfectly positive corre-
lation 7wPerfet = 3 p(x)d(; .. This gives the primal objective value 0, ie.
MiNcerpp) 2, ¢(x, y)m(x,y) = 0, so the decision maker is in fact SML cor-
relation insensitive. In contrast, as long as p is not degenerate, we have
MaXrer(pp) 2, P(2,y)m(x,y) > 0 under a perfectly negative correlation. Then, for
q that shifts a small probability from the best outcome to the worst outcome of
p, we must have min ep(qy) > ¢(x, y)7(z,y) < 0 while max erqp) 2. 0(2, )7 (2, y)
remains positive. Thus, SML correlation insensitivity is strictly weaker than

correlation insensitivity when the correlation preference is not symmetric.

As it turns out, SML correlation insensitivity implies a generalized reference

dependence representation, which can be seen from our proof of Theorem

Definition 5 (Generalized ERD). The correlation preference 11 admits a general-
ized expectations-based reference dependence (generalized ERD) representation if it
can be represented by a ¢ in the form of ¢(x,y) = u(x) — u(y) + m(z,y), where
m(z,y) =0 Y(x,y), and m(z,z) = 0 V.

Proposition 1. For Il admitting an asymmetric CEU representation with ¢(z,x) =

0, the following are equivalent:

(i) II exhibits SML correlation insensitivity;

(ii) > has a generalized ERD representation.

For a non-skew-symmetric ¢, the corresponding preference set Il could either

be incomplete or violate strong independence. In his Example 3, Lanzani argues
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that ERD representation violates the latter: when perturbing slightly away from
a 7 € II by mixing with a 7’ € I1, the decision maker’s preference could remain
unchanged. This difference between the two independence axioms and their induced
representations is akin to that which is reflected in Fishburn’s SSB utility versus
Nakamura’s (1990) non-SSB utility; there, Nakamura also relaxes the constraint
on combining pairs of lotteries across strict preference and indifferent sets, thereby
resulting a non-skew-symmetric representation. He relates his utility model to a
generalized SSB utility with a threshold function, which bears some resemblance

with the m(x,y) term in our generalized ERD model.

Incompleteness may also arise from behavioral and psychological factors such
as inertia, status quo bias, and reference point effect.m One way to incorporate
reference point involving correlation is discussed in (Cerreia-Vioglio et al.| (2024)).
They propose a cautious utility model where the decision maker evaluates each
lottery p with respect to a stochastic reference given by a fixed lottery r which may
be correlated with p. The utility of p is the expectation of the utility of difference
between the realized and reference outcomes over the joint probability, giving rise

to a complete and transitive model.

5 Correlation Weighted Utility

As discussed in the Introduction, the CEU model maintaining linearity in the joint
density cannot account for the extended Allais paradox. This motivates the de-
velopment of non-CEU model here by formulating the correlation counterparts of
two weakenings of the independence axiom, namely betweenness (Section and
projective independence (Section [5.3)). The resulting axiomatizations of correlation

betweenness utility and correlation weighted utility are discussed in the sequel.

5.1 Correlation Betweenness

The statement of our correlation betweenness axiom below bears some resemblance

to the betweenness property in Chew (1989) requiring probability mixtures of a

2TConsider the ERD model with representation function: ¢FfP(z,y) = (A L~y + 1<) (z —
y), A > 1. One feature of the preference is that due to the submodularity of ¢FFP it involves
“too much” completeness in the sense that there exists m such that both 7= and #% € II. This
also reflects the effect of reference point. On the other hand, if we instead require A < 1, then
completeness no longer holds while strong independence remains satisfied.
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pair of indifferent lotteries to also be indifferent each of them. The resulting planar

indifference surfaces each divides AX into convex better-than and worse-than sets.

Axiom 4 (Correlation Betweenness). For any 7, 7" € A(X x X) such that m; = 7},
and o € (0,1),

(i) 7,7’ el = ar + (1 — a)n’ e II;

(i) Tell, 7’ eIl = ar + (1 — )7’ € II;

(iti) me MY, e 1= ar + (1 —a)r’ e I1.

For comparison, correlation independence implies that both IT and IT are convex
by strengthening the convexity on A, = {m € A(X x X) : m; = p} across different

marginals.

Definition 6 (Correlation Betweenness Utility). The correlation preference I1 ad-
mits a correlation betweenness utility (CBU) representation if for each p € AX,

there exists a continuous ¢, such that m € Il <= E ¢, =0, and 7 € I «—
E ¢ =0.

The CBU representation generalizes the following conditional linear utility
(CLU) representation due to [Fishburn| (1982): for each p € AX, there exists a
linear v, : AX — R such that p > ¢ (resp. ~) <= v,(q) <0 (resp. =). Our CBU
kernel is also sensitive to the row marginal p, while further allowing for correlation
sensitivity. The nontransitive CLU plays a key role in Fishburn’s (1982, Lemma 3)
proof of the SSB representation.

Theorem 3 (Axiomatization of CBU). A continuous correlation preference 11 sat-

1sfies correlation betweenness if and only if it admits a CBU representation.

The proof is similar to the one for Theorem (1] (details are provided in Appendix
with the separation argument now applied to the subdomain A, for each p € AX.
Each ¢, concerns only those m whose first marginals equal p. Viewed as a separating
hyperplane, it intersects the subspace (subset) A, at the indifference set, while it
is unconstrained in the direction orthogonal to this subspace. In the sequel, denote
Ap = UpePAp for P c AX.

We now demonstrate that a correlation insensitive CBU reduces, under transi-
tivity, to the class of betweenness utility due to Dekel (1986) and (Chew| (1989). To
see this, suppose now the decision maker is correlation insensitive. By applying a

duality argument similar to that in the proof of Theorem [2| we obtain the following
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result:

Proposition 2 (Conditional Linear Utility). For Il admitting a CBU representa-
tion, it is correlation insensitive and complete if and only if it admits a conditional

linear utility representation.

While correlation insensitivity implies transitivity for CEU by Theorem [2] this is
not the case for a CBU preference. In Appendix[B] we show that under completeness
and transitivity, if we assume there is a maximal lottery 7 and a minimal one r as
in Dekel (1986)) such that 7 > p > r for all p € A(X), then in a similar spirit as his
original calibration, one can construct BU through implicit utility function V' and

the auxiliary function u (from v,) defined as > u(z, V(p))p(z) = V(p).

Proposition 3. The correlation insensitive preference > admits a betweenness util-
ity representation if and only if it is complete, transitive and admits a conditional

linear utility representation.

From the two propositions, we arrive at the following.

Theorem 4 (Correlation Insensitivity and Betweenness Utility). For I admitting
a CBU representation, it is correlation insensitive, complete and transitive if and

only if it admits a betweenness utility representation.

5.2 Local Correlation (In-)Sensitivity

Assume that the outcome space X is finite with | X| = N. We first demonstrate how
the correlation completeness axiom suffices to guarantee a CWU representation for
a CBU preference on a correlation sensitive subdomain of A(X x X) through the

following definition of a local notion of correlation (in-)sensitivity.

Definition 7 (Local Strict Correlation Insensitivity). The decision maker is locally

strictly correlation insensitive on (p,q), if either T'(p,q) < Il or I'(p,q) < II.

With the above definition, we arrive at the following partition of AX x AX

consisting of three subsets:

(i) D! consists of all pairs (p, q) satisfying the above definition.
(ii) D includes all pairs (p, q) such that I'(p, ¢) € II.
(iii) D¥ consists of the rest at which the decision maker is locally correlation sen-

sitive.
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For a subset @ < AX x AX, we say there exists a generalized skew-symmetric
(GSS) representation {¢,} in Q if for every (p,q) € Q, Er¢, + E,r¢, = 0 for all
7 € I'(p, ¢). This generalizes the original notion of skew-symmetry where ¢, = ¢ for
all p e AX, which relates closely to correlation completeness in CEU. The proof of

the following proposition applies a theorem of the alternative.

Proposition 4 (Generalized Skew-Symmetry). For a correlation complete CBU

preference, it admits a generalized skew-symmetric representation in D% | D™,

We next introduce a partition of AX using the following equivalence result
between correlation insensitivity and SML correlation insensitivity, which is implied
by Corollary [2]in Appendix [B] This echoes a similar equivalence result obtained for
symmetric CEU preference in Theorem 2|

Proposition 5 (SML Correlation Insensitivity). For a correlation complete CBU

preference, correlation insensitivity is equivalent to SML correlation insensitivity.

By Proposition [5| we can partition AX = P! JPS, where P! consists of all
those p that are SML correlation insensitive and P of those being SML correlation
sensitive. We further decompose P! and P* into connected components. Notice
that by continuity, each p € P° has a neighbourhood that is also SML correlation
sensitive, and hence P® is open and so is each of its connected component. P! is

thus closed (and compact).

A key step in the overall axiomatization is to observe that correlation complete-
ness guarantees a CWU representation in a connected component of P where the

decision maker is nowhere SML insensitive.

Proposition 6 (Correlation Completeness and CWU Representation). Within a
connected component P° < P2, the CBU preference 11 is correlation complete if

and only if it admits a CWU representation.

The CWU representation, unique up to multiplication by a positive constant,
implies that indifference sets in each I'(p,q) are parallel if viewed as affine sub-
spaces. Proposition |§] parallels Fishburn’s (1982) Lemma 4, where he also derives
ratio consistency and hence projective independence directly from betweenness and
completeness for nontransitive triplets of marginalsF;g] Notice that our previous re-

sult assumes existence of correlation sensitivity, in the absence of which we cannot

28This is a direct application of Ceva’s Theorem in affine geometry.
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invoke generalized skew-symmetry to begin with. This also corresponds to the ne-
cessity of projective independence for SSB utility (Fishburn’s remaining proof) and
WU when preference is transitive. This observation helps elucidate the tension be-
tween transitivity and correlation sensitivity. In this regard, correlation sensitivity

appears to be driving nontransitive preference.

5.3 Correlation Projective Independence

Now we are ready to axiomatize the intended bilinear representation on the entire
domain. First, notice that if the decision maker admits a CWU representation
on a subdomain, then II satisfies a correlation counterpart of the (uncorrelated)
projective independence axiom (Chew et al.,1994), which requires that if p ~ g, p ~
¢, and there is an a € (0, 1) such that ap + (1 — a)p ~ ag + (1 — a)q, then for all
B e (0,1), Bp+ (1 —B)p ~ Bg+ (1 — B)q (see Figure |2 below). Together with
betweenness, it implies Fishburn’s SSB utility and further WU under transitivity
as previewed in Section [2.4]

Axiom 5 (Correlation Projective Independence). For any w, ' € II, if 3a € (0,1)

such that am + (1 — a)n’ € I, then Br + (1 — B)r' € I for all B € (0,1).

—
—

Left: With transitivity, for each p € {p,p’',pa}, each color represents an indifference l5 in a 2-
dimensional probability simplex of {r',72,73}. Projective independence implies once po and g,
are on a same indifference curve for one « € (0,1), then this applies for all a € (0,1), and hence
all l,, are projective.

Right: Each color represents a subdomain Az where solid line segments are the respective indif-
ference sets |; separating 1|5 and I|5. CPI implies that once 7, € 11|, for one a € (0,1), then

this applies for all other o, and hence the black line segment is in the indifference set II.

Figure 2: Projective independence and its correlation counterpart.
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We next show that correlation projective independence (illustrated also in Figure
2)) specifies a uniform CWU representation across different connected components

PS5 < P®, and further dictates the bilinear representation on the entire domain.

Assumption 1. For any point p € P, there exists a sequence in the interior of P!

that converges to p.

The above regularity assumption requires P’ to equal the closure of its interior

intP! @ Specifically, if P! is non-empty, then so is its interior.

Proposition 7. Under Assumption (1|, if the CBU preference 11 satisfies correla-
tion completeness and correlation projective independence, then it admits a CWU

representation on P° and an SSB utility representation on PI.

The dichotomous representation is obviously necessary and sufficient for the
axioms within each subdomain. When comparing two marginals from different
subdomains, correlation completeness further requires the following cross-domain
completeness: for  with 7 € P¥ and 7y € PL, ¢p-m+4p(my, 1) > 0= V (1, m) < 0,
and similarly ¢ - m + ¥(m,m) < (resp. =)0 = V(ma,m) > (resp. =)0. Observe
that in those cases, the 1 term locally dominates the ¢ term, so that the overall

preference appears locally insensitive at (my, ms).

Theorem 5. Under Assumption |1, the correlation preference 11 satisfies correla-
tion betweenness, correlation completeness and correlation projective independence
if and only if it admits a CWU representation (¢,v) on P° and an SSB utility

representation V. on P!, that satisfy cross-domain completeness.

One may have noticed the seeming discontinuity in representation across the
boundary of two subdomains. If we forgo bilinearity and allow for a re-scaling on
¢p = ¢ + 1, then we can smoothly paste the two representation at each 7 on the
boundary as V(¢ - 7 + (w1, ™)) = V (71, m2), with the weight A\, being continuous
in m and positive as required by correlation completeness across domains. We then
continuously extend 7, to the whole domain to obtain a global continuous U(7)

representation.

When the decision maker is correlation insensitive, a CWU representation re-
duces to SSB utility, and further to WU under transitivity given that (uncorrelated)

projective independence is satisfied. This can also be viewed as the limit of a se-

29Both relative to the affine subspace of the joint densities.
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quence of CWU in which the CEU kernels ¢ converging to a null kernel ¢ = 0.
Specifically, an SSB utility can be viewed as a correlation insensitive preference II
satisfying correlation completeness, correlation betweenness and correlation projec-

tive independence.

Proposition 8 (SSB Utility and Weighted Utility). For a correlation preference 11
that admits a CWU representation on A(X x X), it satisfies correlation insensitivity
if and only if it admits an SSB representation. It is further transitive if and only if

it admits a WU representation.

When developing his CSEU, [Fishburn| (1989) states that “SSB theory is both a
parent and a child of” CSEU as, in particular, the skew-symmetric representation
of SSB utility “emerges as the specialization” of the CSEU representation “for
pairs of stochastically independent acts”. Subsequently, |[Lanzani (2022) points out
that a CEU model “coincides” with the SSB utility model “when restricted to the
comparison between independent lotteries”, and writes, “Theorem 1 provides an
alternative set of axioms for the SSB model”. From the perspective of shrinking
the domain to the set of independent joint densities, strong independence is not
applicable since a convex combination of two arbitrary independent joint densities
may not be independent. Instead, should we wish to apply strong independence
to the whole simplex A(X x X)), we would need to impose correlation insensitivity
so that the “restriction” is well defined. In this regard, our Theorem [2| earlier
establishes that a correlation insensitive CEU model, without invoking transitivity,
reduces to EU, not SSB utility. Moreover, we show that any SSB model can be

recast as a correlation insensitive CWU model and vice versa.

6 Correlation Preference in a Savagean Setting

As illustrated in Figure |3 below, there are two directions of research following Sav-
age (1954 — S54). The direction on the left, initiated in Fishburn (1989 — F89),
drops transitivity while maintaining Postulate 2 (P2). This leads to a character-
ization of a skew-symmetric additive representation which we label as correlation
subjective expected utility (CSEU). On the right is the better known (transitive)
probabilistic sophistication (TPS) direction, originating with Machina-Schmeidler
(1992 — MS92), which maintains transitivity without imposing P2. Subsuming
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both directions of generalizing S54 is the present paper (CCZ24).

Figure 3: Parallelisms involving P2 and correlation sensitivity

Fishburn (1988. p.27) posits a decision making principle based on the following

example of the two choice situations below:

SI: A fair coin is to be flipped. Under ay, you win $1,000 if a head appears and get
$0 if a tail appears; under as you win $1,200 if a head appears and lose $80 if a tail
appears.

SII: Two fair coins are to be flipped. Under ay you win 31,000 if the first coin lands
heads and get $0 otherwise; under as you win $1,200 if the second coin lands tails

and lose $80 otherwise.

Fishburn then states the following decision making principle which is in essence
equivalent to TPS (MS92, p.747) which is shared by SEU in S54.

Distribution Reduction (DR). Lotteries which reduce to the same probability dis-

tributions are valued the same.

Under DR, choice behavior in the two situations — interdependent SI and inde-
pendent SII — ought to be the same. In other words, how probabilities in different
alternatives arise does not affect choice behavior. Suggesting that this implica-
tion does not accord well with intuition, Fishburn proceeds to axiomatize CSEU
which is suggestive of an extension of DR principle in terms of requiring the prefer-
ence between pairs of lotteries to remain the same when they arise from the same

joint density. Observe that in the absence of correlation sensitivity, CPS reduces
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to correlation-insensitive PS as exemplified by SSB, which further reduces to WU
under transitivity (Fishburn, 1983), exemplifying TPS.

6.1 Correlation Probabilistic Sophistication

We are ready to extend TPS to CPS by adapting Chew and Sagi’s (2006) character-
ization of TPS which does not rely on continuity nor monotonicity of the preference
ordering. Formally, S and X refer to the sets of states and outcomes. The set of
acts F' — X consists of mappings from states to a finite subset of outcomes. For a
preference relation on F', we abuse the notation and let IT be the set of acts (f,g)
such that the decision maker weakly prefers f over g. Notice that II plays a similar
role as the preference set Il in the preceding exposition of correlation preference
in a risk setting. As before, we also write f > g for (f,g) € II when there is no

confusion in notation.

Definition 8 (Correlation Probabilistic Sophistication). The decision maker ex-
hibits correlation probabilistic sophistication if there exists a probability measure p
on ¥ such that for any two pairs of acts (f,g) and (f',¢') inducing the same joint
density under p, f > g < f' >4

The decision maker is said to exhibit CPS with respect to p if such a p exists.

We offer the following definition as the correlation counterpart to event ex-
changeability in (Chew and Sagi (2006). For outcomes z,z’ € X, acts f € F, and
disjoint events E, E' < S, let x B2’ E’ f denote the act giving outcomes z, 2’ on event

E, E' respectively, and identical to f on the rest.

Definition 9 (Correlation Event Exchangeability). Disjoint events E and E' are
correlation exchangeable, denoted E ~ F', if tEx'E'f > yEy' E'g < 2'ExE'f >
yEyE'qg for all z,y,2',y € X and acts f,g.

Like its non-correlated counterpart, correlation exchangeability can be viewed
as a notion of equal likelihood: if £ ~ E’, the decision maker does not change her
preference over f and g if the outcomes on E and E’ are swapped. This yields the
definition of correlation comparative likelihood > and the corresponding statements
of the three axioms in (Chew and Sagi (2006): (C) Completeness of >, (A) Event
Archimedean Property, and (N) Event Nonsatiation, in the same ways as defined
by |Chew and Sagi (2006]).
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Definition 10 (Correlation Comparative Likelihood). For any events B, E', E =¢
E' whenever there exists a sub-event e ¢ E\E' such that e ~ E'\E.

Like correlation exchangeability, > represents an at-least-as-likely relation.

Axiom 6. Azioms C, A, and N of Chew and Sagi (20006)):
e Completeness (C): given any disjoint pair of events E and E', either E > E'
or ' > E.
o Fwvent Archimedean Property (A): any sequence of pairwise disjoint and non-
null events {e;};—o such that e; ~ e; 1 for every i is necessarily finite.
e FEvent Non-satiation (N): for any pairwise disjoint E, E', A, if E ~ E' and A

is non-null, then there exists no sub-event e ¢ E' such that e ~ E J A.

Adapting the Chew-Sagi proof slightly, we arrive at the following.

Theorem 6 (Characterization of CPS). Azioms C, A, and N are satisfied if and
only if (i) there exists a unique, solvable, and finitely additive agreeing probability
measure p for =, (ii) any two events have the same measure if and only if they
are correlation exchangeable, and (iii) the decision maker exhibits CPS with respect

to .

We omit the proof which is straightforward and somewhat repetitious. Com-
pared with the original proof, notice that equivalence relation in Definition [§|delivers
the role of transitive indifference played by Chew and Sagi| (2006)) in the derivation

of an agreeing probability measure.

Bikhchandani and Segal| (2011) study a special form of CPS called regret-based
preference which conforms to Pﬂ For acts f, g on a probability space S, let 7[ f, g|
be the induced joint density, and R[f, g] be the distribution of ¥(f(s), g(s)) where
¥(x,y) is the regret or rejoicing about x over y. The preference is regret-based
if (f,g) eIl < (f',¢') € Il whenever R[f,g] = R[f',¢']. This requirement
is stronger than CPS where the condition applies only to (f,g) and (f’,¢’) when
7[f,g] = 7[f’,¢']. They show that a regret-based preference is transitive if and only
if it reduces to EU. As it turns out, the proof of Proposition 1 in [Bikhchandani and
Segal (2011) can be modified (see Online Appendix to show, as stated below,

that CPS and TPS are equivalent under transitivity for any correlation-complete

30P2 requires fEg > f'Ag = fEg > f'Eg for acts f,g and event E.
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preference in the Savagean setting.ﬂ

Proposition 9 (CPS and TPS). If a correlation-complete preference satisfying CPS

1s transitive, then it satisfies TPS.

The above proposition shows that imposing transitivity would obliterate any
influence of correlation in binary choice. Notice that correlation insensitivity serves
an intermediate role between CPS and TPS as reflected in the relation between
SSB and WU illustrated in Figure [l Under CPS, Lanzani’s (2022) symmetric
CEU in the risk setting is traceable to F89 in a Savagean framework. In this re-
gard, Fishburn imposes an axiom S1*, a precursor to Lanzani’s (2022) correlation
strong independence, which he views as being complementary to P2. (The relevant
definitions and statements are formally stated in Online Appendix ) Notwith-
standing the key role of completeness in F89, Fishburn’s arguments do not extend
to general, non-symmetric CEU. As our CPS axiomatization does not rely on P2,
we can perform a similar exercise to arrive successively at CBU and CWU in the
Savagean setting by applying correlation betweenness followed by adding correlation

projective independence@

6.2 Small Worlds

Under the Savagean perspective in which all uncertainties arise from a single grand
world, the decision maker always faces correlated lotteries. Yet, this does not matter
given the maintained assumption of transitivity of the preference ordering. Our
development of CPS reveals how requiring a single grand world may constitute an
undue limitation in modeling choice under risk and uncertainty. This leads naturally
to the need to explore the implications of having multiple sources of uncertainty
following the axiomatization of small worlds PS in |Chew and Sagi| (2008). Building
on the approach taken in the preceding subsection, we can adapt the definition of
correlation event exchangeability to the small worlds setting. This yields a definition
of small worlds correlation comparative likelihood on which to apply the axioms of
Completeness, Archimedean, and Non-satiation. This process can then deliver a

context dependent CPS in which the decision maker possesses varying degrees of

31(Correlation-)completeness is also required for the proof of Bikhchandani and Segal’s Propo-
sition 1; see errata to original paper (Chang and Liu, [2024]).
32We can mechanically translate the axioms in the risk setting back to those in the Savagean

setting, just as the translation for CEU and CSEU in the online appendix.
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correlation sensitivity, ranging from being transitive and fully correlation insensitive
to being SML correlation sensitive depending on the small world associated with

the specific choice situation.

In the experimental literature, several papers{ig] provide empirical support for
the incidence of source preference including, in particular, familiarity bias which
relates to the decision maker’s identification with the source of uncertainty when
evaluating a choice situation. As pointed out in [Simon| (1947)), a sense of identity
often arises from loyalty and identification with groups and organizations. In this
sense, people generally possess multiple identities through memberships in different
groups, e.g, family, nationality, jobs, and clubs relating to schools and hobbies.
Like small worlds PS and in contrast with CPS, small worlds CPS points to the
possibility of the decision maker exhibiting distinct correlation preference depending

on how she may identify with the small world underpinning the choice context.

Small worlds CPS may give rise to a fresh perspective to account for the eq-
uity home bias puzzle (French and Poterbal [1991)) and its variants based solely on
domestic US equity markets (Coval and Moskowitz, (1999; [Hubermanl, 2001)). Such
considerations may also apply to the differentiation between investment and insur-
ance, discussed in Armantier et al. (2023)), exemplifying a more general reference-
dependent differentiation across gain- versus loss-oriented choice situations. Finally,
it seems that labor and matching markets could provide a rich source of small worlds
CPS given the inherent heterogeneity in how diverse individuals may relate to jobs

and other occupational arrangements taking up large portions of their daily lives.

6.3 Correlation Ambiguity

Recently, [Epstein and Halevy (2019) bring in correlation sensitivity to the study
of ambiguity attitude in the setting of two-urn Ellsberg problem. By incorporating
choice comparisons from simultaneous draws from both urns, they find an incre-
mental aversion towards correlation ambiguity. Given their focus on inconsistency
between correlation ambiguity and PS under transitivity, there is value of a more
general investigation of correlation ambiguity building on the CPS approach taken
in the present paper. As an example, consider the following thought experiment in
their Section 2.

33See (Chew et al.| (2008), |Abdellaoui et al.| (2011), Armantier and Treich| (2016), [Chew et al.
(2023), among others.
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There are two urns numbered 1 and 2. Each urn contains two balls, each of
which is either red or black; there is no more additional information about the
compositions. One ball is to be drawn from each urn simultaneously, and thus
the set of possible outcomes is S = {RBs, B1 Ry, R1 Ry, B1By}. Before the balls
are drawn, an individual chooses between a pair of bets on the colours of the two
balls, each giving a same prize x if being true: for instance, bet Same corresponds
to the event of balls being in the same color, {R; Ry, BB}, and similarly Diff
for balls being different colors; bet R; denotes the event of urn 1 ball being red,
{R1Rs, R1 By}, and similarly B; denotes the opposite.

Consider the following choice pattern: R; > Same, and By > Diff. As argued
by [Epstein and Halevy| (2019)), there exists no measure P on S such that P(R;) >
P(Same), P(By) > P(Diff), while maintaining P(R;) + P(B;) = 1 = P(Same) +
P(Diff). They then resolve this paradox by assuming that the decision maker is
averse to the ambiguity in the possible correlation between the ball compositions
of two urns: bets Ry and Bj involves one urn, while Same and Diff both involves

two urns simultaneously.

Such paradox also exists for correlation preference when there is a single grand
world. Suppose the decision maker attaches the following joint probability to the
bet pairsP? Then, preferences R, > Same and B, > Diff is equivalent to both
joint densities m and 7" € f[, which contradicts the definition of strict preference
itself. On the other hand, the paradox can be resolved if we extend the framework
to allow for one correlation-insensitive small world for one-urn bets R; and B, and

another correlation-sensitive small world for two-urn bets Same and Diff.

Same Diff
Ry | m(z,z) | m(x,0)
By | m(0,x) | w(0,0)

Table 10: Joint probability for comparing bets R; and Same.

34This can be translated into the joint density of ball composition of two urns. For instance,
m(x,x) = Prob(R1Rz),m(x,0) = Prob(RyBs), etc.
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7 Discussions

7.1 Inertia

Recall that Section [.4] links asymmetric CEU preference to the idea of inertia.
Here, we consider another approach to model inertia through a non-CEU correlation
utility. As an example, consider the following multi-linear representation based on

weakening of correlation independence ]

Definition 11. The correlation preference 11 admits a correlated multi-utility rep-

resentation if there exists a closed family {¢ : ¢ € ®} , such that

rTell — ére% Z o(z,y)m(x,y) = 0.
(z,y)esupp =

The family ® correspond to the indecisiveness of the decision maker (Dubra
et al., 2004) in the sense that she compares each correlated pair with multiple ¢,
and the determining ¢ may be different at different 7. For such a preference, let
Us(m) = infgen X, yycsupp » @(@, y)T(2,y). Preferences with a correlation multi-

utility representation are characterized by the following convexity axiom.
Correlation Convexity. For any 7,7’ € [l and o € (0,1), am + (1 — a)n’ € IL.

Observe that a correlation preference is correlation convex if U is quasi-concave.
By an immediate supporting hyperplane argument, a correlated multi-utility rep-

resentation is characterized by correlation convexity.

Proposition 10. A continuous correlation preference 11 satisfies correlation con-

veity if and only if it admits a correlated multi-utility representation.

One family ® corresponds to the family of supporting hyperplanes underpinning
the convex II. Compared with our asymmetric CEU where inertia also plays a role,

here the modeling of inertia is through a non-CEU representationﬂ

The correlation multi-utility model naturally links to the original expected multi-

35While we could consider a similar extension based on weakening correlation betweenness, we
do not pursue this direction here.

36 As an example, if U satisfies the two spherical properties in (Chambers and Echenique; (2020),
then U is quadratic (in m) with a positive semi-definite quadratic term ) and linear part ¢:
U(r) = Q(n) + ¢ - m. Like our CEU, here we can view U(w) — U(n’) as “second-order” utility
difference. For intuition, compared with our CEU model, the extra quadratic term () represents
the decision maker’s deviation from a linear utility preference. Since @ is positive semi-definite, it
always “favors” the row marginal 7y; if we view row marginal as the status quo, then this captures
the inertia of the decision maker.
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utility representation by Dubra et al.| (2004)).

Definition 12. The correlation preference 11 admits an expected multi-utility rep-
resentation if there exists a closed family {ug : ¢ € ®} , such that m € Il —

inf¢€¢>u¢-wl — Ugp - T2 = 0.

If we can normalize ¢(z,x) = 0, then correlation insensitivity leads to expected

multi-utility through a similar OT argument as in Theorem [2]

Proposition 11. For Il that admits a correlated multi-utility representation with
¢z, x) =0 Vo e O, it is correlation insensitive if and only if it admits an expected

multi-utility representation.

As |Cerreia-Vioglio et al.| (2015) extend expected multi-utility utility to a com-
plete and transitive cautious expected utility, one may consider extending their nega-
tive certainty independence axiom—if p > J,, then ap+(1—a)q > ad,+(1—a)g, for
any other lottery ¢—into a correlation setting: 7, 7’ € Il implies a7 + (1 —a)7’ € I1
for any 7 with degenerate column marginal and any #’. It follows that such par-
tially degenerate 7’s are part of the domain of II exhibiting correlation indepen-
dence. On the flip side, one candidate for a counterpart of cautious expected utility
could likewise be obtained by restricting the family ® in a correlation multi-utility
representation to those consistent with the preference on the correlation indepen-
dence domain. Specifically, such a preference is correlation complete if Ug(mw) > 0
= Us(m") < 0.

Besides Bikhchandani and Segal| (2011) and correlation dual utility above, an-
other form of CPS is offered in Chew, Wang, and Zhong’s (2024) attention theory
(AT) model of attention induced correlation preference which encompasses RT as
well as ST but does not belong to CEU. The AT specification takes the form of
a weighted utility representation bearing some resemblance to CBU, but does not
belong to that class.ﬂ This leaves open the question of identifying its characteristic

property and the corresponding axiomatization.

37For an AT preference, there exists a outcome utility v : X — R and a bivariate atten-
tion function function o : X x X — Ry such that 7 € I <= E,¢, = 0, where ¢, =

Ex[a(y, z)]a(z,y)v(z) — Ex[a(z, y)]aly, ©)v(y).
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7.2 Rank Dependence

We propose a correlation-sensitive extension of Yaari’s (1987) dual utility repre-
sentation, who axiomatizes a rank-dependent utility linear in monetary outcome.
Following his notation, we now consider the monetary outcome space X = [0, 1]

and define the following.

For a marginal lottery p, associate it with a random variable ¢ and let G, :
[0,1] — [0,1] be its de-cumulative distribution function (DDF) with G,(x) =
Prob {t > z}. A DDF G, is decreasing and right-continuous with G,(1) = 0.
It serves as a role of ranking: the larger outcome x is ranked “higher” by a smaller
DDF value. Define the generalized inverse G' as G (u) = min{z : Gy(z) < u}.
Such a quantile function reflects the idea of re-ranking of the outcomes by associ-

ating each rank u with the corresponding outcome z = G, *(u).

By Sklar’s theorem (see, e.g., Nelsenl (2006))), any bivariate joint probability dis-
tribution F' on X x X can be decomposed into F(z,y) = C(Fi(z), Fx(y)), where
F, F5 are the marginals and C': [0, 1] — [0, 1] is a copula representing the correla-
tion between the two random variables associated with F. Let C be the set of all
copulas. For a joint density 7, we can thus identify it with a triplet (C, G, Gr,)-
The representation v below resembles the bivariate utility ¢ in CEU.

Definition 13 (Correlation Dual Utility). The family {1/“}cec is a correlation
dual utility representation if each ¥° is continuous and increasing, and for all T,
rell e 8[0,1]2 VO (G (), Gy (y))dady = 0.

Intuitively, a CDU decision maker first singles out the correlation C,, and
applies the corresponding utility function %“* to evaluate the two marginal
quantiles/rankings G, (+), G, () at each outcome level x. If the decision maker is
correlation-insensitive, the above turns into another SSB utility form: 7 e Il <
S[OJ]Q ¥(p, q)dG;(p)dG;}(q) = 0, where the bilinearity is now in terms of marginal
ranks (quantiles). Imposing transitivity, one may arrive at a rank-dependent
weighted utility a la|Chew and Epstein| (1989).

When each 1 is separabld™} i.e. 1 (r,s) = fO(r) — f(s), the correlation
dual utility preference is represented by 7 € 1[I <« 8[0,1] [ (Gr,(z))dz =

S[o,l] (G, (y))dy, which satisfies the following correlation dual independence:

38We formulate a specialization of ¥ in Online Appendix |§| that reduces to Yaari’s formula
given correlation insensitivity through applying Kantorovich duality as in CEU arguments.
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Property (Correlation Dual Independence). If m, 7’ € Il and C = Crv = C, then
for any « € (0,1), the joint density © corresponding to the triplet (C,G¢,GS) is
also in 11, where (G¢)™ = aG; ' + (1 — )G fori=1,2.

Fixing a copula C', it is natural to examine transitivity for marginals under this
specific correlation given the above separability in utility. On the other hand, when
the decision maker is correlation insensitive, the axiom is simplified into Yaari’s
original dual independence axiom, which he shows being equivalent to comonotonic
independence of random variables (Schmeidler, 1989). The representation reduces
correspondingly to his dual wutility representation, i.e. there exists f such that

f¢ = f for every C belonging to C.

7.3 Social Preference

There is a rich literature concerned with social and risk preference.[g_g] For example,
bringing together the theories of individual choice with risk and allocation inequal-
ity measurement, (Chew and Sagi (2012) take into account the correlations across
individuals and axiomatize a social preference for both ex-ante and ex-post fairness.
Their social choice function takes a rank-dependent form, addressing the inequal-
ity concerns. Now, if we consider the income distribution/wealth allocation as a
consequence of policy choice and economic state with uncertainty, then the differ-
ent resulting outcomes must be correlated and the society or the social planner is

effectively facing a correlated choice problem ]

Given such understanding, we revisit the correlation rank-dependent preference
f¢ discussed in the previous subsection. The correlation utility function f¢ takes
as argument a ranking over wealth/income after detaching it from the correlation
C. It is now natural to examine the preference for different correlations when the
marginal rankings are fixed. For example, if f¢ is linear in C, then it further

satisfies the following.

Property (Dual Strong Independence). If w, 7’ € Il and 7; = 7, for i = 1,2, then
for any a € (0, 1), the joint density 7 corresponding to the triplet (C*, G, Gr,) is

39Gee e.g., Fleurbaey| (2010); [Fleurbaey and Zuber| (2017); \Gajdos and Maurin| (2004); |Grant
et al.| (2012)); |Saito| (2013); Miao and Zhong| (2018)).

“*YRecently, |[Zhou| (2024) studies a social preference model over rankings that allows for non-
transitivity. She introduces an idea of blame and gratitude revised from RT, which will naturally
involve correlation when randomization over rankings is allowed.
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also in 11, where C* = aCy + (1 — a)Chs

It would be interesting to incorporate correlation and social preference into the
study of game theory and mechanism design. For example, |Rubinstein and Salant
(2016)) report evidence of individuals positively correlating her belief over others
with her own action in a two-player game, a term they coined as self-similarity. On
the other hand, designing mechanisms for agents with social preference in the sense

of |(Chew and Sagi| (2012) could bring about fresh challenge on social related issues.

7.4 Social Choice

As mentioned in the Introduction, SSB utility has been applied to the study of social
choice theory for intransitive preferences. Recently, in seeking to resolve Arrow’s
impossibility, [Brandl and Brandt (2020) investigate the maximal SSB preference
domain in which there exists an Arrovian social welfare function (SWF) that ag-
gregates individual preferences into social preference. They further show that the
Arrovian SWF on that domain must be affine utilitarian, thus recovering Harsanyi’s
aggregation theorem (Harsanyi, [1955)) though with an additional axiom of indepen-
dence of irrelevant alternatives (IIA). Prior to that, [Fishburn and Gehrlein (1987)
and [Turunen-Red and Weymark (1999)) also attempt to restore Harsanyi’s aggrega-
tion theorem in the domain of SSB preferences; however, as noted by |Brandl and
Brandt| (2020), the results suggest that aggregating SSB utility functions is “fun-
damentally different” from the exercise for EU functions. None of these attempts
incorporate correlation preference into the binary choice framework, even transitiv-
ity is dispensed with at the very beginning. Noticeably, [Turunen-Red and Weymark
(1999) converify the domain of independent lottery pairs into the space of all joint
densities between marginals, but still attach a cardinal interpretation to the utility
on joint densities so as to apply the result of De Meyer and Mongin (1995) who

strengthen Harsanyi’s result by virtue of convex structure.

It will also be interesting to revisit classical aggregation results in social choice
theory with correlation preferences. For example, in the symmetric CEU domain, we
expect Harsanyi’s aggregation theorem to hold via applying the duality argument of
Turunen-Red and Weymark (1999) but similar techniques would not be applicable
to asymmetric CEU or CWU. Likewise, we may also study Arrovian aggregation of

nontransitive preferences d la |[Brandl and Brandt| (2020) in the CEU/CWU domain.
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Such investigation would be a rich avenue for future research.
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Appendices

For notational ease, we write ¢ - 7 for ;¢ when convenient.

A Proofs for Section {4

Proof of Theorem [ (iii) = (i) and (ii) is easy to see.

(i) = (iii): Let P = {(p, q) : p > ¢}. For simplicity, we fix a finite subset X' < X
with | X’| = n, and restrict attention to I1|x/«x and A(X’" x X’). It is sufficient to
prove the result on this restricted set as an extension to the whole X is guaranteed
by uniqueness of ¢.

Clearly the feasible set of (u,v) is convex. By standard cyclic monotonicity
argument in Kantorovich dualityE], we can further restrict the (u,v) in the dual
constraint to a bounded set UV < R2¥X'l. Now, P and UV are both convex and

compact, and f((p, q), (u,v)) = u-p—wv-q is linear in both of them. By the standard

41For instance, by Kantorovich duality theorem, the dual constraint holds as an equality almost
surely for any optimal dual solution. Since the support is finite, we can always normalize the
optimal dual solutions to a bounded set based on the given ¢.
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minimax theorem in the Euclidean space, we have the following

= s S = = S
The LHS is non-negative by definition, and hence so is the RHS. This means 3(1, )
such that u(x) —0(y) < ¢(x,y) and @ -p — v - ¢ = 0 holds Y(p, q) € P.

By setting y = x in the dual constraints, we have 4(z) < o(z) Vo € X’'. But
at the same time, d(,,) € II and therefore, 4(x) — v(z) > 0, so that it must be
O(x) = u(x) Vo € X'. Let u*(z) = u(x).

Now, if p, ¢ are such that u* - p > u* - ¢, then max(,evvu-p—1v-q = 0. By
Kantorovich duality, we know that for all 7 € I'(p, q), ¢-7 = 0, so p > ¢q. Therefore,
p>q < u*-p=u* q It then suffices to set ¢V (z,y) = u*(z) — u*(y) to
represent II.

(ii) = (iii): We can also use a similar OT proof here. However, the following

alternative proof demonstrates the power of symmetry.

Suppose that ¢ is not a EU representation. Then, ¢ is not modular, meaning
that there exist x1 < x2,71 < yo such that the cross-difference s(x1,x2,y1,y2) =
O(x1, 1) + d(x2, y2) — d(x1, y2) — ¢(x2, Y1) is not zero. (Otherwise, for any fixed pair
(i, 25), ¢(zi,y) — P(x;,y) is constant over y, so we can write ¢(z,y) as v(y) —u(x),
and then ¢(x,z) = 0 implies u = v.)

Now, we pick a p e AX with x1, 29,91,y in its support, and any 7 € ['(p, p). If
> o(x,y)m(x,y) > 0, then its transpose 7™ € T'(p, p) while > ¢(z, y)7n" (z,y) < 0 due
to skew-symmetry. This means that (p,p) violates SML correlation insensitivity.
If it happens that Y] ¢(z, y)m(z,y) = 0, then we can perturb 7 on the rectangle of
the four points (z;,y;), 4,7 = 1,2, so that the perturbed 7’ is still in I'(p, p) while
2. (@, y)n'(z,y) > 0. For example, suppose s(1, T2, Y1, Y2) = ¢(T1, Y1) + ¢(22, Y2) —
d(r1,y2) — ¢(x9,11) > 0. Let ' € T'(p,p) be the correlation identical to 7 on all
points but the four above, and 7'(x;, y;) = 7(zi, v:) + €, 7' (2, y—i) = (i, y—;) — €,

i=1,2. Then ¢ - 7' = ¢ -7 +es(xy, T2, y1,y2) = €s(x1, T2, Y1,y2) > 0. ]

B Proofs for Section [5

Proof of Theorem[5 (CBU). For each p € AX, define II|, = {r € I : m; = p}, and
I, f[|p, 1:[|p correspondingly. We assume that both II|, and f[\p are non-empty as
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the rest of the cases are straightforward. Using a similar separation argument as
in Theorem [T} we can find a ¢, # 0 so that for m € A,, 1 € Il = ¢, -7 > 0, and
7T€1:I:>¢p'7'('<0. Equivalently, ¢, - m > 0 = 7 e II, and¢p-ﬂ<():7ref[.

Now, as in Corollary rell = ¢p-m = 0 as otherwise, we can find some 7’ € IT
and a convex combination 7 of 7 and 7/, which should be in II by betweenness but
¢p - " > 0. Soqﬁp'ﬂ>0:>7reﬂ.

Since ¢, # 0, we can assume without losing generality that 37* such that
¢p-m > 0. Then 7 € 1= ¢p - m < 0. (Otherwise, by continuity, there is a
combination 7** of m and 7* in II, but this contradicts ¢, - 7** > 0.) This means

rell ¢p-m <0 and hence, €Il < ¢, 7= 0.

~

Finally, ¢, -m = 0 = 7 € II as otherwise, 7 € II, so continuity implies the
existence of a combination with some 7¢ € IT that is in IT, but this clearly contradicts
¢p - (am + (1 — a)7€) < 0. This gives ¢, -7 = 0 <= 7 € II and completes the
proof. O]

Proof of Proposition @ (CLU). By applying a duality argument similar to the proof
of Theorem [2| we have for every p,

0 < mi -
g, %, 2, u@ple) = 2, vaw

— a 1 o :
(w)eDV o pzg o u()p() Zy]v(y)q(y)

and hence the existence of dual @,, 7, € R* such that @, - p—10,-¢ >0 < p>q.
Let v,(-) = =@, - p + 0,(+), and assuming completeness on >, then p > (resp. ~) if

and only if v, - ¢ < 0 (resp. =). O

Proof of Proposition[3 (CBU, CLU, and BU). Under transitivity, for any p ~ p/
and ¢ € AX, v, ¢ < 0 (resp. =,>) <= vy -q < 0 (resp. =,>). Conse-
quently, for any indifference set H, € AX and a € [0, 1] such that H, [ \[F,r] := rq
=ar + (1 —a)r, let V(p) := a and u(x,a) := v, (r) + « for all p € H,. By
continuity and transitivity, such u and V' are both well defined for X x [0, 1] and
AX respectively. Then, u and V satisfy the betweenness utility equation in [Dekel
(1986): >, u(z,V(p))p(z) = V(p).

Now, for p ~ 1o, >, u(z, B)p(z) < B (resp. =, <) if > « (resp. =, <). This is
because, by construction, > u(x, B)p(x) = X, vrs(2)p(z) + X, ap(z) = vy -p+a
where Hg(\[F,r] = rg. This shows the uniqueness of solution V(p) for a given p.
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One can easily verify the uniqueness of v up to a positive affine transformation,
continuity of u in the second argument, and monotonicity of V(Aq + (1 — A)¢’) in
A. Thus, we effectively construct the implicit utility V' from the conditional linear
representation v,. The opposite direction is immediate. O

For our analysis of CWU, let t* € RV*N ke {1,2,..., N} be the vector with
the (zy,-) entries equal to 1 with the other entries being 0; t* describes the row
marginal constraints m; = p with t* - 7 = p*. Similarly define t* ¢ R¥*¥ for the

column marginal constraints.

Proof of Proposition[f (GSS). The statement is trivially true for (p,q) € D™ as
¢p T =, 7" = 0. For a fixed pair (p,q) € D, we proceed in two steps.
Step 1. A theorem of the alternative.

Observe that completeness <= the following system: ¢, -7 > 0, ¢, - 7" = 0,
m(x,y) = 0, Zyﬂ(x,y) = p(x), >, m(x,y) = q(y) being infeasible. By a theorem
of the alternative proved by [Ball (2023)), this is equivalent to the feasibility of its

alternative:

_a¢P(x7y) - b¢¢]<y7 ':C) + C<$> + d(y) = OJ
c-p+d-qg<0, a,b=>0,
0

c-p+d-qg<0, ora>

For (p,q) € D%, we can find a full-support = € T'(p,q) such that Gp-m =10 =
bq - 7TT.|ﬂ Multiply by 7(z,y) the first line of the alternative and sum across (zx,y),
c-p+d-q>=0. Given the second line in the alternative, this means c-p+d-q =0,
and —a¢,(z,y) — bo,(y,x) + c¢(x) + d(y) = 0 for all (x,y). The former then implies
a > 0 through the third line in the alternative, so we can normalize a = 1. The

latter now becomes

Gp(2,y) + bog(y, x) = c(z) + d(y), (t)
which implies ¢, - m + bg, - ¥ = 0 for any 7 € I'(p,q). As (p,q) € D°, we know
b> 0.

Step 2. Normalizing 0 to 1.

If (p,p) € D, notice that (f) gives both ¢,(x,y) + bp,(y,z) = c(x) + d(y) and
Op(y, ) + bop(z,y) = c(y) + d(x). Adding them up we obtain ¢,(z,y) + ¢,(y, ) =
c(x) + d(z) + c(y) + d(y) (after dividing ¢(.) and d(.) by b + 1). Together with

42The set of full-support 7 is dense.

48



c-p+d-p=0, weobtain ¢, 7+ ¢, 7" =0 for all 7€ I'(p, p).

Now we fix p and further normalize ¢, for all ¢ # p so that ¢,(z,y) + ¢4(y, x) =
Cpg() + dpg(y) With ¢py - p+dpy - ¢ = 0. Consequently, b = 1 and ¢, -7+ ¢, - 7" = 0.
For ¢, # p, we show below that b,,0,-b,, = 1 and hence b, must be equal to 1

after the other two are normalized to 1. To see this, we substitute the terms ¢, and

¢, in equation [f| for (g, r) with ¢,:
qu(ZL’) + dqr(y) = ¢q(x7 y) + bqr¢r(y7 l’)

= bi[cpq(w + dpy(7) = 9p(y, )] + byr[Crp(y) + drp(T) — brpp(, y)]

Pq
1

= — [— (Y, ) + bgrbrpdp(z,y)] + i[Cpq(y) + dpg ()] + bgrlcrp(y) + drp()]

bpq bpq

= (= = bgrbrp)0p(y, )] = bgrbrp[Dp(,y) + Dp(y, )]

bpq

5l (0) + ()] + b e 1) + iy )
= (bipq — bgrbrp) Dp (Y, ) = byrbrplcpp(T) + dpp(w) + cpp(y) + dpp(y)]

i %q[cpq(y) + dpy ()] + bgr[crp(y) + dip(2)]

Now suppose to the contrary that bL — byrbyp # 0. Then, ¢,(y, x) can be expressed
prq
as terms that depend on only z or only y. This contradicts to the premise that

(p, q) € D?. Consequently, i — bgrbyy = 0. 0

Proof of Proposition[¢| (CWU). For each p in this P*, continuity implies that there
is a neighbourhood B(p) = AX such that (p,p’) € D for all p € B(p). Then,

for any r,p € P°, by the open covering theorem (applied to the compact path@

0 K K+1

=7,qq¢%...,¢",¢"*" = p) such
that (¢*,¢**') e DY for all k = 1,2,..., K. We will fix a starting marginal r

from r to q), there exists a finite sequence (g

and let ¢ = ¢, and show that for every p, the preference on A, is represented by
bp =P+ A -1+ pith where scalars A, € R and vectors p, € RY (Step 1). We
then prove that the coefficients \, and j, are linear in p (Step 2). Finally we show

the uniqueness of a CWU representation (Step 3).
Step 1. Representation for a fixed p.

43PS is an open and connected subset of an Euclidean space, and hence is path-connected.
Formally, a path is a continuous mapping f : [0,1] — P* with f(0) = p and f(1) = ¢. Such
argument also appears in Segal (1992) when he deals with transitive preference in a non-convex
domain.
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Lemma 1. For (q,q') € DY, there exist scalars Ay € R and vectors iy € RN such
that ¢y = dg + Ag - 1+ Y7 plt*

Proof. For (q,q¢') € D?, fix # € I'(q,¢') and «a € [0,1]. Since any symmetric 7 €
(¢, q) is in II, correlation betweenness implies that ¢ 1= ag+(1—a)¢’, (¢, qa) € D5.
Pick any 7 € I'(¢, ¢) () II. Let mq = a7™ + (1 —a)@ € I'(q, ¢o). Since (¢, q,) € D°, by
Step 1 in proof of GSS, there exists b > 0 such that ¢, - 7, + b, - 7, = 0, where ¢,
is short for ¢,. By our selection, LHS is equal to [¢, - T+ b(1 — @)™ | + by -
We denote the latter constant by C.

Notice 7 is arbitrarily picked from I'(q, q) ﬂfl, which is a spanning set of the
affine subspace described by the linear system [¢, -7 = 0,t% - 7 = ¢*, #* - 7 = ¢*],
where the latter two are the marginal constraints m = my = ¢. Since ¢, - ™ = C;,
the affine subspace above is also represented by [¢q -7 = Cx, t* -7 = ¢*, 1% -7 = ¢*].
Hence, there exists 7, {5}, {\* 1, € R such that ¢, = a0, + X, AEtF + ,quk
We now further simplify the expression.

First, as ¢, only evaluates m € A, for any 7 € I'(¢n, §), o - T = Tadg - T + Aa
q + Ha - G. So we can replace the family {\°}N | with a fixed scalar A\, = A,
Then, notice that 7, > 0: it cannot be 0 as (¢, q.) € D°, while also nonnegative
by continuity and correlation completeness (betweenness on the second marginal).
Put together, we can normalize ¢, = ¢ + Ao - 1 + 21 pEt*. Specifically, this holds
for a = 0, i.e. for ¢, = ¢ . H

Now since (¢¥,¢**1) € D for all k = 0,1,..., K, we can let (¢,¢') = (¢*, ¢**)
in the Lemma above and obtain recursively the desired formula ¢, = ¢ + 5\p -1+
St
Step 2. Linearity in p.

We fix any full-support p, ¢ sufficiently close such that there exists a open ball
B, with (p,s), (¢,s) € D° for any s € B. We pick arbitrary m, € T'(p, s) (11, and
similarly 7, € T'(¢,s)(II. Denote 75 = B, + (1 — B)m,, which belongs to II by
correlation betweenness and correlation completeness.

By our selection, we have 0 = ¢, - m, = ¢, - ™, = ¢ - ™3, which expands to the

44Gee e.g., Chapter 8 of Sernesi (2019)). Corollarybelow, which implies Proposition is shown
through a similar argument.
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following equations:
0=0¢ 7+ N+ ity -5,
0=0¢ g+ N+ g5,
0=¢ 5+ Ag+ g - s,

We substitute g with 7, and 7, using the first two equations and obtain

0=1[As — /Bj‘p - (1= 5)5‘q] + (s = Bup — (1= B)ug] - 5.

Since s is chosen arbitrarily from a full-dimension subset, it must be that both
terms in the square brackets equal to 0. This gives the linearity of ¢, in p. The
equivalent representation in the Theorem can be obtained from grouping Xp and 1,
as ¢, T = ¢ -7+ Ny + 1, - q for any 7 € I'(p, q). Hence, 1(p,q) =: (A, + pp - q) is

bilinear.
Step 3. uniqueness of skew-symmetric representation.

We now again apply GSS to a fixed pair (p, q) € D°. There exists a b € R such
that (¢ + b¢™) - ™ + ¥(p,q) + b¥(q,p) = 0, where ¢"(x,y) = ¢(y,z). This means
that there exists ¢, d such that ¢(z,y) + bp(y, x) = c¢(x) + d(y). Then this b must
be common for all ¢ as correlation sensitivity requires that ¢ cannot be written
into some ¢(z) + d'(y). Then the GSS consistency implies that b = 1, so that
o(z,y) + ¢y, x) = c(z) +d(y), and (¢ + ¢7) - 7 + ¥ (p, q) + ¥(q,p) = 0. The former
implies ¢(z) = d(z) + C. We can define ¢/'(z,y) = ¢(z,y) — t[c(z) + c(y) + C], and
V' (p,q) = 3(c-p+c-q+C)+9(p,q), so that ¢ -7+ U(p,q) = ¢ -7+ ¢ (p,q),
while ¢'(z,y) + ¢'(y,x) = 0 = ¢'(p, ¢) + ¢¥'(q,p). Uniqueness also follows from the

argument. This completes the proof. O

The Corollary below shares a similar spirit with the Lemma in Step 1 above and

implies Proposition [5]

Corollary 2. For a correlation complete CBU preference, if (p,q) € D™, then
there exist a scalar X, € R and vector p, € RY such that ¢, = A, -1+ 3V pt”

represents the preference in Ay, i.e. (p,q') is locally insensitive for any ¢ € AX,

andp>q <= N+, ¢ =0.

Proof. As in the previous proof, pick an arbitrary 7 € I'(p, p) () II, which is a span-
ning set of the affine subspace described by the linear system [t*-7m = p* % -7 = p*],

also satisfies ¢, -m = 0 by SML insensitivity. Then there exists {uf};_,, {A\E}Y e R
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such that ¢, = > )\’;tk + u’;fk. The first term is then normalized to a scalar with a

same argument. ]

Proof of Proposition @ (General CWU). Given Assumption , the SSB representa-
tion on each connected component P! of P! follows from Fishburn’s (1982) original
proof and the similar open covering argument in the above proof of Proposition
[0l We are now left to show the validity of uniform CWU and SSB representation

across different components.

Consider two connected components P and Py of P¥, with their respectively
unique CWU representations (¢1,¢1) and (¢2,12). Pick any p e P and p € Py
By continuity and SML sensitivity of p, we find a open neighbourhood A of p such
that (p, q) € D° for every g € N. By disconnectedness between two components, the
line segment [p, p| is not contained in the union of two. We can select a € (0, 1) so

that p, is in some P!. Without loss, we can assume p, is in its interior as otherwise
we can perturb p and p by openness of two components.

By definition of P!, p, ~ pa. SSB representation on P! ensures that there exists
a line segment [p,,7.] = P! such that p, ~ ¢ for any ¢ € [pa,7a]. Fix a ge N
close enough to p, We can select an ¢’ close enough to p, such that there exists a
g € Py such that (1) (p,q) € D% and (2) ¢ = ag + (1 — a)q.

By the above, we can pick any 7 € II(\['(5,q) and 7 € ﬂﬂF(]_?, q), and their
(v, 1 — a) combination 7, € I'(pa, o) < 11. By correlation projective independence,
V5 € (0,1), g is also in II. Specifically, this holds for a non-empty segment of 3
such that pg € Py. By CWU representation on Py, we have

0= oo mg + V2(ps, qs)
= o T+ (1= B)2 -1+ B2a(5, ) + (1 — B)*a(p,q) + B(L — B)[¥2(D, q) + ¥a(p, 7]
= [Bo2 -7+ Ba(p, )] + B(1 = B)da - m + B(1 = B)[1h2(B, @) + 1a(p, D]
= Blg2 - T+ Ya(p, @)] + B(1 = B)[~a(p, @) + b2 - 7 + 12(P, @) + ¥2(p, )]

It follows from existences of # in a non-empty segment that both square brackets
must be equal to 0, so that ¢o -7 + 19(p, §) = 0. Notice that 7 is freely chosen from
the indifference set in a full-dimension neighbourhood of p. This means (¢g,s)
is also a CWU representation on P°. By uniqueness of the CWU representation,
it coincides with (¢1,%1) (up to multiplication). Thus, there is a uniform CWU

representation across all connected components of P°. The proof for unique SSB

52



representation on P! is the with a same argument. O]

The proof of Theorem |5 follows from the observation that for both correlation
betweenness and correlation projective independence, cross-domain completeness is

guaranteed by their respective validity in each subdomain.
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Online Appendices

A Supplementary Materials for Section

In Lanzani’s (2022) characterization of symmetric CEU, he makes use of the fol-
lowing correlation version of the Archimedean property in [von Neumann and Mor-
genstern (1944)) and Herstein and Milnor| (1953).

Correlation Archimedean Property. II exhibits the correlation
Archimedean property if for all 7 € II and 7' € II, there exists a, 8 € (0,1) such
that am 4+ (1 — a)n’ € IT and 7 + (1 — B)n’ € 1.

Lanzani (2022) makes use of correlation Archimedean throughout his axiomati-
zation while we apply the stronger continuity axiom for the separation argument as
we begin the our proof of Theorem 1. The second part of our proof uses a weaker
continuity property which relates closely to correlation Archimedean property.

We next discuss Lanzani’s transitivity axiom which implies correlation insensi-

tivity under CEU.

L-Transitivity. For all p,q,7 € AX and © € ['(p,q), 7’ € I'(¢q,r), p =™ ¢ and

>
q="1r=p=x=r.

Lemma 2. For Il admitting an CEU representation, L-transitivity implies correla-

tion insensitivity.

Proof. This can be seen from setting p; = p, po = ¢ in the definition of L-transitivity.
For a fixed pair (p,q), suppose we have I'(p,q) n Il # &. Then, by pointwise
reflexivity and independence, the perfect correlation between (g, q), >, ¢(%) -6z ) €
IT = T'(q,q) nII # @. So by definition, I'(p,q) € II. This is exactly correlation
insensitivity. [

As a consequence, we obtain Proposition 1 of Lanzani (2022) which essentially

corresponds to the equivalence between (ii) and (iii) below.
Corollary 3 (CI, L-Transitivity, and EU). For a CEU preference 11, the following
are equivalent:

(i) II is correlation insensitive;

(i) II is L-transitive;



(iii) II has an EU representation.

Proof of I = 17 under completeness. By correlation completeness, for any
7¢I, 7" eIl. So, I ={r:n¢ M} c{r:a"ell} = {r": 7 ell} so that
Mc{nx":mell, " ¢ I} = {x" : 7 € I} = [I". Meanwhile, II" is clearly
contained in II by correlation completeness, so we have 1" =11, and equivalently,

= {r":n¢Il}. O

B Supplementary Materials for Section 5

We discuss the geometry behind Fishburn’s SSB utility.

SSB Implies Ratio Consistency. Fix lotteries p, ¢, r as given in the definition of ratio

consistency. Notice that Sp + (1 — 8)r ~ vq + (1 — )r implies

0=1(Bp+(1=PB)r,vqg+ (L—)r)
= Byd(p, q) + B —)Y(p,r) + (1 = B)yd(r,q) + (1 = B)(1 —y)(r,7)
= B(1 —y)b(p,r) + (1= B)v(r,q),

where the second line uses bilinearity of ¢, and reduction to the last line is due

B/A-=8) _ ¥(ra)
v/(1=7) P(r,p)

across (f,) pairs for fixed p, q, . O

to the indifference in (p,q) and (r,r). Hence, the ratio is constant

Fishburn (1982) introduces the following weakened version of projective inde-
pendence, which he terms symmetry: (p > ¢ > r,p > r and ¢ ~ %p + %r) im-
plies Ap+ (1= AN)r ~ ip+ 3¢ < I+ (1—XNr ~ ir+1q) for A € (0,1).
Assuming betweenness, symmetry can be deduced from projective independence
through a simple geometry argument, as the latter implies that the straight indif-
ferent curves are projective. Both then results in a bilinear utility representation. In
Section [5]2, we have obtain the conditional linearity result of Lemma 3 in[Fishburn

(1982)). Fishburn then calibrate v, to arrive at a skew-symmetric ¢ (p, ¢) defined as
»(p,q) = vp(9)-

Notice that Fishburn’s proof actually implies the following key observation: for
non-indifferent p, ¢, 7, we can find «, 3,y (not necessarily positive) such that for ¢ =

. q, 7, the linearly extended v, to the affine setf™|satisfies v,(ap+Bg+~r) = 0. When

45The set AX = {p: >, p(z) = 1} where each coordinate is not necessarily positive.



there is a preference cycle p > ¢ > r > p, the combination is within the simplex of
{p,q,r}. Otherwise, for the transitive preference p > ¢ > r, p > r, the combination
falls outside of the simplex but in the extended affine set. Geometrically, this means
the three (extended) indifference curves crossing p, q,r are projective. Now, if we
start from a reference r* and define ¥(r*,p) = —¢(p,7*) = v,x(p), letting r = r*

gives the desired calibration v,(q) = —v,(p).

C Supplementary Materials for Section [6]

C.1 Fishburn’s CSEU

As in the main text, let S, X, F' be the sets of states, outcomes, and acts with
F < X®. Fishburn studies a preference relation > on F (and its induced weak

preference > and indifference ~) satisfying the following set of axioms.

For x € X, let x also represent the constant act with the same outcome x. For
E < S, the conditional preference f >pg g means fEh > gEh for any h. Denote N

as the null events as usual.

Axiom 7. Fishburn’s (1989) azioms:

e PI*. > is asymmetric and, for all x,y € X, > is a weak order on F,, = {f €
F i f(s) e {a,ul}.

e P2. fEg> f'Ag= fEq > ['Eq.

e P3. For E¢ N, 2Ef > aEf < z>y.

e P (x>y,z>w) = (xAy > 2By < zAw > zBuw).

o P5. 1’ >y for somex y € X.

o P6*. (f > g;x,y € X) = there exists a finite partition of S such that for
every event E in the partition, fEx > gFy, fEx > g, and f > gEy.

o SI*. (A\B) =@,f >=a9,f=p9g) = [ =ays g; if in addition, f >4 g,
then f >ayB 9g-

Fishburn shows that, if the preference > satisfies all seven axioms above, then
there is a probability measure g on S and a skew-symmetric ¢ : X x X = R such
that, u satisfies the following (i) to (iii) of Savage’s original theorem, along with the

CSEU representation (iv):
(i) Ae N <= u(A) =0;



(ii) for A < S, A € (0, 1), there exists A’ = A such that pu(A") = X - u(A);
(iii) for any x >y, vAy > xBy <= u(A) > u(B);
(iv) f>g = [so(f(s),9(s))dp > 0.

In his proof, Fishburn first restricts to the set of binary acts {F,, : z,y € X},
and borrow Savage’s theorem to obtain a candidate probability measure p. He then
shows that this p together with a calibrated ¢ represents the preference. Notice that
CSEU satisfies our CPS as ¢(f(+),g(-)) effectively translates binary acts the into
joint densities over outcome pairs. Hence, while CSEU is set to describe nontran-
sitive preferences over Savagean acts under uncertainty, it corresponds exactly to
Lanzani’s correlation sensitive representation, or equivalently, our symmetric CEU

preference, in the risk domain.

C.2 Comparing Fishburn (1989) and Lanzani (2022)

Now, assuming the decision maker is CPS, we can induce, through p, a joint density
m € A(X x X) for each pair of acts f,g. Then, the original preference > under
uncertainty induces a corresponding correlation preference II” under risk. The
proposition below formally connects the strong independence of the induced I~
and S1%.

Proposition 12. Assuming CPS and Fishburn’s P1* and P6*, S1* is equivalent to

strong independence of the induced correlation preference.

Proof of Proposition |13 P1* and P6*, as their original versions, implies complete-
ness and continuity of preference. It is then easy to check that strong independence

of the induced I~ implies Fishburn’s S1* on >.

To see S1* implies strong independence, suppose we have two joint densities
m, ', induced from act pairs (f,¢) and (f’,¢'). Then, m, 7" € II is equivalent to
f =g,/ =¢. Wenow show that m, = im + 7’ € II. Notice that by property
(i) of p, we can find A < S with p(A) = 3 and acts f”,¢", f”,¢", such that (1)
the joint densities induced by (f”,¢") conditional on A and A€ are equal to m, 7’
respectively, and similarly (2) the joint densities induced by (f”,¢"”) conditional
on A and A€ are equal to 7/, 7 respectively. As a result, the (full) joint densities
induced by (f”,¢"), (f",g") are 7" = 7" = 5.

Suppose ¢” >4 f”. Then, by CPS, ¢” >4 f”. Define f as f =4 f” and



f =4 f”, and § similarly. Now S1* implies § > f, which violates CPS as we
already assume f > ¢ and (f,¢), (f,§) induce the same joint density 7. Hence, it
must be f” >4 ¢”. Similarly, f” >4 ¢”, so f” > ¢” again by S1*. This means
T = 7" € II as desired.

We can now go on to show that 7, = ar+ (1 —a)n’ € II for all rational a € (0, 1)

with a = 5%. By continuity given P6*, we can further extend to all rational and
real a. This completes the proof for strong independence. O

C.3 Relating CPS to TPS

The following proof is adapted from that of Proposition 1 in |Bikhchandani and
Segal (2011)).

Proof of Proposition[9. For acts fy and fi inducing the same outcome probability
distribution, we will show that f, ~ f;. By finiteness in outcome, let fy(s) = x;
for s € S;, and fi(s) = y; for s € S/ where {S;}"_, and {S/}!_, are partitions of the
states S.

Case 1: S; = S} and u(S;) = 1/n for all i. Then there exists a permutation ¢ on
{1,2,...,n} such that f1(S;) = fo(Ss@). Let fi(Si) = fo(Ssk(), then the induced
distributions 7[ fx, fr+1] are the same for all k. By CPS, the preferences over fj
versus fry1 are the same for all k. Since there are at most n different outcomes
x;, there exists a k' such that fi = fo. Then, transitivity implies that the decision
maker must be indifferent between f; and fi,q forall £ =0,1,... k. In particular,
fo~ f

Case 2: For all 7,7, u(S;()S;) is a rational number. Let n be a common
denominator of all these fractions. Then we can rewrite fy; and f; as in Case 1 with

events 11, ..., T, of equal probabilities.

Case 3: There exist 7, j such that u(S;[)Sj) is irrational. A limiting argument

given Case 2 would suffice together with continuity. m



D Supplementary Materials for Section 7

This section focuses on the discussion of Correlation Dual Utility. Consider the
following representation:
mell < U(m) = V(G (2), Gy (y))dC™ (1 — 2,1 — y) = 0.
[0,1]2
Using a change of variable p = Gy, (z), ¢ = Gr,(y), we can write the represen-
tation as U(m) = §,,p. &(p, 9)dC™(1 — G7!(p),1 — G7)(q)). It resembles a CEU

representation with the role of marginals now played by the quantiles.

Suppose II is correlation-insensitive.  Noticing that copulas have uniform
marginals, by a similar Kantorovich duality argument, we can arrive at a dual
representation: S[O,l] uSrCm (p)d[1 — G (p)] — S[O,l] vEm-a (q)d[1 — G} (q)] for
each fixed pair of marginals. A minimax argument would give both u and v
are constant in the marginals, so that it reduces to Yaari’s original dual utility

representation.

E Extremal Correlation, Matching, and Optimal
Transport

An important implication of Theorem [2] is that any non-EU preference within the
CEU framework is sensitive to the correlation between the two lotteries compared.
Among the considerable effort made in the literature to test departure from EU,
an interesting direction is to assess/test the axioms where the EU theory is built
on. We show in the next subsection how to check a decision maker’s robustness
to correlation for a fixed pair (p, q) through the famous network simplex algorithm
(see, e.g. Chapter 7 of |[Bertsimas and Tsitsiklis| (1997))), which efficiently finds one,
if not the unique solution to the OT problem. It is a special case of the simplex
algorithm, and was first discovered by |[Dantzig (1951).@@

46Many other algorithms are developed in the OR literature. The classical Hungarian method
for assignment problem is developed by [Kuhn| (1955)), which is also based on the cross-difference
and cyclic improvements. It lies in the foundation of the famous multi-item auction algorithm by
Demange et al.| (1986, which is also closely connected to the job matching process by (Crawford
and Knoer| (1981)).

“"When the CEU is symmetric, then Theorem [2f (ii) implies that we can restrict ourselves to
SML, i.e. m € I'(p,p) for p € AX. Then the optimization problem, viewed as a zero-sum game,
relates to von Neumann’s observation that for any finite two-person zero-sum game, there is a
feasible linear programming (LP) problem whose saddle points yield equilibria of the game. We



The network simplex algorithm iterates on extreme points of I'(p, ¢) by updat-
ing according to cycles created and removed in the support graph, which is closely
related to cyclic monotonicity, one of the equivalent optimality conditions in the
Kantorovich duality (see, e.g., |Villani (2009)). Cyclic monotonicity and its vari-
ants are widely observed in optimality conditions in various economic literature.
A well-known application is for optimization in the quasi-linear settings (Rochet)
1987)), and in particular mechanism design and auctions (Vohra, [2011)). |Lin and
Liu (2024) study the problem of credibly persuading a receiver who can observe
and verify the final signal distribution when the sender is not able to commit to the
information structure. In an optimal transport setup, they show that any imple-
mentable policy must be cyclic monotone, and further comonotonic if the sender’s
utility involves a certain supermodularity. |Anderson and Smith| (2024) study the
comparative statics of a matching problem using a formulation very similar to the
optimal transport problem. They propose a synergy function: the cross-difference
(i, yi) + (@ig1, Yig1) — ¢(2i, Yig1) — ¢(iy1,y:), behind which the idea is closely
related to the cycle modification in the network simplex algorithm@

We have considered examples of extremal correlations when we discuss the ERD
model after Theorem [2| where we borrow the idea of assortative matching from the
matching literature for SML under submodularity. In fact, a discrete optimal trans-
port problem can be equivalently viewed as an assignment problem (Shapley and
Shubik| |1971). Then, algorithms from the matching literature can directly fit in,
including the famous auction mechanisms by (Crawford and Knoer| (1981) and De-
mange et al. (1986).@ Note that for a correlation sensitive CEU representation,

binary choice reversal is a generic property for (p,q). Hence, we can, without loss,

can actually do better by invoking the following well known result on fictitious play: if both
players use a no-regret learning algorithm to adapt their strategies to their opponent’s strategies,
then the average payoff of the players converge to their minmax value, and their average strategies
constitute an approximate min-max equilibrium, with the approximation converging to 0; see
Chapter 7 of |Cesa-Bianchi and Lugosi| (2006]). No-regret learning algorithm is not only a natural
iterative dynamics: its rate of convergence is fast; more precisely, it is at the order of the average
regret in T rounds and recently improved to O(InT/T') for zero-sum games by [Daskalakis et al.
(2015).

“®They show that this synergy function solely determines the optimal matching plan; for in-
stance, an everywhere positive synergy, corresponding to a supermodular ¢, leads to the famous
positive assortative matching (Becker) 1973). Comparative statics given varying ¢ are examined
and shown to be related to the positive quadrant order (PQD, Lehmann| (1966))).

49Bertsekas and Castanon| (1989) convert the transport problem to an assignment problem.
A rich strand of literature extend and improve on the early methods in the general transport
problem, see, for instance, Kim| (2010), Chapter 1.5 for a short survey.



focus on lotteries with rational probabilities. For rational marginals, we can “repli-
cate” the points in the support, and then reduce the rational lotteries to uniform
densities and the feasible set of joint densities to doubly stochastic matrices.@ We
then refer to the famous Birkhoff-von Neumann theorem, which identifies all per-

mutation matriceﬂ as the extreme points of the set of doubly stochastic matrices

(see, e.g., Budish et al.| (2013))).

E.1 Test Correlations for a Fixed CEU Kernel

Suppose that a decision maker exhibits correlation sensitivity with respect to a pair
of (p,q). We now demonstrate how to find 7, ,7_ € I'(p, ¢) such that 7, € II while
m_ ¢ II, i.e. her preference over (p,q) changes when correlation varies from 7" to
7. If further #T € II (which is true for a skew-symmetric ¢), then she prefers p to

g under 7 but conversely under 7.

Specifically, we can pick 7_ € arg minqerg.q) 2, ¢(x, y)m(z,y); in terms of cor-
relation sensitivity, this 7_ is the worst-case correlation in I'(p,q) to ¢. It is a
“test” correlation that determines whether the decision maker’s preference over
(p, q) is robust to correlation variations — if, for any pair (p, q), the decision maker
prefers p to g even under the worst-case correlation 7_ € T'(p,q). Similarly, pick
T4 € aIg MaXrer(pq) 2, P(4, y)m(x,y) — this 7, “favors” the lottery p most among
all correlations in I'(p, q). It is the best-case correlation that determines whether
the decision maker would, under any correlations, prefer p to q. These best-case
and worst-case test correlations are of importance for testing whether the decision
maker’s preference is sensitive to correlation@ Observe that the problem is linear.
Now, the problem boils down to finding the extreme points of I'(p,¢) and then
solving the OT problem, which can be done through the famous network simplex

algorithm.

Procedure (Network simplex algorithm). Start with a tree 7° € T'(p, q).

50A matrix is doubly stochastic if the sum of entries of each row and column is always 1.

51 A permutation matrix has, in each row and column, one entry equal to 1 and other entries
equal to 0.

52Tn fact, the two extreme correlations correspond to the two possible ways of defining the
induced preference in |Lanzani| (2022). In his main text, he defines it as our correlation insensitive
preference relation >, with a “for all” quantifier. Meanwhile, he proposes another in the footnote
right after it, where he defines p >*!1 ¢ <= 37 € II such that > ¢(x,y)m(z,y) = 0. While we
have shown that the former preference is generally incomplete, the latter often involves too much
indifference as it is not too demanding that both p >*! ¢ and ¢ >* p hold.



1. Given the tree m from previous iteration, compute the dual (u,v) according to
complementary slackness equation .

2. Compute the reduced costs (x,y) = ¢(x,y) — (u(x) — v(y)) for all (z,y) not
in the support. If none of them is negative, terminate as we already obtain an
optimal solution; otherwise, choose a node (',3y') with ¢(z',y') < 0 and add
it to the support graph.

3. The entering (', y') forms a unique cycle C' with other nodes and edges in G.
For a positive number 6, a new cycle Cy is obtained from C by alternatively
adding 0 to and subtracting 0 from w(x,y) along the cycle C, starting from
(«',y"). Let 6* = argmaxy {Cy remains a non-negative cycle}.

4. There is a unique node in Cyx with zero value. Replace it with (z',y') and we

obtain a new tree w'. Return to Step 1.

For example, Bordalo et al.| (2012) test the significance of correlation in Allais
paradox in their appendix. After the classical (uncorrelated) common-consequence
Allais test LY = (2500, 33%; 0,67%) versus LS = (2400, 34%; 0,66%), they ask the

participants to decide on the same, but correlated pair of lotteries.

By the results in the next subsection, we will see that 7° in our example is one (of
the two) extreme point of I'(p, ¢). In fact, it survives the network simplex algorithm
when the ¢ satisfies the salience conditions in Bordalo et al.| (2012). Hence, it is
the correlation for which a salience minded decision maker will “most likely” not
prefer LY to L3. The experiment results confirms this: more than half of (26% out

of 46%) of those who chooses Ly over Ly now reverses to L9 over LY.

Interestingly, for another, non-extremal correlation #° with the same pair of
marginal lotteries, subjects exhibit a similar preference pattern as for the classical
one. This is also consistent with our theory: binary choice switches are most likely

observed at extremal correlations.

Tmaz 0 24
0 66% 1%
24
25 33%

Table 11: 7%, LY vs LY, maximally correlated distribution



E.2 Extremal Correlations

We fix a pair of (p,q). As the problem is linear, the algorithm always finds one
extreme point of I'(p, ¢). Denote £(p, q) the set of extreme points of I'(p, ¢). Diego
and Germani (1972)) studies this set and shows that for = € T'(p, ¢), it is an extreme

point if and only if it is a set of uniqueness{g_gl

Definition 14 (Set of uniqueness). For a fized pair of marginals (p,q), a set A c
X x X is a set of uniqueness if for any m, 7" supported within A, (7, me) = (7}, 7h) =

(p,q) =m=rn".

For a m € A(X x X), its associated support graph G is defined as following:
each node (7, 7) € V, corresponds to a point (x;, ;) € suppm, considered as a cross
in the n x n grid corresponding to X x X; an edge is linked between two nodes if (i)
the two nodes are in the same row or column of the grid and (ii) they are adjacent
in the concerning row or column (i.e. there are no other nodes lying between the
two).

We say 7 is a forest if G; is a forest, meaning it does not contain a cycle.
If 7 € I'(p,q) is a forest, then values of each m(z,y) can be determined uniquely
according to the marginals (p, ¢) by starting from the roots to the leafs. The Lemma

below shows that such forest correlations are vital in our analysis.

Lemma 3 (Diego and Germani| (1972)), Theorems 1 and 2). 7 € E(p, q) if and only
if e U'(p,q) and  is a forest.

Though perhaps based on different reasoning and foundations, there is a ten-
dency of adopting extreme correlations observed in research studying a decision
maker’s preference robustness to correlation and the corresponding laboratory tests.
For example, all of Lanzani’s numerical examples are forests, and notably among
them is the correlated Allais paradox example. As a motivation for Lanzani| (2022)),
Bordalo et al. (2012)) test whether decision makers’ exhibited inconsistency in Allais
paradox are partly related to different correlations. Most correlations in their the

experimental tests are also forests.

A forest is a tree if it is connected, or equivalently, it is not a proper subset of

another forest. Then, by well know results in graph theory, 7 is a tree if and only if

53Sets of uniqueness also play a part in He et al.| (2022)) for the study of private private infor-
mation structures.
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|Vz| = 2n —1. A correlation supported on a forest is similar to a perfect correlation
given the non-existence of cycles, while a perfect correlation in the current terms
is supported on a forest with exactly n disconnected nodes. For sake of testing a
decision maker’s robustness to correlation, it is sufficient to focus on extreme points
supported on trees, the reason being that a generic pair (p, ¢) always admits at least

one such extreme point [

Lemma 4 (Diego and Germani (1972)), Theorems 6 and 7). For a generic pair
(p,q), m € E(p,q) if and only if (i) it is a tree and (ii) p(X') + q(Y') < 1 for all
non-empty X1, Y satisfying (X' x Y1) (\supp 7 = @.

Diego and Germani (1972) also provides a procedure for finding all trees corre-

sponding to extreme points of £(p, ¢) in their Section 6.B.
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