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Abstract

We characterize an efficient, budget-balanced, individually rational, and collusion-
proof mechanism in a dynamic environment with private values and independent types.
Agents observe private information, and public decisions are made over time. Each
agent guarantees himself an expected utility level by being truthful, and those guar-
anteed utility levels add up to the highest total ex-ante expected surplus. As a result,
all equilibria sustained by our mechanism are efficient and utility-equivalent and the
mechanism is robust to any reasonable collusive agreement. Our results remain in-
tact if agents choose private actions and observe true past types of other agents. The
properties of our mechanism stand in stark contrast to the Dynamic Pivot Mechanism
(Bergemann and Vailiméki, 2010) and Balanced Team Mechanism (Athey and Segal,
2013), which, as we show, might admit only inefficient equilibria after the elimina-
tion of weakly dominated strategies. We also construct a modified mechanism that

approximately achieves the same property in environments without transfers.
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1 Introduction

Dynamic mechanism design addresses questions of information elicitation and resource al-
location in environments where agents’ private information evolves stochastically over time
and can be affected by allocation decisions (Bergemann and Véliméki, 2019). The frame-
work captures many important economic settings, such as dynamic public good provision
and nonlinear pricing.

In this paper, we are interested in dynamic mechanisms that achieve a socially efficient
allocation. Our main contribution is a new dynamic mechanism that is efficient, individually
rational, budget-balanced, and, crucially, collusion-proof. The main property of our mech-
anism is that every agent can obtain a guaranteed expected utility level even if all other
agents conspire to minimize his utility—these guaranteed utility levels exactly add up to
the expected efficient surplus. As a result, not only is every Bayes-Nash equilibrium of our
mechanism efficient, but it is resistant to any conceivable type of collusion.

The properties of our mechanism stand in stark contrast to two classic efficient mecha-
nisms that sustain truth-telling in a Perfect Bayesian Equilibrium: the Dynamic Pivot Mech-
anism (Bergemann and Viliméki, 2010) (which is, however, not budget-balanced) and the
Balanced Team Mechanism (Athey and Segal, 2013) (which, however, only satisfies weaker
participation constraints). It is not difficult to see that since these mechanisms are dynamic
versions of the Vickrey-Clarke-Groves (VCG) and the Arrow/d’Aspremont—Gérard—Varet
(AGV) mechanisms respectively, they might be susceptible to collusion. However, we show
that it is possible for none of the truth-telling Perfect Bayesian Equilibria of either mechanism
to survive iterated elimination of weakly dominated strategies. Our finding suggests that
efficient equilibria in these mechanisms are surprisingly fragile, and our mechanism offers a
more robust alternative without sacrificing any of the desirable properties of the Dynamic
Pivot and Balanced Team Mechanisms.

We consider a general dynamic environment a la Athey and Segal (2013). Every period,
agents observe their private types and a public state; after types are reported a public
decision is made. The type distribution of a private type can be affected by public decisions.
Otherwise, the agents’ types evolve independently. Agents’ utility functions are quasilinear
and can depend on private signals and public decisions arbitrarily.

Every period, each agent makes a public report of his private type. A mechanism consists
of a decision policy that determines a public decision and a payment rule that determines
transfers to the agents, both as a function of the reported types. The mechanism is efficient
if the decision policy maximizes the expected sum of all agents’ payoffs. The mechanism is

budget-balanced if, in every period, the sum of all transfers to all agents is zero.



We now describe our Guaranteed Utility Mechanism (GUM). The high-level idea is the
following. When multiple reports arrive, they jointly impose an externality on each agent
because they change the public decision. As usual, externality refers to the change in the
total “anticipated” (i.e., the expectation is calculated from believing the past reports and
assuming truthfulness in the future) payoffs of others. The key decision is how to calculate
the share of an individual report in this joint externality. In our mechanism, these shares are
additive. Namely, if multiple reports are made, the joint externality imposed by simultane-
ously updating these reports equals the sum of the calculated individual externalities. And
each agent 7 pays the transfer to j equal to this externality 7 imposed on 7. If the externality
is additive, then members of a collusive cartel cannot exploit the difference between the sum
of their calculated individual externalities and the true joint effect of simultaneous updating
of their reports.

The GUM has two key features that distinguish it from other mechanisms. First, when
calculating the externality induced by an agent’s report, we process all the reports sequen-
tially according to the ordering ¢ = 1,...,N.! For an example with three agents, when we
process the report of agent 2 in round ¢, we calculate the anticipated total payoffs of the
agents given the round-¢ reported type of agent 1, and the round-(¢ — 1) reported types of
agents 2 and 3. Then we calculate how agents’ payoffs change by the update to the round-¢
report of agent 2.

The second difference is that the externality payments are bilateral: every agent j receives
the transfer from ¢ which compensates j by the externality imposed on j by 7. In our example,
assume that the update increases the anticipated total payoff of agent 1 by 20 and decreases
the anticipated total payoff of agent 3 by 5. Then the transfers are (—20,15,5), namely,
agent 1 pays 20 to agent 2 and agent 2 pays 5 to agent 3. By construction, this ensures that
GUM is budget-balanced.

In a truth-telling equilibrium of the GUM, every agent obtains his maxmin utility and
agents’ maxmin utilities sum up to the maximum ex-ante surplus, so the mechanism is effi-
cient. As a consequence, all Bayes-Nash equilibria of GUM are efficient and utility-equivalent
(Proposition 1). Although truth-telling is not a dominant strategy?, there is essentially noth-
ing for the agents to gain from misreporting their type under the GUM. Indeed, we show

that the GUM is collusion-proof in a very strong sense, i.e., whenever the colluding agents

'In Section H, we show that the mechanism can be symmetrized so that it is independent of the ordering;
payments are then equal to the Shapley values where the externality plays the role of the value of the
coalition.

2Efficiency is incompatible with dominant-strategy implementation in dynamic settings (Bergemann and
Vélimaéki, 2019, Section 3.3).



can jointly coordinate their reports and exchange transfers within the coalition (Theorem 1).
Intuitively, GUM is collusion-proof because every honest agent obtains an expected utility
guarantee regardless of the strategies of other agents, and those guarantees add up to the
socially efficient surplus.

Having established the efficiency and collusion-proofness of the GUM, we turn to par-
ticipation constraints and other properties. First, we show that GUM can be enhanced to
satisfy a dynamic version of an interim participation constraint, explored by Athey and Segal
(2013), which allows agents to exit every round having learned their type and re-enter the
mechanism later (Section 6.1). While we used a standard dynamic mechanism design setup,
our results can be extended to a more general environment. For example, our results remain
intact if agents observe informative signals of the true past types of other agents (Section
6.2), and, more interestingly, even if agents can choose private actions (Section 6.3).2

The payment rule in GUM differs from the payment rules for two classic efficient dynamic
mechanisms: the Dynamic Pivot Mechanism (DPM) due to Bergemann and Véliméki (2010)
and the Balanced Team Mechanism (BTM) due to Athey and Segal (2013).

The DPM is the dynamic version of the VCG mechanism. In DPM, each agent gets a
reward equal to his flow marginal contribution. That is, the expected transfer from every
agent is equal to the dynamic externality he imposes on others. These pivot-like payments
satisfy ex-post participation constraints and period ex-post incentive constraints (i.e., ro-
bustness to observing same-period types which the GUM does not satisfy) are satisfied for
all histories, but are not budget-balanced and do not allow for private actions.

The BTM is the dynamic version of the AGV mechanism. Like the GUM, it is efficient,
budget-balanced, and even allows for private actions. However, there are two main differences
between the GUM and the BTM. First, the way the incentive term is calculated. In the BTM,
the externality on the agent j’s payoff is calculated by updating only the report of agent
i at period t while keeping the reports of all the other agents at the period-(t — 1) value.
In our mechanism, all the agents’ reports are updated sequentially at period ¢ according to
the order i« = 1,..., N. Second, the way the transfers are paid. In the BTM, each agent i’s
incentive term is paid equally by all the other agents 7 # i. In the GUM, every agent j is
compensated for the externality imposed on him by ¢’s updated report. As our payment rule
makes each agent accountable for the externality his report imposes on other agents, the
mechanism remains budget-balanced without distorting the truth-telling incentives.

It is not surprising that neither the DPM nor the BTM is collusion-proof. Crucially,
however, both in the DPM and the BTM, the externality is not additive. As a result, we

3In Appendix H, we also discuss how to make GUM symmetric and the connection to Shapley values.



| DPM | BTM | GUM |
Efficiency and truth-telling

existence of an efficient PBE YES YES YES

existence of an efficient PBE that survives iterated NO NO VES

elimination of weakly dominated strategies (Sec. 5.2) | (Sec. 5.1)

all PBEs are efficient NO NO YES

all Bayesian Nash equilibria are efficient NO NO YES
(Prop. 1)

Collusion

collusion-proof (Sec. 4.2) NO NO YES

(Thm. 1)
Properties, robustness, extensions

balanced budget NO YES YES

exiting and re-entering are allowed (Sec. 6.1) YES NO YES

robustness to observing past true types (Sec. 6.2) YES NO YES

robustness to observing same-period types YES NO NO

private actions (Sec. 6.3) NO YES YES

Table 1: The properties of the Dynamic Pivot Mechanism (DPM, due to Bergemann and
Vilimaki (2010), the Balanced Team Mechanism (BTM, due to Athey and Segal (2013), and
the Guaranteed Utility Mechanisms (GUM, this paper). PBE = Perfect Bayesian Equilib-
rium.

show that under both DPM and BTM, it is possible that none of the truth-telling equilibria
survive iterated elimination of weakly dominated strategies and therefore the only surviving
equilibria in these mechanisms are inefficient (Section 5). Such fragility sounds caution for
any designer who is interested in applying these mechanisms in practice. Table 1 summarizes
the differences between the DPM, the BTM, and the GUM.

Our mechanism points out a subtle link between dynamic collusion-proof mechanisms and
the approximately efficient Bayesian mechanisms with multiple allocation decisions without
transfers considered by Jackson and Sonnenschein (2007).% Specifically, in Section 7, we
describe a transfer-free modification of GUM that achieves the same results as Jackson
and Sonnenschein (2007) but with tighter error bounds. In particular, the transfer-free
modification of GUM in which a truthful agent secures a payoff that converges to the ex-
ante target level under the efficient decision policy. The basic idea is as follows. We modify
GUM so that each agent is given a "budget." In every period, we calculate the sum of

externalities imposed by an agent from the beginning up to that period. We then "punish"

4Also see Escobar and Toikka (2013), Renou and Tomala (2015), and Ball et al. (2022).



the agent if the sum exceeds his budget by replacing all his future reports with randomly
generated ones. Our implementation is equivalent to the linking mechanism if agents face
tight budget constraints but with higher error bounds.

The rest of the paper is organized as follows. In Section 2, we briefly discuss further
related literature. In Section 3, we describe the setup. The Guaranteed Utility Mechanism
and its key properties are in Section 4. In Section 5, we discuss the additive externality
property of the GUM and point out key weaknesses of the DPM and BTM. The additional
properties and extensions of the GUM are discussed in Section 6. In Section 7, we present a

modification of our base model without transfers. Section 8 is a conclusion.

2 Related Literature

In an independent paper, Safronov (2018) introduced the special case of our mechanism in a
static setting.® He argued that the mechanism is “coalition-proof.” In his definition, colluding
agents can coordinate reports and transfer money within the coalition. The types of agents
within the coalition are commonly known. In Appendix C, we show that Safronov’s notion
of “coalition-proofness” is strictly weaker than our definition of collusion proofness even in a
static setting and is susceptible to uncertainty about formed collusive coalitions. Although
Safronov’s mechanism coincides with GUM in a static setting, maintaining the attractive
properties of GUM in a dynamic setting and achieving subgame perfection requires a far
more complex construction. The reason is that, in dynamic settings, the distribution of
future types used to calculate externalities evolves as a function of both agents’ reports and
public decisions. This distribution based on the reported types might differ from the true
(i.e., based on true types) distribution if some agents are not truthful in the past. This feature
is absent in a static environment. We overcome this challenge by exploiting a key martingale
property of the anticipated continuation payoffs. Specifically, if an agent is truthful, for
any period, the sum of his anticipated payoff and all the transfers up to that period is a
martingale. As reports are updated sequentially within each period, our mechanism can be
decomposed into a sequence of bilateral interactions. Our construction extends this insight
to dynamic environments with general transition dynamics. In particular, we illustrate that
it is insufficient for the agents to pay for the changes in the flow of expected utilities in each
period due to the intertemporal correlation of types. Thus, the guaranteed utility mechanism
requires that in each period, each agent pays the change in the continuation utilities of others

conditional on the reports in the previous period. As the proof shows, it calibrates the flow

° Antecedents of these ideas include Crémer and Riordan (1985).



utility of an agent in every period to his ex-ante expected flow utility as long as he is always
truthful.

A large literature, recently surveyed by Bergemann and Véliméki (2019), studies efficient
mechanisms in a dynamic environment. Earlier work assumed that the agents did not learn
any information relevant for the future after a mechanism they participate in has started
(see, e.g., Atkeson and Lucas (1992) and Fudenberg et al. (1994), Wang (1995) and Miller
(2011)).° thereby avoiding explicitly addressing the problems of contingent deviations in a
dynamic setup. This assumption was then relaxed in several papers (Athey and Bagwell,
2008; Escobar and Toikka, 2013; Pavan et al., 2014; Golosov et al., 2014; Battaglini and
Lamba, 2019).

Our results relate to the repeated implementation literature that studies full implemen-
tation by general (i.e., non-direct) mechanisms in environments with changing preferences.
Lee and Sabourian (2011) and Mezzetti and Renou (2017) examine full implementation un-
der complete information, and Lee and Sabourian (2013) considers incomplete information
settings. Our collusion-proofness criterion can be viewed as full implementation in equilib-
rium utilities. The main difference is that we only consider direct mechanisms with monetary
transfers in an independent private value environment with general transitions of preferences.

Finally, this paper is related to the literature on collusion-proof static mechanisms but
with a different focus. Starting from Laffont and Martimort (1997) and Laffont and Marti-
mort (2000), and the subsequent important contributions by Che and Kim (2006) and Che
and Kim (2009), this literature studies whether and how the agents’ ability to sign collu-
sive agreements, usually modeled as side contracts among the agents, can undermine the
principal’s objective, such as revenue maximization, in static mechanism design problems.
In contrast, this paper studies collusion-proofness in dynamic settings, where agents may

collude by employing complex history-dependent strategies.

3 The Setup

There is a set Z = {1, ..., N} of agents. Time is discrete, and the number of periods is finite.”

The time periods are indexed by t € {0, 1,...,T'}. In each period ¢, all the agents observe the

6One can avoid the challenge of contingent deviations by either considering a single agent with private
information (e.g., Courty and Hao (2000), Battaglini (2005), Khalil et al. (2020), Rodivilov (2022), and
Khalil et al. (2024)), or by allowing only an information structure that is independent across periods.

"We use a setup similar to the one in Athey and Segal (2013). The main difference is that Athey and
Segal (2013) consider an infinite (countable) number of periods, whereas the number of periods is finite in our
model. In addition, we assume there is no discounting. All of our results remain intact in the infinite-horizon
environment.



(verifiable) public state 89 € @°, and each agent i € T privately observes his type 6! € ©°.
We denote the state space by © = Hf\io ©%. The initial state 6y € © is fixed. After the state
0; € O is realized, a public decision z; € X is made, and each agent 7 collects a transfer
yi € R. All the described sets are finite.®

We now describe the transition probabilities and the distribution of subsequent states.
The transition probability function is denoted by 1 : ©® x X — A(®). That is, given any
state 0, € @ and a public decision z; € X at period ¢, the (¢ + 1)-period state is a random
variable distributed according to the probability measure u(6;, ;) € A(®).? In addition,
we assume that types are independent. That is, the transition probability measure ;1 can be

written as

M(97x> = Mo(eovx) X Hﬂi<90>9i>$)a (1)

where 1% : ©% x X — A(@%) and pf : ©° x @ x X — A(O%).10 Intuitively, it implies that
conditional on public information, an agent’s private type does not affect the distribution
of the current and future types of other agents.!! The independent types assumption also
implies that the agents cannot observe the past types of other agents. In Section 6.2, we

consider a relaxation of this assumption and allow the agents to observe the true past types.

Utilities. We denote by y! € R a transfer to agent i € Z at period t. For a given sequences
of types 6" = {0}, public decisions = = {z;}]_,, and transfers y* = {yi}1_,, the utility of

each agent ¢ € Z is given by

T

U0 ) = 3 [0+ o] @)

t=0
That is, we have an environment with private values since the per-period payoff function
u'(6i, z;) of each agent directly depends only on his private type and public decisions. In-
tuitively, this means that each agent can calculate his utility by only observing the public
decision and his type, even if he is uncertain about other agents’ types. Note that although

the agents’ utilities are quasilinear, we assume they can depend on private signals and public

80ur results can be extended to a setup with compact measurable spaces and upper semi-continuous
payoff functions.

9See Bergemann and Viliméki (2019) for a discussion of Markovian transition functions.

10This Markov formulation is without loss of generality. It is well-known that any dynamic model can be
described using Markov notation by defining large enough private states (see, e.g., Athey and Segal (2013)
for a discussion).

1 This, however, does not prevent one agent’s reports from affecting future types of other agents, as well
as the future public state through the public decisions.



decisions in a general way. In Section 6, we discuss extensions of the model with private

actions.

Timing. At period ¢t = 0, all the agents observe the initial state 6, = 0y € ®, and a
decision xy € X is made. Then, in each period ¢ > 1, every agent i € Z makes a (public)
announcement HAz € O of his private type, and all the agents observe the verifiable public
state #) € ©°. Given the announced types and the public state, transfers 3! to each agent

are calculated, and a decision x; € X is made.

Strategy. Let 0, = (é?, étl, o éiv ) denote the vector of reported types in period ¢ including
the public signal 6° = #9. The public history h, = (8o, 0, ..., 0, xo,x1, ..., ;) contains all
reports and public decisions'? up to the period ¢, and we denote by H, the set of all these

public histories. A pure strategy of agent i is given by s' = {s{}L | where
st (@Y x H,y — O (3)

maps agent i’s private types up to period ¢ and public histories before period t to a report in
period t. We denote the set of all mixed strategies for player 7 by S?. We say that an agent
follows a truth-telling strategy if s! = ! for every period ¢ > 1.

Mechanism. A mechanism consists of the following.

1. For our results, it will be sufficient to define a decision policy'® as a function

x:{0,1,...T} x©® = X, (4)

that determines the public decision z; = x,(6;) at every time period ¢.
2. A transfer rule y! = yi(h;) for every agent i € Z, and every time period ¢, as a

function of the public history.

We say that a mechanism is budget-balanced if the sum of all transfers to all agents in

every period t is zero:

Z yi =0 Vt. (5)

1€

12The mechanism will use a deterministic decision policy, a deterministic function of the reports. Therefore,
for simplicity, the public decisions will be omitted from the history.

13More general decision policies considering past reports (and randomization) are possible, see Bergemann
and Viliméki (2019, Section 2.1). Due to the Markovian nature of the model, these cannot yield any higher
social surplus.



4 Guaranteed Utility Mechanism (GUM)

To formally define a decision policy and a transfer rule in our mechanism, we introduce the
following notation. We fix an ordering of the agents {0, 1, ..., N} including “0” indicating the
public signal. The intuition behind the following definition is that we consider the progress
of the game as if the types were reported sequentially in this order in every period. We

define the history of public reports up to ¢ € {0,1,..., N} at period ¢ as follows.
ht,i: (é(]?éh"'aét—l’(ég7ét17"'7éz> ) (6)

For a history h = h;; let 0 ~ p(h,x) denote the probabilistic continuation of the game
6 = (50, 01, ..., 9}).14 When we take expectation on a random variable 6 from p(h,x), we will
use the simplified notation E(**) [f(é)] = Ef~nhx) [f(é)}

Decision policy. GUM chooses an efficient decision policy y that maximizes the expected

sum of all the agents’ payoffs for the initial state ho y = éo =6, € O:

~—

Y € argmax %X {ZZ 9;, 1 (7

X i€T t=0

Transfers. We define the anticipated payoff of agent j as

T

Tiz = Erlhein) [ Z u? (9{/, X(ét'))} - (8)

t'=0

Now we define the externality agent i’s report éz imposes on agent j as its total change in

the anticipated payoff of j.

T

= - =) (Eu(ht,i,m[ua (62, (et,))] — i) [u” 47, (%))D (9)

t'=0

MFormally, we define it as follows. If ' < t or (' =t and j < 7), then éf, = ég, Otherwise éi, is recursively
defined by the stochastic type transition rule p(6,_;,x(0y—1)).

10



and agent ¢ pays a compensation —%Hj for his externality to 7. To sum up, the transfer

to agent i at period t is defined as

=Y (W7 -A7) = > - > A
j#i j#i j#i (10)
i’s externalities on other agents  other agents’ externalities on i

The externality 4 "7 reflects the change in the anticipated payoff of agent j as a result
of updating agent i’s report at period t. The payments in GUM are defined so that for each
report é;, each other agent j has to pay ﬁﬁj to agent i. When calculating the externalities
caused by a report % we use the updated period-t reports for agents 1,...,7 — 1, whereas
we keep period-(t — 1) reports for agents i + 1, ..., N. We then calculate how the anticipated
payoft of each other agent j changed. In other words, when calculating the effect of an
agent’s report, we update the newly reported types sequentially according to the order of
the agents 0,1, ..., N, where 0 indicates the public signal.

In our mechanism, only an agent j who is affected positively (negatively) by a new report
of agent i pays (gets) a corresponding transfer. For example, if agent i’s report changes the
expected total payoff of agent j by 15 and of agent k& by —5, then j transfers 15 to ¢ and
k is paid 5 by i. Consequently, agent i collects 15 — 5 = 10. The transfers in (10) are

budget-balanced because every payment is from one agent to another.

We define the Guaranteed Utility Mechanism (GUM) to be a mechanism with
an efficient decision policy, together with the balanced transfers defined in (10) that are

constructed from the payments in (9). The name reflects the fact that it satisfies the following

property.

4.1 The Guaranteed Utility Property (GUP)

We say that a mechanism satisfies the Guaranteed Utility Property (GUP) if there exists a
strategy profile s, € ST and a vector C' € RY such that:

VieT, VsieS E[U(s],s7)] > C'; (11)
sup ZE[UZ(S)] = ZCi. (12)
€8T et i€l

Intuitively, GUP requires that every agent ¢ obtains an expected utility guarantee C* by
following the strategy s® regardless of the other agents’ strategies. In addition, GUP requires
that the sum of all the utility guarantees equals the highest total expected surplus.

11



Equivalently, a mechanism satisfies the GUP property if and only if

in E[U'(s",s7")] = E[U'(s)]. 1
>, mex min B{U( )] = max ) EU() (13)
i€ €T
In other words, the mechanism satisfies GUP if it induces a game in which the sum of all

the agents’ maximin expected utilities equals the highest total expected surplus.

GUM satisfies GUP. In GUM, each agent ¢ guarantees an expected utility equal to his
initial anticipated payoff C* = Tf \ = E#(®0-x) [ZLO u’ (52, X(ék))] by being truthful. This
outcome holds even if some other agents deviate from truth-telling.

Consider an arbitrary period ¢, and suppose that reports of all the agents & < ¢ in the
order {1,..., N} have been updated. Then, the updated report 6’} of an agent ¢ changes the
anticipated payoff of agent j by ng — T{,i—p and i compensates j the amount of —/ 7/ =
T{,zq — T{l For the martingale property, it is sufficient to prove that, in this bilateral
interaction between 7 and 7, if either agent is truthful, then he is unaffected by the dishonesty
of the other agent in expectation. Consider agent j. If j is truthful, then the transfer from
1 to j compensates for the change in the anticipated expected total payoff of j, regardless
of the true types of i and the other agents, —v, 7 = T{,Fl - ng Consider agent 7. If 4 is
truthful, then the report @7 is distributed according to the y¢(_;, x(f;—1)). Thus, regardless
of j being truthful or not, the law of iterated expectations implies that the expected change
in the anticipated payoff on j must be zero, E[y, /] = E[Tgl] - E[Tg,iq] = (0. Therefore,
the expected compensation paid by a truthful agent ¢ is zero.

Given the martingale property, the final anticipated payoff of every honest agent i equals
his payoff 1%,y = ST, ui(~};, X(ék)) As a result, the final value of this martingale equals
i’s total utility, E[Y% y] = E[U"], which implies (11) with C* = T§ y. If every agent is
truthful, then the mechanism implements an efficient decision policy. As a result, the sum

of all the utility guarantees equals the highest total expected surplus, ZieIE[U Z(3*)} =
ZieI (o) [Zgzo “i(~lica X(ék))} = ZieI Té,N = ZieI C*, which implies (12).

A direct consequence of GUM satisfying GUP is that GUM sustains truth-telling strate-

gies as a Bayesian Nash equilibrium. Moreover, in every BNE sustained by GUM, every agent

15Formally, E[T{}i | heio1; 01 =01 = Efert0i-1 (@) [ZZ:—O EO~n((he,im1.60):%) [uj (é{,, x(ét/))H
T

_ Z Eu(ht,ifl»X) |:uj (é{” X(éf/)):| = E[Tg,i—l} .
t'=0

12



obtains the same expected utility equal to his initial anticipated payoff assuming truthful
reports and an efficient decision policy. For instance, suppose a strategy profile s € ST is a
Bayesian Nash equilibrium and si is the truthful strategy. On the one hand, the expected
utility of agent ¢ is bounded from below by the utility guarantee of TEL N

. BNE . _Gup .
E[Ul(s)] > E[Uz(si,s’z)] = Ty, (14)

where the first inequality follows from the definition of BNE, and the second inequality
follows from the lower bound on the agent’s utility being the utility guarantee of Té, ~N- On

the other hand, the expected utility of agent 7 is bounded from above by Téj N
E[Ui(s)] = E { > Uﬂ‘<s>] Y E[UA(s)
J J#i

. ) (14) ) . .
<3 -SR] € STy = Y Ty = T,
J

jezT i i

(15)

where the first inequality holds because ) jeT Té, n 1s the highest possible total expected
utility, and the second follows from (14) since Z#iE[Uj(s)} =D Fré,N‘ Therefore, in
every Bayesian Nash equilibrium, agent i’s expected utility is given by Ty . We summarize

the results below: !¢

Proposition 1. All BNE sustained by GUM are efficient and utility-equivalent.

4.2 Collusion-Proofness

We introduce a collusive environment that allows the agents to jointly coordinate their
reported types and to make balanced transfers within the colluding coalition. We assume
that the reports and the transfers are enforced by a (benevolent) coordinator who has all
the information the agents in the coalition have.!'” Specifically, for a set of agents L C Z, a

side contract is determined by s = {sL}Z_ |, where
s (08 x H, — O x RIE. (16)

A pure collusive strategy 5° maps the joint information of the agents in L to reports oL

and budget-balanced transfers within the coalition. We denote by S the set of probability

16The formal proof of Proposition 1 is omitted as it directly follows from Theorem 1 proven in Section 4.2.
17Tt is without loss of generality to assume that collusion is enforced by a side contract (see Laffont and
Martimort (1997) and Laffont and Martimort (2000)).
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distributions on these pure strategies. Intuitively, a side contract determines coordination
on (possibly random) submitted reports and budget-balanced transfers within L.

We denote by 52\ ¢ ST\ g joint collusive strategy of all the agents except i. The
collusive strategy s\ can be treated as a “punishment” the other agents can coordinate
against agent ¢ who does not join the grand coalition.

We say that a collusive strategy 52 € ST of the grand coalition is a weak collusive

equilibrium if:*®
Vie I, Vs €S, 3T e S E[UY(s, 55 \M)] < E[UY(5Y)]. (17)

Intuitively, condition (17) states that the grand coalition collusive strategy 5 can be
sustained if no agent ¢ is able to deviate and collect a strictly higher utility against the
“punishment” strategy 57\ all other agents can impose on him. The right-hand side of (17)
reflects ¢’s utility if he follows the grand coalition collusive strategy. The left-hand side of
(17) reflects i’s utility if he is not part of the grand coalition, i.e. if he follows a non-collusive
strategy. Thus, 57 is a weak collusive equilibrium if, for each agent 7, there exists a “threat”
2\t all other agents can use to incentivize agent i to join the grand coalition. A weak
collusive equilibrium should be interpreted as a necessary but not a sufficient condition for
a collusive strategy profile to be plausible. For instance, every Bayesian Nash equilibrium
satisfies the definition of weak collusive equilibrium.

An alternative way to define a weak collusive equilibrium 57 is to require that no agent
has a strictly dominant deviation, where a strictly dominant deviation from 5* is a strategy
s® such that:

ysh\ih e S E[U(s', s\ > E[UY(3)]. (18)

We now introduce our notion of collusion-proofness.

We say that a game is collusion-proof if all weak collusive equilibria are utility-
equivalent. That is, the vector of agents’ utilities (E[U i(EI)DiGI is the same for all weak
collusive equilibria, 5Z.

We will prove that this definition of collusion-proofness implies not only the guaranteed

utility property but also a stronger version of the guaranteed utility property.

Theorem 1. The Guaranteed Utility Mechanism is collusion-proof.
Proof: See Appendix B.

18The order of Vs € S* and 357\ € ST\t in (17) are interchangeable since it is an instance of a 2-player
(agent i and coalition Z \ {i}) 0-sum game.
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The reason GUM is collusion-proof is that no coalition of agents L. C Z can collude and
collect a total utility higher than >,

any coalition of agents L C Z, the upper bound for the sum of their expected utilities is

T& y if other non-colluding agents are truthful. For

the highest total expected surplus of all agents minus the sum of the guaranteed expected
utilities of other agents i ¢ L outside of the coalition. If members Z \ L outside of the
coalition follow the equilibrium truth-telling strategies, coalition L cannot get a higher total

expected utility:

sup B0 U0 ().0) | - O 00 10|
0 ez i¢ L (19)

S Z T(iJ,N - Z Tf),N - Z Té,N'

i€ i ¢L jEL

To highlight the connection between utility guarantees and collusion-proofness, we in-
troduce the following definition that extends the GUP property to a collusive environment.
We say that a mechanism satisfies the Collusion-Proof Guaranteed Utility Property
(CPGUP) if there exists a strategy profile s, € ST and a vector C' € RY satisfying the

following:

Vi e I, Vsh\ih e ST\ E[U(st, s™Mh)] > ¢ (20)
sup ZE[Ui(EI)] = ZCi. (21)
stest e i€T

Equivalently, a mechanism satisfies the CPGUP property if and only if

> e o it , BV 3] = g ) B[] (22)

We now discuss the connection between the CPGUP property and GUP introduced in
Section 4.1. Recall that, in (11) and (12), agent i evaluates his utility against the non-
collusive strategies of other agents. That is, GUP property requires the existence of a utility
guarantee for agent ¢, assuming the other agents do not coordinate their strategies. However,
the strong version of GUP requires that a utility guarantee exists for agent ¢ even if all the
other agents collude and coordinate their reports. As can be seen, agent i’s utility on the
left-hand side of (20) is evaluated against any collusive strategy 5°\"} of agents T \ {i}.

Similarly, the left-hand side of (21) allows any collusive strategy 57 of the grand coalition.
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Proposition 2. A mechanism is collusion-proof if and only if it satisfies CPGUP.

Proof. On the one hand, if G satisfies CPGUP, then
(1) o o4 (A7) .
C < E[U(st, 5] < E[UY(FY)]. (23)

Thus,
pe (2§3) > E[U(5Y) (%2) >y e (24)
ieT ieT i€
therefore, E[U(s%)] = C for every agent i € Z.
On the other hand, if G does not satisfy CPGUP, then the negation of (22) says that
there exists (57, 52\ g7\M2H 5TV} gatisfying the following.

i(st, 5\6)] i
> maxE[U'(s', 5] < > E[UY( (25)
i€l €L

We can modify the transfer rules in 57 by an additional constant balanced vector ¢, denoted
by s% +c¢*. Any profile of expected utilities (U}, U2, ..., UN) satisfying Y E[U*(s7)] = 3 U;
i€T i€T
can be achieved by a collusive strategy profile of the form 57 +c. There are different expected
utility vectors which also satisfy m%xE[U i(s', s\ < U for every agent i € Z. For all
S'LE 1

these vectors, 57 4 ¢ is a weak collusive equilibrium, witnessed by (s7\tH, s8\2} | gT\VH),

O

5 Relation to Bergemann and Valiméaki (2010)
and Athey and Segal (2013)

We now discuss GUM in relation to the Dynamic Pivot Mechanism (DPM) and the Balanced
Team Mechanism (BTM). To begin, we extend the definition of 477 in (9) as follows:

T

%‘”(h) _ Z ( EA(ROD),X) [uj (éi” X(ét'))} _ rhx) [u] (Qt/’ X(Qt’))] ) ' (26)
=0

This extended definition will allow us to illustrate better the technical differences among

the three mechanisms.!” In particular, the payment rules in the three mechanisms can be

expressed as follows:

19The main properties of the three mechanisms (DPM, BTM, and GUM) were summarized in Table 1.
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T = (), (27)

JFi
BTMz Z,yt ht LN _—ZZ’yt ht 1N (28)
i J# k#j
y UM = Z (7§_>j(ht,z‘—1) - %z_”.(ht,j—l))v (29)
J#i

where hy 7\ iy = (90, él, e ét_l, ét_z) is the history of reports until time point ¢ excluding élf

Additive externality. As can be seen from (27), (28), and (29), the key differences among
the three mechanisms (DPM, BTM, and GUM) are the way the externalities and the contri-
butions of an individual report to the externalities are calculated. In our mechanism, these
contributions are additive. That is, when multiple reports are made, the joint externality
imposed by simultaneously updating these reports equals the sum of the calculated individ-
ual externalities. Moreover, each agent ¢ pays the transfer to agent j equal to the externality
J imposes on i. If the externality is not additive, then members of a collusive cartel can
exploit the difference between the sum of their calculated individual externalities and the
true joint effect of simultaneous updating of their reports. This makes a mechanism prone
to collusion.

We now illustrate formally that the way the externality is defined in GUM additive.
That is, the sum of all the agents’ externalities is equal to the total externality imposed by
updating all the agents’ reports simultaneously.

We define the total externality simultancous updating of all the agent’s reports at

period ¢ imposes on the agent’s j payoff as follows:

T

W= <Eﬂ<hw<> [uf (eﬂ,,x(et,))] R e “V’X)[u] (et,,x(et,))} ) (30)

t'=t

That is, %I 7 reflects the change in the j’s anticipated payoff as a result of updating
all the agents’ reports at period ¢. In other words, we calculate how the anticipated payoff
of agent j changes when we update the reported types from ét,L ~ to ét, ~. Intuitively, we

update the newly reported types simultaneously when calculating the total externality.

The externality is additive if the sum of the externalities across all the agents is equal
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to the total externality:
ST = vy, e (31)
i€T

Lemma 1. The exsternality defined in (9) is additive.

Proof: See Appendix A.

Note that (9) uses the total externality defined as the simultaneous updating of all the
agent’s reports. More generally, we can define the externality to be additive if the simulta-
neous updating of reports of a coalition of agents L C 7 equals the sum of the externalities
across the agents in that coalition. GUM satisfies this definition of additivity as well.

If the externality is additive, the change in every agent’s anticipated payoff resulting
from updating types from ét,l, N to ét, ~ at period t could be decomposed into the sum of
the marginal “contributions” of every agent. This additivity is crucial for the mechanism to
have the Collusion-Proof Guaranteed Utility Property. Contrarily, if the externality is not
additive, then it provides an opportunity for several agents to jointly deviate from truthtelling

and collect a higher utility. For instance, this is the case with the Balanced Team Mechanism.

5.1 Examples for AGV (static BTM) and BTM

We now provide an example in which the truth-telling strategy sustained by the BTM is
weakly dominated. Moreover, only a non-truthful inefficient equilibrium survives the iterated

elimination of weakly dominated strategies (regardless of the order of elimination).

Static case: AGV (which coincides with BTM for 7" = 1). This weakness (truth-
telling strategy being weakly dominated and the fact that only a non-truthful equilibrium
survives the iterated elimination of weakly dominated strategies) of BTM is already present
in the single-round setup, where BTM coincides with the AGV mechanism.

If there is a type profile for which there are multiple efficient decisions, then there are mul-
tiple efficient decision policies. We will call an AGV with a particular efficient decision policy

an AGV implementation. We state the results below, and the proofs are in Appendix E.

Theorem 2. There exists a setup with multiple efficient decision policies, such that, in one of
its AGV implementations, the truthful strategy of an agent is weakly dominated. Moreover,
an inefficient strategy profile survives iterative elimination of weakly dominated strategies

(not depending on the order of elimination).
Proof: See Appendiz E.
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To highlight the role of multiple efficient decision policies in our results, we provide the

following Theorem.

Theorem 3. If a setup has a unique efficient decision policy, then under the unique AGV
implementation, the truthful strategy profile survives iterative elimination of weakly domi-
nated strategies.

Proof: See Appendix E.

Dynamic case: BTM (7" > 1). We now illustrate that Theorem 3 no longer holds in a

dynamic environment.

Theorem 4. There exists a setup with a unique efficient decision policy such that, in the
unique BTM implementation, only an inefficient strateqy profile survives the iterative elimi-
nation of weakly dominated strategies (not depending on the order of elimination).

Proof: See Appendix D.

Although the formal proof of Theorem 4 is delegated to Appendix D, we now illustrate

the main idea using Example 5.1 below.

Example 5.1. Consider a game with a large number of periods T and with three agents:
blue (b), red (1), and green (g). The set of agents is denoted by T = {b,r,g}. At periods
1, 2, ..., T — 1, nothing happens except that the types of blue and red stochastically evolve,
independently. At period T, the type of both blue and red is either H (high type) or L (low
type). A public decision “YES” or “NO” is made. If the decision is YES, then the payoffs
are u'r(L, YES) =5 and u-(H, YES) = 100 for i € {b,r}, and u§(Y ES) = —150. If the
decision is NO then all the agents’ payoffs are normalized to zero. Thus, it is efficient to
choose YES if both blue and red agents have type H, and NO otherwise.

For i € {b,r}, let pi = Pr(0 = H | 0}) denote the probability at ¢ that ¢ will have type
H in round T'. The transfers can be directly expressed by these probabilities.

The Balanced Team Mechanism. Each agent publicly reports the probability p! € [0, 1]
at every period t = 1,2, ..., T, and

Py = ph = E(p}). (32)

Given the reports, each agent gets a transfer calculated in two steps. First, for each ¢, we

calculate how each agent’s report changes the anticipated payoffs of other agents, given all
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the reported types in the previous round ¢ — 1:

T
WM = S SR (6 1) — () . &

JeT\{i} #'=0

where uz, expresses the payoff of agent j in round #, and pZ ; denotes the reports of all
agents Z = {b,r,g} at t — 1.
Second, each agent 7 gets this transfer ’yf TM;: paid equally by the other two agents.

Formally, the total transfer to agent ¢ becomes:

T

i i1 j
TS LA ()

t=1 JET\{i}
In this example, each agent gets a transfer equal to the imposed externality on others,

7 =50 P (B — ), (35)
because the report changed the probability of Y ES from p,’, - pi_, to p, ', - pi, and this
decision would cause a total of 100 — 150 = —50 change in the total payoff of the other
agents. Each of these transfers ”yf TM1ig paid by the other two agents, shared equally.

Consider the following deviation from the truth-telling strategies. In every even round
both blue and red agents report pb, = py, = 0, and in every odd round they report p5, | =
Popyr = 1. Then, from round ¢ = 2 on, in every even round both get a transfer of 'yiTM’i =
50-1-(1—0) =50, and in every odd round both get a transfer 7;3}{7;]\14@‘ =50-0-(0—1)=0.
So this deviation from the truthful strategies is beneficial for both agents.?

Note that, in this dynamic setup, deviation from truthfulness does not require coordi-
nation: if either agent starts playing one of the stable equilibria, then the other agent is
incentivized to join. In Appendix D, we show a discrete example based on the same idea
with a full analysis that iterative elimination of weakly dominated strategies eliminate all

efficient strategy profiles.

Technical Differences: BTM vs. GUM. We now discuss the key technical differences
between the BTM and the GUM in detail. In particular, we discuss the two technical
differences between the way transfers are calculated in the BTM and the GUM.

20The described deviation from the truth-telling equilibrium is reminiscent of the stable (pure strategies)
equilibrium in the Battle of Sexes. The truth-telling equilibrium is analogous to the unstable equilibrium.
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Incentive Term. In the BTM, the externality the agent i’s updated report 92’5 imposes on
an agent j’s payoff is given by:

%BTM,zsj — 0160 [ Z u’ ((915/, X(et/)) ] — ErOe [ Z W (9{,, thl)) 1 . )
t/

t/

When calculating the change in the j’s anticipated payoff at period ¢’ as a result of updating
agent 7's report at period ¢, the BTM updates only the report of agent i from 6i_, to 6
while keeping reports of all other agents j # i at period-(¢t — 1) value. That is, in both the
anticipated payoff functions, we have é{_’l This way of capturing the externality the agent

i’s report ! imposes on other agents is not, in general, additive:!

D ST A (37)

i€

Intuitively, if the joint externality of several agents differs from the sum of their externalities,
they can “game” the mechanism. That is, by misreporting their types, agents can exploit the
difference between the total and the sum of the externalities their reports impose on other
agents.

How transfers are paid. Second, the GUM differs from the BTM in the way transfers are
paid. In the BTM, to ensure the transfers are budget-balanced, the agent i’s incentive term
is paid equally by all the other agents. In contrast, in the GUM, after each updated report
0i, each other agent j pays the transfer equal to the effect of this report on j.

We illustrate the two differences related to the transfers using the motivating example
with agents {b,r, g} introduced above.
First, recall that, in the BTM, the payment 'th TMT that reflects how the anticipated

payoffs of blue and green change as a result of updating red’s report from p;_; to p; is:

BTM,r ~ ~ e
Yoo =50p0 (B — DY),
and if p0_; = 0 then 777" = 0 regardless of ;. This is the reason red can benefit from an

exaggerated report p; = 1.

However, in the GUM, according to the order of agents {b,r, g}, we have

GUM, NS ~ A i
7 M =50 gy (B —0t) = (38)
AT =50 47 (o —07) AT (39)

2[f in every round, only one agent has randomness in his new type, then the externality is additive in the
BTM.
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because we already updated the report of red to p; when calculating the incentive term for
red. Note that with our way of calculating 77V, agent red cannot report p; = 1 without
“paying the price” as now he has to compensate for the externality his exaggerated report
p = 1 imposes on the other two agents.

Second, to guarantee that the mechanism is balanced, 720 UM s paid by the agents
affected by pj,. For instance, since green’s payoff is —150 in case decision YES is made, red
has to compensate green if his report p} increases the chances of decision YES being made.

Note that only modifying the way the incentive terms are calculated is not sufficient.
For example, suppose we use the modified value of 7, but require it to be paid equally by
all the other agents like in the BTM. Then, although red now must compensate for the
externality his exaggerated report imposes on the other agents, he does not compensate for
the entire change in the anticipated payoff of others. Thus his incentives to misreport remain.
Simultaneously changing both the way the incentive terms are calculated and the way they

are paid guarantees the truth-telling strategy is not weakly dominated.

5.2 Example (Dynamic Pivot Mechanism)

We now illustrate that the dynamic pivot mechanism introduced in Bergemann and Valiméaki
(2010) is subject to the possibility of inefficient equilibria. Furthermore, the truthful strategy
sustained by the mechanism might be weakly dominated, and the iterated elimination of

dominated strategies may eliminate all efficient outcomes.

Example. Consider a two-period game with three agents: blue (b), red (r), and green (g),
and we denote the set of all agents by Z = {b,7,¢}. In both periods, an allocation (i.e., a
public decision) a; € A is an element of a finite set A = {—1,0,+1} of possible allocations.

The payoft function for all ¢ € Z is defined as follows:
ui(ag, 05p) = O - ay — (at)Q, (40)

where 0, is the type of player ¢ at period ¢, described next.

Att=1,0,, =0, =5and 0,; = —2. At t = 2, the types depend on the types at
t =1 as well as the allocation a;. If a; = —1, then 6,5 = 0, » = 0; otherwise, 8,5 = 100 and
0,2 = —100. The green type at ¢t = 2 is 0,9 = 0, regardless of the allocation. In addition,
agents can report the outside option X, which represents the “efficient exit condition”.??

Intuitively, the agent is deemed irrelevant if he does not affect the efficient social decision

22 As mentioned in Bergemann and Vilimiki (2010), page 781, paragraph 2, X is a type with u(X, a;) = 0
and the transition from (X, a;) to type X occurs with probability one.
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upon exit, the mechanism satisfies the efficient exit condition if agents neither make nor

receive transfers in periods where they are irrelevant.

The Dynamic Pivot Mechanism. We now describe the dynamic pivot mechanism. Given

the described types, the socially efficient allocation for every ¢ is the following:
ay = Sigl’l <9b,t -+ 97.,13 + 9y,t> . (4.1)

We now specify the non-zero monetary transfers as functions of the reported types ézt
If éb,g = 100 and HA,,Q = —100, then both blue and red pay 99 at t = 2, py2 = p,2 = 99. At
t =1, if éb71 = X, énl = 5, and égJ = —2 then red pays 2 at ¢ = 1, p,; = 2. Finally, if
éf,‘yl =X, ébJ =5, and HAyJ = —2 then blue pays 2 at t = 1, p,; = 2. The expected utilities

are summarized in Table 3 below.

EU'EU" | 6,,=5 | 6,1 =X

b1 =5 | —94,-94 | —96,—94
01 =X | —94,-96 | —2,—2

Table 2: utilities from the truthful and "exit" report for blue and red agents.

The main idea behind the example is that blue and red are better off reporting type X at
t = 1 and then rejoining the mechanism by reporting their type truthfully at ¢ = 2. By doing
this, blue and red avoid the conflict as they want the opposite allocations at ¢ = 2 (blue
benefits from as = 1 but red benefits from ay; = —1). To see, note that, in both periods,
green is better off being truthful as the truthful strategy dominates reporting ég,t =X). In
addition, if the decision at ¢ = 1 is a; = 1, then both blue and red are better off reporting
ébg = 100 and ém = —100 than reporting ébyg = éng = X.

6 Additional Properties and Extensions

We now discuss some of the additional properties and extensions of our mechanism.?® First,
in Section 6.1, we enhance GUM to satisfy a dynamic version of an interim participation
constraint. Second, in Section 6.2 we extend our results to a more general environment where
agents observe informative signals of the true past types of other agents. In Section 6.3, we

allow agents to choose private actions.

23In Appendix H, we discuss a symmetric version of GUM and the connection to Shapley values.
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6.1 Participation constraints

To focus on efficiency and budget balance, we presented the main model without explicitly
addressing the agents’ participation incentives. One interpretation of that setup is that the
decisions and payments are implemented by an external enforcer. To formally introduce
participation constraints, one must define every agent’s outside option, i.e., the payoff of
non-participating in the mechanism. The mechanism is then individually rational if no
agent suffers a decrease in expected utility relative to this outside option.?*

A natural way to introduce an outside option might be as follows.?> An agent can refuse
to pay the transfers, but his type and, therefore, the payoff is updated according to the
transition probabilities of the setup. The mechanism chooses the policy of the public decision
so that it maximizes the expected sum of the participating agents, ignoring the incentives
of the non-participating agents. This version of individual rationality implies that, at each
round, after the agent observes his type, he can choose whether to participate or not. If
he chooses not to participate, then the transfer to him is zero. We extend GUM for this
extended model as follows. Let P, C Z denote the set of participating agents in round t.
The mechanism always follows a decision policy x (P, t), which maximizes the total expected

flow payoff of the participating agents:

X(P,,t) € argmax  EFOx) {ZZ X (P t)(00)) |- (42)

!/
X i€ t'=t

To formally make the mechanism individually rational, we introduce additional transfers
for each period an agent quits the mechanism. Let @!_ and @} denote the anticipated payoff
of 7 starting from round ¢ and assuming that the set of participating agents for the rest of
the game will be P,_; and P,_; N P, respectively. Note that Y. E(a!) > > E(ai)

i€P 1NP, i€P;_1NP;
because in the former summation, the public decisions maximize that total anticipated payoft.

We introduce additional transfers as follows:

1

exit—i _ E ﬂi_ —E ﬂz +
Yi (a-) () P_i N D

(E(a) — E(a)). (43)

el 1NP,

24We can analogously define coalitional rationality: no set of agents can get a higher total expected utility
by some of them using the outside option.

25In public goods applications, the appropriate benchmark from which to measure payoff change might
not be uniquely defined. For example, if an agent declines to participate in a mechanism, he might be able
to avoid paying transfers. However, he might still be affected by the public decision as well as the decisions
of the remaining agents (see Green and Laffont (1978) for a discussion). See also Krishna and Perry (1998)
for a discussion of type-dependent participation constraints in efficient mechanisms.
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The additional transfers ensure that the truthful agents are compensated for the effect of
quitting, which guarantees that the truthful agents get the same guaranteed expected utility
no matter what the others do.

The extended GUM with additional transfers guarantees the same anticipated payoff
for every truthful agent who does not exit the mechanism, and the utility guarantees sum
up to the maximum possible total expected utility of all agents. Therefore, the proof of
incentive compatibility and collusion resistance applies to this extended setup when exiting

is allowed.?®

6.2 Observing true past types

While we presented our main results assuming that agents observe only public reports re-
garding other agents’ types, our results remain intact if agents observe the true past types
(or noisy signals of them) of other agents. For instance, consider a modified model where
some agents O C 7 observe all the true past types. Namely, at period ¢, every agent 7 € O
observes both the reported é}:_l as well as the true type 6! ; for every 7. In this modified
model, all our results remain intact, and truth-telling remains an equilibrium. Similarly, we
can allow the agents to observe any informative signals regarding the past types.2” Moreover,
within each period t, we can allow an agent whose report is being updated to observe the
true types of agents whose reports have already been updated at ¢. That is, when a report
of agent j from an ordered set {0, 1,..., N} is updated, we can allow agent j to observe the
true types 0F of all agents k < j.

Our mechanism, therefore, extends the results of the efficient budget-balanced mechanism
design into the environment where the agents observe signals regarding the past types in
addition to the public reports. For instance, the (unbalanced) team mechanism in Athey
and Segal (2013) sustains truth-telling as a subgame-perfect equilibrium if all the private
types are publicly observed. However, under the Balanced Team Mechanism, the truthful
strategy profile is not a subgame-perfect equilibrium in the modified model where agents
observe the true past types of other agents.

The proof will be based on a strengthening of CPGUP (22) as follows. Let SE denote

261f we want to allow re-entering, then we need to introduce additional transfers compensating the agents
in P;_1 N P;. The rule is the same as before: the re-entering of j changes the expected total payoff of each
other agent ¢, and j pays the negative of this change. Note that re-entering with a type of constant zero
payoff throughout the game causes no transfer. Hence, an agent has the same incentives to re-enter and to
report the true type instead of that constant zero payoff type.

2"The proof of Theorem 1 remains intact even if agents observe noisy signals regarding the past types in
addition to the public reports.
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the set of collusive strategies of L C 7 also allowing them to observe the true past types
of others. Namely, a pure extended collusive strategy of a set of agents L C 7 is given by
st = {5L}L | where

shoOh !t x e xH, , —» 6 (44)

and the set of the mixed extended collusive strategies are denoted by SE. Clearly, St C SE.

In Appendix B we prove that GUM has the following strengthened property, where we
replaced ST\ with ST\ in the definition of CPGUP.

max min  E[U'(s, §I\{i})] = max ZE[U’(?)} (45)
— sicSi 5T\{i}eST\(i} §TeST “
€L €L
This proves an even stronger robustness about observing the past of each other: it works
for example in any model with noisy and correlated observation, because it only assumes

two things.

1. Each agent ¢ can use his strategies as if he did not observe the past of others, meanwhile

hiding his current-round type.

2. If ¢ hides his current-round type, then whatever the other agents do must be a legal

(mixed) collusive strategy where they fully observe the true past types of all agents.

6.3 Private actions

All our results remain intact if agents take private actions.?® Namely, we will show that the
guaranteed utility property (13) prevails, and as we have seen, all the proven features are

consequences of it. In particular, suppose that each period ¢ consists of the following steps:

1. 0, is chosen from the probability distribution [ [,z oy #6071, 071, {_y, 27_) for every
t > 0. Each agent 7 € Z privately observes 6}, and all agents observe 6.

2. Each agent makes a report 6.

3. A public decision z¥ € X is made.

4. Each agent i € Z makes a private decision 2! € X.

The notion of a decision policy extends naturally to this extended setup as a vector
X = (X", oY) where ' {0,1,..., T} x ® — X.2° A history h and a decision

policy x’ determines a probability distribution p(h, x’). The mechanism chooses an efficient

28In the working paper version of Athey and Segal (2013), the mechanism includes private decisions.
29As in the basic model, the decisions could depend on the full history. Our mechanism will use a decision
policy of this simpler form, with no loss in efficiency.
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decision policy x = (X%, x%,...,x"), that is

T
Y € argmax  EA%0X) { Z Z u' (5;, X’(ét)) 1 . (46)

X i€ t=0

After all the agents report their types é@, the mechanism makes a recommendation for
their private action Xi(ét) in the future period. When choosing the recommended private
actions, the designer calculates the anticipated payoffs. Given the efficient decision policy
and the payments described by (10), all the agents report their types truthfully and follow
the recommendation when choosing their private actions.>* This extension of the setup can
be combined with Section 6.2. Namely, we can allow the observation of true past types and
the observation of past private actions. This yields a similar strengthening of CPGUP (22)

as in Section 6.2.

7 Approximate efficiency without transfers

31 We will show a

We now consider a modification of our base model without transfers.
transfer-free version of GUM that implements approximate CPGUP with limited error pro-
vided that the externalities 7/ 7 (h) defined in (9) are absolutely bounded by a constant D.

Approximate CPGUP with error R is defined by the following modification of (21).

Vi€, VB € SAE: E[Ui(s1, 5] > O (a7)
sup ZE[U“?)} - ZCi <R (48)
78T et i€T

We define the transfer-free GUM with bound B as the GUM with the following two
modifications:
1. There are no transfers, y = 0.
2. For any ordered pair of agents ¢ # j and for any round ¢y, if 2?:1 72_” < —B, then
the reports 0! for ¢ > t, are replaced with random types from y! (é,ﬁ;l, ;—1) until the

game ends.??

In other words, the agents are playing GUM except that the payments are not paid but

each ordered pair of agents (i, j) € Z? has a separate virtual budget for the ordered bilateral

30See Csoka et al. (2023) for a general model with both moral hazard and adverse selection.

31The modification is applicable in the environment with private actions and observability of past types.

32Note that the replacement of reports with random ones affects both the public decisions x; and the
virtual transfers of v, " for j >4 and ¢ > t,.
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payments 72_”‘, and if ¢ owes j more than this limit B, then i’s reports are replaced with

random reports after that period.

The maximum externality a report can cause to another agent is formalized as follows.?3

T T
D = max |’Y§_>j(ht,i)| < max (E“(et’X)[ Zu’ (éi/,x(ét/))} — EH00 [ Zui<~i/7X(0~t’))})

L ] i
Ivjvt)ht,z t79t70t71 V—t —t
(49)

The inequality tells that D is bounded by the maximum change in the anticipated payoff of

any player caused by changing the current type vector.

Theorem 5. In any game with N agents and T rounds and a bound D as in (49), the
transfer-free GUM with B = D -+/T - In(T - N) implements approzimate CPGUP with error
bound R = N*- D - (1+ T-ln(T-N)).

We can illustrate the theorem with repeated games where independent copies of the same
single-round setup are played in a (large number) T of independent rounds. In this case, the

externality is bounded directly by the payoff function as follows.

D <sup [supu;(6;,z) — inf u;(6;, z)]. (50)
i, 61 T T
As a consequence, the per period error bound is at most N?- D - M which converges

to 0 as T — oo.

We note that if the evolution of the type space induced by p and x is a finite irreducible
Markov chain, then D is a bounded function of T". Therefore, for such setups, the per period
error also converges to 0.

We also note that all of these results are valid in the extensions where agents can observe
past types and the agents have private actions (see Section 6).

The mechanism and the error bounds could be improved by changing the decision policy
as compensation for a “virtual debt”. This technique could be particularly efficient in a case
of continuous payoff functions and transition rules on connected topological type spaces, in
which case the factor /T In(7T" - N) in Theorem 5 could be replaced by In(7"). We leave this
for future research.

The repeated game problem without transfers we considered was solved for constant-size

type spaces in Jackson and Sonnenschein (2007) (hereafter, JS).3* The key idea in JS, is to

33Notice that ,u((ht_l,N, 0s), X) starting from round ¢ is independent of h:_1 y, therefore, we denote this
distribution by (6, x).
34See also Ball et al. (2022) for a correction of the approximate truthfulness definition used in JS.
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use statistical tests to detect lies. If the reported statistics of a coalition of agents differ
significantly from their expected true distribution, then the mechanism “punishes” those
agents by replacing their reports with random ones. A truthful agent secures a sequence
of payoffs that converge to the target level under the efficient decision policy. However,
the error term in JS is heavily increasing with the size of type spaces and the number of
agents.® In particular, the approach used in JS is not applicable if type spaces are infinite.
In contrast, our transfer-free GUM achieves efficiency with an error that does not depend

on the type space size.

Proof of Theorem 5. For each agent ¢, consider the joint distribution of the reports of others,
as a function of the reports of i. By reports, we mean the random replacement in the cases
when the agent already violated the budget constraint. This distribution can be simulated
by a collusive strategy 5\ ¢ ST\ in GUM. If agent ¢ always reports truthfully, then
GUM guarantees E[U?] > CYUM: for any collusive strategy of the other agents, including
52\t The two modifications of GUM to the transfer-free GUM change this expected utility

as follows.

e In the transfer-free GUM, agent ¢ may suffer a loss by not receiving the transfers. If
¢ is truthful, then Ey; [%qj (6, ét_ z)} = 0 for any fixed report profile ét_ ‘. About the

to .
N
sequence Y 7/
=1

To sum up, the total expected transfer to ¢ in GUM is at most (N —1) - (B + D).

' once it goes below — B, the further terms become 0 in expectation.

e The loss due to the obligatory misreporting of i. Hoeffding’s inequality shows that
. . 7232 72-D2<T-1n(T<N)
7.7 < —B occurs with probability at most e?0P? < e~ 7.2

1
TENZ-

time point ¢y is less than ﬁ In case it happens, the loss of 7 due to the obligatory

— o—2In(T-N)

Therefore, the probability that it happens with any of the agents j # i at any

random misreporting is bounded by D per round, which is at most 7"+ D loss in total.
D

Therefore, the expected loss is less than

Therefore, the guaranteed payoff of i is C* > CCUMi — L — (N —1). (B + D). So the

sum of the guaranteed payoffs satisfies the following.

sup » E[U'(5)] =) €' =) (COUM—C') < D+N(N—-1):(B+D) < N*-(B+D) = R.
FLeST et ieT €T

]

35 Jackson and Sonnenschein (2007) do not provide explicit bounds for the dependence of the error term
on the parameters.

29



8 Concluding Remarks

We construct an efficient dynamic mechanism with agents privately observing types over
time. Transfers are calculated based on the reported types. The reports are updated se-
quentially within each period. After agent i’s report is updated, ¢ pays to j the negative of
the externality his report imposes on j. All Bayesian Nash equilibria sustained by our mech-
anism are utility equivalent. We prove that each agent can guarantee himself an expected
utility by being truthful, and those guaranteed utilities add up to the total ex-ante expected
surplus. Consequently, our mechanism is collusion-proof, and all Bayesian Nash equilibria
are utility equivalent. While we used a standard private values setup with independent types
to present our main results, our mechanism remains intact in a more general environment.
For instance, the truthful equilibrium sustained by our mechanism remains intact if agents
can also choose private actions. In addition, our results remain intact if agents observe
signals of the past true types of other agents. Finally, in environments without monetary

transfers, we construct a transfer-free GUM that approximately implements CPGUP.
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Appendix

A Proof of the additivity of externality

We show equation (31) in Section 5. First, using (9), the sum of the expected externalities

across all the agents is equal to:

S = 30 (30 (2 [ @in@)| - w0 )

i€T i€ N t'=t
. o o (51)
— (Z < Er(heinx) {uj (Qiu X(Qt'))} _ shaio1,X) {uj (Qi,, X(Qt'))} ))
t'=t i€l

Second, using the definition of h;; in (6), the expression inside the Zfzt () on the right-

hand side of (51) can be rewritten as:

Z <Eﬂ(ht,i,x) |:uj (é{/’ X(ét’)):| _ E/—L(ht,ifl’X) |:uj (é{,, X(ét’)):| )
i€
= B0 [0 5, 50)] B [ 5 x(0)] £

+ E#henNx) [uj (Qi,, X(ét’))] _ RrheN-1,%) [uj (ég,’ X(ét’)”
= BN [0 (03, x(Bp))] — BP9 [l (63, x(60)) ]

where hy 1 = hy_1 v.
Finally, using that h; 1 = hy_1 v, the expression on the right-hand side of (52) becomes:

BN [ (67, x(0p)) ] — B#Pe129 [ (67, x(00)) ]

~. ~ Y n 53
= BN 0T (6, x(00))] — Bty [l (67, x(00)) ] ()
Thus, we proved that the externality defined in (9) is additive:
.. T ~ ~ nJ ) '
Z P)/z—)] _ Z (E#(ht,NJ() [U] (01{” X(et’))] — Eﬂ(ht—l,N»X) [U] (9;’ X(et’))}) — ,ytZ‘)]
i€T t'=t
Q.E.D.
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B Proof of Theorem 1

We prove that Theorem 1 holds even in the extended model where the agents may have
private decisions (Section 6.3) and may observe the past of each other (Section 6.2). We
show that GUM satisfies CPGUP, which is equivalent to collusion-proofness according to
Proposition 2.

We prove that every agent ¢ € Z obtains a utility guarantee of Té, ~ by being truthful

and ) T{ y is equal to the highest possible expected total utility.® The latter statement
1€L
is obvious. If all agents are truthful, then by the definition of T} .~ the expected utility of

agent i is exactly T07 ~- By the definition of the efficient decision policy, if the types are
truthfully reported, then the mechanism maximizes the expected total payoff, and the total

payoff equals the total utility because the transfers are balanced. Formally,

SoE[v ()] < SEen v 0.0 | (54)

€L 1€l

T
-5 | $ i+ 0] - Ko S ] - S
t=0

i€l i€T i€
(55)

Therefore, we only need to prove the following.
E[Ui (6%, x(9),y'(9)) (s, 51\{i})] =Tiy  VieZ, Vil e S (56)

From now on, the strategy s’ is fixed as the truthful strategy of agent ¢, and a collusive
joint strategy 57 \# is also fixed. The transition probabilities in the stochastic process depend
on the choice of 57\,

Starting from the first round (¢ = 1), we consider the private actions to be made at time
(t, N + 1). Hence, the Nth player’s report of é,fv at time (¢, V) is followed by the private
actions at time (£, N + 1), which is followed by the report of %, , at time (¢ + 1,0).

36Note that T(i)’ y is only a function of the fixed initial type vector 6.
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N+1
We split each transfer to a sum y; = 3 y;; in the following way.

7=0
0 Jifj=0o0rj=N4+1
yio= ot it =i . (57)

ki
_%f% Jifj#0,j#AN+1and j#1

Notice that y; ; is a function of Ay ;.
Let F}; contain

1. the current history Ay ;,

2. all public and private decisions up to round ¢ — 1, namely, (z%) for all i € ZU {0} and
t<t—1,
o 0" if j < i
3. the true current types 0;, excluding 6} for j < ¢, namely,
0, if j > 1.
This expresses an upper bound for the total information of all agents excluding ¢ at time
(t, ). More formally, we assume that if 7 does not collude, then 6 must be F; ;-measurable.

We prove that the sum of the anticipated payoff T of the truthful agent ¢ and the total
(t.4) )
transfers ) y;,; up to a time (¢, j) is a martingale:
(t',4)=(1,0)

(t,9)
E{Tz,ﬁ AL

(¢ ,3)=(1,0)

(tj-1)
—1} j-1 7t Z ?Jtm (58)

(¢ ,3)=(1,0)

which is equivalent to:

E|:Té T;] 1+yt]

L] =0 (50)
or alternatively

E {’YgHZ + yZ]

;‘,jll — 0. (60)

When the second lower index is j = 0, then (¢,7 — 1) = (¢, —1) is identified by the time
(t —1,N +1). We now formally prove that condition (60) holds. There are four cases
depending on the type of report being updated.

Case 1 (j = 0, updating the public report). Since yi’o = 0, we need to show that
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E {,y?—m

,f’_l} = 0; see (60). That is, by the definition of externality (9), we need

ElEMhM) { Zui(é;,x(ét/))} ‘f;_l] :E[E“(’”v“) [ Zui(ég,,x(éﬂ))} 'ff,_l} (61)

t t

The left-hand side of the equality is the total expectation of > u (é}:,, X(ét’)) as #; ranges
t/

through @~ ! according to the transition probabilities governed by p. Hence, (61) follows

from the law of total expectation:

E {EéN“(htvO’X) { > "l (G, X(ét,))} ‘ J—“i_l] (62)

t/

E{EQONM Oy we-0) {Eéw“htvhé?)%) { Zui(éi/,)((ét’))} 'f?,_l}

t/

N

_E {Ewhwx) { S (G, X@))] ‘ }"Z’l] | (64)

tl

Case 2 (j = i, updating agent i’s report). Since j = i, we have yg_” + ytj = 77+
Sk = Zﬂ%k Thus according to (60), we need to show that E{ SR Fa 1} = 0.

k#i
5[t | k(05 x0)| - [ @] | H | <0
k t

That is, we need
tl

Hence, it is enough to show that for each £ € Z we have

E{E“(ht’i“)[Zuk(éﬁ,x(éﬂ))] ‘f@ } [Eu (he,i-1.0) {Zu 0%, x( et,))} ‘f;i_l].
t/

(65)
As agent ¢ is truthful, his report is updated from his past true type ég’_l = 6! _, to his new

true type éi = 6i. Note that because the true type 6! is revealed at time (,4), we can view

92 as a random variable governed by u. By the law of iterated expectations, we have

E{]Eew“(h“X){Zu et,,x(et,))} ‘f;i_l} (66)

:E[Eéé~u2‘<9?1,éz‘1,xt-1> {Eew (hi.s-1,60) {Z“ 3 (00) } ‘Pi—1:| ‘f?,i_l} (67)
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_ g {Eéwu(ht,z‘hx) { tz uk (85, X(ét,))] ' ft{i_l} , (68)

Case 3 (j # i and j # 0, updating other agent j’s report). By (57), we have v +y§’j =0,
and thus (60) holds trivially.

Case 4 (j = N + 1, making the private actions). Since y;NH = 0, we need to show that
E l:,ytN-H—n'

,f’_l} = 0; see (60). That is, by the definition of externality (9), we need

| mteend | S @ @0)| | 7| = B[ 20| St Gn@)] | 7| (0

t t

The distributions p(he y41, x) and p(hen, x) are the same, since at time (¢, V) only deter-

ministic presumed private actions are made according to the decision policy Y.
, (t.4) ,
Now as we proved that T} ; + . )2(1 ) Yy j 1s a martingale, we conclude that every agent
/7j/ =4

can obtain a utility guarantee of T y by being truthful, T = E* [T&N + ZES;}ZO 0) yij]

(T,N)

TiT,N + Z Z/ZJ
(t,5)=(1,0)

> w0 x(00)+> v

k=0 t=0

=E =E =E[U"] = E[U'(s", 55\)]. (70)

Q.E.D.

C Weaknesses of Che-Kim’s Strong Collusion-Proofness

and Safronov’s Coalition-proofness

Our definition of collusion-proofness implies Che-Kim’s and Safronov’s definitions as well as
all earlier definitions of collusion-proofness we are aware of. Equivalently, a violation of any
of these definitions of collusion-proofness is a weak collusive equilibrium which changes the
expected utility of at least one player. In this appendix, we will elaborate on the other direc-
tion: Che-Kim’s and Safronov’s definitions have behaviourally relevant weaknesses compared
to our definition.

All definitions of collusion-proofness we are aware of were defined for static games. The
simplest setup about collusion has two agents and a principal, considering the possible coali-
tion of the two agents. For this case, Laffont and Martimort (2000) (following Cramton
and Palfrey (1995)) introduced a definition of “weak collusion-proofness”. Then Che and
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Kim used the analogous definition for multiple agents, called “strong collusion proofness”.
Hereby, this definition did not address some additional potential problems with collusion, as
we will shortly demonstrate. These definitions did not allow the agents to bond themselves
about what they would report.?” They also did not consider the possibility that the agents
may reveal and verify their true types. Che-Kim’s strong collusion-proofness was entirely
focusing on the utility of the principal. In particular, in an arbitrary game with a principal
and multiple agents, if the payoff of the principal is a constant, then every Nash equilibrium
is “Che-Kim strongly collusion-proof”. However, if the principal also gets a higher payoft
by a rational collusion of the agents, then it was a violation of Che—Kim’s strong collusion-
proofness. They used it for a game with a distinguished principal and at some agents, where
two agents were distinguished. They considered only those coalitions that included those
two agents and did not include the principal.

In a setup similar to ours but in a static framework, Safronov (2018) introduced the
simpler definition of coalition-proofness meaning that no set of agents can benefit in total
by a collusive deviation. This definition has no distinguished agent, and this is a reason
why there is no implication between Safronov’s coalition-proofness and Che-Kim’s strong

collusion-proofness.

Safronov’s Coalition-proofness (Safronov, 2018). In a static game G with a type
profile 6, a strategy profile s, is Safronov’s coalition-proof if for any type profile 6, any

coalition C' C T and any joint strategy s¢ of agents in C, the following condition holds:

D E[(U(s9,s0)] <) E[U(sD)]. (71)
icC ieC

Safronov’s coalition-proofness can be interpreted as an extension of Nash equilibrium to
groups of colluding agents. We could justify this definition so that if the coalition can benefit
from a deviation, then an appropriate collusive transfer rule can make each agent benefit
from colluding.

While Safronov’s mechanism — as a special case of the GUM - satisfies our stronger def-
inition of collusion-proofness, Safronov’s coalition-proofness is a weaker term. For instance,
it does not imply uniqueness. For example, there are two coalition-proof equilibria in the
symmetrical battle of the sexes. Safronov’s coalition-proofness does not automatically ex-

tend to a dynamic environment where agents learn private information after some actions.

37Che-Kim had an illustrative example of a knockout auction that bonds them how to behave later, but it
did not meet their own definition of collusion. They added a footnote that the specific knockout auction in
that specific example has an equivalent outcome as another behavior that meets their definition of collusion.
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Moreover, Safronov’s coalition-proofness is susceptible to the agents’ beliefs regarding the
formed coalitions.

We next provide an example that satisfies Safronov’s coalition-proofness but where agents
find it beneficial to collude and coordinate their reports for some beliefs regarding the formed
coalitions.

Consider the following three-period game (7' = 3) with four players, Z = {1,2,3,1}. The
timing is as follows.

t = 1: Agent 1 publicly chooses x; € {Quit, Bet}. If 1 = Quit, then the game ends. If
x1 = Bet, then the game proceeds to the next period.

t = 2: Agent 2 is trying to predict what Agent 3 and Agent 4 will do in a prisoners’
dilemma they play at ¢t = 3, described below. Formally, Agent 2 privately chooses a “guess”
zy = (g3,94) € {Y, N} x {¥', N}.

t = 3: Agent 3 and Agent 4 play a prisoners’ dilemma, i.e., make simultaneous choices:
Agent 3 chooses 3 € {Y, N} and Agent 4 chooses 1, € {V, N}.

Utilities. The utilities are as follows. If 1 = Quit, then all the players collect zero utilities
(0,0,0,0). If x; = Bet, then the utilities are determined by actions of Agent 2, Agent 3,
and Agent 4. We distinguish two scenarios. First, if Agent 2’s guess is correct (gg = I3
and gy = 1). The utilities are summarized in Table 4. Second, if Agent 2’s guess is wrong
(either g3 # T3, Or gy # 14, Or both). The utilities are summarized in Table 5. Intuitively,
Agent 3 and Agent 4 play the prisoner’s dilemma (N is analogous to "cooperate" and Y is
analogous to "defect"). Finally, Agent 2 is better off if his guess is correct, whereas Agent 1

is better off if Agent 2’s guess is wrong.

U, U, Uz, Uy T =Y s =N
r3 =Y —-2,1,—-10,—10 | —2,1,10, —20
r3 =N —2,1,—-20,10 —-2,1,0,0

Table 3: utilities if Agent 2’s guess is correct (‘(]3 =ux3and gy = ]).

Up, Ug, Us, Uy Ty = Y Ty = N
5=Y |8,—-9,—10,—10 | 8,—9,10, 20
73 = N 8, —9, 20, 10 8,-9,0,0

Table 4: utilities if Agent 2’s guess is wrong (either g3 # X3 O gy # 1y, OF both).

Equilibrium analysis (without collusion). To characterize the equilibrium, note that there

is a unique equilibrium (Y, ") in the Agent 3 and Agent 4 prisoner’s dilemma at ¢ = 3. At
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t = 2, Agent 2 correctly anticipates the outcome at ¢ = 3 and chooses a guess x5 = (Y, 1).
At t =1, Agent 1 optimally chooses 1 = Quit anticipating a negative utility from z; = Bet.

Formally, the unique subgame perfect Nash equilibrium is*®

1 = Quit, 15 = (Y,Y), 23=Y, and 1, = V. (72)

Collusion analysis. Let us now consider the possibility of collusion between Agent 3
and Agent 4. Since they are playing a prisoner’s dilemma, they have incentives to collude
and choose r3 = N and 7, = /N. Anticipating the collusion, Agent 2 chooses a guess
xo = (N, N). If Agent 1 chooses x; = Bet, he collects —2 if Agent 2’s guess is correct and 8
if Agent 2’s guess is wrong. Therefore, Agent 1 chooses x1 = Bet if he believes that Agent
2’s guess is wrong with probability at least 0.2. However, by checking all the joint deviations
for all possible coalitions, it is straightforward that the equilibrium in (72) is Safronov’s
coalition-proof.

The example above illustrates that Safronov’s coalition-proofness is susceptible to un-
certainty regarding formed coalitions. We note that our analysis remains intact if the game
was static, i.e., played within the same period. Moreover, one could construct an example
where even if it is known that the agents are open to collusion, it remains uncertain which
coalition would be formed.

For example, we could replace the 2-player prisoner’s dilemma at ¢ = 3 with a 3-player
symmetric game between agents 3, 4, and 5 where only two out of the three players should
cooperate. Namely, each of agents 3, 4, and 5, chooses either Y or N. Then the utilities from
the agents’ choices are as follows (symmetrically between the agents): (—10, 10, —10) after
(Y, V,Y); (—40,0,0) after (NV,Y,Y); (10,10,—20) after (N, N,Y); and (—50, —50, —50)
after (IV, NV, V). This modification of the initial game has the unique Nash equilibrium
(Y,VY,Y) and three symmetrical options for plausible collusion. Therefore, even if Agent 2
knows that agents 3, 4, and 5 are open to collusion, he cannot predict what they will play.

These examples demonstrated that a strategy profile may be the unique Nash equilibrium,
this equilibrium is Safronov’s coalition-proof, while it is not a rational strategy for an agent
due to some uncertainty about the collusion of others. The same issue could be demonstrated
also for Che-Kim’s strong collusion-proofness by introducing a principal who gets lower

utility in the case of the collusive outcome than for the non-collusive outcome.

38Note that the same argument proves that x; = Quit with probability one in every Nash equilibrium.
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D Proof of Theorem 4

In this section, we will specify and slightly modify Example 5.1. Our analysis will be based
on (35). In order to get convenient values, we replace the utilities of (Blue, Red, Green)
to (84 or 104,84 or 104, —204), and hereby in (35) the constant factor 150 — 100 = 50 is
replaced by 204 — 104 = 100. We use the notation §; = p; — pi. As this section is dedicated

to the BTM, we use the simplified notation ~; for ~* .

Lemma 2. Assume that p'¢ = pl'c in every even round t, and pj’ = p;°

round t, and both are true in the first and last roundst =0 and t =T. Then

in every odd

1 552)

T T
E(y") =E( ) af) =100+ STE( = 677 o) =100+ Y B(— oy ab)  (73)
t=1 t=1 =

=1
T T |54

) = B( 3000 ) = 100 STB(- o 0 =100 3 E(— o ) (7
=1 =1 =1

D.1 The setup

Consider now Example 5.1 with 7" = 4 number of rounds (and N > 3 players). We define a
finite space of types for both players. The types are encoded as follows:

[b/r: Blue or Red||[Round number|:[the percentage that his type will be HIGH]|%.

Types of agent Blue: Types of agent Red:
b0:50% r0:50%
b1:30%,  bl:70% r1:50%
b2:20%, b2:80% 12:20%, r2:80%
b3:10%, b3:90% r3:10%, r3:90%
b4:0%, b4:100% r4:0%, r4:100%
(LOW) (HIGH) (LOW) (HIGH)

The transition probabilities can be calculated from (the martingale property of) the
percentages. E.g., b1:30% is transitioning to b2:20% or to b2:80% with probabilities 5/6 and
1/6, respectively, because 30% = 2 - 20% + ¢ - 80%.

We make some modifications to the setup in order to incentivize the agents (under the
balanced Team Mechanism) to tell the truth in specific rounds (marked with bold). Hereby,
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we will be able to focus on the possibilities of deviations only in the rest of the rounds, which
will simplify the analysis.

We add 4+1 extra public decisions, each of them affecting only one agent. In round 2,
there is a public decision “b2:20%” or “b2:80%”. If this decision does not coincide with the
true type of Blue, then Blue gets a payoff —10%? (instead of 0) for that round. We do the
analogous modification in rounds 2 and 4 for Blue and in rounds 3 and 4 for Red (marked
with bold). We add one more public decision, for Red in round 2, but this time with an ¢
loss in payoft.

Formally, we have

Xy = {“b2:20%”, “b2:80%” } x {“r2:20%”, “12:80%" }

X3 = {“r3:10%”, “13:90%" }

Xy = {“b4:0%", “b4:100%” } x {“r4:0%”, “r4:100%”} x {“YES”, “NO"}
ull;lue — uzled =0

ugzuewglue’ T9) = —10%%. 1(6'51“6 # Xo,1)
ugzid(e;(ﬁ(l7 x2> = —¢- I(QECd ?é X272>

ublue =0
red( 79(1’1,3) — _10%2. I(eled # X31)
uf (05, wy) = —10% - (0" # x41) + L(xa3 = YES) - (84 + 20 - (6™ = HIGH))
wy (05, xg) = —=10% - 1(0°! # x41) + I(xa3 = YES) - (84 4 20 - (5 = HIGH))
)

green ; ngreen
(A ()

—204 - I(x43 = YES)

D.2 The analysis

Under the balanced Team Mechanism, these 4-+1 extra public decisions induce no transfers
between the agents. The only effect is that the agents get a punishment if they do not report
truthfully in the specified rounds.

Elimination step 1. Therefore, by weak domination (or a dynamic version of strict domi-
nation), we eliminate the possibilities of not reporting the true types at these 4 extra public
decisions (marked with bold) where the punishments are huge. It leaves a total of 3 binary

decisions for the two players: pi“e, pred and pgue.

The agents only observe their own types
and these earlier decisions of the other agent.
In this reduced game, the utilities u(zy, #!) are unaffected by these three decisions, and

the conditions of Lemma 2 apply. Therefore,
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e Blue is maximizing ]E(vbl“e) - ﬁE(ﬁ/”"d) = 100-E( — 65“1 . 513{[“6) — %E( - 51171“8 . 558‘1),

e Red is maximizing ]E(fy”“d) - ﬁE(fybl“e) =100- E( — 5’{”‘6 . 558‘1) — %E( — (55‘“1 . 531“6).
We refer to the binary options and types by “low” and “high”, and in this sense, we can

say that two decisions are of the “same kind”, denoted by “~”, or “opposite”’, denoted by “~”.

Notice that the reduced game is symmetric in “low” and “high”.

Elimination step 2. Let us start with the last decision p§“c. As (73) and (74) show, it can
only affect E(~1*¢) = 100-E(—05°"-65<). If pred = 20%, then —d5° > 0, therefore, choosing

pove = 90% weakly dominates p§“¢ = 10%. Analogously, if py* = 80%, then —d5? < 0,
therefore, choosing p4“¢ = 10% weakly dominates p4“¢ = 90%. Hereby we could conclude

by weak dominance that Blue should choose p§“¢ = pred.

blue blue blue

From now on, the formula 7"“¢ will be calculated as a function of pi“¢, pt“¢ and pr?

and with the assumption that p3*c ~ prd. It leaves a total of 2 binary decisions for the two
players: pi¢ and p,*’. Consider now the second decision 3. It has an effect on E(7") =

100-E(—483"- 65°%) and E(7""¢) = 100-E(—d5°- 65*) and uj™ (657, x5) = —e - 1(05°! # gy

o The effect on E(77°%). If pi¢ » pii, then choosing Py ~ pi*e increases E(7"!) by
100 - (0.7 — 0.3) - (0.8 — 0.2) = 24. If pi™ = pi*¢, then E(7"“') = 0 independently of

~red
Phee.

o The effect on E(7""). If p§“e ~ pied, then pr* has no effect on E(7"¢). But if
phHe oo pied, then pred »e pi°? increases E(7"*¢) by 100 - (0.8 — 0.2) - (0.9 — 0.1) = 48.

e The effect on u5*: A loss of ¢ for the case py*d = phed.

Thus Red should choose p5e? = pblue or pred = pied. Namely, if both decisions would be the

same, then Red is strictly better by choosing it. Otherwise, the best choice depends on his
belief about the probability that p&'ue » phlue.

Now the Reader can jump to the matrix games, but we explain in short the dilemma
about the first decision pj“¢. It can affect both E(77¢/) and E(*“¢). If Red chooses the
strategy phe? = phe?, then it does not matter what Blue does. So consider the case when Red
uses his other strategy 5! ~ piie. In this case, E(7“¢) is 48 or 0, and the probabilities
depend on p§“¢, and also Pr (55“‘1 #* ()) = 1/2 independently of p5“¢. But for example, if
pilve = 30%, then they will choose pb'*¢ = 70%, then py*d = 20%, and then py“¢ = 90%.

Therefore,

ue ue ue ue 90(7 - 30‘7 3
Pr (y""¢ = 48) = Pr (84" # 0) = Pr (p3"* = 10% | pi'"c = 30%) = m =7
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With piiee = pblue = 30%, it would be P(7"¢ > 0) = Pr (p4*c = 90% | pii*e = 30%) = 1/4.
This shows that Blue should report pt'“¢ = 1 — pb“¢ and therefore, Red should report the
opposite.

Assuming that Blue and Red use a symmetric strategy for high and low, we get the
following 2 x 2 matrix game which only includes . Keep in mind that the non-constant terms
in the utility of Blue is 4""¢ — 2=~ and for Red it is 7" — 5711 — - I(p5 o pid). (We
use a normalization factor of 1/3 for (E(y"¢), E(y" ed)) in order to have smaller integers.)

% (E(,}/blue)’ E(A//T‘li(i)) f)\r — p’é(d p ﬁblue

ﬁ?lue _ pblue (0, O) (2’ O)
ﬁlilue =1 plilue (0’ ()) (6, 4)
We can see that Blue prefers pj“¢ = 1 — pb'“¢ and therefore, Red should choose p5*? = phiue

(if £ <4—7%).
We could find some arguments to exclude the rationality of asymmetric strategies with

respect to high and low, but it is easier to extend the matrix with all asymmetric strategies.

The further pure strategies of Blue are always reporting p%'“¢ = 30% and always reporting

pilve = 70%. As for Red, we only need to consider the options when p§“¢ ~ pi¢d because
otherwise he should choose p5? = pid. Therefore, the two extra pure strategies of red are

the followings.
e “preferably high”, meaning that p,* = 80% unless if (p}"* = 70% and p5** = 20%);
e “preferably low”, meaning that p5’ = 20% unless if (p%"¢ = 30% and p5*’ = 80%).

Now we get the following 4 x 4 game.

% (E(,yblue)’ E(,\/T‘ed)) ﬁ‘r _ pged ]35 ed ]/g‘blue ﬁged pref. high ﬁr‘zed pref. low
piee = pitve (0, 0) (2, 0) (1, 0) (1, 0)
pie =1 —pie (0, 0) (6, 4) (3, 2) (3, 2)
polve = 70% (0, 0) (4, 2) (1, 0) (3, 2)
polve = 30% (0, 0) (4, 2) (3, 2) (1, 0)
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Or directly the non-constant terms in the utilities for NV = 3 and ¢ = 3 are the following,

with the normalization factor changed to 4/3.

s(BE(Ue), E(U™) +C || ot =p5 | poed oo piime | pye? pref. high | p5e® pref. low
pie = pie (0, 0) (8, —2) (4, —1) (4, —1)
pie =1 —pie (0, 0) (16, 2) (8, 1) (8 1)
polve = 70% (0, 0) (12, —2) (4, —1) (8, 1)
polve = 30% (0, 0) (12, —2) (8, 1) (4, —1)

3. /\blue =1—= blue

Elimination step p7 "¢ weakly dominates all other strategies of Blue.

Elimination step 4. D, = pt'“ weakly dominates all other strategies of Red.

The strategy profile surviving iterative elimination is an inefficient equilibrium because

Red misreports in round 2 with probability 50%.

D.3 Proof of Lemma 2

Lemma 3 shows that the main part of the expected payment can be expressed by 9, and shows
the reason why it incentivizes the agents to deviate in a synchronous way with alternating

signs. Lemma 2 is a direct consequence of it (using the fact that E(p;? - pilue) = pred . pblue),

Lemma 3. In Example 5.1,

’ﬂ

T

-1
E(Z ,Yblue) =100 - E(( (5rud 5Zizi)5£)lue> 51(01 (')*gfue + 6cdp8lue p%dﬁgéue) (75>

~+
[y

T

E( Z ,}/Z*ed> — 100 - E(( (5i)lue _ (ﬁ)ﬁﬁe) 5;’66[) . 5blue 57’6(1 pbluepz)ed . prTed/\rTed) (76)
t=1

t=1

N
-

These are true even if players can observe the past types of each other. We assume only that

poue is independent of pi

red conditional on the history until round T — 1, and vice versa.

Proof. The martingale property of probabilities implies that E(p“¢) = p?™¢ and E(p/*?) =

p;4 for every ¢t > 0. Furthermore, as these martingales for Blue and Red are independent,
E(ppee - p;et) = pie - pi for every ¢1 and to. Similarly, pi** — p¢?, is independent of pj<,
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and we assumed that it is also independent of p%“¢ and vice versa. These imply the following.

E((pr - i) -9 ) = E((i = pie) - 5) = B((i = pih) - al5) =0 (77)
B —pi) - 515 =B — o) - 5) = B((0 ~ o) -01) =0 (78)
By adding up (35) for every t and taking expectation, we obtain the following.
T T
B(>00) = 100- B (5 G - )
t=1 t=1
T

=100 SOB(G - (67 — o) 0 (pi — p) + picd - (B - i)

t=1

T
D100 YE(7 - (5 - o) 40 - (B - )
t=1

T
=100 SO B(0 - o — o7 - o+ e B — e - )
t=1

T-1 T T
(7:7) 100 - E( Z 5:ed . (zle)lue _ Z (Sl‘ialf . 6i)lue + Z (p;‘idl . ﬁ?l_ule _ p;“ed . ﬁglue))
t=1 t=1 t=1

S

—1
100 - E(( (5:6(1 _ 5;5({>5flue> . 6[}8:1163—{’[16 + pgedpglue o prTedZ/?\ggue)
t=1

This proves (75), and we can get the proof of (76) in an analogous way. O

E AGYV is vulnerable to weak dominance

E.1 Setup and AGV

Each agent i € N privately observes his type 6, € ©; from a fixed initial probability dis-
tribution p; € A(©;), independently, g = [] ;. Then a public decision x € X is made,
and each agent gets a payoff u(6;, ). The utility of an agent is the payoff plus the transfer,
namely, U; = u(b;,z) +t;. If Vi € N, V0, € O;: 11;(0;) > 0, then we say that this is a simple

discrete setup.
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AGYV chooses a decision policy

x(0) € arg maxZu(Gi, ). (79)

z€X N

Then the mechanism asks each agent to report a type 0; and makes the public decision X(é)

The payment rule is based on the following.

~ ~ ~ ~

Yi(6:) = Eéw( > ui(05,x(60:,0-)) - Uj(ejaX(Q)» (80)

JEN\{i}

%(él) is paid by the other agents shared equally, so the total transfers are as follows.
. . 1 .
ti(0) = 7)) — ——— > 70 (81)
IN|—1
Each efficient decision policy x in (79) determines an AGV implementation.

E.2 Results

Theorem 6. If there is a unique efficient AGV implementation in a simple discrete setup,

then the truthful strategy profile is not weakly dominated.

Note. This theorem partially “saves” the AGV mechanism, but this argument works only

in a static and not in a dynamic environment.

Proof of Theorem 1. In short, any deviation either does not change the public decision, and
hereby always provides the same utility as the truthful report, or it possibly leads to an
inefficient public decision, and hereby strictly worse if the others are truthful.

The detailed proof is the following. We can assume that |X| > 1. We say that two
reports of an agent are decision-equivalent if changing the report from one to the other never
changes the public decision. Formally, 6; ~ 0, < VO_;, € ©_;:d(0;,0_;) = d(0,0_;). We
extend this definition for the case when 0, € A(©;) is a probability distribution on types:
0; L 0! if and only if ! is supported on types decision-equivalent to 6;.

The utility of agent ¢ is

U; = u(@i,x(é)) + tz(é) = U(Qi,X(é)) + %(éz) - |N|%1 Z ”Yj(éj) (82)

JEN\{i}
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= u(6;, x(6)) "‘Eéw( > (5j>X(Az'797i))) — f(6-) (83)
JEN\{i}
where |
f0-) =Ez., (“j (65, X(Q))> + m—_lje%\:{i} 7v5(05) (84)

Therefore, if the other agents but ¢ are truthful, then

B (U | 01 = 0-3) = B (w(0:, x(0:,0-)) = £(0-)) +Eoy (D wi(05,x(0:,0-)))

JEN\{i}

= Ep( 3 us(85,x(0,00)) ) + €, (86)
JEN

We show that for any agent ¢ with any type 6; € ©,, no stochastic report 0; € A(0;)
weakly dominates reporting the true type 6;. If 6; L éi, then the deviation does not change
the payoff nor the transfer, so it is not weakly dominating. Otherwise, there exists §_;, € ©_;
and 0, € supp(p;) such that x(0;,0_;) # x(0.,0_;). If the other agents are truthful, then
it has a positive probability that the deviation changes the public decision. The efficient
public decision is unique, therefore, this deviation leads to lower expected total utility. (86)
shows that it means lower expected utility for 7, so it does not weakly dominate the truthful

report. O

Theorem 7. There exists a setup so that in one of its AGV implementations, the truthful
strateqy of an agent is weakly dominated, moreover, iterative elimination of weakly dom-
inated strategies ends up in an inefficient strategy profile (not depending on the order of

elimination).
Proof. See the example below. O]

Conjecture 1. It is an open question whether there exists a setup so that in all of its AGV
implementations, iterative elimination of weakly dominated strategies eliminates all efficient
strategy profiles (and the order of elimination does not matter). We suspect that the answer

18 positive.

Clues for the construction. Consider an AGV implementation. The critical point is the first
time when we eliminate a truthful strategy. At this step, an agent has the type 6., but
reports 0! instead. It is still a non-eliminated case that only ¢ deviates, so (86) shows that the
implied public decision should remain efficient. Now consider the AGV implementation with

the modification that whenever this agent ¢ makes this report 6/, the same public decision is
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made as if 0 was reported: x'(6.,6_;) = x(6/,6_;). For this AGV implementation, the same
elimination process fails at this step.

A similar idea is the following. Consider the decision policy which chooses a uniform
random efficient public decision. We say that a reporting (6;, éz) (allowing 60; = él) is safe if
it does not allow an inefficient public decision as long as the others are truthful. Consider the
game where every agent must report a safe reporting, and then the uniform random efficient
decision is made according to the reports, with no transfers. Consider a Nash equilibrium of
this game. This provides us a mapping from the type profiles to a probability distribution
on efficient public decisions. For the AGV implementation implied by this decision policy,
eliminating a truthful strategy profile by iterative elimination of weakly dominated strategies

is a key challenge. O]

E.3 Proof of Theorem 2

Agents 1 and 2 may benefit from an investment d € {N, S, B} (none, small, big) to be made
by agent 3. ©; = Oy = {L, H} (low, high) chosen with equal probabilities, |©3] = 1, and
the payoff table is the following.

Agent 1 | Agent 2 | Agent 3
ui(6i7 di)
LorH | LorH
N 0 0 0
S 10 or 20 0 —10
B 20 or 32 | 5or 10 —30

We choose the efficient decision policy that we ask agent 3 for the investment only if it is

socially strictly beneficial. This policy means the following table.

d(0,,6:) | =L | 6, =H
=L N N
0, =H S B

The AGV transfers t; = ; —% > 7; are calculated as follows. For convenience, these transfers
J#i
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are modified by constants.

n(L)=0 (87)
() = (0—10) +2(10—30) s (58)
Y2(L) =0 (89)
() = (32—30) ; (20-10) _ _, (90)

Y3 =0 (91)

Notice that the report of i changes only ~;, and therefore, the change in y; and in ~; are the
same. So for reporting H, agent 1 should pay 15, and agent 2 should pay 4, shared equally

between the other two agents.

Elimination step 1. If ¢; = H, then 6, = H, because this report costs 15 but benefits a
payoff 20 or 32. This implies that Pr(6;, = H) > 3

Elimination step 2. If §, = H, then 0 = H, because it costs 4 but benefits 10 with a
probability at least 1. This implies that Pr(f, = H) > 1

Elimination step 3. If ¢, = L, then 6, = H, because this report costs 15 but benefits an
expected payoff at least 10;220 = 15, but potentially more if Pr(ég =H) > % This step
implies that 6, = H.

Elimination step 4. If §, = L, then 0y = H , because this report costs 4 but benefits a
payoff of 5. This step implies that 6 = H.

F Comparison of BTM, DPM, and GUM

We now illustrate the difference in the payment rules in BTM, DPM, and GUM. Consider
two sellers, agents 1 and 2, who produce supplementary goods (e.g., bolts and nuts), and
a buyer, agent 3. The agents engage in a two-period relationship, 7" = 2. In each period
t € {1,2}, the buyer buys quantity z; € [0,1] from each of the two sellers. Before the
first period, each seller ¢ € {1,2} privately observes his random type gi ~ U [0, 1], whose
realization ¢’ determines his cost function 10(x,)? in each period ¢ € {1,2}. The buyer’s
value per unit of the pair of goods in period ¢ =1 is equal to 1 and, in period ¢ = 2, it is a

random type 63~ U (0, 1] whose realization she privately observes between the two periods.
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The efficient (surplus-maximizing) quantities z! are given by:

6)3
and Xg(ﬁl, 62, 63) =

1 2\
a(0,67) = IR

o1 + 62

Note that the first-period trade reveals the realization of the sum of the parameters of the
two sellers 0y + 6,.

In the calculation of transfers, we will be using the following expressions:

u(0) = 2 (00 + x0)?) (92)

o 12 0> N2\ (14 (6%)?)
-y ((m) + (5 a) ) B
E[u!(8)] = —2 () (94)

1/p1 N _2 ) 0! _ 2 .

E[u!(6',07)] = —3 E[(91+02)2] ol (95)

Lo Aot 2 6! 2 1 1+62\\
Elw'(6%,67)] = 3 'E<<g1+92‘>2) T3 ((1+92) _ln< 02 )) (96)
E[u1(073,9~3)] = —3(0?.—_’_092)2; (97)
W0 =) 0 O = g O e = s (9
B[] = 222, (99)
E[u*(0",07")] = % ‘In (1 ;9 ). (100)
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BTM (Athey and Segal, 2013). The payments given by the BTM mechanism are

Y'(0) = E[u2(6',67")] — E[u2(0)] + E[u*(6",67")] — E[u*(0)] (101)
=E[ - % .02 . X1(91,9~_1)2} _ E[UQ(_% 62 Xl(é)Qﬂ (102)
+E[xa(0",071)% + 67 - xa2(6", 9:1)} - ]E[Xl(é) +06°- Xz(é)} (103)
2 1 1+6 2 4 1+06 8
=< ((1+91) —tn ( o )) +In(2) §.1n< o ) - Sin(2) (104
2 1 1+06
- ((1 Ty <—91 )> —In(4); (105)
V(0) = E[u'(6%,672)] — E[u'(0)] + E[u*(62,67%)] — E[u*(0)] (106)
2 1 1+ 62
=5 (e ]n( - )) — In(4); (107)
V3(0) = u' () — E[u1(9_3, 93)} +u*(0) — ]E[UQ(Q_?’, 53)} = é — (92) . (108)

The transfers y* =" — 5 3 ngy Y’ for each agent i become:

HOEES ((1 fel) 4 jm) e2n (B0 (2 ;92)) TR e et

70)= 35 (_ Tt e ()2 (* 2202» # )5 o

v (0) = _%. ((Hlel) + (1+192) +1In <1g—fl> +1n(1;92>) —@+ln(4)+é. (111)

To guarantee the participation constraints for the sellers, we can adjust the transfers v

by adding constant terms:

y' () + c1,y*(0) + ¢z, and y*(6) + ¢y such that ¢; + ¢y + c3 = 0. (112)
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DPM (Bergemann and Viliméki, 2010). Transfers are given by:

Lo 0T+ (0%)?) 2 2 0° .
v O =Se e imie +§ln(2-(1+92)> e

o 021+ (6°)) 2 2 6! .
y(0) 207+ 6)2 —|—3(91+92)+§ln<—2.(1+01)>+02,
) = -+ ) 2 LS e

200 +62) 30 462) 3

where ¢; + ¢co + ¢c3 = 0.

(113)
(114)

(115)

GUM. Suppose the agents are ordered as either {1,2,3} or {1,3,2}, or {3,1,2}. Then

the transfers can be calculated as:

y'(0) =E[u'(0)] —u'(0) + E[(u' +u* +u?)(6", 6%, 93)] —E[(u' +u’ +u®)(0*, 02, 93)]

y*(0) = E[uQ(é)] —u?*(0) +E[(u' + v +u?)(0', 6%, 53)] —E[(u" +u*+u’) (6", 62, 53)]

; (116)

; (117)

y*(0) = E[u3(9~)] —u}(0) +E[(u' +u* +u?)(0", 6%, 6°)] —E[(u' +u*+u?)(0", 67, 0~3)] (118)

To simplify the expressions, we first calculate:

B[+t + )@, 02, 67)] = T,

E[(u +u® + )6, 6%, 6%)] = gln (1 ;91);
E[(u' +u® +u®) (0", 6% 0%)] = ﬁ;
El(u' + v +u’)(0',6%,6%)] = 21(;—:?39)22)

39Note that the transfers in the Dynamic Pivot are not budget balanced.
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Thus, the transfers simplify to:

PO =2 m(2) + % i () ) (123)
D ),
P(0) = —2Tn(2) + Q;E;i(zzgz) 3 . e 2w () (125)
_ 9;%;1%2? 3 — a5+ *in (%101)) (126)
1(0) = ) - 191922 21<(;t fge);) B 3(912+ o) (127)
RO 2 L2y ) (128)

2000 +62)  3(0L+02) 3

Similarly to the BTM and Dynamic Pivot payments described above, we can adjust
the transfers y° by adding constant terms to guarantee the participation constraints for the
sellers:

y' () + c1,v%(0) + ¢z, and y*(0) + c3 such that ¢; + ¢y + 3 = 0. (129)

“Symmetric’ GUM. As we discuss in Section H, we can make our mechanism “sym-
metric” by calculating payments for all the possible orderings of the agents and average
them. As a result, we will get a symmetric mechanism with payments equal to the Shapley

contributions (up to a constant):

1 B 91(1 + (93)2) 1 1 (1+ 91) .2 '
y (0) 261 + 62)2 3(0" + 62) + 3 In <m> + ¢ (130)
2 P(L+(6°)?) 1 L (14676 |
y(0) = 2(0 + 62)2 + 36 + 62) + gln <m> + ¢9; (131)

y*(0) = —21(;; (fé’)z) — 3(01102) + gln(16) + 3, (132)

where ¢; + ¢c9 + ¢35 = 0.

G Collusion in AGV

The Guaranteed Utility Mechanism differs from the Balanced Team Mechanism in two ways.

First, the payment rules are different in case of more than N = 2 agents. Second, the two
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mechanisms "handle" the same-period reports in a different way. For example, the two-
period example in Athey and Segal (2013) has N = 2 agents with only one report at each
round. As a result, GUM and BTM coincide. However, we can add a "dummy" agent
with no action and a constant zero payoff function to highlight the difference between the
two mechanisms. In particular, GUM does not change after this addition. However, BTM
changes and any two of the three agents can benefit from colluding, as we illustrate using

an example below.

Example. Agents 1 and 2 privately observe their types 0y, 6, € U[—1, 1], distributed inde-
pendently. A public decision d € {—1,+1} is made. The utility of agent i = 1,2 is

w;(0;,d) = 0; - d. (133)
The AGV mechanism asks for reports 0; from each agent i, it makes the public decision

d = sign(6y + 6,),
and the transfers are:

tp=—t U (134)

In this mechanism, truth-telling is a Bayesian Nash equilibrium. However, problems with
collusion arise when at least 3 agents are present. We can illustrate the mechanism being

prone to collusion by adding a "dummy" agent with neutral preference (constant utility).

Adding a "dummy" agent to the example. Agents 1 and 2 privately receive a type
01,02 € U[—1,1], distributed independently, and agent 3 (a "dummy") has type 63 = 0.
Therefore, the utility of agent 3 is zero regardless of the public decision d € {—1,+1}. The
utility of 7 € {1, 2,3} remains

w;(0;,d) = 0; - d. (135)

The AGV mechanism asks for reports f; from each agent ¢ and makes a public decision

d = sign(0; + 0 + 03),
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and the transfers are given by:

to=— — 1

1 5 + 1 + Bk ( 36)
(61)>  (6) 1

ty 1 5 + o (137)
(01)% + (62)® 1

fg = —Fb——~ "2 — 138

3 1 5 (138)

The reason why Agent 3 makes the mechanism prone to collusion is the following. Agent

i € {1,2} pays g — & to the others, shared equally between them (including the dummy

player). Now we show that any two agents have a benefit from colluding.

Collusion of agents 1 and 2. If agents 1 and 2 agree to report, for example, 6, = ¢ -0, for

a small enough e, then this deviation does not change the decision d, but it increases their

total transfer by (1 — 5%%. This amount is paid by the dummy agent 3.

Collusion of agents 1 and 3. (Analogous to collusion of agents 2 and 3.)

If agent 1 cares about the total transfer to agents 1 and 3, then his cost of reporting

02 ¢ G0 _ (02 _ (B
e

a stronger preference decreases from . Consequently, if agent 2

remains truthful, then agent 1 should report 2 - 6 rounded to [—1, 1], namely,

1 if 0, < —1/2
br=<2.0,if —1/2<6, <1/2 (139)
1 if 1/2<6,

In addition, the truthfulness of Agent 2 is no longer the best response to this collusive
behavior, but Agent 2 is better at underreporting. In particular, if the collusion of agents 1
and 3 is common knowledge, then there is an inefficient equilibrium where agent 1 overreports
and agent 2 underreports his true preference. Similarly, if agents 1 and 2 both suspect that
the other one may have a collusive agreement with dummy agent 3 (with some probability

at least), then they both should underreport their types.

BTM: Dynamic AGV. BTM is a dynamic generalization of AGV. Therefore, BTM
inherits the aforementioned issue with collusion. Moreover, in a dynamic environment, the
issue might be exacerbated. Namely, one agent deviates and incentivizes others to join the
deviation. As we show in Section 5, under BTM, iterative elimination of weakly dominated

strategies may end up in only strategy profile which is inefficient.

o4



H Connection to Shapley values

GUM and, in particular, our definition of the externality requires the set of the agents
Z ={1,...,N} to be ordered.’’ That is, before the mechanism begins, the ordering of the
agents in the set Z = {1, ..., N} is specified, and all the calculations are performed given that
particular ordering. Our mechanism sustains the truthful strategy profile as an equilibrium
with any ordering of the agents while retaining the same properties. Therefore, any convex
combination of these payment rules also implements the truthful strategy profile. Thus, we
can randomly pick the ordering before the mechanism begins.

Another way to make the mechanism “symmetric” is to calculate payments for all the
possible orderings of the agents and average them. As a result, we will get a symmetric
mechanism with payments equal to the Shapley contributions. That is, when the (simulta-
neously updated) reports étl, éf, s 0}’\7 change the anticipated payoff E[u’], we let v to be
the Shapley value of #/ to this change in E[u’] (see Shapley (1953)).4! Since all the agents
obtain a guaranteed expected utility for each of the agents’ orderings, they get the same
guaranteed expected utility for the average of these payment rules.

More formally, every agent’s newly updated report creates a coalition function that de-
termines the externality the report induces on each set of agents. In every period t, for
each agent i and for each subset of agents L C Z, the updated type vector #% imposes an

externality ¢;(L) on i, where
$i(L) = BP0 [y | — BHOED) [y ], (140)

In this symmetric mechanism, agent i pays the Shapley values of the function ¢; : 22 — R
to the other agents.

Note that this approach requires the reports to be independent conditional on past ob-
servations. Thus, we might lose “the extra freedom” that a report éz can be dependent on

the earlier reports in the same round étl, ég, o éi’l as well as on the corresponding true types
oL 02, .. 6.

40Safronov (2018) discusses the issues related to agents’ ordering in the static environment.
41 There is also a connection between an agent i updated report’s marginal contribution in our mechanism
and the marginal contribution axiom (see Young (1985) and Pintér (2015)).
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