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1 Introduction19

Many assets have money-like properties and the rapid advance of exchange-traded funds20

(ETFs) is making it easier to trade listed firms’ equity and debt swiftly and cheaply21

(Lettau and Madhavan, 2018). In essence, this trend allows claims on firms’ profits to22

become an alternative to fiat currency, whilst the use of such assets as liquid wealth is23

perceived to facilitate financial panics.1 For exactly this reason, the global financial crisis24

spurred a hot debate on restricting and regulating money creation by the private sector.225

More recently, the rise of ETFs has been posed as a threat to financial and macroeconomic26

stability due to ETFs’ perceived liquidity,3 and central banks have unorthodoxly bought27

commercial-bond and equity ETFs to stabilize markets, for instance amid the 2020 crash.28

In light of the developments above, this paper aims to gain a better theoretic under-29

standing of how liquid equity can be a source of financial and macroeconomic instability,30

and what policy can do in response, particularly by buying equity to stabilize markets. I31

develop for this purpose a money-search model à la Lagos and Wright (2005), modified to32

include liquid equity. Buyers and firms in the model participate in alternating frictional33

and frictionless markets. They are matched bilaterally in the frictional market accord-34

ing to a constant-returns matching function as in Pissarides (1984), and the matching35

probabilities depend on buyers’ endogenous search.4 A liquidity constraint entails that36

buyers need liquid wealth to settle trades with firms. The frictionless market allows37

the agents to adjust their asset positions in response to past trading opportunities, and38

quasi-linear preferences entail that buyers choose asset portfolios independently of their39

trading histories, thus producing a very tractable framework.40

The novel feature of the framework lies in the modeling of equity as a liquid claim41

on firms’ profits. It generates, together with buyers’ endogenous search, a strategic com-42

plementarity that produces endogenous dynamics. The complementarity is reminiscent43

of that in Diamond (1982) but operates through liquid wealth rather than increasing re-44

turns in matching: if other buyers search intensely, firms obtain more matches and earn45

higher profits, and so the value of equity increases, driving down the liquidity premium46

1This idea goes back to Fisher (1936) and other proponents of 100% fractional reserve banking.
2In 2018 Switzerland held a referendum on a popular initiative to provide the SNB (the Swiss Central

Bank) with the sole authority to create money. The initiative was rejected by 76% of the voters.
3See, for instance, Pagano, Sánchez Serrano and Zechner (2019).
4The frictional market can be thought of a place where buyers purchase tailor-made goods, requiring

them to search for firms that have the expertise to produce such goods.
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due to a greater supply of liquid wealth. This makes carrying liquid wealth cheaper, in47

turn making it more attractive for the individual buyer to relax its liquidity constraint,48

entailing higher expected match surplus and, in turn, greater benefits of intense search.49

The core of my contribution is to isolate the joint role of endogenous search and liquid50

equity as a source of financial and macroeconomy instability. I do so in a framework uni-51

fying: search and bilateral matching; a transactions-based demand for assets originating52

from a liquidity constraint within bilateral matches; an asset resembling the equity of53

firms which act as sellers in the search-and-matching market; and intrinsically-useless54

fiat currency. I first analyze a setup in which liquid wealth comprises only currency,55

supplied at a constant growth rate as commonly assumed in the literature. A well-known56

assumption entailing that ex-ante demand for liquid wealth is decreasing in the liquidity57

premium suffices to rule out bounded endogenous dynamics despite endogenous search;58

only steady states are equilibria and the monetary steady state is generically unique.59

Adding an asset that pays an exogenous divided as in Lucas (1978) does not change this60

result, highlighting the difference with equity, whose dividend is inherently endogenous.61

I then analyze an environment in which liquid wealth comprises only equity. If search62

were exogenous, only a wealth channel would be operative; a higher equity value relaxes63

buyers’ liquidity constraint so that firms earn greater profits, in turn feeding back into64

a higher value for equity. This channel is too weak to generate equilibrium multiplicity,65

although it can amplify real shocks as in Guerrieri and Lorenzoni (2009).66

A search channel arises if endogenous search enters the picture: if the value of equity67

increases, buyers are more likely to increase their search because they face a looser liq-68

uidity constraint, entailing that firms are matched more frequently, leading to an increase69

in the value of equity. This channel is strong enough to generate equilibrium multiplicity70

for a set of parameters with positive mass. Particularly, in every time period, buyers can71

either search lazily, entailing a bust with low equity value and little economic activity;72

or intensely, entailing a boom with high equity value and much economic activity. This73

property allows for both deterministic and stochastic boom-bust dynamics.74

Importantly, the assumption on liquid-wealth demand that rules out endogenous dy-75

namics if liquid wealth comprises only currency, or both currency and an exogenous-76

dividend asset, does not conflict with the set of parameters that allows for endogenous77

dynamics if liquid wealth comprises only equity. This feature thus isolates the joint role of78
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search and liquid equity in producing endogenous dynamics. The result also carries over79

to an environment in which liquid wealth comprises both intrinsically-useless currency—80

with supply growing at a constant rate—and equity. Endogenous cycles in that setup81

exhibit boom-bust dynamics with time-varying inflation.82

The finding above begs the question whether stabilizing inflation suffices to stabilize83

the macroeconomy. I show that if an inflation target is successfully implemented, there84

can still be endogenous boom-bust dynamics because the strategic complementarity in85

search remains operative. The economy can be stabilized by combing successful inflation86

targeting with a policy resembling a troubled-asset relief program (TARP)—the govern-87

ment stands ready to buy equity at a predetermined price with the aim to prevent a88

self-fulfilling bust—, but this requires fiscal commitment to pass potential losses from89

TARP on to taxpayers. The latter does not occur on the equilibrium path if the price at90

which equity is bought is sufficiently high, since the mere fiscal commitment then suffices91

to stabilize the economy. The economy cannot be stabilized if the TARP price is set92

too low, entailing that there are contingencies in which TARP is deployed and losses are93

passed on to taxpayers, i.e., using TARP too conservatively may fiscally backfire.94

The TARP results are relevant since major central banks have used TARP policies95

in response to the global financial crisis and the 2020 COVID-19 crash. While central96

banks are normally reluctant to buy anything but high-grade government debt, the U.S.97

Federal Reserve bought about USD 8 billion of commercial bonds amid the 2020 crash.98

The Bank of Japan started purchasing domestic stocks in 2010 and held about USD 36699

billion worth of them mid 2023, amounting to 6% of the Japanese stock market.100

Finally, the economy can also be stabilized with inflation targeting when policy ad-101

heres to the Friedman rule: a slight deflation to eliminate the opportunity cost of holding102

currency, thereby eliminating buyers’ desire to use equity as liquid wealth. The Fried-103

man rule can also be implemented as a unique monetary steady state if policy targets104

currency-supply growth rather than inflation, but then there are paths leading to the105

steady state during which the economy suffers from boom-bust dynamics. This suggests106

not only that targeting narrow-money growth may be undesirable, but also that broader107

monetary targets can be unreliable in times of financial innovation which would lead to108

unpredictable changes in the economic significance of monetary aggregates.5109

5McCallum (1985) mentions this as one of the criticisms against the U.S. Federal Reserve’s money-
stock targets strategy, being used from 1979 to 1982.
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Related literature. Papers with a role for liquid assets other than fiat currency are110

abundant in the money-search literature (see Lagos, Rocheteau and Wright, 2017, for a111

review). Some, following Lucas (1978), treat dividends paid by such assets as exogenous112

(e.g., Geromichalos and Herrenbrueck, 2016,1; Geromichalos, Licari and Suárez-Lledó,113

2007; Lagos, 2010; Rocheteau and Wright, 2013). Others let dividends be determined in114

frictionless markets (e.g., Altermatt, 2022; Andolfatto, Berentsen and Waller, 2016; Lagos115

and Rocheteau, 2008). Altermatt, Iwasaki and Wright (2021) analyze a rich model to116

study endogenous asset-price and inflation dynamics if both fiat currency and exogenous-117

dividend assets comprise liquid wealth. Endogenous dynamics can arise in the afore-118

mentioned papers, but only if assets are infinitely lived since the dynamics rely on an119

infinite chain of asset-price expectations. Further, endogenous dynamics are ruled out by120

a common assumption in these frameworks, entailing lower ex-ante liquid-wealth demand121

amid higher liquidity premia.122

Rocheteau and Wright (2013) briefly analyze, in an extension, a setup in which the123

fundamental value of assets is determined in markets in which these assets are used in124

payment. Their analysis lacks endogenous search though and focuses on firm entry in-125

stead, known to generate equilibrium multiplicity regardless of the nature of liquid assets126

(see, e.g., Berentsen, Menzio and Wright, 2011; Nosal and Rocheteau, 2011; Rocheteau127

and Wright, 2005). I instead uncover a strategic complementarity in search that arises128

only if liquid wealth comprises equity. The complementarity is strong enough to entail129

endogenous dynamics, even if a higher liquidity premium negatively affects ex-ante liquid-130

wealth demand since the mechanism does not rely on an infinite chain of expectations;131

the result is derived for an asset that is only one-period lived, elucidating the different132

nature of the endogenous dynamics and the joint role of search and liquid equity.133

I also relate to Guerrieri and Lorenzoni (2009), who study a model in which producers’134

earning prospects matter for consumers’ spending, producing a feedback effect that am-135

plifies shocks. Angeletos and La’O (2013) show how limited communication can produce136

rational heterogeneous beliefs and endogenous booms and busts in a similar setup. I con-137

tribute by showing how a strategic complementarity in search can produce endogenous138

booms and busts in an environment with homogeneous rational beliefs.139

A strand of the labor-search literature studies self-fulfilling prophecies regarding unem-140

ployment. Howitt and McAfee (1987) show that if the labor-market matching technology141
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has increasing returns, there are multiple equilibria. Howitt and McAfee (1992) and Ka-142

plan and Menzio (2016) consider constant returns in matching; they instead incorporate143

a positive demand effect of low unemployment to produce multiplicity. Branch and Silva144

(2022) study an economy à la Mortensen and Pissarides (1994) with households that145

use government bonds and the equity of firms as liquid wealth. Their model features a146

demand channel that works through firm entry as in Berentsen et al. (2011). My focus147

here is on a setup with endogenous search and constant returns in matching, showing148

that multiplicity can arise if liquid wealth comprises firms’ equity.149

My analysis of a stable inflation regime contributes to the question whether a central150

bank should pay attention financial developments over and above the extend to which151

these affect inflation. Some argue in favor (e.g., Bordo and Jeanne, 2002; Roubini, 2006;152

Smets, 1997; White and Borio, 2004), while others argue against (e.g., Bernanke and153

Gertler, 2001; Greenspan, 2007; Schwartz, 2003; Woodford, 2012). I show that inflation154

stability is insufficient for financial stability; interventions like TARP are also necessary.155

The analysis of TARP contributes to the literature spurred by Sargent andWallace (1981),156

studying the interaction between fiscal and monetary policy. It received renewed attention157

due to unconventional monetary policies, as losses from them may be inflationary, calling158

for bailout of the central bank (Reis, 2015; Tanaka, 2021). I contribute by showing that159

TARP requires fiscal backing, and that such backing can occur on the equilibrium path160

if the price at which assets are bought in TARP is set too conservatively.161

Finally, my work fits a theoretic literature on how various aspects of financial interme-162

diation, e.g., the provision of liquidity insurance (Peck and Shell, 2003), market making163

(Rubinstein and Wolinsky, 1987), the role of intermediaries’ reputation (Gu, Mattesini,164

Monnet and Wright, 2013), and the creation of information-insensitive liabilities (Gorton165

and Ordoñez, 2014), generate instability. Gu, Monnet, Nosal and Wright (2020) review166

many of these aspects analytically. My contribution is to focus on the creation of liquid167

claims on firms’ equity in a framework unifying liquidity constraints and search.168

Outline. Section 2 lays out the model and Section 3 revisits the scope for endogenous169

dynamics if liquid wealth comprises only currency. Section 4 uncovers endogenous dy-170

namics when liquid wealth comprises only equity and Section 5 adds currency. Section 6171

studies stabilization policies and Section 7 concludes. Proofs are in Appendix D.172
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2 Model173

Time is discrete and denoted with t ∈ N0. The time horizon is infinite. Two markets174

convene sequentially at time t: first a decentralized market (DMt) and then a centralized175

market (CMt). The DM is a frictional market in which liquid wealth and buyers’ search176

are essential. Appendix C lays out a DM with two-sided search for which the main results177

derived below hold true. The CM is a frictionless market in which agents re-balance their178

asset positions. There are two fully perishable and perfectly divisible goods: DM goods179

and CM goods, which are traded in the DM and the CM, respectively. CM goods are180

used as the numeraire, so all prices and real values are expressed in CM goods.181

The economy is populated by a unit mass of infinitely-lived buyers, overlapping gen-182

erations of finitely-lived firms, and a government. Buyers’ preferences are described by183

the time t flow-utility function184

U(σt, qt, xt) = u(qt)− s(σt) + xt (1)

and the buyers discount utility between periods at a rate β ∈ (0, 1). In Equation (1),185

qt ∈ R+ is consumption of DMt goods, xt ∈ R is net consumption of CMt goods, and186

σt ∈ Σ ⊆ [0, 1] is DMt search effort which invokes disutility according to s : Σ → R+.187

Search effort will equal the probability of being able to acquire DM goods, as detailed188

later. Function s is increasing and convex, and u is twice continuously differentiable189

and satisfies u(0) = 0, u′ > 0, u′′ < 0, limq→0 u
′(q) = ∞, and limq→∞ u′(q) = 0. For190

the set of feasible levels of search effort, I assume Σ = {l, h}, with 0 < l < h ≤ 1 and191

s(h)− s(l) = k. This makes the mechanism more transparent and is not critical.6192

A unit mass of firms is born in CMt, which are owned by the buyers and live until193

CMt+1. These firms receive an endowment of y CMt+1 goods in DMt+1 from which they194

can produce q DMt+1 goods by using c(q) CMt+1 goods as an input, where c(0) = 0,195

c′ > 0, and c′′ ≥ 0. CMt+1 goods unused for production in DMt+1 are stored until CMt+1.196

6When facing a liquidity premium associated with carrying assets, increased search makes it more
attractive for buyers to also increase their asset holdings. This is because assets can then be spend on
DM goods with a higher probability. Taking this complementarity between search and asset holdings into
account, marginal benefits of exerting search are increasing in the level of search. Therefore, although
optimal search will be generically unique if Σ is a convex set, the set of search levels implementable in
equilibrium exhibits gaps when the costs of search are close to linear—search may jump from a high
level to a low level for an infinitesimally small change in the liquidity premium. If search cost would be
linear, then for convex Σ = [σ, σ] we get that, depending on asset holdings, buyers either choose σ or σ.
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Two perfectly divisible assets are available in the economy. First, ownership shares197

of the firms, which are bundled into an ETF-like asset. I normalize the amount of shares198

issued by each firm to one, and I simply refer to ETF shares as equity shares. The second199

asset is intrinsically useless currency, which is issued by the government.200

All the aggregate uncertainty in the economy comes from a sunspot—a random vari-201

able irrelevant for preferences and technologies. The sunspot generates a realization202

before markets convene at time t. Agents, in turn, coordinate their behavior based on203

this realization. I will index all prices, quantities, and values with t rather than with the204

full history Ht of the sunspot to simplify the notation. Variables and functions indexed205

with t are therefore (potentially) stochastic objects.206

The results from the model can, in principle, be driven by agents’ inability to contract207

on Ht. This is the case because buyers need to determine already in CMt−1 how many208

assets to carry into DMt, i.e., before uncertainty about the sunspot is resolved. To209

eliminate such concerns and to isolate the interaction between search and liquidity, I allow210

agents to choose the amount of currency and equity shares carried into DMt contingent211

on Ht by means of Arrow securities, as detailed next.212

Markets. The CM is a perfectly competitive market in which the incumbent firms pay213

dividends and subsequently die, ownership shares in the new firms are issued and then214

traded, and buyers adjust their asset positions by producing or consuming CM goods.215

The CMt prices of currency and the newly issued equity shares are Φt and Ψt, respectively.216

An Arrow security that delivers one unit of currency in DMt+1 contingent on historyHt+1,217

is priced at ϕ(Ht+1|Ht), and likewise, a security that delivers one equity share in DMt+1218

contingent on history Ht+1, is priced at ψ(Ht+1|Ht). I let ϕt+1 = ϕ(Ht+1|Ht)/P(Ht+1|Ht)219

and ψt+1 = ψ(Ht+1|Ht)/P(Ht+1|Ht) be the respective prices adjusted for the contingent220

probability that history Ht+1 indeed realizes. The benefit of this notation is that ϕt+1 and221

ψt+1 can be interpreted as stochastic variables that represent pricing kernels for currency222

and equity shares. There should be no arbitrage opportunities, entailing that:223

Φt = Et{ϕt+1} and Ψt = Et{ψt+1}. (2)

The CMt price of currency thus equals the combined CMt price of a set of Arrow securities224

that deliver exactly one unit of currency in DMt+1 with certainty. The CMt price of equity225
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shares is determined analogously.226

The newborn firm issues a unit mass of shares, yielding Ψt CM goods that are paid227

to the buyers—the initial owners of the firm. The idiosyncratic risk faced by the firms in228

DMt+1 is diversified away through bundling their shares into the ETF-like asset.229

An incumbent firm—born in CMt−1—pays dividend and subsequently dies in CMt. A230

firm that holds assets worth zft CM goods and an inventory ot of CM goods will therefore231

pay a dividend of δt = zft + ot CM goods. The incumbent equity shares pay a dividend232

of ∆t CM goods, where ∆t is the aggregated dividend of all the underlying incumbent233

firms and also the cum-dividend value of the equity share. The shares mature after this234

dividend payment takes place; the ex-dividend value is zero.235

The government is only active in the CM. The supply of currency, measured at the236

end of CMt, is denoted with Mt. To close the government’s budget, a lump-sum transfer237

τt (tax if negative) accruing to buyers is set according to238

τt = Φt(Mt −Mt−1). (3)

Buyers are randomly and bilaterally matched to the firms in the DM and negotiate the239

terms of trade (q, p), with q the amount of DM goods received by the buyer and p the value240

of the assets—expressed in CM goods—received by the firm. The quasi-linear preferences241

imply that the utility surplus for the buyer is u(q)− p, whilst the surplus for the firm is242

p− c(q) (Appendix B provides details). I follow the general approach of Gu and Wright243

(2016) to determine (q, p), meaning that the underlying negotiation process between the244

buyer and the firm is summarized by an exogenous payment protocol v, mapping q 7→ p.245

Utility surplus of the buyer from the transaction is then L(q) = u(q)−v(q) and the firm’s246

profit from the transaction is Π(q) = v(q)− c(q). I let q∗ solve u′(q) = c′(q) and I assume247

that v is twice continuously differentiable and such that: (i) v(0) = 0, v′ > 0; (ii) L(q)248

attains a unique global maximum at q̂ ∈ (0, q∗] and is strictly increasing in q for q ∈ (0, q̂);249

(iii) Π(q) > 0 for q ∈ (0, q̂]; and (iv) Π′(q) > 0 for q ∈ (0, q̂].7 These assumptions simply250

ensure that L and Π are increasing in q, and particularly that Π(q) is positive on the251

relevant domain for q. This generates some meaningful interaction between DM activity252

7These conditions are satisfied for a broad set of bargaining protocols, including Nash (1950) bar-
gaining, proportional bargaining à la Kalai (1977), and gradual bargaining as in Rocheteau, Hu, Lebeau
and In (2021), as well as a payment protocol representing constant-markup pricing.
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and the firm’s profit.253

The buyer’s maximization problem. In Appendix B, I show that the quasi-linear254

preferences imply that the buyer’s Bellman equation is255

Vt(mt, et) = max
σt∈{l,h}

{
σt max

qt≥0
{L(qt)| s.t. v(qt) ≤ zt(mt, et) and c(qt) ≤ y} − s(σt)

}
+ Φtmt +∆tet + τt +Ψt

+ Et

{
max

mt+1,et+1≥0
{βVt+1(mt+1, et+1)− ϕt+1mt+1 − ψt+1et+1}

}
,

(4)

where zt(mt, et) = Φtmt + χ∆tet is the buyer’s liquid wealth, mt is currency carried into256

time t, et are equity shares carried into time t, and χ ∈ {0, 1} indicates whether equity257

is liquid.258

The Bellman equation comprises the following. In DMt, the buyer first determines259

search effort σt, which equals the probability that the buyer ends up in a match with a260

firm.8 If matched to a firm in DMt, the buyer chooses qt to maximize its match surplus261

L(qt) = u(qt) − v(qt) subject to: a liquidity constraint, transpiring that the payment262

p = v(qt) must be made with liquid wealth; and the firm’s capacity constraint, assumed263

to be slack. The resulting terms of trade satisfy264

(qt, pt) =

(v−1 ◦ zt(mt, et), zt(mt, et)) if zt(mt, et) < v(q̂),

(q̂, v(q̂)) if zt(mt, et) ≥ v(q̂).

(5)

The buyer thus ideally consumes q̂, but needs liquid wealth v(q̂) for that. If it does265

not command over that amount of liquid wealth, it will spend all liquid wealth on DMt266

consumption; qt = v−1 ◦ zt(mt, et) since the liquidity constraint binds. I impose y ≥ c(q̂)267

to ensure that the capacity constraint is indeed slack.268

In CMt, the Arrow-like structure of the asset market allows the buyer to choose269

the time-t + 1 asset holdings (mt+1, et+1) contingent on the yet to be realized history270

Ht+1. One can therefore write the maximization problem for asset holdings within the271

expectations operator. The cost of acquiring the time-t + 1 portfolio (mt+1, et+1) is272

8The setup can be microfounded with a constant-returns-to-scale matching function min{b, f}, where
f is the mass of firms (equal to one) and b is the effective mass of buyers—the mass of buyers multiplied
by their average search σ̃. The mass of realized matches is then min{σ̃, 1}, the probability that a buyer
finds a match is σmin{σ̃, 1}/σ̃ = σ, and the probability that a firm finds a match is min{σ̃, 1} = σ̃.
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Et {ϕt+1mt+1 + ψt+1et+1}, whilst the value of the time-t portfolio carried from time-t− 1273

is Φtmt+∆tet. The quasi-linear preferences entail that the optimal choice for the time-t+1274

portfolio is independent of the buyer’s trading history. Finally, the government transfer275

and the value of new equity shares (recall newborn firms are owned by the households)276

entail that the buyer receives τt +Ψt CM goods in a lump-sum way.277

The recursive nature of the Bellman Equation (4) together with the DMt terms of278

trade (5) allow me to summarize the buyer’s time-t decisions for assets and search:279

max
σt∈{l,h},
mt,et≥0

{
σtL

(
min{v−1 ◦ zt(mt, et), q̂}

)
− s(σt) + (Φt − ϕt/β)mt + (∆t − ψt/β)et

}
. (6)

In other words, we can think of the buyer as solving for time-t search and time-t asset280

holdings simultaneously, stemming from the Arrow-like nature of the asset market.281

Firm dividends. Expected dividends that an incumbent firm will pay in CMt, con-282

tingent on the aggregate uncertainty being resolved, i.e., E{δt|Ht}, equal the aggregate283

dividend payment ∆t of equity shares. Let Gt(σ,m, e) be the likelihood that a randomly284

drawn buyer in DMt devotes search effort σt ≤ σ, and holds currency mt ≤ m and equity285

shares et ≤ e. Obviously, Gt is an equilibrium object. It follows that:286

∆t =

∫∫∫
σΠ
(
min{v−1(Φtm+ χ∆te), q̂}

)
Gt(dσ, dm, de) + y. (7)

Equation (7) elucidates that firms receive an endowment of y general goods upon287

entering DMt. Each firm then draws a buyer from Gt. The drawn buyer devotes search288

effort σ and carries liquid wealth z = Φtm+χ∆te. A match then occurs with probability σ289

and yields additional profit Π (min{v−1 ◦ zt(m, e), q̂}). The firm is thus a one-period-lived290

asset in the spirit of Lucas (1978), but with an endogenous dividend.291

Equilibrium characterization. The equilibrium distribution Gt for search and assets292

must be in line with the buyers’ maximization problem embedded in Equation (6), as293

well as the transversality condition limT→∞ βT [ΦTmT + ∆T eT ] = 0 (see Rocheteau and294

Wright, 2013). Further, it should satisfy market clearance:295

∫∫∫
m′Gt(dσ

′, dm′, de′) =Mt−1 and

∫∫∫
e′Gt(dσ

′, dm′, de′) = 1. (8)
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This allows me to define296

Definition 1. Given a (stochastic) process {Mt−1}∞t=0 for currency supply, an equilibrium297

is a (stochastic) process {Gt : R3 → [0, 1], ϕt,Φt−1, ψt,Ψt−1,∆t}∞t=0 such that: (i) the298

no-arbitrage condition (2) holds; (ii) buyers maximize utility, i.e., any (σ,m, e) on the299

support of Gt must solve (6) and satisfy limT→∞ βT [ΦTmT+∆T eT ] = 0; (iii) the aggregate300

dividend payment ∆t satisfies (7); and (iv) markets clear, i.e., (8) holds.301

I next characterize equilibrium properties of asset prices, DM outcomes, and liquid302

wealth that are useful for the remaining analysis.303

Equilibrium asset prices. From Equation (6) it follows that mt and et—demand for304

currency and equity—are bounded only if βΦt ≤ ϕt and β∆t ≤ ψt due to quasi-linear305

utility. The conditions βΦt ≤ ϕt and β∆t ≤ ψt must therefore hold true to have an306

equilibrium. If we then take a buyer’s DMt outcome (σt, qt)—search and, when realized,307

consumption in a DMt match—as given and we focus on the interesting case in which308

asset holdings are positive, the optimality of (mt, et) implies309

ϕt = β [1 + σtL
′(qt)/v

′(qt)] Φt and ψt = β [1 + χσtL
′(qt)/v

′(qt)]∆t, (9)

where qt is determined as a function of the buyer’s asset holdings as highlighted in (5).310

Equation (9) states that the time-discounted benefits of the marginal asset equal the ac-311

quisition cost. The benefits comprise two components. First, a savings component, being312

the CMt price Φt for currency and the CMt dividend ∆t for equity. Second, a liquidity313

component, being ΦtσtL
′(qt)/v′(qt) for currency and ∆tχσtL

′(qt)/v′(qt) for equity. The314

liquidity component reflects the marginal value of the respective asset in DMt stemming315

from the liquidity constraint. From (9) it is now useful to define316

ιt = ϕt/βΦt − 1, (10)

which is essentially a stochastic liquidity premium (SLP) since it equals zero when the317

aforementioned liquidity components in Equation (9) are absent. The SLP is non-negative318

because this induces bounded asset demand. Further, the SLP entails319

Φt−1 = βEt−1{(1 + ιt)Φt}, ψt = (1 + χιt)∆t, and Ψt−1 = βEt−1{(1 + χιt)∆t}. (11)
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Currency in CMt−1 is thus priced using stochastic discount factor β(1 + ιt), where320

only the CMt price matters since currency pays zero dividend. Equity in CMt−1 is priced321

using stochastic discount factor β(1 + χιt), where only the CMt dividend matters since322

the CMt ex-dividend price is zero.323

Equilibrium search and liquid wealth holdings. An individual buyer’s search and324

liquid wealth can be thought of as functions of ιt. Particularly, (9) and (10) imply325

ιt = Lσ(zσt ) ≡
σL′(min{v−1(zσt ), q̂})
v′(min{v−1(zσt ), q̂})

, (12)

where zσ is the liquid wealth held by a buyer that searches at intensity σ. We can let zσt326

be determined as a function of σt and ιt (unless ιt = 0) by means of:327

Assumption 1. The payment protocol is such that L′(q)/v′(q) is strictly decreasing in q328

on the domain (0, q̂).329

The marginal value Lσ of liquid wealth is then decreasing.9 Assumption 1 furthermore330

implies that zσ is continuous in ι/σ, decreasing in ι/σ, strictly decreasing in ι/σ for331

ι/σ ∈ (0, I), indeterminate up to a lower bound v(q̂) for ι/σ = 0, and zero for ι/σ ≥ I ≡332

limq→0 L
′(q)/v′(q) (see Gu and Wright, 2016, for a proof).10333

To determine the buyers’ search effort, recall that k = s(h) − s(l). The buyers’334

maximization in Equation (6) therefore implies that buyers are willing to search at σt = h335

(σt = l) if and only if336

max
z≥0

{
hL(min{v−1(z), q̂})− ιtz

}
−max

z≥0

{
lL(min{v−1(z), q̂})− ιtz

}
≥ (≤)k. (13)

Note that ιtz is the cost of carrying liquid wealth z. The implication is that buyers337

intensify search when ιt is low since the LHS of Equation (13) is decreasing in ιt. The338

reason is that search is more attractive when DMt match surplus is large. This requires,339

through the liquidity constraint, that the buyer commands of much liquid wealth—search340

and liquid wealth are complementary. Carrying liquid wealth, in turn, is cheap if ιt is341

low. I impose the following to ensure some variation in σt:342

9When terms of trade are determined by proportional bargaining, gradual bargaining, or constant
mark-up pricing, this property is always satisfied. When terms of trade are determined by Nash bar-
gaining, this property is satisfied when the bargaining power of the buyer is sufficiently large.

10Depending on the negotiation procedure that generates v, we have can that limq→0 L
′(q)/v′(q) is

either infinity or bounded.
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Assumption 2. maxz≥0 {hL ◦ v−1(z)− lIz} < k < (h− l)L(q̂).343

Buyers then choose σt = h when ιt = 0, but when ιt becomes sufficiently large, they344

will, for a uniquely determined threshold ι̃ ∈ (0, lI) that depends on k, switch to σt = l345

while still holding a positive amount of liquid wealth. I define ηt as the fraction of buyers346

that search intensely:347

ηt ∈


{1} if ιt < ι̃,

[0, 1] if ιt = ι̃,

{0} if ιt > ι̃.

(14)

Liquid wealth in equilibrium. From (12) we know that zσt is determined uniquely348

as a function of ιt when ιt > 0, whilst it is indeterminate up to the lower bound v(q̂)349

when ιt = 0. Note that we can assume without loss that all buyers searching at σ hold350

the same amount of liquid wealth zσt due to quasi-linear preferences. Also note that351

ιt ≤ ι̃—the condition for having ηt > 0—implies zht ≥ zh, whilst ιt ≥ ι̃—the condition for352

ηt < 1—implies zlt ≤ zl, both with equality if and only if ιt = ι̃, where353

zh : ι̃ = Lh(zh) ≡ hL′ ◦ v−1(zh)

v′ ◦ v−1(zh)
and zl : ι̃ = Ll(zl) ≡ lL′ ◦ v−1(zl)

v′ ◦ v−1(zl)
. (15)

Equation (15) implies that 0 < zl < zh. This elucidates once more that liquid wealth354

and search are strategic complements—if a buyer increases search from l to h, it will also355

hold strictly more liquid wealth.356

Buyers’ aggregate ex-post demand for liquid wealth—liquid wealth held in DMt—is357

zdt = ηtz
h
t + (1− ηt)z

l
t. (16)

Ex-post demand is decreasing in ιt and indeterminate but subject to the lower bound358

v(q̂) when ιt = 0. It is useful for future purposes to note that aggregate ex-post demand359

can also be mapped into the DMt marginal value of liquid wealth360

ιt = L(zdt ) ≡


Ll(zdt ) if zdt < zl,

ι̃ if zl ≤ zdt ≤ zh,

Lh(zdt ) if zdt > zh.

(17)
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Buyers’ ex-ante demand for liquid wealth—the cost of acquiring the portfolio of liquid361

assets in CMt−1—is362

wd
t−1 = Et{β(1 + ιt)z

d
t }, (18)

as follows from the definition of the SLP (10). Ex-ante demand can be increasing or363

decreasing in ιt; a higher ιt on the one hand reduces ex-post demand—a substitution364

effect—but on the other hand it increase ex-ante demand if ex-post demand were left365

unaffected—an income effect. Which effect dominates plays a role for the existence of366

endogenous dynamics, as analyzed further below. Ex-post demand is however key to367

most of the analysis, so I simply refer to it as demand in what follows.368

Ex-post liquid-wealth supply zst , which I likewise simply refer to as supply, consists of369

equity (if liquid) and currency:370

zst = ΦtMt−1 + χ∆t

= ΦtMt−1 + χ
[
ηthΠ(min{zht , q̂}) + (1− ηt)lΠ(min{zlt, q̂}) + y

]
. (19)

Equations (12), (14), (16), (17) and (19) transpire a key feature of the model—371

demand and supply of liquid wealth are interwoven if equity is liquid. First, a higher372

supply reduces ιt through (17) since demand must equal supply, which in turn increases373

the search-contingent demands zht and zlt through (12). This positively feeds back into374

supply through firms’ dividends. Second, when supply increases so that ιt drops below the375

threshold ι̃, this boosts buyers’ search through (14). The search boost, in turn, positively376

feeds back into supply through: (i) a greater mass of firms that are matched; and (ii) the377

fact that matches are more profitable when buyers search intensely since zl < zh.378

3 Liquidity with only currency379

It is well-documented in the money-search literature that self-fulfilling dynamics can380

arise if liquid wealth comprises intrinsically useless currency. This section establishes381

that the scope for such dynamics does, at least to some extent, not change due to buyers’382

endogenous search if equity is illiquid. It will thus be the interaction between endogenous383

search and liquid equity which entails novel results.384
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Let the supply of currency Mt develop according to385

Mt = µMt−1, with µ > β, (20)

which is a common assumption in the literature. Equation (20) can be used to derive386

a first-order difference equation that describes the dynamic equilibrium. Define Mt ≡387

ΦtMt−1 as DMt real currency balances. Then, using χ = 0 ⇒ zdt = zst = Mt, (2), (10),388

and (17), one can derive389

ϕt = β [1 + L(Mt)]Et{ϕt+1}. (21)

Equation (21) can be reformulated by defining xt ≡ ϕtMt−1/µ and using Mt = Et{xt+1}:390

xt = fm(Et{xt+1}) ≡ β [1 + L(Et{xt+1})]Et{xt+1}/µ; (22)

a simple difference equation in xt, where the subscript m elucidates that f applies to an391

economy in which liquid wealth comprises only currency. The focus here is on bounded392

monetary equilibria, meaning that there exist N,N ∈ R++ such that Mt ∈ [N,N ] ∀t.393

One bounded monetary equilibrium is the monetary steady state. If features xt =394

xt+1 = xss = Mss > 0, which simply implies that395

L(xss) = ιss = µ/β − 1 and Φt+1 = Φt/µ. (23)

In other words, inflation equals the money growth rate and ιss is positive (this is why I396

assume µ > β in (20)).11 Figure 1 depicts various parameterized examples of fm, where it397

has to be noted that fm will always intersect the 45-degree line from above. The monetary398

steady state is unique, unless µ = β(1 + ι̃); for that knife edge case, all xss ∈ [zl, zh] are399

steady states as illustrated in Figure 1e. Buyers are then indifferent between high and400

low search, so any η ∈ [0, 1] can be part of a steady state.401

Equation (21) highlights that not much changes compared to a plain-vanilla model402

with exogenous search. The only substantial difference lies in the fact that fm(x) is no403

longer continuously differentiable at x = zl and x = zh, which causes the continuum404

of steady states for the knife-edge case µ = β(1 + ι̃). A sufficient condition to have405

11Existence of the monetary steady state requires µ < β(1 + lL); otherwise, currency balances would
be zero.
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self-fulfilling bounded dynamics, be it stochastic or deterministic, is406

−1 > f ′
m(xss) ≡ β[1 + L(xss) + L′(xss)xss]/µ. (24)

This follows from the method of flip-bifurcations—mirroring fm in the 45-degree line to407

obtain f−1
m (see Azariadis, 1993). Intersections between fm and f−1

m that do not lie on the408

45-degree line constitute a two cycle. When (xt+1, xt) = (x′, x′′) is such a point, it follows409

that x′′ = fm(x
′) and x′′ = f−1

m (x′)—the economy can alternate deterministically between410

x = x′ and x = x′′. From the continuity of fm it follows that stochastic two cycles then411

exist, too. Figures 1b, 1f, and 1g illustrate two cycles. We can even have three different412

two cycles as illustrated in Figure 1g since fm is not continuously differentiable.413

Bounded monetary equilibria other than steady states do not exist if f is monotone414

increasing. The intuition is depicted in Figure 1h. When xt < xss, we have Et{xt+1} < xt,415

so it must be that there is an equilibrium realization for xt+1 such that xt+1 < xt. Forward416

iterating the argument implies that xt goes to zero with positive probability, so that also417

Mt goes to zero with positive probability. Likewise, xt > xss implies that Et{xt+1} > xt,418

which then implies Mt will go to infinity with some probability.419

A similar argument applies when µ = β, commonly know as the Friedman rule. We420

then have fm(x) ≥ x on the domain R++, with equality if and only if x ≥ v(q̂). It follows421

that xt < v(q̂) cannot be an equilibrium, as xt would go to zero with positive probability.422

On the other hand, all xt ≥ v(q̂) are part of an equilibrium, but induce identical real423

allocations since they all imply that ιt = 0. In other words, setting µ = β uniquely424

implements the real allocation (σt, qt) = (h, q̂) for which the liquidity constraint is slack.425

Bounded monetary equilibria other than steady states in the above setup are sustained426

through a chain of expectations that are rational because currency is an infinitely-lived427

asset. This result carries over to infinitely-lived assets that pay an exogenous divided as in428

Lucas (1978), as such an asset is almost the same as currency if the divided is infinitesimal429

(see Altermatt et al., 2021). To contrast these kind of self-fulfilling equilibria with those430

that can arise with liquid equity, which pays an endogenous dividend, I impose431

Assumption 3. The parameter specification is such that 1 + L(z) + L′(z)z ≥ 0 ∀z.432

Assumption 3 rules out bounded monetary equilibria other than steady states if liquid433
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wealth comprises only currency; fm is monotone increasing. The assumption relates434

directly to how ex-ante liquid-wealth demand and the SLP move together; it holds true435

if and only if ex-ante liquid-wealth demand is monotonically decreasing in the SLP since436

ι = L(z) ⇒ d[β(1 + ι)z]/dι = β(1 + L(z) + L′(z)z)/L′(z). (25)

The substitution effect in ex-ante demand thus dominates under Assumption 3 since437

L′ < 0. The point developed further below is that the assumption no longer rules out438

bounded monetary equilibria other than steady states once both currency and equity439

comprise liquid wealth.440

4 Liquidity with only equity441

I consider an environment in which liquid wealth comprises only equity before delving442

into a richer setup in which liquid wealth comprises both currency and equity.443

The SLP ιt is key since it determines zht , z
l
t, and ηt (see Equations (12) and (14)).444

Demand and supply of liquid wealth (subscript e refers to the current environment) are445

zd(ιt) = η(ιt)z
h(ιt) + (1− η(ιt))z

l(ιt), (26)

zse(ιt) = hη(ιt)Π(min{zh(ιt), q̂}) + l(1− η(ιt))Π(min{zl(ιt), q̂}) + y, (27)

where zdt is uniquely pinned down unless ιt = 0; it is then indeterminate up to the lower446

bound v(q̂). An equilibrium occurs when ιt is such that excess demand for liquid wealth447

re(ιt) = zd(ιt)− zse(ιt) (28)

is zero; there is no need to consider inter-temporal conditions due to the combination of448

quasi-linear preferences and one-period lived equity, entailing that the economy basically449

resets every t. Excess demand re is uniquely pinned down unless ιt = 0; it can then take450

any value re(0) ≥ v(q̂)− hΠ(q̂)− y ≡ r̂he since demand is indeterminate up to the lower451

bound v(q̂). One can verify that limιt↗lL re(ιt) = −y, whilst re(0) can always be strictly452

positive. An equilibrium therefore exists since re(ιt) is continuous.453

The more relevant question though is whether there are multiple ιt that are consist454
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with equilibrium. After all, both demand and supply of liquid wealth are decreasing in ιt455

through two channels: (i) a wealth channel operating through reduced demand when ιt456

increases, rendering matches less profitable for firms; and (ii) a search channel operating457

through a reduction in search when ιt increases beyond ι̃, entailing fewer matched firms.458

We can evaluate the wealth channel by characterizing the derivative of re w.r.t. ι:459

∂re(ιt)

∂ιt

∣∣∣
ιt ̸=ι̃

= [v′(q)− σΠ′(q)]
∂zσ(ιt)

∂ιt

∣∣∣
q=v−1◦zσ(ιt)

, and σ =

h if ιt < ι̃,

l if ιt > ι̃.

(29)

The term in square brackets is positive because Π′(q) < v′(q) on the domain (0, q̂]; if460

buyers increase their liquid wealth by a dollar, the firms’ profits cannot increase by more461

than a dollar. The overall effect is therefore negative since the derivative of zσ w.r.t. ι462

is negative. There can thus be only one ι that clears the market for liquid wealth if σ is463

exogenous—the wealth channel is too weak to generate equilibrium multiplicity. On the464

other hand, the wealth channel can amplify shocks as in Guerrieri and Lorenzoni (2009).465

Exogenous search implies, for instance466

∆ = σΠ(min{v−1(∆), q̂})+ y ⇒ d∆

dy
=

v′(q)

v′(q)− 1{∆<v(q̂)}σΠ′(q)

∣∣∣
q=min{v−1(∆),q̂}

. (30)

An increase in the firms’ endowment thus leads to a more than one-to-one increase in467

value of equity if the liquidity constraint binds. A higher endowment namely directly468

leads to a higher equity value, in turn loosening the buyers’ liquidity constraint. This469

increases the value of equity further, in turn loosening buyers’ liquidity constraint further,470

etcetera; a multiplier effect.471

The search channel can be evaluated by comparing472

r̃−e ≡ lim
ιt↘ι̃

re(ιt) = zl−lΠ◦v−1(zl)−y and r̃+e ≡ lim
ιt↗ι̃

re(ιt) = zh−hΠ◦v−1(zh)−y; (31)

the right- and the left-hand limit of re(ι) at ι̃. There are two opposing forces here. The473

fact that zl < zh on the one hand drives a positive wedge between r̃+e and r̃−e ; liquid474

wealth jumps up if ιt decreases below ι̃ because demand for liquid wealth and search475

are complementary. This generates an upward jump in both firm profit and demand for476

liquid wealth, where the latter effect dominates since Π′(q) < v′(q). But the fact that477
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l < h drives a negative wedge between r̃+e and r̃−e ; firms find more matches because search478

effort jumps up when ιt moves below ι̃, increasing the supply of liquid wealth. The latter479

effect dominates for sure if ι̃→ 0 since zl and zh are then almost the same (see Equation480

(15)). This allows for multiplicity when r̃+e < 0 < r̃−e , illustrated in Figure 2.481

Proposition 1. r̃+e < 0 < r̃−e ⇔ (k, y) ∈ Se, where Se has positive mass.482

Three equilibrium levels for ιt arise in case (k, y) ∈ Se: one level ιhe < ι̃ inducing483

high search—a boom; one level ιle > ι̃ inducing low search—a bust ; and ι̃ for which some484

buyers devote high and others devote low search—a mix with ηt = η̃e. The SLP can485

freely fluctuate over time between these three levels, entailing endogenous dynamics.486

Proposition 1 holds true under Assumption 3, elucidating a qualitatively different scope487

for equilibrium multiplicity and self-fulfilling dynamics than in Section 3. It also contrasts488

the common perception that with a finitely-lived asset, there cannot be self-fulfilling489

dynamics. This perception is based on models in which, following Lucas (1978), an asset490

earns an exogenous dividend. Since a finitely-lived asset is priced fundamentally when it491

matures, through backwards induction, a chain of self-fulfilling expectations is ruled out.492

Equity in the setup above is the sole means of liquidity, finitely lived, and priced493

fundamentally when traded in the DM—its value equals the firms’ aggregate dividend494

(see Equation (19)). Yet, the dividend depends on DM trade, and DM trade depends on495

the dividend through the buyers’ liquidity constraint. This intricate relationship entails a496

strong strategic complementary in search: if other buyers search intensely, the individual497

buyer wants to search intensely, too; whilst if other buyers search lazily, the individual498

buyer wants to search lazily, too. The complementarity is reminiscent of that in Diamond499

(1982) but operates through liquid wealth rather than increasing returns in the matching500

technology. If other buyers search intensely, liquid-wealth supply increases, driving down501

the SLP in order to clear the market for liquid wealth. This makes carrying liquid wealth502

cheaper, in turn making it more attractive for the individual buyer to relax its liquidity503

constraint, entailing higher match surplus and thus greater benefits of search.504
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5 Liquidity with currency and equity505

I now revisit the scope for self-fulfilling bounded monetary equilibria as in Section 3, but506

in an environment in which liquid wealth comprises both currency and equity. Supply of507

currency satisfies Equation (20) and the first-order difference equation for xt is508

xt ∈ fme(Et{xt+1}) ≡ β [1 + L((1 + ∆) ◦ Et{xt+1})]Et{xt+1}/µ, (32)

where the equity dividend ∆t = ∆(Et{xt+1}) depends endogenously on Et{xt+1}:509

∆(Et{xt+1}) = hη(ι)Π(min{zh(ι), q̂}) + l(1− η(ι))Π(min{zl(ι), q̂}) + y,

where ι = L ((1 + ∆) ◦ Et{xt+1}) . (33)

Equation (32) differs from (22) because ιt now depends also on the value of equity,510

which, in turn, is a function of ιt. Equation (33) captures this intricacy and implies that511

∆(Et{xt+1}) can be a correspondence, applying to the difference equation, too. I thus512

write xt ∈ fme(Et{xt+1}), with subscript me elucidating that liquid wealth comprises513

both currency and equity.514

Exogenous dividend. I briefly consider the scope for self-fulfilling bounded monetary515

equilibria when equity would pay an exogenous dividend ∆. In that case516

xt = fme(Et{xt+1}) ≡ β[1 + L(Et{xt+1}+∆)]Et{xt+1}/µ. (34)

Because L′ < 0, it follows that517

µf ′
me(Et{xt+1})β = 1 + L(Et{xt+1}+∆) + L′(Et{xt+1}+∆)Et{xt+1}

> 1 + L(Et{xt+1}+∆) + L′(Et{xt+1}+∆)(Et{xt+1}+∆) ≥ 0,
(35)

where the fist step uses that L′ < 0 and last step uses Assumption 3. The difference518

equation is monotonically increasing so that bounded monetary equilibria must be steady519

states.12 Assumption 3 thus rules out other bounded equilibria if liquid wealth comprises520

currency and an asset with an exogenous dividend à la Lucas (1978). Likewise, if mone-521

12Monetary steady states exist if and only of β ≤ µ < β(1 + L(∆)).
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tary policy sets µ = β, the real allocation (σt, qt) = (h, q̂) prevails uniquely.522

Endogenous dividend. Now consider endogenous-dividend equity. It is instructive to523

first analyze a case with exogenous search. We then have524

∆σ(Et{xt+1}) = σΠ
(
min{v−1 (Et{xt+1}+∆σ(Et{xt+1})) , q̂}

)
+ y. (36)

This equation pins down ∆σ(Et{xt+1}) uniquely since Π′(q) < v′(q). We can then define525

fσ
me(Et{xt+1}) ≡ β [1 + Lσ((1 + ∆σ) ◦ Et{xt+1})]Et{xt+1}/µ. (37)

We can next endogenize search. Equilibrium requires that liquid-wealth demand526

equals supply:527

η(ιt)z
h(ιt) + (1− η(ιt))z

l(ιt) ≤ Et{xt+1}+ η(ιt)∆
h(Et{xt+1}) + (1− η(ιt))∆

l(Et{xt+1}),
(38)

with = if ιt > 0. From Equation (36) it can be deduced that Et{xt+1} = re(ιt), with528

re the excess liquid-wealth demand if liquid wealth comprises only equity as defined in529

Section 4; given ιt, real currency balances Mt = Et{xt+1} absorb the demand for liquid530

wealth not provided by equity. We can thus have a monetary equilibrium with ηt = 1—a531

boom—if Et{xt+1} ≥ max{r̃+e , ε}, where ε > 0 but infinitesimal as xt must be strictly532

positive in monetary equilibrium; and likewise, a monetary equilibrium with ηt = 0—a533

bust—if 0 < Et{xt+1} ≤ r̃−e . The mixed case ηt ∈ (0, 1) requires ιt = ι̃ and exists if there534

is an ηt ∈ (0, 1) solving Et{xt+1} = ηtr̃
+
e + (1− ηt)r̃

−
e for some Et{xt+1} > 0.535

Whether ηt is pinned down by Et{xt+1} depends on whether r̃−e < r̃+e . Proposition 1536

clearly indicates we can have both r̃−e < r̃+e and r̃−e > r̃+e because of the search channel537

identified in Section 4. I distinguish between these two possibilities in what follows.538

Real currency balances pin down search. We have r̃−e < r̃+e , entailing539

ηt = η(Et{xt+1}) ≡


0 if Et{xt+1} ≤ r̃−e ,

Et{xt+1}−r̃−e
r̃+e −r̃−e

if r̃−e < Et{xt+1} < r̃+e ,

1 if Et{xt+1} ≥ r̃+e ;

(39)

21



real currency balances Mt = Et{xt+1} pin down ηt uniquely—see Figure 3a—, in turn540

implying that fme(Et{xt+1}) is a function:541

xt = fme(Et{xt+1}) ≡


f l
me(Et{xt+1}) if Et{xt+1} ≤ r̃−e ,

β(1 + ι̃)/µ if r̃−e < Et{xt+1} < r̃+e ,

fh
me(Et{xt+1}) if Et{xt+1} ≥ r̃+e .

(40)

Monetary steady states feature ιss = µ/β − 1 and other bounded equilibria are again542

ruled out by Assumption 3.13 To see this, note that for Et{xt+1} ∈ (r̃−e , r̃
+
e ), fme is strictly543

increasing, whilst for other Et{xt+1}, we have544

µf ′
me(Et{xt+1})/β = 1 + L(Et{xt+1}+∆t) + L′(Et{xt+1}+∆t)(Et{xt+1}+∆t)

− L′(Et{xt+1}+∆t) (∆t −∆′(Et{xt+1})Et{xt+1}) , (41)

where L′ < 0. The first line is positive by Assumption 3, whilst the sign of the second545

line is positive since L′ < 0 and546

∆t −∆′(Et{xt+1})Et{xt+1} = [(σΠ(q) + y)v′(q)− σΠ′(q)v(q)] / [v′(q)− σΠ′(q)]

≥ [σv(q)c′(q)] / [v′(q)− σΠ′(q)] ,
(42)

where the second step uses that v(q) = Π(q)+c(q) and y ≥ σc(q), the latter being implied547

by σ ≤ 1 and the firms’ slack capacity constraint. Under Assumption 3 only steady states548

can thus be bounded monetary equilibria. Likewise, µ = β implements the real allocation549

(σt, qt) = (h, q̂) for the exact same reason as before.550

The analysis above applies to an environment with exogenous search, too. The reason551

is that ηt is pinned down for a given Et{xt+1}. Comparing with the analysis if liquid552

wealth comprises currency and an exogenous-dividend asset, the difference is that equity553

entails a wealth effect. This is evident from Equation (36), elucidating that if the value554

of currency balances increases, then so does the value of equity. Yet, as in Section 4, the555

wealth effect is too weak to generate self-fulfilling bounded dynamics if Assumption 3 is556

imposed or µ = β.557

13Monetary steady states exist if and only if β ≤ µ < β(1 + r−1
e (0)), where re(ι) is invertible since

r̃−e ≤ r̃+e implies re(ι) is decreasing.
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Real currency balances do not pin down search. We have r̃−e > r̃+e , entailing
14

558

ηt ∈ η(Et{xt+1}) ≡


0 if Et{xt+1} < r̃+e ,{
0, r̃

−
e −Et{xt+1}

r̃−e −r̃+e
, 1
}

if r̃+e ≤ Et{xt+1} ≤ r̃−e ,

1 if Et{xt+1} > r̃−e .

(43)

Thus, η(Et{xt+1}) is now a correspondence due the search channel; for real currency559

balances Mt = Et{xt+1} ∈ [r̃+e , r̃
−
e ], we can have a boom, bust, or mix because of a strong560

strategic complementary in search—see Figures 3b-3c. Hence, fme is a correspondence,561

too:562

xt ∈ fme(Et{xt+1}) ≡


f l
me(Et{xt+1}) if Et{xt+1} ≤ r̃+e ,{
f l
me(Et{xt+1}), β(1+ι̃)

µ
, fh

me(Et{xt+1})
}

if r̃+e < Et{xt+1} < r̃−e ,

fh
me(Et{xt+1}) if Et{xt+1} ≥ r̃−e .

(44)

Monetary steady states feature ιss = µ/β − 1.15 Yet, monotonicity of fme no longer563

applies under Assumption 3 if fme is a correspondence on the relevant domain R++. This564

requires not only r̃+e < r̃−e but also 0 < r̃−e , i.e., max{0, r̃+e } < r̃−e , which arises for a set565

of parameters with positive mass.566

Proposition 2. max{0, r̃+e } < r̃−e ⇔ (k, y) ∈ Sme, with Se ⊆ Sme.567

The implication is that a weaker condition for the existence of bounded self-fulfilling568

dynamics arises that does not depend on the properties of 1 +L(z) +L′(z)z imposed by569

Assumption 3, but rather on the growth rate of currency supply. For this purpose, it is570

useful to trace the lowest and highest value for ιt which can be observed for Et{xt+1} ∈571

[max{ε, r̃+e }, r̃−e ], where ε > 0 but infinitesimal to account for the fact that Et{xt+1} =572

Mt > 0 in a monetary equilibrium. Define ιl(r), ιh(r) ≥ 0 as the unique solutions of573

r = zσ(ισ)− σΠ(min{v−1 ◦ zσ(ισ), q̂})− y, σ ∈ {l, h}, (45)

14I ignore the knife-edge case r̃−e = r̃+e . For that case, ηt is uniquely pinned down unless Et{xt+1} =
r̃−e = r̃+e , in which case any value for ηt ∈ [0, 1] goes. However, fme remains a monotonically increasing
function, implying that bounded monetary equilibria other than steady states do not exist.

15If r̃+e ≥ 0, monetary steady states exist if and only if β ≤ µ < β(1 + ιl(0)). If r̃+e < 0, monetary
steady states exist if and only if µ ∈ [β, β(1 + ιhe )) ∪ [β(1 + ι̃), β(1 + ιle)), where ιhe < ι̃ < ιle are the
solutions to re(0) = ι.
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and note that, by construction, fσ
me = xβ(1 + ισ(x))/µ. As illustrated by Figures 3b and574

3c, the lowest feasible value for ιt on the aforementioned domain is ιh(r̃−e ), whilst the575

highest feasible value is ιl(max{ε, r̃+e }). Let I contain all values in between the extrema:576

I ≡ {ι ≥ 0 : ∃ε > 0 s.t. ιh(r̃−e ) ≤ ι ≤ ιl(max{ε, r̃+e })}. (46)

where it has to be noted that I has positive mass if (k, y) ∈ Sme and contains ι̃ in its577

interior (see the proof of Proposition 3). Whether or not µ/β − 1 ≡ ιss ∈ I is crucial for578

the existence of bounded monetary equilibria other than steady states.579

Proposition 3. If (k, y) ∈ Sme, then there exist a two cycle if µ/β − 1 ∈ int(I). The580

cycle represents boom-bust dynamics with counter-cyclical inflation.581

The proof of Proposition 3 is illustrated by Figures 4, 5, and 6, sketching hypothetical582

fme in the (Et{xt+1}, xt)-space, where f l
me and fh

me are monotonically increasing due to583

Assumption 3. There exists an x̂ ∈ (max{0, r̃+e }, r̃−e ) such that f l
me(x̂) > x̂ > fh

me(x̂) if584

µ/β − 1 ∈ int(I) ≡ (ιh(r̃−e ), ι
l(max{0, r̃+e })); this follows from Figures 3b and 3c, and585

noting that fσ
me = xβ(1 + ισ(x))/µ. Then use x̂ to define586

g(x) ≡


{f l

me(x)} if x < x̂,

[fh
me(x̂), f

l
me(x̂)] if x < x̂,

{fh
me(x)} if x > x̂.

(47)

We have that g(0) = 0, g(x) > x ∀x ∈ (0, x̂), and g(x) < x ∀x > x̂ by construction587

(see Figures 4b, 5b, and 6b). In essence, g′(x̂) = −∞ since fh
me(x̂) < f l

me(x̂); the graph of588

g is a vertical line at x̂ and intersects 45-degree line there. It follows from the method of589

flip bifurcations that there exist points x′, x′′, with x′ ̸= x′′, where the graphs of g and g−1
590

intersect offside the 45-degree line. If this intersection does not lie on the vertical part of x̂591

(see Figure 4b), we have x′ < x̂ < x′′ and it follows that we have identified a deterministic592

two-cycle in which (Mt, ηt) alternates between (x′, 0) and (x′′, 1), i.e., a boom-bust cycle593

with counter-cyclical inflation as in Figure 4c. If the intersection between g and g−1
594

lies on the vertical part of g, it turns out that we can construct a stochastic two cycle595

in which, dependent on whether this intersection lies above or below the 45-degree line596

(Figure 5b and, resp., 6b), the economy experiences a boom respectively bust for sure597
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for even t with Mt > x̂ respectively Mt < x̂, and a bust with probability ρ and boom598

with probability 1− ρ for odd t with Mt = x̂. The reason is that if Mt = x̂, we can have599

both ηt = 0—a bust—and ηt = 1—a boom—since x̂ ∈ (max{0, r̃+e }, r̃−e ). The resulting600

dynamics again feature counter-cyclical inflation (see Figures 5c and 6c).601

Proposition 4. If (k, y) ∈ Sme and µ/β − 1 ∈ I/ int(I), there exist bounded monetary602

equilibria that converge to the monetary steady state with a boom-bust cycle.603

Proposition 4 applies to the knife-edge cases µ = β(1+ ιh(r̃−e )); and µ = β(1+ ιl(r̃+e )),604

where r̃+e > 0. They are characterized by a unique monetary steady state involving a605

boom respectively bust. However, the steady-state value of currency balances is consistent606

with having a bust, respectively, boom, too. Figure 7 illustrates how this implies we can607

transition to the steady state in a boom-bust-boom respectively bust-boom-bust fashion.608

Interestingly, Proposition 4 can apply at the Friedman rule, i.e. µ = β. Particularly,609

this happens when r̃−e ≥ limι↘0 r(ι) = r̂he , i.e., if real currency balances that render the610

liquidity constraint slack in a boom are consistent with having a bust.611

Proposition 5. If (k, y) /∈ Sme and/or µ/β − 1 /∈ I, only steady states can be bounded612

monetary equilibria.613

Intuitively, if (k, y) ∈ Sme there are values for Et{xt+1} which can induce both a boom,614

bust, and mix, but, since µ/β − 1 /∈ I, such values are too far away from the monetary615

steady state. Real currency balances would therefore either grow unbounded or converge616

to zero if the economy is not in steady state.617

Taking stock from the analysis in the current and previous sections, under Assump-618

tion 3 only steady states can be bounded monetary equilibria if liquid wealth comprises619

only currency, or currency and an exogenous-dividend asset; whilst bounded equilibria620

with self-fulfilling dynamics can exist under Assumption 3 if liquid wealth comprises only621

equity, or both equity and currency. Comparing the case in which real currency bal-622

ances pin down search with the case in which they do not indicates the importance of623

endogenous search if liquid wealth comprises equity and currency. If search were exoge-624

nous, Assumption 3 would still rule out self-fulfilling dynamics despite the endogeneity625

of firms’ dividend. But if search is endogenous, a search channel entails that buyers626

can coordinate on different search intensities for given real currency balances. Existent627
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insights from the literature change given the latter property; endogenous dynamics can628

arise independently of Assumption 3. Instead, endogenous dynamics arise if and only if629

the currency-growth rate is contained in a set which can be characterized implicitly. And630

if the currency-growth rate lies in the interior of this set, two cycles exist.631

6 Inflation targeting and stabilization policies632

I assumed a constant growth rate for currency supply in the preceding analysis. Many633

central banks target inflation though. This may help to eliminate the equilibria with en-634

dogenous dynamics identified earlier since they feature fluctuating real currency balances635

and thus fluctuating inflation. I therefore suppose in this section that the government im-636

plements gross inflation target π, which, however, turns out to be insufficient to stabilize637

the economy—the government should react to the value of equity, too.638

Inflation targeting. Suppose the government implements gross inflation target π, en-639

tailing that currency supply adjusts endogenously to satiate demand arising at the target.640

The optimal price index is simply the nominal price of CM goods due to quasi-linear pref-641

erences, so 1/Φt should grow at a gross rate π; Φt+1 = Φt/π. From Equation (11) this642

implies643

Et−1 {ιt} = (π − β)/β ≡ i if Φt > 0. (48)

The RHS, i.e., i, is the Fisher rate: the nominal interest rate that compensates exactly for644

inflation and time discounting. In a monetary equilibrium, i pins down only the expected645

value for ιt. This preludes that inflation targeting alone may not suffice to stabilize the646

economy. Note that the non-negativity of ιt rules out π < β; to have bounded currency647

demand, deflation may not be too strong. Due to the role of expectations as highlighted648

in Equation (48), I distinguish between a deterministic and stochastic environment.649

Deterministic environment. If all uncertainty about time t, particularly the realization650

of Ht, is already revealed at time t − 1, then the inflation target pins down ιt through651

the Fisher rate: ιt = i. It is clear from Equations (12) and (14) that the real allocations652

at time t are then pinned down uniquely, except for the knife-edge case i = ι̃.653
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Stochastic environment. If at time t−1 it is still uncertain what the outcomes will be at654

time t, then buyers can coordinate on the sunspot’s history Ht, allowing ιt to fluctuate.655

Yet, real currency balances Mt ≡ ΦtMt−1 act as a exogenous variable in DMt since656

Φt = Φt−1/π if the inflation target is implemented. Thus, Mt = Et−1{Mt}; time-t real657

balances are perfectly predictable at time-t − 1. I define Mt−1 = Et−1{Mt} to capture658

this. Recall from Section 4 that demand and supply of liquid wealth are functions of ιt,659

where supply now includes Mt−1:660

zsπe(ιt) = hη(ιt)Π(min{zh(ιt), q̂}) + l(1− η(ιt))Π(min{zl(ιt), q̂}) + y +Mt−1. (49)

Not much changes compared to the analysis in Section 4; market clearance now occurs if661

re(ιt) = Mt−1 for some positive Mt−1 > 0. It follows from Proposition 2 that:662

Corollary 1. For (k, y) ∈ Sme and Mt−1 ∈ [max{0, r̃+e }, r̃−e ] we have that re(ιt) = Mt−1663

for ιh(Mt−1) < ι̃, ι̃, and ιl(Mt−1) > ι̃. Otherwise, ιt is uniquely pinned down by Mt−1.664

Defining Ph
t−1 = Pt−1{ιt = ιh(Mt−1)}, and Pl

t−1 and P̃t−1 similarly, it follows from665

Equation (48) that the corresponding Fisher rate is666

i = Pl
t−1ι

l(Mt−1) + P̃t−1ι̃+ Ph
t−1ι

h(Mt−1). (50)

The analysis above takes Mt−1 and (Pl
t−1, P̃t−1,Ph

t−1) as given, but these variables are667

determined endogenously at time-t−1 to satisfy Equation (50) given the inflation target.668

Recall ιl(Mt−1) and ι
h(Mt−1) are decreasing in Mt−1. From Section 5 we also know that669

the lowest and highest value for ιt which can be observed for Mt−1 ∈ [max{0, r̃+e }, r̃−e ]670

are ιh(r̃−e ) and, respectively, ι
l(max{0, r̃+e }). It follows rather directly that if and only if671

we have i strictly in between these extrema, there exists an Mt−1 ∈ [max{0, r̃+e }, r̃−e ] and672

probabilities (Pl
t−1, P̃t−1,Ph

t−1) for which Equation (50) holds and ιt is non-degenerate.673

Proposition 6. For (k, y) ∈ Sme, we have stochastic equilibrium multiplicity if i ∈ int(I).674

Otherwise, the probability distribution for ιt is degenerate at i.675

Proposition 6 implies the following if compared to Proposition 3. If two cycles exist for676

a currency-growth regime entailing steady-state inflation π = µ, then if the same inflation677

rate is implemented successfully in an inflation-targeting regime, there is still scope for678

stochastic dynamics. The strong complementarity in search thus remains operative in679
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an inflation-targeting environment. This result should not come as a surprise given the680

role that currency plays under an inflation target; it acts as a risk-free liquid asset that681

buyers can use as a substitute for equity. But if the Fisher rate is positive, then currency682

is costly to hold, entailing that buyers also use cheaper, risky equity as a means of liquid683

wealth. The intricate relationship between liquid-wealth demand and supply uncovered684

in Section 4 thus remains present.685

The flip side of the reasoning above is that if the Fisher rate approaches zero, the686

scope for stochastic equilibrium multiplicity disappears. Particularly, buyers then have687

access to a risk-free and costless form of liquid wealth. They thus no longer need to rely688

on equity, so that the source of equilibrium multiplicity is eliminated:689

Corollary 2. limi→0 Pt−1{ιt = 0} = 1.690

The results above point towards the desirability of running the Friedman rule in an691

inflation-targeting environment, i.e., setting π = β to eliminate the opportunity cost of692

holding currency. Particularly, over and above the fact that running the Friedman rule is693

consistent with maximizing economic activity—the liquidity constraint is slack so q = q̂694

and e = h—, it also fosters financial and macroeconomic stability.695

Implementing the Friedman rule by directly targeting inflation is also better than696

implementing it by targeting currency-supply growth. The Friedman rule then requires697

µ = β, implying that the monetary steady state is indeed ιss = 0; there is no opportunity698

cost of carrying currency. But Proposition 4 shows that the steady state then need not699

prevail at all times; the economy may be characterized by transitional dynamics involving700

a boom-bust-boom pattern. Targeting narrow-money growth, i.e., the growth rate of701

currency supply, can thus be notoriously unreliable when liquid wealth comprises also702

assets whose value is closely tied to macroeconomic activity. It is more effective to target703

the Fisher rate directly by accordingly adjusting currency supply in line with demand,704

as currency demand endogenously adjusts for the liquid wealth provided by other assets.705

Stabilization policy. I close the analysis by considering a stabilization policy that706

can be combined with achieving the inflation targeting under all contingencies in case707

policy, for whatever reason, deviates from the Friedman rule. Stabilization implies that708

the government must intervene in DMt, as otherwise the DMt real currency balances Mt709

act as a predetermined variable, leading to exactly the same findings as before.710
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I focus on inflation targets π < β(1 + ι̃), i.e., the deterministic equilibrium is char-711

acterized by intensive search. Stabilization thus requires preventing busts, which can be712

done with a troubled-asset relief program (TARP) that serves to back equity. Consider713

that the government stands ready to purchase equity shares at some real price ∆ during714

the DM. Although currency is nominal, guaranteeing a real price is feasible but has fiscal715

implications that are detailed later. Letting ωt denote the fraction of equity sold to the716

government in DMt, we have717

ωt


= 0 if ∆t > ∆,

∈ [0, 1] if ∆t = ∆,

= 1 if ∆t < ∆;

(51)

where ∆t = hη(ιt)Π(min{zh(ιt), q̂})+ l(1− η(ιt))Π(min{zh(ιt), q̂})+ y is the actual value718

of equity. Equation (51) transpires that buyers sell equity shares if their value falls short719

of the TARP price. The resulting supply of liquidity is720

zst = max{∆t,∆}+Mt−1, (52)

where Mt−1 = ΦtMt−1 are real currency balances brought into DMt, measured before721

equity has been sold to the government. Equation (52) elucidates that TARP effectively722

puts a floor below the value of equity.723

Proposition 7. The lower bound on ∆ to rule out stochastic equilibrium multiplicity is724

∆′ ≡ η′hΠ ◦ v−1(zh) + (1− η′)lΠ ◦ v−1(zl), where η′ ≡ r̃−e − re(i)

r̃−e − r̃+e
. (53)

Note that the TARP price can be set below the deterministic-equilibrium value of equity725

because of the weak wealth effect.16726

TARP also affects the lump-sum transfer off the equilibrium path, indicating that727

TARP requires fiscal commitment. With inflation targeting and TARP, the transfer is728

τt = Φt(Mt −MTARP,t−1), where MTARP,t−1 ≡Mt−1 + ωt(∆−∆t)/Φt. (54)

16It suffices to use as TARP price the value that would prevail in a mixed equilibrium if real currency
supply is at the deterministic-equilibrium level re(i).
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MTARP,t−1 is the amount of currency brought into CMt net of the nominal value of equity729

shares bought by the government in DMt. With inflation targeting, the government730

passively supplies real currency balances ΦtMt = Φt+1Mt/π = Mt that buyers carry out731

of CMt given the Fisher rate, so that combining with Equation (51), we obtain732

τt = Mt/π −Mt−1 −max{∆−∆t, 0}, (55)

where Mt is determined by buyers demand for real currency balances in CMt.733

Equation (55) elucidates that TARP is used only when the value ∆t of equity shares734

drops below the TARP price ∆; TARP entails a loss for the government since equity is735

bought above fundamental value. This loss has to be passed on to the taxpayer if the736

inflation target is to be achieved in all contingencies. There would be excess currency sup-737

ply otherwise since MTARP,t−1 > Mt−1, causing inflationary pressure. The government’s738

commitment to pass on losses to the taxpayer, however, entails that currency injected into739

the economy by means of TARP has real value. This commitment is sufficiently strong740

to stabilize the economy if ∆ ≥ ∆′. TARP is then never deployed on the equilibrium741

path; there is no reason for the value of equity to drop below ∆.742

Proposition 8. If ∆ ∈ (∆′′,∆′), where ∆′′ solves ∆′′ = lΠ ◦ v−1(re(i) + ∆′′) + y, then743

TARP can be deployed with positive probability because it fails to stabilize the economy.744

If ∆ ≤ ∆′′, then TARP is never deployed but still fails to stabilize the economy.745

Proposition 8 elucidates that applying TARP too conservatively can fiscally backfire746

and the reason is simple. If the TARP price is set slightly below the threshold ∆, then747

TARP fails to stabilize the economy which allows the value of equity to drop strictly below748

∆ because of self-fulfilling beliefs. If that happens, buyers sell their equity shares to the749

government, which runs a loss since it then buys equity at a price above fundamental750

value. Counter intuitive at first sight, the loss can be avoided by setting the TARP price751

slightly higher in order to unwind the self-fulfilling beliefs that rationalize the drop in the752

equity value. If, on the other hand, the TARP price is set very low, TARP still fails to753

stabilize the economy but, exactly because the price is set very low, the value of equity754

cannot drop below ∆. The economy can thus experience a bust, but the government755

never actually buys equity shares so it never experiences a loss either.756
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7 Conclusion757

This paper introduces liquid equity in a money-search model. Equity is a claim on the758

profits of firms that sell goods in the search-and-matching market, and simultaneously,759

equity is used in payment by the buyers in the search-and-matching market. This in-760

terwovenness entails a strong strategic complementarity in search, entailing self-fulfilling761

bounded dynamics. The joint role of liquid equity and search is elucidated by assum-762

ing that ex-ante liquid wealth-demand is decreasing in the liquidity premium. Whilst763

this rules out self-fulfilling bounded dynamics in plain-vanilla models, such dynamics are764

preserved with liquid equity and endogenous search. The economy is stable at the Fried-765

man rule in an inflation-targeting regime, or, if away from the Friedman rule, if inflation766

targeting is combined with TARP, which puts a floor below the value of equity.767

Directions for future research are twofold. First, the current setup views equity as768

a one-period lived asset. This is arguable unrealistic, but it also implies that dynamics769

cannot rely on an infinite chain of self-fulfilling asset-price expectations, which is normally770

key in money-search models. In that sense, the assumption provides a clean laboratory771

to analyze the joint role of liquid equity and endogenous search. Relaxing it by modeling772

equity as a long-lived asset is a useful extension to bring the model to the data.773

A second extension would distinguish between direct and indirect liquidity as in774

Geromichalos and Herrenbrueck (2016,1) and Geromichalos, Jung, Lee and Carlos (2021).775

The current model has directly-liquid equity; it can be used to purchase goods in the776

search-and-matching market. In reality, equity is rather indirectly liquid; it must first777

be sold for directly-liquid assets (currency, deposits, etcetera) in a financial market, after778

which these assets can be used for real transactions. In the current model one can think779

of these two steps occurring simultaneously; the financial market can be accessed when780

in a bilateral match. If the steps occur sequentially, indirectly-liquid assets typically in-781

herent the properties of their liquid counterparts. It would be interesting to investigate if782

indirectly-liquid equity and search interact similarly as directly-liquid equity and search.783
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Figure 2: Depiction of liquid-wealth demand zdt and supply zst if liquid wealth comprises only
equity.
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Figure 7: Transition dynamics to the steady state when µ = β(1 + ιh(r̃−e )) and r̃−e < r̂he . Gray
shaded areas in Panel 7b are busts.
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Figure 8: Transition dynamics to the steady state when µ = β(1 + ιl(r̃+e )) and r̃+e > 0. Gray
shaded areas in Panel 8b are busts.
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B Value functions and bargaining785

This appendix details the derivation of the buyers’ Bellman Equation (4), the firms’786

dividend (7), and the surplus of bilateral matches. I consider first CMt and then DMt,787

after which the Bellman equation can be derived.788

Centralized market. An incumbent firm, born in CMt−1, pays dividends and sub-789

sequently dies. A firm that holds an asset portfolio worth zft CM goods as well as an790

inventory ot of CM goods will therefore pay a dividend791

δ(zft , ot) = zft + ot. (B.1)

Let (mt+1, et+1) be the amount of currency and equity shares that the buyer carries792

into DMt+1, and let Vt+1(mt+1, et+1) be the associated utility value of entering DMt+1, to793

be characterized later. The utility value of entering CMt with currency and equity shares794

(mt, et) is795

Wt(mt, et) = max
xt,(mt+1,et+1)∀Ht+1

{xt + βEt{Vt+1(mt+1, et+1)}}

s.t. xt + Et{ϕt+1mt+1}+ Et{ψt+1et+1} ≤ Φtmt +∆tet + τt +Ψt,

mt+1, et+1 ≥ 0 ∀Ht+1,

(B.2)

where τt is the government transfer and Ψt the lump-sum transfer arising from the is-796

suance of new equity shares. The Arrow-like structure of the market allows the buyer797

to choose (mt+1, et+1) contingent on Ht+1. The budget constraint in (B.2) binds for the798

optimal choices and since utility is linear in xt, we can write Wt as799

Wt(mt, et) = Φtmt +∆tet + τt +Ψt

+ Et

{
max

mt+1,et+1≥0
{βVt+1(mt+1, et+1)− ϕt+1mt+1 − ψt+1et+1}

}
. (B.3)

The buyer’s ability to choose (mt+1, et+1) contingent on Ht+1 allows to write the opti-800

mization w.r.t. (mt+1, et+1) inside of the expectations operator.801

Decentralized market. Buyers are randomly matched to the firms and the probability802

that a buyer ends up in a match with a firm equals the search devoted by the buyer.803
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Communication within bilateral matches is limited due to spatial separation; the buyer-804

firm pair cannot observe what happens in other matches.805

Bargaining. The buyer-firm pair negotiates terms of trade (q, p), with q the DMt goods806

received by the buyer and p the payment (in CMt goods) received by the firm. This807

payment must be made with liquid assets, as detailed below. The utility surplus for808

the buyer is u(q) − p, as follows from the linearity of Wt in Equation (B.3). The trade809

increases the firm’s divided payment in (B.1) by p − c(q) since the firm uses c(q) CMt810

goods to produce q DMt goods in exchange for liquid wealth worth p CMt goods.811

Firms are interested in maximizing the utility of their shareholders. The firm and812

the buyer disregard the effects of changes in the firm’s dividend on other matches due to813

limited communication. Changes in the dividend of the firm also leave the buyer’s (with814

which the firm negotiates) wealth unaffected because there is a continuum of firms and815

matching is random. The dividend change from the transaction thus directly represents816

the shareholders’ utility gain since it is expressed in CMt goods.817

The total surplus from negotiated terms of trade (q, p) is u(q)− c(q). With payment818

protocol v, mapping q into p, the buyer’s surplus is L(q) = u(q) − v(q) and the firm’s819

surplus is Π(q) = v(q) − c(q). A buyer chooses q to maximize L(q) subject to v(q) ≤820

zt(mt, et) ≡ Φtmt +χ∆tet and c(q) ≤ y. It follows that the negotiated terms of trade are821

given by Equation (5) if the capacity constraint is slack.822

Value functions and dividends. Expected dividends that an incumbent firm will pay in823

CMt, contingent on the aggregate uncertainty being resolved, i.e., E{δ(zft , ot)|Ht}, equal824

the dividend payment ∆t of equity by the law of large numbers. If a firm is matched to825

a buyer with currency and equity holdings (mt, et), its CMt dividend payment will be826

δt = Π
(
min{v−1(Φtmt + χ∆tet), q̂}

)
+ y; (B.4)

its endowment of CMt goods plus the match surplus, where I use qt = min{v−1(Φtmt +827

χ∆tet), q̂} as implied by Equation (5). Accounting for the distribution Gt of search and828

asset holdings across buyers, the firm’s expected dividend payment ∆t = E{δ(zft , ot)|Ht}829

upon entering DMt is then given by Equation (7).830
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If a buyer holds assets (mt, et), its value when matched to a firm is831

L
(
min{v−1(Φtmt + χ∆tet), q̂}

)
+ Φtmt +∆tet +Wt(0, 0), (B.5)

as follows from the linearity of (B.3) and the specification of qt in Equation (5). The832

buyer chooses search σt optimally and since σt equals the probability of being matched,833

the value of entering DMt with assets (mt, et) is834

Vt(mt, et) = max
σt∈{l,h}

{
et
(
min{v−1(Φtmt + χ∆tet), q̂}

)
− s(σt)

}
+ Φtmt +∆tet +Wt(0, 0). (B.6)

Bellman equation. Using (B.3) to substitute out the term Wt(0, 0) in Equation (B.6)835

gives a recursive expression for Vt(mt, et):836

Vt(mt, et) = max
σt∈{l,h}

{
σtL

(
min{v−1(Φtmt + χ∆tet), q̂}

)
− s(σt)

}
+ Φtmt +∆tet + τt +Ψt

+ Et

{
max

mt+1,et+1≥0
{βVt+1(mt+1, et+1)− ϕt+1mt+1 − ψt+1et+1}

}
,

(B.7)

Since qt = min{v−1(Φtmt + χ∆tet), q̂} solves maxqt≥0 L(qt) subject to the constraints837

v(qt) ≤ zt(mt, et) ≡ Φtmt + χ∆tet and c(qt) ≤ y, we have838

L(min{v−1(Φtmt + χ∆tet), q̂}) = max
qt≥0

{L(qt)| s.t. v(qt) ≤ zt(mt, et) and c(qt) ≤ y} .
(B.8)

Using (B.8) in (B.7) gives the Bellman Equation (4).839

C Two-sided search840

This appendix shows that the results from the model can be generalized to a setup with841

two-sided search in the DM. Particularly, I introduce a unit mass of identical, infinitely-842

lived workers that value the net consumption xwt ∈ R of CMt goods and that can devote843

search σw
t ∈ Σ ⊆ [0, 1] on behalf of the firms. Time-t flow utility for a worker is given by844

U(σw
t , x

w
t ) = −s(σw

t ) + xwt (C.1)

39



and the time-discount rate is β. The CM is as in the baseline model and workers have845

no reason to hold assets since they do not consume DM goods.846

Workers and firms form worker-firm pairs in DMt which disband after DMt has con-847

vened. Every worker is matched to a firm and vice versa. The workers devote search σw
t848

on behalf of the worker-firm pair. The mass of matches between buyers and workers in849

DMt is given by a constant-returns-to-scale matching function N (σ̃b
t , σ̃

w
t ), where σ̃

b
t and850

σ̃w
t is average search across the buyers respectively the workers.851

A buyer devoting search σb
t in DMt finds a match with a worker with probability852

σb
tN (1, 1/κt), where κt = σ̃b

t/σ̃
w
t is market tightness. A worker devoting search σw

t likewise853

finds a match with a buyer with probability σw
t N (κt, 1). Once matched with a buyer, the854

worker can connect the buyer to the firm.855

Assumption C.1. Search devoted by the worker is private information and the firm856

cannot incentive the worker to search. Moreover, the worker’s decision to connect the857

buyer to the firm cannot be contracted ex ante.858

Assumption C.1 implies that firms negotiate with workers after the matching of buyers859

to workers has taken place. A worker matched to a buyer negotiates a real payment wt860

from the firm in return for connecting the buyer with the firm. The buyer’s liquid wealth861

is observable to both the worker and the firm during the negotiation process. The firm862

can settle the payment wt instantaneously with ownership shares in its profits, and I863

assume that wt follows from a protocol ω : Π → w, mapping the firm’s surplus Π from864

being connected with the buyer into w. Hence, σw
t follows from865

max
σw
t ∈Σ

{
σw
t N (κt, 1)

σ̃b
t

∫∫∫
σ
[
ω ◦ Π

(
min{v−1(Φtm+ χ∆te), q̂}

)]
Gt(dσ, dm, de)− s(σw

t )

}
,

(C.2)

and σb
t follows from866

max
σb
t∈E

{
σb
tN (1, 1/κt)L

(
min{v−1(Φtmt + χ∆tet), q̂}

)
− s(σb

t )
}
, (C.3)

with (mt, et) the buyer’s asset holdings.867
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The dividend paid by equity becomes868

∆t = N (1, 1/κt)

∫∫∫
σ
[
(1− ω) ◦ Π

(
min{v−1(Φtm+ χ∆te), q̂}

)]
Gt(dσ, dm, de) + y.

(C.4)

Assumption C.2. Buyers and workers obtain the same share θ < 1/2 of total match869

surplus u(q)− c(q). That means, v(q) = (1− θ)u(q)+ θc(q) and ω ◦Π(q) = θ[u(q)− c(q)].870

Given Assumption C.2, we obtain κt = 1 in a symmetric equilibrium, i.e., when871

σb
t = σ̃b

t for all buyers and σ
w
t = σ̃w

t for all workers. To see this, note that all buyers then872

carry liquid wealth worth zdt into DMt. Workers then anticipate qt = min{v−1(zdt ), q̂} and873

therefore choose σw
t to maximize σw

t N (κt, 1)θ[u(qt)− c(qt)]− s(σw
t ). Buyers choose σ

b
t to874

maximize σb
tN (1, 1/κt)θ[u(qt)− c(qt)]− s(σb

t ). We thus obtain unique σb
t and σ

w
t , except875

for knife-edge cases. When κt = 1, we have σb
t = σw

t and this rationalizes κt = 1 as an876

equilibrium outcome. When κt > 1, we need σb
t > σw

t . But high κt is especially beneficial877

for the workers—they get matched to a buyer with a high probability so that the search878

incentives imply σb
t < σw

t . Likewise, when κt < 1, we need σb
t < σw

t but a low κt is879

especially beneficial for the buyers. The search incentives would then imply σb
t > σw

t .880

Taking stock, in symmetric equilibria a buyer is matched to a worker with probability881

σb
tN (1, 1). One can then normalize N (1, 1) = 1 to obtain the same Bellman equation882

for the buyer as in the baseline model. The only difference arises when calculating the883

value of equity since firms now earn lower profits due to the payment wt to workers,884

but this does not affect the main properties of the baseline model. Further, the main885

results about equilibrium multiplicity and endogenous dynamics do not rely on equilibria886

in which buyers use mixed strategies for their search. These results therefore hold true887

under the setup with two-sided search laid out above.888

D Proofs889

Proof of Proposition 1. I first characterize the set Se and prove r̃+e < 0 < r̃−e ⇔890

(k, y) ∈ Se, after which I prove that this set has positive mass under both the parameter891

restriction c(q̂) ≤ y and Assumption 3. Throughout, I restrict attention to (y, k) ∈ R2
+.892
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Define qσ(ι) : ι = σL′(q)/v′(q). Also define qσ(y) ≤ q̂ as the unique solution of893

σΠ(qσ) + y ≥ v(qσ) with = if qσ < q̂. Note that qσ(ι) is strictly decreasing in ι and that894

qσ(y) is strictly increasing in y if y < v(q̂)−σΠ(q̂) and constant in y for y ≥ v(q̂)−σΠ(q̂).895

Further, qσ(y) ≥ 0 with = if and only if y = 0. By the definition of r̃−e , r̃
+
e , we have896

r̃−e = (v − lΠ) ◦ ql(ι̃)− y and r̃+e = (v − hΠ) ◦ qh(ι̃)− y. (D.1)

The properties of qσ(ι) and qσ(y) then directly imply897

r̃−e > 0 ⇔ ι̃ <
lΠ′ ◦ ql(y)
v′ ◦ ql(y) and r̃+e < 0 ⇔ ι̃ >

hΠ′ ◦ qh(y)
v′ ◦ qh(y) . (D.2)

Hence, r̃+e < 0 < r̃−e ⇔ hΠ′◦qh(y)
v′◦qh(y) < ι̃ < lΠ′◦ql(y)

v′◦ql(y) . Define the set898

Y =

{
y :

hΠ′ ◦ qh(y)
v′ ◦ qh(y) <

lΠ′ ◦ ql(y)
v′ ◦ ql(y)

}
. (D.3)

Recall that I ≡ limq→0[L
′(q)/v′(q)] so that 0 /∈ Y since h > l, i.e., Y ⊆ R++.899

We can back out k from ι̃ by using that (13) holds with equality at ι̃:900

k = κ(ι̃) ≡ max
q≥0

{hL(q)− ι̃v(q)} −max
q≥0

{lL(q)− ι̃v(q)}, (D.4)

where I use that maxq≥0{σL(q)− ιv(q)} = maxz≥0{σL(min{v−1(z), q̂})− ιz}. It follows901

that κ(ι̃) is a strictly decreasing function of ι̃ on the domain (0, hI), and satisfies κ(ι̃) ≥ 0902

with > if and only if ι̃ < hI. Further note that κ(ι̃) > maxz{hL ◦ v−1(z) − lIz} if and903

only if ι̃ < lI and κ(ι̃) < (h− l)L(q̂) if and only if ι̃ > 0.904

For ι̃ ∈ (0, hI) we have k < (>)κ(ι) ⇔ ι̃ > (<)ι, so define the set905

K(y) =

(
κ

(
lΠ′ ◦ ql(y)
v′ ◦ ql(y)

)
, κ

(
hΠ′ ◦ qh(y)
v′ ◦ qh(y)

))
. (D.5)

The set K(y) has positive mass if and only if y ∈ Y , and we have hΠ′◦qh(y)
v′◦qh(y) < ι̃ < lΠ′◦ql(y)

v′◦ql(y)906

if and only if k ∈ K(y). It thus follows directly that907

Se = {(k, y) : y ∈ Y and k ∈ K(y)} . (D.6)

42



I next show that (k, y) ∈ Se implies that Assumption 2 is satisfied. Since Y ⊆ R++,908

we have that lΠ′◦ql(y)
v′◦ql(y) < lI ∀y ∈ Y , where I use that qσ(y) is strictly increasing in y on909

the domain (0, v(q̂) − σΠ(q̂)) and satisfies qσ(0) = 0. This implies that (k, y) ∈ Se ⇒910

k > maxz≥0{hL ◦ v−1(z)− lIz}. Further, we have that σΠ′◦qlσ(y)
v′◦qσ(y) ≥ 0, with > if and only911

if y < v(q̂)− σΠ(q̂), so we also have that (k, y) ∈ Se ⇒ k < (h− l)L(q̂).912

It remains to show that Se has positive mass under both the parameter restriction913

c(q̂) ≤ y and Assumption 3. For this, it suffices to show that the set Y ′ ≡ Y ∩ [c(q̂),∞)914

has positive mass under Assumption 3.915

With this objective in mind, define Y ′′ ≡ (v(q̂)− hΠ(q̂), v(q̂)− lΠ(q̂)). From the916

definition of qσ(y), it follows directly that y ∈ Y ′′ ⇒ ql(y) < qh(y) = q̂. Since917

L′(q)/v′(q) = 0 for q = q̂ and L′(q)/v′(q) > 0 for q < q̂, it follows directly that Y ′′ ⊆ Y .918

Moreover, y ∈ Y ′′ ⇒ y > v(q̂)−hΠ(q̂), and in turn v(q̂)−hΠ(q̂) = v(q̂)−h[v(q̂)−c(q̂)] =919

(1 − h)v(q̂) + hc(q̂) ≥ c(q̂), where the first equality uses Π(q) = v(q) − c(q) and the920

inequality follows from the fact that for all q ∈ (0, q̂], we have Π(q) > 0. It follows that921

Y ′′ ⊆ [ĉ(q),∞) and combining with the previous result, we have Y ′′ ⊆ Y ′.922

The set Y ′′ has positive mass since h > l and Π(q) > 0 on the relevant domain923

(0, q̂]. This result holds true under Assumption 3; the result only requires that Lσ(z) ≡924

σL′(q)/v′(q)|q=min{v1(z),q̂} ≥ 0 (with equality if and only if q = q̂), which does not rule925

out Assumption 3. Concluding, Y ′ must have positive mass under Assumption 3 since926

Y ′′ ⊆ Y ′ and Y ′′ has positive mass under Assumption 3. q.e.d.927

Proof of Proposition 2. The first part is to prove that928

max{0, r̃+e } < r̃−e ⇔ ∃n > 0 s.t. r̃+e < n < r̃−e . (D.7)

First note that r̃+e < n < r̃−e ⇔ n ∈ (r̃+e , r̃
−
e ). Then, note that (r̃+e , r̃

−
e ) ∩ R+ =929

(max{0, r̃+e }, r̃−e ). Hence (max{0, r̃+e }, r̃−e ) ̸= ∅ ⇔ ∃n > 0 s.t. r̃+e < n < r̃−e . Clearly930

max{0, r̃+e } < r̃−e ⇔ (max{0, r̃+e }, r̃+e ) ̸= ∅, thus proving (D.7).931
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The next part is to prove that932

∃n > 0 s.t. r̃+e < n < r̃−e ⇔ (k, y) ∈ Sme ≡ {(k, y) : ∃n > 0 s.t. (k, y + n) ∈ Se} .
(D.8)

From the proof of Proposition 1 it is immediate that r̃+e −n < 0 < r̃−e −n⇔ (k, y+n) ∈ Se,933

which in turn proves (D.8).934

Combing the two parts above gives935

max{0, r̃+e } < r̃−e ⇔ (k, y) ∈ Sme ≡ {(k, y) : ∃n > 0 s.t. (k, y + n) ∈ Se} . (D.9)

Because Se is an open set, it follows that Se ⊆ Sme. Therefore Sme has positive mass936

under both the parameter restriction c(q̂) ≤ y and Assumption 3 since Se exhibits this937

property, too.938

Finally, I show that (k, y) ∈ Se implies that Assumption 2 is satisfied. We have that939

(k, y) ∈ Sem ⇒ ∃n > 0 such that (k, y+n) ∈ Se. For that n, it must hold that y+n > 0940

and k ∈ K(y+ n), as otherwise (k, y+ n) /∈ Se. It then follows directly from the proof of941

Proposition 1 that indeed Assumption 2 is satisfied. q.e.d.942

Proof of Propositions 3, 4, and 5. First, if (k, y) /∈ Sme, then fme is a function on943

the relevant domain R++. From the properties of f e
me it follows that fme is monotonically944

increasing given Assumption 3. Hence, the only bounded monetary equilibria are steady945

states and the monetary steady state is generically unique unless µ = β(1 + ι).946

Next, if (k, y) ∈ Sme, then fme is a correspondence on the domain [max{0, r̃+e }, r̃−e ],947

which has positive mass. Define i = µ/β − 1. To elucidate how search behaves in948

equilibrium, note that a dynamic equilibrium is characterized by a bounded process949

{(xt, ηt)}∞t=0 that satisfies950

xt =


f l
me(Et{xt+1}) if ηt = 0,

1+ι̃
1+i

if ηt ∈ (0, 1),

fh
me(Et{xt+1}) if ηt = 1;

ηt ∈


{0} if Et{xt+1} < r̃+e ,{
0, r̃

−
e −Et{xt+1}

r̃−e −r̃+e
, 1
}

if r̃+e ≤ Et{xt+1} ≤ r̃−e ,

{1} if Et{xt+1} > r̃−e .

(D.10)
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This follows directly from Equations (43) and (44). As established in Section 5, f l
me951

and fh
me are monotonically increasing functions given Assumption 3, which I impose952

throughout the proof.953

Next, note that ισ(r), as defined in Equation (45), is: continuous; strictly decreasing954

in r on the domain (−y, r̂σe ), where r̂σe ≡ v(q̂)− σΠ(q̂)− y, since v′(q)− σΠ′(q) > 0 and955

∂zσ/∂ισ < 0; and satisfies ισ(r) > (=)0 ⇔ r < (≥)r̂σe and ισ(r) = σI ⇔ r = −y.956

Further, we have ιh(r) ≤ (<)ι̃ ∀r ≥ (>)r̃+e and ι̃ ≤ (<)ιl(r) ∀r ≤ (<)r̃−e since ιh(r̃+e ) =957

ιl(r̃−e ) = ι̃ and ι̃ ∈ (0, lI).958

Then, note that the set I, as defined in Equation (46), has positive mass since (k, y) ∈959

Sme implies max{0, r̃+e } < r̃−e ; the fact that ιl(·) and ιh(·) are strictly decreasing on the960

domain (−y, r̂le) and (−y, r̂he ), respectively, and r̃−e < r̂le and r̃+e < r̂he (since ι̃ > 0),961

therefore imply that ιh(r̃−e ) < ιh(r̃+e ) = ι̃ = ιl(r̃−e ) < ιl(max{0, r̃+e }). Note that int(I) =962

(ιh(r̃−e ), ι
l(max{0, r̃+e })) then has positive mass, too, and contains ι̃.963

It is now useful to study separately the cases: (a) 0 = i ≤ ιh(r̃−e ); (b) 0 < i ≤ ιh(r̃−e );964

(c) i ∈ (ιh(r̃−e ), ι
l(max{0, r̃+e })); and (d) i ≥ ιl(max{0, r̃+e }).965

Case a: 0 = i ≤ ιh(r̃−e ). We have on the relevant domain R++ that fh
me(x) > x ∀x < r̂he966

and fh
me(x) = x ∀x ≥ r̂he . Likewise, f

l
me(x) > x ∀x < r̂le and f l

me(x) = x ∀x ≥ r̂le. Hence,967

since r̂he < r̂le, Et{xt+1} < r̂he ⇒ Et{xt+1} < xt by Equation (D.10).968

If ιh(r̃−e ) > 0, we must also have ηt = 1 if Et{xt+1} ≥ r̂he since ιh(r̃−e ) > 0 entails r̃−e <969

r̂he . Hence, xt < r̂he ⇒ Et{xt+1} < r̂he . So xt < r̂he ⇒ Et{xt+1} < r̂he ⇒ Et{xt+1} < xt;970

we cannot have xt < r̂he in a bounded monetary equilibrium since it would imply that971

{xτ}∞τ=0 would go to zero with positive probability. If xt ≥ r̂he , we can have ηt < 1 only972

if Et{xt+1} < r̂he since r̃−e < r̂he , so xt ≥ r̂he and ηt < 1 would likewise imply that {xτ}∞τ=0973

would go to zero with positive probability. Thus, in a bounded monetary equilibrium we974

must have xt ≥ r̂he and ηt = 1. From Equation (D.10) it follows that Et{xt+1} = xt; in975

a bounded equilibrium we may have xt developing stochastically over time but ηt = 1 ∀t976

and xt ≥ r̂he ∀t, which implies that the real allocation is pinned down uniquely. I.e., all977

buyers search intensely (e = h) and they consume q̂ DM goods if matched to a firm.978

If ιh(r̃−e ) = 0, we have r̃−e ≥ r̂he . Consider the sequence979

{(xt, ηt)}∞t=0 = {(f l
me(r̂

h
e ), 1), (f

l
me(r̂

h
e ), 0), (r̂

h
e , 1), (r̂

h
e , 1), ...}. (D.11)
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Clearly, {(xt, ηt)}∞t=2 satisfies Equation (D.10) since it is a steady state. Further, we have980

that η1 = 0 is feasible since x2 = r̂he ≤ r̃−e . From Equation (D.10) this then indeed implies981

x1 = f l
me(r̂

h
e ); {(xt, ηt)}∞t=1 satisfies Equation (D.10), too. Then, note that f l

me(r̂
h
e ) > r̂he982

because r̂he < r̂le. Therefore we can have η0 = 1, which through Equation (D.10) then983

implies x0 = fh
me ◦ f l

me(r̂
h
e ) = f l

me(r̂
h
e ), were the last equality uses fh

me(x) = x ∀x ≥ r̂he ;984

the proposed sequence in Equation (D.11) is indeed an equilibrium. Note the equilibrium985

features a one-time boom-bust cycle; the economy starts in a boom, then experiences a986

bust, and subsequently remains in a boom (the steady state).987

Case b: 0 < i ≤ ιh(r̃−e ). It follows that i < ι̃ in this case because ι̃ ∈ int(I). We have988

a unique monetary steady state at xss ≡ re(i) ∈ (max{0, r̃+e }, r̂he ), entailing high search.989

Moreover, xss ≥ r̃−e , with = if and only if i = ιh(r̃−e ) since ι
h(r) is strictly decreasing on990

(−y, r̂he ) and 0 < ιh(xss) = i ≤ ιh(r̃−e ). The unique monetary steady state at xss implies991

we have fh
me(x) > (<)x ⇔ x < (>)xss on the relevant domain R++, as well as f

l
me(x) > x992

on the relevant domain (0, r̃−e ].993

Equation (D.10) implies ηt = 1 ∀Et{xt+1} > xss since xss ≥ r̃−e . This property994

implies xss < xt < Et+1{xt+1} ∀Et{xt+1} > xss due to monotonicity of fh
me. At the995

same time, since f l
me(x) > x ∀x ∈ (0, r̃−e ] and fh

me(x) > x ∀x ∈ (0, xss), xt < xss ⇒996

Et{xt+1} < xss ⇒ Et{xt+1} < xt; it must be that {xτ}∞τ=t grows goes to zero with997

positive probability if xt < xss. We must thus have xt ≥ xss in a bounded monetary998

equilibrium.999

On the other hand, if xt > xss, then if ηt = 1 (feasible since xss > r̃+e ) we have for sure1000

that Et+1{xt+1} > xt by the monotonicity of fh
me. Since xss ≥ r̃−e , other Et{xt+1} that1001

satisfy Equation (D.10) for xt > xss must induce ηt < 1 and thus Et+1{xt+1} ≤ r̃−e , which1002

in turn satisfies r̃−e ≤ xss. If r̃−e < xss it therefore follows directly that xt > xss implies1003

that {xτ}∞τ=t grows either unbounded or to zero with positive probability; we must have1004

xt ≤ xss in a bounded monetary equilibrium. For the knife edge case r̃−e = xss, we have1005

that Et{xt+1} = xss only for (xt, ηt) = (xss, 1) and (xt, ηt) = (f l
me(r̃

−
e ), 0).1006

Taking stock, if r̃−e < xss, we must have (xt, ηt) = (xss, 1) ∀t in a bounded monetary1007

equilibrium. For the special case r̃−e = xss we can also have a deterministic sequence1008

{(xt, ηt)}∞t=0 =

(fh,T−1
me (xT−1), 1), (f

h,T−2
me (xT−1), 1),

..., (fh
me(xT−1), 1), (xT−1, 0), (xss, 1), (xss, 1), ...

 , (D.12)
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where xT−1 = f l
me(xss) and T ∈ N. The sequence {(xt, ηt)}∞t=T satisfies Equation (D.10)1009

since it is the monetary steady state. Further, xT = xss implies we can have ηT−1 = 0 since1010

ET−1{xT} = xss = r̃−e . In turn, to satisfy Equation (D.10), this requires xT−1 = f l
me(xss);1011

the sequence {(xt, ηt)}∞t=T−1 also satisfies Equation (D.10). Then note that f l
me(xss) > xss.1012

In turn, this implies we can have ηT−2 = 1 since ET−2{xT−1} = f l
me(xss) > xss >1013

max{0, r̃+}. To satisfy Equation (D.10), this requires xT−2 = fh
me(xT−1); the sequence1014

{(xt, ηt)}∞t=T−2 also satisfies Equation (D.10). Since xT−1 > xss ⇒ xss < xT−2 < xT−1,1015

as established before, we can have ηT−3 = 1, too. We can then backward iterate further to1016

conclude that the entire sequence {(xt, ηt)}∞t=0 characterized in Equation (D.12) satisfies1017

Equation (D.10) ∀T ∈ N.1018

Case c: i ∈ (ιh(r̃−e ), ι
l(max{0, r̃+e })). We have that the set1019

X =
{
x ∈ (max{0, r̃+e }, r̃−e ) : fh

me(x) < x < f l
me(x)

}
(D.13)

is non-empty. To see this, note that1020

fσ
me(x) =

1 + ισ(x)

1 + i
x, σ ∈ {l, h}. (D.14)

For some arbitrary x ∈ (max{0, r̃+e }, r̃−e ) we therefore have fh
me(x) < x < f l

me(x) if1021

and only if i ∈ (ιh(x), ιl(x)), where it has to be noted that x < r̃−e ⇒ ιl(x) > ι̃1022

and x > max{0, r̃+e } ⇒ ιh(x) < ι̃; the set (ιh(x), ιl(x)) has positive mass for all x ∈1023

(max{0, r̃+e }, r̃−e ). It follows that for an arbitrary i ∈ (ιh(r̃−e ), ι
l(max{0, r̃+e })), there exists1024

an x ∈ (max{0, r̃+e }, r̃−e ) such that fh
me(x) < x < f l

me(x) since ιl(·), ιh(·) are continuous1025

and decreasing in x; X has positive mass and is, in fact, a convex set.1026

Pick an arbitrary x̂ ∈ X . Suppose first that f l
me ◦ fh

me(x̂) < x̂. It follows that ∃x′ ∈1027

(fh
me(x̂), x̂) such that f l

me(x
′) = x′ by the intermediate value theorem since f l

me(x̂) > x̂.1028

Consider therefore the following process for (xt, ηt):1029

(xt, ηt) =



(f l
me(x̂), 0) with prob. ρ,

(fh
me(x̂), 1) with prob. 1− ρ,

if t odd

(x̂, 0) if t even;

ρ ≡ x′ − fh
me(x̂)

f l
me(x̂)− fh

me(x̂)
. (D.15)
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Note that ρ ∈ (0, 1) since fh
me(x̂) < x′ < x̂ < f l

me(x̂). Given process (D.15), Equation1030

(D.10) is satisfied for odd t by construction since we then have Et{xt+1} = x̂ ∈ X ⊆1031

(max{0, r̃+e }, r̃−e ), thus allowing for both (xt, ηt) = (f l
me(x̂), 0) and (xt, ηt) = (fh

me(x̂), 1).1032

Further, for even t, we have Et{xt+1} = x′, as follows from the definition of ρ. Equation1033

(D.10) is then satisfied for even t, too, since x′ < x̂ < r̃−e , thus allowing for (xt, ηt) =1034

(f l
me(Et{xt+1}), 0) = (x̂, 0); we have found a stochastic two cycle with Mt = Et{xt+1} =1035

x′ < x̂ and ηt = 0 for even t; and Mt = Et{xt+1} = x̂ with ηt = 0 with prob. ρ and ηt = 11036

with prob. 1− ρ for odd t. Real currency balances are thus pro cyclical and inflation is1037

counter cyclical.1038

Suppose next that f l
me ◦ fh

me(x̂) ≥ x̂ and fh,−1
me (x̂) ≥ f l

me(x̂). It follows that ∃x′ ∈1039

[fh
me(x̂), x̂] such that fh,−1

me (x′) = f l
me(x

′) by the intermediate value theorem since f l
me ◦1040

fh
me(x̂) ≥ x̂ ⇒ fh,−1

me ◦ fh
me(x̂) ≤ f l

me ◦ fh
me(x̂). By construction, x′ = fh

me ◦ f l
me(x

′), so1041

consider the process1042

(xt, ηt) =

(x′, 1) if t odd,

(x′′, 0) if t even;

where x′′ ≡ f l
me(x

′). (D.16)

For even t, we have Et{xt+1} = x′. It follows that ηt = 0 for even t is in line with (D.10)1043

because x′ ≤ x̂ < r̃−e . Given ηt = 0 and Et{xt+1} = x′ for even t, it follows that (D.10)1044

implies xt = x′′ for even t since x′′ ≡ f l
me(x

′). For odd t, we have Et{xt+1} = x′′. It1045

follows that ηt = 1 for odd t is in line with (D.10) because x′′ ≡ f l
me(x

′) ≥ f l
me ◦ fh

me(x̂) ≥1046

x̂ > max{0, r̃+e }, where the first inequality follows from the fact that f l
me is monotone1047

increasing and x′ ≥ fh
me(x̂); the second is satisfied by supposition; and the third follows1048

from the fact that x̂ ∈ X ⊆ (max{0, r̃+e }, r̃−e ). Given ηt = 1 and Et{xt+1} = x′′ for1049

odd t, it follows that (D.10) implies xt = fh
me(x

′′) = fh
me ◦ f l

me(x
′) = x′ for odd t; we1050

have found a deterministic two cycle with Mt = Et{xt+1} = x′ and ηt = 0 for even t;1051

and Mt = Et{xt+1} = x′′ and ηt = 1 for odd t. Further, x′ < x′′; if x′ = x′′ we must1052

have x′ = x′′ = x̂ since the previous steps implied x′ ≤ x̂ ≤ x′′, but x′ = x̂ implies1053

x′′ = f l
me(x̂) > x̂ since x̂ ∈ X . Real currency balances are thus pro cyclical and inflation1054

is counter cyclical.1055

Suppose finally that f l
me ◦fh

me(x̂) ≥ x̂ and fh,−1
me (x̂) < f l

me(x̂). It follows that f
h
me(x̂) <1056

x̂ < fh,−1
me (x̂) < f l

me(x̂) since x̂ ∈ X ⇒ fh
me(x̂) < x̂ < f l

me(x̂). Consider therefore the1057
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following process for (xt, ηt):1058

(xt, ηt) =



(f l
me(x̂), 0) with prob. ρ,

(fh
me(x̂), 1) with prob. 1− ρ,

if t odd

(x̂, 1) if t even;

ρ ≡ fh,−1
me (x̂)− fh

me(x̂)

f l
me(x̂)− fh

me(x̂)
.

(D.17)

Note that ρ ∈ (0, 1) since fh
me(x̂) < x̂ < fh,−1

me (x̂) < f l
me(x̂). Given process (D.17), Equa-1059

tion (D.10) is satisfied for odd t by construction since we then have Et{xt+1} = x̂ ∈ X ⊆1060

(max{0, r̃+e }, r̃−e ), thus allowing for both (xt, ηt) = (f l
me(x̂), 0) and (xt, ηt) = (fh

me(x̂), 1).1061

Further, for even t, we have Et{xt+1} = fh,−1
me (x̂), as follows from the definition of ρ.1062

Equation (D.10) is then satisfied for even t, too, since fh,−1
me (x̂) > x̂ > max{0, r̃+e }, thus1063

allowing for (xt, ηt) = (fh
me(Et{xt+1}), 1) = (fh

me ◦ fh,−1
me (x̂), 1) = (x̂, 1); we have found1064

a stochastic two cycle with Mt = Et{xt+1} = fh,−1
me (x̂) > x̂ and ηt = 1 for even t; and1065

Mt = Et{xt+1} = x̂ with ηt = 0 with prob. ρ and ηt = 1 with prob. 1− ρ for odd t. Real1066

currency balances are thus pro cyclical and inflation is counter cyclical.1067

Case e: i ≥ ιl(max{0, r̃+e }). We have i > ι̃ because ι̃ ∈ int(I). There exists no1068

monetary steady state if either r̃+e ≤ 0, or r̃+e > 0 but i ≥ ιl(0) since we then have1069

i ≥ ιl(0), entailing f l
me(x) < x ∀x > 0 and fh

me(x) < x ∀x ≥ max{ε, r̃+e }, where ε > 0 but1070

infinitesimal. The monotonicity of f l
me and f

h
me then imply that xt > 0 ⇒ xt < Et{xt+1}1071

to satisfy (D.10); it must be that {xτ}∞τ=t grows unbounded with positive probability if1072

xt > 0, entailing there is no bounded monetary equilibrium.1073

If r̃+e > 0 and i > ιl(0), we have a unique monetary steady state at xss ≡ re(i) ∈1074

(0, r̃−e ), entailing low search. The procedure now develops analogous to case b. We have1075

xss ≤ r̃+e , with = if and only if i = ιl(r̃+e ) since ι
l(r) is strictly decreasing on (−y, r̂le) and1076

ιl(r̃+e ) ≤ i = ιl(xss) < ιl(0), where r̃+e < r̂he < r̂le. The unique monetary steady state at1077

xss implies we have f l
me(x) > (<)x ⇔ x < (>)xss on the relevant domain R++, as well1078

as fh
me(x) < x ∀x ≥ r̃+e .1079

Equation (D.10) implies ηt = 0 ∀Et{xt+1} < xss since xss ≤ r̃+e . This property implies1080

Et+1{xt+1} < xt < xss ∀Et{xt+1} < xss due to monotonicity of f l
me. At the same time,1081

since fh
me(x) < x ∀x ≥ r̃+e and f l

me(x) < x ∀x > xss, xt > xss ⇒ Et{xt+1} > xss ⇒1082

Et{xt+1} > xt; it must be that {xτ}∞τ=t grows unbounded with positive probability if1083
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xt > xss. We must thus have xt ≤ xss in a bounded monetary equilibrium.1084

On the other hand, if xt < xss, then if ηt = 0 (feasible since xss < r̃−e ) we have for sure1085

that Et+1{xt+1} < xt by the monotonicity of f l
me. Since xss ≤ r̃+e , other Et{xt+1} that1086

satisfy Equation (D.10) for xt < xss must induce ηt > 0 and thus Et+1{xt+1} ≥ r̃+e , which1087

in turn satisfies r̃+e ≥ xss. If r̃+e > xss it therefore follows directly that xt < xss implies1088

that {xτ}∞τ=t grows either unbounded or to zero with positive probability; we must have1089

xt ≥ xss in a bounded monetary equilibrium. For the knife edge case r̃+e = xss, we have1090

that Et{xt+1} = xss only for (xt, ηt) = (xss, 0) and (xt, ηt) = (fh
me(r̃

+
e ), 1).1091

Taking stock, if r̃+e > xss, we must have (xt, ηt) = (xss, 0) ∀t in a bounded monetary1092

equilibrium. For the special case r̃+e = xss we can also have a deterministic sequence1093

{(xt, ηt)}∞t=0 =

(f l,T−1
me (xT−1), 0), (f

l,T−2
me (xT−1), 0),

..., (f l
me(xT−1), 0), (xT−1, 1), (xss, 0), (xss, 0), ...

 , (D.18)

where xT−1 = fh
me(xss) and T ∈ N. The sequence {(xt, ηt)}∞t=T satisfies Equation (D.10)1094

since it is the monetary steady state. Further, xT = xss implies we can have ηT−1 = 1 since1095

ET−1{xT} = xss = r̃+e . In turn, to satisfy Equation (D.10), this requires xT−1 = fh
me(xss);1096

the sequence {(xt, ηt)}∞t=T−1 also satisfies Equation (D.10). Then note that fh
me(xss) < xss.1097

In turn, this implies we can have ηT−2 = 0 since ET−2{xT−1} = fh
me(xss) < xss < r̃−e .1098

To satisfy Equation (D.10), this requires xT−2 = f l
me(xT−1); the sequence {(xt, ηt)}∞t=T−21099

also satisfies Equation (D.10). Since xT−1 < xss ⇒ xT−1 < xT−2 < xss, as established1100

before, we can have ηT−3 = 0, too. We can then backward iterate further to conclude1101

that the entire sequence {(xt, ηt)}∞t=0 characterized in Equation (D.18) satisfies Equation1102

(D.10) ∀T ∈ N.1103

Combining insights from the cases a-d, we find that: (i) two cycles with boom-bust1104

dynamics and counter-cyclical inflation exist if i ∈ int(I), proving Proposition 3; (ii)1105

equilibria that converge to the monetary steady state with a boom-bust cycle on the1106

transition path exist if i ∈ I/ int(I), proving Proposition 4; and (iii) bounded monetary1107

equilibria other than steady states do not exist if i /∈ I, proving Proposition 5. q.e.d.1108

Proof of Proposition 6. First observe that Mt is perfectly predicable at time t − 11109

since Mt = ΦtMt−1 and Φt = Φt−1/π. Thus, Mt = Et−1{Mt}. Define Mt−1 = Et−1{Mt}1110
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to capture this. Clearance of the market for liquid wealth implies that only ιt which solve1111

re(ιt) = Mt−1 can occur on the equilibrium path due to the perfect predictability of Mt.1112

If (k, y) ∈ Sme we know from Corollary 1 that there are three ιt for which re(ιt) = Mt−11113

if and only if Mt−1 ∈ [max{0, r̃+e }, r̃−e ], namely ιl(Mt−1), ι
h(Mt−1), and ι̃, where ι

l(·), ιh(·)1114

are as defined in Equation (45).1115

Let Pl
t−1 = Pt−1{ιt = ιl(Mt−1)}, Ph

t−1 = Pt−1{ιt = ιh(Mt−1)} and P̃t−1 = Pt−1{ιt = ι̃}.1116

Given that i is fixed in the inflation-targeting regime, it follows from Equation (48)1117

that Mt−1 > 0 and (Pl
t−1, P̃t−1, P̃h

t−1) ∈ ∆2, where ∆2 is the 2-dimensional simplex, are1118

determined endogenously by1119

i = Et−1{ιt} ≡ Pl
t−1ι

l(Mt−1) + P̃t−1ι̃+ Ph
t−1ι

h(Mt−1). (D.19)

Because ισ(Mt−1) is decreasing in Mt−1 and ιh(Mt−1) ≤ ι̃ ≤ ιl(Mt−1), it follows1120

that there exists a non-degenerate probability distribution for ιt, i.e., there exists an1121

Mt−1 ∈ [max{0, r̃+e }, r̃−e ] and a vector (Pl
t−1, P̃t−1, P̃h

t−1) ∈ ∆2/{(1, 0, 0), (0, 1, 0), (0, 0, 1)}1122

that jointly solve Equation (D.19) if and only if1123

i ∈ (ιh(r̃−e ), ι
l(max{0, r̃+e })) ≡ int(I). (D.20)

If (k, y) /∈ Sme, then ∄M > 0 s.t. r̃+e < M < r̃−e . It follows that there is a unique ι1124

that solves re(ι) = M ∀M > 0, as implied by Corollary 1. With Mt = Mt−1, i.e., Mt1125

being perfectly predicable at time t − 1, it follows that ιt must be perfectly predictable1126

at time t − 1, too. Equation (48) therefore implies that ιt = it, entailing a degenerate1127

distribution for ιt. q.e.d.1128

Proof of Proposition 7. First observe that there is only a scope for stochastic equi-1129

librium multiplicity if (k, y) ∈ Sme and i ∈ int(I) (see Proposition 6). Further, we focus1130

on the case i < ι̃, meaning that the objective is to implement the boom equilibrium with1131

probability one. For future purposes, it is useful to define1132

∆̃+ ≡ hΠ ◦ v−1(zh) + y and ∆̃− ≡ lΠ ◦ v−1(zl) + y. (D.21)
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Also, let Mdet
t−1 solve i = ιh(Mdet

t−1) (ι
σ(·), σ ∈ {l, h} is defined in Equation (45)), i.e., Mdet

t−11133

is the value of currency balances in deterministic equilibrium where ιt is degenerate at i.1134

Note that Mdet
t−1 > r̃+e because Mdet

t−1 solves1135

Mdet
t−1 = zh(i)− hΠ(min{v−1 ◦ zh(i), q̂})− y (D.22)

where the RHS is decreasing in i so that i < ι̃ implies Mdet
t−1 ≥ zh(ι̃)−hΠ◦v−1◦zh(ι̃)−y ≡1136

r̃+e . We also have Mt−1 < r̃−e because ιh(r̃−e ) < i = ιh(Mt−1) and ι
h(Mt−1) is decreasing1137

in Mt−1.1138

The first step is to prove that Mt−1 > Mdet
t−1 if ιt is non-degenerate and ∆ ≤ ∆̃+.1139

Because ∆t is decreasing in ιt (see Equation (19)), it follows that zs(ιt < ι̃) = Mt−1+∆t;1140

TARP is not deployed in case ιt < ι̃. We therefore have that ιt = ιh(Mt−1) if ιt < ι̃. We1141

also have that Pt−1{ιt < i} > 0 if ιt is non-degenerate since i = Et−1{ιt} by Equation1142

(48). It follows that Mt−1 > Mdet
t−1 if ιt is non-degenerate because for any ιt < ι̃ we have1143

ιt = ιh(Mt−1) and ι
h(Mt−1) is decreasing in Mt−1.1144

The next step is to prove that ιt cannot be non-degenerate if1145

∆ = ∆′ ≡ η′hΠ ◦ v−1(zh) + (1− η′)lΠ ◦ v−1(zl) + y, where η′ ≡ r̃−e − re(i)

r̃−e − r̃+e
. (D.23)

I do this by means of a contradiction. First, note that ∆′ = η′∆̃+ + (1− η′)∆̃−. Second,1146

note that η′ ∈ (0, 1) because Mdet
t−1 = re(i) and Mdet

t−1 ∈ (r̃−e , r̃
+
e ). Third, note that1147

∆̃− < ∆̃+ since l < h and zl < zh. We thus have ∆′ ∈ (∆̃−, ∆̃+).1148

Because ∆t is decreasing in ιt it follows that TARP is not deployed in case ιt < ι̃ since1149

limιt↗ι̃∆t = ∆̃+, whilst it is deployed in case ιt > ι̃ since limιt↘ι̃∆t = ∆̃−. On the one1150

hand we thus have zs(ιt < ι̃) = Mt−1 +∆t, so that ιt = ιh(Mt−1) if ιt < ι̃. On the other1151

hand, zs(ιt > ι̃) = Mt−1 + ∆′ and also, zd(ιt > ι̃) ≤ zl since zd is decreasing in ιt and1152
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limιt↘ι̃ z
d(ιt) = zl. Since zl = r̃−e + ∆̃−, we find that if ιt > ι̃:1153

zd(ιt)− zs(ιt) ≤ r̃−e + ∆̃− −∆′ −Mt−1

< r̃−e + ∆̃− −∆′ −Mdet
t−1

= r̃−e + ∆̃− − η′∆̃+ − (1− η′)∆̃− − re(i)

= (r̃−e − re(i))

(
1− ∆̃+ − ∆̃−

r̃−e − r̃+e

)
< 0,

(D.24)

where the last line uses that r̃−e + ∆̃− = zl < zh = r̃+e + ∆̃+. Thus, for ∆ = ∆′, having1154

ιt > ι̃ is inconsistent with clearance of the market for liquid wealth.1155

If ιt = ι̃, we have that ηt adjusts to clear the market for liquid wealth. Particularly,1156

ηt solves1157

ηtz
h(ι̃) + (1− ηt)z

l(ι̃) = ∆t +Mt−1 +max{∆′ −∆t, 0}, (D.25)

where zh(ι̃) = zh, zl(ι̃) = zl, and ∆t = ηt∆̃
+ + (1− ηt)∆̃

−. It follows that ηt satisfies1158

ηt =
r̃−e −Mt−1 −max{η′ − ηt, 0}(∆̃+ − ∆̃−)

r̃−e − r̃+e

<
r̃−e −Mdet

t−1

r̃−e − r̃+e

=
r̃−e − re(i)

r̃−e − r̃+e
≡ η′.

(D.26)

We therefore have that TARP is deployed if ιt = ι̃ since ηt < η′ ⇔ ∆t < ∆′. It1159

follows that ηt solves1160

ηt =
r̃−e −Mt−1 − (η′ − ηt)(∆̃

+ − ∆̃−)

r̃−e − r̃+e
. (D.27)
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Hence, we obtain1161

ηt =
Mt−1 +∆′ − r̃−e − ∆̃−

r̃+e + ∆̃+ − r̃−e − ∆̃−

=
Mt−1 + η′(∆̃+ − ∆̃−)− r̃−e

r̃+e + ∆̃+ − r̃−e − ∆̃−

>
Mdet

t−1 + η′(∆̃+ − ∆̃−)− r̃−e
r̃+e + ∆̃+ − r̃−e − ∆̃−

=
r̃−e − re(i)

r̃−e − r̃+e
≡ η′;

(D.28)

a contradiction.1162

Taking stock, on the one hand we can neither have ιt > ι̃ nor ιt = ι̃ if ∆ = ∆′ and ιt1163

is non-degenerate. On the other, we have ιt = ιh(Mt−1) if ι < ι̃ and ∆ = ∆′. Hence, it1164

must be that ιt = ιh(Mt−1) if ∆ = ∆′, contradicting that ιt is non-degenerate since it is1165

perfectly predictable from Mt−1.1166

The last step is to prove that ιt can be non-degenerate if ∆ < ∆′. I do this by showing1167

that1168

ιt =

ι with prob 1− ρ

ι̃ with prob. ρ;

where ρ ≡ ι̃− i

ι̃− ι
, (D.29)

is an equilibrium distribution for ιt if1169

ι ∈ I ≡
(
ιh

(
r̃−e −max

{
(∆− ∆̃−)(r̃−e − r̃+e )

∆̃+ − ∆̃− , 0

})
, i

)
. (D.30)

Note that the set I has positive mass since i > ιh(r̃−e )—if not, i is such that there is no1170

scope for a stochastic equilibrium in the first place—and1171

∆ < ∆′ ⇒ r̃−e −max

{
(∆− ∆̃−)(r̃−e − r̃+e )

∆̃+ − ∆̃− , 0

}
∈
[
r̃−e , re(i)

)
. (D.31)

First, we have that Mt−1, i.e., the perfectly predictable equilibrium value for currency1172

balances, solves ιh(Mt−1) = ι since ι < i < ι̃; with ιh(Mt−1) = ι the market for liquid1173

wealth clears for ιt = ι. With ιh(Mt−1) decreasing in Mt−1 and ι ∈ I it follows that we1174

also have1175

Mt−1 ∈ R ≡
(
re(i), r− −max

{
(∆− ∆̃−)(r̃−e − r̃+e )

∆̃+ − ∆̃− , 0

})
, (D.32)
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which is a set with positive mass since ∆ < ∆′.1176

Second, with ιt = ι̃, the market for liquid wealth clears if and only if there is an1177

ηt ∈ [0, 1] which solves1178

ηtz
h(ι̃) + (1− ηt)z

l(ι̃) = ∆t +Mt−1 +max{∆−∆t, 0}, (D.33)

where ∆t = ηt∆̃
+ + (1− ηt)∆̃

−. Suppose that ηt is such that ∆ ≤ ∆t. Then ηt1179

ηt =
r̃−e −Mt−1

r̃−e − r̃+e
(D.34)

and with Mt−1 ∈ R it follows that1180

ηt ∈ N ≡
(
max

{
0,

(∆− ∆̃−)(r̃−e − r̃+e )

∆̃+ − ∆̃−

}
, η′
)
; (D.35)

as set with positive mass since1181

∆ < ∆′ ⇒ max

{
0,

(∆− ∆̃−)(r̃−e − r̃+e )

∆̃+ − ∆̃−

}
< η′. (D.36)

The last step is to verify that ηt ∈ N ⇒ ∆t > ∆. Here,1182

∆t > ∆ ⇔ ηt >
(∆− ∆̃−)(r̃−e − r̃+e )

∆̃+ − ∆̃− (D.37)

if ιt = ι̃. This is indeed satisfied since ηt ∈ N ; there exists an ηt ∈ [0, 1] that clears the1183

market for liquid wealth if ιt = ι̃.1184

Taking stock, we have that the market for liquid wealth clears if ιt = ι̃ and if ιt = ι;1185

the ιt on the support of the distribution in Equation (D.29) can occur in equilibrium.1186

From the definition of ρ it also follows that Et{ιt} = i if we indeed take the proba-1187

bility distribution from Equation (D.29); we indeed found an equilibrium with ιt non-1188

degenerate. q.e.d.1189

Proof of Proposition 8. We focus on the relevant case in which there is indeed a1190

stochastic, i.e., a non-degenerate distribution for ιt, and i < ι̃, i.e., the deterministic1191

equilibrium is a boom. From the proof of Proposition 7 we therefore observe that Mdet
t−1 ∈1192

(r̃+e , r̃
−
e ), where r̃

−
e < r̃+e and Mdet

t−1 = re(i).1193
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It first has to be noted that ∆′′ is determined uniquely and satisfies ∆′′ < ∆̃−, with1194

∆̃− as defined in the proof of Proposition 7. Uniqueness follows from the fact that1195

0 = ∆− lΠ ◦ v−1(re(i) + ∆)− y (D.38)

is increasing in ∆ since lΠ′(q) < v′(q). To prove that ∆′′ < ∆̃− it therefore suffices to1196

show that1197

0 < ∆̃− − lΠ ◦ v−1(re(i) + ∆̃−)− y. (D.39)

Since ∆̃− ≡ lΠ ◦ v−1(zl) + y and r̃−e ≡ zl − lΠ ◦ v−1(zl)− y, it follows directly that1198

0 < ∆̃− − lΠ ◦ v−1(re(i) + ∆̃−)− y ⇔ re(i) < r̃−e , (D.40)

where the latter is satisfied since re(i) = Mdet
t−1 ∈ (r̃+e , r̃

−
e ). It now follows from the proof1199

of Proposition 7 that Mt−1 >Mdet
t−1, with Mt−1 as defined before, since ∆′′ < ∆̃− < ∆̃+.1200

Next, consider the case ∆ ≤ ∆′′. It follows directly that TARP is never deployed when1201

ιt ≤ ι̃ since ∆t is decreasing in ι and satisfies ∆t ≥ ∆̃− if ιt ≤ ι̃. It remains to consider1202

ιt > ι̃, for which I prove that TARP is not deployed by means of a contradiction. I.e.,1203

suppose that TARP is deployed, which, in turn, requires that ∆t ≤ ∆. With TARP1204

deployed, supply of liquid wealth equals Mt−1 +∆, entailing1205

∆t = lΠ ◦ v−1(Mt−1 +∆) + y. (D.41)

We therefore need1206

∆ ≥ lΠ ◦ v−1(Mt−1 +∆) + y

> Π ◦ v−1(re(i) + ∆) + y,
(D.42)

where the last line uses that Mt−1 >Mdet
t−1 = re(i). From Equation D.38 it follows directly1207

that1208

∆ > Π ◦ v−1(re(i) + ∆) + y ⇔ ∆ > ∆′′; (D.43)

a contradiction. With ∆ ≤ ∆′′ it follows that TARP is never deployed in stochastic1209

equilibrium, entailing the exact same result as in Proposition 6; i.e., the economy is not1210

stabilized as a non-degenerate distribution for ιt is feasible.1211
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Then, consider the case ∆ ∈ (∆′′, ∆̃− + r̃−e − re(i)), for which I prove that TARP can1212

be deployed with positive probability by supposing that Mt−1 = Mdet
t−1 + ε, where ε > 01213

but infinitesimal. I construct a two-point distribution for ιt, with ι
h < ι̃ and ιl > ι̃. For1214

ιt = ιl, I first show that TARP is deployed, for which it suffices to show that ∆t < ∆.1215

We have that1216

∆t = lΠ ◦ v−1(re(i) + ε+∆) + y (D.44)

if TARP is indeed deployed, where I use Mt−1 = re(i) + ε. It follows that ∆t < ∆ since1217

∆ > ∆′′ and ε is infinitesimal; TARP is indeed deployed if ιt > ι̃. On the other hand,1218

as follows from the proof of Proposition 7, TARP is not deployed if ιt < ι̃ since we have1219

∆ ≤ ∆̃− + r̃−e − re(i) < ∆′ < ∆̃+, where ∆̃− + r̃−e − re(i) < ∆′ follows from the definition1220

of ∆′ in Proposition 7.1221

I next argue that the market for liquid wealth indeed clears for some ιt > ι̃, which,1222

since TARP is being deployed in this case, requires existence of an ιt > ι that solves1223

re(i) + ε+∆ ≤ zl(ιt). (D.45)

Such an ιt exists if re(i)+ε+∆ < r̃−e +∆̃− since zl(ιt) is decreasing in ιt and z
l(ι̃) = zl =1224

r̃−e + ∆̃− by the definition of r̃−e and ∆̃−. In turn, re(i) + ε + ∆ < r̃−e + ∆̃− is satisfied1225

because ∆ < ∆̃− + r̃−e − re(i) and ε is infinitesimal.1226

The market for liquid wealth also clears for some ιt < ι̃, where ιt solves1227

re(i) + ε+ hΠ(max{zh(ιt), q̂}) = zh(ιt), with = if ιt > 0. (D.46)

This follows directly from the fact that such an ιt is decreasing ε and exists for sure1228

if ε = 0; otherwise i < ι̃ cannot hold. We have that ιh = i − δ, where δ > 0 but1229

infinitesimal exactly because ε > 0 but infinitesimal and i > 0; otherwise we cannot have1230

a non-degenerate distribution for ιt in the first place.1231

It remains to construct a non-degenerate probability distribution over ιl, ιh such that1232

i = Et−1{ιt} (see Equation (48)) holds. This requires setting1233

Pt−1{ιt = ιl} =
i− ιh

ιl − ιh
and Pt−1{ιt = ιh} = 1− Pt−1{ιt = ιl}. (D.47)

It follows that Pt−1{ιt = ιl} > 0 but infinitesimal since i−ιh

ιl−ιh
= δ

ιl−i+δ
, where δ > 0 but1234
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infinitesimal whilst ιl − i > 0 since ιl > ι̃ > i; we have that δ → 0 by letting ε → 0,1235

whilst ιl − i remains fixed at some positive value. This proves existence of a stochastic1236

equilibrium in which TARP is deployed with positive probability, in which case ∆t < ∆,1237

entailing losses for the taxpayer.1238

Finally, consider the case ∆ ∈ [∆̃− + r̃−e − re(i),∆
′′), for which I again prove that1239

TARP can be deployed with positive probability by supposing that Mt−1 = Mdet
t−1 + ε,1240

where ε > 0 but infinitesimal. I now construct a two-point distribution for ιt, with ι
h < ι̃1241

and ι̃.1242

For ιt = ι̃, I first show that TARP is deployed, for which it suffices to show that1243

ηt < η ≡ ∆− ∆̃−

∆̃+ − ∆̃− . (D.48)

We have that, if TARP is deployed, ηt solves1244

re(i) + ε+∆ = ηtz
h(ι̃) + (1− ηt)z

l(ι̃) (D.49)

where I use Mt−1 = re(i) + ε. It follows that1245

ηt =
∆− ∆̃− − (r̃−e − re(i)) + ε

∆̃+ − ∆̃− − (r̃−e − r̃+e )
(D.50)

where I use zh(ι̃) = r̃+e +∆̃+ and zl(ι̃) = r̃−e +∆̃−. Note that the denominator in Equation1246

(D.50) is positive since zl(ι̃) = zl < zh = zh(ι̃). Using η′ as defined in Proposition 7, it1247

follows that1248

ηt < η ⇔ η < η′ − ε

(r̃−e − r̃+e )(∆̃
+ − ∆̃−)

(D.51)

Further, we have η < η′ ⇔ ∆ < ∆′ by the definition of ∆′ in Proposition 7; it follows1249

that indeed, ηt < η if ε is infinitesimal.1250

I next show that for ιt = ι̃ we indeed have clearance of the market for liquid wealth.1251

For this, it suffices to show that ηt, as given by Equation (D.50), is in the interval [0, 1].1252

For ηt ≥ 0 we need1253

0 < ∆− ∆̃− − (r̃−e − re(i)) + ε. (D.52)

Condition (D.52) is satisfied since ε > 0 and ∆ ≥ ∆̃− − (r̃−e − re(i)) by assumption. On1254
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the other hand, note that1255

ηt =
∆− ∆̃− − (r̃−e − re(i)) + ε

∆̃+ − ∆̃− − (r̃−e − r̃+e )

=
∆− ∆̃− − η′(r̃−e r̃

+
e ) + ε

∆̃+ − ∆̃− − (r̃−e − r̃+e )

< η′
ε

∆̃+ − ∆̃− − (r̃−e − r̃+e )
,

(D.53)

where the first line uses the definition of η′ in Proposition 7, and the second line uses1256

∆ < ∆′ and the definition of ∆′ in Proposition 7. With ε infinitesimal and η′ ∈ (0, 1)1257

since re(i) ∈ (r̃+e , r̃
−
e ), it follows that ηt < 1.1258

The market for liquid wealth also clears for ιt = i − δ for the exact same reason1259

as explained for the case ∆ ∈ (∆′′, ∆̃− + r̃−e − re(i)). A non-degenerate probability1260

distribution over ι̃, ιh such that i = Et−1{ιt} (see Equation) is1261

Pt−1{ιt = ι̃} =
i− ιh

ι̃− ιh
and Pt−1{ιt = ιh} = 1− Pt−1{ιt = ιl}. (D.54)

It follows that Pt−1{ιt = ι̃} > 0 but infinitesimal for the exact same reason as before, again1262

proving existence of a stochastic equilibrium in which TARP is deployed with positive1263

probability, entailing losses for the taxpayer. q.e.d.1264
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