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1 Introduction

Factor models are widely used as a dimension reduction tool for large panels in economics, see e.g. Bai and
Ng (2002), Stock and Watson (2002) and Bai (2003), as well as other fields. In finance, approximate factor
models constitute the backbone of the Arbitrage Pricing Theory (APT), see Ross (1976) and Chamberlain
and Rothschild (1983). In such models, a small number of latent factors explain a large portion of the panel
data variation. The two most popular methods for extracting latent factors in panels are Principal Component
Analysis (PCA) and Factor Analysis (FA). A natural question when extracting latent factors on two separate
panels is how many latent factors are common to both, and how many are panel specific. For instance,
one might be interested in the number of common factors driving returns of stocks and corporate bonds,
or between stocks in two different industries. More generally, determining the number of common latent
factors between separate panels is crucial to understand common drivers of risk premia among different
groups of assets. The question is challenging because (1) latent factors are estimated with noise, and (2)
latent factors can only be estimated up to some unknown rotation matrix. In particular, the second point
implies that traditional correlations between extracted factors will not provide a meaningful measure of
their dependence in general.

The main contribution of this paper is to propose tests for the number of common latent factors between
two panels having a large cross-sectional dimension n and small time series dimension 7, i.e. two short
panels. I propose an approach that builds on general tests for the dimension of the intersection of two matrix
column spaces, where each matrix is observed with noise. By working with matrix column spaces I take into
account the issue outlined in (2), and by introducing noise I taking into account the issue outlined in (1). The
test statistics are based on canonical correlations, defined as the eigenvalues of a matrix constructed from
inner products between orthonormal bases for each subspace. The dimension of the subspace intersection,
which corresponds to the number of common factors between the two short panels, is shown to be equal
to the number of unit canonical correlations, which constitutes the foundation for my tests. I propose two
different statistics to test the dimension of the subspace intersection, depending on whether the matrices have
(1) a fixed number of rows or (2) an increasing number of rows. For short panels, the first case corresponds
to testing for common factors between two cross-sections over the same time period (see section 6.1), while

the second case corresponds to testing for common factors in the same cross-section over two different



time periods (see Section 6.2). I derive the asymptotic distributions of the two statistics using perturbation
methods. I show that the fixed dimensional case yields sample canonical correlations converging to unity
at the super-consistent rate Op(%), while in the increasing dimensional case convergence occurs at rate
0,(L).

I use my methodology to tests for common latent factors between monthly US stock returns and cor-
porate bond returns. I focus on the 2019-2020 period, i.e. the pre-COVID year and the COVID year. 1
find between 4 and 5 common factors driving the returns of US stocks and bonds during this period. These
common factors explain around 30% of the cross-sectional variance in stock returns, and at least 50% of
the cross-sectional variance in bond returns. I find that stocks returns had between 1 and 2 specific factors
during the pre-COVID and COVID years, explaining between 5% and 8% of their cross-sectional variance.
On the other hand, while bond returns had only 1 specific factor during 2019, explaining around 15% for
their cross-sectional variance, they had 6 specific factors during the 2020 COVID year, explaining around
40% of their cross-sectional variance. I also document a structural break in the factor loadings of stock
returns between the pre-COVID and COVID years, while for bond returns I find two factors with constant
loadings between the pre-COVID and COVID years.

My work is most closely related to the literature using canonical correlations to study latent factor
models. Bai and Ng (2006) and Pelger (2019) employ canonical correlations to measure similarity between
principal components (PCs) and observed factors, whereas Goyal, Perignon, and Villa (2008) use canonical
correlations to study similarity of the factor structure driving stock returns on the NYSE and NASDAQ.
Andreou et al. (2019) consider inference on the number of common factors in a two group factor setting
using canonical correlations computed from PCs, while Choi et al. (2023) propose two selection criteria
for the number the common factors when there are possibly more than two groups, robust to the presence
of serially correlated and weakly cross-sectionally correlated idiosyncratic errors. Pelger and Xiong (2022)
use canonical correlations to construct a test of change of loadings in a state-varying factor model. Other
closely related work include Chen (2010, 2012), Wang (2012), Ando and Bai (2015, 2017), Breitung and
Eickmeier (2016) and Han (2021). The methodologies put forward in all these papers rely on panels having
large cross-section n and large time dimension 7'.

In recent work, PCA and FA have also been applied to large cross-sectional latent factor models with



small time dimension, i.e. short panels with large n but small 7. Fortin et al. (2022) show how PCA can be
used to conduct inference on the number of factors when errors have a spherical covariance structure (see
also Theorem 4 in Bai (2003)), whereas Fortin et al. (2023) rely on FA and a diagonal error covariance
structure. The small T" perspective is interesting because it mitigates concerns about panel unbalanceness
and yields an effective approach to capture general forms of time-variation in factor betas, risk premia
and number of factors by performing the analysis in short subperiods (either non-overlapping, or rolling
windows) of the sample of interest. On the other hand, the small 7" setting makes inference on the number
of factors more difficult because it induces an error-in-variable problem in the estimation of the factor
loadings (see Fortin et al. (2022)). This paper complements the above literature by proposing new tests for
the number of common latent factors between two short panels.

The outline of the paper is as follows. In Section 2 I lay out the theoretical framework and introduce test
statistics for the dimension of the intersection of two matrix column spaces. In Section 3 I consider testing
when the space dimension is fixed. In Section 4 I consider three special cases, i.e. when root-n consistent
estimators are available, the number of columns is increasing, or instrumental variables are available. In
Section 5 I consider testing when the space dimension is increasing. In Section 6 I provide an empirical
application where I test for common latent factors driving monthly US stock returns and corporate bond

returns. I provide concluding remarks in Section 7.

2 Framework

Let IT; and Il be m x k; and m X ko matrices respectively. I allow II; and Il to be rank deficient, i.e.
r1 := rank(Ily) < k; and 7o := rank(Ily) < ko. I assume that IT; and II5 are unobserved, but that noisy
proxies are available:

=105+ 9, j=1,2. (1

For example, ij could represent an estimator. The methods will hold under general assumptions about the
noise ;. Let col(A) denote the column space of matrix A, and let ko denote the dimension of col(II;) N
col(Ilz). The problem I consider is to test Ho(k) : ko = k against Hi(k) : ko < k, for some 0 < k <

min(rq,r2). If II; and IT; were observed, then the problem would be degenerate, as k( could be determined



with certainty!.

The test strategy relies on canonical correlations, see e.g. Anderson (2003) and Magnus and Neudecker
(2007). While canonical correlations are traditionally employed to study linear dependence between two sets
of random variables, they can also be used to measure closeness between two linear subspaces, namely the
dimension of their intersection.. Let U; be an m X ; matrix with orthonormal columns spanning col(I;),

ji=1,2.

Definition 1 The canonical correlations p; between 111 and 115 are the eigenvalues of Ry 2 := U{ U, Ué Ui,

ordered as p1 > p2 > ... > pr,.

Since the nonzero eigenvalues of 1?1 o are the same as the nonzero eigenvalues of Ry 1 := UsUL U Us, the
number of nonzero canonical correlations is at most min(r1,72). The following proposition provides the

theoretical foundation for our tests.

Proposition 1 Under Hy(k) we have

1. The k largest canonical correlations between 111 and 11y are equal to 1. The other canonical corre-

lations are strictly less than 1.

2. If By is a r1 X k matrix whose orthonormal columns are eigenvectors of Ry o corresponding to

eigenvalues 1, then the orthonormal columns of Uy Ey span col(I11) N col(I1s).

3. If Oy is a r1 x (r1 — k) matrix whose orthonormal columns are eigenvectors of R1 2 correspond-
ing to eigenvalues strictly less than 1, then the orthonormal columns of U101 span the orthogonal

complement of col(I11) N col(Ilz) in col(I1y).

By symmetry Proposition 1 also holds with indices 1,2 interchanged, with F5 and Os being defined in
terms of Ry 1. The test statistics I consider for conducting inference on kg are function of sample canonical
correlation estimators p; > p2 > ... > pr,. The definition of these estimators will depend on the set-up

specifics, and are given in Sections 3 and 5. I present the test statistics next.

'For example using the formula ko = rank(IT;) + rank(Ily) — rank([IT; : TI,]).



Definition 2 The statistics to test the null hypothesis Hy(k) are (i) {(k) == n(Zle p1—k) and (i) (k) :=

n Zf:l(:al - 1)2-

Note that statistics £(k) and ((k) entail different rates of convergence for the first £ sample canonical cor-
relations, namely O,(2) and Op(ﬁ)' Statistic £(k) is considered in Sections 3 , while statistic ((k) is
considered in Section 5. The test procedures in these sections take the ranks 71 and ro as given. In prac-
tice 1 and r2 might be unknown. In this case one can build on results of the rank testing literature, see
e.g. Cragg and Donald (1996), Robin and Smith (2000), Kleibergen and Paap (2006), Al-Sadoon (2017), to
obtain estimators 71 and 7y satisfying 71 = r; and 72 = ro with probability approaching one, and then the
asymptotic theory below remains unchanged. Details on how to implement such estimators in the different
settings we consider are provided in the Appendix.

Some remarks on notation. We use o;(A) and \;(A) (the latter only when A is symmetric) to denote re-
spectively the /th largest singular value and [th largest eigenvalue of a matrix A. We use vec(A) and vech(A)
(the latter only when A is symmetric) to denote respectively the vectorization and half-vectorization of a ma-
trix A. We let K, , denote the commutation matrix of order (p, ¢), and D, denote the duplication matrix of
order p. We use AT to denote the Moore-Penrose inverse (pseudoinverse) of a matrix A, T'r(A) to denote
the trace of square matrix A, and A ® B to denote the Kronecker product between matrices A and B. The
symbol = denotes convergence in distribution, and N (0, 3) denotes the multivariate Gaussian distribution
with mean zero and covariance matrix >. Except for the symbols introduced in this section, the symbols

introduced below are specific to each section, and their definitions do not carry over to other sections.

3 Fixed dimensional case

In this section we take m as fixed and we assume that root-n consistent estimators Ul and UQ are available

for U7 and Us.

Assumption 1 The estimator U ; admits the expansion

) 2
with UjU; = I, W; = Op( ), and HiH; = I, + Op( ). j = 1,2
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Assumption 1 implies in particular that ﬁjﬁ ]’ =U;U j’ + Op(ﬁ)’ i.e. root-n consistency of the projectors.
Estimators U ; satisfying Assumption 1 can be obtained in different settings. We provide three examples in

the next section.

Definition 3 The sample canonical correlations p; between ﬂl and f.[Q are the eigenvalues of RLQ =
U{Ugﬁéf]l ordered as p1 > pa2 > ... > pr,. Moreover we use El to denote the r1 X k matrix whose

orthonormal columns are eigenvectors of Ry 2 corresponding to its k largest eigenvalues.

Since the nonzero eigenvalues of Ry o are the same as the nonzero eigenvalues of Ry 1 := Ué U,U { Us, the
number of nonzero sample canonical correlations is at most min(ry,72). The next proposition provides a

second-order expansion for the k largest sample canonical correlations under Hy (k).
Proposition 2 Let Assumption 1 hold, and let p; be as in Definition 3. Under Hy(k) we have

=1+ N=WVQQUW) + Op(—7),

forl =1,...,k where U= \illU{ — \ingé, W is m x k with orthonormal columns spanning col(I11) N
col(Ilp), and Q is m x (m — r1 — ro + k) with orthonormal columns spanning the orthogonal complement
of col(I1y) + col(Ily). Moreover, we have U By, = U E1Ry + Op(i), where R is k x k and satisfies

N
;?’1 Rfl lkz P\ /n/

The first part Proposition 2 relates the deviations of the k largest sample canonical correlation from unity
to the k largest eigenvalue of a negative semi-definite matrix, up to a third order term. The negative sign
is related to the fact p; is bounded above by 1 by construction. The asymptotic expansion of p; does not
feature a first order term, which implies the rate p; = 1 4+ O,(%) for{ = 1,..., k under Ho(k). This is a
super-convergence result, and in general we only have p; = p; + Op(%) for I > k under Hy(k).

By summing the expansion of p; — 1 in Proposition 2 for [ = 1, ..., k and using the properties of trace

yields the expansion of {(k) under Hy(k):
£(k) = —nTr(W'W'QQIW) + 0,(1)
= —nvec(V) (W' ® QQ")vec(¥) + o,(1).
Under regularity conditions, the next assumption is implied by a central limit theorem.

7



Assumption 2 We have \/nvec(¥) = N(0,%) as n — oc.

We allow X to be rank deficient, but it must be nonzero to have a nondegenerate test. In Section 4 we show
how Assumption 2 can be satisfied under more primitive assumptions. By the result on the distribution of

quadratic forms of Gaussian vectors, we get the next result.

Proposition 3 Let Assumption 1 and 2 hold. Under Hy(k) and as n — oo we have

k(m—(ri+r2—k))

ERy=— > i

=1
where the X12 are independent chi-square variables with one degree of freedom, and the \; are the eigenval-
ues of the positive semi-definite matrix = := (W @ Q)'S(W @ Q). Under Hy (k) we have £(k) 2 —oc as

n — oQ.

Since col(I1;) 4 col(Ilz) is a subspace of R™, we have the lower bound ko > 71 4 ro — m. Hence we only
need to test Hy(k) for k between max{r; + ro — m,0} + 1 and min{r;, r2}. For values of k in this range
the asymptotic distribution of £(k) is nondegenerate, unless = is nil?.

Next we consider a feasible version for the test. Let W := Uﬂ.@l and let Q denote the m x (m —
r1 — ro + k) matrix whose orthonormal columns are eigenvectors of Ul U 1+ Ug Uﬁ corresponding to its

m —r1 — ro + k smallest eigenvalues.

Lemma 1 Let Assumption 1 hold. Under Hy(k) we have (W @ Q)0 = W ® Q + 0,(1) where Q is k x k
and satisfies O'O = Iy.. Under Hy (k) we have (W ® Q) = O,(1).

Let 3 be a consistent estimator of 32, and let 2 := (W ® Q)’ i(W ® Q) Then it follows from Lemma 1 and
the Lipschitz continuity of eigenvalues for symmetric matrices that A (Z) = N (Z) + 0,(1) under Hy(k),
and \(Z) = O,(1) under H;(k). Hence we can consistently estimate critical values of the asymptotic

~(ritra—k)) 5\[)(12, where

distribution of £(k) under Hy (k) by simulating a large number of draws from Zf:(T
)\, are the eigenvalues of =. Under H; (k) these critical values remain bounded in probability. This yields a

feasible version of the test with asymptotic correct size under Hy(k) and asymptotic power 1 under H (k).

%In fact by Proposition 1 we have p; = 1 forl = 1,...,7 +ry —m since col(ﬁl) + col(ﬁg) is a subspace of R™.

Hence {(k) = 0if k <r; + 19 — m.



4 Discussion of three special cases

In this section we particularize the general results of Section 3 by showing how to obtain estimators Uj
satisfying Assumption 1 in three cases: (1) k1 and k2 are fixed and the elements of W; are asymptotically
Gaussian after scaling, (2) k1, k2 are increasing and the elements of W are zero-mean random variables, or

(3) instrumental variables are available.

4.1 Fixed number of columns

Let us first consider the case where k1, ko are fixed and fIl, f[2 are root-n consistent estimators for II; and

1Io.

Vnivec(¥r)

Assumption 3 = N(0,) with 72 — > 0 as ni,ng — .
/novec(Ws)

Letn := min{ny, na}, i == /52, and pj := limy, o0 fij, j = 1,2. Let U;S; V] be an SVD decomposition
of fi;I1;, where S; is ; x r; diagonal containing its nonzero singular values, for j = 1, 2. Correspondingly
let Ujgjf/j’ be a "truncated" SVD decomposition of ,&jf[j, where Sj is rj x r; diagonal containing its 7;
largest singular values, for j = 1, 2.
Lemma 2 Let Assumption 3 hold. Then we have

. A . 1

UiH; = Uj + i ¥5Vi8; + Op(--),
where H; satisfies H;H; = I, + Op(ﬁ)’ forj=1,2.
It follows from Lemma 2 and Assumption 3 that Assumption 1 is satisfied with o j o= [l \I/j‘/}Sj_l. More-
over Assumption 3 implies that Assumption 2 is satisfied with ¥ := AQA’ and A = [(uI1)" ® I,,,) :
—(p2Ily) ™ ® I,,]. Hence Proposition 3 applies.

From TI; = TI; + 0,(1) (Assumption 4) and continuity of the pseudoinverse we have (ji;I1;)t :=

Vjé'j_lffj’ = (u;T1;)" + 0p(1). Tt follows that A := [(iuTl))" ® I, : —(fiell2)t" @ I,,,] is consistent for

A. Hence we can consistently estimate 3 provided we have a consistent estimator for €.



4.2 Increasing number of columns

Let us next consider the case where k1 = n1 and ks = no with ny, ng — 00, so that the number of columns
in IT; and II; is increasing while the number of rows remains fixed. In this case col(Il;) becomes eventually
constant, because the additional columns do not add new dimensions to the space for n; sufficiently large.
In particular Hy(k) and H; (k) are well-defined and Proposition 1 is still valid, for n;, ns sufficiently large.

We consider the following assumptions.

Assumption 4 We have

_\/nilvech(nillll‘ll — 1)
\/nigvech(ni\I/g\I/Q <I>2’2)
(
(7%

=

(i) iN(O,Q)with%—>,u>0asn1,n2—>oo.

(ii) H I} — X ; as nj — oo, where rank(¥; ;) = r;, j = 1,2.

We interpret <I> j.; as a root-n consistent estimator for the unobservable centering term ®; ; := E[ \I’ . ]
Centering is required because, e.g. diagonal elements of i\II’ ;W are averages of squared random Varlables.

If <I>] i = P+ op then one can consider ®; as known, but in general we only require <I>j j =

L),
i+ Opl( r) 50 that \/n(®; 4,j) can contribute to .
Let n, fi; and (15 be as in Section 4.1. Let U;D;U; ! be an eigendecomposition of A o H H’ where D;
is r; X r; diagonal containing its nonzero eigenvalues, for j = 1,2. Correspondingly let Uij Ujf denote

the "truncated" eigendecomposition of /LJ( H H’ <I) j)» where ﬁj is r; X r; diagonal containing its r;

largest eigenvalues, for j = 1, 2.

Lemma 3 Let Assumption 4 hold. Then we have

- 1 1 1 - 1
UiH; = U + fij [ 10 + — IS+ — ;0% — &5 ]U; D7+ Oy(—),
n; n; n; n
where H; satisfies HjH; = Ir; + Op( ln),forj =1,2

If ®; ; is spherical, say ®;; = ch with ¢; > 0, then we can take the "truncated" eigendecomposition

of = ﬂ fI (without subtracting ,uj j,5)» because the bias i;®; ; can be absorbed into the matrix #; in

10



this case, and then the expansion in Lemma 3 holds with @, ; instead of i)jﬂ-. In particular we can take
) j.; = Pj,; in Assumption 4. This trick is used in Theorem 4 of Bai (2003) to show that, under sphericity,
PCA is consistent even for fixed 7.

It follows from Lemma 3 and Assumption 4 that Assumption 1 is satisfied with \If] = i [ v H’
n%»Hj \IJ; + n—j\Ifj\I!} — j} Uij 1. Moreover Assumption 4 implies that Assumption 2 is satlsﬁed with
Y= AQA and A := [(11Z1.1)Y @ L) Do+ —((12X2.2) T @ In) Do (11 21.1)Y @ L) (L2 + Ko
—((12X9.2)" ® In) (12 + K,,)]. Hence Proposition 3 applies.

From —f[ f[ — &, ; = %;; + 0,(1) (Assumption 4) and the continuity of the pseudoinverse we
have (f1;3;;)" = U]ﬁ;lﬁj’ = (u;%)T + 0p(1). It follows that A := [((1u>11)" ® Iy)Dim
—((32%2.2)7 @ L) Dy = (11311) 7 @ L) (L2 + Ki) - —((f1232.2) " @ L) (12 + K,)] is consistent

for A. Hence we can consistently estimate > provided we have a consistent estimator for 2.

4.3 Instrumental variables

Let us consider again the case where where k1 = ni1 and ko = ng with ny, ny — oo. Instead of Assumption

4, let us assume that there exist n; X K; matrices of instrumental variables Z; satisfying the next assumption.

Assumption 5 There exist nj X K; matrices Zj, j = 1,2, satisfying

Z)

= N(0,9Q) with ;2 — p > 0 asny,ny — oo.

Z)

jZJ) = col(11;) for n; sufficiently large, j = 1,2.

ﬁ\

(i) el m
(7=

vec

.. 1
(ii) col(a
(iii) ninij — I'j as nj — oo, where rank(I';) =rj, j = 1,2.

Let n, j1; and 4 be as in Section 4.1. Let U;S;V; be an SVD decomposition of by H Zj, where Sjis ;X 1;
diagonal containing its nonzero singular values, for j = 1, 2. Correspondingly let U i Sj Vj’ be a "truncated"
SVD decomposition of ﬂjf‘j == %ﬂij, where Sj is 7j X r; diagonal containing its r; largest singular

values, for j = 1, 2.
Lemma 4 Let Assumption 5 hold. Then we have

. i 1
Uit; =Uj + Zj,‘l’ijVijl +0p(),

11



where H ; satisfies H;Hj =1I, + Op(ﬁ)’ forj=1,2.

It follows from Lemma 4 and Assumption 5 that Assumption 1 is satisfied with \i'j = Z—Z\IJJ ZjX/jS;l.
Moreover Assumption 4 implies that Assumption 2 is satisfied with 3 := AQA’ and A := [(p1 )t ®@ Ly, :
—(pu2T2)" ® I,,,)]. Hence Proposition 3 applies.

From T'; = T'; + 0,(1) (Assumption 5) and the continuity of the pseudoinverse we have (j1,;1';)1 :=
V]S;lf]]’ = (u;Tj)" 4 0,(1). Tt follows that A := [(ji1T1)T @ I, : —(fiel'2) T @ I,,,] is consistent for A.

Hence we can consistently estimate > provided we have a consistent estimator for 2.

5 Increasing dimensional case

In this section we consider the case where m = n and kq, ko are fixed, so that the number of rows in II;
and Il is increasing while the number of columns in each matrix remains fixed. In this case, although the
space dimension is increasing, the dimensions of col(II; ), col(Ilz), and col(II; ) N col(Il2) become constant
for n sufficiently large®. In particular Ho(k) and Hy (k) are still well defined in this set-up. Proposition 1
applies: the k largest eigenvalues of Ry o are equal to 1, and the remaining ones are strictly less than 1, for
n sufficiently large*.

Obtaining a consistent basis estimator for col(II;) in this set-up is more difficult, because ﬂj is not a
consistent estimator for II;, and the approaches in Sections 4.2-4.2 are not directly applicable. The strategy
is to proceed indirectly by first obtaining a basis estimator for the row space of II;, and then a basis estimator
for col(Il;) via the SVD decomposition. Let U. ijVj’ be an SVD decomposition of iﬂj j = 1,2. The

/n

relationship U; = ﬁHjVjS A ! suggests the estimator Uj = %ﬂﬂ%g i ! where ‘7] and S’j are suitably

chosen estimators. To this end we consider the following assumptions.

Assumption 6 We have

3Indeed rank(II;) is a nondecreasing bounded sequence, hence must converge. Similarly rank(II;) + rank(Ily) —

rank([II; : II,]) must converge.
“In contrast to Section 3, the r; — k smallest eigenvalues of R 2 now depend on n. For consistency of the test

against H; (k) we need to rule out the possibility that these eigenvalues become arbitrarily close to 1 asymptotically.

See Assumption 8 below.

12



(i) The estimator V; satisfies ViH; = Vj + Op(==) with HiH; = I, + O,(L) and f/]’f/j =1,j=

n n

1,2.

(ii) The estimator CiJi,j satisfies %\IJ;\P] — <i>l-7j =0p(-L), 4,5 = 1,2, with @172 = &3’271.

n

(iii) FVIL; = Op( ), j =1,2.

Estimators Y7] satisfying Assumption 6 (i) can be obtained using e.g. the approaches in Section 4.2-4.3
applied to H;». As in Section 4.2, we interpret @i,j as a root-n consistent estimator for the unobservable

centering term ®; ; := E[%\I/;\IJJ] For S; we use the estimator S’Jz = Vj’(%f[/f[ — <i>j7j)f/j, forj =1,2.
Lemma 5 Let Assumption 6 hold. Then we have

A 1

where G; = VJSY;LHJ and H; satisfies 7—[;7—[]- =1 + Op(ﬁ),forj =12

1

In contrast to Assumption 1, the remainder \/E\P ;G; in Lemma 5 is not of order Op(i

Jn
Section 3 do not apply. In fact the term %ggw;\y jG; induces a bias in the inner product Ul’ U ;. It explains

), and the results in

the separate treatment needed for the problem at hand. The correction of this bias will ultimately lead to a
slower convergence rate for the k largest sample canonical correlations. The next definition is a modification

of Definition 3.

Definition 4 The sample canonical correlations p; between ﬁl and f[g are the eigenvalues of RLQ =
(U{Ug - Bl,g)(ﬁéf]l — Bg,l), ordered as p1 > pa > ... > pr,, where Bijj = S;l‘z’@i7j‘7j§;1, ji=1,2
Moreover we use El to denote the r1 X k matrix whose orthonormal columns are eigenvectors of ]35172

corresponding to its k largest eigenvalues.

The term Bz’,j corrects for the bias in U U;. By definition we have U;ﬁj - B, = I;;, and so Ry =
(U{Ul — ELl)_lRLQ(UéUQ — B272)_1, i.e. the weighted an unweighted versions of 1%172 are numerically

equivalent. This property is key in deriving the asymptotic expansion of p; below.

Proposition 4 Let Assumption 6 hold and let p; be as in Definition 4. Under Hy(k) we have
1

pr=1+N(—E'VE) + Op(-),

13



—1y,7 1 o—1y, 1 / & \ijl,l \ijl,Z
forl = 1,... k where E := [E}S;{ V] : —E{S; V3|, By := UsU1Ey, ¥ = | |, and
Vo1 Voo

\ifi,j = %\IJ’Z\I/] — @” j = 1,2. Moreover, we have U By = U By Ry + %\1111715’1_11771 +Op(ﬁ)’ where
R satisfies R\ Ry = Iy, + Op(ﬁ)'

In contrast to Proposition 2, the asymptotic expansion of p; in Proposition 4 features a first order term,
which drives the asymptotic distribution. The quadratic form —EVE is not always negative definite, which
is related to the fact that p; is no longer bounded above by 1 due to the bias correction in Definition 4.
Note that the definition of E5 in Proposition 4 corresponds to a specific choice of eigenvectors of I3
corresponding to eigenvalue 1. This choice ensures convergence of the off-diagonal blocks in EE’ (see
Lemma 6 below). Squaring and summing the expansion of p; — 1 in Proposition 4 for [ = 1,...,k and

using the properties of trace yields the asymptotic expansion of ¢ (k) under Hy(k):
((k) = nTr((E'VE)?) + 0,(1)

= nwec(0) (EE' @ EE"Yvec(T) + 0p(1).
It remains to establish the asymptotic behavior of vec( \if) and EE'.
Vnvech(2 W40y — O 1)
Assumption 7 We have | \/nvech(1W,Wy — dq5)| = N(0,Q) asn — oc.

\/ﬁvec(%\lf’l\lfg — (i)LQ)

From Assumption 7 we have /nvec(¥) = N(0,3) as n — oo, where X := AQA’ and

A= o | M ® ek + Ky ko) ®
0 0 Ik;z Ik2 IkQ 0

1

The convergence of EE’ is considered in the next lemma.

Assumption 8 We have %H;Hj — X as n — oo, where rank(X; ;) = rj, j = 1,2. Moreover, the

eigenvalues of Ry 1 2 := X1 121254 4301 of order greater than k are strictly less than 1.
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Let V;57V] be an eigendecomposition of ; ;, where S7 r; x r; diagonal containing its nonzero eigen-
values, for j = 1,2. Moreover let E := [E}S;'V] : —FE}S;'VJ]', where Ej is an r; x k matrix whose
orthonormal columns are eigenvectors of Rl,z =S ‘_/1’ REJ,Q‘_/lS'; ! corresponding to eigenvalue 1, and

By = §; VS0, ViS; By,
Lemma 6 Let Assumption 8 hold. Under Ho(k) we have EE' = EE' + 0,(1).
By the result on the distribution of quadratic forms of Gaussian vectors, we get the next result.

Proposition 5 Let Assumption 6-8 hold and let p; be as in Definition 4. Under Hy(k) and as n — oo we

have
k2
C(k) = > Nixds
=1

where the Xl2 are independent chi-square variables with one degree of freedom, and the \; are the eigenval-
ues of the positive semi-definite matrix 2 := (E ® EYX(E ® E). Under Hy(k) we have ((k) 2 oo as

n — oo,
Next we consider a feasible version of the test. Let F := [E}S71V/ : —E5S; V], where Ey := UsU, E;.

Lemma 7 Let Assumption 6 hold. Under Hy(k) we have EO=FE+ op(1), where O is k x k and satisfies
O'O = I. Under Hy(k) we have E = O,(1).

Let 2 be a consistent estimator of Q, ¥ := AQA, and Z := (E® E)'S(E®E). It follows from Lemma 7 and
the Lipschitz continuity of eigenvalues for symmetric matrices that A\(Z) = X (Z) + 0,(1) under Hy(k),
amd \(Z) = O,(1) under H; (k). Hence we can consistently estimate critical values of the asymptotic
distribution of {(k) under Hy(k) by simulating a large number of draws from Z;ﬁl N X7, where )\, are the
eigenvalues of 2. Under H 1(k) these critical values remain bounded in probability. This yields a feasible

version of the test with asymptotic correct size under Hy(k) and asymptotic power 1 under H; (k).

3 E5 has orthonormal columns which are eigenvectors of Ry 1 := SoVy Rx 21V25; ! corresponding to eigenvalue

1, where R2,271 = 23:222712;:12172.
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6 Empirical application

In this section, I test hypotheses about the number of common latent factors between short panels of monthly
US stock returns and corporate bond returns. Monthly stock returns are from the Center for Research in Se-
curities Prices (CRSP), and monthly bond returns are from the Wharton Research Data Services (WRDS)
bond database 6. T focus on 2019-2020 period, i.e. the pre-COVID and COVID years. The stock sample
consists of US common stocks trading on the NYSE, AMEX or NASDAQ. I exclude financial firms (Stan-
dard Industrial Classification codes between 6000 and 6999) and penny stocks (stock price below 5 USD).
The bond sample consists of US corporate bonds linked to non-financial companies having at least one US
common stock trading on NYSE, AMEX or NASDAQ. 71T use the bond return variable RET_L5M, which
requires an available bond transaction price within the last 5 trading days of the current and previous months.
I remove bonds classified as convertible, with maturity less than one year, with total par-value volume less
than 10,000 USD, and with price below 5 USD or above 1,000 USD in a given month.

To stay coherent with notation in the previous sections I use Y7 and Y5 to denote panels (matrices) of
stock or bond excess returns. The columns of Y7 and Y5 represent different stocks or different bonds, and

the rows represent consecutive months. I consider the case where each panel follows a static factor model:
Y; = Fif; +¢j, j=12, “)

where F; is the matrix of unobservable factor values, 3; is matrix of factor loadings, and ¢; is the matrix of
error terms. [ work conditionally on a given realization of the factor paths, i.e. I treat F; and F5 as unknown

matrix parameters. Hence only ¢; is random on the right-hand side in (3).

®The WRDS bond database is a cleaned database based on the Enhanced Trade Reporting and Compliance Engine

(TRACE) data and the Mergent Fixed Income Securities Database (FISD). It was introduced by WRDS in April 2017.
T use the bond linking table from WRDS to link the WRDS bond data to CRSP.
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6.1 Common factors in the returns of stocks and bonds

I first consider the case where panels Y] and Y5 represent respectively the cross-sections of stock and bond

returns over the same time period:

Pls O
Vi V=[P, B Bl 0 g |+|a =
Ble Poc

where F,. denotes the 7' x k. matrix of common latent factors between Y7 and Y5, and F; ; denotes the
T x kjs matrix of panel specific factors, j = 1,2. I use nq and na to denote cross-section size (the
number of columns) in Y; and Y5 respectively. The goal is to conduct inference on k. when T is fixed and
ni,ng — oo. I use the regularity assumptions listed in Appendix A. In particular, I work with spherical
errors (Assumption A.3), which allows to consistently estimate latent factors in each panel with PCA even

when T is small, see Bai (2003) Theorem 4 and FGS (2022).
Lemma 8 Let Assumption A.1 hold. Then k. equals the dimension of col(F13}) N col(F3/35).

Lemma 8 implies that we are in the set-up of Section 4.2, with f[j =Y, , 1 .= F;p,, ¥; := ¢, and
<i>j =®; = F [%5]-5;-] (see Assumption A.3. and the discussion after Lemma 3 regarding the spherical

case). Assumption 4 (ii) is satisfied under Assumption A.1-A.2, and Assumption 4 (i) is equivalent to

= N(0,Q) as ni,ng — o0, 5)

where Z; := n%sjeg- — E[%sjz-:;] and W, = n%sjﬁj,j = 1,2. In Appendix A.1, I verify that this distribu-
tional convergence result holds under cross-sectional independence of the error terms and other regularity
conditions, and provide a consistent estimator Q for Q.

I start by estimating the rank r; of II; (number of factors) using the estimator 7; from Appendix B, which
satisfies 7; = r; with probability approaching one. Then, I test for the null hypothesis of k£ common factors

between Y] and Y; using the statistic £(k) computed from the sample canonical correlations in Definition
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3, with estimators U ;7 computed as in Lemma 2 for the spherical case (see discussion after Lemma 3). The

p-value of the test are obtained by simulating 10,000 draws from the distribution in Proposition 3, using

estimators 2 and 3 at the end of Sections 3 and 4.2. In Appendix C I also provide consistent estimators (’}]2- .

and &?’S for
TT(FCB}7C L FY) Tr(FCB§7S L FY)

2 J,ct ¢ 2 7,87 ¢C .
75e Tr(yy) 7 Ty T ©

The ratio 0']2-7 . measures the fraction of average cross-sectional variance explained by the common factors in
each panel, while 0]27 s measures the fraction explained by the panel specific factors.

Figure 1 shows the results for the year 2019, i.e. the pre-COVID year. The time series dimension is
T = 12, and the cross-section dimensions are n; = 1,968 and ny = 2,273. I find #; = 7 factors driving
stock returns and 7 = 6 factors driving bond returns during this period. The first panel in Figure 1 shows
the min(71, #2) = 6 sample canonical correlations between the two panels. Since max(7q + 72 —7,0) = 1
the first sample canonical correlations is equal to 1 by construction (see discussion after Proposition 3). The
second panel in Figure 1 shows the statistic {(k) scaled by 1/n. The third panel shows the p-values of
the test. Building on the results in Potscher (1983), we can obtain a consistent estimator of the number of
common latent factors between the two panels by allowing the asymptotic size o go to zero as ny, ng — 00
in the sequential testing procedure. I use the rule @ = min(10/n1,10/n2)® which gives a size of 0.44%.
With this « the third panel of Figure 1 indicate k. = 5 common factors during the period. Figure 2 shows
the decomposition of the average cross-sectional variance in each panel based on (6). We can observe that
around 66% of the cross-sectional variance in stock returns is due to idiosyncratic noise, while for bonds the
fraction is around 33% . Moreover, common factors explain around 30% of the cross-sectional variance in
stock returns, and around 50% of the cross-sectional variance in bond returns.

Next I repeat the exercise for year 2020, i.e. the COVID year. The results are displayed in Figure 3. The
time series dimension is 7' = 12, and the cross-section dimensions are n; = 1,950 and ny = 2,196. I find
71 = b factors driving stock returns and 79 = 10 factors driving bond returns during this period. Using the
size rule v = min(10/ny,10/n9) = 0.46% gives k. = 4 common factors during the period. From Figure 4
we can observe that the partition of cross-sectional variance has remained similar to 2019 for stocks. On the

other hand, the partition of cross-sectional variance for bonds has changed quite drastically. Bond specific

8a = 10/n satisfies the theoretical rule log v/ — 0 given in Potscher (1983).
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factors now explain more than 33% of the cross-sectional variance, while common factors explain close to

60%. Idiosyncratic noise in bond returns now contributes to only 5% of the cross-sectional variance.

6.2 Stability of the factor structure in the returns of stocks and bonds during

COVID

Next I consider the case where Y; and Y5 represent the cross-section of stock or bond returns over two

non-overlapping time periods:

Bl s
Y; Frg 0 Fie ) €1
- /82,5 + ’
Y 0 Fyy I, ) €9
Be

where F . and Fy . are T X k. and T5 x k. matrices respectively, and represent paths of the common factors
in the two time periods, while F s and F s are T1 x k1 s and T x ko s matrices respectively, and represent
paths of the period specific factors. Note that common factors have the same loadings in the two periods.
Therefore I identify common factors between the two time periods by the stability of their loadings, see also
Pelger and Xiong (2022). I use n to denote the cross-section size (number of columns) in Y7 and Y5. The
goal is to conduct inference on k. when 11, T5 are fixed and n — oo. I use the regularity assumptions listed
in Appendix A. In particular, I work with spherical errors (Assumption A.3), which allows to consistently
estimate latent factors in each panel with PCA even when 77 and 7% are small, see Bai (2003) Theorem 4

and FGS (2022).
Lemma 9 Let Assumption A.2 hold. Then k. equals the dimension of col(51 FY]) N col(B2F3).

Lemma 9 implies that we are in the set-up of Section 5, with flj = Yj’ = ﬂjF;, U, = 5;-, and ¢; ; =
E[Ez‘é‘;]. I consider the estimators @” =0,7# j,and <i>j,j = 6]2-ITJ., where AJZ = mtrace( A;»Yij’Qj),
the orthonormal columns of Q ;j are eigenvectors of %YJYJ’ corresponding to its 7" — r; smallest eigenvalues,

and r; is the rank of II;.

Lemma 10 Under Assumption A.1-A.5 we have (}]2- = n(le_Tj)trace(Qg-sjeng) + Op(2), where the or-

thonormal columns of Q; span the orthogonal complement of col(Fj), j = 1,2.
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It follows from Lemma 7 and the properties of trace that vech( W, W; — D) = Xjvech(f V0, —®; ),

where X := (Ir2 — T%rjvec(IT)vec(Qng-)’)DTj. Hence Assumption 6 (i) is equivalent to

vnXyvech(Zy)
VnXqvech(Zy)| = N(0,Q2) as n — oo, (7)
Vnvee(Zy 2)
where 719 = %515’2. In Appendix A.2, I verify that this distributional convergence result holds under

cross-sectional independence of the error terms and other regularity conditions, and provide a consistent
estimator ) for ) . Assumption 6 (ii) is met under Assumption A.4, and Assumption 6 (iii) is met under
Assumption A.1-A.2. Assumption 6 (iv) is maintained for consistency of the test under the alternative. In

Appendix C I also provide consistent estimators 6']2-7 . and 632-’ ¢ for

2 TT(Fj,cﬁéBcF]{70) 2 TT(Fj,sﬁg',sﬁj,sF]{,s)
O'"c = 7 N Uj,s = 7 s
J Tr(Y;Y)) Tr(V;Y))

J=12, ®)

The ratio 0]2',0 measures the fraction of average cross-sectional variance explained by the common factors in
each period, while %2‘,5 measures the fraction explained by the period specific factors.

I start by testing for common factors in stock returns between the years 2019 and 2020, i.e. the pre-
COVID year and COVID year. Hence the time series dimensions are 77 = 12 and 75 = 12. The cross-
section size is n = 1,739 ?. I use the estimates 7j from Section 6.1, namely 71 = 7 and 72 = 5. The first
panel in Figure 5 shows the min(#1,72) = 5 sample canonical correlations between the two panels. The
second panel in Figure 5 shows the statistic ((k) scaled by 1/n. The third panel shows the p-values of the
test. Since the p-values are zero for all values of k the test indicates no common factors between the two
periods. Figure 6 shows the decomposition of cross-sectional variance in the two periods. We can observe
that the partition between systematic and idiosyncratic cross-sectional variance is similar between the two
periods.

Next I repeat the exercise for bond returns. The cross-section size is n = 1,627 1°. T use the estimates

7j from Section 6.1, namely 71 = 6 and 7o = 10. Using the size rule « = 10/n = 0.61% the third

°T use only stocks with available returns over the 24 months period from January 2019 to December 2020. Hence

the cross-section size is smaller than in Section 6.1
197 use only bonds with available returns over the 24 months period from January 2019 to December 2020. Hence

the cross-section size is smaller than in Section 6.1.
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panel of Figure 7 indicates 2 common factors between the two period. Figure 8 shows the decomposition of
cross-sectional variance in the two periods. We can observe that common factors explain around 30% of the

cross-sectional varianace in bond returns during the pre-COVID and COVID years.

7 Concluding remarks

In this paper I develop inference tools the number of common latent factors between two panels having a
large cross-sectional dimension n and small time series dimension 7'. I propose an approach that builds
on general tests for the dimension of the intersection of two matrix column spaces, where each matrix
is observed with noise. An application to large cross-sectional panels of monthly US stock returns and
corporate bond returns finds 4-5 common factors during the 2019-2020 period. These common factors
explain around 30% of the cross-sectional variance in stock returns and at least 50% of the cross-sectional
variance in bond returns. Moreover, I document a structural break in the factor loadings of stock returns
between the pre-COVID and COVID years, while for bond returns I find two factors with constant loadings
between the pre-COVID and COVID years.

The methodology can be used to address many other relevant questions in asset pricing and other fields.
On the theoretical side, on could consider testing for common factors when one set of factors is observable
(estimated without noise) and thereby provide a method to compare the factor spaces of statistical and
economic factors in short panels, similar to Bai and Ng (2006) and Pelger (2019). Alternatively, one could
consider extending the method to test for common latent factors among three or more short panels. I leave

these interesting extensions for future research.
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Figure 1: The first panel displays the sample canonical correlations. The second panel displays the statistic
&(k) scaled by % The third panel displays the p-values of the test. The period is January 2019 to December
2019, i.e. pre-COVID year.
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Figure 2: The figure displays the partition of cross-sectional variance for stock and bond returns. The

period is January 2019 to December 2019, i.e. pre-COVID year.
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Figure 3: The first panel displays the sample canonical correlations. The second panel displays the statistic
&(k) scaled by % The third panel displays the p-values of the test. The period is January 2020 to December
2020, i.e. COVID year.
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Figure 4: The figure displays the partition of cross-sectional variance for stock and bond returns.

period is January 2020 to December 2020, i.e. COVID year.
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Figure 5: The first panel displays the sample canonical correlations. The second panel panel displays the
statistic ((k) scaled by % The third panel displays the p-values of the test. The two periods are January
2019 to December 2019 (pre-COVID year) and January 2020 to December 2020 (COVID year). The results

are based on the cross-section of stock returns.
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Figure 6: The figure displays the partition of cross-sectional variance for the two periods: January 2019
to December 2019 (pre-COVID year) and January 2020 to December 2020 (COVID year). The results are

based on the cross-section of stock returns.
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Figure 7: The first panel displays the sample canonical correlations. The second panel panel displays the
statistic ((k) scaled by % The third panel displays the p-values of the test. The two periods are January
2019 to December 2019 (pre-COVID year) and January 2020 to December 2020 (COVID year). The results

are based on the cross-section of bond returns.
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Figure 8: The figure displays the partition of cross-sectional variance for the two periods: January 2019
to December 2019 (pre-COVID year) and January 2020 to December 2020 (COVID year). The results are

based on the cross-section of bond returns.
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Proof of Proposition 1

Suppose Hy(k) holds. Let Uy be a T' x k matrix with orthonormal columns spanning col(IT;) N col(Ily).
Let Q1 be a T x (1 — k) matrix with orthonormal columns spanning the orthogonal complement col(I1;) N
col(Ily) in col(Il;), and similarly for Q2. Since col(Il;) = col(U;) and col(Ilz) = col(Us) there exist

orthonormal matrices O and O5 such that

[Ur @1] = U104
[Ur Q2] = U204
Therefore,
I 0
R=0, " 0!

0 Q@205
and so the eigenvalues of R are those of I;; and Q1Q2Q5Q:1. Now, if z,y are unit vectors then by
Cauchy-Schwarz we have 2/QQ2y < 1, with equality holding if and only if Q12 and Q2y are linearly
dependent. The latter case is impossible because otherwise there would exists a nonzero vector lying in
col(Ug) Ncol(Q1) = {0}. It follows that the singular values of @} Q2 are all stricly less than 1. The con-

clusion follows.

Proof of Proposition 2

Let us define ¥; := U;H; — U; and U; := U; + ¥, so that (2) reads U;H; = U;. Substituting into the
expression for Rl,g in Definition 3 and using that U J’ Uj = I, and that H; is invertible with probability

approaching 1, we get
Rip = (U{0) ' U U2(USU2) T USUL = HaRipHy! ©9)

where RLQ = (U{ﬁl)*lﬁ{ﬁg(UéUg)*lfféf]l. It follows that }?1,2 and ]:1’1’2 have the same eigenvalues.

Note that Rl,g is not symmetric, but it can be expanded around the symmetric matrix 27 .
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Lemma 11 Let X; ; := UV, + W\U; + WU, and suppose that | X; ;|| = O,(p), i,j = 1,2, where p . 0.
Then

Rio=Rio+ T+ 4+ 0,(p),

where

Uy = —U{MyW15 — W) , MUy — W] oW1 5 + X11(Ir, — Ri2) = Oy(p),
Upp = (V) 5(Uz + Wa) + Ui MaWo) (W) 5 (Us + W) + U My W)’
+X11 (U MWy 5 + W, MyUy + W 50 5) = Oy(p?),
Ty 5 =0y — UULUY,
and My = I,, — UUS.

Let P be an r1 X 71 matrix whose columns are eigenvectors of Rl’z. Since RLQ is not symmetric we
cannot choose P to have orthonormal columns in general. However from (10) we see that we can choose
P = 7—[1_115, where P is the r1 X r1 matrix whose orthonormal columns are eigenvectors of Rl,g. By
Assumption 1 this choice satisfies P'P = I, + Op(ﬁ). Note also that Assumption 1 implies that we can
take p = ﬁ in Lemma 8. In particular, using H{H1 = I, + Op(ﬁ) and the Lipschitz continuity of
eigenvalues for symmetric matrices, we get

~ . 1
)\l(RLz) = )\Z(Rl’g) = )\l(Rl’g) + Op(%), | = 1, ce, T

We are now in a position to apply the general eigenvalue expansion result in Proposition 6, with A := Rl,g

and U := W) + Uy, + Op(ﬁ) = Op(-L). We get

7n
Dy = Iy + RN E{VE, + E{ YWy (I — T)"'W{VE)R + Op(55) (10)
. 1
El = H1E1R + Op(%) (11)

where ﬁk is k x k diagonal containing the k largest eigenvalues of RLQ and El is 1 X (r; — k) with
orthonormal columns representing the corresponding eigenvectors, 'y and W, are defined in Proposition
1, Tis (ry — k) x (r1 — k) diagonal containing the r; — k smallest eigenvalues of R; 2, and R satisfies
R'R =1, + Op(ﬁ).
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Lemma 12 Under Assumption 1 we have E{UEy + E{UW1 (I, —T) " 'W{VE, = —E{ ¥} ,E¥, 2 Fy +
Op(n:s%), where @1,2 and = are defined in Proposition 2. Moreover, Z has the properties stated in Propo-

sition 2.

The first part of Proposition 2 now follows by substituting the result of Lemma 9 into (11), and using
\11172 = Op(%) (from Assumption 1), R'R = I}, + Op( f) and the Lipschitz continuity of eigenvalues
for symmetric matrices. The second part of Proposition 2 follows from U1E1 = U17-[1 E1 =U1E1R +

L 557y + O,().

Proof of Proposition 4

Let us define \ilj = Uj’Hj — Uj and Uj =U; + \ifj, so that (3) reads Uj’Hj = Uj. Substituting into
the expression for RLQ in Definition 4, and using that U]’ Uj — Bj,j = Irj and that H; is invertible with
probability approaching 1, we get
Rip = (U{U1 — B11) " (UjUz — B1o)(UsU1 — Bon)(UsUs — Bao) ™' = HaRioHy ', (12)
where Rl,g = (U{Ul — BLl)_l(U{UQ — BLQ)(Uéﬁl — BQJ)(UQUQ — 3272)_1 and Bi,j = gl’éwg] Note
that ]:21,2 is not symmetric, but it can be expanded around the symmetric matrix 27 .
Lemma 13 Let X, ; == S; 'V/(L10; + Lw/TT; + L0/, — (i>”)VjS;1 Under Assumption 6 we have
- ~ 1
Ripg=Rip+ ¥+ Op(ﬁ)
where \i/[ = —X1,1R172 — U{U2X272U§U1 + Xl,gUéUl + U{UQXQJ.
Let P be an r1 X 71 matrix whose columns are eigenvectors of Rl’g. Since RLQ is not symmetric we
cannot choose P to have orthonormal columns in general. However from (14) we see that we can choose
P = 7—[1_1]5, where P is the r1 X r1 matrix whose orthonormal columns are eigenvectors of ]%172. Since

7’[/7'[1 —Ir1+0 (
HiHq =1, +0, (

—) (Lemma 5) this choice satisfies P'P =1, + O, f) Besides, using Lemma 13,
=)

and the Lipschitz continuity of eigenvalues for symmetric matrices, we get

& a\

1

N(Ri2) = N(Rig) = N(Ri2) + Op(%

), l:1,...,7”1.
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We are now in a position to apply the general eigenvalue expansion result in Proposition 6, with A := RLQ
and U := U + Op(%) = Op(%). We get
. 1
Dy =I + R'E{VEIR + Op(—) (13)
n

. 1
El — HlElR'}‘Op(%) (14)

where Dy, is k x k diagonal containing the k largest eigenvalues of RLQ,El is 71 X (r1 — k) with orthonormal

columns representing the corresponding eigenvectors, and R satisfies R'R = I} + Op(ﬁ)'

Lemma 14 We have E|VE, = —E'VE + Op(%), where E and U are defined in Proposition 4.

The first part of Proposition 4 now follows by substituting the result of Lemma 14 into (15), and using
U= Op(ﬁ) (from Assumption 6), R'R = I} + Op(ﬁ)’ and the Lipschitz continuity of eigenvalues for
symmetric matrices. The second part of Proposition 4 follows from UlEl =U 1Hy 1E1 = U1 B4R, using

(16), U1 = Uy + =016y, and Gy = V1S, M.

A Feasible central limit theorems

In this section we provide feasible central limit theorems for (6) and (8).
Assumption A.1 rank(F;) =r;, j =1,2.

Assumption A.2 Y ; := lim,, 0 %B;Bj is positive definite, 7 = 1, 2.

Assumption A.3 The diagonal elements in E [nijejag-] are equal, and the off-diagonal elements in E [nijajeg}
are op(\/%), j=12.

Assumption A4 W, := nijejﬁj = Op(\/%) and Zj = ijsjs‘ — E[tejel] = Op(—L), j = 1,2

Assumption A.5 % — u>0.
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C Rank selection

In this Appendix we provide selection criteria for the rank of an m x k matrix II when a noisy proxy is
available:

M=T11+V

The criteria exploit separation of singular values. Let r denote the true rank of II, and let g(n) denote a

generic penality function satisfying the following two conditions as n — co:
1. g(n) =0
2. ng(n) — oo

Moreover we use 0;(A) to denote the Ith largest singular value of an m x n matrix A, and ||A|%2, =

?;H;Em} 02(A) to denote the sum of its singular values of order higher than s.

Cl1

Let us first consider the setting where m is fixed and m, k are fixed and || V|| = Op(ﬁ)‘ Then we have the

expansion IT = I+ Op(ﬁ)' From the Lipschitz continuity of singular values and the fact that rank(II) = r

we get
. o)+ 0,(), I=1,...r
ity 47O
Op(ﬁ)v l>r

In particular ||TT)|2, = Op(1). Let A = Hﬂ||2>l — g(n). Then A; > 0 with probability approaching 1 for

[ < r, whereas A; < 0 with probability approaching 1 for [ = r. It follows that # := min{0 < [ < k :

A; < 0} statisfies # = r with probability approaching 1.
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C.2

A

Next we consider the setting where m is fixed and k = n — oco. We assume that we have estimators (1),

0 <1 < r, and that the following conditions are satisfied

L Loy — o) = Op(J7)-

2. Lorr = ()p(ﬁ).

3. H%ﬂf[’ - Ci)(l)||2>l > ¢ with probability approaching 1 for some ¢ > 0 and all [ < r.

Using 1 and 2 above we get the expansion %f[f[’ — (i)(T) = %HH/ + Op(ﬁ)' Using the the Lipschitz
continuity of singular values and the fact that rank(IT) = r for n sufficiently large we get o; (%fﬂi{’ —&(r)) =
Op(ﬁ) for I > r. Hence || 2IIII' — ®(r)[|2, = Op(2). Let Ay = ||LIIII' — ®(1)[|2, — g(n). Then A; > 0
with probability approaching 1 for I < r (by 3 above), whereas A; < 0 with probability approaching 1 for

[ = r. It follows that 7 := min{0 < I < m : A; < 0} satisfies # = r with probability approaching 1.

CJ3

We consider again the case where m is fixed and kK = n — oco. We assume that instrumental variables are

availabe, i.e. there exists n x K matrix Z satisfying the following conditions, where I' := %HZ .
1. 207 =0,(%)

n

2. col(T") = col(II) for n sufficiently large.

3. 0,(I') > cfor some ¢ > 0 and n sufficiently large.

From 1 we have the expansion =TI+ Op(%). Using Lipschitz continuity of singular values and the fact

that rank(I") = r for n sufficiently large (by 2) we get

. o) +0,(%), 1=1,....r
P LIURRACR
Op(ﬁ)’ l>r

Then we can use the same estimator as in C.1, replacing IT with T and using condition 3 to get A; > 0 with

probability approaching 1 for [ < r.
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C4

Finally we consider the case where m = n — oo and k is fixed. Since rank(II) = rank(II’) this case

reduces to C.2.

D Eigenvalue expansion

Proposition 6 Let A be an m x m symmetric matrix whose k largest eigenvalues are exactly 1, while
the other eigenvalues are strictly less than 1. Let A=A+, where VU is a (not necessarily symmetric)
perturbutation such that ||¥|| = Op(ﬁ)- Moreover suppose that there exist m X m matrix P and m x m
diagonal matrix D satisfying
AP =PD
P'P=1I,+ Op(i)
\/ﬁ
. I O 1

D= Op(—=
o ol (7

where ' is (m — k) x (m — k) diagonal containing the m — k eigenvalues of A strictly less than 1. Then

1

Dy =1y + R™YE'VE + E'UW (I, — T) "W/ UE)R + O 3/2)
n

15)

E—ER+0P(\/15) (16)
1

where E is m x k containing the first k columns of P, R is a k x k matrix satisfying R'R = Ij, + Op( \/ﬁ),
E is an m x k matrix whose orthonormal columns are eigenvectors of A corresponding to eigenvalue 1,
and W is an m X (m — k) matrix whose orthonormal columns are eigenvectors of A corresponding to

eigenvalues strictly less than 1.

Proof of Proposition 6

38



