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“People do not buy goods and services. They buy relations, stories, and magic.”

Seth Godin

1 Introduction

Over the last decade, social media platforms have become increasingly important,
both in people’s lives and for society more broadly. While today most adults use
social media, these platforms are particularly popular among young people, who
often visit them several times a day.! This has lead to the emergence of social me-
dia influencers, who create certain content (videos, podcasts, etc.) often focussed

" influencers they do not know personally,

on a specific topic. Many people “follow’
but enjoy to be entertained by their “stories”. Influencers’ increasing popularity
has quickly attracted the interest of the marketing industry, which traditionally
has relied on celebrities to advertise new products. Today they often do not just
share bits and pieces of their private life, but also advertise or “recommend” prod-
ucts.? Many influencers are paid for these recommendations —a fast-growing market
whose global market value has more than doubled since 2019, reaching $16.4 billion
(Statista Influencer Marketing Hub, 2022).

In this paper, we build a model of social media influencer marketing to under-
stand the effects of competition between influencers on prices and the quality of
influencers’ endorsements. A firm may hire influencers to inform consumers about
and, in particular, endorse an innovation. In equilibrium, influencers price accord-
ing to their relative contribution to industry profits. Exploiting “naive” consumers,
they provide exaggerated endorsements that allow the firm to overprice if product
quality is low.

In our model there is one firm that sells an innovation with unknown quality to
a large set of consumers. A subset of consumers follows social media influencers,
who may inform their followers of the innovation by publishing a message about
the true quality of the innovation; exaggerating quality is possible but comes at the
cost of reputation. After the influencers have announced their pricing policies, the
firm decides which influencers to hire, which message to convey via the influencers,
and sets the retail price of the innovation. Note that a key difference to traditional

Bertrand competition is that the firm may hire multiple influencers. Influencers’

! According to a recent survey by the Pew Research Center (2021), 72% of US adults use social
media (84% for age 18-29). Furthermore, more than half of Instagram and Snapchat users ages 18

to 29 visit the platform several times a day.
2See, e.g. Hudders et al. (2021) for an overview.



endorsements generate sales both directly through purchases of their followers and
indirectly through subsequent word-of-mouth communication within followers’ social
networks. We assume that sales are lower if influencers exaggerate quality and the
firm accordingly charges a too high price, because sophisticated consumers will not
be persuaded into buying the innovation in this case.

We allow influencers to coordinate their pricing policies, which implies that in-

3 In a first step, we then show

dustry profits will be maximized in equilibrium.
that influencers provide exaggerated endorsements, i.e. overstate product quality, if
and only if the true product quality is low. In this case, truth-telling and pricing
accordingly would yield low revenue, such that the increase in revenue from exag-
geration along with a higher price outweighs its (low) costs. Influencers thus exploit
naive consumers, who are persuaded by exaggerated endorsements into buying the
innovation at a too high price.

Second, we refer to an influencer as essential if maximal industry profit may
be attained only if she is hired. Essential influencers are those with the largest
number of followers if reputation costs do not increase too fast in the number of
followers, which appears to be a natural assumption.* We show that in equilibrium
influencers price according to their relative contribution to industry profits, and
obtain a positive profit if and only if they are essential. Each influencer can charge at
most her marginal contribution to industry profits, which implies that only essential
influencers obtain positive profits in equilibrium. In particular, if reputation costs
do not increase too fast in the number of followers, then influencers’ market power
increases in their number of followers. In turn, the firm’s market power increases
with the intensity of competition between influencers, as more intense competition
decreases influencers’ marginal contribution to industry profits.

Finally, we illustrate in case of two influencers that the firm may benefit from
committing to hire less influencers. Given that hiring both influencers would leave
the firm with only a weak outside option (of hiring no influencer at all), the loss in
revenue from hiring only one influencer is more than compensated by the stronger
outside option, which allows to retain more of the revenue.

Our paper contributes to the recent literature on marketing in social networks.
Galeotti and Goyal (2009) have been one of the first to investigate the effects of social

networks on firm profits. Subsequently, many papers have studied monopolistic

3Formally, we consider strong subgame perfect equilibria, which are stable with respect to
coalitional deviations.
4Otherwise, if reputation costs would increase fast in the number of followers, influencers with

less followers could potentially generate higher profits from exaggerated product endorsements.



pricing in social networks, e.g. Candogan et al. (2012); Bloch and Quérou (2013);
Campbell (2013); Chatterjee and Dutta (2016); Fainmesser and Galeotti (2016);
Leduc et al. (2017); Ajorlou et al. (2018). Our approach differs from these papers in
that we introduce intermediaries, the social media influencers, which the monopolist
can hire in order for them to inform consumers in a social network, potentially
exaggerating product quality.

This relates our paper to contemporary work by Fainmesser and Galeotti (2021),
who consider many marketers and many influencers but neither a social network nor
naive consumers. They focus on the trade-off between paid and organic endorse-
ments, and show that policies that make paid endorsements more transparent may
have negative welfare effects, whereas better search technology that matches follow-
ers to influencers has positive welfare effects.

Furthermore, social media influencers can be interpreted as media outlets, which
relates our paper to the literature on the political economy of mass media and
media bias (Prat and Strémberg, 2013; Anderson et al., 2015). Similar to Gentzkow
and Shapiro (2006) and Foerster (2023), misrepresenting information comes with
reputational costs in our model. Different to these papers, however, we explicitly
model a firm that sells a product to consumers and focus on how the firm strategically
uses influencers to market the product.

The paper is organized as follows. In Section 2 we present the model and nota-
tion. We discuss a micro-foundation with respect to consumer behavior and word-
of-mouth communication in Section 2.1 and 2.2, respectively. Section 3 solves the
game backwards. We first determine firm behavior in Section 3.1 and then deter-
mine influencer pricing in Section 3.2; in Section 3.3, we illustrate the results in case

of two influencers. Section 4 concludes.

2 Model

We consider a monopolistic firm f, a finite set of social media influencers M, with
|M| = m > 2, and a continuous set of consumers N = [0,1]. The firm sells one
durable good with quality § € © = R, which we call innovation. The per unit
cost of the innovation is normalized to zero.

Influencers can contribute to sales by advertising the product and they offer that
service to the firm. We assume that influencers ¢+ € M are characterized by their
share of followers n; € (0, 1), which may reflect, e.g. the attractiveness of the influ-
encers’ content. Each consumer follows influencer ¢ with probability 7;, independent

across influencers. Thereby, a subset M’ C M of social media influencers has a total



share of followers

a0 =1- T]a-m). (1)

ieM’

Influencers can advertise the product by sending a message 6 about the true quality
. Sending a message is costly and deviating from the truth incurs reputation costs,
increasing in the amount of deviation. We assume that for any influencer ¢ the
total cost of sending the message 6, ce(é, 7;), consists of a fixed cost ¢y > 0 and a
separable function of the deviation from the truth § — 6 and her share of followers
n;. We therefore write 09(5, n;) = ¢+ 01(5 — 0)co(n;), where ¢ and ¢y are twice
continuously differentiable with ¢1(0) =0, ¢;(0) =0, ¢] > 0, co(n;) > 0 for all m; > 0
and ¢ > 0. The motivation for the fixed cost ¢y > 0 is that it takes effort to inform
their followers (e.g. a story has to be created on Instagram). Moreover, the more
influencers deviate from the truth, the more harmful it may be to reputation and
further ability to exaggerate and earn profits. The costs from deviating from the
truth may further be larger the more followers they have. To illustrate our model,
we will sometimes use costs that are quadratic in the level of exaggeration and linear
in the number of followers cs(,1;) = co + @2 (0 — 6)? with a > 0.

Influencers and firm engage in a two-stage game. In the first stage, both the firm
and the influencers learn the quality 6 and influencers then simultaneously determine
their pricing policies ¢; : [0, +00) — Ry U {400}, where ¢;(f) is the price the firm
has to pay influencer ¢ € M to use the influencer to deliver the message 6 > 6. Note
first that this entails the assumption that the firm never wants to downplay the
quality. Second, influencers may set an infinite price for many (perhaps even all but
one) messages, in which case they would not be willing to transmit these messages.
Denote the set of possible pricing policies, i.e. the strategy set for each ¢« € M, by
Qi(0).

In the second stage, the firm observes the pricing policies ¢y = (1, - - -, gm) and,
then, sets a price p > 0 and chooses which influencers to use, My C M, as well as

the message éf > 6 to deliver to their followers, i.e. the firm’s strategy is a function
qr = (p, My, 0) - Qur(0) — Ry x 2" x [0, 4+00),

where Qr(0) = [],cny Qi(0) denotes the set of all possible pricing policies and 2
denotes the power set of M. Denote the firm’s strategy set by Q¢(#). Whenever the
reference is clear we will subsequently drop dependence of the strategies on 6.

Given influencers’ pricing strategies gy € Qs and firm’s strategy ¢r = (p, My, éf) €
Q)5 the profits of each influencer ¢ € M are given by

i (qv, 4y) = LgieM;(aan)) (%’(éf(qM)) — co(Br(qu), Ui)) : (2)
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Profits of the firm depend on generated sales. We do not explicitly model con-
sumer behavior at this stage, but a possible micro-foundation is provided in Sec-
tion 2.1. Instead, we only assume that by choosing price p, message éf, and set
of influencers M/ that reaches 7(My) followers, expected sales have the following

structure:

G(p, My, 05) = Lip<oy g1 (M(My)) + 15z iy 92(7(My)) (3)

where g1, g2 : [0,1] — [0, 1] are functions of the share of followers 7(M) generated by
the influencers M; mapping into a share of buyers such that g, are the sales generated
by setting price below or equal true quality, and go are the sales generated by setting
the price strictly above true quality and below the advertised quality 6 7. The idea is
that consumers may not be aware of the product and have limited knowledge about
the true quality but can be informed by the influencers. In particular, this structure
implicitly assumes that sales are insensitive to price as long as price stays below or
equal to true quality (e.g. because consumers have valuation v(f) = 0) or to the
degree of overpricing, as long as the price is below the advertised quality éf (e.g.
because a share of “naive” consumers believes the influencers’ message).

We assume that both ¢g; and g, are strictly increasing and strictly concave in
the number of followers, that pricing below true quality yields strictly higher sales
than pricing above true quality, and that the former is steeper in the number of
informed consumers than the latter. The idea is that sophisticated consumers will
not be persuaded into buying the innovation if the price is above the true quality.

This is summarized as follows:

Assumption 1. g; and go are twice differentiable, strictly increasing and strictly

concave in 7, with g1(7) > g2(7) if 7 > 0, g1(7) > g4(77) for all 7 € [0,1], and
91(1) =1 and g»(0) = 0.

We introduce one possible micro-foundation of the assumptions on the sales
function in the subsequent section. Given the influencers’ pricing strategies q,; and
the firm’s strategy ¢; = (p, My, éf), the profits of the firm f are given by the total

revenue net of prices charged by the hired influencers charge,

7 (aan, a7) = p(@)G (plase). Myla) Bs(an)) = D @ (Frlan)) . (@)

i€My(qnr)

To summarize, the timing of events is as follows:

1. Both the firm and influencers learn the true quality 6.



2. Influencers simultaneously choose their pricing policies qar = (q1, - - -, @m)-

3. After observing ¢, the firm sets a price p > 0 and chooses the set of influencers
to use My C M and the message éf > 4.

4. Payoffs realize.

We will study subgame perfect Nash equilibria (SPE) of the game where influ-
encers choose their pricing policies gy € Qs simultaneously in the first stage and
the firm chooses its strategy ¢y € @5 in the second stage. Since there many possible
such equilibria, we will restrict attention to SPEs in pure strategies which are also
strong Nash equilibria for the most part of this paper. We apply the following notion

of strong Nash equilibrium:

Definition 1. A profile of pricing policies and firm strateqy (q}h,q}) s a strong
Nash equilibrium, if and only if for all J C (M U{f}) and for all ¢ € [];c; Q;\q)
there exists i € J such that (¢, q* ;) < mj(q*) (where ¢ ;) = (¢} )kgJ)-

In what follows we denote by a strong subgame perfect Nash equilibrium (SSPE)

a strategy profile which is both a strong Nash equilibrium and subgame perfect.

2.1 Micro-foundation 1: Consumer behavior

So far we have modelled consumer behavior only indirectly via the structure of the
sales functions (3) and Assumption 1. It turns out that this general approach is
sufficient to derive the key results in this paper. One possible narrative giving rise
to such a structure of the sales function is the following.

Suppose that initially, only a share of consumer p € (0,1) is aware of the inno-
vation, while no consumer has any information about the quality of the innovation.
Consumers follow social media influencers who may make their followers aware of
the innovation and send a message 6 > 6 about the true quality of the innova-
tion. After becoming aware of the product a share of consumers p € [0,1] is able
to gather costless information about the quality of the product through external
sources (verify the quality). This external source always delivers a truthful message
6 = 0. Henceforth we will refer to these consumers as sophisticated consumers, and
we simply assume that they always form the belief 6 = 6 once becoming aware of the
innovation. We assume that the consumers who do not have access to this source,
henceforth called naive consumers, are pessimistic initially such that they form the
belief é((l)) = 0 if they do not receive a message, but upon receiving message 0 ¢ take
this at face value and form the belief 6(6;) = 6.

7



Consumers have valuation v(6) = 6 for a product of quality €, have unit demand,
and are myopic, i.e. they purchase the product if their belief exceeds the price,
v(é) > p. After purchase, naive consumers learn the true quality with probability
A € [0,1] and otherwise remain with their prior belief. All consumers use word-of-
mouth communication to make others aware of the product and communicate their
belief. Hence, sophisticated consumers buy the product if and only if they become
aware of the product (either initially, through an influencer, or by word-of-mouth
communication) and the innovation is not overpriced p < #, while naive consumers
buy the product if and only if they become aware and receive at least one message
0>p (either through an influencer, or by word-of-mouth communication).

Under these assumptions, optimal consumer behavior clearly gives rise to a sales
function that has the same structure of our general sales function in (3) and satisfies
Assumption 1. Abusing notation, we sometimes write ¢ (7|u, p) and g2(7|p, A) when
referring to our micro-foundation to clearly point out that the sales generated by
pricing below quality g; depend on the share of initially aware consumers g and
the share of sophisticated consumers p, while the sales generated by overpricing g
depend on the share of sophisticated consumers p, and the ability to learn after
purchase ).

Optimal consumer behavior further implies that g, is increasing in the share
of sophisticated individuals if there is a strictly positive share of initially aware
consumers since out of these only sophisticated consumers buy the product as no
message about quality is communicated. No sales can be created if no individuals
are made aware of the innovations, i.e. if no influencers are hired and no consumer
is initially aware. Additionally, go is strictly decreasing in the share of sophisticated
consumers since they will never buy the product if overpriced and also strictly de-
creasing in the ability of naive consumers to learn the true quality after purchase.

These are summarized as follows.
Assumption 2.

(1) g1(n|w, p) is differentiable and strictly increasing in p if u > 0 and constant in
p otherwise, and strictly increasing in p, with g,(0]0, p) =0,

(ii) g2(7|p, A) is differentiable and strictly decreasing in p and .

5Note that this assumption is for simplicity and only affects sales quantitatively. Any other rule
would also work, e.g. that all messages 6 naive consumers have received must be such that 6 > p.
6In particular, g; does not depend on X since if the product is not overpriced the capacity of
learning the true quality is irrelevant, and g» does not depend on pu since only naive individuals

who receive a message above price will purchase the product.



2.2 Micro-foundation 2: Word-of-mouth communication

So far word-of-mouth communication is a general function of initial adopters. Sup-
pose now that there are two periods. Consumer behavior is as described in Sec-
tion 2.1, and the firm hires influencers that have a total share of 7 followers that
deliver a message 9~f > 6 about product quality. Consumers are further organized
in a social network a la Galeotti and Goyal (2009): each consumer observes k other
consumers with probability P(k) > 0, where k& € {1,2,...,k} and Zizl P(k) = 1.
A consumer with degree k makes k independent and uniformly distributed draws
from N.” Consumers’ degrees are independently distributed. Hence, following a
standard “abuse” of the law of large numbers, there is a fraction P(k) of consumers
with degree k. The firm knows the degree distribution P but not the actual network.

In the first period, a share of individuals is aware of the product either because
they are followers or because they were initially aware of the product. From our
independence assumption, the total share of consumers who are aware of the inno-
vation in the first period can be calculated to be 1 — (1 —7)(1—p). If the innovation
is not overpriced, then out of the aware consumers, the sophisticated consumers buy
the product while naive consumers only buy it if they follow an influencer. The total
share of buyers in the first period is therefore 1 — (1 —17)(1— up). If the innovation is
overpriced but p < éf, then the naive consumers who follow an influencer still buy
the product. In this case the total share of buyers in the first period is 77(1 — p).

In the second period, consumers communicate with their neighbors in the net-
work. As in the first period, sophisticated consumers who are informed learn the
true quality, while naive consumers take the quality judgement of the observed con-
sumers at face value. Consumers who are aware of the product and who did not
buy in the first period then decide whether to purchase product. To simplify the
exposition, we assume that naive consumers buy if at least one quality judgement
of a neighbor warrants the purchase.

In case the product is not overpriced, the sales function that is generated by this
network (i.e. by its degree distribution P), g7, can then be calculated as follows.
Out of the share of consumer who did not buy in the first period, (1 —7)(1 — up),
each consumer makes k observations with probability P(k) in the second period and
ends up buying if one of the £ observed consumers purchased in period 1. Hence,
a given consumer does not observe a buyer in the second period with probability

Zi:l P(k)(1 —1)*(1 — up)k, implying that the total share of consumers not buying

"Notice that the probability to draw the same consumer twice is zero, as there is a continuum

of consumers.



in either period is given by Zizl P(k)(1 — 7)**(1 — pp)**1. Thus, total sales for
p < 6 are given by

k
gt @lpp) =1 =Y P(k) (1 —q)* (1= pp)™*.
k=1

Now, if the price exceeds the true quality but not the message communicated
by the influencers, i.e. 0 < p < éf, then the share of individuals communicating
message 0 in period 2 is given by 7(1 — p)(1 — ). A niiive consumer who observes
at least one of these consumers in the second period then also buys the product.

Hence the sales function g2 for § < p < 0 7 generated by this network is given by

i
gz (@lp, A) = (1 = p) (1 (=) ) PR (=71 -p)(1- A))'“) :

k=1

It is straightforward to verify that Assumptions 1 and 2 are satisfied for both sales

functions gf’ and ¢gf emerging from this model of word-of-mouth communication.

3 Equilibrium analysis
We denote industry profits under strategy profile (¢ar, qs) by

Mg, qr) = Y milplan), My(aar), 05(an))
iEMU{f}

= plaa)G(planr), My(qu), Or(qn)) — > colBs(am),m)- (5)

i€My(qm)

Note that (5) depends only indirectly on the influencers’ pricing q;, through the
firm’s decision ¢;. We first establish that any SSPE is such that industry profits are

maximized.

Lemma 1. Let (¢, q}) be a SSPE. Then there does not exist (¢, qy) € Qum X Qy
such that 11(qy. qf) > 1(qh, 4})-

Proof of Lemma 1. Suppose to the contrary that (¢}, q}i) is a SSPE and there exists
(dhr: 47) € Qux Q@ with I(g)y, q7) > 1(gy, qF). Let A = (dhy, 47) =gy, g5) > 0
and let p' = p(qy,), M}y = M¢(qy,), and 0} = 0(q),). Denote by ¢} = (p', M}, 0}) the
(constant) strategy of the firm making these choices independently of influencer pric-
ing. Further let ¢(9) = ¢* (0;(q},)) —co(05(q%y), m)—i—ce(é}, m)+mA+1 for all @ > 6 and
i € M} be the constant pricing of influencers. Then clearly 7; <(q§\/[}, Dhr g M}}), q}) >

10



e (qh, q}) for all i € M/, as these influencers are chosen and charge higher prices

net of costs. Further 7¢ ((qﬁ\/[}, qL\{M}}), Q}) — 7 (¢4, q;i) =A— \M}]mAﬂ > ( since
|M}| < m. Hence the coalition J = M; U {f} has a deviation that strictly benefits
all of its members, contradicting that (¢, ¢7) is a SSPE. m

Lemma 1 implies that any SSPE is efficient in the sense that it maximizes in-
dustry profits. The reason is that industry profits II(¢as, qs) only depend on the
realized choices of the firm, as influencer pricing just determines how the pie is di-
vided among the firm and the chosen influencers. If the resulting choices of the
firm are not efficient, then we can always find coalitional deviations that benefit
all members of the coalition strictly. In what follows, we therefore first determine
the firm’s behavior under efficiency, i.e. maximizing industry profits. We then solve
for the influencers’ pricing strategies which give rise to efficient and optimal firm

choices.

3.1 Firm behavior
3.1.1 The optimal price

Since sales G(p, My, éf) are given by (3), there are at most two candidates for the
optimal price (that maximizes industry profits (5)) conditional on choosing message
9~f: if 9~f > @, then either p = 9~f orp=160< 9~f is optimal for the firm while if
éf = 0, we must have p =60 = éf. Note that in the first case, choosing p = 6 < éf
is not optimal because influencers could save costs by setting prices such that the
firm chooses instead é} = . Thus, conditional on choosing 0~f, p = éf maximizes

industry profits.

3.1.2 The optimal message

For any choice of the set of influencers My, we now determine the message that

maximizes industry profits (5). Given p = 6 7, we obtain:

é;&f = min argmaxéfG(éf, Mf, éf) - Z C@(éf, 771').
Oy i€M;
Note that the maximizer may not be unique in non-generic cases. We break ties
by choosing the lowest maximizer, which implies that influencers send a truthful
message whenever it maximizes industry profits. The following result characterizes

the optimal message for any choice of influencers Mjy.

11



Proposition 1. For any My C M, there exists a threshold

() ((Zienr, 2m) " g2(0(My))) g2(7(M))

— a1 ()7 ((Sienr, 20) " 02((M))))) Yicns, e2(m:)
a1 (7(My)) = g2 (R(My))

such that the optimal message GNJJ\}f s given by

Y]

((m:)ierty)

FI L if 0> 0(m)icns,)
W (Cll)_l ((Zz‘ng62(772'))_192<7_](Mf)))+¢9 else

Moreover, under Assumption 2, é]T@ 15 strictly decreasing in p unless «9~]T/[f =40.

Proof of Proposition 1. Suppose that 9~f > f. Then

a% (G(éf,Mf,éf) - Z CG(éf’m))
f

iEMf
o[- N
—— | 0792 (0(My)) = [Myleo — cr(8 = 0) Y es(ms)
90y i€ M
=go((M;)) = ¢ (05— 6) Y ea(m) =0
o=@ [ (X et) w0 |+ ()
iEMf
which is strictly greater than 6 by definition of ¢y. Hence, we obtain 9~]T/If =0 if

0G0, My, 0) — > co(0,m;) > 0;G (05, My, 07) — > co(07,m:)

i€My €My

©091(n(My)) = [Myleo > ((61)1 (( > 02(77¢)>_ 92(77(Mf))) + 9) 92(71(My))

iGMf

— |My[co — e ((0/1)1 (( Z Cz(m))_ §2(77(Mf)))> Z c2(n;)

()™ ((Ciear, c2(m)) ™ G2((My))) ga((My))

— et () ((Siens, 2m) " 2200(M))))) Cicns, c2(m)

“h= (1) — g2 (03 @)

and 0~j\“/[f = 0} otherwise.

12



Finally, by Assumption 2, (6) and (7) are both strictly decreasing with respect
to p. Thus, 6~]T4f is strictly decreasing in p unless éz\+4f = 0. O

First, Proposition 1 shows that communication is truthful if the quality of the
innovation weakly exceeds the threshold 8(7j(M;)). Otherwise, it is optimal to ex-
aggerate quality. Thus, exaggeration occurs when product quality is low. In this
case, the increase in revenue from exaggeration outweighs its (low) costs. Second,
the optimal message is decreasing in the share of sophisticated consumers p.

The threshold for truthful communication and the degree of exaggeration in
Proposition 1 simplify drastically with costs that are quadratic in the level of exag-

geration:

Corollary 1. Suppose that c,( — 0) = (0 —0)2. For any My C M,

2
. N . (g20(M,))
¢ #0 2 0((n)ieyy) = 752 nG s GO
g2(1M)) g0 else

Zzer c2(mi

o =
My

If additionally cy is constant and gl(ng § ﬁ D for gll 7 € (0,1), then 0((n;)ien,) =
O(7(My)) is stmctly increasing in (M) with 6(0) = 0. If, further, g2(1) = (1 — p),
then 0(1) = L-p)®

2|Mf|/7

Proof of Corollary 1. The first part given by (8) follows immediately from Proposi-
tion 1 since (¢})~!(z) = .

1 (g2(m)?
2|My| g1(n)—g2(n) "
straightforwardly calculate the derivative with respect to 7 to get

Let without loss of generality ¢, = 1, then 0(7) = We can

_/<— _ 1 gQ(ﬁ)
- 2
2|Ms| (g1(7) — g2())
if and only if 2¢1(7)g5(7) > g2(7)(g1(7) — 95(77)). Clearly, this condition holds for all

7€ (0,1)if g1(7)/g1(7) < g5(7)/g2(7) for all 77 € (0,1) since 2¢1(7) > ¢1(77) + g5(7)
for 7 € (0,1) by Assumption 1.
Note that we trivially have #(0) = 0 if g;(0) > 0 since g5(0) = 0 by Assumption 1

(20:@5() = 9261 7) + 94(7))) > 0

while if g;(0) = 0, then by L’Hospital’s rule we get

.\ 295(7)g5(7)
lim 0(n) = lim 0 - —~ =10
P =g 3% ) — )
since by Assumption 1 we have go(0) = 0 and ¢}(0) > ¢5(0). Finally note that

0(1) = 1 p) if go(1) =1 — p since g1(1) = 1 by Assumption 1. O
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Note first that the threshold for truthful communication is increasing in the
sales created by exaggeration and decreasing in the sales created by truthful com-
munication. Second, the extent of exaggeration is linear in the sales generated by
exaggeration.

Further, if ¢ is constant, i.e. if the cost of exaggeration is independent of the num-
ber of followers, then with the additional condition that ¢}(77)/g1(7) < ¢5(7)/g2(7)
we get that the threshold for truthful communication is higher the more followers
are reached. Thus, the firm is more tempted to exaggerate the more consumers are
reached by the choice of influencers. The condition ¢} (7)/g1(7) < ¢5(77)/g2(77) can be
interpreted as the ratio of the percentage change in sales created by truthful commu-
nication and the percentage change in sales created by exaggeration being smaller
than 1, and intuitively holds in our interpretation of sales since influencers play a
more important role when exaggerating than when communicating truthfully. We
show below in Example 1 that this condition is indeed satisfied when the network

of word-of-mouth communication introduced in Section 2.2 is regular.

Example 1 (Regular social network). Suppose that c1(0 — ) = %(5 —0)?, that cy is
constant and consider the model of word-of-mouth communication presented in Sec-
tion 2.2 with P(k) = 1 for some positive integer k. This implies that all consumers
have the same degree, i.e. the implied network of communication is reqular. It can

be verified that for this degree distribution P, the implied sales functions satisfy
@) _ () @)
gim — g’ (n)

and, hence, the threshold for truthful communication is strictly increasing by Corol-

for all 7 € (0,1)

lary 1 and can be calculated to be

o) = 51 (L-p?* (1= (1 -n (1 —q0 - p) (1= N)")* .
2IMy| p(1 — (1 = )F1) + (1= p) X =) (1 =71 = p)(1 = A)* — (1 — 7))

3.1.3 The optimal choice of influencers

Finally, it remains to determine the optimal choice of influencers which yield maxi-
mal industry profits. Note first that, since industry profits depend only indirectly on
the influencers’ pricing q,;, and given the optimal message é&f and price p = 0~j\}f,

maximal industry profits given the choice of influencers M; C M are

HMf = Z Wi(éj—:_/[faMﬁé}\zf) = é]—\’—JfG(éj—\}—JfaMfaé]T/[f) - Z Ce(éj—:_/[fani)' (9)

ieMU{f} ieM;
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For a general cost function, there is no simple relation between the optimal choice
of influencers and initial conditions, i.e. number of followers of each influencer. To
ease the exposition, we henceforth order influencers according to their “stand-alone”

profit:
Assumption 3. II; > 11, > ... > 1I,,.

It seems natural that the ranking of the influencers according to their stand-
alone profit coincides with that according to their number of followers. As we now
show, this will hold in our model if influencers’ reputation costs do not increase too

fast in the number of followers.

Lemma 2. There exists ¢* > 0 such that if
cy(n) < & for allp € (0,1), (C1)

we have Unrupy > Hagpuggy if and only if n; > n; for all My € M\{i, j}.

Proof. Let
é}kuf = (0,1)—1 (Z CQ(ni))_ g (R(Mp)) | +0
and
e O (90 U{E) — (M U (5)))

i,jEMi<j MyCM\{i,j} (ijum ) (n; —nj)

Fix i,j € M such that i < j and My C M\{i, j} and note that since é}kwfu{j} >60>0
and n; > n;, €* > 0 is well defined. If ¢,(n) < &* for all n € (0, 1), then

HMfu{z‘} - HMfu{j} Zeﬂfu{j}G(eru{g}v My U {i}, eru{y}) Z CG(G&fU{j}’”’“)
keMU{i}

0o COT oy MrULih 00 o) — > ol gy )
keMyU{j}

ZHJJ\QfU{j} <G(9qu{j}, Mf U {Z}7 QJT/[fU{j}) - G(ejT/lfu{j}v Mf U {Z}a GJJ\Z[fU{j}))
(B0 — O () = ()

- Cl(éﬁfu{j} —0)* (i — mj)-

(10)
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I~f éjtjfu ¢y = 0, then (10) is strictly positive by Assumption 1. Otherwise, if é}}fu g =
M, then (10) is non-negative and the inequality strict by definition of *, which

establishes the claim. O

Clearly, influencers with higher number of followers being able to generate higher
industry profits requires that reputation costs of deviating from the truth are not
exploding for large influencers compared to their smaller counterparts. However,
for most results we will not require condition (C1). We immediately get the desired

result for the stand-alone values by setting My = () in Lemma 2.
Remark 1. Suppose that Condition (C1) holds. Then I1; > I1; if and only if n; > n;.
We next introduce the notion of an essential influencer:

Definition 2. An influencer i € M 1is essential (to mazximizing industry profit)
if My € Argmaxyr, ¢y HM} only if © € My. Let M® denote the set of essential

influencers.

In a first step, we derive conditions under which the influencers with the highest
stand-alone profit are essential. Let M* = {1,2, ..., k} for any k € M and M° = ().

Proposition 2. M¢ = M* =141 jf either m = 2 or Condition (C1) holds, where
k* = minargmax;eyuqop Harn and l(ng41) = [{i € MM 20 = i1}

Proof. First, suppose that m = 2. Since II; > Il,, we have that M # {2}. There-
fore, there exists k € M U {0} such that M® = M*. If k* = 0 or k* = 2, then there
is nothing to show. For k* = 1, if II; = I, (i.e. [(12) = 1) neither 1 or 2 are essential
since My = {2} is also a maximizer, hence M°® = M. If II; > II, (i.e. I(n2) = 0)
then only 1 is essential, hence M¢ = M?!.

Second, suppose that Condition (C1) holds. Then, by Remark 1 we have n;, > 7,
if i < j. Lemma 2 then yields II;x > Iy for all M’ such that |M'| = k. Thus,
Me¢ Cc M* . Now, for any influencer i € M* with 1, = n-41 we have Il =
I aee\ gipyuge413, implying @ ¢ M€, while we get strict inequalities for i € M¥ with
7; > Nk=+1, proving the claim. O

3.2 Equilibrium pricing

Now we consider the influencers’ pricing. Given quality 6, influencers want to charge
maximal prices under the two conditions that they will be hired and that they obtain
non-negative payoffs (also off-equilibrium because we focus on weakly undominated

strategies). Suppose that influencers M; C M are hired, and hence p = 9~f =
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GNIT/[f. Then each influencer ¢ € My can charge at most her marginal contribution to

industry profits, i.e.

qi(03;,) < g, — e oy + co(Or, i)
s i

which yields the following lemma:

Lemma 3. In any undominated SSPE in which the firm chooses M7, each influencer

i € M} receives a payoff of m} = ﬁZ(M}‘) = HM; — maxg,can (i} HM}.

Proof. Suppose first that in some SSPE the firm chooses M; and there exists an
influencer ¢ € M, with payoff m; > m;(My). Note that Ejer mj + mp < Iy, by

definition of IIy;,. If § € argmax ;. gy Harg, then

mp < Ilp, — Z mj <y, — m < Iy, — mi(My) = I,
jGMf
i.e. the firm has a profitable deviation to M’} = (3, a contradiction.
If () ¢ ATgMAX 11 ar (i} HM}, consider any M’ € ArgMAax 1 (i} HM} and a
deviation to pricing strategies

(b eo(Bony) + RO G

q;(0) = |Ms] for all j € M.

00 else

Note that all j € M" are strictly better off with this deviation. By choosing M} = M’
and p/ = é} = QN]J\},, the firm obtains

. ~ ~ _ T — 7@' M )
7 = 03 GO M 05) — > (0f) =Tl — > (”ﬂ‘ + W)

jeM} jeM}
>HM/— Z 7TJ—7Tz+77'l(Mf)
jEM}
:HMf - Ty,
jeMy

i.e. also the firm obtains a higher payoff, a contradiction. Thus, m; < 7;(M}) for all
i € My.

Second, suppose that in some SSPE the firm chooses My and there exists an
influencer i € My with payoft 0 < m; < 7;(My). Consider a deviation by ¢ to pricing
strategy

G ¢(0) + (mi(My) — ;) /2 if 0 =6},
q;(0) = =

00 else
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By definition of ¢;(0) it is still optimal for the firm to hire influencer 1 if all influencers
J # i play an undominated strategy g; > cy, since in this case 7, = m; + (7;(My) —
mi)/2 = (m + 7 (My))/2 < m;(My), i.e. 1 € My. Since further also m; < 7,;(M;y) for
all j € My\{i} by the first part, the firm will still choose M}, such that ¢ obtain
payoff ©} = m; + (7;(My) — m;)/2 > m;, a contradiction. O

Second, it follows from Lemma 1 and 3 that only essential influencers obtain

strictly positive profits in equilibrium:

Proposition 3. Any undominated SSPE is such that M} € ATgMAax s c HM} and
yields the same payoffs 7 = m(M7) > 0 if i € M®, 77 = 0 otherwise, and 7} =
ary = 2 iense T(Mj).

Remark 2. If we define the intensity of competition for influencer i € M wvia her
equilibrium profit as (1 + w;)~! € (0, 1], then more intense competition for at least

one influencer increases the firm’s profits.

3.3 Two influencers

To derive more concrete results we now consider m = 2. Note first that by Propo-
sition 2, we have that M® = MF ~!n+1)  Second, Assumption 1 implies strict

concavity of the sales function, which yields:

Remark 3. [l — I > Iy — Ly for allie M.
We can now establish that:

Corollary 2. Suppose that m = 2. Any undominated SSPE yields payoffs
o m =1l — Iy, w5 =11y — 114, andﬂ}:H1+H2—HM of Iy > 114,

o m = I} — max{Ily, Iy}, 75 = 0, and 7} = max{Ily, Iy} if I, —Tlp > 0 >
=1L,

o mf=m; =0, 7 =1l if [y > II,.

Proof of Corollary 2. First, note that by Proposition 2, we have that M¢ = M ~t0k=+1)
i.e. either M® = M, M® = {1} or M° = (). We proceed by case distinction:

(i) Iy > I3, In this case Assumption 3 and Remark 3 yield I1; > TI, > Ty,
i.e. M°® = M. Thus, by Proposition 3, each i € M* receives m; = 7;(M®) =
Iy — IO, where j € M\{i}, and 7y = e — > ppe (M) = Iy + 11, — .
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(ii) Iy — Iy > 0 > IIp; — II;. Then M® = {1}, and hence by Proposition 3
m =1 (M) =1I; — max{Il,, Iy}, my = 0, and 7y = max{Ily, IIy}.

(iii) Iy > II;. In this case Assumption 3 and Remark 3 yield I1; > Il > I, i.e.
Me¢ = (. Thus, m = m =0, and 7y = IIy.

]

Notably, hiring both influencers weakens the firm’s outside option, and thus her

market power, which yields:

Remark 4. If I1; > II; such that M = M, then the firm would benefit from

committing to hire only one influencer.

Example 2. Consider the following pricing functions:

HM—H2+C.9(6) ifHM—H1>0
qi1(0) = { I, — max{ILy, Ty} + cp(8)  if My — I, <0 <TI, — 1,  (11)
co(0) else
~ HM—H1+C¢9(9~) ifHM—H1>0
¢(0) = 8 (12)
cy(0) else

Then, provided the firm chooses optimally (p(qM),Mf(qM),éf(qM)> with effi-

cient equilibrium choices, it can easily be checked that (qM, (p(qnr), Ms(qum), éf(qM))>
1s an SPE. It is also strong Nash since no coalition can deviate. Hence, such an

equilibrium always exists.

4 Concluding remarks

We have proposed a model of social media influencer marketing in which a firm may
hire influencers to inform consumers about an innovation. After influencers have
set prices for their endorsements, the firm decides which influencers to hire, which
message to convey via the influencers, and sets the retail price of the innovation.
In equilibrium, influencers price according to their relative contribution to indus-
try profits. Exploiting naive consumers, they provide exaggerated endorsements if
product quality is low. Thus, low-quality products yield low consumer welfare, as
naive consumers pay too much for the product. Notably, the extent of exaggera-

tion decreases in the share of sophisticated consumers, so that increasing the share
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will also increase the welfare of naive consumers. Finally, we have shown that the
firm may benefit from committing to hire less influencers, because doing so would
strengthen her outside option.

In the next step, we plan to analyze the welfare effects of asymmetries between
influencers in terms of followers, and to use the framework to understand when and
how the market for influencers should be regulated. Furthermore, we plan to extend

the framework to competition between multiple firms.
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