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Abstract

Empirical Bayes (EB) methods are widely utilized in economics for estimating in-
dividual and group-level fixed effects across diverse contexts, including teacher value-
added, hospital qualities, and neighborhood effects. While estimates generated by EB
are often incorporated into other statistical analyses like regression models, the econo-
metric properties of post-EB regression have not been thoroughly investigated. This
paper addresses this knowledge gap through two key contributions. First, we intro-
duce a unified framework for two-step EB methods that applies to both linear and
non-linear models, offering insights into their frequentist properties and assessing their
robustness against model mis-specification. Second, we undertake a critical evaluation
of commonly-used two-step EB methods in existing empirical research. Our analy-
sis demonstrates that naive implementations of post EB regression can introduce a
systematic bias, particularly in non-linear models.
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1 Introduction

Empirical Bayes (EB) methods are frequently employed for estimating fixed effects, partic-
ularly when the number of repeated observations per unit is limited. These methods offer
a remedy to the incidental parameter problem (Neyman and Scott, 1948) often encountered
in high-dimensional problems. Specifically, let 0; be the fixed effects estimates in a dummy
variable regression. The EB estimators éfB , in its simplest form, shrink the raw fixed effects

0; to the “grand mean” 0:

078 = X\, + (1 — \)6,

where the shrinkage factor A depends on the signal-to-noise ratio and the grand mean 0 is the
average of 6;s. This approach has gained traction in empirical applications like teacher value-
added models (see, e.g., Kane and Staiger, 2008; Chetty et al., 2014a; Jackson et al., 2014;
Koedel et al., 2015), where the student-to-teacher ratio is often small. Other prominent
applications in economics include neighborhood effects (Chetty and Hendren, 2018) and
hospital qualities (Hull, 2018).

Beyond estimating the fixed effects per, EB estimates are frequently used as inputs for
further statistical analyses. For instance, in studies of teacher qualities, researchers may
regress students’ labor market outcomes on the EB estimates of teacher qualities to quantify
the long-term impact of teacher quality. The regression can be linear models that include
transformed EB estimates or nonlinear models like logistic regression for binary dependent
variable. We refer to the utilization of EB estimates in regression analyses as ”post empirical
Bayes regression”.

In this paper, we introduce a general class of post empirical Bayes regression methods that
enables researchers to consistently estimate both fixed effects and regression coefficients. Our
methodology starts with the estimation of fixed effects and their underlying distributions,

employing either nonparametric or parametric EB techniques. We then use the estimated



distribution of fixed effects—not the EB estimates themselves—to construct an estimator for
the regression model. A key advantage of our method is its coherence and convenience, as it
allows for the simultaneous estimation of fixed effects, their distributions, and the relevant
regression coefficients. Additionally, our approach accommodates nonparametric EB and
nonlinear regression while also allowing for dependent measurement errors, thereby offering
a flexible and robust framework for empirical analysis.

Another key objective of this paper is to scrutinize empirical practices of post-EB regres-
sion. To this end, we formulate a general framework for two-step EB methods and employ
it to assess common practices observed in existing literature. We pay special attention to
cases where EB estimates serve as explanatory variables in linear regressions. Our findings
reveal that while the two-step EB method applied to ordinary least squares (OLS) yields
consistent estimators, the standard errors can be significantly downward-biased if corrections
for generated regressors are not made. Consequently, t-tests conducted without these correc-
tions may over-reject hypotheses, even with large sample sizes. In the context of non-linear
models, we demonstrate that directly using EB estimates as explanatory variables can result
in inconsistent estimators.

This paper will proceed as follows. In Section 2, we introduce use a simple example to
illustrate the main idea of the method. Section 3 describes the general setup and the pro-
posed method, and we present the theoretical results in 4. Simulation studies and empirical

applications of the method are in Section 5.

1.1 Literature Review

From a theoretical standpoint, this project closely aligns with the errors-in-variables litera-
ture in econometrics. Interestingly, EB procedures can consistently estimate linear regression
models with measurement errors, even though they were originally designed for different ap-
plications. This property was not first observed by us; the concept of using shrinkage to

address measurement errors dates back to Whittemore (1989). Subsequent work by Guo



and Ghosh (2012) formalized this insight and established its consistency, while Efron (2016)
also proposes an empirical Bayes approach for deconvolution problems. Our work also in-
tersects with the literature on Bayesian methods for handling measurement errors (see, e.g.,
Carroll et al., 2006), as we aim to develop a unified theory for two-step EB methods that
encompasses both linear and non-linear regression models.

Additionally, our project contributes to the growing body of literature on EB methods
in both econometrics and statistics (see, e.g., Hansen, 2017; Meager, 2019; Ignatiadis and
Wager, 2019; Azevedo et al., 2020; Armstrong et al., 2022; Bonhomme and Weidner, 2022).
Although the original idea can be traced back as early as to Robbins (1956) and James and
Stein (1961), there has been a resurgence in the application of EB methods, particularly
in high-dimensional problems (Efron, 2012) as well as its increasing popularity in empirical
studies (see, e.g., Chetty et al., 2014a,b; Chetty and Hendren, 2018; Hull, 2018; Angrist
et al., 2021). This paper seeks to rigorously examine the statistical properties of two-step
EB methods employed in these recent empirical works, thereby offering a comprehensive

econometric analysis.



2 A Simple Case: OLS Regression with EB Estimates

One of the most common form of post-EB regression is a linear regression with EB estimates
as regressors. In this section, we will use it as an example to help illustrate the research
question and provide some theoretical results that will be further extended to the general
case later in this paper.

EB models, which are derived from Bayesian methods, have two components: (1) the
prior distribution for the latent variables and (2) the likelihood function of the observed

variables given the latent ones. Formally, we can write

0, "N (), M)
210 X foo (), 2)

in which 7(-) is the prior distribution of ; and f,e(-) is the likelihood function. The fixed
effects are unobserved and are only noisily measured by the measurements z;;, j = 1,2, ..., m.!
In applications of teacher value-added models, 6; are the teachers’ (indexed by i) effects and
x;; are the students’ (indexed by j) test scores.

Depending on the context, various modeling assumptions are made on the conditional

distribution fye(-). In empirical studies, the most frequently encountered set of assump-

tions—either explicitly stated or implicitly applied—pertains to the imposition that

0; "N (g, %), (3)
;10 i"i*d'N(Qz‘a ), (4)

i.e., a normal conjugate model. Since it is a conjugate model, the posterior distribution of 8
given x1,Ts, ..., Ty, 1S also normal.

EB estimator are essentially Bayes rules except that the prior is “estimated” from the

IFor the ease of exposition, we assume the panel is balanced.



data. In the normal conjugate model, the EB estimator is

<9 ~2
07" 4 Ti + i 5
TR T e )
where
_ 1 «
ZT; E : iL‘Z‘j (6)
7j=1
. 1 n m
Mo = —Zzﬂh‘j, (7)
i=1j=1
R I, . 1.
P = =T — )’ — —A, (8)
=1
and
1 n m
- Z (ij — T) (9)
'L:l ]:1

Notice that 0FB is the EB estimator as it is the posterior mean of 6 given z;1, i, ..., Zim
with the parameters (ug, 72,7?) estimated by their empirical analogues. That is, éfB is the
Bayes rule with an estimated prior. 2

In a typical application of EB in economics, researchers are often interested in the prior

distribution 7(+), the fixed effects 6; as well as the impact of §; on some other variables, say

Yi;- More formally, the researcher is interested the coefficient 8 in the regression

yij =+ GZB + uij. (].0)

In the context of teacher value-added, y;; may be some measures of the students’ long-

term outcome such as college attendance or earnings in the labor market, and the researcher’s

2Strictly speaking, while EB methods are inspired by the Bayesian methodology, EB estimators do not
perfectly fit into Bayesian paradigm. In this paper, we view the EB as frequentist methods and examine its
frequentist properties such as consistency and asymptotic normality.



goal is to estimate the impact of 6; on y;; given that ¢; is unobserved and is only noisily

measured by 1, Tio, ..., Tim.>

One approach that is commonly seen in empirical practice is to regress the outcome

variable y;; on the EB estimates §¥7

OLSEB _ S (0P8 —6"P)(yi; —9) (11)
S (0FP —grmy

where y and 5B are averages of y; and éiEB respectively. The idea of regression on éiEB as
if they were the true unobserved 6; is quite popular, and it goes beyond linear regression
to nonlinear models such as the logistic regression. While this approach does have intuitive
appeal and is convenient once we have the EB estimates, the statistical properties of it
remain unclear. In this paper, we aim to fill this gap.

We start our analysis by inspecting the asymptotic properties of éEB . Lemma 1 provides
a useful observation to understand SOFSEB as well as the more general form of post-EB
regression. Note that since x;;,j = 1,...,m are independent, unbiased measurements of 6;,

we can write
xij = 92 + Uija (12)

where E[v;;]0;] = 0 and v;; L v; for j # j'. If we invert the role between x;; and 6; and

3While the example shares similarities with configurations often seen in the measurement error literature,
this paper diverges in two key respects. First, our scope goes beyond the simple estimation of model
parameters to include a critical examination of current empirical practices. As noted earlier, EB methods
are commonly used to address measurement errors across various applications, even though there is a relative
lack of theoretical substantiation for their effectiveness. Second, our concerns are not limited to estimating the
regression coefficient 3; we are also interested in estimating the latent fixed effects 6; as well its distribution

m(-).



consider the population regression of #; on z;, we can write

0;, = a+ bx; + v;, (13)

E[o] = E[5:%;] = 0. (14)

Then Lemma 1 implies that the fitted value from the inverted regression is in fact, éiEB.

Var(6;)
Var(vij)/m+Var(0;

Lemma 1. Let uy = E[6;] be the grand mean and A = ) be the signal-to-noise

ratio. Then the regression coefficients a = (1 — \) - E[6;] and b = \.

Lemma 1 implies that the EB estimators éz-EB are the best linear predictors of #; given

Z;, and we can use éiEB as consistent estimators of the fitted values of ; even though we
do not observe 6;. Viewing éiEB as fitted values of 6; suggests that the post-EB regression

BOLS,EB

estimator resembles a two-stage least square (2SLS) estimator, which is consistent

provided that z; is a valid instrument for #;,.* We formalize this observation in Proposition

BOL&EB

1 by showing that can be framed as a generalized method of moments (GMM)

estimator (Hansen, 1982).

BOLS,EB

Proposition 1. 15 consistent and asymptotically normal.

Proof. Consider the population linear projection of §; on Z;

Qi:a+bji+6i,

in which the coefficients are given by

0= (1- g = (1= NE[0],

4Chetty, Friedman Rockoff (2014) made a similar observation, in which they refer to the instrument
validity as the “forecast unbiasedness”. Our formulation emphasizes that EB estimates are the "fitted
value” in the first stage and that correction for generated regressors is needed when calculating the standard
€rTors.



and

B Var(6;)
- Var(6;) + %Var(vij)

b =\

Replace 0; with its fitted value a + bZ; in the regression model y;; = o + 0,8 + u;;, we get

Ui = a+ B[(1 = Npg + Az; + 0] + 4y

< J

= a+ B[(1 = Npg + Az;] + (B0; + 1;).

EB
Ty

BOLS,EB

Therefore, together with the orthogonality condition, we can reformulate as an exact-

identified GMM estimator with the following moment conditions for parameters (o, 5, g, A):

E[z; — pg] = 0,
1 = \/ = = 2 _
m(l‘zj —Z;) (s — &) — (T — pg)°A] = 0,

E[yij - — ‘91'5] =0,

El(y;; —a—6;8)8;] = 0.

E[

Under regularity conditions, the standard (non-linear) GMM Hansen (1982) theory implies

that SOSEB ig consistent and asymptotically normal. O

We are not the first to notice the consistency of SLS#8. The idea of using James-Stein’s
estimator to correct measurement error can be traced back as early to Whittemore (1989).
Guo and Ghosh (2012) calculates the mean-squared error of the two-step estimator proposed
by Whittemore (1989), implying that the estimator is consistent as a side result.> Our result

further establishes that BOLS’EB is also asymptotically normal.

5Another way to see the consistency of 3OE5EB ig to notice that the shrinkage factor X is exactly the
attenuation bias if one regresses y on the noisy measurement x. Direct calculation of the probability limit
of BOLSEB ghows that the shrinkage factor turns out to cancel out the attenuation bias, making FOL5FB
consistent.



2.1 Beyond Linear Models

The example in Proposition 1 is simple and restrictive in several ways. First, the EB esti-
mator élEB is derived from the normal conjugate model. While the normal conjugate model
is popular among empirical applications, other models, such as a beta-binomial model to
accommodate binary x, may also be of interest. Second, the regression model considered
in Proposition 1 is a simple linear regression, which contains only one independent variable
and excludes nonlinear regression models.

In this paper, our goal is to develop a general method of post-EB regression that allows for
flexible specifications of EB estimators and encompasses both linear and nonlinear regression.

However, as we can see from the proof of Proposition 1, the post-EB regression for simple

linear regression is consistent since

Elyi|z:] = o + E[6:]7;] - 5 (15)

—a+ 0775 (16)

So in the regression, in which we regress y;; on 677, is correctly specified. In nonlinear

regression models, the above equality would amount to require that

Elg(0:, 5)|z:] = g(E[6i|z:], B),

where g(-) is the conditional mean function of y conditional on #. That is, the posterior mean
of the transformation has to be the transformation of the posterior mean. The equality does
not hold in general. Consequently, post-EB regression, if done naively (i.e., EB estimates

WEB
ei

are directly used as regressors as if they were the unobserved 6;), can lead to biased
estimates. For example, one can show that, if g(-) is the logit link function and (z;;,6;)
follows normal-normal, then the equality is violated, leading to an inconsistent estimator of

3.5 Hence, the empirical practice currently observed in the literature may lead to erroneous

SHowever, for probit models, in which g(-) is the cumulative distribution function of the normal distribu-

10



results.

Nevertheless, the shortcomings of the “naive” post-EB regression should not be inter-
preted as a general inadequacy of EB methods for correcting measurement errors in nonlin-
ear models. In the following section, we outline the “proper” post-EB regression that are
applicable to nonlinear models. Additionally, our generalized approach extends beyond the
normal conjugate model for EB estimators, permitting the distribution 7(-) to be identified

in nonparametrically.

3 General Setup

Below, we describe the general setup we consider in this paper. As in most EB applications,
we assume the data {{y;,Xij, zi;}72,, 0i};~, has a panel structure. The latent variable 0; €

R4m(®) is drawn from an unknown distribution 7

6, "< Qi (17)
and is noisily measured by x; € R7>dim (x)
iid.
Xi|0; "~ pe(x;), (18)

where p9(x; ) is the conditional distribution of x given 8. The parameter v € R¥™() can
be seen as a nuissance parameter that adds flexibility to model. For example, in the teacher
quality context, the parameter v may include the variance of within-class test score or the
effect of control variables on the test score.” Note that, while we allow the prior 7 to be
nonparametrically specified, we assume that the likelihood 1y belongs to a parametric family

of distributions indexed by ~y.

tion, it is not hard to see that the equality would hold if (z;;,6;) follows normal-normal.

“Consider the example :cij|9i,zij ~ N(6; + zijwl,*yg), where x;; is the test score and z;; is a control
variable such as family income. Define ;; = x;; — z;;71. We can write &;;|0; ~ N(0;,7v2), and v = (71,72)
is the nuisance parameter.

11



We consider the regression of the following form:

Yij = 9(0i, zi5) + € (19)
K
Z 01) /6 + Z hl zzga + eiju (20)
k=1

where ¢(-) is the conditional expectation function, gi(-) and h;(-) are functions of 6; and z;;
that comprise ¢(+), and (3,, ) € RI™®B) x RIm @) ig the vector of unknown parameters. We
assume that the functional form of the functions {gx(-)}£,, and {h;(-)}L, are known.
Central to our estimation strategy is to project the regression model onto the variable
x; so that we can identify the regression coefficients from a model that only consists of the
observed variables. Specifically, in absence of functions {h;(-)}%,, our method amounts to

estimating the parameter 3 by

i=1j5=1

B=agmin L33 (y 2E<gk<ez-;ﬁ>rxi>) , (21)

provided that the posterior distribution of 8; given x; is known.

Note that the estimator B is infeasible because it requires specifying a prior on the
distribution of @ for its implementation. In line with the empirical Bayes approach, we
estimate the prior from data rather than specifying it. Denote this empirically derived prior
as 7. Then, using the estimated prior 7, we can calculate the corresponding posterior and
plug it into the regression model. Suppose the posterior admits a density p(-|x), we can

estimate (20) by

B = argmln%z Z {yw Z J 9|xz)d0}

i=17=1

which is the feasible counterpart of B In our proof, we will initially discuss the theoretical

properties of 3 and subsequently extend the result to ,é

12



When {h;(-)}£., are present in the regression model, we have to first subtract 3.1, hy(2;; &)
from y;; before applying the procedure described above. In our setup, this can be done easily

since we can view

K
2, 9+(05)

as fixed effects 6; = Zszl gk(0;; B), and we can estimate § by a fixed effect regression
L ~
Yij = Z hl(zij; 5) + 01 + €ij-

Subtracting Zle hi(zij; 8) from y;;, we can then proceed to the estimation of 3.

Below, we outline the steps to implement our method.

e Step 1: estimate the nuisance parameter v and d. In most setup, this can be easily
done by either method of moments or a fixed effect regression. Denote the estimators

as v and 5.

e Step 2: estimate the prior 7(-) by the nonparametric maximum likelihood estimator

(NPMLE):
= argmgX%Zi:ln Uue(xiﬂ)dﬂ(@}

that maximizes the likelihood over all possible distribution.

e Step 3: given the estimated prior 7(#) and the likelihood py(x; ), use the posterior
distribution of @ given x to calculate the posterior mean of the conditional mean

functions

Elge(0; B)x], k= 1,2, .., K.

Finally, estimate 8 with the regression

K

2
,6' = argmm%zz {yw Zhl zzj, E [9:(0 ]xz]dO} .

i=17j=1 k=1

13



Remark 1. Equation (18) is a different framework from classical measurement error, which
assumes the error is an additive independent random variable. Suppose 6; ~ Beta(a,b) and

x;|0; ~ Bin(2,0;). Then, the error

is mean-independent of 0;, but not independet from 0; (E|e;|0;] = 0 but P(e; > 0|0; =
0.5) # P(e; > 0]0; = 1) = 0.) Thus, deconvolution, which relies on the decomposition of

characteristic functions, is not useful.

4 Theoretical Results

In this section, we derive the statistical properties of the proposed estimator. The structure
of our argument will closely follow the three steps that we lay down earlier in the last
section. We will show that, if consistent estimators 4 and b for the nuisance parameters are
available, then 7, the prior estimated by NPMLE, also converges to the true distribution
when the sample size goes to infinity. The convergence of the posterior regression function
E[g(0; B)|x] can then be established, which further implies the regression estimator § is

consistent and asymptotically normal.

4.1 Consistency of NPMLE 7

The idea of NPMLE can be traced as early back to the seminal paper of Kiefer and Wolfowitz
(1956). Since then, a variety of theoretical extension of the baseline method as well as
progresses in the computation of NPMLE has been done. In this paper, we apply and
generalize NPMLE to mixture models with nuisance parameters. Noteworthily, we derive an
equivalent formulation of NPMLE that could be of independent interest. Our formulation
allows the utilization of the recent advancement in the optimal transport problem, which

makes solving NPMLE in mixture models with multi-dimensional latent variables possible.

14



Given the distribution 7(0), we can write the marginal likelihood of x as

FximA) = L 4o (x: ) dr(6),

that is, we can view the distribution of x as a mixture with mixing distribution 7 (). The
idea of NPMLE is to search for the mixing distribution 7(-) over II, the space of all possible

distribution on the support of 8. Formally, the NPMLE estimator 7 is given by:
T= 1 ST Y.
# rge%; n f(x;; 7, 4)
To discuss the consistency of 7, we equip II with the metric Dgyy:

D (m1,2) = J@ |m1(0) — 2(0)] exp(—||6]]1)d6.

Notice that this metric is bounded on the space of c.d.f, and convergence in D gy is equivalent

to convergence in distribution, i.e., Dgw (m,, 7) — 0 if and only if
T, (0) — 7(6)

for all continuity point 6 € ©.

The following assumptions guarantees that 7 is strongly consistent. Assumption 1 and 2
are standard in the literature except that we include nuisance parameter « in the statement.
Assumptions 3 and 4 are needed to assure that estimation error in 4 does not affect the

consistency of @ when the sample size n is large enough.

Assumption 1 (Identification). Let F(x;m, ) be the cumulative distribution function of

f(x;m,7). For all v, if F(x;m,~) = F(x;7,7) for all x, then Dgw (7, 7") = 0.
Assumption 2 (Contintuity). For all 7y, the function f(x;m) is continuous in w € II.

Assumption 3. 7 is a consistent estimator of .

15



Assumption 4. Let Q(m,vy) = Ex[{g po(x;v)dm(8)]. There exists a neighborhood N, of

Yo 8-1. SupfyeN7 SUPrent |6Q W‘Y)’ M fOT’ some M > 0.

Proposition 2. Under Assumption 1 - j, when n — o,
DKw(ﬁ',ﬂ'o> —0 a.s.,

ie., 7(0) “5 1,(0) VO e O.

Proof. The main part of the proof is to show that the sample criterion function

Zln ljug X3 dw(ﬁ)]
converges uniformly to the population criterion function
Q(8) =& | [ mtoiiato)|.
Consider the following functions:
Zln [f,ug Xy Y dﬂ'(Q)]
and
Q(B,7) =E [JM9(Xi§7)d7(9):| :

Then

Q:(8) — Q(B)| = |Qn(B.%) — Q(B. 7o)
< Qn(B:4) — Q(B, ) +1Q(B,4) — Q(B,¥,)-

Note that the first term converges uniformly over 3 by as the standard NPMLE Chen (2017).

16



Using Taylor expansion, we can see that the second term is uniformly bounded by

M - ||(’A)I_'YO>H7

which converges to zero as 4 — =, O

We propose an algorithm to approximate the NPMLE solution when the latent variable
0 € R? is a multi-dimensional vector. Suppose the likelihood of the observation vector x;
given the latent 6; has a density (or probability mass function) ¢, (x;;6;).® The NPMLE

estimator for the distribution of 8; is defined as

# = argmaxn ' Z log f ©n(x;;0)dm(6),

i=1
where the maximum is taken over the space of all probability distributions on R?. It can be
shown that, after some assumptions, 7 can be identified as

# — argmin inf [ f ~log gy (x: 0)d1(0,%) + 1(7)] | (22)

m  ~ell(w,U)

where TI(u, v) denotes the set of couplings between probabilities  and v, U is the uniform
on {Xy,...,X,}, and I() is the mutual information. In other words, 7 is the minimizer of
the regularized optimal transport cost between 7 and U, with the cost measured by minus
log likelihood.

With the identification (22), we can employ a gradient descent method to approximate
7. Let us pre-fix a grid points {01,0,,...,0;,} in © < R, and initialize the probabilities

{p1,...,px,} associated with the grid points. Consider the following regularized optimal

8We ignore v as it does not affect the formulation.

17



transport problem, which is a smooth constrained optimization problem.

n  kn
manZ —Yij log()on XZ,O‘) + I(V)
i=1j5=1
S v =pi J=12.. .k, (23)

1
Z’YZJ:—, i:1,2,...,n
- n
J
Then the gradient of the (minimized) transport cost with respect to p = (p1,...,px,)" is
exactly the vector of Lagrange multipliers, A, associated with the set of constraints (23).
Note that we can, without loss of generality, normalize A so that Zf" Aj = 0. Therefore, the
gradient update p + nA remains a valid probability on the grid points for any learning rate

n € (0,1). The following algorithm summarizes the above discussions.

Algorithm 1: Multi-dimensional NPMLE

Initialization: Probabilities p©® = (pi, ..., px,), maximum number of iteration M,
learning rate n

1 form=1,2...,M do

2 Compute the Lagrange multiplier vector X associated with (23) for p = p(m=1,

3 If necessary, normalize A such that A sums up to zero.

4 Update p™ = pm=1) £ pA.

5

6

Early stopping if convergence.
end

4.2 Asymptotics of the infeasible estimator /3

We begin our analysis of the proposed estimator B by inspecting the properties of its oracle

counterpart ,@

h
N

2
8= argmm%zz {yw Zhl(zi], Z [9:(0; B) |x,]d0} : (24)

i=1j=1 =1 k=1

18



in which the nuisance parameters 7(-) and v in E[gx(0;3)|x;] and § are assumed to be
known. Then, we will show that the B is asymptotically equivalent to B. Throughout the
paper, we assume the parameter 3 belongs to a compact convex parameter space B < R%.
Moreover, the regression function h(-) is Lipschitz in 3 uniformly over ©. That is, there

exists L;, < oo such that

sup [h(0; B) — h(0; B')] < L4|B — 8|

6cO
for all 3, 3’ in B.

Proposition 3. Assume
E{E[1(8:;8,) — h(6:; B)lxi]}* = 0 (25)
if and only if B = B,. In addition, assume

Esup(h(6;; 8))* < =
BeB

and the moments Ee?j exists. Then B is consistent.

Proof. W.L.O.G., we can assume Zlel hi(zij; 6,) = 0 as we can redefine the outcome as
Uij = Yij — mm 2t D1 Yij — S hi(zi;8,) in the following proof. Write Q,(8) =
) S 2 (Y —Eo(h(0:; B)[x:))?. We first show that Q,(8) converges to a non-stochastic

Q(+) in probability uniformly, which is uniquely minimized at 3,. Write

i=1j=1 ‘ i=1j=1
9 m n
+ E Z Z Ei(h(eza /60) - E(h(el, ,8)|X1))
j=1l:=1

19



Clearly A, — E(e?j) in probability. Since B is compact, for each € > 0 we can choose a
finite collection {31, ..., Bk} in B such that for each B € B there exists some 3; such that

|8 — Bi]| < e. Note that

=N Z 0“,60 Z 917/80 917/8 ‘Xz Z 01?/8 |XZ )

Clearly Bi,, — E(h(0;;3,))? in probability. To each 3 choose 3" € {8,..., B} such that
18" — Bi| < e. We have

28 2
By = —= ; h(0:; B.)E(h(6;; B)[x;) — - ; h(0;; B,)E(h(6;; B) — h(6;; B)[x)),

SO

2Lh€

9 n n
B2,n + 52h<01760> ( (017/6T |Xz < Zh 017/60
i=1 =1

implying
1131j£p | By, + 2E(h(0;; B,)E(h(0;; BT|x;)| < 2L,eE sup |h(0;; B)]
with probability tending to one. Since € is arbitrary, standard arguments yield
By, — —2E(h(0;; B,)E(h(0;; B)|x;)
in probability uniformly in 3 € B. By a similar argument,

By — E(E(h(8;; B)[x:))*

in probability uniformly in 3. Thus Ay, — E(h(6;;83,) — E(h(0;;3)|x;))? in probability
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uniformly in 8. Similarly, As,, — 0 in probability uniformly in 3. We have shown

Qn(B) —=E(e}) + E(h(0;; B,) — E(h(0;; B)|x;))

=E(€}) + E(h(6;; B,) — E(h(0;; B,)|x:))* + E(E(h(8;; Bo) — h(8;; B)[x;))?,

which is uniquely minimized at 3 = 3, by our assumption. The desired result follows from

standard results, e.g. Theorem 4.2.1 of Amemiya (1985). O

Remark 2. The identification condition (25) is commonly adopted in the measurement error

literature. In the linear regression model where h(0;3) = 073, (25) is equivalent to

being positive definite.

Proposition 4. Let H;(B) = Ey(h(0; B)|x;). Assuming reqularity conditions for WLLN and
CLT to hold. Assume also H;(3) = E(h(0;3)|x;) is twice continuously differentiable in 3,

and the following matrices exist:

M =E [VﬁHz‘(ﬂo)ngi(ﬁo)] )

V =E [(y; — Hi(8,))*VsHi(B,)V 5 Hi(B,)] -

Then

ﬁ(/é - /80) = N(07 M_IVM_I)' (26)

Proof. The result follows from the proof of Proposition 3 and Delta method. O

Remark 3. Proposition 3 and 4 can be applied to situations when researchers uses Bayesian
(rather than empirical Bayes) procedure to generate regressors. For example, researchers

may use Bayesian topic models to generate the topic of article for a regression analysis.
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Example 1. Consider the linear model h(0; 3) = 07 3. Let z; = E(0]x;). Then

M = E(ziz; ),V = E[(y: — 2; Bo)"2z2; |,

i

and \/n(B — B,) = N(O,M'VM~!). When 3, = 0, M"'VM~! = ¢2M~!. In this case,
naive EB coincides with this formula. Such equivalence when the true regression coefficient

is zero is also seen in the instrumental variable regression.

Example 2. For the nonlinear model h(0; 3) = 03, we have M = E(w?) and V = E[(y; —

w;B,)?w?], where w; = E(0%|x;). In this case, ignoring the generated regressor can lead to

biased standard error even when (3, = 0.

4.3 Asymptotic results for the feasible estimator

In this subsection, we assume the likelihood measure pg(-) has a density fg(-) with respect

to some common dominating measure A (i.e. ug < A for each 6 € ©, where © < RP). Let

= H—h(e;ﬁ)fb(x)':ce 1 8eB e
9= {0 [aioinie) < FHA<BAeP)

be the collection of conditional expectation kernels for the conditional mean regression func-

tion, where B < R? is our parameter space. Observe that

h(0; B) fo(x)

Eq [1(6; B)|xi = «] = Wdﬂnw),
and
Eo [1(0; B)|x; = ] = %dmw).

The following lemma gives a uniform convergence result of the empirical-Bayes posterior

mean regression function to the infeasible Bayes posterior mean regression function.
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Lemma 2. Consider a sequence of prior distributions w, € P such that 7, = m,. Assume

that

(1) there exists some M < oo such that

h(0; B) fo(x)

[ folr)dn(@)| ="

sup
z€RI,BeB,meP,0e0

(2) each element in G is continuous in 6;

(8) for each € > 0 there exist a compact K. € © and a finite subset C. = G such that to

each x € R? and 3 € B corresponds an g € C, with

sup h(0;B) fo(x)

0cK. meP Sf0($)d7r(0) - 9(0) < €,

and T (K.) =1 —€ and m,(K.) = 1 — € for all n.

Then,
sup  |Eg [1(0; B)|x; = 2] — Eg [1(0; B)|x; = ]| — 0.

zeRY,BeB

Proof. Fixing  and 3, we can write

EB [h(0;B)|x; = x] —Eq [R(0; B)|x; = z]| < Ry + Ro + R3 + Ry,
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where

By condition (1) and (3), Ry < 2Me. By condition (3), Ry + R3 <

it is bounded and continuous by conditions (1) and (2).

r

h(0; B) fe(x)

= ‘JKC Sf@ d7Tn 0 dﬂ-n JKC S 9(1’ d7T*
_| [ 1O:B)fe(x) )
e = K. Sfa )dm, (0 JK 9(8)dm: (6 ‘
| h(O:;B8)fe(x
s = K. Sfe dﬂ'* L{ g d7T* ‘
R, =sup J 9(0)dm,(0) — J g(H)dﬂ*(H)‘ :
geCe |JK. K

R4 < 2¢ + o(1). This concludes the proof.

4.4 Equivalence to Bayes with oracle prior

Let

and

L(B) =n"" Z(y — Bo(h(6; B)|x,))*.

Recall that 3 = arg minges L, (8) and 8 = arg minges L, (8).

Lemma 3. Assume (1) for each § > 0 there exists an € > 0 such that

P (i, £,(8) - L,(8) > ) — 1

B¢Bs(B)
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2¢. Since g € C. < G,

Thus it follows from m, = m,,
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(2) B is compact, and (3)

sSup |zn(ﬁ) - Ln(ﬁ)| —0
BeB

in probability. Then,

1B-8]—-0

in probability.

Proof. Fix 6 > 0 and let € > 0 satisfy condition (1). Then

<P(B € Bs(8)) + o(1).

The desired result follows. O]

In Proposition 1, we have shown that 3 is consistent for B8,. Therefore, a direct conse-

quence of Lemma 3 is that ,@ — (3, in probability.

Proposition 5. Assume WLLN and CLT. ]f,é 1s the feasible EB estimator computed using

prior m, with w, = ., then

V(B - B,) = N(O,M'VM™),

where M and V are the same as those in (26).
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Proof. The proof is standard delta method. By F.O.C. and mean value theorem,

— ——2 1(6; BIx;))V B (1(6; B)[x;)
2 ¥ alto (h(8; Blx:)) V5o (8 A1) 2 h(6: Blx)) Vo (h(0: B0 | (B - 8.)
- = Z 1(8; Bo[xi))) V sl (h(6; By) ).
Then apply CLT and WLLN. 0

Proposition 3 implies at least under quite general assumptions, using the empirical Bayes

as denoiser is equivalent to using Bayes denoiser with oracle prior.

5 Simulation

5.1 Biased Nonlinear Second Stage
5.1.1 Log Model
0; ~ Beta(a,b)
10X; | 6; ~ Binom(10,6;)
Y; = Bo+ fiInb; + e;, e; ~ N(0,n%)

1=1...n,

For this simulation, m = 10, a =2, b =7, 1= 1.5 By = 1, 1 = 5. Data are repeatedly
generated B = 500 times, and below we present the distribution of the estimators and
their mean square error performances for different values of n. The result show that the
our proposed method is consistent and asymptotically normal, whereas the naive estimator

(replacing the unobserved 6; directly by 6EB in the regression) can lead to bias.
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By naive

Bo proposed

2.00 1 2.00
n=1000, MSE=0.97 n=1000, MSE=0.65
175 n=5000, MSE=0.46 1.75 n=5000, MSE=0.08
n=10000, MSE=0.37 n=10000, MSE=0.04
1.50 1.50
1.25 1.25 4
z z
§ 1.00 é% 1.00
0.75 0.75 1
0.50 4 0.50
0.25 1 / 0.25 1
0.00 T T T 0.00 T T
-2 -1 0 1 3 4 -1 0 4
31 naive 01 proposed
n=1000, MSE=0.80 307 n=1000, MSE=0.29
. n=5000, MSE=0.67 n=5000, MSE=0.04
’ n=10000, MSE=0.55 25 n=10000, MSE=0.01
2.0 1 2.0
z z
215 215
[a] [a)]
104 1.0 4
05 0.5
0.0 T T T T T T 0.0 T T T T T T
30 35 40 45 50 55 60 65 7.0 30 35 40 45 50 55 60 65 7.0
= . = .
Bo mnaive proposed f£1 mnaive proposed
n=1000 0.97 0.65 n=1000 0.80 0.29
n=5000 0.46 0.08 n=5000 0.67 0.04
n=10000 0.37 0.04 n=10000 0.55 0.01

5.1.2 Logit Model

ei ~ N(M77-2)
Xij | 92 ~ N(6i70'2)

P(Yy; =1) = A(Bo + £10;); P(Yy; =0) =1—A(Bo + 516:),

where A(z) = —

1+e—2

a logistic function. i =1...n, j=1...m.

For this simulation, m = 10, p = 0, 7 = 4, By = —2, /1 = 2.4. Data are repeatedly
generated B = 500 times, and below we present the distribution of the estimators and their

mean square error performances for different values of n. Similar to the previous result, the
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simulation shows that the our proposed method is consistent and asymptotically normal,

whereas the naive estimator can lead to bias.

By naive Bo proposed
5 n= 500, MSE=0.64 1.6 1 n= 500, MSE=1.46
n=1000, MSE=0.64 14 n=1000, MSE=0.21
N n=2000, MSE=0.64 : n=2000, MSE=0.08
1.2
o3 o 104
2o
2 (‘ 0.6
0.4
1
/ \ 0.2
0 T T T 0.0
—6 - —4 -3 -2 -1 0 1 2 —6 -5 —4 -3 -2 -1 0 1 2
By naive B, proposed
64 n= 500, MSE=0.89 144 n= 500, MSE=2.42
n=1000, MSE=0.92 n=1000, MSE=0.27
54 n=2000, MSE=0.92 1.2 4 n=2000, MSE=0.11
1.0 4
N
z 205
331 2
0.6
)]
0.4
1 0.2
0 0.0
-2 -1 0 1 2 3 4 5 6 -2 -1 0 1 2 3 4 5 6
Bo mnaive proposed [1  naive proposed
n=500 0.64 1.46 n=500 0.89 2.42
n=1000 0.64 0.21 n=1000 0.92 0.27
n=2000 0.64 0.08 n=2000 0.92 0.11
5.2 Nonparametric Priors
0, ~G

Xij | 01 ~ N(O,O’2)
Y;j = 50 + 5101 + ﬂg@? + OéZij + €ij, €ij ~ N(O,??Q)

c=3n=2LBy=15=5 =2 a=12m=15 B =500
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In this simulation exercise, we show that our method can nonparametrically identify the

prior and generate consistent estimates of the regression parameter. By contrast, parametric

methods with misspecified prior can lead to bias.

Bimodal Skewed Uniform
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Misspecified prior:
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