Strategic Use of Product Delays to Shape

Word-of-Mouth Communication®

Alexei Parakhonyak‘L and Nick Vikander*

January 2024

Abstract

This paper investigates the advantages a seller can gain by strategically creating
product scarcity to manipulate consumer word-of-mouth communication. The seller
offers a product of uncertain quality and sets a service speed that determines whether
opinion leaders are immediately served or delayed when attempting to purchase the
product. Opinion leaders subsequently share their experiences with other consumers,
influencing these consumers’ beliefs about product quality and their purchase de-
cisions. We show that delaying opinion leaders can significantly impact consumer
learning by altering both the content and level of word-of-mouth communication.
Specifically, the content effect alone can incentivize the seller to delay opinion leaders,
except in niche markets where private information is highly accurate. In settings where
information about purchased products spreads more easily than information about
delays, the level effect limits the potential for suppressing service speed, particularly

in markets with high expected product quality and many opinion leaders.
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1 Introduction

This paper considers how a seller may profitably shape consumer ‘buzz’ about its product
by strategically creating product scarcity. The idea is that initial scarcity limits the number
of opinion leaders who can make early purchases. As such, it can influence both what
leaders can communicate about the product and how much they communicate to other
consumers in the market. We explore how creating initial product scarcity can either help
or hurt the seller by affecting subsequent sales, via this word-of-mouth channel.

Consumers can communicate in many ways, such as face-to-face conversations, social
media posts, online discussion groups, and product reviews.! This word-of-mouth com-
munication can in particular be a valuable tool to help consumers learn about product
quality. For example, when considering purchasing a mobile phone, individuals may
seek out information from acquaintances who have ordered or received the same model.
Additionally, online product reviews can provide insights from other consumers that aid
in the decision-making process. By leveraging these sources, individuals can effectively
learn from the experiences of others before making a purchase decision.?

Given the power of word of mouth, it is no wonder that firms may try to strategically
influence consumer communication in a variety of ways. Firms can use so-called ‘buzz
marketing’, where digital advertising about a product aims to help get people talking
(Mohr, 2017). They may in particular try to shape ‘pre-release buzz’ by influencing how
consumers talk before receiving the product (Xiong and Bharadwaj, 2014). Firms may also
strategically use pricing to increase product awareness, as in frequent zero-price sales for
smartphone apps, to attract new consumers who then talk to others (Ajorlou et al., 2018).
They may even go so far as to directly manipulate consumer communication, by posting
fake product reviews on platforms such as TripAdvisor (Mayzlin et al., 2014), Yelp (Luca
and Zervas, 2016), and Amazon (He et al., 2022).

1An established literature has shown how word-of-mouth communication can affect many consumer
decisions, including television viewing (Godes and Mayzlin, 2004), book purchases (Chevalier and Mayzlin,
2006), movie viewing (Liu, 2006; Duan et al., 2008), even adoption of microfinance (Banerjee et al., 2013),
and much more.

2In this spirit, Nam et al. (2010) consider word-of-mouth learning about product quality for a ‘“video on
demand’ service, where signal quality is uncertain ex ante and varies with geographical location, and where
86% of surveyed household reported discussing the service with someone they knew. They conclude that
word of mouth is associated with faster (slower) local adoption of the service when quality is high (low).
Relatedly, Neelamegham and Jain (1999) emphasize the importance of word-of-mouth communication for
products, such as movies, with ex ante quality uncertainty, and distinguish between positive and negative
word of mouth.



Our paper considers a novel way a seller may strategically influence word of mouth to
shape consumer beliefs about product quality: by using scarcity to delay the purchases
of opinion leaders. Delays and stocks outs are common in practice. Prominent examples
that have received widespread attention include shortages for the Nintendo Switch in
20203, Tesla in 2021* and the Sony PlayStation 5 over a similar period.> While delays can
certainly arise for many reasons, such as unexpected production problems, our focus is
on how delay can allow a seller to shape consumer buzz.

We show that delaying opinion leaders can sometimes be profitable, precisely because
of its impact on word-of-mouth communication. We also describe how the profitability of
delay depends on factors such as ex ante beliefs about quality, the precision of consumers’
private information, the relative number of opinion leaders in the market, and the extent
to which leaders talk if their purchases are delayed.

More specifically, we present a two-period model, where a seller first faces a cohort
of opinion leaders and then a cohort of followers who can potentially talk to the leaders.
All parties are initially unsure whether product quality is high or low and each consumer
receives a boundedly informative private signal. The seller chooses a service speed which
influences how quickly leaders can be served, after which leaders arrive and simultane-
ously choose whether to place orders. All demand from leaders up to the service speed is
immediately served while all other leaders who place orders are delayed. Each of these
leaders can then tell some followers about their experience: whether they were delayed
or served, and in the latter case, their utility from buying. Followers then simultaneously
choose whether to buy. Those that buy receive the product, as do leaders who were
delayed.®

We first consider a baseline case, where leaders talk to the same number of followers
regardless of whether they are immediately served or delayed. Delaying leaders then
affects only the informational content of word-of-mouth communication. Rather than

telling followers hard information about product quality, delayed leaders can only convey

3See https:/ /www.forbes.com/sites /davidthier /2020/04/19/the-real-reason-nintendo-switch-is-out-
of-stock-everywhere /?sh=4e08af9d5694, accessed on January 05 2024.

#See https:/ /www.cnbc.com /2021 /08/18 / months-long-delivery-delays-confound-would-be-tesla-
owners.html, accessed on January 05 2024.

5See https:/ /www.npr.org/2023/01/05/1147157065/ sony-playstation-5-shortage-over, accessed on Jan-
uary 05 2024.

¢ Assuming delayed leaders also eventually receive the product allows us to isolate the informational
impact of delay on profits. Reducing service speed then does not directly cost sales but only affects word
of mouth. As such, in the absence of word of mouth or quality uncertainty, the seller would be indifferent
between immediately serving or delaying leaders.



softinformation about their intention to buy and the fact that they could not get the product
immediately. It is via this content effect that a lower service speed reduces learning.

We show that delaying leaders may be strictly profitable. That is, for certain parameter
values, there exists a pure strategy equilibrium where all leaders are delayed. Perhaps
surprisingly, the seller will hide information via delay whenever product quality is likely
high, as then meeting a delayed leader is sufficiently good news to induce purchases. The
seller may also use delay when product quality is likely low, but only if signals are not too
accurate. The first case corresponds to ‘mass markets’ (see Ivanov (2009)), i.e. markets in
which all consumers would be willing to buy based solely on the prior. The second case
corresponds to ‘niche markets’, where only consumers who obtain positive information
about quality, either via private signals or word of mouth, will purchase the product.

In contrast, no pure strategy equilibrium exists in which leaders are immediately
served. Followers who expect a high service speed will infer that demand is high upon
unexpectedly meeting a delayed leader, which pushes the seller to instead set a low service
speed to induce delay. By the same token, it is never strictly profitable in equilibrium to
immediately serve leaders rather than delay them. Nonetheless, if private signals are
strong enough, then in niche markets there exists a mixed strategy equilibrium where
the seller serves all leaders almost surely, and where followers who meet delayed leaders
randomize between always buying and acting on their private signal.”

We then consider a more general case, where immediately-served leaders talk to more
followers than leaders who are delayed.® A low service speed then reduces learning both
by the content effect from the baseline, as well as a level effect, since fewer followers then
hear from leaders. Intuitively, the less that delayed leaders talk, the stronger the level
effect will be when the seller induces delay.

The level effect affects expected sales via two channels. First, if expected quality is
high enough, the seller may prefer consumers to act on hard information learned via
word of mouth rather than private signals. Second, when the number of leaders is large

relative to the number of followers, not meeting a leader may provide particularly bad

’Our baseline results are robust to changes in the amount of word of mouth that leaders engage in, and
in the number of leaders relative to followers. These results are also unchanged if we assume that word
of mouth not only transmits utility information but also spreads product awareness, i.e. if we assume that
only followers who hear from leaders are able to buy.

8 Arguably, consumers are more likely to share information about the product they actually have, than
about the fact that they are waiting to receive it. Such information sharing, e.g. can take the form of a
product review.



news about product quality, resulting in unconnected followers refusing to buy regardless
of their private signal. Thus, the level effect makes it less attractive for the seller to use
delay compared to the baseline, in particular in situations with many leaders and where
expected quality is high. In such markets, the level effect leads to the existence of a pure
strategy equilibrium in which all leaders are served. Nonetheless, the seller still finds it
profitable to delay leaders under alternative market conditions.

The second channel of the level effect also implies that follower beliefs about the seller’s
service speed may be self-reinforcing, resulting in equilibrium multiplicity. This means
that both a pure strategy equilibrium with delay and a pure strategy equilibrium where
all leaders are immediately served can exist for the same parameter values. Intuitively,
followers who do not hear from leaders will be more pessimistic if they expect a high
service speed, as serving leaders increases the correlation between the level of word of
mouth and product quality. This, in turn, pushes the seller to set a high service speed so
that more followers hear from leaders. Our analysis suggests that equilibrium multiplicity
is more of an issue in markets with a moderate number of opinion leaders. In this case,
the level effect is strong enough to offset incentives to delay all leaders for some, but not
for all, follower beliefs.

Our paper’s main contribution is to show how a seller can profitably use product
scarcity to influence word-of-mouth communication. As such, it adds to the literature
on seller strategic behavior and word of mouth.® Our approach of explicitly modelling
consumer communication differs from work that directly assumes local interaction effects
in consumers’ payoff functions (see, e.g., Galeotti and Goyal (2009), Galeotti et al. (2020)).
Our focus on quality uncertainly also stands in contrast to much of the literature, which
has instead focused on how word-of-mouth communication can inform consumers about
product existence, and explored possible interactions with pricing decision (Campbell
(2015), Ajorlou et al. (2018)), information release (Campbell et al., 2017), and both pricing
and advertising (Campbell, 2013).1°

Relatively few papers consider how word-of-mouth communication may help con-

sumers learn about product quality. Godes (2017) assume quality is endogenous and

°The broader literature on word-of-mouth communication considers how agents can learn from hearing
about outcomes from earlier agents in different settings. See, e.g., Ellison and Fudenberg (1995), Bala and
Goyal (1998), Banerjee and Fudenberg (2004). The focus has often been on whether agents will converge on
the same action in the long run and whether this action is efficient.

0Galeotti (2010) instead assumes consumers know about product existence but communicate about
prices, and shows how this affects equilibrium price dispersion.



focuses on firm investment incentives. They show that more word of mouth that transmits
utility information is associated with higher equilibrium investment in quality. Campbell
etal. (2020) assume consumers engage in costly search to learn product quality from earlier
buyers, focusing on how the network structure of communication affects the distribution
of quality in the market via entry and exit. In contrast, we explore how the seller’s strategic
choice of scarcity can affect consumer learning about quality via word of mouth.

Our focus on consumer word of mouth and product quality also has some relation to
the literature on customer reviews. A major focus there has been on how firms may directly
manipulate consumers. In terms of theory, Mayzlin (2006) shows that firm fake reviews
can make consumer communication less persuasive, by making it less credible. Relatedly,
Smirnov and Starkov (2022) show that a firm’s ability to censor bad reviews can affect the
informational content of the bad reviews that do end up appearing in equilibrium. We
also look at how a seller may benefit from strategically reducing the informational content
of consumer communication, but via product scarcity rather than deception, and without
being privately informed about product quality.

By looking at a seller’s incentive to delay opinion leaders, our paper also contributes to
work on optimal product launch strategies. There the distinction is often made between a
sequential ‘waterfall” strategy to promote learning, and a simultaneous ‘sprinkler’ strategy
to restrict it (see, e.g. Sgroi (2002); Aoyagi (2010); Liu and Schiraldi (2012); Bhalla (2013);
Parakhonyak and Vikander (2019)). Consumers there just observe each others choices,
whereas we allow consumers to potentially learn each others’ utility information via word
of mouth. Another difference is that serving consumers simultaneously in this literature
essentially shuts down any information transmission. This contrasts with our paper, as
delayed leaders still talk to followers, which in turn contributes to making delay more
attractive for the seller.

Our paper also contributes to the literature on firms’ strategic use of product scarcity
to influence consumer behavior. Previous work on scarcity has looked at discouraging
consumer strategic delay (DeGraba (1995); Nocke and Peitz (2007); Moller and Watanabe
(2010)) as well as facilitating price discrimination (Wilson (1988); Bulow and Roberts
(1989); Ferguson (1994); Loertscher and Muir (2022)). A few papers in this literature share
our focus on how scarcity can affect consumer learning about product quality, but via

different mechanisms. Consumers learn either via firm signaling (Stock and Balachander,

"Hauser (2023) look at censorship but without explicitly considering consumer communication. There,
censorship reduces the arrival rate of potential bad news, which can affect firm incentives to invest in quality.



2005), observational learning from realised sales (Parakhonyak and Vikander, 2023) or a
combination of the two (Debo et al., 2012). In contrast, we look at how scarcity affects how
consumers learn via both the content and the level of word-of-mouth communication.

Finally, follower learning via word of mouth causes a demand rotation in the spirit
of Johnson and Myatt (2006), by effectively making valuations more dispersed. Delaying
leaders limits this increase in dispersion by rotating demand in the opposite direction.
As such, delay brings the posterior beliefs of followers closer to the prior. Johnson and
Myatt (2006) show that firms tend to benefit from extremes: increasing dispersion when
charging a high price (niche market strategy), but decreasing dispersion when charging a
low price (mass market strategy). As the seller does not price strategically in our model,
the distinction between niche and mass market is exogenous and lies in whether the value
of consumers’ outside option exceeds their prior beliefs about quality.

A fundamental difference with Johnson and Myatt (2006) is that consumer beliefs
about the seller’s chosen strategy crucially affect the way that word of mouth, and delaying
leaders, rotates demand. Their applications focus mainly on mean-preserving demand
rotations corresponding to Bayesian persuasion mechanisms (Kamenica and Gentzkow,
2011), where Bayes plausibility dictates that the expected posterior belief is equal to the
prior. This is also true in our model on the equilibrium path. Off-path, however, due to
unobservable service speed (i.e., lack of commitment power in Bayesian persuasion terms),
the expected posterior need not equal to the prior, since follower inference about product
quality will depend on the service speed they expect. As a result, delaying leaders can
sometimes even allow the seller to increase follower valuations in the sense of first-order
stochastic dominance.

The rest of the paper is organised as follows. Section 2 introduces the model. Section
3 contains all main results of the paper, with the baseline case, corresponding to an equal
amount of word of mouth for served and delayed leaders, discussed in section 3.1, and
the general case discussed in 3.2. Section 4 considers an extension where followers only
become aware of the product if they hear about it through word of mouth. Section 5

concludes.



2 Setting

Suppose there is a product of unknown quality and two possible states of the world,
Q = {G, B}. In state G, quality is good and each consumer who buys obtains ug = 1. In
state B, quality is bad and each consumer who buys obtains ug = 0. A consumer who
does not buy gets reservation utility » € (0,1). The actual state is known neither to the
seller nor to consumers. Prior beliefs of all players are that P(G) =  and P(B) =1 -6,
where g € (0,1).

There are two cohorts of potential buyers in the market. We refer to the first cohort
as opinion leaders, or simply leaders, and the second cohort as followers. The number of
leaders is N whereas the number of followers is nN, with n, N € N.

Each potential buyer has unit demand and learns about quality based on a noisy
private signal, s € {g,b}, where P(g|G) = P(b|B) = @ € (1/2,1). By a < 1, signals
are boundedly informative about the state. Additionally, followers can potentially learn by
hearing from leaders, as described more precisely below. We focus on situations where
P(G|s = g) > r > P(G|s = b). This means that in the absence of further information, it is
optimal for a potential buyer to follow their own private signal.

The timing of the game is as follows. At t = —1, the seller sets a service speed K € Z7,
with K < N. This speed will influence how quickly leaders can receive the product. Then,
att = 0, nature chooses product quality, € {G, B}. The rest of the game consists of three
stages.

In stage t = 1, the leaders enter the market, each receives their private signal, and
they simultaneously decide whether to order the product. If the total quantity ordered
is less than K, then all leaders who ordered receive the product immediately. If instead
total orders exceed K, then K randomly chosen leaders receive the product immediately,
whereas the remaining N — K leaders do not. We will say that the former group of leaders
are served immediately and that the latter group are delayed.

In stage t = 2, the followers enter the market, each receives their private signal, and
each may also learn from a leader via word-of-mouth communication. That is, each
follower connects with at most one leader who ordered the product and hears about that
leader’s experience in stage 1: whether they were delayed or served immediately, and

in the latter case, their utility from receiving the product.’? Each leader who is served,

2We could have assumed that the leader’s utility is transmitted with noise, e.g. that with a small
probability, if = 1 — u is reported instead of . Doing so would not qualitatively change our results.



and each leader who is delayed, connects with m; and mg followers, respectively. We
assume my > my to capture the idea that leaders who immediately receive the product,
and discover its quality, plausibly should not communicate less than leaders who have
yet to receive the product due to delays.!® Since each follower is connected to at most one
leader, we impose m < n.

Finally, in stage t = 3, followers simultaneously decide whether to buy. All followers
who want to buy the product receive it, as do all leaders who were previously delayed.

We normalize the per consumer profit of the seller to 1. The seller sets service speed
K so as to maximize expected profits, given the subsequent behavior of consumers.
Each consumer makes the purchase decision that is optimal, given their beliefs about
product quality. These beliefs about quality follow from Bayes’ rule and the other players’
equilibrium strategies, whenever possible.

We will need to characterise beliefs when the seller is expected to immediately serve
all leaders in stage 1, but a follower nonetheless meets a delayed leader in stage 2. Our
approach is to allow for seller ‘trembles’, where the implemented service speed, with small
probability, can differ slightly from the seller’s profit-maximizing choice of K, in order to
pin down these out-of-equilibrium beliefs. Specifically, if the seller chooses K > 1, then
we assume that the implemented service speed is K — 1 with probability € and K with
probability 1 — €, where € > 0 can be arbitrarily small.

Our analysis will focus on the limiting case of large markets, N — oo. We therefore
normalize both service speed and profits by the total market size, where the seller sets
service speed k = K/N to maximizes expected profits per consumer. This service speed
k € [0,1] should be thought of as the limiting case of the profit-maximizing normalized
service speed K/N in a finite market, as N become large.

There is no discounting between stages.'> Moreover, we assume that followers observe
neither the seller’s choice of service speed K nor the total number of leaders who are
immediately served. As a result, the only information available to followers is what they

hear from leaders via word-of-mouth communication.

13We could also allow for each leader who did not order to connect with say m’ > 0 followers and
communicate their own private signal. Doing so will not qualitatively change our results, as long as such
leaders do not communicate more broadly than leaders who ordered: m’ < mgy < m;.

1“While we focus on service speed, rather than pricing, the consumer reservation utility # can also be
interpreted as reflecting the product’s price if consumers have an outside option of zero.

15 Alternatively, the second period sales can be interpreted as a net present value of future sales.



3 Analysis

Since leaders follow their private signals, the probabilities that j leaders order the product

in the good and bad states are, respectively,

Qc(j) = (Ij ) M-, Qaj) = (Zf )(1 —a)a. &)

Followers who meet a served leader will learn the state by hearing the leader’s utility,
and therefore only buy if the state is good. The decision of other followers may depend
on what they infer from meeting a delayed leader or remaining unconnected, as well as
their own private signal.

As a first step to write out the seller profit function, we will assume a follower buys
with probability y,, if they meet a delayed leader, and buys with probability 6, if they
remain unconnected. These probabilities may depend on the state w € {G, B}, since they
take into account both possible realizations of the follower’s private signal s € {g, b}, and
followers with different signals may take different decisions. We later derive what values
Yo and 6, should take in equilibrium, given follower beliefs.

Denote the expected number of leaders served in state @ as S, (K), and the expected

number of leaders delayed as D, (K), where

N N
So(K) = " min{j, K}Qu(j), Duw(K) =" max{j - K,0}Qu(j).

Profits from setting service speed K > 1, normalized by market size N, are then

(K) = (1 - ¢e)7t(K) + ert(K — 1)

where
ﬁ N
#(K) =7 | D 7Qc(j) +miSc(K) +moycDe(K) + 66 (nN = m1S6(K) = moDg(K))
j=0
1-B |
= Z jQB(j) + 0+ moypDp(K) + 65 (nN — m1Sp(K) — moDp(K)) [,  (2)

j=0

and we define profits from setting service speed K = 0 as 7(0) = 7(0). In each square

10



bracket in expression (2), the first term refers to the number of leaders who order the
product and therefore receive it either in stage 1 (if served immediately) or in stage 3 (if
delayed); the second term refers to followers who meet immediately-served leaders and
therefore learn the state; the third term refers to receivers who meet delayed leaders; and
the fourth term refers to followers who remain unconnected.

Before stating our first result, we introduce the notion of a demand rotation from
Johnson and Myatt (2006) to our setting. Fix some consumer belief about the service speed
and suppose that leaders follow their private signals. Let Fx(u) denote the distribution
function for follower willingness to pay (belief about the state) when the seller sets service
speed K. Note that K and consumers beliefs about the service speed need not coincide.
The expected demand from followers, given ex ante uncertainty about the state and signal
realizations and given outside option r, is then nN(1 - Fg(r)). Then we make the following

definition.

Definition 1. Consider K € [0, N] and K’ € [0, N]. Then we say that setting service speed K’
rather than K induces a demand rotation if there is u such that Fx-(u) # Fx(u), and there exists
u* € [0,1] such that either (i) Fx:(u) > Fx(u) for all p < p* and Fr (1) < Fx(u) for all u > u?,
or (ii) Fx:(u) < Fx(u) for all u < p* and Fx:(u) > Fx(u) for all u > p*.

Intuitively, a demand rotation corresponds to an unambiguous increase, or decrease,
of the dispersion of follower valuations (at least weakly). Case (i), where dispersion
increases, constitutes an anti-clockwise demand rotation, whereas Case (ii), where disper-
sion decreases, constitutes a clockwise demand rotation. The effect of a demand rotation
on follower valuations is not necessarily mean preserving. In particular, setting u* =1
shows that the definition also encompasses a decrease or increase of follower valuations

in the sense of first-order stochastic dominance. We then have the following result.

Lemma 1. For any market size N and € > 0, and any follower beliefs about the service speed, the
seller maximizes expected profits by setting service speed K = 0 or K = N, or by randomizing
between these two values. Moreover, for any K € [0, N] and K’ € [0, N], changing service speed
from K to K’ induces a demand rotation.

Lemma 1 implies in particular that any equilibrium will involve the seller either de-
laying all leaders, immediately serving all leaders, or possibly randomizing between the
two. Intuitively, a small increase in service speed can help the seller when the state is

good and hurt when the state is bad, as more immediately-served leaders may then reveal

11



the state to followers, but only if demand is sufficiently high (e.g if demand is very low
then nobody is delayed even at a low service speed). Demand tends to be higher in the
good state. It follows that whenever a small increase in service speed helps the seller in
expectation, then a larger increase will help even more, by revealing information for those
demand realizations that are even more indicative of the good state.

An increase in the seller’s chosen service speed induces a demand rotation because it
allows the followers to learn more from leaders. This learning, in turn, increases the dis-
persion of follower valuations, seen from an ex-ante perspective. Intuitively, immediately-
served leaders engage in (at least weakly) more word of mouth than leaders who are de-
layed, and they also reveal hard information about the state when speaking to followers.
Since a high service speed implies more leaders are immediately served, it will therefore
increase follower learning through both these channels.

Lemma 1 shows that the optimal service speed always either maximizes or minimizes
the dispersion of follower valuations. Which of these two the seller prefers may depend
both on ex ante beliefs about quality and the precision of consumers’ private signals. It
may also depend on follower beliefs about the service speed, which is an issue that we
return to in our equilibrium analysis.®

We now turn to follower beliefs about the state, in order to derive the purchase proba-
bilities yg, B, 6, and Op in the expression for seller profits.

Meeting a delayed leader provides good news, since demand tends to be higher when
the state is good. A follower with a good private signal will clearly want to buy upon
receiving this good news. The question is whether this good news is enough to convince
a follower to buy after receiving a bad private signal.

Suppose that the seller sets service speed K = N with probability g and sets K = 0
with probability (1 — g). The expected number of delayed leaders in state w is then

N
Du(q) = (1=9) ) jQu(i) + 4eQu(N).
i=0

]

In particular, if the seller sets K = 0 for sure then all consumers are delayed. If the

seller sets K = N then one follower is delayed with probability ¢, which is the probability

16Relatedly, whether a given demand rotation is mean increasing, mean decreasing, or mean preserving,
may depend on beliefs about the service speed, as these beliefs affect followers” inference when meeting a
delayed leader or when remaining unconnected.

12



that service speed N — 1 is implemented due to a tremble. Using Bayes’ rule, the belief of

a follower with s = b who met a delayed leader is therefore

B(1—a)Dg(q)

B(1 - a)Dg(q) + (1 — B)aDg(g)’ (3)

u(q,N) =

Properties of these beliefs are described in the following Lemma.

Lemma 2. In any equilibrium, the belief of a follower with a bad private signal who met a delayed

leader satisfies the following properties:
1. imn—e0 lime o p(1,N) = 1.
2. Forany fixed q <1, imn_,c0 lime—o p(q, N) = B.

3. For any r > P there exists N(r) such that for any N > N(r) there exists a unique q*(N)
which solves u(q*(N), N) = r. Moreover, imn_,c lim.—0 g*(N) = 1.

Followers will be more optimistic after meeting a delayed leader if they expect a high
service speed. The first part of Lemma 2 states that if followers expect the seller to
immediately serve all leaders, then followers will infer that the state is good, since delay
could only result from the combination of high demand and a tremble.’” The second part
states that delaying leaders with any fixed probability, including playing a pure strategy
K = 0, would lead followers with bad private signals who meet delayed leaders to revert to
their prior beliefs, because the good private signal of the delayed leader effectively cancels
the bad signal of the follower. Finally, the third part implies that there is a candidate
equilibrium in which both the seller and followers may randomize, but as markets grow
large, the seller’s strategy converges to serving all leaders with probability one. We
conclude that followers with s = b who met a delayed leader are only willing to buy if
they believe that high service speed is sufficiently likely (equals or approaches 1) or if their
prior exceeds r.

We now turn our attention to followers who did not meet any leaders, either served or
delayed. Not meeting a leader is bad news, because only leaders who place orders engage
in word of mouth, and demand is higher when the state is good. Therefore, followers

with bad private signals who remain unconnected prefer not to buy. Now consider an

17This result in fact holds for any market size N, not just in the limit.
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unconnected follower with a good private signal. Bayes” Rule implies that their beliefs are

given by
palc(q,N)
Balc(q,N) +(1-B)(1 - a)Ug(q,N)’

where U, is the expected number of unconnected followers in state w, given by

v(q,N) =

N N
Ua(g,N) = (1= g) (nN —mo Y jme) +g (nN —m1 Y jQu(j) — elmo — m1)Qu(N) |

Thus, unconnected followers with good private signals will buy as long as v(g,N) > r.

Solving for limy . lim. o v(gq, N) = r allows us to formulate the following Lemma.

Lemma 3. In a large market, a follower with a good private signal who did not meet a leader will
buy the product if and only if B > Eq(r, a) where

E (r,a) = (1- 04)(7’1 —[(1 = g)ymo + gm1](1 - 05))7’ .
T (=) (n - [(1 - q@)mo + qgma)(1 - a))r + a(n = [(1 — q)mo + gmy]a)(1 —7)

Having described follower beliefs and their implications for purchase behavior, we
now consider the seller’s equilibrium choice of service speed. To do so, we focus on
large markets. Taking the limit N — oo in expression (2) yields the seller’s normalized

large-market profit function:

ni(k) =B [a + min{a, k}my + max{a — k, 0}moyc+
(n —min{a, k}mq — max{a — k,0}mg)og] +
(1-B)[1-a+max{l—a—k,0}tmyyp+
(n —min{1 — a, k}m; — max{1 — a — k,0}m)og], (5)

where y,, is the purchase probability of a follower who met a delayed leader (consis-
tent with Lemma 2), and 6, is the purchase probability of a follower after remaining

unconnected (consistent with Lemma 3), conditional on the state being .8

Notice that although the limit profit function m(k) is constant on k = % € (a,1],

setting service speed K € [1,N — 1] is never optimal for any finite market size N.

8Expression (5) also gives expected seller profits per consumer, taking into account the possibility of
trembles. Given that the market is large we obtain limy_,c 71(K) = imy e (K — 1) = limy e 71(K).
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Taking the limit of finite markets, we either have that limy_.« 3 argmaxn(K) = 1 or
limy e & argmax7(K) = 0, from Lemma 1. Thus, we will use k = 1 as the profit

maximizer of expression (5) over («, 1] in what follows.

3.1 Baseline case: service speed affects informational content

We first consider the baseline case where all leaders who place orders talk to the same
number of followers, regardless of whether they themselves are immediately served or
delayed: m; = mp = m. The seller’s choice of service speed therefore does not affect the
total level of word of mouth but only its informational content.

From Lemma 3, the critical value of § for an unconnected follower to follow their

private signal then simplifies to

1-a)(n-m1-a))r

T - -m-a)r +a(n-ma)l-r) B(r, ). ©)

F,(r,a)

mi=mo=m

Note that f(r, ) now does not depend on g and that §(r, a) < r forall values of a € (1/2,1).
Consider a candidate equilibrium with k = 0. From Lemma 2, the posterior belief of a

follower with a bad private signal who met a delayed leader is just . Therefore,

] a, p<r B l-a, B<r
yc_{l, B=r ' yB_{l, B=r @)

From Lemma 3 and equation (6) we obtain the purchase probabilities of unconnected

followers

0g =

{ 0, B<B(ra) 5y = { 0, B <B(r, a) ®

a, Bz B(r,a)’ 1-a, B=p(ra).

In what follows, we will use the following terminology, inspired by Ivanov (2009).

Definition 2. We call the market mass if > r and niche otherwise. We say that private signals

are strong if p > 1 — « and that private signals are weak otherwise.

We can now directly substitute the purchase probabilities from (7) and (8) into the
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expression for seller profits. In a mass market, i.e. for f > r, expression (5) reduces to

ni(k) =g [a(m +1) + (n — am)a] +
1-plQl-a)+max{l—a—-k,0tm+(n-1-a)m)(l-a)l,

which is decreasing in k. Thus, k = 0 is an equilibrium if the market is mass.

If the market is niche with g € [B(r, a), r), the profit function reduces to

ni(k) =B [a + min{a, k}m + max{a — k,0}ma + (n — am)a] +

1-pl-a+max{l-a—-k,0tm(l-a)+(n—-(1-a)m)(1l-a)l.
Now consider a deviation from k = 0 to k = 1.%° This deviation is profitable if and only if
Ba’m + (1 - B)(1 - a)®>m < Bam,

which simplifies to § > 1 — a. Thus, k = 0 is an equilibrium for g € [B(r, a), r) as long as
p <1-a,i.e. if private signals are weak.

Finally, for 8 < B(r, @), the profit function reduces to
ni(k) =B [a + min{a, k}m + max{a — k,0}ma]+ (1 -p)[1 - a + max{l —a —k,0}m(1l - a)],

which again is increasing in k if an only if § > 1 — a. Taken together, we can conclude that
k = 0 in an equilibrium in mass markets, as well as in niche markets with weak private
signals.

Intuitively, reducing service speed affects seller profits by influencing the informational
content of consumer word of mouth. Delayed leaders cannot transmit precise information
to followers about the state; instead they just transmit coarse information by revealing that
they received good private signals but could not get the product immediately. As such,
delaying leaders maximizes the number of followers who receive positive information via
word of mouth, but also limits how convincing this information will be.

It pays off to restrict service speed in a mass market (i.e. f > r) since meeting delayed
leaders is then convincing enough to induce followers to buy regardless of the followers’

private signals. In contrast, in a niche market (i.e. f < r), followers who meet delayed

“We can restrict attention to this deviation by Lemma 1.
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leaders just act on their own signal. Delaying leaders is then a double-edged sword:
hiding hard information via delay helps the seller if the state turns out to be bad but hurts
the seller if the state turns out to good. When private signals are strong, more (fewer)
leaders want to buy in the good (bad) state, so reducing service speed tends to hide hard
information whose revelation would help the seller.

We can also interpret this result in terms of a (anti-clockwise) demand rotation. More
specifically, deviating from k = 0 to any k € (0,1) induces a mean-reducing spread of
follower valuations. Followers will make incorrect inference about the state when meeting
a delayed leader off the equilibrium path; they underestimate the good news that meeting
a delayed leader suggests about the state, because they underestimate the service speed.
However, the spread induced by a deviation to k = 1 is mean preserving, since no leaders
are delayed. The optimal deviation for the seller therefore just increases the dispersion of
follower valuations.

Whether more dispersion helps or hurts the seller depends on parameter values. In
a mass market, both followers with good and bad private signals will buy after meeting
a delayed leader. The seller therefore has no reason to further spread their valuations by
deviating to k = 1. In a niche market, the seller benefits from spreading the valuations of
followers with bad signals (pushing some above r), but not from those with good signals
(pushing some below r). Whether a deviation to k = 1 pays off depends on the size of the
former group in the good state, relative to the latter group in the bad state, which depends
on whether private signals are strong or weak.

We now rule out a pure strategy equilibrium with k = 1. In such a candidate equilib-
rium, the purchase probabilities of unconnected followers, 6 and 0, are still given by
(8). The posterior belief of followers who meet delayed leaders equals to 1, from Lemma
1, so these followers will buy regardless of their private signal: yc = yp = 1.

For f > B(r, a), substituting these purchase probabilities into expression (5) for seller

profits gives

ni(k) =B [a(m +1) + (n — am)a] +

1-plAl-a)+max{l-a—-k,0}m+(n—-(1-a)m)(l-a).
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Doing the same for § < B(r, a) gives
(k) =pla(m +1)]+ (1 -B)[(1 - a) + max{1l —a — k,0}m].

Both these profit expressions are decreasing in k, so setting k = 1 cannot be optimal.

Deviating to k < 1 when followers expect k = 1 induces a particular kind of demand
rotation: follower valuations increase in the sense of first-order stochastic dominance. If
followers expect a high service speed, then meeting a delayed leader in a large market
provides compelling evidence of high demand and the good state. This evidence will
induce followers to buy regardless of the prior and their own private signal. That is,
reducing the service speed implies that word of mouth pools the beliefs of connected
followers at 1, rather than splitting their beliefs between 0 and 1. Thus, the purchase
behavior of these followers pushes the seller to deviate to a low service speed, to delay as
many leaders as possible. Note the key distinction between followers” beliefs about the
service speed, which determines how followers react when meeting a delayed leader, and
the seller’s actual choice of service speed, which determines how many followers in fact
meet delayed leaders.

Whereas no pure strategy equilibrium exists in niche markets with strong private
signals, 1 — a < 8 < r, we now derive a mixed strategy equilibrium in which the seller
randomises between k = 0 and k = 1, and in which followers who meet delayed leaders
randomize between buying and not buying.

Lemma 2 showed that for any finite market size N large enough, there exists a mixed
strategy of the seller 4*(N) that leaves followers who meet delayed leaders indifferent. We
now verify that whenever 1 — @ < < r, there exists a mixed strategy for these followers
that leaves the seller is indifferent between setting k = 0 and k = 1. From (5), the seller

indifference condition is20

1(0) =la + amyg + (n —am)égl+ (1 -B)[1—a+ (1 —-a)myp+(n — (1 - a)m)og]
=Bla+am+(n—-—am)ogl+ (1 -B)[1-a+n—-(1-a)ymop] =mn(1),

20We work directly with profit expressions for the limiting case of large markets. It is easy to show that for
any finite N, profit expressions for both 7(K = 0) and (K = N) are continuous in y,, and hence there exists
a unique pair 1 — a < yp < a < y¢ that solves (K = 0) = n(K = 1). Thus, the mixed strategy equilibrium
corresponding to the limit of this solution exists and is unique.
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which simplifies to

payc +(1-p)1-a)ys = pa.

Thus, the expected sales to followers who meet delayed leaders when k = 0, in both states,
must equal the expected sales to followers who learn the state is good when k = 1.

Recall that yg and yp denote the ex ante purchase probabilities of followers who
meet delayed leaders, depending on the state. These followers who receive good private
signals will buy; meeting a delayed leader provides good news, so their posterior beliefs
exceed the value of the outside option, P(G|g) > r. If these unconnected followers who
receive bad private signals buy with probability x € [0,1], then y¢ = a + (1 — a)x and

vy = (1 — @) + ax. Substituting into the seller indifference condition yields

Bala+ (1 -a)x]+ (1 -1 -a)[(1-a)+ax]=pa.

The left-hand side of this condition is increasing in x and equals fa? + (1 —)(1 —a)? when
x =0and Ba+(1-p)(1-a) > fa when x = 1. Thus, whenever Ba?+ (1 -g)(1 - a)? < Ba,
or equivalently § > 1 — a, there exists a value x* € (0, 1) that leaves the seller indifferent.
If followers with bad signals who meet delayed leaders then buy with probability x*, then
the seller is willing to mix between k = 0 and k = 1.

It therefore follows that a mixed strategy equilibrium exists for 1 —a < f < r. Since
7*(N) — 1 by Lemma 2, we can conclude that the seller sets a service speed k = 1 almost
surely, whereas followers who meet delayed leader randomize with a probability strictly
greater than 0 and strictly less than 1.

The difference between this mixed strategy equilibrium, which exists for1-a < g <,
and a pure strategy equilibrium with k = 1, which never exists in the baseline, relates
to whether followers ascribe delay to a low service speed or to a tremble. In the mixed
strategy equilibrium, followers who meet delayed leaders understand that either the seller
set k = 0, in which case meeting a delayed leader is relatively likely; or the seller set k =1,
in which case meeting a delayed leader is very unlikely (due to a combination of high
demand and a tremble). In the limit N — oo, the probability of meeting a delayed leader
when k = 1 becomes vanishingly small, so followers update beliefs with positive weight
on k = 0 even if the seller’s mixed strategy calls on it to serve all leaders almost surely.
In contrast, in a candidate pure strategy equilibrium with k = 1, followers update beliefs

with full weight on k = 1 and interpret delay as the result of an unlikely tremble.
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We can summarize the results of this section in the following Proposition.

Proposition 1. Suppose that m; = myg, so that immediately-served leaders and delayed leaders

engage in the same amount of word of mouth. Then:

1. In niche markets with strong private signals a unique equilibrium exists and is in mixed

strategies, where the seller almost surely sets k = 1 immediately serves all leaders.

2. If either markets are mass or private signals are weak, then there exists a unique equilibrium

in pure strategies, where the seller sets k = 0 and delays all leaders.

We can represent these results in the following figure, for parameter values r = 0.2,
m = 3, n = 4. Signal precision « is depicted on the horizontal axis and the prior § on the
vertical axis. The dashed line f = r separates the mass and niche market cases, and the

solid line = 1 — a separates markets with strong and weak private signals.

r=0.2 ,n=4, mp=m4=3

B
1.2}
1 0: k=0, pure PG
' i k=1, mixed
0.8 -

Figure 1: Optimal Service Speed

The region between the two dotted curves in Figure 1 shows where leaders follow
their own signals. The light blue part of this region shows where there is a pure strategy
equilibrium with k = 0, whereas the light red triangle shows where there is a mixed
strategy equilibrium where the seller sets k = 1 with probability 1. Delay is inevitable in
mass markets, but happens in niche markets only if private signals are imprecise, in line

with Proposition 1.
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Notice that it is the unobservability of the seller’s service speed that drives the existence
of a mixed-strategy-equilibrium region. If k were observable, then follower inference
about the state, after meeting a delayed leader, would always be correct, both and off
the equilibrium path. An increase in service speed would then always induce a mean-
preserving spread of follower valuations, and the seller would just set k = 1in the light-red
region of Figure 1.

We conclude this section by noting that the seller’s equilibrium choice of service speed
does not depend on the number of leaders relative to followers in the market (the parameter
n) or on the amount that leaders talk (the parameter m). Thatis, the fact thatleaders engage
in word of mouth matters for seller strategic behavior, but the exact number of followers
who learn via word of mouth does not. An important reason is that service speed does
not affect the total level of word mouth when all leaders who place orders communicate
to the same extent, as assumed in the baseline. As the number of connected followers
does not depend on the service speed, the choice of this speed is also independent of the

amount of word of mouth.

3.2 General Case: service speed affects both the informational content

and the level of word of mouth

We now consider a more a general case with m; > mp, so where immediately-served
leaders may talk to more followers than leaders who are delayed. As a result, the seller’s
chosen service speed will now affect the overall level of word-of-mouth communication,
as well as its informational content. Specifically, if m; > myg, then reducing service speed
will reduce the number of followers who hear from leaders. We will refer to this impact
of delay as the level effect.

We proceed along similar lines as in the baseline analysis, looking for both pure
strategy equilibria with k = 0 and k = 1, as well as mixed strategy equilibria where the
seller randomizes between the two service speeds. By Lemma 1, we can again restrict
attention to these candidate equilibria, as well as possible deviations to k = 0and k = 1.

Throughout the analysis we try to make use of the intuition from the baseline and also
highlight the differences implied by the level effect. We are interested, in particular, in the
seller’s incentive to delay leaders in niche and mass markets, as well as in how the number
of leaders and the amount that they talk influences the seller’s incentive to delay.

Before proceeding, recall that ,(r, ) denotes the lowest value of the prior g for which
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unmatched followers with good private signals buy when they expect k = 0, and g,(r, a)
denotes the corresponding threshold when they expect k = 1. Expression (4) implies
that El(r, a) > Eo(r, a) whenever my < my, and also that both El(r, a) and Eo(r, a) are
decreasing in 11, the number of followers relative to leaders.?

Intuitively, the level effect’s impact on unconnected followers” inference is driven by
the size of the unconnected population, which in turn depends on the state and the service
speed. For example, the number of unconnected followers is N (n — mj ) in the good state
and N(n—mj(1-a)) in the bad state if the seller sets k = 1, with corresponding expressions
involving my if the seller sets k = 0. The ratio of the number of unconnected followers
in the good state, relative to the bad state, is therefore larger when the seller serves all
leaders than when it delays them. This difference, however, decreases as n becomes large,
i.e. when there are only few leaders relative to followers. Thus, for given values of mjg
and m;, it is convenient to characterize the level effect’s impact on unconnected followers

through the number of leaders in the market, as we do in the following definition.

Definition 3. For a niche market, we say that there are a low number of leaders if § > B,(r, a),
a moderate number of leaders if By(r,a) < B < By(r,a), and a high number of leaders if
B < Bo(r,a).

First consider a candidate equilibrium with k = 0. As in the baseline, followers who
meet delayed leaders may either all buy, or follow their private signals, depending on
the value of the prior. The corresponding purchase probabilities g and yp are therefore
still given by equation (7), and the purchase probabilities 6 and g, for an unconnected

follower, correspond to (8) but with cutoff Eo(r, a). Thus, we have

a, p<r l-a, Bp<r
VG = ’ VB =
1, p=>r 1, p=r

a, B=Byr a) ' l-—a, B2,y a)

It is straightforward to verify that n > mg implies that f,(r, @) < r, so we can sequentially

5o { 0, B<Bolna) o _ { 0,  B<Byra)

consider three cases: when § > r, when f§ € [Eo(r, a),r) and when g < Eo(r, a).

2Note that lim, Eq(r, a) = (1705)1;%,

tion constraint (i.e. leaders will follow a bad private signal). Meeting no-one does not constitute bad news
in a setting with so few leaders, relative to followers. Moreover, lim, ., B;(r, a) = v, weren > m;, i = 0, 1.
Meeting no-one effectively cancels the positive private signal when the number of leaders is high.

and so the condition g > Eq(r, a) is equivalent to the participa-
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Consider a mass market, i.e. § > r, which implies yc = yp=1,0c =a,0p=1-a.
Plugging these purchase probabilities into expression (5) for profits, then evaluating at

k =0, gives
m(0) = Bla(mo +1) + (n — amo)a] + (1 = B) [(L — a)(mo +1) + (n — (1 — )mo)(1 — )] .
Doing the same but evaluating at k = 1 yields deviation profits
(1) = Bla(m +1) + (n - ampa] + (1= B)[1 - a + (1 (1 - @)m)(1 - @)].

A direct comparison shows that we can rule out a profitable deviation to k = 1 when

my — mo
my

B<pla)=1- a. 9)

If immediately-served leaders talk strictly more than delayed leaders, m; > my, then an
equilibrium with k = 0 can exist in a mass market, but only provided that the good state is
not sufficiently likely. The seller faces the following trade-off, which arises due to the level
effect. Delaying all leaders helps the seller if the state turns out to be bad, as followers
who meet delayed leaders do not learn the state and instead are all induced to buy. In
contrast, delaying all leaders hurts if the state turns out to be good. Fewer followers then
hear from leaders and buy regardless of their private signal, and more followers end up
unconnected, compared to if the seller set a high service speed.

Now consider a niche market with either a low or moderate number of leaders, i.e.
p € [Eo(r, @), r), which implies y¢ = 6¢ = a, yp = 6 = 1 — a. That is, followers who do
not meet immediately-served leaders just follow their private signals. Profits from setting
k = 0 are then

n(0) =B [a + a?mg + (n — amo)a] +(1-p) [1 —a+(1-a)my+n—-(1-a)ym)l- a)] ,
whereas a deviation to k = 1 yields
n(l)=Bla+am +(n—-—am)a]+ (1 -p)[1-a+(n-(01-a)ym)(l-a).

Thus, there is no profitable deviation when f < 1 — @, i.e. when private signals are weak.

Finally, consider a niche market with a high number of leaders, i.e § < f,(r, @), which
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implies y¢c = a, yp =1—a, and 6 = 65 = 0. Profits from setting k = 0 are then
n(0) = B [a + azmo] +(1-p) [1 —a+(1- a)zmo] ,
while profits from a deviation to k = 1 are
n(l) =B la+am]+(1-B)(1-a).

It follows that we can rule out any profitable deviation whenever

g < (1 - a)*mo
~ (1-a)ymg + (my —mo)ar’

We denote
3 (1-a)mg

Pl = By + (m = moyac

(10)

Note that ﬁ (a) depends on m; — my, the difference between the levels of word of mouth
between served and delayed leaders. Thus, the values of f(«) and ﬁ(a) both reflect the
strength of the level effect. Moreover, f(a) > f(a) for my > mg, and f(a) = f() = 1 when

my = my. This leads us to introduce the following definition.

Definition 4. We say that the level effect is strong if B > f(a), substantial if § > f(a)?,

modest if § € [(1 — a)f(a), f(a)] and weak otherwise.

Notice, from Definition 2, that strong private signals are necessary for the level effect

to be strong, since f(a) > 1 — a. Similarly, weak private signals are necessary for the level

effect to be weak, since (1 — a)B(a) < 1 - a.

Using this notation, we sum up all these cases to get the following result.
Lemma 4. An equilibrium with k = 0 exists if and only if

1. a mass market has a level effect that is not strong

2. a niche market has at most a moderate number of leaders, and weak private signals

3. a niche market has a high number of leaders, and a weak level effect

2Note that a strong level effect will also be substantial.
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The level effect of restricting service speed reduces the range of parameter values for
which the seller sets k = 0. Comparing case 1 from Lemma 4 to case 2 from Proposition 1
shows that the seller no longer always delays leaders in a mass market. Instead, the seller
only does so if the level effect is not strong. Moreover, comparing case 3 from Lemma 4
shows that in niche markets with a high number of leaders, the seller does not always set
k = 0 when there are a weak private signals: the level effect must be weak as well.

The level effect’s impact on seller incentives is also reflected by what demand rotation
is induced by an increase in service speed. In the baseline, a deviation from k = 0 to
k = 1 resulted in a mean-preserving spread of follower valuations. The level effect im-
plies that this deviation now results in a mean-increasing spread, making the deviation
more attractive. Intuitively, followers who remain unconnected make incorrect inference
following the deviation; they overestimate the probability of being unconnected but un-
derestimate the bad news that being unconnected suggests about the state. As a result,
average follower posterior beliefs will exceed the prior.

Now we consider a candidate equilibrium with k = 1. As in the baseline, followers
who meet immediately-served leaders will act based on hard information about the state,
whereas followers who meet delayed leaders may either all buy, or follow their private
signals, depending on the value of the prior. Unconnected followers will act on their
privates signals if § > B,(r, @), with §,(r, a) given by (4) evaluated at g = 1, and otherwise
all refuse to buy. Recall that El (r,a) > Eo(r, a) when my > my, as unconnected followers
become more pessimistic (and hence will refuse to buy for a larger range of f) if they
expect a higher service speed.

As in the baseline, meeting a delayed leader when followers expect k = 1 is interpreted
as aresult of high demand and a tremble, which provides decisively good news. Therefore,
yG = yB = 1 for all B. The behaviour of unconnected followers may vary with parameters.

We start our analysis with the case where the number of leaders is low, > El (r, @).

The purchase probabilities are then 6 = a and 65 = 1 — a, so setting k = 1 yields profits
n(l)=Bla+am +(n—-—am)a]+(1-p)[1-a+(n—-(01-a)ym)(l-a).
A deviation to k = 0 gives

n(0) = Bla+amg+(n—amp)a]+(1-p)[1-a+ (1 —-a)ymy+(n—(1-a)my)(l-a)l.
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Therefore setting k = 1 is optimal whenever inequality (9) is reversed, i.e. when the level
effect is strong.

Now consider the case when the number of leaders is moderate or high, i.e. § < ,(r, @),
so that purchase probabilities are y,, = 1, 6, = 0. Followers who remain unconnected
never buy, whereas followers who meet delayed leaders (off the equilibrium path) again
always buy.

Profits from setting k = 1 are then
n(l) =pla+am]+(1-B)1-a),
whereas deviating to k = 0 gives
n(0) =B la+amy]+(1-B)[1-—a+ (1 - a)mg].

It follows that the deviation is unprofitable for

(1-a)my

p= = p(a),

(1= a)ymy + a(my — mp)
i.e., when the level effect is substantial.

These results can be gathered and restated as the following Lemma.
Lemma 5. An equilibrium with k = 1 exists if and only if

1. a market has a strong level effect

2. a niche market has at least a moderate number of leaders and a substantial level effect.

Lemma 5 shows that a pure strategy equilibrium in which the seller immediately serves
all leaders will sometimes exist, unlike in the baseline. Specifically, this equilibrium will
exist if the level effect is strong enough. A deviation to k = 1 no longer increases follower
valuations in the sense of first-order stochastic dominance, but instead results in either a
mean-increasing or mean-reducing contraction of follower valuations.

When immediately-served leaders talk more than leaders who are delayed, setting a
high service speed allows the seller to maximize the number of followers who learn via
word of mouth, and these followers will all buy if the state turns out to be good. The less
delayed leaders talk, i.e. the lower the value of my, the larger is the parameter region for

which k = 1 constitutes an equilibrium. Moreover, an equilibrium with k = 1 is easier
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to sustain when there are at least a moderate number of leaders: g < B,(r, @), so that
unconnected followers never buy. Intuitively, the seller is less tempted to deviate to k = 0
when unconnected followers refuse to buy, because delay then means that more followers
end up unconnected.

We now turn to mixed strategy equilibria. From Lemma 1, in any such equilibrium, the
seller must randomize between k = 1 and k = 0. We start by looking for an equilibrium
where a follower who meets a delayed leader and gets s = b randomizes between buying
and not buying. From Lemma 2, such an equilibrium requires § < r and 4°(N) — 1 as
N — oco. That is, in large markets, the seller must set g* = 1.

The seller’s indifference condition can be written as

1(0) =pla + amoyc + (n — amp)oc]l + (1 = B)[1 —a+ (1 — a)ymoyp + (n — (1 — a)mp)dg]
=Bla+am;+(n—am)dgl+(1-p)[1—-a+n—-(1-a)mop] =mn(l).

Suppose that followers who meet a delayed leader but get s = b buy with probability
X € [0,1]. This implies yc = @ + (1 — a)x and yg = (1 — @) + ax. Since in this candidate

equilibrium the seller sets k = 1 almost surely, for unconnected followers we obtain

b=l BB o [0 p<fira)
G= - , B = _
a, p=p(r,a) 1-a, B=p,ra)

Recall that El(r, a)<r.lfpe [El(r, a),r], i.e. in a niche market with a low number of

leaders, the seller’s indifference condition reduces to

1(0, x) =pla + amp(a + (1 — a)x) + (n — amp)a ]+
I-fl-a+Q-am(l-—a+ayx)+(n—-(1-a)m)(l-a)]
=Bla+am +(n—amp)a]+(1-p)[l-a+n-1-a)ym)1-a)
=7t(1).

Profits (0, x) are increasing in yx, so there will exist a value of x € (0, 1) that makes the
seller indifferent, 7(0, x) = 7(1) if (0, x = 0) < (1) < ®(0, x = 1). Itis straightforward to
verify that this condition is equivalent to

1-a<p<pa),
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i.e. private signals are strong, but the level effect is not.
If instead B < El (r, &), so there are at least a moderate number of leaders, the seller’s

indifference conditions reduces to

(0, x) =pla+amp(a + (1 -a)x)| + A1 -B)[1 —a+ (1 - a)ymy(l —a +ax)]
=B(a+amp) +(1-B)1-a)
=7t(1)

As above, there exists a value of y € (0,1) that makes the seller indifferent if 7t(0, x =

0) < m(1) < (0, x = 1). This condition is now equivalent to

(1= a)f(a) < p < pla),

i.e. the level effect is modest. We can summarize these results in the following lemma,
which we structure in a slightly different way to ease the comparison with our baseline

results.

Lemma 6. A mixed strategy equilibrium in which the seller almost surely sets k = 1 and immedi-
ately serves all leaders, and where followers with bad signals who meet delayed leaders randomize,

exists if and only if

1. a niche market has strong private signals and either (i) a low number of leaders and a

not-strong level effect, or (ii) at least a moderate number of leaders and a modest level effect

2. a niche market has weak private signals, at least a moderate number of leaders and a modest
level effect

Case 1 of Lemma 6 corresponds to case 1 of Proposition 1 from the baseline, but with
extra conditions : if the number of leaders is low then the level effect must not be strong,
and if the number of leaders is not low then the level effect must be modest. If these
conditions are violated, then the seller will instead play a pure strategy with k = 1, due to
the level effect (Lemma 5). Case 2 deals with a parameter region where the seller played
a pure strategy with k = 0 in the baseline. Now, the level effect pushes the seller to set
k =1 almost surely. Note, that cases 1.ii and 2 of Lemma 6 imply that the seller sets k = 1
in a niche markets with at least a moderate number of leaders and a modest level effect

irrespective of the strength of private signals.
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We now look for a mixed strategy equilibrium where a follower who remains uncon-
nected and receives a good private signal randomizes.? An unconnected follower will
be indifferent if Eq (r,a) = B, by Lemma 3. Since Eq(r, @) is increasing in g, the necessary
condition for the equilibrium to exist is f,(r, a) < p < B,(r, @), i.e. there must be a moder-
ate number of leaders. This means that an unconnected follower with a bad signal would
buy if they think all leaders were delayed, but would not buy if they think all leaders were
immediately served. Moreover, for any interior g € (0, 1), a follower who meets a delayed
leader and receives a bad signal retains their prior beliefs, by Lemma 2.

Suppose that an unconnected follower with s = ¢ buys with probability . Then seller

profits from setting k = 0 are
n(0,&) = Bla +a’mo + (n —moa)a&] + (1= p)[1 - a+ (1= afmo+(n —mo(1 - a))(1 - a)é],
whereas profits from setting k = 1 are

n(1,&) = pla+am; + (n —ma)al]l+ (1 -B)[1 —a+(n—m(l-a))(l-a)].

an(0,&)
dé
indifference condition, 7t(0, &) = (1, &), whenever (0, & = 0) < 7(1,& = 0) and 7t(0, & =

1) > m(1,& = 1). The first inequality is equivalent to f > (1 — a)B(a) and the second is

an{glé’é) > 0, by mp < my, there exists a unique & that satisfies the seller

Since >

equivalent to f < 1 — @, which implies the following.

Lemma 7. A mixed strategy equilibrium in which the seller randomizes between k = 0 and k = 1
with g € (0, 1), where unconnected followers with good signals randomize, exists if and only if the
market is niche with a moderate number of leaders, the level effect is at least modest, and private

signals are weak.

The mixed strategy equilibrium from Lemma 7, when it exists, will not be unique, by
Lemmata 4 - 6. That is, in any niche market with weak private signals and a moderate
number of leaders, there exists a pure strategy equilibrium with k = 0. There also exists
either a pure strategy equilibrium with k = 1 if the level effect is substantial, or a mixed

strategy equilibrium where the seller sets k = 1 almost surely if the level effect is modest.?*

B A follower who remains unconnected and receives a bad private signal will always have a strict incentive
not to buy, because their posterior is less than the value of their outside option, P(G|s = b) < r.

2tNotice, that if the mixed strategy equilibrium from Lemma 7 does not exist, then it follows from Lemmata
4 - 6 that the equilibrium which does exist is unique.
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Having derived all pure and mixed strategy equilibria for the general case, we now

combine Lemmata 4 - 7 to formulate an overall result.

Proposition 2. 1. Inany market with a strong level effect, or in niche markets with a substantial
level effect and at least a moderate number of leaders, there is a pure strategy equilibrium, in
which the seller sets k = 1.

2. In niche markets with either (i) a not-strong level effect, strong private signals and a low
number of leaders; or (ii) a modest level effect and at least a moderate number of leaders, there

is a mixed strateqy equilibrium in which the seller sets k = 1 almost surely.

3. In niche markets with an at-least modest level effect, weak private signals, and a moderate
number of leaders, there is a mixed strategy equilibrium in which the seller sets k = 1 with

probability q € (0, 1).

4. In mass markets with a not-strong level effect, or in niche markets with either (i) weak private
signals and at most a moderate number of leaders, or (ii) a weak level effect and a high number

of leaders, there is a pure strategy equilibrium in which the seller sets k = 0.

We now return to the question of whether the delay is more attractive in niche or mass
markets, as well as how the number of leaders in the market, and the amount that leaders
talk, affects the seller’s incentive to delay. We take each of these issues in turn.

First, Proposition 2 shows that in a mass market, an equilibrium with k = 0 exists as
long as the level effect is not strong. In contrast, this equilibrium only exists under stricter
conditions in niche markets, e.g., weak private signals (which is also implied by a weak
level effect). This feature of Proposition 2 broadly echoes our result from the baseline case,
where the seller always used delay in mass markets, but only did so in niche markets with
weak signals.

Second, consider a situation with very few leaders, or equivalently, one with very
many followers relative to leaders (1 — oo0). Then unconnected followers all act on their
private signals, for all values of the prior and signal precision that satisfy the participation

constraint, regardless of their beliefs about the seller’s chosen service speed. That is,

(1-a)r
1-a)yr+al-r)

lim Eo(r, a) = lim El(r,a) =

where it then follows directly that f > limy—w fy(r, @) and B > lim,_e (7, @) are

equivalent to the participation constraint, P(g|G) = a‘8+(1f—§z)(1—‘8) >r.
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Then cases 1, 2 and 4 of Proposition 2 are relevant, and we can reformulate this result

in terms of the following corollary:

Corollary 1. Suppose there are very few leaders relative to followers, n — oo, so all followers act

on their private signals. Then we have the following:

1. If the level effect is strong, then a unique equilibrium exists and is in pure strategies, where

the seller sets k = 1 immediately serves all leaders.

2. If the market is niche, private signals are strong, but the level effect is not strong, then a
unique equilibrium exists and is in mixed strategies, where the seller almost surely sets k = 1

and immediately serves all leaders.

3. If the market is mass and the level effect is not strong, or if private signals are weak, then a
unique equilibrium exists and is in pure strategies, where the seller sets k = 0 and delays all

leaders.

Corollary 1 shows that in a niche market with very few leaders, the seller will set k = 0
whenever private signals are weak, f < 1 — a. In contrast, Proposition 2 shows the seller
will only set k = 0 in a niche market with many leaders if an additional condition holds,
i.e. the level effect must be weak as well. This illustrates how the presence of many leaders
in the market reduces the seller’s incentive to delay.

Notice that Corollary 1 is very similar to Proposition 1 from the baseline. For ease of
comparison, Figure 2 depicts both scenarios. The only difference is that a pure strategy
equilibrium with k = 1 now exists whenever § > (), i.e. whenever the level effect is
strong. The smaller the value of my, the less delayed leaders talk, and hence the less
tempted the seller is to delay them. As such, the parameter region with the pure strategy
equilibrium k = 1 grows larger as mg decreases, and the level effect has a larger impact.
In situations where all unconnected followers act according to their private signals, this is
the only way that seller behavior in the general case differs from that in the baseline.

Finally, consider a situation where delayed leaders never talk, my = 0. The cutoff
1-a)r
(A-a)r+a(l-r)’
constraint; and f(a) = 1 — a. Therefore, the relevant considerations are whether private

values are then (@) = 0; B,(r, a) = which is equivalent to the participation

signals are strong or weak (implying a strong or substantial level effect respectively), and
whether the number of leaders is low or moderate.

Hence, only cases 1, 3, and 4 are relevant in Proposition 2, which gives this corollary:
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(a) Large n, Corollary 1 (b) Baseline Case

Figure 2: Level effect for large n

Corollary 2. Suppose that delayed leaders do not engage in word of mouth, mg = 0. Then we have
the following:

1. If private signals are strong, then a unique equilibrium exists and is in pure strategies, where

the seller sets k = 1 immediately serves all leaders.

2. If private signals are weak and the number of leaders is low, then a unique equilibrium exists

and is in pure strategies, where the seller sets k = 0 and delays all leaders.

3. If private signals are weak and the number of leaders is at least moderate, then the following
equilibria exist: a pure strateqy equilibrium with k = 0, a pure strategy equilibrium with

k =1, and a mixed strategy equilibrium in which q € (0, 1).

Setting mp = 0 maximizes the strength of the effect that described after Corollary 1.
As delayed leaders talk less and less, the region where k = 0 constitutes an equilibrium
becomes smaller. In particular, when mg = 0, the seller never sets k = 0 when private
signals are strong, f > 1 — a, as shown in Figure 3. The takeaway is that delay tends to
be more (less) attractive to the seller when delayed leaders communicate to a large (small)
extent.

As mg drops, unconnected followers also become less and less pessimistic about the
state, but only if they believe the seller has engaged in delay. Thus, unlike in the baseline,
there is a region where the behavior of unconnected follower depends on their beliefs
about the seller’s chosen service speed. This is what occurs when the number of leaders is

moderate, EO(r, a) <p < El (r, @). The function Eo(r, @) is decreasing in m, and coincides
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(a) Delayed leaders do not talk, mg (b) Baseline Case

Figure 3: Level effect when delayed leaders do not talk

with the participation constraint when my = 0, so that the relevant constraint becomes
B < El (r, @), the blue line in the Figure.

Equilibrium multiplicity can arise because the unconnected followers” optimal behav-
ior depends on their beliefs about the service speed in a way that can be self reinforcing.
These followers will all refuse to buy if they expect a high service speed, which pushes the
seller to increase service speed to minimize the number of followers who are unconnected.
Similarly, these followers will follow their signal if they expect a low service speed, which

makes setting a low service speed more attractive.

4 Word of mouth and product awareness

How would seller strategic behavior change if word-of-mouth communication was not just
necessary to transmit information about product quality, but also to learn about product
existence? We explore this issue by assuming now that followers are simply unable to
buy if they remain unconnected, 6¢ = 6p = 0. This assumption could be reasonable for
situations where the seller launches a product that leaders are aware of, e.g., by virtue
of their high level of interest in new products in the market, but where followers only
become aware if they hear from leaders. Many of the works surveyed in the Introduction
assume that word of mouth plays precisely this role of spreading product awareness.
The question is whether the seller will still sometimes delay leaders in equilibrium, even

though delay implies more followers will end up unconnected.
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In what follows, we assume followers who meet delayed leaders still receive a private
signal with accuracy a, so the purchase probabilities g and yp coincide with those in
the general analysis. The interpretation is that accessing noisy information about product
quality may in principle be straightforward, but only for consumers who first become
aware of the product.?

We start our analysis with the case of mass markets, i.e. § > r, so followers who meet
delayed leaders always buy, regardless of the service speed they expect. Profits from

setting k = 0 are
n(0) = pla(mo +1)] + (1= p)(1 = a)(mo + 1),

whereas profits from setting k = 1 are
(1) = fla(mi + )]+ (1 - B)(1 — ).
Thus, we have t(0) > (1) if and only if

mo(1 - a)

p< = B(a).

mo(1 — a) + (m1 — mo)a

Now consider niche markets, § < r. Since unconnected followers do not buy, regardless
of the candidate equilibrium in question, we can use our earlier results from Proposition
2, involving a high number of leaders: < Bo(7, a), so unconnected followers never found

it optimal to buy. Taken together, we have the following.
Proposition 3. Suppose that unconnected followers are unable to buy. Then we have the following:

1. If the level effect is substantial, then a unique equilibrium exists and is in pure strategies,

where the seller sets k = 1 immediately serves all leaders.

2. If the market is niche and the level effect is modest, then a unique equilibrium exists and is in

mixed strategies, then the seller almost surely sets k = 1 and immediately serves all leaders.

3. If the market is mass and the level effect is not substantial, or if the market is niche and the
level effect is weak, then a unique equilibrium exists and is in pure strategies, where the seller
sets k = 0 delays all leaders.

At the end of the section we discuss how the absence of any follower private signals would affect the
results.
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For the interpretation of Proposition 3, we start by focusing on two special cases. If
mo = my, soimmediately-served and delayed leaders talk to the same number of followers,
then the level effect plays no role, and seller behavior is just like in the baseline. That is,
B(a) = 1, so the level effect is never substantial, and a modest (respectively, weak) level
effect is equivalent to strong (respectively, weak) private signals. Case 1 of Proposition 3
then does not apply, and cases 2 and 3 are equivalent to Proposition 1. The total number of
unconnected followers is independent of service speed when mg = mj, and so the seller’s
strategic behavior does not depend on whether unconnected followers are able to buy.

If instead mp = 0, so delayed leaders don't talk to any followers, then the level effect is
always substantial, and the seller will never engage in delay. That is, f(a) = 0 and so the
seller always sets k = 1. Clearly, it does not pay off to delay leaders if they never talk to
followers, who therefore never buy.

For intermediate values of my < mj, the seller may still delay leaders in equilibrium,
but for a smaller set of parameter values than in the general case. To see this, consider the
case of mass markets, f > r. An equilibrium with k = 0 will exist according to Proposition
3 when the level effect is not substantial, whereas it will exist according to Proposition 2
as long as the level effect is not strong (which is a weaker condition). Intuitively, assuming
that unconnected followers cannot buy reduces profits to the greatest extent when the
seller delays leaders, since then more followers end up unconnected. This makes it less
attractive for the seller to use delay.

These ideas are illustrated in Figure 4. Panel (a) depicts the seller’s equilibrium behav-
ior for particular parameter values, assuming that unconnected followers cannot buy. For
the sake of comparison, Panel (b) depicts seller behavior from Corollary 1 in the general
analysis, where unconnected followers always act on their private signals, and where
setting k = 0 is therefore more attractive.

Finally, we explore what would happen if the only way for followers to learn about
the product was through talking to leaders, and if followers did not receive any private
signals. Followers would then behave the same way in niche markets as in mass markets.
In particular, all followers who meet delayed leaders would buy, since meeting a delayed
leader is just as convincing as receiving a good signal.

It follows that Case 2 of Proposition 3, where the seller set k = 1 almost surely, would
no longer apply. In that case, followers who met a delayed leader sometimes followed

their private signals. Now, in the absence of private signals, these followers would be
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Figure 4: Unconnected followers cannot buy

convinced by word of mouth and buy. This makes setting k = 0 relatively more attractive,
and the red region in panel (a) of Figure 4 would become blue. Even though the behavior of
connected followers is independent of parameter values in the absence of private signals,
the expected number of connected followers willing to buy is not, and the seller maximizes
this number by setting k = 1 whenever 8 > f(a) and by setting k = 0 otherwise.

This implies that the comparison with Corollary 1is not as clear-cut as before. If quality
is ex ante relatively high, corresponding to a substantial level effect, then the inability of
unconnected followers to buy would push the seller towards setting k = 1. However, the
opposite is true if quality is ex ante relatively low, corresponding to a modest level effect,

where setting k = 0 would now become more attractive.

5 Conclusions

In this paper, we explored how a seller can strategically use product delay to influence
consumer learning about the quality of its product through word of mouth. The effect of
service speed on learning can be decomposed into the content effect and the level effect.
The content effect influences the behavior of consumers who encounter either served
or delayed leaders. In mass markets, meeting a delayed leader is sufficiently good news
for these followers to buy. The seller then prefers to conceal information about quality
by delaying, rather than revealing quality to leaders who are served. In niche markets,

meeting a delayed leader may not significantly impact followers” behavior. In this case
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the seller prefers to hide information by delaying leaders if signals are inaccurate, and
otherwise to serve all leaders almost surely. Broadly, if the seller mainly cares about
influencing those followers who encounter leaders, and if the total amount of word of
mouth depends little on how many leaders are immediately served, then it is often optimal
for the seller to delay.

The level effect plays a significant role in determining how many consumers receive
information from leaders, and it also affects the behavior of consumers who do not hear
from leaders at all. This effect arises in situations where immediately-served leaders
engage in more word-of-mouth communication than leaders who are delayed. Service
delay then reduces the likelihood that a consumer will hear from a leader, prompting the
seller to increase service speed when product quality is high. The level effect may also
push the seller to set a high service speed in markets with a large number of leaders,
because consumers who expect this service speed will perceive not hearing from leaders
as particularly negative news. Moreover, if word-of-mouth communication is crucial for
spreading product awareness, then the level effect is amplified. Nonetheless, the seller
may still use delay to influence consumer word-of-mouth communication.

In this paper, we made an assumption that the minimal service speed equals to 0, so
it is possible for the seller to delay all leaders. Alternatively, we could assume that the
seller must serve a minimum number K of leaders when launching a new product. For
completeness, we note that if limy_,.o K/N = 0, then all our results will immediately go
through. Otherwise, parts 1 and 3 of Lemma 2 still apply, but in part 2 the limit belief,
which we can denote as 1, may be smaller than . In this case, the relevant purchase
probabilities from (7) depend on p < r rather than f < r, and the rest of the analysis
follows the same steps as in the paper.

Finally, we note that explicitly introducing discounting into our model would mechan-
ically reduce the seller’s payoff when setting k = 0 to a larger extent than when k = 1, but
would not affect the mechanism driving delay. That is, applying a discount factor 6 < 1
to the sales of delayed leaders and followers, in contrast to immediately-served leaders,
would increase the seller’s incentive to serve leaders immediately. However, the infor-
mational motive for delay which we focus on would still be present, and our qualitative

results would be unchanged.
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6 Appendix: Proofs

Proof of Lemma 1. Let us again denote the number of leaders served in state w as S,(K),

and the number of leaders delayed as D, (K), where

N N
So(K) = > min{j, K}Qu(j), Du(K) = )" max{j - K,0}Qu(j).

j=0 j=0

For notational simplicity we denote S,(-1) = 0 and D,(-1) = D,(0) = Z].Z\LO jQu(j), ie.
when the seller sets K = 0, a downward tremble is not possible and all consumers are
delayed.

Let y,, be the probability that a consumer who met a delayed leader buys the product,
and let 6, be the probability that a consumer who did not meet anyone buys the product.

Profits from implementing service speed K are then

N
n(K) =% ZjQG(j) + (1 =€) (m1Sg(K) + moygDg(K) + 6¢ (nN — m1Sg(K) — mgDg(K)))
=0

+ & (ﬂ’l1SG(K — 1) + MQ)/GDG(K — 1) + 6G (nN - mlsc(K — 1) — mODG(K — 1)))

_ N
+ % > jQs(j) + (1= €) (moysDa(K) + 65 (1N = m Sp(K) — moDp(K)))
j=0
+ & (mo)/BDB(K — 1) + 63 (TZN — mlsg(K — 1) — moDB(K — 1))) .

We now show that the profit-maximizing service speed K cannot take on any value
1 < K < N —1. Consider the difference 7t(K + 1) — 7t(K). Note that

N N
SulK+1) = Su(K) = ) (min{j, K + 1} = min{j, K} Qu(j) = D Qu(j),
j=0 j=K+1
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and

N N
Dy(K +1) = Dy(K) = > (max{j - K= 1,0} —max{j - K,0) Qu(i) == > Qu(j).
j=0 j=K+1

which implies

AK) =r(K +1) = 71(K) =

N
%[ml(l—éc)—mo(yc—éc)] > Qa(j) + £Qa(K)

j=K+1
N

1 —
Tﬁ[_mléB —mo(yp — 53)]( Z Qp(j) + €QB(K)) ,

j=K+1

where the expression in the second set of square brackets is non-positive, by m; > 0. Thus,

we have that

Blm1(1 = 6¢) — mo(yc — 6¢)] Z?]:[(H Qc(j) + €Qc(K) B
(1= B)([m10p + mo(ys — 08)]) zﬁim Qz(j) + eQp(K)

sign A(K) = sign

Note, thatif A(Kp) > 0holds for some Ky it mustbe the case that m1(1-0¢)—mo(yc—0c) > 0.
As such, A(Kp) > 0 must also hold for all K > K, since Q¢(K)/Qp(K) is increasing in K.
Therefore, 7(K) attains its maximum either at K = 0 or at K = N.

We now consider a change in service speed from K € [0, N) to K’ > K and show that
it induces a demand rotation. The case of K’ < K follows essentially the same steps, and
hence is omitted.

Follower willingness to pay is just equal to their ex post belief about product quality. A
follower who meets an immediately-served leader and learns that the state is good holds
belief i1 = 1. Similarly, a follower who meets an immediately-served leader and learns that
the state is bad holds belief ;1 = 0. Denote the belief of a follower who meets a delayed
leaders and receives a good (bad) signal by u* (u™) € (0, 1). Denote the belief of a follower
who remains unconnected and receives a good (bad) signal by v* (v7) € (0, 1).

For ease of exposition, we will assume v~ < v* < u~ < u*. The proof goes through a

parallel argument, regardless of the ordering of these beliefs, and in particular if v* > u~.
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Given service speed K, the expected number of followers with beliefs 1 = 0 is
(1 - B)m15p(K) = Xo(K).
The corresponding expected number with beliefs v~ is
B(L = a)[N = m156(K) — moDg(K)] + (1 = B)a[N — m1Sp(K) — moDp(K)] = X1(K);
with beliefs v* is
Ba[N —mSc(K) —moDg(K)] + (1 - B)(1 — a)[N — m1Sp(K) — moDp(K)] = Xa(K);
with beliefs u~ is
B(1 — a)moDc(K) + (1 - B)amoDp(K) = X3(K);
with beliefs u* is
pamoDg(K) + (1 = B)(1 — a)moDp(K) = X4(K);

and with beliefs u = 11is
Bm1Sc(K).

The distribution function Fg(u) for follower valuations can therefore be written as

follows:

Xo(K)/N, if uel0,v7)

Sico Xi(K)/N, if y € [v7,v*)

Fel) = | Zzzo Xi(K)/N, ff be [Vi ) -
ieo Xi(K)/N, ifpelu™,u")
P Xi(K)/N, ifpe[ut,1)

1 ifu=1

where in particular, Z;}:O Xi(K)/N =1 - pm1Sc(K)/N.
Note that K’ > K implies S,,(K") > S,(K) and D, (K’) < D,(K), for w € {G, B}. This in
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turn implies Xo(K’) > Xo(K) and ¥}, Xi(K') < 37y Xi(K), by Xo(K) = N(1 — B)m1Sp(K)
and Z?:o Xi(K) = N — Bm15¢(K). As such, using expression (11), we can conclude that the
distribution function F(K’) crosses F(K) at least once from above.

Let u* = inf{u : Fx(u) < Fx(u)}, where u* € [v~, u*]. We know that Fx/(u) > Fx(u)
holds for all u < p*. We also know that Fx/(u) < Fx(u) holds for all u € [u*,1). It remains
to show that Fx-(u) < Fx(u) holds for all > u*. We proceed by contradiction.

Suppose that there exists some pu™ > u* for which Fx/(u™) > Fx(u™). Notice that
u* < u*, since Fp(u) < Fx(u) for p € [u*, 1).

By expression (11), a necessary condition for Fx/(u*) < Fx(u*) and Fg-(u™) > Fx(u™) is
as follows: X;(K’) > X;(K) must hold for at least some j € {1,2,3}.

However, from above, we have that m; > mg implies that X;(K’) < X;(K) for all
j € {1,2,3}, which generates a contradiction. We therefore conclude that Fx(1) < Fx(u)
holds for all 4 > p*, and hence increasing service speed from K to K’ induces a demand

rotation.

Proof of Lemma 2. Part 1. Note that

N
Do(@) = (1-9) Y jQu(j) + 9eQu(N),

j=0

p(1 - a)Dg(1)

#N) = B De + (1 - faDs (@)
i B(1 - )eQc(N) . |
" B Qo) + (1 - PlacQs(N) 1 4 LI

Now, due to limy e Qc(N)/Qp(N) = 0 we get that limy . p(1, N) = 1.
Part 2. For any fixed q, we get
p(1 - a) (1 - 9) £, Q) + 7eQa(N))
p1 = a) (1 - 9) £y jQc() + 7eQa(N)) + (1 = pac ({1 - ) £Ng jQs()) + 7eQu(N))

u(q,N) =
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Thus, for g < 1 we get

, B — ) Ty jQc()
lim u(q, N) = N - N N
=0 P —a)2ilgjQc(j) + (1 = Bla Xy jQs())

and is independent of q. Using Z?]:OjQG(j) = aN and Z;io jQc(j) = (1—a)N, we get that

B(l—-a)a B
Bl—a)a+(1-pBa(l-a)

Part 3. We can rewrite the follower belief in the form

p(l—a)
(1-9) XX, jQB()+qeQp(N)

1-a)+(1- p
A —a) + (1= pag oy o mae0ot)

u(q,N) =

Note that

P (1—q)z?0jQB<j)+quB(N)) Qs(N) X% 7Q6(j) = Qa(N) Ly jQ5())
= &

- = <0,
99\ (1-q) £}y jQc(j) + 7¢Qc(N) [(1 - ) L0 jQa(j) + quG(N)]2

and therefore (g, N) is increasing in q. Moreover, u(0, N) = f and limy_e p(1,N) = 1.

Thus, for any r, there exists N(r) such that p(1,N) > rholds forall N > N(r). As such, for

any r € (f,1), and any N > N(r), there exists a unique g*(N) such that p(g*(N), N) = r.
Now we prove that limy . 4°(N) = 1. To do so, we proceed by contradiction. Suppose

that g*(N) < g for all N. Then, using monotonicity of the belief in g, we get
lim p(q"(N),N) < lim (@, N) = <7

, which is not possible as u(g, N) is continuous in 4. |
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