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Abstract

We develop a framework to analyse affine jump diffusions using factor modelling tech-
niques, offering a novel method to study which and how many risk factors drive the price
process of a single asset. We use information contained in options to construct observa-
tions on the characteristic function of the returns on the underlying asset, without having
to specify a parametric model. We show how to form a linear factor model out of these
observations. Our asymptotic framework is one in which the number of observed options,
of varying strikes, tends to infinity. We prove asymptotic normality of the factor model,
and provide a feasible central limit theorem which can be used for testing. In addition, we
prove that diagnostic criteria based on the eigenvalues of the sample covariance matrix of
the constructed factor model are able to consistently estimate the number of factors, and
that principal component analysis is able to extract these factors. An empirical application
suggests that the main factor driving the S&P 500 returns is a stochastic variance process,

which explains 97% of the variation in the factor model.
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1 Introduction

The value of financial derivatives is determined by the stochastic behaviour of the price of the
underlying asset. A natural, fundamental question is then to ask what kind of process underlies
the price of such assets. The consensus is that asset pricing models need to be more involved
than in the seminal work of Black and Scholes (1973), but the literature has not yet settled on
what should be included in a “proper” model. The amount of research devoted to this question
is vast, with many new models or extensions being proposed (see, among many others, Merton,
1976; Hull and White, 1987; Heston, 1993; Bates, 2000; Ait-Sahalia et al., 2015).

In this paper, we develop a model-free methodology to analyse what characteristics need to
modelled in order to appropriately represent the stochastic process underlying an equity price.
We propose a factor model of the characteristic function of the equity returns, exploiting infor-
mation contained in option prices. In usual factor models in asset pricing, a small number of
common risk factors drives the behaviour of a large set of returns. We, in contrast, are inter-
ested in the behaviour of the latent factors driving the distribution of a single asset price. These
factors are best understood as the state variables that need to be included in a model, e.g., a
stochastic volatility “factor”. We develop methods to perform inference on both the number of

factors, and their behaviour.

This question is not novel, nor is the use of options in answering it; the added value of our
approach lies in the theoretical validity of the factor model representation, which is not present
in the literature. Setting up a formal framework in which this factor analysis can be validly
applied starts by appropriately transforming the option data: we construct observations on the
characteristic function of the distribution of the returns on the underlying asset in a model-free
way, using the Carr and Madan (2001) spanning result (see also Todorov, 2019). We perform this
spanning for option panels differing in time-to-maturity, which allows us to study factors affecting

the term-structure of the option prices as well as factors causing cross-sectional differences.

Existing research used principal component analysis (PCA) to describe implied volatility (IV)
surfaces (Skiadopoulos et al., 2000; Cont and Da Fonseca, 2002; Andersen et al., 2015b). IVs
are usually considered as a method of quoting option prices, which result from the dynamics in
other state variables. However, by constructing a factor model directly for the IVs, the focal
point is shifted to the IVs as the process of interest, away from the underlying state variables;
an approach explicitly taken in Carr and Wu (2020). Another justification would be that IVs
are linear functions of the actual state variables, but this approach is not consistent with most
models, as usual option-pricing formulae are highly nonlinear.! This divergence is not present in
our framework, but to ensure the validity of the linear factor model representation, a structural
form for the underlying dynamics has to be assumed. In our option-based setting, this “necessary
evil” presents itself as a restriction to the class of affine jump diffusions of Duffie et al. (2000).
This broad and widely used class naturally lends itself to factor modelling, as its characteristic

function is of the exponential affine form. By considering the characteristic function spanned by

"Volatility surface analysis is also the focal point of Ait-Sahalia et al. (2021a,b), though they take a Taylor
expansion approach and examine derivatives, or “shape-characteristics”, to summarize the surface. The ad hoc
factor model assumption is then not required.



the option prices, instead of the IV surface directly, we are thus able to construct a factor model
while maintaining the view that IVs are an outcome, and not the foundation, of a stochastic
process. The unavoidable trade-off is that we have to limit the scope of our framework to the
analysis of affine models. Fortunately, this affine class contains many popular option-pricing
models, and it is often used in the financial literature, such as in Black and Scholes (1973),
Heston (1993), Bates (2000), Pan (2002), and Ait-Sahalia et al. (2015).

Though it allows for a wide variety of popular models, the restriction to the affine class clearly
limits the applicability of the developed framework. However, our characteristic function obser-
vations are generated in a model-free way; even if the true underlying process is not affine and
the linear representation is invalid, there is some merit in the idea that PCA extracts factors
that explain (part of) the dynamic behaviour of this characteristic function. The comparison to
the aforementioned studies on PCA in the IV surface can easily be drawn; even if the volatility
surface is not truly linearly dependent on some common factors, these studies still seek to learn
some general behaviour through its principal components. In the same sense, one can read this
current study as an exploratory analysis of what factors drive the dynamics of the characteristic

function: an interesting topic on its own.

We derive the asymptotic theory for our factor model. Our asymptotic scheme is one in which
we require the number of options, of varying strikes, to tend to infinity. Such an asymptotic
scheme is also implemented in, among others, Andersen et al. (2021), and in Boswijk et al.
(2022), of which our article can be seen as a non-parametric, more exploratory counterpart.
The resulting framework can be regarded as one using so-called “small-sigma” asymptotics: the
asymptotic set-up (indirectly) causes the errors to vanish, while the cross-sectional and time
series dimensions of the factor model stay finite. It is important to stress this final point:
as there is no requirement for the time series dimension, our method can be applied on any
scale ranging from intradaily to, e.g., weekly observations, as long as there are observations on
sufficiently many options. We provide a feasible CLT which can be used to construct tests,
e.g., for the number of factors using the Kleibergen and Paap (2006) rank test. In addition, we
prove the validity of the use of PCA to extract the state vector, and that inference based on the
eigenvalues of the sample covariance matrix of the factor model can consistently estimate the

number of factors.

We examine the performance of the developed methodology in a Monte Carlo study, considering
a setting mimicking the S&P 500 using an empirically relevant model with a (multi-factor)
stochastic volatility structure. Focusing on the aforementioned rank test for the number of
factors, we find excellent power in all considered settings, regardless of tuning parameters. The
same can be said about the size of the test, though finite sample biases cause it to slightly
over-reject in the more involved models. A small empirical application highlights that the most
important factor driving the S&P 500 index is related to a stochastic variance process, but that

more factors are necessary to explain higher order moments.

The main contribution of this paper is the development of the characteristic function-based
factor modelling approach to analyse option-pricing models. The framework is constructed to

answer the fundamental question of what processes drive an asset price, but in contrast to the



existing factor literature, we do not focus on a large panel of equity returns or option prices
directly. To the best of our knowledge, our method is unique in its characteristic function-based

factor modelling approach.

The rest of this article is organised as follows. Section 2 discusses the affine models, and the
construction of the factor model. Section 3 contains the theoretical results. Section 4 presents

the simulation results. Section 5 contains an empirical application. Section 6 concludes.

2 Methodology

This section explains how to construct the linear factor model in the affine class, starting with
a short treatment of this affine class, and the option-based spanning of the conditional charac-

teristic function.

2.1 The affine jump diffusion

Consider an arbitrage-free, dynamic financial market, defined on a filtered probability space
(Q(O),]—" ©), {ft(o)} ,IP’(O)>. Absence of arbitrage implies the existence of a locally equivalent
risk-neutral measulfe Q. Consider a single asset price S, of which the dynamics under Q are
driven by a d-dimensional state vector X;, assumed to be a Markov process taking its values in
X c R%. As usual, we describe the dynamics of log S; =: y;, instead of S; directly. The dynamics

of (yt, X7)" under the risk-neutral measure Q are described by the following jump diffusion:

dyt = ,U,y(Xt) dt + Uy(Xt) th + ZEJ dNt y

(2.1)
dX; = px(Xp) dt + ox (X;) AW + Z;X ANy,

where W; is a d+ 1-dimensional standard Brownian motion, V; is a counting process with arrival
rate A(X;), and the associated jump-sizes are represented by Z; := (Z}, Z;X')'. Conditional on
a jump-event at time ¢, the jump-size Z; is a random vector following the arbitrary, but fixed,
distribution v. The size of the jumps is thereby independent of the current state.? Assume
moreover the existence of a riskless asset offering, for simplicity, a constant rate of return of r.
In addition, assume pu, satisfies no-arbitrage restrictions such that the discounted asset price is

a Q-local martingale.

We follow Duffie et al. (2000) and impose that the functions pu(-),o(-)o(-)" and A(-) are affine,
where p(-) :== (py(+), ux (-)")’; and with o(-) defined similarly. That is, we assume that they can

be written as:

p(z) = Ko + K, with Ky € R K, e Ri+1xd
o(z)o(z) = Hy+ Z?:l Hl(j)xj, with Hy € Rd+1xd+1’H£J‘) € RA+1xd+1 (2.2)
A(z) =y + I}, with lp € R,l; € R?

21t is possible to extend (2.1) to include multiple jump processes, or jumps specific to prices or volatility, but
this is not a (direct) point of interest. Including multiple jump processes does allow for “changes” in the jump-size
distribution, by changing the frequency of small relative to big jumps.



Herein, H, Hfj) must be taken such that o(x)o(z)" is positive semi-definite for all z € X', and
lo, 11 must be such that A(x) > 0 for all x € X, and such that it does not explode to infinity
either. These so-called admissibility conditions, discussed in Duffie et al. (2003) and Singleton
(2006) among others. These admissibility conditions lead to restrictions on the parameter space:
a famous example is the Feller condition that ensures the stochastic volatility process stays
positive in the Heston (1993) model. We do not discuss this further, but it must be clear that

the applicability of our methodology is limited to models with admissible parameter values.

Assuming the state vector follows an affine jump diffusion seems restrictive, but it actually allows
for a variety of popular models, as showcased by its use in Black and Scholes (1973), Heston
(1993), Bates (2000), Duffie et al. (2000), Pan (2002), Ait-Sahalia et al. (2015), Andersen et al.
(2015b), Boswijk et al. (2021), among others. The main appealing feature of the affine jump
diffusion is the result of Duffie et al. (2000), who have shown that its conditional characteristic
function (CCF) is of the exponential affine form. In particular, given the structure of (2.1), the

CCF of the log return on a futures contract can be written as:

o1, 7) 1= ED [explinlog(Fusr /F)}] = exp{a(u,7) + Blu, )X}, (2.3)
CCF
where 7 € Ry and v € R. Both here and hereafter, E?[] = EQ[~|]-"t(O)] refers to the conditional

expectation under the risk-neutral measure Q given the filtration ]-'t(o). The coefficients a and
B solve a known system of ODEs, that deterministically depends on the CCF argument u, the
parameters, and the jump distribution, but not on }-t(o)‘ There are some regularity conditions
in order to guarantee a (unique) solution to this set of ODEs, for which we refer the reader to

other work, such as Duffie et al. (2000).

Recall that the drift, diffusion, and intensity functions take only X; as argument, and not ;.
This implies the intuitive, and standard, assumption that returns are distributed independently
of price levels. This does requires a simple adjustment to the standard definition of the ODEs,
but this is not relevant for our exposition, and it is therefore omitted. Solving these ODEs
is namely not required in our methodology, which is agnostic about the specific parametric
structure of the model as long as it is part of the affine class. This exponential affine structure
is the feature we aim to exploit, as it implies that the log® conditional characteristic function

(CCF) of such a d-dimensional affine jump diffusion is affine in the state vector.

2.2 Spanning the characteristic function with an option-portfolio

Let F; be the price associated to a futures contract expiring at T := t + 7, following some

arbitrary martingale-dynamics under the risk-neutral measure Q:

dF, .
— = 0 dW; + dJ;, (2.4)
Fr_

3The logarithm of a complex number z = re*® is not uniquely defined. The common solution, to focus on
the “principal branch” and take k € Z such that Jm(log z) = ¢ + 2k7 € (—m, 7], introduces discontinuities at the
crossing of the interval’s boundaries. As the log CCF is required to be continuous, we simply recall that ¢(0) = 1,
or log ¢(0) = 0, and take the aforementioned k such that the function is continuous in w.



with W; a standard Brownian motion, v; an unspecified, but adapted and locally bounded
volatility process, and J; a similarly unspecified compensated jump process of finite variation.
Assume moreover, as before, the existence of a riskless asset with constant risk-free rate r. Note

that these dynamics are not necessarily of the affine form as discussed before, but more general.

As shown by Carr and Madan (2001), any twice continuously differentiable function f(-) of the

terminal price Fy4, can be replicated by a portfolio of options as follows:

[o.¢] xX
f(Feir) = f(2) + f'(2)(Frsr — ) +/ f"(K)(Fiyr — K)TdK +/ fUE)E = Fyr) T dK
T 0
(2.5)
with z € Ry fixed. Denote by Oy(7, K) the time-t¢ price of an out-of-the-money (OTM) European
option which matures at t+7 and has strike K, that is, a put if K < F} and a call if K > F;. Risk-

neutral pricing dictates that this price is equal to the discounted ]-'t(o)—conditional expectation

of the terminal payoff under the risk-neutral measure QQ. As such, taking x = F;, we can write:
o
B2 f(Fua) = F(B) + ¢ [ f(K)Ou(r K) K (2.6)
0
Taking f(z) = e™108@/F) for 4 € R, we find:

o (u, 7) == B2 [exp{iulog(Fipr/Fr)}]

o0
1 .
_ rT(, 2 . iulog( K/ F;
=1-¢"(u +zu)/0 —selos /P, (7, K) dK 2.7)

2 .
:1—e”u +

/ e =ImO, (7, m) dm,

t R

with m := log(K/F;) the log-moneyness of an option with strike price K. Note that we use
both Oy(7, K) and O¢(7,m) for the same option price; given the one-to-one relation between K
and m there should be no confusion. The left-hand side of (2.7) is the conditional characteristic
function of the log futures returns. As such, this spanning result allows us to construct functional
observations on the CCF by using the current futures price and a portfolio of OTM options on
a continuum of strikes. This idea is also used by Todorov (2019) to construct a spot volatility
estimator using the Lévy-Khintchine formula. Note that these observations are model-free, and

thereby do not rely on the assumption that the futures price follows an affine jump diffusion.

In practice, we must approximate the integral in (2.7): we do not have a continuum of options,
and the options we do have are noisy. In our framework, we indeed allow for observation errors

in the option prices:

~

Oi(1,m) := Oy(1,m) + ((T,m), (2.8)

where the observation errors can be factorized as (;(7,m) := o(7, m) (7, m). Herein, o(7,m) is
an ]__t(o) -adapted random variable capturing the conditional heteroskedasticity, and {s¢ (7, m;)};
is a random sequence defined on the outcome space Q) = X, X, RR. Similar to, e.g., Andersen

et al. (2021), we require a probability space of this form as the in-fill asymptotics imply the need



to define an error for every value in the moneyness-grid. We complete the probability space
with the product Borel o-field F(!) and transition probability P(}) (w(®) dw(l)). We join the two
spaces by defining the product space:

Q=00 x 0, F = FO 5 7O pdw®, dw®) = PO ()P0 (1) duD).

To implement our approximation, we follow Todorov (2019) and employ a left Riemann sum.
There is no particular reason to take a left Riemann sum instead of a right or middle Riemann
sum, or even more involved techniques to approximate the integral. The employed approxima-

tion? is as follows:

2 .
U 20U

Ze(iufl)mjflat(ﬂ m]‘_l)Am]‘, (2.9)
=2

br(u,7):=1—¢e

t

where n is the number of observed options, with associated log-moneyness {m; }?:1 and noisy
prices {O(, mj)};‘:l, and Am; := m; —m;_; is the difference in log-moneyness between the
j-th and (j — 1)-th OTM-option. In our exposition, n = ny » and m; = my ,(j) for all ¢, 7. This
can be relaxed to a time- and tenor-varying, ]:t(o)-adapted grid, but doing so clutters notation:

asymptotic results would be denoted in terms of max; - sup; Amy -(7) 4 0 as ming » ng » — o0.

As already apparent from (2.7), we could approximate the integral in terms of the strike prices
K as well. Though the value of the integral is invariant to the choice of variable, this choice
affects numerical approximations when only a finite number of strikes are available. It must be
noted that the difference is likely small, at least with the current form of the approximation:

the functions are evaluated in equivalent points, the only actual numerical difference is that we

replace log Klji - by I%ffjl in each term of the Riemann sum,® which are well known to be close if
the steps in the strike grid are not too large. Nonetheless, it might be the case that the discrete

approximation is more stable when using m, or vice versa.

2.3 Observing the affine CCF
Aligning the affine CCF of (2.3) with its spanned counterpart defined in (2.9), and taking the
complex logarithm, we find the following observation equation:

T/A)t(U, T) = log Qgt(uv T) = a(u, 7-) + B(u7 T)/Xt + ft(u, T)a (210)

where the complex-valued noise &(u,7) := ¥ (u,7) — ¥ (u, T) captures the observation errors
in the option prices 6t(7, m), and the errors caused by truncation and discretization of the

integration interval in (2.9). These errors are discussed in more detail in Boswijk et al. (2022).

4Considering an inter-extrapolation scheme might lead to a better approximation (see Boswijk et al., 2022),
and can be used to reduce the finite-sample bias of this approximation. This is discussed below in more detail.
SUsing K = Fie™, this can be seen from the last equation (denoted by (%)) in the string of identities below

oo oo
1 iulog(K/Fy) 1 (iu—1)m dK (o 1 (iu—1)m
— DOy, K)dK = — O(r, K)— = — 0 d
) K2€ t(T7 ) F, o € t(T7 ) K F, ]Re t(Ta m) m,
such that the only difference in the numerical approximation is the replacement of Am; by 1? K71 .
.



This is in fact the same observation-equation used by Boswijk et al. (2022), who use it to
estimate parametric option pricing models using state space filtering techniques. We present to
some extent a non-parametric counterpart to their paper, using the same observation equation
but remaining more agnostic about the specific parametric structure. As such, our approach in

analysing this equation is clearly also very different.

Note that the CCF under consideration is of the futures returns, and not of the full state
vector. Even though the latter is more informative, we are not able to construct the required
observations: to be able to span the characteristic function with a portfolio of options, we require
it to be a function of the process on which the options are written. As options are written on the
price of the underlying, we are restricted to the CCF of the price level, which is transformed to
the CCF of returns. There are two main reasons to focus on returns. Firstly, the price process
is observable, and thereby not interesting to analyse as part of the factor model. Secondly, the
price process is generally assumed non-stationary, ensuring the log CCF is a factor model with a

non-stationary factor, which will dominate other stationary factors, and complicate the analysis.

2.4 Evaluating the functional factor model

Note that the relation in (2.10) holds for any value of (u, ), forming a functional linear factor
model. Being interested not in this “direction” of the model, but in the state vector X;, we
reduce this to a more practical setting by evaluating the functional model in a given set of

arguments for (u, 7).

Assume at time ¢t we have observations on the futures price and on OTM options of a variety of
strikes and of k € N different maturities {Ti}le. In our setting, we assume daily observations
and let t = 1,...,T, such that we consider T trading days. The observed strike prices are
allowed to change, but the elements of {7;} are assumed to be constant. A constant 7 implies
that the coefficients a(u,7) and S(u,7) in, e.g., (2.10), are time-constant, such that they can
indeed be interpreted as factor loadings. Given this information, we use (2.9) to construct the
CCF for each ;.

The spanned CCFs are then evaluated in ¢ € N different arguments, 0 < u; < ... < u,.
The focus on the positive real half-line forms no restriction as all characteristic functions are
Hermitian. How to optimally select these arguments {uj}?zl is an open question, which is a

point of interest in our simulations.

For a given maturity 7;, with ¢ = 1,..., k, we then stack our observations on the CCF evaluated

in different u; to arrive at the vector-valued equation below:

Pri = i+ BiXy + &y (2.11)

with ﬁm € C? with j-th element 1[1t(uj, 7;), and similar for a;, £; and & ;. Recall that a; and ;

are constant in time if we consider the same set of tenors 7 throughout.

50ur method thus resembles functional PCA using a discretization method, though we do not perform any
interpolation afterwards. As mentioned, we do not interpolate, as the argument (u, 7) in which this is a functional
model is not the “direction” of interest; we are after the state vector X;.



2.4.1 “Realizing” the complex-valued log CCF

Through the complex-valued coefficients « and S, observations on the log CCF are complex-
valued even if the state vector is real-valued. As we do not want to lose any information (which
would be the case if we were, for instance, to only consider the real part of our factor model),
while maintaining the tractable form of a real random vector, we decompose the observed CCF
into its real and its imaginary part and stack these. That is, with @@t,i the observations related

to a maturity 7; as constructed in (2.11), we construct:

- Re (. Re(ay Re(B; Re 5(11)
¢t,z‘ = . =1, (a ) + ~ (B ) X + t(71) + T, (212)
Jm{ e Jm(c) Jm(5;) Jm (&,
or simply
Uri = a; + BiXy + e + T, (2.13)

which is a real-valued 2¢-dimensional factor model driven by the same d-dimensional X;. Ap-
pendix A discusses the implications of this stacking on the further analysis. Note that we
have separated &;; into an error §t(’1i), related to the observation error in the option prices, that
turns out to be of first order importance, and a remainder term r;;, that can be shown to be

asymptotically negligible; see Boswijk et al. (2022) for a more in-depth discussion.

2.5 The factor model

Our method straightforwardly allows to consider different maturities, simply by stacking the
different maturities. This allows for detection of factors that affect the cross-section of options,
as well as factors that affect the term structure of the volatility surface. Our next step indeed

is to consider the model in this stacked form:

e
1575 = =a+ BXt + &t + T, (214)
Dk

which is a vector of length p := 2kq. By stacking in the time-dimension as well, setting 1@ as its

t-th column, we obtain the (p X T') matrix U:

U =ay+BX +c+r, (2.15)

where X = (X4,...,Xp), e =(e1,...,er), 7= (r1,...,77), and ¢y is the T-dimensional vector
of ones. In the analysis that follows, the intercept is not of interest; we are after the behaviour
of the state variable X. As such, we consider this equation after subtracting the mean over time.

1

To this end, define the projection-matrix M,, = I — T~ 'vpi/y, and right-multiply to obtain

U =BX +£&+7, (2.16)



where X 1= X M,,., and € and 7 are defined similarly.

In usual factor models, or with panel data in general, there are two dimensions in which it is
possible, or necessary, to take the sample size to infinity. Both the number of features in the
cross-section (i.e., p) can increase, as well as the number of time series observations 7. However,
as we show in the next section, neither is necessary in our factor model: the asymptotics are in

terms of the observed number of options n.

3 Theoretical results

Recall that our interest in the state vector is twofold: we want to learn its unknown dimension
d, and extract the sample paths of the latent processes in X;. This section provides the required
theoretical foundation. In the following, we require our state process to satisfy the following

assumptions:
Assumption 1.

(i) The state vector (y¢, X})" follows, under the risk-neutral measure Q, an affine jump diffu-
sion, as specified in (2.1) and (2.2);

(ii) The (d X T)-dimensional matriz X has rank d;
(iii) The columns of B are linearly independent.

Clearly, the first part of this assumption underlies the validity of considering a linear factor model
for the log CCF, and is thereby central to our methodology. Note that the price y; does not
feed back into the dynamics of the state vector. As such, returns are distributed independently
of price levels. This is intuitive, and satisfied by most standard models. Implicitly, we also
assume here that the true model satisfies the admissibility conditions as briefly mentioned in
Section 2.1. The second part is straightforward, requiring that all state variables have positive
sample variance, and that we observe a time window long enough for us to identify them. The
last part states that none of the state variables are redundant, and consequently, not identifiable.
This additionally implies that the grid of (u,7) is appropriate; some factors might for instance
drop out if the set of maturities is not sufficient. Note that we do not assume that the state

variables are stationary; this is not necessary as we do not consider large T' asymptotics.

Moreover, in order to be able to derive limiting distributions, we make some assumptions on the

observation error in our option prices, introduced in (2.8):
Assumption 2. For all t, 7, we have
(i) EP 5 (r,m)|FO) =0, EP 52 (7, m)|F O] = 1, EP[s¢}(7, m)| FO] < o0;
(ii) s(r,m) are FO-conditionally independent along maturity T, moneyness m, and time t;

(ii3) o¢(T,m) is ffo)—measumble, 0 < inf,, o(1,m) < sup,, o¢(T,m) < o0, af(r,m) is Lipschitz
inm, and [ e Mot (T, m)dm + [ |mle”*™o?(r, m)dm < occ.

This assumption decomposes the observation error in a stochastic component and an .7-"15(0)—

adapted part capturing heteroskedasticity in the observation errors. The error is assumed to

10



be mean zero. The moment condition is required for feasible inference. The second part is
commonplace in the literature (see, e.g., Todorov (2019); Boswijk et al. (2022)). Andersen et al.
(2021) show that dependence in observation errors is indeed limited, and decreasing in recent
years, providing some empirical foundation. The last part is on the conditional variance of
the errors, and presents some high-level conditions necessary for feasible inference. These high-
level conditions are implied by standard parametrisations, such as a multiplicative pricing error
in either the option price or in the implied volatility, combined with some standard moment

conditions. These assumptions are all implied by those in Boswijk et al. (2022).

Lastly, we make some assumptions on the existence of certain moments, as well as the structure

of the moneyness grid:
Assumption 3.
(i) The true option price O¢(T,m) is Lipschitz in m;
(i1) The forward price process satisfies IE;QF&T < 00 and E;QF,;QT < 005

(iii) For the log-moneyness gridm = my < ... < m, =T, there exists a deterministic sequence

Am depending on n such that Am — 0 as n — oo and for some v € (0,1]

tAm < inf  |mj —mj_q1| < sup |mj —mj—1| < Am. (3.1)
J:21'“7n j:2,.A.,TL

In addition, for all t, T, we have, as Am — 0,

mi —mi_q
j=2,....,n Am

—3(m;)| = 0p(vAm), (3.2)

with § : R — Ry a continuous function.

The Lipschitz continuity is satisfied whenever there are no atoms in the risk-neutral return
distribution. The moment conditions are necessary to bound the truncation and discretization
errors. The assumption on the shrinking moneyness grid forms the basis of the in-fill asymptotics,
see also Andersen et al. (2015a) or Todorov (2019). The convergence of the relative step size to
the function 6, as in Todorov (2021) or Andersen et al. (2021), is nothing more than a useful
vehicle allowing for a more clear and insightful presentation of the limiting results. To this end,
we also assume it is the same for different ¢, 7, though this can be relaxed. The function §

appears in the limiting results, but does not need to be observed or estimated.

Before we move to our results, we want to draw attention specifically to how the noise enters
our factor model. Note that there is no idiosyncratic noise, as in usual factor models. After all,
all elements of the factor model are constructed based on the same set of options. Apart from
the observable price process, these options form the only input of the model, and they are the
sole cause of the errors as in (2.10). As such, it is intuitive that the asymptotic scheme is one
in the number of options, and specifically one that ensures the errors vanish in (2.10), and in
extension, that the errors disappear from the model asymptotically. Clearly, this requires the
CCF spanning to become exact, so the Riemann sum of (2.9) needs to converge to the integral

of (2.7). Denoting K := max; ; Fre™ and K = ming , Fie™, this intuition is summarized in the

11



following Lemma:

Lemma 1. Suppose Assumptions 1-3 hold. If n — oo, K < n2, K < n% for some a, & > 0,

and (p AT — 1) > d, the first d singular values of U are bounded away from zero, while the

d + 1-th singular value tends to zero in probability.
Proof. See Appendix B.3. O

This result combines the consistency of the spanned factor model with the fact that its limiting
value is a rank-d matrix. This result only requires an asymptotic scheme on the number of
options, and not on the cross-sectional or the time series dimension. Note the resemblance
with so-called “small-sigma” asymptotics, in which the errors disappear even though the model
dimensions stay constant. We have phrased this result in terms of singular values, as this makes

it more intuitive to extend it to selection criteria for the number of factors:

Corollary 1. Suppose the assumptions of Lemma 1 hold. Denote M = (p AT). Denote by
01 > ... > oy the singular values of U, Then, d:= max{j : o; > v} consistently estimates d

/_11
—0 and%—)o.

for any deterministic sequence v, such that vy,

Not any sequence v, is allowed: its convergence rate needs to be slower than that of the maximal
non-systematic eigenvalue. This rate can be found using Proposition 1 of Boswijk et al. (2022).

1/3 or (logn)~'.

Some standard options for ~, are, e.g., n~ This result essentially shows the
validity of basing inference on the number of factors on the scree plot. This can be extended to
include popular selection criteria, such as eigenvalue differences (Onatski, 2010) or eigenvalue
ratios (Ahn and Horenstein, 2013), though the latter might require some form of perturbation
to avoid potential division by zero, as pointed out by Pelger (2019). Clearly, other selection
criteria can be thought of as well. At their core, all such criteria are transformations of the scree

plot, which is commonly used in practice.

Additionally, as the spanned factor model consistently estimates the true d-dimensional factor
model, the following well-known result follows, stating that PCA extracts the factors up to a

rotation:

Corollary 2. Suppose the assumptions of Lemma 1 hold. Denote the (d X T)-dimensional
matriz formed by the first d right-singular vectors of U by X. Then, for some invertible matriz
H, we have maxy HXt - H’XtH = 0p(1).

This result can straightforwardly be shown using the singular value decomposition of \El This
result is also obtained, in some form, in Bai and Ng (2002) and Bai (2003), among others;
consider for instance Proposition 2 in Bai (2003) and recall that our asymptotics are in terms
of n. Replacing d by a consistent estimator d satisfying the conditions of Corollary 1 does not

alter this result.

In our atypical framework, we can do better than consistency. By Lemma 1, the rank of our
consistent estimator ¥ is in the limit equal to the number of factors. As such, a natural approach

is to appeal to the literature in rank testing, such as Kleibergen and Paap (2006). This contrasts
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with the conventional factor modelling literature, where such tests are unavailable as the non-
systematic eigenvalues, though small, do not vanish. Clearly, testing does require a distributional

result, which we present next.

In order to construct a feasible CLT for ¥, we need a consistent estimator for the variance
matrix. Following Todorov (2021), we construct estimators of our observation error” by setting

forj=2,....,n—1:

Ce(mi,my) = % <6t(7iamj) - % (@(Tz',qu) + 6t(7'i,mj+1))> ; (3.3)

and setting ft(Ti,ml) = ét(T,;, ms) and ét(n, My) = ét(Ti,mn_l). Lastly, let j* denote the index

corresponding to the smallest absolute log-moneyness, i.e., j* = argmin; [m;|. Then, set

~

Gutriymye) = 5 (16t mye )] + (i) (3.4)

As explained by Todorov (2021), this latter adjustment is to incorporate the no-arbitrage re-

striction that prices are monotonic.
Define

u? +iu (

il u) = — ) WM Gy (13, my ) Ay (3.5)

Let &:(j) = (&i(,u),. - 6uilGug)), and define é,:(j) = (me(ét,io))' Jm(émj))').
Then, define

Hyi=—5> éui(j)éei(i). (3.6)

Lastly, compose the variance estimator as follows:

Hi= (M, @ I,) blkdiag{ (1) T k}} (M ®1,), (3.7)

Theorem 1. Suppose Assumptions 1-3 hold. If n — oo, K < n~%, K < n® for some a,a >

1/4, then, with L — s denoting FO) _stable convergence in distribution,

(Am)~1/? (vec(llf) — vec (BX)) = N(0,H), (3.8)

7 Alternative estimators of {;(7i,m;) can be used as well. Sufficient conditions for the ensuing variance matrix
to be consistent are asymptotic unbiasedness for o7 (7, m;), except for maybe a finite number of indices j, and
S, Covy (@2(7', my), C2(, ml)) = Op(1). We elect to employ iCOS-implied errors based on the techniques of
Vladimirov (2023), which outperform comparable methods in the simulations with reasonable sample sizes. Those
based on Todorov (2021) are presented in the text as they are a well-performing alternative, and are much simpler
to explain.
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where H is some FO) -measurable random matriz, and, additionally,
I(Am) ™ H — H]| = 0p(1). (3.9)
Proof. See Appendix B.4. O

As the covariance matrix in the limiting distribution is random, our factor model is F(®)-mixing
normally distributed. Our feasible variance estimator does allow for hypothesis testing. Though
the mesh Am explicitly enters these expressions, this term does not appear in a standardized
version which would be used for such tests. Note that the limiting variance H is singular, due
to the demeaning, but potentially also due to the choice of u. This requires an adjustment to

the rank test of Kleibergen and Paap (2006), which is presented in the next subsection.

A decomposed version can be found using the results of Bai and Ng (2020), and can for instance
be used to construct confidence bounds around the extracted factors. A feasible variance matrix
estimator is presented in Bai (2003), though we can base an estimator on the previously used

H as well.

Proposition 1. Suppose the assumptions of Theorem 1 hold. Assume the nonzero singular
values of U are distinct. Recall that X are the first d right-singular vectors of ¥, and define
B:=¥X" Then, for some invertible matriz H 5ot

() (am) V2 (B — H7'B)) SN (0,Q 7 X (Ir @ ey H(Ir @ €P)X'Q1),
(i) (Am)~ Y2 (Xt - H’Xt) =Y (o, S72QB/ (e @ I,YH (e ® f,,)BQ’S*Q) ,
(4)

%

is the diagonal matriz containing the d nonzero singular values of ¥ in descending order.

where e’ is the j-dimensional vector with a 1 at the i-th position and zeroes elsewhere, and S

Proof. See Appendix B.5 ]

3.1 Testing for the number of factors

As briefly mentioned, the asymptotic rank of our factor model is equal to the number of factors,
or the dimension of the state vector X;. As such, we implement a rank test in order to perform
inference on this quantity. We propose to use a restricted version of the Kleibergen and Paap
(2006) rank test.

In our factor model, the standard test of Kleibergen and Paap (2006) jointly tests (p—d)(T'—1—d)
restrictions on the singular values. Given that we look at a single equity, it is reasonable to
assume that a proportion of these are zero without a need to test for them; i.e., we assume an
upper bound for the number of factors, say dmax. This implies our alternative hypothesis changes
from, e.g., Hy : d > 2 to H; : 2 < d < dpax, reducing the power against the set {d : d > dpax}-
The main benefits of this added assumption are that the degrees of freedom in the test is much

reduced, increasing the power of the test, and that the variance matrix that needs to be inverted
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is of a smaller dimension and is more likely to be non-singular, which benefits the size of the
test.

Next, we briefly discuss the construction of the test, in relation to the Kleibergen and Paap
(2006) test. However, we first have to deal with the singularity that arises when demeaning
the factor model. As a solution, we elect to simply remove the last of its columns. That is,

we post-multiply our factor model by the (7" X (T' — 1))-dimensional deletion-matrix D :=

(IT_1 : 07_1)". Our proposed test is a restricted version of the rank test of Kleibergen and Paap
(2006), superimposing that some of the smallest singular values are exactly zero. Write the SVD

decomposition of our factor model as follows:

S0 0\ [V
)ﬁ:BXDT:QA Us UQ 0 S of|w
o o o \w

In this decomposition, S; is a d X d-dimensional matrix, S is (dpax —d) X (dpax — d)-dimensional,
and 0 is a (p—dmax) X (T —1—dpax )-dimensional matrix of zeroes. Superimposing that this lower-
right block is identically zero implies that there is no need to test for it. With U = (Ul U2>
the p X dpax-dimensional submatrix containing the first d.x left singular values of the factor

model, we consider instead:

!
Y =UY = Ui Y
Us

Si 0 0\ (W
I, 0 0 /
0 S of([w
0 Ldpox—a 0 )
0o 0 o) \W

V/ V/ V/
I 0 Sy 0 o\ tr 2 s
Vis Voo Vi

0o I; _ 0 Sy 0

This is simply a projection onto the lower-dimensional subspace spanned only by the first dpyax
left-singular vectors. We propose to perform the Kleibergen and Paap (2006) test on this reduced
matrix instead. Note that we reduce the row dimension, not the column dimension. We do so
as any singularity problem would likely be caused by the fact that the loadings can be very

comparable for (7,u) close, which forms the row dimension.

Following Kleibergen and Paap (2006), we write
Y = AgCq+ Ag 1 NaCly 1

Applying the results of Kleibergen and Paap (2006) to our restricted setting, with

- V/ V/
! 22 32
23 33
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a(T'—1—d) X (T —1— d)-dimensional matrix, we have the following expressions:

Ag = SV'(VV')~1/2,

0
Ag 1 = :
(Idmaxd>

Cy = (f/f//)l/2(‘7/>—l V1/2 ‘/’2/2 ‘[‘5,2
’ Vis Viy Vi)
which are (dmax —d) X (T — 1 —d), dmax X (dmax — d), and (T'— 1 —d) X (T — 1)—dimensional

matrices, respectively. We denote sample counterparts by a hat, e.g., Ay.

Assumption 4. The (dypax — d)(T — 1 — d) X (dmax — d)(T' — 1 — d) covariance matriz
Q= (Car ® Ay | )(Dr @ U)YH(Dr @ U')(Chy @ Ag 1) (3.10)

18 non-singular.

It can straightforwardly be shown that a sufficient, though much stronger, condition is assum-
ing that Hy; is full rank for all (¢,4). Though we by no means prefer to make this stronger
assumption, it does provide the intuition that taking appropriate u is highly important.

Corollary 3. Suppose Assumptions 1-4 hold. Denote A = vec([\d>. Ifn - o0, K x n™¢,

K =< n® for some a, a0 > 1/4, p > dmax, and T — 1 > d, then

N7 A 5 X (dmax — d)(T — 1 - d)), (3.11)
where QU is the feasible counterpart of the variance matriz defined in Assumption 4
Proof. This follows from Theorem 1 by the results of Kleibergen and Paap (2006). O

This is a test whether the elements of Ay are zero, which is equivalent to the elements of o
being zero. This is true if the rank of the factor model is d. If the true rank is greater than d,
this test-statistic diverges, such that a test based on this statistic has asymptotic power equal
to one. Without Assumption 4, a similar, but less powerful, test can be based on Robin and
Smith (2000). We propose a sequential test: start with ¢ = 0, and test H(()i) : dgp = t against
H,(f) 11 < dy < dpax; if ’H(()i) s dg = 1 is rejected, set ¢ — ¢ + 1, continuing until the null can no
longer be rejected or @ = dpax; if the null is not rejected, conclude that d = <. This approach can
be justified by appealing to Goeman and Solari (2010), as it clearly satisfies their monotonicity
condition and the first, and only, true hypothesis being tested has asymptotically correct size,
such that it also satisfies their familywise error control. The intuition behind the size control in
this procedure is simple: as the test is consistent, the sequential testing asymptotically rejects
almost surely until we reach ¢ = d, at which point the test is size correct (cf. Johansen (1988)’s

cointegration test). Of course, this presumes that for the true value d we have d < dyax-
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3.2 Analysis in non-affine models

This section shortly discusses the possibilities for inference in non-affine models. Clearly, the
assumption of the affine jump diffusion as the driver of price dynamics is key in the above
analysis. Relaxing this assumption reduces the earlier derived techniques to approximations in
the best case, and renders them invalid in the worst. The rank test, for instance, will overselect
the number of factors, as the true model is no longer reduced rank. PCA however still delivers
the best linear approximation to the dynamics in the CCF. As affine models are by far the most
popular class in the literature, it might be interesting to address the question of how well such
a linear representation can fit the data. To measure this goodness of fit, we investigate the
correlations between the principal components and higher order risk-neutral moments. As the
distribution of the log returns is essentially what is needed to accurately price options, we argue
that the linear approximation to the CCF, by proxy of the PCs, needs to be well correlated with
these objects.

Bakshi et al. (2003) use the Carr and Madan (2001) spanning result displayed in (2.6) to obtain
a portfolio representation of the second, third, and fourth risk-neutral moment of log returns.

In general, the h-th risk-neutral moment can be spanned as:

e’l"T

R?(h,ﬂ = E? (log(FHT/Ft))h} -5

/ h(h —1—m)m"=2e="0(r, m)dm.
R

We denote the feasible, Riemann sum-based counterpart by R\Q(h, 7). Asymptotic normality of

these spanned moments follows along the same lines as in Theorem 1:

Proposition 2. Suppose Assumptions 2 and 3 hold. If n — oo, K < n™2, K < n% for some

a,a > 1/4, then, with £ — s denoting FO) _stable convergence in distribution,
(Am)~2 (RY(h,7) = R (h,7)) 55" N (0. V()), (3.12)
with

Vi(h) = / B2(h — 1= m)2m=4e=2m02(7, m)5(m)dm,
R

for h e {k eR:|R2(k, )| < 00,30 >0: Jz (I =1 —m)| ]m\k”e*mat(ﬂm))%a dm < oo]}
Proof. See Appendix B.6. O

A feasible version of the (scaled) variance can be found by replacing the integral by a Riemann

sum, d(m) by Am;, and the unknown {o7(r,m)} by the estimators {C?(r,m)}. This can easily
~ ~ —~ /

be extended to the time-stacked (T" X 1)-vector R(}%T = (R(l@(h,r), . .,R%(hﬂ')) by making

use of the time-independence of Assumption 2.

Canonical correlations and regression R?s can be derived as eigenvalue problems. In particular,
if we are interested in the canonical correlations of our extracted principal components X with a

different set of mean-zero factors G, possibly observed with error, we can study the eigenvalues
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o~ o~

of the matrix (X X)_ls\f/G(G’G)_lG’;f. Distributional results for the (sums of) eigenvalues
of this matrix are established in Gaussian or other elliptical settings (see the discussion in Bai
and Ng, 2006), in group factor models (Andreou et al., 2019), and in high-frequency settings
(Pelger, 2019). Unfortunately, the assumptions in these papers do not align with our framework.
Nonetheless, the general idea behind the proof of Pelger (2019) still works in our case, providing

us with the following result:

Proposition 3. Suppose the conditions of Propositions 1 and 2 hold, and 7 ¢ {7;}¥_,. Then,
with R2 the R-squared of the regression of }?KST onto X and a constant, and R? < 1 its infeasible

counterpart,
(Am)~Y2(R2 — R2) “5° N(0, €' DIID'E), (3.13)

where, with R%T = MLTRgT

. KY4T)(Ip @ S72QBYH(Ir ® S~2QB') KT 0
0 M, diag{{Ve(h)}1=1,...0} M, |’
¢ —vee| | (KX IKRY (R VR )RY XX ) (XX XRG (R VR )
(BB )RR XX KT — (B R )R R (X)X R (R R D)) | )

= ([155] ) KT+ (1 [ 5],
(3.14)

with K the commutation matrix such that K vec(A) = vec(A’)

Proof. See Appendix B.7. O

~

This result can directly be extended to the sum of the canonical correlations between )S and
a general set of factors G; the proof is completely identical, so long as the errors in X are
independent® of those in G. To bring this into practice, we need consistent estimators of the
components in the variance matrix. For the matrices £ and D, we can construct simple feasible
analogues by plugging in ;( (note that )A( 3\( / =I) and ]/%97, which leads to consistent estimators
by the continuous mapping theorem. As mentioned in the discussion after Proposition 2, a
feasible estimator of Vy(h) can be constructed in a similar manner to how we estimate H: a
discretization of the integral and the replacement of {oZ(7,m)} by the estimators {C?(,m)}.
Such an estimator is consistent under suitable integrability conditions. What remains is an
estimator for the quantity S™2QB’; based on Proposition 1, this role can be taken on by §_2§’,

with S the diagonal matrix with the singular values of .

In contrast to the test of Andreou et al. (2019), this test is not applicable in the boundary case
of R? = 1 (or unit canonical correlations in a multivariate extension). This rules out the case
where the PCs are an exact rotation of the other set of factors. As Pelger (2019) explains, this

corner case leads to atypical behaviour, similar to unit-root tests.

8This can be relaxed, but a joint CLT such as in Lemma 8 needs to be satisfied.
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4 Simulation study

In this section, we study the finite-sample performance of our factor modeling framework. For
that, we consider three different AJD specifications: a one-factor, two-factor, and three-factor

option pricing models.

4.1 One-factor model

As a starting point, we consider a one-factor option pricing model of Duffie et al. (2000) with a
Gaussian jump size distribution in returns and co-jumps in volatility. The likelihood of jumps
is additionally made stochastic and proportional to the stochastic variance. In particular, we
assume the following process, referred to in shorthand as ‘SVCJ’, for the log forward price under
both the P and Q probability measures:

dlog Fy = (—3v¢ — pe) dt + /oy dWi gy + Jid Ny, (4.1)
dv, = /{(@ — ’Ut) dt + O'\/’LTtdWZt + JtUdNt, (42)

where two Brownian motions Wy ; and Ws; are assumed to be correlated with the coefficient p;
Ny is a Poisson jump process with intensity A\; = dvy; J¥ ~ exp(1/u,) are jump sizes in volatility
and J ~ N (,uj,ajz) are jump sizes in prices. Given the jump size distributions, the expected
relative jump size in returns pu = exp (Mj + %0]2») — 1. In the simulation, the initial underlying
price is set to Fyp = 3000, but the initial variance value vg is drawn for each iteration from the
Gamma, distribution with shape and scale parameters of 1.25 and 0.016. The parameters of the

model are set as follows:

k=50, v=0.02, p=-095 0=04, 6 =60, u; = —0.08, o; =0.04, p, = 0.02.

Although the model in (4.1)-(4.2) is a one-factor AJD model, it exhibits all main features of
option pricing models: stochastic volatility, (co-)jumps in returns and volatility, time-varying
stochastic jump intensity and self-excitation feature. Furthermore, it embeds many popular
one-factor option pricing models such as Heston (1993), Pan (2002), and Bates (1996).

The option price simulation roughly mimics the S&P 500 index option data. In particular, we
fix the strike prices on an equidistant grid in increments of 5 and keep simulated option prices
that exceed 0.1, which corresponds to a minimum ask price. We consider three fixed maturities
of 10, 30, and 60 days, i.e., k = 3. The true option prices are simulated using the COS method
of Fang and Oosterlee (2009) and then are distorted with the observation errors, which reflect

Assumption 2:

5t(7,m) = O¢(1,m) + ((m,m), with ¢(7,m) = 0.001 - k¢ (7, m)v(1,m) - \%

=
where € is an ii.d. standard random normal variable, ki(7,m) is the Black-Scholes implied
volatility and (7, m) the corresponding vega. The division by /7 makes errors comparable

along the maturity dimension.
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Given the log futures price process and the observed noisy option prices, we span the log CCF
following (2.9) at each time ¢, for each maturity 7. To reduce the impact of truncation and
discretization errors in finite samples, we additionally simulate option prices by increasing and
decreasing strike prices up until the OTM call and put option values reach 10~8 and interpo-
late all option prices using a cubic spline on the implied volatility domain. Importantly, the
interpolated and extrapolated option contracts are used only to estimate the CCF, i.e., these
additional contracts are not used to estimate the covariance matrix. As discussed in Boswijk
et al. (2022), the discretization and truncation errors are Fy-measurable and, thus, affect only
the mean, but not the variance of the CCF approximation. Furthermore, these errors (and,
hence, biases they induce) are asymptotically negligible, but they affect the estimation in finite
samples. Therefore, this interpolation-extrapolation scheme can be seen as a bias correction of
the CCF estimators without an effect on the CLT.

In the simulation, we experiment with different time dimensions and different sets of argument
values for the CCF to explore the limits of the novel test procedure. In particular, we consider

T = {5,10,50,100} with the smaller time series being always the beginning of the larger one.

To experiment with different sets of CCF arguments, we consider the arguments of the form:

u; =-—,7=1,...,q,

J \/F J q
where ¢ € N is the number of the CCF arguments in consideration and L > 0 is some constant
that defines the grid of the argument set. The division by /7 again makes different maturities

more comparable. Similar scaling is used by Todorov (2019). In simulations, we vary L and q.

To test the dimension of the (latent) state vector we use the (adjustments of) rank test of
Kleibergen and Paap (2006) as detailed in Section 4.1. For the SVCJ model d = 1, but in the
simulations, we test the null hypotheses d = 0 and d = 1 against the alternatives d > 1 and
d > 2, respectively, to analyze the power and the size of the test. We estimate the covariance
matrix {2y using the observation-based feasible estimators Z\t(7'7 m), which we obtain using the
iCOS method following Vladimirov (2023). In the following tables, we display the rejection
frequency of the corresponding null hypothesis. The number of Monte Carlo simulations is
N = 1000.

Table 1: Monte Carlo results for the rank test size under one-factor model

| T =50 T = 100

L =02 L=10 L =02 L=1.0
q\o 10 5 1 10 5 1 10 5 1 10 5 1

1.0 7.7 4.2 0.6 7.8 4.6 0.6 5.7 2.3 0.6 6.1 2.7 0.7
2.0 4.1 1.4 0.2 4.7 1.8 0.2 1.3 0.6 0.1 1.7 0.8 0.1
3.0 50.1 50.1 50.1 2.0 0.8 0.1 496 49.6 496 | 0.7 0.3 0.0
4.0 49.2  49.2 49.2 | 193 177 159 | 49.5 495 495 | 26.7 255 234

Note: This table provides Monte Carlo simulation results for the rejection frequencies of the rank test at
10%, 5% and 1% significance levels, based on 1000 replications from the SVCJ model. Each panel lists,
the rejection frequencies for different null hypotheses, numbers of argument values, and grid sizes.

We start with the standard rank test of Kleibergen and Paap (2006) that jointly tests (p—d)(T —

1 — d) restrictions on the singular values. Table 1 provides the Monte Carlo results for the one-

20



factor SVCJ model for different values of L and ¢. The results are indicative of problems with
the standard rank test applied to our setting: the cross-sectional dependence between the log
CCFs with different arguments leads to singularity issues in the constructed covariance matrix
‘H, which, in turn, distort the power and the size of the test. In fact, the size typically increases
with the decrease of L, i.e., when the grid of arguments shrinks, and with the increase of the
number of arguments q. The power and the size of the test for ¢ = 1, on the other hand, are
very close to their nominal level. This indicates that there is a clear separation between the first

and the second eigenvalues that helps to identify the number of latent factors.

As mentioned in Section 2, we can set an upper bound for the number of factors d,q:, which
allows us to reduce the set of alternatives, e.g., to Hy : 2 < d < dynqr When testing Hy : d = 1.
This in turn helps to reduce the dimension of the covariance matrix H, limiting its singularity
issues. In the simulations, we set d;,q, = 6 since this is the dimension of the covariance matrix
H;; for a fixed maturity with a single CCF argument. The number of factors is also unlikely
to exceed dpq; = 6 for option contracts on a single underlying. In fact, most of the parametric
AJD option pricing models do not exceed 3 latent factors. Andersen et al. (2015b), for instance,

formally show that their three-factor model captures most of the variation in option data®.
Table 2: Monte Carlo results for the restricted rank test size under one-factor model

(a) dmaz =6

1.0 7T 42 06| 78 46 06|57 23 06| 6.1 2.7 0.7
2.0 T7T 42 06 ] 94 51 08|58 23 06| 74 34 09
3.0 7 42 06| 110 62 10|58 23 06| 86 36 1.0
4.0 77T 43 06| 137 68 17|59 25 06| 102 53 1.5

Q\w |10 5 1] 10 5 1]10 5 1|10 5 1

1.0 86 48 09| 96 49 12|58 30 06| 65 41 0.7
2.0 86 48 09| 96 49 12|58 30 06| 65 41 0.7
3.0 84 46 09118 69 20|57 31 06| 99 58 18
4.0 85 44 08| 152 87 33|55 31 07| 133 7.7 20

Note: This table provides Monte Carlo simulation results for the rejection frequencies of the adjusted
rank test at 10%, 5% and 1% significance levels, based on 1000 replications from the SVCJ model. Each

panel lists, the rejection frequencies for different null hypotheses, numbers of argument values, and grid
sizes.

Table 2 provides the Monte Carlo results for the adjusted rank test with d,,q, = 6. We restrict
our attention to the cases T' = 50 and T" = 100, since the dimension of the covariance matrix
H cannot be further reduced for small 7. With the adjusted rank test, the empirical rejection

frequencies are very close to the chosen significance level for almost all cases of L and ¢q. The

9In practice, one could select dyae by applying standard tests/information criteria for the number of factors
on the implied volatility domain. By doing so, Andersen et al. (2015b) found seven to eight factors, which, as
they mention, “likely reflects the failure of the linear approximation rather than the true number of underlying
(linear) factors”.
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size of the test is the largest for L = 2 with ¢ = 5. This is likely due to the increase of the

approximation errors in the CCF for large argument values.

4.2 Two-factor model

Next, we extend the SVCJ model to a two-factor option pricing model by adding the second

stochastic volatility component. In particular, we consider the following model dynamics:

dlog Fy = (—gv1,s — Svap — pe) dt + /v1,,dWi s + 2,dWs, + Jyd Ny,
dvl,t = Iil(@l — Ul,t) dt + 0'1,/1)17tdW27t + JtUdNt,
dvg s = Ka(Uy — 1)27,5) dt + o9./v2 AWy,

where v1 4 is the same stochastic volatility as in the one-factor specification and vo; is the second
stochastic volatility component without jumps. Two additional Brownian motions W3 ; and Wy,
are assumed to be correlated with the coefficient ps but are independent of Wi ; and Wa;. The
distributions of jump sizes are the same as in the one-factor specification, and the jump intensity
is a linear function of two volatility factors, i.e., Ay = d1v1,¢+0d2v2+. The parameters of the model

are set as follows:

k1 =15, 11 =0.02, p1 = —0.95, 01 = 0.4, §; = 60, u, = 0.02,
ko =1, 15 =0.01, po = —0.5, o9 = 0.1, J = 30, wi = —0.08, o = 0.04.

This two-factor model allows for short-term and long-term stochastic volatility components
and is related to popular two-factor models considered in Bates (2000), Christoffersen et al.
(2009) and Andersen et al. (2015b). Due to the co-jumps in the short-term volatility v, and
the specification of the jump intensity A, the first stochastic volatility also absorbs some self-

excitation features with fast mean-reversion.

The simulation scheme of option prices and estimation of the CCF is exactly the same as for the
one-factor model. The main difference is, of course, that d = 2 for the two-factor model, and in
the simulation, we test the null hypotheses d = 1 and d = 2. Motivated by the simulation results
for the one-factor model, here we provide the results of the adjusted rank test with d;,q = 6
and two time periods of T' = 50 and T" = 100. The simulation results are provided in Table 3.
We notice a very good power of the test in all settings and a very good size for T' = 50. The

size of the rank test for T = 100 is slightly larger than the nominal level.
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Table 3: Monte Carlo results for the restricted rank test size under two-factor model

(a) dmaz =6

\ T =50 T =100

L =02 L=1.0 L =02 L=1.0
g\ee | 10 5 1 10 5 1 10 5 1 10 5 1

1.0 9.0 45 09 93 47 09|91 27 038 9.8 3.6 08
2.0 91 45 09108 60 14|91 28 08| 120 49 1.0
3.0 92 45 09130 69 19|92 30 08131 70 1.2
4.0 93 47 09| 145 81 23|95 33 08| 146 86 23

(b) dpmazr =8

| T =50 T =100

L=02 L=10 L=02 L=1.0
¢\ |10 5 1] 10 5 1|10 5 1] 10 5 1

1.0 85 38 08| 92 4.3 11|73 33 06| 99 4.3 09
2.0 85 38 08| 92 4.3 1.1 |73 33 06| 99 4.3 09
3.0 80 32 08| 142 6.5 14|73 34 05| 146 7.7 1.8
4.0 77 33 07 ]206 112 29|72 34 04| 223 122 3.6

Note: This table provides Monte Carlo simulation results for the rejection frequencies of the adjusted
rank test at 10%, 5% and 1% significance levels, based on 1000 replications from the two-factor model.
Each panel lists, the rejection frequencies for different null hypotheses, numbers of argument values, and
grid sizes.

5 Empirical application

This section contains a sketch of the empirical application that we are currently working on.

5.1 Data

In this paper, we consider ‘weekly’ options on the S&P 500 stock market index, obtained through
OptionMetrics. In particular, we focus on ‘weeklies’ traded on Wednesdays and expiring in one,
two, three, and four weeks. As emphasized in Andersen et al. (2017), weekly options have ex-
perienced a rapidly increased trading volume throughout the last decade and now represent the
most actively traded segment of the option market. For now, we consider the option data span-
ning the period of 2019, resulting in T = 47 time series observations, although our methodology

can be extended to larger time periods.

For each of the specified maturities, we select all option contracts that have positive bid prices
and work with mid-quotes data as option observations. We define the moneyness of each contract
with respect to the implied forward price, which we obtain as the median of the five forward
prices implied from the put-call parity using the pairs closest to the at-the-money level. The

risk-free rates are obtained by interpolating the LIBOR rates to each tenor.

The construction of the option-implied CCF requires a wide coverage of moneyness range. There-
fore, to reduce the impact of truncation and discretization errors in practice, we employ an
interpolation-extrapolation scheme. In particular, following Boswijk et al. (2022), we inter-
polate option prices using cubic splines with carefully selected knot sequences and extrapolate
beyond the observable range of strike prices based on a parametrization that satisfies the asymp-

totic results of Lee (2004). As discussed in Section 4, the interpolation-extrapolation scheme
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can be seen as a bias correction technique of the CCF estimators that does not affect the derived
CLT results.

The calculation of the option-implied CCF then uses the Riemann sum approximation following

(2.9). As in the simulations, we use the CCF arguments of the form:
JjL
Uj = —

=1,...
\/;7] ) 7q7

where we set L = 0.5 and ¢ = 3. This results in p = 2kq = 24 cross-section dimension of the

constructed dataset. The time series of the resulting factor model is displayed in Figure 1.

Figure 1: Time series plot of the factor model.
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Note: This figure displays the time series of the factor model. Each line represents a row of the factor model
and displays its behaviour over the sample period. The factor model is constructed as outlined in Section 2,
using weekly observations on S&P 500 index options. The used options have expiration dates in one, two, three,
and four weeks.

5.2 Results

Constructing the factor model as outlined in Section 2, we find that the first principal component
explains 97.6% of the variation in the factor model. Applying the rank test as proposed in
Section 3, we reject any level of reduced rank. A naive interpretation would be that at least
p = 2kq = 24 factors are driving the dynamics of the options market. This is at odds with the
literature and indeed seems highly unlikely: it might instead simply be a rejection of the affine
model. Given the performance of the rank test in the simulations of Section 4, this is the most

straightforward explanation.

With the potential failure of the affine model in mind, we take a different perspective; instead
of asking how many factors are present in the data, we ask how many linear factors are required
to provide a proper approximation to the underlying process. As a first, preliminary analysis,
we consider the correlation of the set of principal components with the risk-neutral moments of
Bakshi et al. (2003). They use the same spanning result of Carr and Madan (2001), presented
in (2.6), to find portfolios that replicate the second, third, and fourth moment of log returns,
and use this to find the risk-neutral variance, skewness, and kurtosis. The Bakshi et al. (2003)
risk-neutral moments require options of a single tenor. We select the shortest, most liquid,

seven-day tenor, but the results are robust to selecting a different tenor.
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Figure 2: First principal components and selected proxies.
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(a) First PC and the squared VIX. (b) Second PC and jump variation.

Note: This figure displays the time series of first two principal component of the factor model, and two relevant
proxies. In subfigure (a), the first principal component is plotted with the square of the CBOE VIX index
(correlation |p| = 0.972). The VIX is a measure of risk-neutral expected volatility, which the first principal
component clearly also tracks closely. In subfigure (b), the second principal component is displayed along with
the difference between the square of the VIX and the square of the risk neutral spot volatility of Todorov (2019)
(]p] = 0.611). This difference series is a crude measure of the jump variation.

Table 4 provides the results for the R? from regressing the time series of the risk-neutral moments
onto the space spanned by up to the first ten principal components as extracted from the log
CCF factor model. Clearly, the variance can be well explained by a single factor (see also
Figure 2); it is in the higher order moments that the linear approximation struggles. If we use
the raw moments, instead of the centered and scaled skewness and kurtosis, the performance
increases by a fair amount, as displayed in the bottom half of the table. This is mainly due to
the significantly better explanatory power of the first PC, and therefore seems to be driven by

its high correlation with the variance, which is scaled out in the top half of the table.!”

Table 4: R? of projection of risk-neutral moments onto the PCs.

#PCs 1 2 3 4 5 6 7 8 9 10
Variance 0971 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Skewness 0.209 0.327 0.646 0.661 0.745 0.792 0.798 0.803 0.812 0.813
Kurtosis 0.379 0.383 0.625 0.626 0.657 0.665 0.682 0.684 0.687 0.693
El[log(Fiyr/F,)? | 0.965 0999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000
EQ[log(Firr/F,)%] | 0.740  0.847 0924 0940 0.975 0.989 0.992 0.993 0994 0.998
EX[log(Fiyr/F:)*] | 0.697 0.765 0.865 0.878 0.917 0922 0.940 0.940 0951 0.987

Note: This table provides the R? that results from regressing the time series of Bakshi et al. (2003) risk-neutral
moments onto the space spanned by up to the first ten principal components as extracted from the characteristic
function-based factor model. The top half of the table contains the scaled and centered variance, skewness and
kurtosis, the bottom half uses the raw moments on which these are based.

0Proposition 3 can be used to analyse these results with more statistical rigour, but is not implemented in
this version of the paper.
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6 Conclusion

In this paper, we have developed a novel methodology to examine how many risk factors drive
the price of a single asset, and what their behaviour is. We have proposed a linear factor model
representation of the log discounted characteristic function of returns, on which we construct
observations by exploiting information contained in options. The analysis further only uses
standard and well-known factor modelling techniques, such as singular value decompositions.
No specific parametric specification is necessary to perform this analysis, beyond the assumption
that the underlying stochastic process is of the affine class. Our asymptotic framework is one
in which the number of observed options, of varying strikes, tends to infinity. We have proved
a feasible stable central limit theorem. In addition, we have proved that standard diagnostic
criteria based on the sample eigenvalues of the covariance matrix can be used to consistently
estimate the number of factors that drive the dynamics of the characteristic function over time.
Moreover, we have shown the validity of the use of principal component analysis to extract these

underlying factors from the constructed factor model.

Appendices

A Decomposing the complex-valued factor model

Let Z; = Xy +iYs, t = 1,...,T, be a complex, vector-valued time series of dimension d, and
assume for simplicity it has mean zero. Let I'p =71 Z?:l Z;ZH be its sample covariance
matrix, where A¥ denotes the conjugate transpose of any matrix A. Next, define the stacked

process Z; = (X/,Y/), with sample covariance matrix $p = 7! Zthl Zi 7.

The k-th (for k =1,...,d) principal component (PC) of Z; is defined as the linear combination

wat, with wy = ug +ivg, such that wy maximizes the (real-valued) sample variance 5\1@ of wat:

T T
S\k = wffwk = Til ZWEZtZtHWk = Til Z(w]?Zt)(WEZt), (Al)
t=1 t=1
under the constraint that w,? w;j = Lg—py for all i = 1,..., k. The linear combination itself can
be written as
w7y = (' — i) ( Xy + iY3) = o/ X; +0'Y; —i(uY; — ' Xy), (A.2)

which implies the k-th PC of Z; is a complex-valued time series unless u'Y; — v’ X; = 0 for all ¢.

In contrast, the k-th (for k =1,...,2d) PC of Z, is defined as the linear combination (I};CZ,:, with
N . N\ 2
@y = (@}, 0},)’, such that & maximizes \y = @3 =T ! Zthl ((;);CZt> under the constraint

that @ @; = 1g—py for all i =1,..., k. It is obvious that the sets {wy} and {@y} solve different
optimisation problems and are therefore generally not related. The exception to this is the case
of circular symmetry, i.e., when the distribution of ¢®Z; is invariant to the choice of ¢ € (—, ],

but this is a highly restrictive setting and not one we are likely to encounter. In any case, it is
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clear that
07y = ' X + 1Y, (A.3)

which, by comparison to Equation (A.2), implies that the first optimisation problem does reduce

to the second if we impose the restriction that the linear combination w,? Z; must be real-valued.

B Theorems and proofs

This section contains the theorems, lemmas, and proofs omitted from the main text. The
first subsections contain definitions and technical lemmas necessary for the proof of the stable
CLT, which can be found in the subsection thereafter. Smaller results are collected in the last

subsection.

B.1 Definitions

Throughout the proofs, we denote by C} an ]-'t(o)-adapted random variable that is allowed to

change from line to line. In addition, we use the following definitions:

Xj—1(c) = (c1 cos(umj_1) + casin(umj_1))e” ™1 (T, mj—1)Amy,

s3_1(c) == (c1 cos(umy_1) + casin(um;_1))e >" o7 (1, m;_1)(Am;)?,

n

Gilu,7) =Y Mgy (7, my 1) Amy,

j=2
U +zu
e Re ¢t e (u, T)
) = CF \gm( “u Ce(u,m)) )
bt (u,7) ’

n .
ffi(u,v) ::Z cos(um;_1) cos(vm;_1) c.os(umj_1)s.1n(vmj—1) 672mj,1§t2(7_i7mj_l)(Amj)2,
: = sin(um;j_1) cos(vm;—1) sin(um;_1)sin(vm;_q

¢l ) cos(um) cos(vm) cos(um) sin(vm) o2 2 NS
=f(u0) /R< : ) 3, )3 (m)dm,

sin(um) cos(vm)  sin(um) sin(vm)

B.2 Technical lemmas

Lemma 2. Suppose Assumptions 2 and 3 hold. If n — oo, K < n~%, K =< n% for some
a,@ > 0, then, for all c € R%\ {(0,0)'},

Z}Lg Xj-1(¢) £jF®
—
n
Zj:Q 3?71(@

N(0,1),

with E]f(o) denoting FO) -conditional convergence in distribution.

Proof. Introduce the shorthand notation é;_1 := ¢ cos(um;_1) + casin(um;_1) and note that
&

1 < |cl| + |c2|. As the X?(c) are independent but heteroskedastic random variables, with
P, 2
EF %2,

’.7-" ©) } = 332 1(e), we appeal to the Lyapunov central limit theorem. Write, for some
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0 >0,

2?22 EP [|Xj—1(c)’2+6‘f(0)] - 2?22 EP [‘5j_le—mj—lg‘t(7', mj—l)Amj‘Q'Fé’]:(o)}

246 246
( 2 =2 532‘71(@)) (\/Z] 56 e Qmj‘laf(Tamjfl)(AmjV)
(Am)! YT, |6 [PHoem GHOmi 1 EF [\Ct(ﬂ mj—l)!%&’]:(o)} Am;

2+5
noo=2 L 2mi g .2
(\/LAm§ i Cj_qe M1y (T,mj_l)Amj)

S o1& [FToem (2 Om 1 EF [IQ(T’ mjfl)\%é‘f(o)} Amy

= (Am)‘s/2 G
L1+6/2 (\/Z j=2 j 16 2mj710't2(7-7 mj—l)Amj)

= Ci(Am)*/?,

The Lyapunov condition is satisfied if C; < co. As the denominator is bounded away from zero,
this is equivalent to the numerator being bounded. Using that the F(9)-conditional distribution

of s (7, m) does not depend on m, we have

/ EF Ue*mg}(T, m)}2+6‘}"(0)] dm = EF |:‘%t(7', m)|2+5‘]—"(0)} . / e~ HmG2H0 (1 mydm, < oo,
R R

by Assumption 2. As such, we have

Z ‘5j71|2+5e_(2+5)mj_1EP [|Ct(7', mj,1)|2+5’]:(0)} Amy,

< (leal + a0 3B ([ (rymy )P FO] Am
j=2

= (Jer] + |62|)2+5/ “ "Ge(T, )’2%‘}"(0)} dm < oo,

such that the Lyapunov condition is indeed satisfied. The result follows. O

Lemma 3. Suppose Assumptions 2 and 3 hold. If n — oo, K < n~%, K =< n% for some
a,a > 0, then, for any compact U C R,

~1/2 Re @(u,’r)

" 555 N(0, 58 ,
() ( (u, 7))

(Am)
uniformly in u € U, where (Ef(u,T))ij = [psij(u,m)e?"of(r,m)é(m)dm, with ¢11(u,m) =
cos?(um), a2(u, m) = sin®(um) and si2(u, m) = cos(um) sin(um), is ft(o)—adapted.

Proof. By the stable Cramér-Wold device, random vectors X,, € R? satisfy X, £3% X if and
only if ¢ X, £5% ¢ X for all ¢ € RP. Note that the desired F(©-stable convergence is implied by

the stronger F(9)-conditional convergence; this trivially follows from their respective definitions
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and the Dominated Convergence Theorem. As
_ B n
c1 Re <Ct(u, 7')) + coJm (Ct(u, 7')) = Z Xj-1(¢),
=2

pointwise convergence thus follows after an appropriate definition of the covariance matrix, on
account of Lemma 2. This asymptotic covariance is clearly related to the s;(c). Note that, upon
taking ¢ = (1,0)" or ¢ = (0,1)’, we have a univariate CLT for the real and imaginary parts of

Ci(u, 7) separately. Specifically, we have

(Am)~! Var® (me (gt(u, T)) ’ ]—“(0)) — (Am)™! an $21((1,0))

n A 2
) ;COSQ(umj—l)ezm“Uf(T, mj—l)( An’:;]l) N (Eg(u’ﬂ)

11

(am) = Var® (3m (G, 7)) |FO) = (am)~? S (0.0) B () .

: 22
Jj=2
and lastly,
(Am) ™! Cov (e (G(w, 7)), 3m(G(w, 7)) |FO)
- . —om, (Am;)® p (se
= g cos(um;_1) sin(um;_1)e 2™~ (1, m;_1) — (27 (u, 7)
po Am ( )12

Note that all three terms are uniformly continuous in w. Upon developing the square in our
expression for s;_1(c), it follows that the limiting variance of the linear combination corresponds
to the variance of the limit of the linear combination. Therefore, the Cramér-Wold device can
be applied. The limiting distribution for fixed u € R directly follows from the properties of
the multivariate normal distribution. The extension to the uniform variant is straightforward,

noting that

~ ~ 2
EF “Ct(u,T) — Gi(v, 7')‘ .7:(0)]
n n 2
=E* Z WML (7 my ) Amy — Z WMy (7 ) Amy| | FO
j=2 j=2

<3 [emi — et PRF Uefmj’lét(ﬂ mj-1)|” (Amjﬂ}_m)}
=2

2 e~ 2mi—1EF [Cf(ﬂ mj—l)(Amj)z‘f(o)]

u
/ imj_1e™™i"1dx
v

n
— 32
j=2

<3(u—0)® Y fmyoale ™02 (rmy 1) (Amy)? = Gy (u— v)° Am,
j=2

with C} finite-valued by Assumption 2. The result follows from Theorems 8.1 and 12.3 of
Billingsley (1968). O
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Lemma 4. Suppose Assumptions 2 and 3 hold. If n — oo, K < n~9, K =< n® for some
a,a >0, then, for any u,v € R,

H(Am) IEP [EC u,v ‘.7: } - Efﬂ-(u, v)H = op(1).

Proof. Tt suffices to show that EF [C? (13, m5) ’.7:(0)} 2 62 (7;,m;), as the result then follows from
the convergence of the Riemann sum, which holds by Assumption 2. We focus on the “standard”
values of j, as the finite number of adjusted terms have a negligible effect on the full sum. By

the Lipschitz continuity of Assumption 3, we have

Ce(mi,my) = \/%(Ct(ﬂ'amj) - % (Ge(ri,mj—1) + Ce(15,mj41))) + 0p(1).

Then,

P&y |FO] = EF

(\/g (Ct(Ti’ m;) — % (Ce(mi,mj—1) + (T3, mj+1))) + 0p(1)>2

]:(0)]

= 3E° [(CtQ(Tiv my) + 1 (G (i, mj—1) + GF (i, mj11))) ’.7:(0)} + 0,(1)
O't2(7' m])[EP [ (%f(n,m]) + i (%f(n, mj_1) + %?(Ti, mj+1))) ‘]—'(0)] + 0p(1)

= Jtz(Tv mk) + Op(l)v

using Assumption 2. O

Lemma 5. Suppose Assumptions 2 and 3 hold. If n — oo, K < n™9, K =< n® for some
a,a > 0, then,

Var® (Ct (T3, mj—1 ‘]-"(0)) 504(7' m;) (EP [%t ‘]—'(0 } + 1) +0p(1).
Proof. Using the Lipschitz continuity of Assumption 3, we write:

Var® (( (T3, m;j— 1)‘]:(0))
:af( )Var (% s (T3, mj) — %%t(n,m] 1) — %%t(T@',mj+1))2’]:(0))+Op(1)

4 2 2
gat (1,m;) Var % (13, mj5) + %t(n,mj )+ 1 1% (Ti,mj_1)

- %t(Tumg 1)%t(7—7,7mj) t(Ti,mj)%t(Tnij) + %%t(Tiamj—l)%t(Tivmj—i-l)

]:(0)> + op(1)
= o} (1,m;) (%Varp (%E(Ti,mj)‘]:(o)> + Var® <%t(7'i,mj,l)%t(n,mj)‘f(o)>> + 0p(1)

= 1o} (r,m;) (EP [%;1’]_—(0)} + 1) + 0p(1),
using Assumption 2. O

Lemma 6. Suppose Assumptions 2 and 3 hold. If n — oo, K < n™9, K =< n® for some
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a,a > 0, then, for any u,v € R,
Higi(u,v) —EF {igi(u,v))]:(o)] H = op(Am).

Proof. For the F(©-conditional variance of the (g, h)-th element of ifl(u, v), we have

;<o>)

< Var® | (Am)~! Z efzmjflﬁ?(ﬂ‘, mj—l)(Amj)Q FO
j=2

Var® ((Am)l (igz(u, v))

gh

= (Am)™2 " e Var® (G, mj-)[FO) (Amy)*
j=2
+(Am)72 YT e Cov® (G mymi), G mimy) | F ) (Amy)*(Amy)?

ji~jl=1

<3 Z e~ 4mj—1 yarl (g?(n, mj_l)‘}'(o)> (Amj)2 +0,(1)
j=2

< CtAmZe_‘lmj—laf(T, mj)Am; + op(1) = Op(Am),
j=2

using Lemma 5 and Assumption 3. The result follows from Chebyshev’s inequality. O

Lemma 7. Suppose Assumptions 2 and 3 hold. If n — oo, K =< n™%, K =< n® for some

a,a > 0, then, for any compact U C R,

H(Am)*ligi(u, v) = 3¢, (u,v)

= op(1),
uniformly in u,v € U.

Proof. Pointwise convergence follows from Lemma 4 and 6, and the triangle inequality. As the
dependence on the argument (u, v) is through bounded and (uniformly) continuous trigonometric

functions, uniform consistency directly follows. O

B.3 Proof of Lemma 1

Denote M = (p AT), i.e., the smaller of the row and column dimension of the factor model.
Denote by 1(A) > ... > op(A) the singular values of a matrix A € RPXT,

Given (p AT — 1) > d, Assumption 1 trivially implies rank (BX ) = d, such that o (BX ) >0
for j =1,...,d, while o441 (BX) —0.

By Weyl’s inequality for singular values (Theorem 3.3.16 in Horn and Johnson (1991)), we have
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forall j=1,..,M:

0;(BX) = 0; (ifl —&—i)

~

< o (\p) + oy (=€) + oy (=)

=0 (CI\/) + 01 (&) + o1 (7),

using that the singular values of A and —A are equivalent, being defined as the square roots
of the eigenvalues of A’A. As for j = 1,...,d we have aj(BX) > 0, so too is o; (\I/) bounded
away from zero, provided that o (¢) and o1 (7) tend to zero. This can easily be shown. Note

that for any matrix A with column dimension T, we have for all j =1,..., M:
Uj (A) Z Uj (AMLT) )

as the demeaning matrix M,, = Ir =T _1LTL£[ only has eigenvalues 0 or 1, being a projection
matrix. This implies that oy (¢) < o1 (¢). This tends to zero if the spanned CCF is consistent,
which is a straightforward corollary to Proposition 1 of Boswijk et al. (2022). The same line of

reasoning holds up for oq(#). As such, we indeed have that o; <\I/> > 0 (BX) —0p(1) > 0 for

n large, for all j = 1,...,d. This proves the first statement of the lemma.

We continue by focusing on the d + 1-th singular value specifically. Weyl’s inequality can also
be used to write:

~

oas1(W) = 041 (BX+é+f)
< 0g41 (BX) + 01 (&) + 01(7)
=01 (&) + 01(F) = 0p(1),

which proves the second part of the lemma. O

B.4 Proof of Theorem 1.

We can write

vec (@) — vec <BX) = vec(£ 4 i) = vec(€) + o, (VAm),

using Proposition 1 of Boswijk et al. (2022), who show that r; = o,(vVAm), while g =
Op(VAm). As such, the object of interest is the £;;, as defined in Equation (2.13), or indeed

its functional counterpart €;(u, 7), which we can write as:

e <u2 u > (%e(¢t(u77)) Jm(gbt(u,T))) W(@:(Uﬁ)
2

e(u,7) = " Eéu(u, )2 Im(de(u, 7)) — Re(de(u, 7)) jm(gt(“’T)

U —u
This is an F(®-measurable linear transformation of the @(U,T), for which we have derived a

F©_stable CLT in Lemma 3. By the properties of the normal distribution, (Am)~Y2e;(u,7) is

also asymptotically F(©-mixed normal, uniformly in v € . Upon evaluation in the finite grid
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{u;};, this implies asymptotic normality for (Am)~1/2

plim ((Am) = Var® (g, ;| F(©))) is simply a reordering of a block-matrix with the {Egﬂ-(ug, uh)}

€t The limiting covariance matrix Hy;; :=

gh
as blocks, combined with a pre- and post-multiplication by an F(©)-measurable matrix. In

practice, it is far easier to use a more direct, algebraically equivalent expression for H;; and its

estimate, which we have used in the statement of this theorem.

The F(©)-conditional independence of the option pricing errors in both time ¢ and tenor 7 imply
that the limiting distributions can be “stacked”: (Am)~'/2vec(e) remains asymptotically nor-

mal, with a block-diagonal covariance matrix H := plim ((Am) ™! Var® (vec(s)}]: (0))). Clearly,

this is the case for the demeaned vec(€) as well, as this is a linear transformation:
vec(€) = vec(eM,,) = (M,, ® Ip) vec(e) .

This results in the (reduced rank) covariance matrix

)

= (MLT & Ip) blkdiag{HLl, c. 7H1,k7 Hz’l, c. ,HTJg} (MLT X Ip) .

H = pli]rn((Am)_1 Var® (Vec(sMLT)

We denote the feasible counterpart as 7:1, replacing the H;; by their unscaled estimators I:It,i.

Clearly, the scaled consistency of Lemma 7 carries over to this quantity. The result follows. [

B.5 Proof of Proposition 1.

Define H := (B'B)(XX’)S~2. Bai and Ng (2020) show the asymptotic equivalence of a set of
alternative rotation matrices H; for [ = 1,2,3,4. We use this result as well, though we do not

normalize by p or T' as the dimensions are fixed and finite in our setting.

(i). With Hs = (XX’)~!, we have
B=9X = BXX + 6% + %/

.. ~ /
= BH;™ +eXHy 4 ¢ (X - H§X> + 0p(VAm).

/.\. , .
As ¢ <X - HéX) = Op(Am), it is asymptotically dominated by the O,(v/Am) term £X’'Hj.
We find

(Am)~L/2 (E - BH§*1> = (Am)~Y2X Hy + 0,(1).

A mixed normal limit for ¢ is derived in the proof of Theorem 1 as presented in Appendix B.4,
and post-multiplication simply changes the variance matrix. This asymptotic variance can be
found as in Bai and Ng (2020), using that

plim ((Am) ™! Var® (£eP|FO)) = (1 @ ey H(Ir @ ).
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(ii). With Hy = B'B(B'B)™!, we can write
X = (B'B)"'B'V = (B'B)'B'BX + (B'B) ' B+ (B'B)"' B
— H,X + (B'B)"'H;'B'¢ + (B'B)™" (E - Bﬂjl)'é + 0,(VAm).

The result follows analogously to part (i). Straightforward algebra shows that

plim((Am)_l Var® (éeiT) ’.7:(0))) = (egT) ® Ip)’H(eiT) ® I,),
and the asymptotic variance follows. ]
B.6 Proof of Proposition 2.
We can write
R2(h,7) — RE(h,T) =

rr 1

e —2 _—m,_
F D h(h—=1—my )mi e "1 (1, my 1) Amy
7j=2

— ) (h7)
= [ =1 = w2 mOrmidm = [ bl = L= mymt e 0 mim
— ) ()
+ i,: j; n:jl [h(h —1- mj_1)m?:126*m1710t(7-, mj_1) —h(h —1— m)mhde*mOt(r,m)] dm,

=3 (h,T)

)

which form the stochastic spanning error, and the ]__t(o -measurable truncation and discretization
bias, respectively. This proof consists of three parts: finding a CLT for the sequence of random

variables

e "I (T, mj—1) Amy,

Wj—1 1= h(h —1- mj71)m?:12

to find the limit behaviour of v (h,7), and the asymptotic order of the bias terms v(?)(h, 7)
and v®)(h, 7).

Part 1: spanning error. Define

s2(j—1): =EF [w?_l‘]:(o)} =h?(h—1- mj,1)2miﬁj4e_2mj‘1af(7, mj—1)(Am;)?.
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Write, for some § > 0:
S B [Jwj [PH]FO] S EF Dh( —1—mj_1)m!"Pe mim1¢(r, mj_l)Amj]2+5’f(0)]

(Vore2G-0)" (JSia - Lm0, ) (Amy?)

< (Am)5/22j:2\(h— 1 —mj_l)’2+ \mj_1|(2+ )(h=2) o= (2+8)m; 1 Tg, [|Ct(7—7mj—1)’2+ !-7:(0)] Am;

246
5312 (g (h = 1= mya)2mty e 2o (r,my ) A, )

)

wherein the denominator is bounded away from zero. As such, for the fraction to tend to zero,

what remains to be shown is that the numerator is bounded. Consider
/ ‘h . 7n|2+5’7n|(2+5)(h72)67(2+5)mo.t2+5(7,7 m)dm
R
h_2 244§
= / (]h —1—m||m|" e "oy(T, m)) dm,
R

which is finite by assumption. As such, the Riemann sum converges, and the Lyapunov condition
is satisfied. The conditional convergence in distribution implies the desired stable convergence

in distribution. The expression for the limiting variance is obvious.

Part 2: truncation error. As for the bias terms, analogous to Lemma 2 of Boswijk et al. (2022),

we have

' [ n =1 = mymt 2 O | < 00 [ (= 1 = mymt 20497
m t m

-0 (—h 1 7(1+p) )

)

‘/ h(h —1— m)thGmOt(;m)dm < / ‘(h —-1- m)mh72eqm‘ dm
—0o0 t — 00

— Oy em),

with (p,q) = supgu{l : EZ[(Fr/F)Y < 0o} X {k : EX[(Fier /Fy)~¥] < o0o}. As such, the

truncation-induced bias is of order
o, (|m|h—1 e—(1+p)|ﬁ|) +0, (Imlh_l e—q|m|) =0, (log(n)h—1n_(w(1+p)5)) ,

which is asymptotically negligible compared to the spanning error under the assumptions on

a,a and the existing moments.

Part 3: discretization error. What remains to be shown is the order of the discretization error.

We write

h(h—1— mj_l)m?:fe*mjflOt(T, mj—1) —h(h — 1 —m)m"2e"™O0(, m)
=h ((h -1- mj,l)m?:fe_mj—l —(h—1- m)mh_2e_m> Oy(1,mj_1)

+h(h—1—m)m" 2™ (Oy(r,mj_1) — Of(T,m)).

We first focus on the first term. Using Lemma 1 of Boswijk et al. (2022) and the mean value
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theorem, we find

‘h ((h -1- mj_l)m;’:fe_mj—l —(h—1- m)mh_2e_m> O¢(T,mj—1)

< Cy ]((m*)Q + (2h — 2)m* 4 h% = 3h 4 2)(m*)h 3™ | e TP A IF M- Ay

< C ‘((m*)Q + (2h — 2)m* 4 h% = 3h 4 2)(m*)h 73| e (PHUMI1 AL Ay

< Ctefpmj—l/\((I*l)mjﬂ Amj.

For the second term, we use the mean value theorem once more, along with the proof of Lemma
2 of Boswijk et al. (2022):

‘h(h —-1- m)mh_2e_m (O¢(1,mj—1) — O(T,m))
< G (h =1 mym =2 e G ORATSm Ay
S Ct ‘(h - 1 —_ m)mh_2‘ e_(P+1)mj_1/\qmj_1eAmAmj

< Cte_pmj—l/\(q_l)mj—l Am;.
Hence, we conclude that

h(h —1— mj_l)m?:fe*mjflOt(T, mj_1) —h(h — 1 —m)m" 2¢O (1, m)

< Cpe Pmi-1Ma—mi Amy,

and thus that

Z/ ’ [h(h -1- mj_l)m?:fe_mjflOt(T, mj_1) — h(h — 1 —m)m"2e"mO0(r,m)| dm
Jj=2

mj—1

< C, Z e~ Pmi—1A(g=1)m; 1 (Amj)Q
j=2

n
< C,Am Z e_pm]'—l/\(q_l)mj—lAmj‘
=2

Note that this Riemann sum converges to a positive constant:

n m 0 m
Z e7Pra—t A @M1 Ay _>/ e PmAa—1)m g, — / eld=Dmam 4+ / e~ P dm,
j=2 m m 0

=(qg—1)7" (1 — e(q_l)m) +pt (1 - e_pm)

=(g—-1) ' +p 40, (n—((q—lmpa)) .

Finally, we can conclude that the discretization error is of order

Op(Am) + O, (Am) O, (n~ (@D — O, (Am),
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which is dominated by the spanning error as well. O

B.7 Proof of Proposition 3

The proof of Pelger (2019)’s Theorem 7 assumes a useful but infeasible central limit theorem,
then shows that sample quantities are able to approximate this central limit theorem, and then
makes a clever appeal to the delta method. We can skip the middle step, by proving the required
CLT directly. We start this approach with the following intermediate result:

Lemma 8. Suppose the conditions of Propositions 1 and 2 hold, and 7 ¢ {7;}¥_,, then

(am)2vee([Xr B2 |- [XH RD|) S NI, (B.1)
with
o | K@D I © ST2QBH(I @ S72QBY KT 0 (B.2)
0 M, diag{Vi(h) }1=1,.. 7} M}, ’

with K the commutation matrix such that K vec(A) = vec(A’).

Proof. The CLT for X is proved as an intermediate result in Appendix B.5, the commutation
matrix allows us to write a similar result in terms of its transpose. The CLT for R(,? . follows
from Proposition 2 by the time-independence of errors in Assumption 2. The joint result follows

from the same assumption as different tenors are used for both series. O

This result can be used to show asymptotic normality of the sample covariances, on which

canonical correlations are based.

Lemma 9. Suppose the conditions of Lemma 8 hold, then

L—s

S i
b =° N(0,DIID'), (B.3)

~

H'XX'H H'XR?.
RO % BRI,

(Am) ™2 vec 0 1% -0 150
Rh,T/X/H Rh,T,Rh,T

where
= ([ ot K749+ (10 [£3]) o

Proof. This follows from the delta method using the mapping vec(A4) — vec(A’A). For an

(n X m)-dimensional matrix A, this has the derivative

dvec(A)
dvec(A)

dvec(A)

Ovec(A'A) _
dvec(A)’

dvec(A) = (4@ In)

+ (I;m ® A') (A ® Iy) K™ 4 (I, @ A').

O]

Important to note is that DIID’ is a reduced rank matrix by construction, as it is the covariance
matrix of a vectorized symmetric matrix. A proper formulation uses the vech-operator, but the

difference is immaterial for our purposes.
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Recalling the Frisch-Waugh result that M, takes on the role of the constant, Proposition 3 now
follows from Lemma 9 by the delta method, using the mapping

Vec([‘é 2]) > Tr{a_lbd_lc}.

Its derivative, which leads to the expression for £, is computed in Pelger (2019). The matrix H
is irrelevant in the final results, as the canonical correlations are unaffected by this invertible

transformation. ]

C Additional simulation results

This section contains additional simulation results.

C.1 Infeasible versions

We additionally illustrate the results of the rank test with the true simulated errors. The
simulation scheme is exactly the same as described in Section 4, but instead of estimating the

errors ((7,m), here we construct the covariance matrix estimator using the true errors ;(7,m).

Tables 5 and 7 contain the results for the rank test for one- and two-factor models, respectively.

Tables 6b and 8b provide the results for the restricted versions with d;,q. = 6.

Table 5: Monte Carlo results for one-factor model, infeasible version

| T =50 T = 100

L=0.2 L=10 L=0.2 L=10
Q\@ | 09 095 099 | 09 095 099 | 09 095 099 | 09 095 0.99

1.0 10.0 5.8 1.1 10.1 5.8 1.1 9.1 4.7 1.2 9.0 4.6 1.2
2.0 12.1 6.1 1.2 124 6.5 1.1 10.2 5.0 1.0 10.2 4.9 1.0
3.0 50.8 50.8 50.7 | 9.9 4.6 0.9 | 50.1 50.1 50.1 | 11.1 5.4 0.9
4.0 52.1 52.1 52.1 | 29.1 241 200 | 53.2 53.2 53.2 | 348 33.0 303
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Table 6: Monte Carlo results for one-factor model, infeasible version

(a) dmaz =6
\ T =50 T =100
L=0.2 L=10 L=02 L=1.0
g\@ | 09 095 099 ] 09 095 099 |09 095 099 | 09 095 0.99
10 | 100 58 11 |[101 58 11 |91 47 12 ] 90 46 1.2
20 (101 58 1.1 | 98 63 1.0 [90 47 12 | 92 45 1.2
3.0 [ 102 59 12 | 106 61 14 [91 46 12 | 94 52 11
40 | 101 58 1.1 | 120 67 12 |91 46 1.2 | 103 53 1.2
(b) dmaz = 8
| T =50 T =100
L=02 L=10 L=02 L=1.0
Q\@ | 09 095 099 | 09 095 099 | 09 095 099 | 09 095 0.99
10 | 138 81 16 | 129 67 15 | 130 69 14 |114 66 12
20 [ 138 81 1.6 | 129 67 15 [13.0 69 14 | 114 66 1.2
30 [ 134 82 15 | 133 75 20 [122 67 12 | 125 74 14
40 | 132 78 15 | 153 86 25 | 124 65 12 | 132 83 17

Note: This table provides Monte Carlo simulation results for the rejection frequencies of the adjusted
rank test at a 5% significance level with dpez = 6 and dpmaer = 8, based on 1000 replications from the
two-factor model. Each panel lists, the rejection frequencies for different null hypotheses, numbers of
argument values, and grid sizes.

Table 7: Monte Carlo results for two-factor model, infeasible version

| T = 50 T = 100
L=02 L=1.0 L=02 L=1.0
Q\e | 0.9 095 099 ] 09 095 099 ] 09 095 099 | 09 095 099
1.0 | 92 44 08 | 92 43 08 | 84 26 06 | 84 26 06
20 | 94 46 08 | 95 47 09 | 107 53 04 | 108 54 05
3.0 | 50.3 503 502 | 95 45 1.1 | 494 494 493 | 107 47 12
4.0 | 505 505 505 | 11.7 57 1.1 | 506 50.6 50.6 | 13.1 7.7 2.0
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Table 8: Monte Carlo results for two-factor model, infeasible version

(a) dmaz =6

\ T =50 T =100

L =02 L=1.0 L =02 L=1.0
g\ | 09 095 099 | 09 095 099 |09 095 099 | 09 095 0.99

1.0 9.2 44 0.8 9.2 4.3 0.8 84 26 0.6 84 26 0.6
2.0 9.2 4.4 0.8 9.2 4.1 0.8 8.4 2.6 0.6 8.3 3.3 0.5
3.0 9.3 4.3 0.8 9.6 4.9 0.9 8.4 2.6 0.6 8.9 3.7 0.5
4.0 9.3 4.3 0.8 10.7 5.6 1.2 8.4 2.6 0.6 9.5 4.9 0.6

(b) dpmazr =8

| T =50 T =100

L=02 L=10 L=02 L=1.0
Q\@ | 09 095 099 | 09 095 099 | 09 095 099 | 09 095 0.99

1.0 12.2 5.0 1.1 10.0 4.1 1.1 11.5 5.1 1.1 10.5 4.7 1.0
2.0 12.2 5.0 1.1 10.0 4.1 1.1 11.5 5.1 1.1 10.5 4.7 1.0
3.0 11.0 4.4 0.9 11.4 5.3 1.2 11.2 4.8 1.2 11.7 5.5 1.4
4.0 10.4 4.2 0.8 16.0 7.7 1.7 10.9 4.7 1.1 14.6 6.6 1.4

Note: This table provides Monte Carlo simulation results for the rejection frequencies of the adjusted
rank test at a 5% significance level with dpez = 6 and dpmaer = 8, based on 1000 replications from the
two-factor model. Each panel lists, the rejection frequencies for different null hypotheses, numbers of
argument values, and grid sizes.
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