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1. Introduction

1.1. Motivation and the outline of the results

One of the authors recently experienced the following problem at a national research fund

committee. A committee consisting of eight members needed to rank about twenty applicants,

but two of the members were closely related to two different applicants. They had either

a co-author relationship or an advisor-advisee relationship with an applicant. The protocol

of this committee prescribes that such a member must leave the room when others discuss

the evaluation of the related applicant. Probably, the “leaving-the-room” rule is to address the

accountability of the committee.1 The committee members who have a related applicant cannot

manipulate the discussion. Thus all applicants and the taxpayers (the sponsors) are assured

that relationships with the committee members do not matter. Unfortunately, the protocol did

not specify how to vote if the discussions do not lead to a collective decision. If each committee

member is allowed to submit a ranking of all applicants, including the related ones, how the

interest structure be taken care of? If some members give only a ranking over a subset of the

applicants, how should the rankings over different sets be aggregated? This paper attempts

to find accountable voting rules2 that deter partisanship when some voters are biased on some

social alternatives but allow all voters to express their opinions over unrelated alternatives.

The standard axiomatic social choice theory (e.g., Arrow, 1951) did not need to address

accountability because the set of voters equals the society. Hence all affected parties are equally

included in the social decision process. In many real-world problems, however, a subset of

society, such as experts and referees (voters, henceforth), chooses an outcome that affects the

entire society. Moreover, since the voters should be able to evaluate the alternatives/applicants

(applicants, henceforth) well, they may be “close” to some applicants, as in the above example.3

1As Mulgan (2000) explains, the scope and meaning of “accountability” has been extended in a number of
directions well beyond its core sense of being called to account for one’s actions to some authority. In this paper,
we consider accountability of collective-decision processes (not of individuals). Our notion of accountability is
similar to the second extension in Mulgan (2000): a feature of institutional checks and balances (accountability
as ‘control’).

2Another approach is the principal-agent model that designs contracts for each delegate to reward/punish
actions to enforce accountability. We design collective decision rules, and we do not need to know the preferences
of each delegate.

3Examples abound. In many organizations, the hiring or promotion decision of highly skilled positions
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Then society should require accountability of the collective decision process that warrants fair

treatment of all applicants regardless of how they are related to the voters.

The social welfare functions (Arrow, 1951) collect the individual preference orders of the

voters and rank the applicants. We extend this notion to have two domains, the preference

profile domain and the set of possible interest structures. Each interest structure specifies which

voter has an interest in which applicant or not and can be identified by a matrix of 0 and 1.

We call the extended notion social welfare functions with interest structure (SWFI).

We introduce two accountability axioms for the two domains of the SWFIs. First, if a voter

changes her/his preference order of the applicant(s) of her/his interest relative to other appli-

cants, that should not affect the social outcome (Exclusion of Interested Party Evaluations ;

henceforth Interest-Exclusion4). This is an inter-preference-profile requirement and incorpo-

rates the idea of the “leaving-the-room” protocol of the first example.

Second, suppose that a voter changes her/his status from neutral to an interested party

of some applicant. In that case, it should not improve the social ranking of the applicant

(No-Power-Game property). This is an inter-interest-structure requirement.

The benefit of our accountability axioms includes the following effects. First, under Interest-

Exclusion, the outcome is not a direct consequence of the interested voter’s preference revela-

tion. Hence the related parties can maintain a good relationship regardless of the collective

decision outcome. This feature makes it easy to solicit volunteer voters/referees as well. Second,

under the No-Power-Game property, the applicants do not need to expend effort to increase

interested voters and can concentrate on the correct attempt to improve their qualities. Third,

competitions with an accountable decision-making process can attract entrants to become appli-

cants/contestants because they are assured not to be disadvantaged by being unknown persons

to the voters.

Note that we focus on situations where voters may have verifiable biased relationships

requires a small number of experts who may be closely related to some of the applicants/candidates because
they are trained in the same field. Universities regularly encounter problems that advisors are included in the
committee to evaluate students for scholarships, etc. Conflict of interest also exists when the social alternatives
are not humans, e.g., when new public construction projects need to be ranked and the voters/experts live in
the affected regions. Our formulation includes such cases.

4The axiom is a generalization of the “self-exclusion” property in the peer rating literature (e.g., Ng and
Sun, 2003).

3



(interest) with some applicants. Our focus is because it is impossible to make voters reveal

unobservable interest relationships in the simple one-shot voting context. Nevertheless, our

model still covers many essential problems. In the academic world, advisor-advisee and co-

author relationships are verifiable and positively biased. Referees and contestants from the same

country are similar examples in international competitions (e.g., sports, music). Our model

includes verifiable negative interest relationships, such as people related to archrival sports

teams and countries. The interest structure of the peer rating/selection models (e.g., Ng and

Sun (2003), Ohseto (2012), Holzman and Moulin (2013), Tamura and Ohseto (2014), Mackenzie

(2015), Aziz et al. (2019), Edelman and Por (2021), and Alcalde-Unzu et al. (2022)) is trivially

verifiable. The underlying assumption in this literature is that the set of applicants and the set

of voters are the same, and the only interested party of each applicant is herself/himself.

Our main results include both possibility and impossibility theorems. Many score-based

SWFIs satisfy both of the accountability axioms. However, no SWFI satisfies the No-Power-

Game property and a variant of the axiom of Unanimity (Arrow, 1951), which we call A-

Unanimity (Theorem 1). A much weaker axiom than A-Unanimity is still not compatible with

the two accountability axioms and some standard axioms in voting theory, e.g., No-Pairwise-

Loser property, a.k.a. Condorcet-Loser criterion5 (Theorem 2). Therefore, accountability and

some standard axioms are hard to sustain jointly.

A possible cause of the impossibilities is that an SWFI must take any non-trivial interest

structure6 as an input. Careful choice of voters can control the set of possible interest structures.

Thus we consider restricting the domain of the set of feasible interest structures of an SWFI.

Theorem 1 continues to hold even if we require that, for any two distinct applicants, at least k

voters must exist who have no interest in them, as long as k ≦ [n
2
] (where n is the number of

voters). However, when k ≧ [n
2
] + 1, there is an SWFI that satisfies both the No-Power-Game

property and A-Unanimity. Hence a solution to the impossibility result is to keep the set of

voters to those with few related applicants. (However, one impossibility result remains even if

most voters have no conflict of interest. Therefore, the impossibility results are not dependent

5The name is based on Borda (1784) and Condorcet (1784). McLean and Hewitt (1994) and McLean and
Urken (1995) give the English translations of these articles.

6For any two distinct applicants, at least one voter does not have a conflict of interest with them.
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on the large domain of all non-trivial interest-structures.)

Another direction for a remedy is to weaken one of the accountability axioms. Interest-

Exclusion is easy to satisfy, and the peer rating/selection literature considers it a fundamental

requirement. Therefore, we weaken the No-Power-Game property. We show that the Weak

No-Power-Game property is compatible with all other axioms of Theorem 2 by explicitly con-

structing an extension of the Borda rule (which we call the winning rate rule). The Weak

No-Power-Game property requires that if a voter changes the status from neutral to an inter-

ested party of an applicant and if this voter’s most preferred alternative was this applicant, it

would not improve the social ranking of the relevant applicant. This property is still a desirable

requirement, and thus the winning rate rule is a reasonable solution.7

1.2. Related literature

Since we introduce a new framework, there is no directly comparable previous work. Our

motivation is close to that of the peer rating/selection literature cited above. However, our

model and our impossibility theorem structure differ substantially from those of the literature.

In the peer rating/selection literature, the set of voters is the set of social alternatives, and

each voter is the unique interested party of one social alternative, herself/himself. By contrast,

we deal with arbitrary sets of social alternatives and arbitrary interest structures between the

voters and the alternatives. The axiom configurations in the impossibility results of this paper

and the literature are not directly comparable because we require the No-Power-Game property,

which is defined on the set of possible interest structures. This set is degenerate in the peer

rating/selection models.8

The peer rating models consider social ranking problems by the voters who are also the

candidates to be ranked. Ng and Sun (2003) and Ohseto (2012) assume that voters submit

cardinal rankings of themselves, and the social decision is a cardinal ranking. These papers

7In the working paper version (Fujiwara-Greve et al., 2021), we examine the properties of other concrete
SWFIs in terms of the axioms introduced in this paper. We show that taking the average for the 0-1 matrix
representing the interest structure is the key to mitigating the unequal influence of interested voters.

8This comparison resembles the contrast between the Arrovian social welfare function (Arrow, 1951) and the
Bergson-Samuelson social welfare function (e.g., Kemp and Ng, 1976). Our remedy is in the same spirit as the
Arrovian literature to restrict the domain (e.g., Kalai and Muller, 1977) or to weaken the requirements. For a
survey, see Suzumura (1983) Chapter 3.
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require “self-exclusion” such that the social ranking does not change if the evaluation marks

over other candidates (who are not oneself) do not change for all voters. In the peer rating

model, this requirement is the same as our Interest-Exclusion. The peer selection models (e.g.,

Holzman and Moulin (2013), Mackenzie (2015), and Edelman and Por (2021)) consider social

choice problems, i.e., the voters choose one of them as the winner. The voters are not allowed

to nominate themselves. Thus our Interest-Exclusion is embedded in their model.

Holzman and Moulin (2013) showed an impossibility between impartiality (similar to strat-

egyproofness) and anonymity or some kind of unanimity.9 Mackenzie (2015) resolves the im-

possibility by allowing stochastic winners and characterizes the recommended uniform random

dictator rule. Edelman and Por (2021) allow variable populations and stochastic winners to

characterize the same rule. Instead of stochasticity, Tamura and Ohseto (2014) allow a set of

voters to become winners to resolve the impossibility. Recall that our aim is not to make voting

rules strategyproof. Instead, we want to deter biases on the social rankings by interested voters.

Hence we propose rating rules to dilute the inputs from voters interested in some applicants

(see Sections 4 and 5).

Biased voter problems are analyzed in other contexts as well. For example, Amorós (2020)

deals with a dual-preference problem such that voters (experts) may have biased preferences

over the outcomes in addition to their true evaluations of the alternatives. While we aim at the

elimination of biases on the social rankings, Amorós (2020) investigated whether a mechanism

that always results in the “true” majoritarian (or unanimity) outcome is implementable.10

Accountability is also addressed in political economy literature. This literature usually

considers the principal-agent model, and the issue is to control individual politicians/delegates

to act correctly for society. Instead of trying to manage individual voters, we design accountable

collective decision rules that work for arbitrary preference orders and interest relationships.

This paper is organized as follows. Section 2 gives the basic setup of the voting problems

9Alcalde-Unzu et al. (2022) generalize the impossibility result of Holzman and Moulin (2013) to the peer
rating model and allow arbitrary message spaces.

10There are also game-theoretic papers on vote transparency (see Name-Correa and Yildirim, 2019, and the
references therein), which explicitly consider strategic voting games by biased voters (experts). This literature
fixes the voting rule (e.g., the unanimity rule) and investigates the effects of external factors such as social
pressure and reputation to prevent biased outcomes. By contrast, we investigate the existence of voting rules
with desirable properties.
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with interest structure and introduces axioms. Section 3 gives impossibility theorems. In

Section 4, we find a restriction of the domain of the feasible interest structures to resolve the

impossibility between the No-Power-Game property and A-Unanimity. Section 5 weakens the

No-Power-Game property as another remedy. Section 6 concludes. Important proofs are given

in the text, while analogous proofs are in Appendix.

2. Model and axioms

2.1. Voting problems

Let N = {1, 2, . . . , n} be a finite set of voters or committee members and assume n ≧ 2. There

is a finite set X = {x1, x2, . . . , xj, . . . , xm} of applicants (alternatives) to be ranked, and we

sometimes use x, y, z ∈ X as typical elements as well. We assume m ≧ 3. Denote by L (resp.

R) the set of all strict orders (resp. weak orders) on X. We assume that each voter i ∈ N has

some strict order ≻i∈ L.

In this paper, an interest relationship is a verifiable connection between a voter and an

applicant such that society worries that the voter has a biased opinion of the applicant. For

example, in an academic context, a voter i can be said to have an interest in an applicant

xj if i and xj are co-authors or i was an advisor of xj. We do not consider the elicitation of

unverifiable interests. Instead, we want to eliminate biases on the social ranking when having

some voters with connections to some applicants may be unavoidable. We do not restrict our

attention to positive interest (such that a voter likes to see a high social ranking of her/his

related applicant(s)). If a negative interest relationship (such as archrival team members in a

sports context) is verifiable, our model includes it.

An interest structure is a matrix A ∈ {0, 1}n×m such that, if aij = 1, then there is no interest

between the voter i and the applicant xj, and, if aij = 0, then the voter i has some interest

in xj (see Figure 1). The 1-0 structure is for mathematical convenience when we want to take

only relationships with no conflict of interest into account (see Section 5, Definition 11).

Given an interest structure A ∈ {0, 1}n×m, for any i ∈ N , let

A(i) := {xj ∈ X : aij = 1}
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A =


voters\applicants x1 x2 ··· xm

1 a11 a12 · · · a1m
2 a21 a22 · · · a2m
...

...
... · · · ...

n an1 an2 · · · anm


Figure 1: Interest structure matrix

be the set of “admissible” applicants whom i has no interest in and it is safe to allow i to

express her/his opinion freely on A(i). We also say that voter i is “unrelated” (or neutral) to

an applicant xj if aij = 1. From the voters’ point of view, for any A ∈ {0, 1}n×m and any

xj ∈ X, let

I(xj;A) := {i ∈ N : aij = 0}

be the set of xj’s “interested voters” under the interest structure A.

We focus on interest structures such that any pair of applicants have at least one voter who

can compare them without worrying about the conflict of interest.

Definition 1. An interest structure A ∈ {0, 1}n×m is non-trivial if, for any distinct xj, xk ∈ X,

there exists i ∈ N such that {xj, xk} ⊂ A(i). Let A ⊂ {0, 1}n×m be the set of all non-trivial

A’s.

We use the notation 1n,m for the all-ones, n×m matrix. This is the “ordinary” situation,

and clearly 1n,m ∈ A. We extend social welfare functions to the domain LN ×A.

Definition 2. A social welfare function with interest structure (SWFI) is a function f such

that

f : LN ×A → R.

Our model has the following features to compare with the peer rating/selection models.

First, we only require that each voter has an ordinal preference relation over X. Second, we

do not restrict our attention to the case that the set of the voters is the set of applicants, nor

the interest structure such that each voter has a single applicant (herself/himself) of interest.

Third, we do not need a predetermined number of winners since a social welfare function ranks

all applicants.
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2.2. Accountability axioms

Since a social welfare function has two sets LN × A in the domain, we define accountability

axioms for each. Our first axiom for accountability is on the preference domain such that the

social ranking does not change as long as each voter’s preferences on the admissible/unrelated

applicants A(i) do not change. In other words, no matter how hard a voter pushes her/his

“related” applicants, that should not affect the social ranking.11 If this axiom is violated,

a voter changes the social decision by manipulating her/his ranking of the applicant of the

interest.

For any i ∈ N , any ≻i∈ L, and any nonempty S ⊂ X, let ≻i|S⊂ S × S be the restricted

strict order on S induced by ≻i. Then, ≻i|S=≻′
i|S means that ≻i and ≻′

i coincide on S.

Definition 3. An SWFI f : LN × A → R satisfies Exclusion of Interested Party Evaluations

(henceforth Interest-Exclusion) if, for any ≻ = (≻1, . . . ,≻n) ∈ LN , any A ∈ A, any i ∈ N , and

any ≻′
i∈ L such that ≻i|A(i)=≻′

i|A(i),

f(≻, A) = f(≻′
i,≻−i, A).

Interest-Exclusion is an inter-preference-profile requirement.12 In many real-world situa-

tions, voters are often asked not to express their opinions on the applicants of their interest,

which is the spirit of this axiom. Peer selection literature also requires that a voter should not

nominate oneself.

Our second axiom is an inter-interest-structure requirement such that applicants should not

improve their social ranks by increasing voters who are interested in them.

Definition 4. An SWFI f : LN × A → R satisfies the No-Power-Game property if, for any

A,A′ ∈ A, any ≻ ∈ LN , and any x ∈ X,

11Even if a voter denounces the related applicants, that does not affect social ranking, either. Hence this
axiom deals with both favorable and hostile interests.

12Interest-Exclusion may be viewed as a too stringent requirement because it discards any information re-
garding preferences on X \ A(i) if the set is not a singleton. However, our point is that many rules satisfy
this strong axiom; hence we keep it this way. An interesting future research is to weaken Interest-Exclusion to
utilize relative rankings within X \A(i).
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if I(z;A) = I(z;A′) for all z ̸= x and I(x;A) ∪ {i} = I(x;A′) for some i ∈ N , then for any

y ∈ X,

[yf(≻, A)x ⇒ yf(≻, A′)x] and [[yf(≻, A)x and ¬xf(≻, A)y] ⇒ [yf(≻, A′)x and ¬xf(≻, A′)y]] .

To interpret the condition of this axiom, as the interest structure A changes to A′, the

applicant x has one more interested voter i (I(x;A)∪{i} = I(x;A′) ), while the interest structure

of the other applicants remains the same (I(z;A) = I(z;A′) for all z ̸= x). The requirement

is that, in this case, the ranking between x and a socially preferred y should not reverse.

Otherwise, favoritism is suspected, and the decision process is not accountable.13 If the new

relationship is negative, this axiom cannot prevent that x declines in the social ranking. This

axiom only prevents a power-game-type competition which encourages applicants to increase

the number of positively interested voters.

A simple way to satisfy Interest-Exclusion is to utilize only the preferences on A(i), as in

the peer rating/selection models. This may be the underlying idea of the protocol mentioned

earlier at a funding committee that a voter must leave the room when her/his related person’s

application is on the table.

Proposition 1. The two accountability requirements are compatible.

Proof. We construct an extension of the scoring rule (Young, 1975) based on the plurality rule.

A similar construction based on the Borda rule is also possible (see Fujiwara-Greve et al., 2021).

For any (x,≻i, A(i)) ∈ X × L× 2X , let

splu(x,≻i, A(i)) =

{
1 if x ∈ A(i) and

∣∣{y ∈ A(i) : y ≻i x}
∣∣ = 0

0 otherwise.

This function gives point 1 to the top applicant in A(i) at ≻i and 0 to all other applicants.

Define the extended plurality rule with interest structure fplu as

xfplu(≻1, . . . ,≻n, A)y ⇐⇒
∑
i∈N

splu(x,≻i, A(i)) ≧
∑
i∈N

splu(y,≻i, A(i)).

13We think verifiable relationships are not easy to nullify (e.g., advisor-advisee), and thus we do not consider
the decrease in related voters.
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That is, for each applicant x, we count the voters who are not interested in x and put x at

the top. Interest-Exclusion is satisfied by definition. The No-Power-Game property is also

straightforward because when an applicant x has one more interested voter, the points of x

either decrease by one or stay the same. In contrast, the points of all other applicants either

increase by one or remain the same. Hence the social ranking of x does not improve.

2.3. Extensions of standard axioms in voting theory

We adapt some of the standard axioms in the Arrovian literature to our framework while

allowing arbitrary non-trivial interest structures. When no voter has an interest in any applicant

(A = 1n,m), our axioms reduce to the standard axioms. When there are interested voters, our

axioms require that, for each applicant, at least the preferences of voters who do not have an

interest in that applicant should be taken into account.

As a preparation, for any S ⊆ X and ≻∈ L, let top(≻, S) ∈ S be the top alternative in the

set S according to the strict order ≻, i.e., top(≻, S) ≻ y for all y ∈ S \ {top(≻, S)}.

Definition 5. An SWFI f : LN ×A → R satisfies A-Unanimity if, for any (≻, A) ∈ LN ×A

and any x ∈ X,

[top(≻i, A(i)) = x, ∀ i ∈ N \ I(x;A)] implies that [xf(≻, A)z and ¬zf(≻, A)x, ∀z ∈ X].

This is a unanimity axiom that includes accountability (hence A is added in the name). It

requires that if there is an x such that all unrelated voters consider it the best, then it should

be ranked as the social best. Voters with a positive interest in x would not mind the outcome.

The accountability property of this axiom is that we prevent voters who have a hostile interest

in x from denouncing x as long as all neutral voters agree to make x the best.

The following remark guarantees that A-Unanimity is not self-contradictory.

Remark 1. For any (≻, A) ∈ LN ×A, if there exists x ∈ X such that

[top(≻i, A(i)) = x, ∀ i ∈ N \ I(x;A)] holds, then it is unique.

Proof. Suppose that there are distinct x, x′ ∈ X such that

for any i ∈ N \ I(x;A), top(≻i, A(i)) = x, and

11



for any i ∈ N \ I(x′;A), top(≻i, A(i)) = x′.

Since A ∈ A is a non-trivial interest structure, {x, x′} ⊂ A(j) for some j ∈ N , but ≻j is a

strict order, so it cannot be that both x ≻j x
′ and x′ ≻j x hold.

It is also important not to put a pairwise-majority loser (in some literature, it is called a

Condorcet-loser) at the top of the social ranking. This requirement was originally due to Borda

(1784).14

Definition 6. For any (≻, A) ∈ LN × A, x ∈ X is a pairwise-majority-loser with respect to

(≻, A) if
∀y ∈ X \ {x},

∣∣{i ∈ N : y ≻i|A(i) x}| > |{i ∈ N : x ≻i|A(i) y}
∣∣.

Definition 7. An SWFI f : LN ×A → R satisfies the No-Pairwise-Loser property if, for any

(≻, A) ∈ LN ×A and any x ∈ X such that x is a pairwise-majority-loser with respect to (≻, A),
there exists y ∈ X \ {x} such that yf(≻, A)x and ¬xf(≻, A)y.

As a much weaker requirement than A-Unanimity, we introduce an axiom such that voters

should be able to put any applicant at the top of a social ranking.

Definition 8. An SWFI f : LN ×A → R satisfies Non-Restrictedness if, for any A ∈ A and

any x ∈ X, there exists ≻ ∈ LN such that xf(≻, A)y for all y ∈ X.

Non-Restrictedness is weaker than the non-imposition condition in the standard Arrovian

framework, given an A. If an SWFI satisfies A-Unanimity, then it satisfies Non-Restrictedness.

For an impossibility result, this weaker axiom is sufficient.

3. Impossibility theorems

In this section, we show various impossibility theorems when the second domain of SWFI is

the set of all non-trivial interest structures. On the surface, the No-Power-Game property

and A-Unanimity seem orthogonal in the deterrence of biases: the No-Power-Game property

reduces biases by an increase of (positively) interested parties, while A-Unanimity reduces

14See, for example, Fishburn and Gerhlein (1976) and Okamoto and Sakai (2019) for surveys on the No-
Pairwise-Loser property.
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biases by (negatively) interested parties. However, our first result is that these two axioms are

incompatible.

Theorem 1. There is no SWFI f : LN ×A → R that satisfies the No-Power-Game property

and A-Unanimity.

Proof. Suppose that an SWFI f : LN×A → R satisfies A-Unanimity and the No-Power-Game

property.

Claim. For any (≻, A) ∈ LN × A and any x ∈ X, if there exists i ∈ N such that A(i) = X

and top(≻i, A(i)) = x, then

xf(≻, A)y and ¬yf(≻, A)x, ∀y ∈ X \ {x}. (1)

Proof of the Claim.

Take any (≻, A) ∈ LN ×A and any x ∈ X such that there exists i ∈ N for which A(i) = X

and top(≻i, A(i)) = x. Suppose that there exists y ̸= x such that yf(≻, A)x, negating (1).

If each voter j ∈ N \I(x;A) (who does not have an interest in x under A) ranks x as her/his

best, yf(≻, A)x contradicts A-Unanimity. Hence there must be one voter with the property

that she/he is not an interested party of x and her/his best among admissible applicants is not

x. Let this voter be j1 ∈ N \ I(x;A). Her/his top alternative in A(j1) is not x.

Change A so that j1 becomes an interested party of x. Let A1 ∈ A be such that I(x;A1) =

{j1} ∪ I(x;A) and I(z;A1) = I(z;A) for all z ̸= x. Then, by the No-Power-Game property of

f , the social ranking of x should not improve, and we have yf(≻, A1)x.

If each voter j ∈ N \I(x;A1) who does not have an interest in x under A1 ranks x as her/his

best, yf(≻, A1)x contradicts A-Unanimity. Hence there must be j2 ∈ N \ I(x;A1) such that x

is not her/his top in A(j2). Change A1 to A2 by making j2 an interested party of x.

Repeating this operation leads to the interest structure Ak (for some k ≦ n−1) in which all

voters except i becomes an interested party of x. Then the unique neutral voter i considers x

the best. By A-Unanimity, x must be the social best, which contradicts that yf(≻, Ak)x. This

completes the proof of the Claim. //
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We derive a contradiction using the above Claim for two voters with opposing preferences.

Formally, consider A = 1n,m ∈ A, and fix arbitrary distinct x and y. There exists ≻ ∈ LN such

that x ≻1 z for all z ̸= x and y ≻2 z for all z ̸= y. Then, by Claim,

xf(≻,1n,m)y and ¬yf(≻,1n,m)x,

yf(≻,1n,m)x and ¬xf(≻,1n,m)y,

a contradiction.

Theorem 1 is shocking because A-Unanimity is a natural extension of the standard Una-

nimity: if all neutral voters agree on the top applicant, that should also be the social top. The

above impossibility may be due to the strength of the No-Power-Game property because even if

we weaken A-Unanimity to Non-Restrictedness, we have another impossibility result as follows.

Theorem 2. Assume n ≧ 3. There is no SWFI f : LN ×A → R that satisfies the No-Power-

Game property, Interest-Exclusion, Non-Restrictedness, and the No-Pairwise-Loser property.

Proof. Suppose that an SWFI f : LN × A → R satisfies all properties. Fix any x ∈ X and

let A∗ ∈ A be such that A∗(n) = X and A∗(i) = X \ {x} for all i ∈ {1, . . . , n − 1}. By

Non-Restrictedness, there exists ≻ ∈ LN such that xf(≻, A∗)y, for all y ∈ X.

Let ≻′ ∈ LN be such that

• ≻′
n=≻n,

• ≻′
i |X\{x} =≻i |X\{x} and y ≻′

i x for all i ̸= n and all y ̸= x.

That is, ≻i and ≻′
i coincide on A∗(i) for all i ∈ N , but ≻′

i for i ̸= n puts x to the bottom. Since

n ≧ 3, if all voters are unrelated to all applicants, i.e., if A = 1n,m, x is a pairwise-majority-

loser for the new preference profile ≻′. The No-Pairwise-Loser property then implies that there

exists y ∈ X such that yf(≻′,1n,m)x and ¬xf(≻′,1n,m)y.

Change A = 1n,m into A1 ∈ A such that the voter 1 becomes an interested party of x, i.e.,

A1(1) = X \ {x} and A1(i) = X for all i ∈ {2, . . . , n}. Then, by the No-Power-Game property,

we have yf(≻′, A1)x and ¬xf(≻′, A1)y. Next, let A2 ∈ A be such that A2(1) = A2(2) = X \{x}
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and A2(i) = X for all i ∈ {3, . . . , n}. Then, again by the No-Power-Game property, we

have yf(≻′, A2)x and ¬xf(≻′, A2)y. Repeating this operation for n − 1 times, we have that

yf(≻′, A∗)x and ¬xf(≻′, A∗)y, where A∗ is defined above. Recall that ≻i and ≻′
i coincide on

A∗(i) for all i ∈ N and xf(≻, A∗)y for all y ∈ X. Thus we obtain a contradiction to Interest-

Exclusion.

Theorems 1 and 2 imply that accountability and some standard axioms in voting theory are

hard to sustain jointly.

Although in a smaller environment, we show that the No-Power-Game property is strong

because it is incompatible with the No-Pairwise-Loser property alone. Recall that m is the

number of the applicants in X, and we can write X = {x1, x2, . . . , xm}.

Theorem 3. Suppose that n ≧ m + 2. There is no SWFI f : LN × A → R that satisfies the

No-Power-Game property and the No-Pairwise-Loser property.

Proof. Suppose that an SWFI f : LN ×A → R satisfies the No-Power-Game property and the

No-Pairwise-Loser property. There exists A ∈ A such that

• for any i ∈ {1, . . . ,m}, A(i) = {xi},

• for any i ∈ {m+ 1,m+ 2}, A(i) = X,

• for any i ∈ N \ {1, . . . ,m+ 2}, A(i) = ∅.

That is, each of the first m voters has a different and unique admissible applicant xi. To

guarantee the non-triviality of A, two voters, m+1 and m+2, have no interest in any applicant.

If there are more than m+ 2 voters, they are not relevant in A.

Let ≻ ∈ LN be an arbitrary profile such that

• for any i ∈ {1, . . . ,m}, top(≻i, X) = xi,

• x1 ≻m+1 x2 ≻m+1 · · · ≻m+1 xm,

• xm ≻m+2 xm−1 ≻m+2 · · · ≻m+2 x1.
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Note that the voter m+ 1 and the voter m+ 2 have opposite preferences.

Since f(≻, A) is a weak order and |X| is finite, there exits x ∈ X such that

x f(≻, A) y for all y ∈ X. (2)

Let A′ ∈ A be such that

• for any i ∈ {1, . . . ,m}, A′(i) = {xi, x} (not necessarily a two-element set),

• for any i ∈ {m+ 1,m+ 2}, A′(i) = X,

• for any i ∈ N \ {1, . . . ,m+ 2}, A′(i) = ∅.

Under A′, for any xi ̸= x, there are two voters (voter i and some j ∈ {m+1,m+2}) who prefers

xi to x and A′(i) and A′(j) include xi and x, but there is only one voter k ∈ {m+1,m+2}\{j}

who prefers x to xi and A′(k) includes xi and x. Therefore x is a pairwise-majority-loser with

respect to (≻, A′). By the No-Pairwise-Loser property, there exists y ̸= x such that yf(≻, A′)x

and ¬xf(≻, A′)y.

Let us change one voter at a time to become an interested party of x starting from voter 1

to m. That is, change A′ to A1 ∈ A such that A1(1) = {x1} and A1(j) = A′(j) for all j ̸= 1.

Then change A1 to A2 ∈ A such that A2(2) = {x2} and A2(j) = A1(j) for all j ̸= 2, and so on.

This operation is a finite-step process ending with Am = A. In each step, the social rank of x

should not improve by the No-Power-Game property. In the end, we have that

yf(≻, A)x and ¬xf(≻, A)y,

which is a contradiction to (2).

Possible causes of the impossibility results include the large size of A. In many situations,

the organizers can control the voter configurations; hence we may restrict the interest-structure

domain of SWFIs to a smaller set. Section 4 considers restrictions of A. Another possible

cause is the strength of the No-Power-Game property. Section 5 weakens the No-Power-Game

property to recover from the impossibility.
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4. Restrictions of the feasible interest structures

The impossibility results explicitly use the large domain of the interest structures. Realistic

prevention of accountability problems is to have a two-step procedure. First, when forming a

committee of voters, reduce the possibility of conflict of interest as much as possible. Second, use

an accountable voting rule. The first step allows us to focus on a smaller domain of the interest

structures than A. In many situations, however, it is impossible always to form a committee

of neutral voters. (A committee is often gathered before the set of alternatives/applicants is

known. Expert voters should be in a field close enough to those of the applicants so that some

relationships may not be avoidable.) In this section, we consider restrictions of A to find the

borderline of the impossibility of Theorem 1. Then, if we can always form committees within

that set15, there is an accountable and unanimous voting rule and vice versa.

For any k = 1, 2, . . . , n, define

A(k) := {A ∈ {0, 1}n×m : ∀x, y ∈ X such that x ̸= y, |{i ∈ N : {x, y} ⊂ A(i)}| ≥ k}.

In this set, for any distinct pair, at least k voters have no conflict of interest. Note that A(1)

coincides with the set A of all non-trivial interest structures. We can adapt all axioms to A(k).

Proposition 2. For any k = 1, . . . , [n
2
], there is no f : LN × A(k) → R that satisfies the

No-Power-Game property and A-Unanimity.

Proof. See Appendix.

Hence, the logic similar to the proof of Theorem 1 holds even if, for each pair of applicants,

nearly half of the voters have no verifiable connection to them.

Next, we show that Theorem 1 does not hold when k ≧ [n
2
] + 1, i.e., when each pair of

applicants is admissible for more than half of the voters. Namely, the extended plurality rule

with interest structure in the proof of Proposition 1 satisfies both axioms. If all neutral voters

of some x consider it the best and if the number of the neutral voters (of any pair including x) is

more than half of the voters, then the plurality-based SWFI places x at the social top, satisfying

15Many universities require doctoral degree evaluation committees to have some external members outside of
the candidate’s field. This rule can be an attempt to restrict the possible interest structures.
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A-Unanimity. The No-Power-Game property (and moreover Interest-Exclusion) holds for the

plurality-based SWFI by construction.

Proposition 3. When k ≧ [n
2
] + 1, there exists f : LN × A(k) → R satisfying Interest-

Exclusion, the No-Power-Game property, and A-Unanimity.

Proof. Let k ≧ [n
2
]+1 and let fplu

k : LN ×A(k) → R be the extended plurality rule with interest

structure fplu (see the proof of Proposition 1) adapted to A(k).

Interest-Excluson and the No-Power-Game property hold by the same argument as that in

the proof of Proposition 1.

A-Unanimity : Take any (≻, A) ∈ LN ×A(k) and any x ∈ X such that x is the top for all voters

who have no interest in x; for any i ∈ N \ I(x;A),

top(≻i, A(i)) = x.

Since A ∈ A(k), for any y ∈ X \ {x}, the number of voters who have no interest in the pair

(x, y) is at least k. Hence,

∣∣{i ∈ N : top(≻i, A(i)) = x}
∣∣ ≧ [n

2

]
+ 1.

Then, for any y ∈ X \{x}, xfplu
k (≻, A)y and ¬ yf plu

k (≻, A)x. Hence, fplu
k satisfies A-Unanimity.

Therefore a solution to the impossibility results is to keep the set of voters within an

appropriate range such that each pair of applicants is admissible for more than half of the

voters.

However, the incompatibility between the No-Power-Game property and the No-Pairwise-

Loser property remains even if most voters have no conflict of interest in any pair.

Proposition 4. Assume that n ≧ 2m. For any k ≦ n−4, there is no SWFI f : LN×A(k) → R

that satisfies the No-Power-Game property and the No-Pairwise-Loser property.

Proof. See Appendix.
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The proof uses a similar construction of (≻, A) and repeated applications of the No-Power-

Game property as in the proof of Theorem 3. If the number of voters is large, then n−4 is close

to n. Hence Proposition 4 covers the case when nearly all voters have no conflict of interest in

any pair, and thus Theorem 3 does not hinge on the largest interest-structure domain. This

finding is another striking result.

5. Weakening of the No-Power-Game Property

Another remedy is to weaken one of the accountability axioms. Interest-Exclusion is easy

to satisfy, and the peer rating/selection literature considers it a fundamental requirement.

Therefore, we weaken the No-Power-Game Property.

Definition 9. An SWFI f : LN ×A → R satisfies the Weak No-Power-Game property if, for

any A,A′ ∈ A, any ≻ ∈ LN , and any x ∈ X,

if I(z;A) = I(z;A′) for all z ̸= x, I(x;A) ∪ {i} = I(x;A′) for some i ∈ N with top(≻i, A) = x,

then for any y ∈ X,

[yf(≻, A)x ⇒ yf(≻, A′)x] and [[yf(≻, A)x ∧ ¬xf(≻, A)y] ⇒ [yf(≻, A′)x ∧ ¬xf(≻, A′)y]] .

This is a satisfactory weakening of the No-Power-Game property : if a voter who puts x at

the top changes the status from neutral to an interested party of x, then x’s social rank should

not improve. By contrast, the No-Power-Game property requires that changing any voter into

an interested party should not improve the ranking.

Proposition 5. There exists an SWFI f : LN × A → R that satisfies the Weak No-Power-

Game property, Interest-Exclusion, A-Unanimity (and thus Non-Restrictedness), and the No-

Pairwise-Loser property.

To prove this, we construct a new rule, the winning-rate rule, based on the Borda rule.

First, we introduce the net-winning points.

Definition 10. For any (≻, A) ∈ LN ×A, any i ∈ N , and any x ∈ X, define the net-winning
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points of x for voter i at (≻i, A(i)) by

w(x,≻i, A(i)) :=

{
0 if x ̸∈ A(i)

|{y ∈ A(i) : x ≻i y}| − |{y ∈ A(i) : y ≻i x}| otherwise.

For example, if |A(i)| = 2, then the net-winning points of the top applicant in A(i) is 1

and that of the bottom applicant in A(i) is −1, while that of any x ̸∈ A(i) is 0. These scores

are different from the usual Borda score, which counts the number of alternatives ranked lower

than the relevant one.16

The problem with comparing the total net-winning points is that applicants with many

neutral voters may get disproportionally many (positive or negative) points. Therefore, we

consider an averaging system with respect to the number of comparisons between admissible

applicants to milden such effect. In practice, such averages are often used to measure the

performances of sports players/teams whose number of plays may differ significantly.17

Definition 11. For any j ∈ {1, 2, . . . ,m} and any (≻, A) ∈ LN × A, the winning rate of

applicant xj at (≻, A) is

WR(xj,≻, A) :=
∑

i∈N w(xj,≻i, A(i))∑
i ̸∈I(xj ,A) (|A(i)| − 1)

(
=

∑
i∈N w(xj,≻i, A(i))∑
i∈N aij (|A(i)| − 1)

)
.

The winning-rate rule fWR is an SWFI which satisfies, for any j, k ∈ {1, 2, . . . ,m} and any

(≻, A) ∈ LN ×A,

xjf
WR(≻, A)xk ⇐⇒ WR(xj,≻, A) ≧ WR(xk,≻, A).

Recall that the net-winning points count the “winnings” of xj minus the “loss” of xj. The

winning rate divides this difference by the number of pairwise comparisons that xj faces under

A, which is
∑

i ̸∈I(xj ,A) (|A(i)| − 1). The 0-1 structure of the A matrix formulation makes the

summation easy to compute.

16For why putting related applicants in the center instead of the bottom is better, see our working paper
Fujiwara-Greve et al. (2021).

17For example, the definition of the winning-rate rule coincides with that of “the gravity center rating” given
in the formula 9.4 in Langville and Meyer (2013, Chapter 9), assuming that kij = 1 if team i beats j and
kij = −1 if team j beats team i. They provide ratings and rankings of American football teams using data of
match results in NFL 2009–2010 based on the gravity center rating or the winning-rate rule.
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To illustrate how comparing the total net-winning points and the winning-rate rule differ,

consider the following example where X = {x1, x2, x3} and N = {1, 2, . . . , 10}.

Let (≻, A) ∈ LN ×A be such that

• A(1) = X and A(i) = {x2, x3} for all i ∈ {2, . . . , 10},

• x1 ≻1 x2 ≻1 x3 and x2 ≻i x3 for all i ∈ {2, . . . , 10}.

Then

w(x1,≻1, A(1)) = 2, w(x1,≻i, A(i)) = 0, ∀i ∈ {2, . . . , 10},

w(x2,≻1, A(1)) = 0, w(x2,≻i, A(i)) = 1, ∀i ∈ {2, . . . , 10},

w(x3,≻1, A(1)) = −2, w(x3,≻i, A(i)) = −1, ∀i ∈ {2, . . . , 10},

so that x2 has the largest total net-winning points. However,

WR(x1,≻, A) =
w(x1,≻1, A(1))

|A(1)| − 1
=

2

2
,

WR(x2,≻, A) =
∑

i∈N w(x2,≻i, A(i))∑
i∈N (|A(i)| − 1)

=
9

11
,

WR(x3,≻, A) =
∑

i∈N w(x3,≻i, A(i))∑
i∈N (|A(i)| − 1)

=
−11

11
.

Hence, the winning-rate rule ranks x1 as the top. In this example, the applicant x1 is admissible

only for the voter 1, while the applicant x2 is admissible for all voters. The winning-rate rule

is better if a big difference in the number of neutral voters should not affect the social ranking.

Proof of Proposition 5. We show that fWR satisfies all axioms. Interest-Exclusion holds by

definition.

No-Pairwise-Loser property : Take any (≻, A) ∈ LN × A. By the definition of w, the total

net-winning points over all applicants is 0:∑
y∈X

∑
i∈N

w(y,≻i, A(i)) =
∑
i∈N

∑
y∈X

w(y,≻i, A(i)) = 0.

Now, let x be the highest ranked alternative with respect to fWR(≻, A). Since the denomi-

nator of WR(x,≻i, A) is positive, the numerator must satisfy
∑

i∈N w(x,≻i, A(i)) ≧ 0.
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By Lemma 1 in Appendix, for any z ∈ X which is a pairwise-majority-loser with respect to

A, we have ∑
i∈N

w(z,≻i, A(i)) < 0.

Hence x is not a pairwise-majority-loser with respect to (≻, A).

A-Unanimity : Take any (≻, A) ∈ LN × A, and assume that there is x ∈ X such that top(≻i

, A) = x for any i ∈ N \ I(x;A).

Then the net-winning points of x is w(x,≻i, A(i)) = |A(i)| − 1 for any i ∈ N \ I(x;A), and

thus its winning rate is 1; WR(x,≻, A) = 1. Since this achieves the maximum value of the

WR, we have xfWR(≻, A)y for any y ∈ X.

Next, consider any y ̸= x. Since A is non-trivial, there exists j ∈ N such that {x, y} ⊂ A(j).

By the assumption of x, we must have x ≻j y. Hence the winning rate of y cannot be 1. That

is, ¬yfWR(≻, A)x holds.

Weak No-Power-Game property : Let A,A′ ∈ A, ≻ ∈ LN and x ∈ X be such that the interested

party of z ̸= x are the same across A and A′, but the interested party of x weakly expands from

A to A′ in such a way that a voter who puts x at the top joins the interested party under A′:

I(z;A) = I(z;A′), ∀z ̸= x, ∃i ∈ N ; top(≻i, A) = x, I(x;A) ∪ {i} = I(x;A′).

Take any y ∈ X. We want to show

[yf(≻, A)x ⇒ yf(≻, A′)x] and [[yf(≻, A)x ∧ ¬xf(≻, A)y] ⇒ [yf(≻, A′)x ∧ ¬xf(≻, A′)y]] . (3)

If y = x, then clearly (3) holds. Hence assume that y ̸= x. Also if I(x;A) = I(x;A′), (3)

holds. Hence assume that i /∈ I(x;A). Because i is not counted at A′ and other voters do not

change their interest structures (A(j) = A′(j)), the winning rate of x at A′ is∑
j∈N

w(x,≻j, A
′(j))∑

k ̸∈I(x,A′) (|A′(k)| − 1)
=

0 +
∑

j ̸=iw(x,≻j, A(j))

0 +
∑

k ̸∈I(x,A)∪{i} (|A(k)| − 1)
,

while the winning rate of x at A is∑
j∈N

w(x,≻j, A(j))∑
k ̸∈I(x,A) (|A(k)| − 1)

=
|A(i)| − 1 +

∑
j ̸=iw(x,≻j, A(j))

|A(i)| − 1 +
∑

k ̸∈I(x,A)∪{i} (|A(k)| − 1)
,
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because i puts x as the top in A(i). This means that the winning rate of x weakly decreases

when the interest structure changes from A to A′.

It suffices to prove that the winning rate of y weakly increases when the interest structure

changes from A to A′.

Case 1: y /∈ A(i).

Since the interest structure of other applicants than x does not change, y /∈ A′(i) also holds,

so that w(y,≻i, A(i)) = w(y,≻i, A
′(i)) = 0. The net-wining points and the number of pairwise

comparisons of y for other voters do not change. Hence the winning rate of y does not change

from A to A′.

Case 2: y ∈ A(i).

Since the interested parties of y do not change between A and A′, i is not an interested

party of y at A′. By moving from A to A′, the total number that the voter i compares y with

something else has decreases by 1, i.e., becomes |A(i)| − 2. Recall that top(≻i, A) = x, but i

does not count for x under A′. Hence the net-winning points of y for voter i at (≻i, A
′) increases

by one point, and the winning rate of y at A′ is∑
j∈N

w(y,≻j, A
′(j))∑

k ̸∈I(y,A′) (|A′(k)| − 1)
=

w(y,≻i, A(i)) + 1 +
∑

j ̸=i w(y,≻j, A(j))

|A(i)| − 2 +
∑

k ̸∈I(y,A)∪{i} (|A(k)| − 1)
,

which is greater than the winning rate of y at A. Therefore, we have (3).

The logic of how the weakening of the No-Power-Game property helps resolve the impos-

sibility is as follows. When the most favorable voter becomes an additional interested party,

this voter can no longer push the applicant under Interest-Exclusion. Therefore, the Weak

No-Power-Game property is easily satisfied. On the other hand, if a voter who is not that

favorable to an applicant becomes an additional interested party, Interest-Exclusion may work

oppositely. Previously, this voter may have harmed this applicant but can no longer do that

by becoming an interested party. Hence the change may improve the ranking of the applicant,

and the No-Power-Game property is more difficult to satisfy.
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6. Concluding remarks

Our main contribution is introducing a new framework to analyze voting rules under an arbi-

trary conflict of interest situation. We formalized axioms of accountability to deter partisanship

for any non-trivial (and verifiable) interest structure. Although we show impossibility results,

we also provide two directions of remedies.

Among many future directions, let us mention some of them. First, our formulation may be

too extreme. Interest-Exclusion threw away the information of one’s related applicantsX\A(i).

A better-informed and still accountable voting rule would utilize the relative rankings within

A(i) and X \ A(i) as independently as possible. Although we have restricted our attention to

0 or 1 matrix A, mathematically, other weights are possible.

Second, we have yet to investigate strategyproof-related concerns. We can adapt the im-

partiality of Holzman and Moulin (2013) in our framework with general interest structures. It

is an important next question what kind of impossibility or possibility results hold with the

(adapted) impartiality.

Third, there are many real-world applications. For example, checking whether the actual

judging protocols in some sports (e.g., gymnastics, snowboarding, figure skating) satisfy our

axioms is useful for fairness. Rankings are important not only for fairness but also for resource

allocations. For example, university rankings may affect government funding and student appli-

cations, hence the universities’ revenue.18 The calculation rules of the actual university rankings

are not often revealed, but the operations may include interested parties’ inputs, such as peer

evaluations (university professors’ votes) and alums questionnaires. Therefore, real-world rank-

ing systems should be examined with respect to accountability. We hope this paper provides a

first step to designing accountable voting systems.

18The recent phenomenon of university withdrawals from a ranking (e.g., “Yale, Harvard and UC Berkeley
law schools withdraw from US News rankings,” The Guardian, Nov. 18, 2022, and “Harvard leads an exodus of
medical schools withdrawing from US News rankings,” The Observer, Jan. 24, 2023) is evidence that rankings
affect their benefits.
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Appendix: Additional Proofs

Proof of Proposition 2. This proof is similar to that of Theorem 1. Take any k ∈ {1, . . . , [n
2
]}.

Suppose that an SWFI f : LN × A(k) → R satisfies A-Unanimity and the No-Power-Game

property.

Claim. For any (≻, A) ∈ LN ×A(k) and any x ∈ X, if there exists K ⊂ N such that |K| = k

and, for any i ∈ K, A(i) = X and top(≻i, X) = x hold, then

∀y ̸= x, xf(≻, A)y and ¬yf(≻, A)x. (4)

Proof of the Claim.

Take any (≻, A) ∈ LN × A(k) and any x ∈ X such that there exists K ⊂ N for which

|K| = k and, for all i ∈ K, A(i) = X and top(≻i, X) = x hold.

Suppose that there exists y ̸= x such that yf(≻, A)x, negating (4). If top(≻j, A(j)) = x

holds for all j ∈ N \ I(x;A), then yf(≻, A)x contradicts A-Unanimity. Therefore, there exists

j1 ∈ N \ I(x;A) such that x is not the top for voter j1 in A(j1). Note that j1 ̸∈ K by the

definition of K.

Let A1 ∈ A(k) be such that I(x;A1) = {j1} ∪ I(x;A) and I(z;A1) = I(z;A) for all z ̸= x.

Then, by the No-Power-Game property of f , we have yf(≻, A1)x.

If top(≻j, A
1(j)) = x holds for all j ∈ N \ I(x;A1), then yf(≻, A1)x contradicts A-

Unanimity. Therefore, there exists j2 ∈ N \ I(x;A1) such that x is not the top for j2 in

A1(j2). Again, j2 ̸∈ K.

Let A2 ∈ A be such that I(x;A2) = {j2} ∪ I(x;A1) and I(z;A2) = I(z;A1) for all z ̸= x.

Then, again by the No-Power-Game property of f , we have yf(≻, A2)x. Repeating this process

for t times where t ≦ n − [n
2
], we exhaust the voters in N \ K. Since all i ∈ K put x at the

top, we obtain a contradiction to A-Unanimity, and thus (4) holds. This completes the proof

of the Claim. //
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Consider A = 1n,m ∈ A(k), and fix arbitrary distinct x and y. There exists ≻ ∈ LN such

that

top(≻i, A(i)) = x, for any i = 1, 2, . . . ,
[n
2

]
, and

top(≻i, A(i)) = y, for any i =
[n
2

]
+ 1, . . . , n.

Note that the cardinality of the second group of voters is at least k(≦ [n
2
]). By the Claim,

xf(≻,1n,m)y and ¬yf(≻,1n,m)x,

yf(≻,1n,m)x and ¬xf(≻,1n,m)y,

a contradiction.

Proof of Proposition 4. The proof is similar to that of Theorem 3. Assume that n ≧ 2m.

Suppose that for some k ≦ n− 4, there exits f : LN ×A(k) → R that satisfies the No-Power-

Game property and the No-Pairwise-Loser property. Consider (≻, A) ∈ LN ×A(k) as in Table

1, where the applicants in brackets in a voter’s ranking are the ones who are not admissible

(that is, A(1) = A(2) = X \ {x1} and so on) and the worst for the relevant voters. Note that,

for any pair of applicants, at least n− 4 voters have no interest in them.

≻1 ≻2 · · · ≻2j−1 ≻2j · · · ≻2m−1 ≻2m

Replicate [
(n−2m)

2
]− 1 times︷ ︸︸ ︷

≻2m+1 ≻2m+2 · · · ≻n ≻n

(n even) (odd)

top x2 xm · · · xj+1 xj−1 · · · x1 xm−1 x1 xm · · · xm x1
...

...
... · · · ...

... · · · ...
...

...
... · · · ...

...
...

...
... · · · xm x1 · · · ...

...
...

... · · · ...
...

...
...

... · · · x1 xm · · · ...
...

...
... · · · ...

...
...

...
... · · · ...

... · · · ...
...

...
... · · · ...

...

m-1-th xm x2 · · · xj−1 xj+1 · · · xm−1 x1
...

... · · · ...
...

m-th (x1) (x1) · · · (xj) (xj) · · · (xm) (xm) xm x1 · · · x1 xm

Table 1: (≻, A) for Proposition 4

The preference profile in Table 1 is constructed in such a way that (i) if the number n of

voters is even, then the preferences between any distinct pair of applicants xj and xh cancel
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out, and (ii) if n is odd, for any xj and xh such that j < h, the number of voters with xj ≻i xh

is one more than the number of those with xh ≻i xj.

Since f(≻, A) is a weak order and |X| is finite, there exits xj ∈ {x1, . . . , xm} such that

xj f(≻, A) y, for all y ∈ X. (5)

Change A to A′ ∈ A(k) so that voters 2j − 1 and 2j are no longer interested parties of xj,

i.e., A′(i) = A(i) for any i ∈ N \ {2j − 1, 2j} and A′(i) = A(i) ∪ {xj} for any i ∈ {2j − 1, 2j}.

To see that xj is a pairwise-majority-loser with respect to (≻, A′), take an arbitrary xh ̸= xj.

Note that in all pairs of voters other than {2j−1, 2j}, the two voters have opposite preferences

over any pair of applicants. If n is even, then this exhausts all pairs except {2j−1, 2j} and hence

xj has two less votes than that of xh by the preferences of {2j−1, 2j}. If n is odd, voter n may

prefer xj over xh, but still the two votes under A′ against xj makes xj a pairwise-majority-loser.

Therefore, by the No-Pairwise-Loser property, there exists y ̸= xj such that yf(≻, A′)xj

and ¬xjf(≻, A′)y.

Change A′ to A′′ by making the voter 2j−1 an interested party of xj (and all other interest

structures unchanged). By the No-Power-Game property, yf(≻, A′′)xj and ¬xjf(≻, A′′)y must

hold.

Finally, change A′′ by making the voter 2j an interested party of xj, and we are back

to A. By the No-Power-Game property again, we have that yf(≻, A)xj and ¬xjf(≻, A)y,
contradicting (5).

Lemma 1. For any (≻, A) ∈ LN × A, if x ∈ X is a pairwise-majority-loser with respect to

(≻, A), then its total net-winning points is negative;∑
i∈N

w(x,≻i, A(i)) < 0.

Proof of Lemma 1. Let x ∈ X be a pairwise-majority-loser with respect to (≻, A), that is,

∀y ̸= x,
∣∣{i ∈ N : y ≻i|A(i) x}

∣∣ > ∣∣{i ∈ N : x ≻i|A(i) y}
∣∣.
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Taking the sum over y ̸= x and adding
∣∣{i ∈ N : x ≻i|A(i) x}

∣∣ artificially to both sides, we have

∣∣{i ∈ N : x ≻i|A(i) x}
∣∣+∑

y ̸=x

∣∣{i ∈ N : y ≻i|A(i) x}
∣∣ > ∣∣{i ∈ N : x ≻i|A(i) x}

∣∣+∑
y ̸=x

∣∣{i ∈ N : x ≻i|A(i) y}
∣∣.

Therefore

0 >
∑
y∈X

∣∣{i ∈ N : x ≻i|A(i) y}
∣∣−∑

y∈X

∣∣{i ∈ N : y ≻i|A(i) x}
∣∣

=
∑
i∈N

∣∣{y ∈ X : x ≻i|A(i) y}
∣∣−∑

i∈N

∣∣{y ∈ X : y ≻i|A(i) x}
∣∣ (6)

=
∑
i∈N

w(x,≻i, A(i)),

where (6) is due to the alternative counting: for each i, count the number of admissible appli-

cants with the relevant property and then take the sum over the voters.
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