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Motivation

@ Widespread consensus on a secular decline in the natural rate of interest (r*)

@ With a ZLB constraint: increased incidence of binding ZLB episodes, greater
macro instability

o Existing literature: optimal monetary policy under a ZLB constraint and a
positive mean natural rate (r* > 0). Normal times: r/ >> 0 = i > 0,
successful stabilization of inflation and the output gap. Occasional dips of r{' <0
= iy = 0, macro instability. Key role for forward guidance.

@ This paper: optimal monetary policy under a ZLB constraint with r* < 0. " New
normal”: r{ < 0. Occasional episodes with r{’ > 0. Summers’ "secular
stagnation” speech.

What does the optimal monetary policy look like in that environment?

What are its implications for macro outcomes?
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Outline

The optimal monetary policy problem

Equilibrium under the optimal policy: The case of a constant natural rate
Fluctuations in response to natural rate shocks.

Implementation

Concluding remarks
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Related Literature

Optimal monetary policy under the ZLB: Eggertsson and Woodford (2003), Jung,
Teranishi and Watanabe (2005), Adam and Billi (2006), Nakov (2008), who
analyze the problem of optimal policy under commitment in the basic New
Keynesian model with a ZLB constraint.

Optimal choice of an inflation target, conditional on a given interest rate rule:
Coibion et al. (2012), Bernanke et al. (2019), and Andrade et al. (2020, 2021).

Equilibrium determinacy in regime-switching models: Davig and Leeper (2007),
Farmer et al. (2009) and Barthélemy and Marx (2017, 2019).
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The Optimal Monetary Policy Problem

1 [e9)
min EIEO Z Bt (71% + l9yt2)
t=0
subject to
e = BEe{meq1} +Kye

ve = Eefye1} - }T(ft —E{mea} — 1)
ir >0
rf=r"4+z
all for t =0,1,2,... where z; ~ AR(1) and

r*<o0
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A Brief Detour: A Microfounded NK Model with r*<0

Based on the NK-OLG model in Gali (AEJM, 2021)
Consumers: constant "life” and "activity” survival rates (y, v). Objective
function for consumer born in period s:

[e9)

Es ) (B7)" *Zclog Gy

t=s

where B = exp{—p} and z; = log Z; ~ AR(1)
Firms: attached to founder, hence survival rate yv. Calvo pricing.
Steady state:
r*=p+logv
Condition for r* < 0
v<B

Linearized equilibrium conditions:
mte = BYEe{ 71} + Ky

vt = Ee{yep1} — (it = Ee{mea} — rf)
with rf =r* 4+ (1—p,)z:
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The Optimal Monetary Policy Problem

@ Optimality conditions:

Me=C81— 811+ B o (9)

Oyr = k&1, — 08p + 0B 180 4 (10)

G0 >0 (11)

Cop [t T Ee{mei1} + 0(Ee{yrr1} —ye)] =0 (12)

with initial conditions §; 1 =, 1 =0.
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Optimal Policy: The Case of a Constant Natural Rate

@ Assumption

rf=r"<0
o Steady State
m=p"15>0
0y = —xi1+o(BH - 1)&
>0 ; r'4+m1>0
E(rf+m) =0

i>0= m>—-r">0
= >0 = i=0 = m=-r"

@ Intuition: 1 = —r* is the closest to zero that the CB can achieve in the long run
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Optimal Policy: The Case of a Constant Natural Rate

@ Transitional dynamics

T = BTl + KVt
e =C1e—Cre1+B 8ot
Oy = —KELt - ng,t + 0'137162,t—1
G t+E >0
o1 +0(Veg1 —ye) >0
G+ &) [Rer1+0Fer1— 7] =0

for t = 0,1,2,... with initial conditions & _; = —&; and & _; = —&, and such
that ||mt_>oo )?t =0 for )?t € {ﬁt,}//\t,écl’t,(:z’t}
@ Simulations for a calibrated economy

oc=1,B=099 x=0.1717, ¥ = 0.0191 (Galf (2015))
r = —0.0025
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Transitional dynamics under the optimal monetary policy
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Fluctuations in Response to Natural Rate Shocks

@ Stochastic equilibrium

My = PE{TT 11} + «¥e
e =C1e—Cre1+B o1
0V = —kG1e — Coe + B o
Gt 48>0
C(Ee{yes1t —¥e) + E{er1} +2 >0
Got + o (Be{Fer1} — 9t) + Ee{e1} + 2] =0

for t = 0,1,2,... with initial conditions given by & _; =0and & _; = 0.
@ Simulations
(0,.02) = (0.5,0.0025)
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Aggregate fluctuations under the optimal monetary policy
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Aggregate fluctuations with higher shock volatility
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ZLB incidence as a function of r*

ZLB Incidence
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Average inflation as a function of r*

Average Inflation
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Inflation volatility as a function of r*

Std. Dev. Inflation
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Precautionary inflation

Precautionary Inflation
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Region of near permanent ZLB

Permanent ZLB

Roberto Billi, Jordi Gali, Anton Nakov Optimal Monetary Policy with r* < 0 June 2023 19/25



Optimal Policy: Implementation

@ Equilibrium outcomes under optimal policy: (if, y;', 7})

o Candidate rule:
= it
for all t. Combined with non-policy block = multiplicity of solutions in addition
to (if, yi . 71})

= wanted: policy rule that guarantees (if, y;", 7t}) is the only equilibrium.
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Optimal Policy: Implementation

@ Proposed rule: iy = i +¢§Ti)ﬁt +(P)(/i))7t >0

g-})>0, §,1)>0 if 7 >0and y; >0 (regime 1)
@ <0, ¢P <0 ifF<0andye <0 (regime 2) (13)

47513) >0, §,3) <0 ifry>0andy: <0 (regime 3)

oW <0, oM >0 ifF <0andy >0 (regime 4)

@ Non-policy block, in deviations from optimal path:
e = PEe{TTei1} + ke (14)
- ~ 1~ -

Ve =Eelyeer} = (e = Ee{MTes1}) (15)

where iy = iy — iff
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Optimal Policy: Implementation

@ Regime switching model representation

BRI =tal

where A; takes values

Al 1 l o 1+ppd) ]
oo kgl | ox x4+ Blo—¢))

where i =1,2,3,4
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Equilibrium Determinacy in (Possibly Endogenous) Regime
Switching Models

@ A benchmark regime switching model
x¢ = AtEe{x¢11} (16)

where x; is an (n X 1) vector of non-predetermined variables and At is an (n X n)
non-singular matrix. Assume A; € A = {A(l), A2 A(Q)}.

o Goal: establish sufficient conditions on A that guarantee that x; = 0 all ¢ is the
only bounded solution to (16), i.e. lim7_ oo Ee{||X¢x 7|} > M||x¢|| for any
M > 0 and x; # 0, and where |[|-|| is the usual L= norm.

o Define HA(") = maxx HA(q)xH subject to ||x|| = 1. In addition,
o = manf |20 42 [a@ ]} >0

Theorem [sufficient condition for determinacy]: If & < 1, then x; = 0 for all t is
the only bounded solution to (16)
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Determinacy Regions

=] F = = DA
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Concluding remarks

Optimal monetary policy with a ZLB constraint and r* < 0.

The optimal policy aims to approach gradually a steady state with positive
average inflation and a binding ZLB.

Around that steady state, inflation and the output gap display (second-best)
fluctuations in response to shocks. Those fluctuations coexist with a nominal rate
that remains at its ZLB most (or all) of the time.

The central bank can implement the optimal policy as a (locally) unique
equilibrium by means of an appropriate state-contingent rule.

In order to establish that result, we derive a sufficient condition for local
determinacy in a general model with endogenous regime switches, a finding that
may be of interest beyond the problem studied in the present paper.
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