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Problem Statement

Existing methods:

» using QZ/generalized Schur decomposition: Adjemian et al.
(2011), Sims (2001), Uhlig (1999), Klein (2000)

» other: Anderson (2010), Binder and Pesaran (1997),
Adjemian et al. (2011)

Research question:
Can Newton-based methods be an interesting alternative for

solving linear DSGE models?

Results: YES!
» gains in accuracy compared to Dynare's QZ-based solution

» if good starting guess — gains in speed
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Problem Statement

Nonlinear DSGE model approximated linearly around the steady
state

0 = AE; [yt+1] + Byt + Cyt—1 + De (1)

A, B, C, D: matrices with derivatives, dimensions n, x n,

y: vector of n, endogenous variables in (log) deviations from
steady states

€¢. vector of n. exogenous shocks with a known distribution

Goal: find recursive linear solution of the form

Ye=Pyr1+ Qe (2)
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Problem Statement

Restrictions:

0=AP*+BP+C (3)
0=(AP+B)Q+D (4)

= looking for unique P with eigenvalues inside the closed unit
circle

Given P, unique Q can be found (Lan and Meyer-Gohde, 2014)
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2 Newton-based Methods
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Newton's Method (Higham and Kim, 2001)

Goal: find P which fulfills

M(P)=AP?+BP+ C=0 (5)

» iterate through different P; by updating P;1; = P; + AP
» calculate AP: Newton-step in each iteration j

» stop when M(P) close enough to zero
M(P+ AP)=A(P+AP)>+ B(P+AP)+C=0  (6)
M(P + AP) = M(P) + (AAPP + (AP + B)AP) +AAP? =0

Zp(AP)
AAPP + (AP + B)AP =—-M(P) (7)
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Baseline Newton algorithm (Higham and Kim, 2001)

(1) Baseline (Higham and Kim, 2001)
» Given A, B, C, an initial Py, and a convergence criterion €
» While criterion(M(P;)) > €
1. Solve for AP; in
ADPP; + (AP, + B) AP, = —M(P) (8)

2. Set Pi1 =P+ AP;
3. Advance j =/ +1

» Return P;

= quadratic convergence, computationally intense/iteration
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Newton algorithms

(2) Modified:
» never update P; = save time each iteration, linear
convergence

(3) With Samanskii technique (5T):
» add an iteration like in (2) before updating all P;
= cubic convergence for good starting guess

1. Solve for AP; in
ALPP; + (AP, + B) AP = —M(P)) (9)

2. Set Piy1 = Pj+ AP
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Newton algorithms: line searches

= improve global convergence

(4) With exact line searches (LS) (Higham and Kim, 2001):

» calculate multiple t; of step size AP; for updating based on
norm criterium in each iteration

(5) With occasional line searches (Long et al., 2008)

» exact line searches only if far away from convergence criterium

(6) With occ. line searches or Samanskii T. (Long et al., 2008):

> criterium-based line searches, otherwise Samanskii step

1. Solve for APj in
AAP;P; +(AP;+ B)AP; = —M(P;) (10)

2. Set Pj+1 = PJ + & APJ'
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3 Results
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1. MMB Comparison: Setup

» Macroeconomic Model Data
Base (MMB) (Wieland

et al., 2012) s
» test Newton methods for 99 ::
models g
» compare to Dynare’s §25

QZ-based algorithm

» accuracy
» speed
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1. MMB Comparison: Speed & Convergence

Method Conv. Run Time Iterations
Median  Min Max

Dynare (QZ) 99 1 1 1 1
Baseline 53 1.74 016 6.86 8
Modified 51 61.81 7.15 329.85 686
Samanskii T. 43 195 019 10.41 5
LS 67 225  0.64 340.54 9
Occ. LS 67 228  0.68 354.94 9
Occ. LS & ST 67 251  0.68 382.05 9

Initial guess: zero-matrix. Conv.: models that converged to the stable solution. Run time relative to Dynare.

Initial guess: zero-matrix
= no guarantee of convergence to unique stable solution (< 68%)
= modestly slower
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1. MMB Comparison: Accuracy

Method Forward Error 1 Forward Error 2
Median Min Max Median Min Max
Dynare (QZ) 1 1 1 1 1 1
Baseline 0.076 2.5e-3 2.3 0.1 0.00082 1.2
Modified 0.85 0.008 1.2e+7 0.65 0.035 1.3e+6
Samanskii T. 0.13 1.6e-3 1.6 0.1 0.0042 1.1
LS 0.11 2.5e-4 5.3 0.086 3.2e-5 1.8
Occ. LS 0.096 2.5e-4 2 0.094 3.2e-5 0.99
Occ. LS & ST 0.09 2.5e-4 2 0.082 3.2e-5 1.4

Initial guess: zero-matrix. Forward error calculation according to Meyer-Gohde (2022).

= one order of magnitude more accurate
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1. MMB Comparison: Distribution
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Initial guess: zero-matrix. Only models converging to unique stable solution.

Initial guess: zero-matrix
= slower
= more accurate




2. MMB Comparison: Speed & Convergence

Method Convergence Run Time Iterations
Median Min Max

Dynare (QZ) 99 1 1 1 1
Baseline Newton Method 99 0.34 0.032 29 1
Modified Newton Method 99 0.34 0.031 25 1
with Samanskii Technique 99 0.49 0.055 70 1
with Line Searches 99 0.34 0.033 30 1
with Occ. Line Searches 99 0.33 0.032 63 1
with Occ. LS & ST 99 054 0.058 71 1

Initial guess: QZ-based solution. Run time relative to Dynare.

Initial guess: Dynare’s solution
=> convergence rate significantly improved
= one order of magnitude quicker
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2. MMB Comparison: Distribution
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Initial guess: Dynare’s solution
= all methods more accurate than Dynare(QZ)
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What we did:
» use 6 Newton algorithms to solve P-matrix

» solve 99 models of Macro Modelbase

What we found:
» gains in accuracy compared to Dynare’'s QZ solution

» good starting guess necessary to a) guarantee convergence
to desirable solution, b) gains in speed

Paper:
» Newton methods strong in iterative environments

» solve different parameterizations of Taylor rule in Smets and
Wouters (2007) model
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Part of a research agenda

» Solving linear DSGE models with Bernoulli iterations
(Meyer-Gohde, 2023)

» Solving linear DSGE models with Structure-Preserving
Doubling methods (Huber, Meyer-Gohde, Saecker)

» Backward Error and Condition Number Analysis of Linear
DSGE Solutions (Meyer-Gohde, 2022)
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Baseline Newton Method

» Given A, B, C, an initial Py, and a convergence criterion €
» While criterion(P;) > €
1. Solve for AP; in

ADPP; + (AP, + B)AP = —M(F)  (11)

2. Set Pi1 =P+ AP;
3. Advance j=j+1

» Return P;
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Modified Newton Method

» Given A, B, C, an initial Py, and a convergence criterion €
» While criterion(P;) > €
1. Solve for AP; in
ADP;Py + (AP + B) AP; = —M(P;) (12)

2. Set Piy1 =P+ AP;
3. Advance j=j+1

» Return P;
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Newton's Method with Samanskii Technique

» Given A, B, C, an initial Py, an integer m, and a convergence
criterion €
» While criterion(P;) > €
» Set i =0and Pjg= P,
1. While i < m
1.1 Solve for AP;; in
AAPjy,'Pj-l-(APj-i-B)APj_’,' = —M(Pj,,') (13)
1.2 Set Pj i1 = Pji + AP;;
1.3 Advancei=1i+1
2. Set P11 =Pjm
3. Advance j=j+1
» Return P;
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Newton-Based Method with Exact Line Searches

» Given A, B, C, an initial Py, and a convergence criterion €
» While criterion(P;) > €
1. Solve for AP; in

ADPP, + (AP +B)AP = —M(P)  (14)
2. Solve for t; in

tj = argmin || M(P; + xAP))| 7 (15)
x€[0,2]

3. Set Pii1 = P; + tjAP;
4. Advance j = +1

» Return P;
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Newton-Based Method with Occasional Exact Line

Searches

» Given A, B, C, an initial Py, and two convergence criteria €
and €0
» While criterion(P;) > €
1. Solve for AP; in

ADPP;+ (AP, +B) AP, = —M(P)  (16)

2. if criterion(P; + AP;}) > €
2.1 Solve for tj in

tj = argmin ||M(P; + XAIDJ)Hi‘ (17)
x€[0,2]
2.2 Set Pj+1 = Pj + tjAPj

3. else
3.1 Set Pjiy = P+ AP
4. Advance j=j+1
» Return P;
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Newton-Based Method with Occasional Exact Line

Searches and Samanskii Technique

» Given A, B, C, an initial Py, m and two convergence criteria €
and €g
» While criterion(P;) > €
1. Solve for AP; in

ADPP; + (AP + B)AP = —M(P)  (18)

2. if criterion(P; + AP}) > €
» line search

3. else
» Samanskii step

4. Advance j=j+1

» Return P;
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