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Abstract

I study an open economy overlapping generations model in which large tran-
sitory shocks can generate permanent changes in economic welfare. When traded
goods are poor substitutes, the model displays multiple equilibria: this creates the
possibility of self-fulfilling fluctuations. This is important for researchers inter-
ested in international business cycles because the same transitory shock can have
either transitory or permanent effects, depending on agents’ beliefs. I solve this
model using a non-trivial application of Negishi’s method. This method allows
me to describe equilibria using a low-order dynamical system that depends on the
number of countries rather than the number of goods. In numerical simulations,
I show that large and transitory endowment shocks can cause a shift from one
equilibrium to another. Shifts of this kind are associated with large and persistent
fluctuations in the terms of trade and the real exchange rate, as well as substantial
and long-lasting welfare effects.
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1. Introduction

An important question in economics is whether large transitory shocks can generate
permanent changes in output and economic welfare (Morris and Yildiz, 2019; Cerra et
al., Forthcoming). I study this question in a theoretical intertemporal general equilib-
rium model that displays multiple equilibria, with an application to international eco-
nomics. By introducing multiple equilibria, I can investigate equilibrium shifts as the
product of transitory shocks and self-fulfilling beliefs.! My theoretical model is mo-
tivated by the observation that occasionally large drops in output are associated with
persistent fluctuations in the terms of trade and real exchange rate, and long-lasting
effects on economic welfare.” Terms of trade fluctuations can account for around half
of the observed variability in output and the real exchange rate (Mendoza, 1995).>

Much of the literature on international business cycles uses a representative agent
infinite-horizon Dynamic Stochastic General Equilibrium (DSGE) model and implic-
itly assumes the existence of a unique steady state. Models in this class describe
economic fluctuations as the combination of a stochastic long-term trend and a busi-
ness cycle that deviates from this trend (Aguiar and Gopinath, 2007; Garcia-Cicco et
al., 2010). Consequently, their scope is focused to the study of the effects of small fun-
damental shocks in the neighborhood of a steady state.’ In this theoretical framework,
transitory shocks have no role in explaining long-lasting effects on macroeconomic
variables. As a result, the high persistence observed in data might be wrongly at-
tributed to permanent shocks or shocks to the trend. Identifying whether observed
macroeconomic fluctuations are driven by permanent or transitory shocks has proven
challenging under standard theoretical frameworks.

I develop a two-country multi-commodity general equilibrium exchange economy

! The idea of self-fulfilling beliefs originally appears in Azariadis (1981) and Cass and Shell (1983) to
describe fluctuations that do not stem from changes in preferences, technology or endowments.

% Cerra and Saxena (2008) calculate that, on average, balance of payments crises and banking crises
are associated with a persistent loss of about 5 and 10 percent in output, respectively. More recently,
Aikman et al. (2022) estimate that large recessions are associated with a 4 percent drop in the level of
GDP for an average advanced economy.

% DiPace et al. (2021) find similar magnitudes for an extended sample of emerging and develop-
ing economies and Ayres et al. (2020) document a substantial comovement between prices of primary
commodities and real exchange rates for a sample of developed economies.

4 This class of models derives from the seminal work of Backus et al. (1992), which extends the Real
Business Cycle (RBC) model to international macroeconomics.

° Fundamental shocks are attributed to changes in preferences, endowments, and technology.



that contains multiple steady states. The multiplicity of steady states arises from as-
sumptions on preferences and endowments rather than from financial frictions. When
traded goods are poor substitutes and asymmetrically distributed across countries,
and there is home bias in consumption, countries might be willing to trade at unfa-
vorable prices, making multiple steady-state terms of trade possible (Chipman, 2010;
Bodenstein, 2011).°

I show that, in this model, large transitory shocks can cause a shift from one equilib-
rium to another as the result of self-fulfilling beliefs about future terms of trade. More-
over, shifts of this kind have substantial and permanent effects on the real exchange
rate and economic welfare.” This result is a consequence of globally indeterminate
dynamics: agents in the model need to predict future terms of trade to make con-
sumption decisions. When multiple steady states arise, there are multiple equilibrium
paths for the terms of trade. As a consequence, the same transitory shock can have
either transitory or permanent effects depending on the equilibrium path in which
agents coordinate. In this sense, beliefs about future terms of trade are self-fulfilling.®

The first contribution of this paper is its characterization of the business cycle dy-
namics and equilibrium shifts that are generated by the interaction of large transitory
shocks and self-fulfilling beliefs.

I depart from the assumption of infinitely-lived agents and I use the overlapping-
generations model (OLG) as an expository device. This framework can capture dif-
ferences in savings behavior between countries as a result of heterogeneity in time
preferences.” In this paper, different time preferences between countries result in a

steady-state current account surplus in the economy with the higher time preference. '’

® In this model, multiplicity of steady states is not related to the existence of a rational bubble. In this
sense, this economy is classical. See Geanakoplos and Polemarchakis (1991) for a classic survey in OLG
models and Weil (2008) for a recent discussion about classical and Samuelsonian economies.

7 In the data, real exchange rates are an order of magnitude more volatile than real macroeconomic
variables, such as output, employment, consumption or productivity. They are also weakly correlated
with these variables (Obstfeld and Rogoff, 2000; Itskhoki and Mukhin, 2021). This suggests that self-
fulfilling beliefs may have a role to play in understanding exchange rate dynamics.

8 Self-fulfilling fluctuations in this paper do not stem from a locally indeterminate steady state as in
Benhabib and Farmer (1999), but from the existence of multiple steady states as in Kaplan and Menzio
(2016) and Benhabib et al. (2018).

? See Garleanu and Panageas (2015) for an exploration of other dimensions of preference heterogene-
ity in OLG models.

10 This contrasts with economies populated by infinitely-lived agents in which the asymptotic distri-
bution of wealth is a corner solution and consumption in the long-run converges to zero for the agent
with the higher rate of time preference (Becker, 1980).



In other words, it reflects a stylized form of global imbalances, which provides a better
description of modern open economies.'!

Tractability of economic models decreases when there are many more goods each
period than agents, as is the case in the model of this paper and in other models. The
second contribution of this paper is methodological. To solve my model, I develop
a non-trivial application of Negishi’s method to a dynamically efficient n-good OLG

exchange economy with two countries.”

Negishi’s method allows me to describe
equilibria using a low-order dynamical system that depends on the number of coun-
tries rather than the number of goods. I show that, in my model, this method involves
important computational efficiency gains compared with the competitive equilibrium
computation.

I then use this method to numerically solve the theoretical model. Specifically,
I consider the case where goods are aggregated into baskets using a Cobb-Douglas
function. I calibrate the model under plausible values for home bias in consumption,
a low elasticity of substitution between traded goods, and an asymmetric distribution
of endowments across countries. These conditions generate multiple steady states. In
addition, I allow for heterogeneous time preferences across countries.

To illustrate the role of transitory shocks and self-fulfilling beliefs in generating
permanent effects on economic welfare, I conduct two numerical experiments. The
tirst experiment is a combination of an unanticipated large and transitory negative
endowment shock and a belief shock that shifts the global economy from one equilib-
rium path to another. This kind of transition can account for a persistent deterioration
in the terms of trade, a long-lasting depreciation of the real exchange rate, current
account reversals, and a contraction in consumption. In contrast to much of the liter-
ature on open economies, the long-run welfare implications of a shift of this kind can

be substantial.!®

1 Global imbalances refer to the substantial expansion of the current account deficit in the United
States in recent decades, the rise in the current account surpluses of many emerging-market economies,
and a worldwide decline in long-term real interest rates (see Bernanke et al., 2007 and Obstfeld and
Rogoff, 2009).

12 Negishi’s method is an alternative way of computing Pareto-efficient equilibria using the solu-
tion of a social planning problem (Negishi, 1960). An equilibrium is dynamically efficient in exchange
economies if aggregate endowments are finite at equilibrium prices (Geanakoplos and Polemarchakis,
1991). This need not to be the case in all OLG economies, as for instance, in Samuelsonian economies,
where the competitive equilibrium is not Pareto-efficient.

13 In RBC models with a unique steady state, the welfare cost of business cycles is typically small



Two historical cases where the theoretical model can fit the data are Japan during
the 1990s and Argentina after the 1982 debt crisis. For example, the financial crisis in
Japan in the early 1990s was initially associated with a substantial drop in output and,
in the aftermath, with a persistent deterioration in the terms of trade, a long-lasting
depreciation of the real exchange rate, and a reduction in economic growth (Obstfeld,
2010). Similarly, Argentina’s debt default in 1982 is associated with a large drop in
output followed by a long-lasting period of lower terms of trade and a depreciation of
the real exchange rate (Dornbusch and De Pablo, 1989; Adler et al.,, 2018).14

In the second experiment, I ask under what conditions a transition of the form
found in the first experiment can be interrupted. I simulate a second unanticipated
self-fulfilling belief shock and I search for the last period where this second shock can
shift the global economy back to the original steady state. I find that this equilibrium
shift is possible only during periods immediately after the large shock hits, as only
one equilibrium path is admissible thereafter. If belief shocks are correlated with pub-
lic signals, such as speeches or announcements by governments or economic authori-
ties, this experiment suggests that policy interventions should be enacted immediately
when a large shock hits the economy, in order to prevent an equilibrium shift caused
by self-fulfilling beliefs.!> For instance, Fratzscher et al. (2019) find that interventions
in foreign exchange markets are more effective when made public and supported via
communication.

These exercises are a proof of concept. When my model admits multiple steady
states, equilibrium paths are associated with different beliefs that the agents have
about future terms of trade. As a consequence, in the theoretical model, beliefs can
be so important that they affect long-run economic outcomes.

In Section 2, I show how my model differs from previous theoretical models in the
open economy and in the OLG literature. In section 3, I describe the Negishi method

in a static economy, and in Section 4 I show how to apply Negishi’s method in an

(Lucas, 1987). That result also holds in an influential class of models that exploit financial frictions in
small open economies such as Mendoza (2002) and Bianchi (2011).

1% Persistent terms of trade fluctuations are frequent. Using a sample of 150 countries between 1960
and 2015, Adler et al. (2018) identify several episodes of large terms-of-trade level shifts. Specifically,
they identify 59 episodes of terms of trade bust and 81 episodes of booms.

15 In a stylized way, this interpretation resembles public interventions such as Mario Draghi’s “what-
ever it takes ...” speech. Indeed, motivated by that episode, Morris and Yildiz (2019) study equilibrium
shifts in coordination games under incomplete information.



OLG economy with multiple goods. In section 5, I offer a convenient redefinition of
the equilibrium characterization and I describe the solution method of the model in
this environment. Using the machinery of section 5, in section 6 I construct a two-
country OLG model with multiple steady states. I also show that the model displays
globally indeterminate dynamics. Section 7 provides an international business cycle
interpretation of the model with multiple goods and heterogeneous time preferences
between countries. I show the welfare properties of the steady states. I outline the

numerical experiments in section 8 and I describe the results. Section 9 concludes.

2. Related Literature

This paper relates to the literature on OLG models and on multiple equilibria in inter-
national economics.'® Computing equilibria in OLG models is often difficult (Kehoe,
1991). It is even more difficult when there are many goods per period, as there are in
models of international trade. Models with multiple commodities can be simplified
by a solving social planning problem when there is a finite number of agents (Negishi,
1960; Kehoe and Levine, 1985). In OLG models, however, there is an infinite number of
agents. Kehoe et al. (1992) point out the possibility of characterizing OLG economies as
the solution to a social planning problem when the competitive equilibrium is Pareto
efficient. Building on this idea, Brumm and Kubler (2013) show how to formulate the
equilibrium of an OLG economy recursively, given the sequence of welfare weights
associated with newborn agents.

My application differs from these papers as follows. Rather than solving for the
law of motion of the consumption shares as in Brumm and Kubler (2013), I compute
the complete sequence of welfare weights that solve the individual transfer functions
of all agents. This is important because a recursive equilibrium might not exist in
OLG models with multiple equilibria (Kubler and Polemarchakis, 2004). Instead, my
method to compute an equilibrium in OLG models can be applied to environments
characterized by multiple equilibria.

Multiplicity of steady states and self-fulfilling beliefs are useful to explain interna-

16 Surveys on the former are Geanakoplos and Polemarchakis (1991) and Weil (2008), and on the later,
Masson (1999).



tional crises in stylized finite-horizon models with financial frictions (Krugman 1999;
Chang and Velasco 2001). In infinite-horizon models, Bodenstein (2011) finds that in
the class of international business cycles models nested in the framework of Corsetti
et al. (2008) multiple steady states exist under home bias in consumption, a low trade
elasticity, and zero net foreign asset positions.!” Similarly, Schmitt-Grohé and Uribe
(2021) show the possibility of multiple equilibria and self-fulfilling financial crises in a
small open economy model with flow collateral constraints.'®

This paper differs from previous open economy models of multiple equilibria in
three ways. First, [ use a two-period lived OLG model."” This allows me to model
global imbalances as the result of heterogeneity in time preferences.”’ In this regard,
this paper deviates from the literature that uses financial frictions to model global

imbalances.?!

My model, however, is distinct from most applications that use the
OLG framework in two aspects: i) I explicitly allow for multiple steady states and self-
fulfilling beliefs to generate permanent welfare effects, and ii) in this setting the steady
states are real (non-monetary) and saddle-point stable (locally determinate).”
Second, as a result of steady-state multiplicity, my model can display substantial

welfare effects without appealing to frictions in goods or asset markets. Multiplicity

of steady states in this paper is derived from assumptions on preferences and endow-

7 Bodenstein (2010) explores these conditions in the model of Backus et al. (1992) and finds multiple
isolated equilibria converging to a unique steady state.

18 That paper finds that their results are also possible in the model of Bianchi (2011) under reasonable
variations of the parameter configuration.

19 Two-period lives entail no loss of generality as any finite lifetime can be redefined in terms of
two-period lives with multiple goods and consumers (see Balasko et al. 1980).

20 Gale (1974) is one of the first to show steady-state trade imbalances in OLG economies. Later, Buiter
(1981) explored this idea in a Diamond-type production economy with time preference heterogeneity
between countries. Ghironi et al. (2008) show in the perpetual youth model that differences in time
preference across countries can have an important effect on consumption dynamics. Similarly, Eugeni
(2015) offers an explanation for the trade imbalances between the U.S and China based on changes in
savings behavior related to aging and the pension system. More recently, Auclert et al. (2021) quantify
the general equilibrium effects of population aging on wealth accumulation, asset returns, and global
imbalances.

2l For instance, Mendoza et al. (2009) argue that large and persistent global imbalances could be the
result of international financial integration among countries with different levels of domestic financial
markets development. Caballero et al. (2008) argue that growth differentials and heterogeneity in the
capacity to generate financial assets from real investments can explain the sustained rise in the US
current account deficit, the decline in long-run real rates, and the rise in the share of US assets in the
global portfolio.

%2 For instance, monetary OLG models such as Platonov (2019) and Bambi and Eugeni (2021) exploit
locally indeterminate steady states and sunspots to study excess volatility in the exchange rate and in
the risk premium.



ments. In this sense, my work deviates from the literature that displays a unique
steady state and frictions that amplify the effects of fundamental shocks, such as the
credit and financial friction literature that followed Mendoza (2002), and the literature
that stresses the role that nominal rigidities and monetary shocks have in explaining
international business cycle fluctuations, such as Gali and Monacelli (2005).23

My work also deviates from recent models that display equilibrium shifts in set-
tings with incomplete information and endogenous growth with non-linearities as in
Morris and Yildiz (2019) and Cerra et al. (Forthcoming), respectively. By focusing on
preferences and endowments, I isolate the role of self-fulfilling beliefs in generating
equilibrium shifts.

Third, my model exploits global indeterminacy. This means that, given some initial
conditions, there exists a region in the state space of the model where isolated perfect
foresight equilibria can converge to different steady states. In these situations, beliefs
act as coordination devices and select the equilibrium path that materializes. Such
dynamics have been useful in explaining unemployment fluctuations and credit cycles
in the search theoretical models of Kaplan and Menzio (2016) and Branch and Silva

(2021), and in the monetary model of Benhabib et al. (2018), respectively. I show that

they can help to explain terms of trade and real exchange rate dynamics.

3. The Negishi Approach in a Static Economy

To gain intuition about the Negishi method, I present in this section the case of a static
economy. I leave for next section the extension to the OLG framework.

Negishi’s method consists in defining a set of individual transfer functions that
indicate the extent to which the allocations derived from a social planning problem vi-
olate the budget constraints of the agents (Negishi, 1960).>* When there is a finite num-

ber of infinitely-lived agents, the Negishi approach replaces an infinite set of market

23 Ttskhoki and Mukhin (2021) explore the role of fundamental shocks under different frictions in
the goods and the asset market to study exchange rate dynamics. Their work suggests that monetary
shocks under sticky prices are not sufficient to explain the behavior of exchange rates. Instead, they
propose a model where shocks in the financial markets are the main driver to explain exchange rate
puzzles. That work abstracts from non-fundamental shocks.

% The intuition follows from the observation that, when competitive equilibrium is Pareto-efficient,
a social planning problem satisfies all the optimality conditions of the competitive equilibrium except
the individual budget constraints.



clearing equations by a finite set of transfer functions (Kehoe and Levine, 1985). This
approach is commonly considered useful only when the number of goods is larger
than the number of agents. In the OLG framework, however, there is a double infinity
of goods and agents. To deal with this complication, I exploit the structure of the trans-
fer functions, which is recursive. In this way, equilibria are characterized by a system
of difference equations in welfare weights.”> Consequently, this approach replaces the
problem of finding a sequence of prices that make the excess demand functions equal
to zero to the problem of finding a sequence of welfare weights that make the transfers
functions equal to zero. With n goods and two countries, the competitive equilibrium
computation involves a system of n second-order difference equations in prices (Ke-
hoe and Levine, 1985), whereas my application of Negishi’s method involves a system
of two first-order difference equations in welfare weights.

I start with the static case. Consider a two-person exchange economy with n goods.
There is no uncertainty. I refer to the two agents as domestic and foreign. Variables
associated with the foreign agent are denoted with a star superscript. Consider the

following definition of a competitive equilibrium of this economy.

Problem 1 Given endowments and prices, each agent maximizes utility subject to her budget
constraint,

max £=U(x) + pp’ (x )]

max £° = U (x') + i [p" (x" — )]

x*
where x,x*,e and e* are elements of R, u and u* are non-negative real numbers, p is an
element of S € {R" | ¥; pi = 1}, and {U, U*} : R’ — Rare increasing and quasi-concave

functions.

In Problem 1, ¢/ and U™ are utility functions and the variables x, e and x*, e* de-
note the consumption and endowment vectors of the domestic and the foreign agent,
respectively. The vector p denotes prices, and, u and u* represent the Lagrange mul-
tipliers on the agents” budget constraints. The solution to problem 1 is a pair of ex-
cess demand functions {f(p,m), f*(p,m*)} : S x Ry — R and a pair of functions

{,v*} : Sx Ry — R, where m(p) = p'e and m*(p) = p'e* are the incomes of

25 In the context of infinitely-lived agents, recursive welfare weights as the endogenous state have
shown to be useful when agents have heterogeneous beliefs (Beker and Espino, 2011).
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the two people expressed as functions of p, and u = (p, m), u* = ¢p*(p, m*) are the
values of the Lagrange multipliers that solve this problem expressed as functions of
prices and income.

Lastly, define the aggregate excess demand function, F : S - R = f (p,m(p)) +
f* (p,m*(p)) . In equilibrium, prices are such that the goods market clears. Then, an
equilibrium price vector of this economy is a vector p such that F(p) = 0. Importantly,
note that F(p) = 0 corresponds to a set of n equations in n prices. Moreover, as a
consequence of Walras’s Law, p' F(p) = 0. Note that, as excess demand functions are
homogeneous of degree zero in prices and Walras’s law holds, then the equilibrium
conditions of this economy can be viewed as a set of n — 1 equations in n — 1 prices.

Equipped with the definition of a competitive equilibrium, I now proceed to ex-
plain the Negishi method for the same static economy. Consider the following social

planning problem.

Problem 2 Given welfare weights and aggregate endowments, a social planner maximizes a

social welfare function subject to the resource constraints of the economy,

max L5 = alU(x) +a* U (x*) + AT (x +x* —e—e*)

x, x*
where o and o™ are non-negative real numbers such that « +a* = 1, and A is an n dimensional

vector of non-negative real numbers.

In Problem 2, the social welfare function corresponds to a weighted sum of indi-
vidual utilities. Let A represent the vector of Lagrange multipliers on the resource con-
straints of this problem. Define the pair of functions {#(A, &), #*(A,a*)} : RE™ — R

as implicit solutions to the first-order conditions,
alUy(x) =A and o U (x") = A (1)

The solution to Problem 2 is characterized by the pair of functions {£(A, ), £*(A, a*)} :
R" — R" such that A € {R" | (A, &) + *(A,a*) = e+ e*}. Note that {#(A,a),
£*(A, a*)} defines a continuum of Pareto-efficient allocations indexed by welfare weights,
«* and a*, since A depends on both welfare weights as well. The solution to Prob-
lem 2 satisfies all the optimality conditions of the competitive equilibrium except the

individual budget constraints.’® Negishi’s method consists in defining a set of in-

26 Consider the first-order conditions of the competitive equilibrium Uy (x) = up and U (x*) = u*p.
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dividual transfer functions that indicate the extent to which the allocations indexed
by the welfare weights, a* and a*, violate the individual budget constraints. Define
the transfer functions {7 (A, a, a*,¢), T*(A, &, a*,e*)} : IRi”Jr2 — R using the solution
to Problem 2 as allocations and the Lagrange multiplier A as the price vector. Then,
TAa,a%e) =AT[(A,a,a*) —e]and T*(A, &, &%, e*) = AT[£*(A, &, a*) — e*]. In other
words, Negishi’s method to compute the competitive equilibrium consists in solving
for the welfare weights such that the the transfer functions are equal to zero. More

formally,

Theorem 1 (Negishi) For a given endowment pattern {e,e*}, a solution to Problem 2 is a

competitive equilibrium for values of x and a* that solve the set of scalar equations,

T(AMa, &), a,a%,e) =0
T (Ma,a™),a,a*,e) =0.

Here, I make explicit that A(a,a*) to emphasize the dimensionality reduction of
this approach. While the competitive equilibrium involves solving for n prices in n ex-
cess demand functions, Negishi’s method involves solving for two welfare weights in
two transfer functions. Therefore, the dimensionality reduction goes from the number
of goods to the number of agents. Note that this problem can be viewed as the solution
of one welfare weight in one transfer function since 7 («,¢) = 0 implies 7*(a*,e*) =0

as a consequence of Walras’s law and « + a* = 1.

4. The Negishi Approach in a Dynamic Economy

In this section, I extend the analysis of the previous section to an infinite-horizon econ-
omy populated by overlapping generations. I show that this method allows me to de-
velop a low-order dynamical system to describe equilibria that depends on the num-
ber of countries rather than the number of goods.

Consider a pure exchange economy with two countries and n goods in each time

period. There is no uncertainty. Time proceeds in a sequence of periods indexed by t =

Notice that if we set p = 1/a and pu* = 1/a*, then the competitive allocations solve Problem 2 (see
equation (1)). This is the first welfare theorem: a competitive equilibrium is Pareto-efficient. Notice that
the resource constraints faced by the social planner correspond to the goods market-clearing conditions.

10



{1,2,...,00}.?” Each country is populated by a sequence of identical generations, each
of which lives for two periods. In the first period, there is one agent in each country
that only lives in that period. I refer to these agents as the initial old. Generations
have time-separable preferences over goods and discount future consumption by a
constant factor that may differ across countries but not across generations. Preferences
and endowments are stationary. Each consumer faces a single budget constraint in the
two periods of their life. There is neither storage nor fiat money. The economy has
no trade frictions, and I assume that preferences and endowments are such that the
equilibria of this economy are dynamically efficient.”®

Consider the following definition of a competitive equilibrium in a two-country

OLG exchange economy.

Problem 3 Given endowments and prices, each agent maximizes utility subject to her budget
constraint,

max £=U (x1) +BU (xtn) + i [p] (dh —el) + pliy (31— elya) |

Xy, xt+1

x;{{}i}zlﬁ*ZU*< >+5 U*< t+1)+‘ut [P (x:t *t>+Pt+1< ?—&fl_eﬁl)}

t oot *,t n
where {xt,xt+1,xt ,xtH} and {et,etH,et ,etH} are elements of R"., u; and u; are non-

negative real numbers, p; = (p}, ..., p) denotes the prices prevailing in period t, and U and

U™ are increasing and quasi-concave. Discount factors pand B* € (0,1).

In this setting, the time superscript denotes the period when a generation is born
and the time subscript denotes the current period. Star superscripts denote the foreign
country variables. For example, x;"'~ ! denotes the demand for good x in period ¢ by
the foreign consumer born in period t — 1. The functions U and U™ represent utility,
and y; and p; are the Lagrange multipliers of the budget constraints of the consumers
born in period t in each country, respectively.

As in Kehoe and Levine (1985), consumption and savings decisions of consumers
across countries from generation f are aggregated into excess demand functions 7 (ps, pr+1)

in period f (the young) and Z(p;, ps+1) in period t + 1 (the old), where {#,Z} : R, — R’}

7 Alternatively, we can think of the first period summarizing all previous history from period —oo.
28 An equilibrium is dynamically efficient in an exchange economies if aggregate endowments are
finite at equilibrium prices Geanakoplos and Polemarchakis (1991).
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are smooth functions. The economy begins in period one. The aggregate excess de-
mand of initial old people in period one is Zy(p1 ).
A perfect foresight equilibrium is a sequence of non-negative vectors {p;}{>, such

that,
Zo(p1) +J(p1,p2) =0 2)

and

Z(pr—1,pt) + 9(pt, peya) =0,  VE> 1. 3)

Once p; and p, are determined, equation (3) acts as a nonlinear difference equation
determining all future prices. Assumptions made at the beginning of the section imply
that excess demand functions are continuously differentiable for all strictly positive
prices (pt, pr+1), homogeneous of degree zero in (p, pr+1) and they obey Walras’s
Law.

I now proceed to characterize the competitive equilibrium of this economy using
the Negishi method. As in the previous section, the idea is to define a set of individ-
ual transfer functions that indicate the extent to which the allocations indexed by the
welfare weights violate the individual budget constraints. The difference, however, is
that in the OLG setting there is an infinite number of individual transfer functions and
welfare weights. In what follows, I explain how to exploit the recursive structure of
the transfer functions to deal with this issue.

Let W(&) be a utilitarian social welfare function in period one defined as a weighted
sum of individual utility functions across countries, and let & = {a, a }° , be the vec-
tor of all welfare weights.

Problem 4 The social planner chooses allocations {x9, x]ﬁ’o} for the initial old and the se-

quence {x!, xf_l, xf’t, x;"t_l}‘;":1 to maximize,

00 1
W(&) = ag Uy (x(f) + ad Uy (xi"()) + Y [Z B ULy (fors)]
t=1 s=0

1) 1
* *S 9 g%t *,t
+ Z &t Z B Ut (xH—s)
t=1 s=0
subject to the resource constraints,
byttt =t gt e et =, Wt

where & are non-negative real numbers such that y ;> gu; < coand Y ;2 af < oo, and E; are

12



elements of R'} .

The social welfare function W(&) is the sum of four terms. The first two terms
represent the weighted utilities of the initial old in each country and are weighted by
{ao, aj}. The last two terms represent the weighted utility of all consumers born from
period one onward who live for two periods. In other words, under W(&), the planner
discounts individual utilities using coefficients indexed by the time period in which
a consumer is born. As mentioned before, equilibria in this economy are assumed to
be dynamically efficient. This means that in the competitive equilibrium prices do not
explode (Y721 pr < o). As a consequence, welfare weights are summable and W (&)
is well defined at an equilibrium sequence of welfare weights.”’

Let A; represent the vector of Lagrange multipliers on the resource constraints in
Problem 4. Define the functions {#f (A, a;), #87 (Ae, & 1), 7 (A, ), £ (A, af )} -

R — R" as implicit interior solutions to the first-order conditions
¢ Z/{xf(xf) =A+ and «af U;r,t(x;"t) =\, YVt
arq BUg () = A and iy B UL () = A, V2T
X L{x?(x(l)) =A1 and &} L[;},O(xik’o) = A
The solution to Problem 4 is characterized by functions
(2 (A ), 27 A 1), 27 (A af), £ (A )} s RPTE 5 R (4)

such that A; € {R™ | # (A, o) + 2 (Ap ap1) + &7 (A, ) + 5 (A af ) = B}, VE
Define (in bold) the vector of consecutive welfare weights, a; = (a¢_1,at, ] 1, &f).
Notice that a; N a;41 = {a,a;}. Recall that the Lagrange multiplier A; that solves
Problem 4 depends on both a; and the aggregate endowment, E;, {A;} : ]RTr4 — R
To simplify notation, redefine the functions in (4) as {£(a;), £~ (as), £/ (as), J?f’t_l (ap)}:
IR?FH — IR’,.. Notice that (4) defines allocations of consumers of different generations
that are alive in the same period. Recall that the budget constraint considers the allo-

cations of one consumer in her two periods of life. Define the transfer function of the

2 OLG economies typically have many equilibria that are not dynamically efficient (Kehoe and
Levine, 1985). In such cases, YW (&) would not converge at an equilibrium (Kehoe et al., 1992). An
overtaking criterion can be helpful to extend this analysis to those cases. However, that analysis is
beyond the scope of this paper.
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initial old as

for the initial young as
Ti(M, Ao, o, a3 el e) = Al [#l(ar) — el | + 27 [23(a2) — e}
T (A, Ay ay, an, €, e3h) = A] Hl(al ) — e;ﬂ A [ae;'l(az) . e;fl]
and for a consumer born in periods t > 2

Te(At A1, an, arg,eh,efg) = A [fH(ar) —ef] + A (2 (aa) —efq]

* x1 kbt N AT | axt *,t T %t t
7; (/\t/)\t—i-l;ﬂt, at1+1,6; ret+1) - )‘t [xt (at) — & ] +At—|—1 [xt+1(at+1) o et—l—l} :

Recall that this set contains an infinite number of individual transfer functions,
one for each agent in an OLG economy. Notice that the individual transfer functions
are indexed by consecutive welfare weights. As in the static economy, they indicate
the extent to which the allocations of the social planner violate the individual budget
constraints.

Notice that {T(), T ()} : R = Rand {Ti(), T7"(), Ti(-), T ()} : R
R, Vt. In other words, the dimensionality of the problem is associated with the num-
ber of countries rather than with the number of goods. Two remarks are required.
First, there are four consumers each period. Second, the first-order conditions of the
initial old are different as they do not discount the future. Because a young consumer
born in period one coincides with the initial old, and preferences and endowments are
stationary, her allocations differ from those of the rest of the young consumers. For

periods t > 2, the transfer functions are summarized by 7;(-) and 7,*(-).

Theorem 2 (OLG-Negishi) For a given distribution of endowments defined by {e?, ef’o}
and {e}, e, e} . efjfl i1, a solution to Problem 4 is a perfect foresight equilibrium for the
summable sequence of & = {a, &} }32 5 (Limgar < 00, Y;2gaf < 00) that solves the set of

second-order difference equations,
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To(A1, a1, €)) = 0; To (A1, ay,e”) =0 (5)
7] ()\1/ )\2/ ai, ay, e%/ e%) — O/ 7?[* ()\1/ AZ/ ai, ay, e?ll e;l) =0 (6)

t ot ys P
7;(/\1'/ At—'—l/ at, Aiy1,€4, et+1) - 0/ 7;* (Ai’/ /\l’-‘rli ag, ut-‘rl/e;k /e;k+1) - O/ v t Z 2 (7)

Proof: In a competitive equilibrium, agents solve problem 3 and the goods mar-
ket clears. By construction, the solution of problem 4 is feasible and Pareto-efficient.
It remains to show that a solution of problem 4 satisfies the first-order conditions of
the competitive equilibrium and the budget constraints. Recall that y; and u; are the
Lagrange multipliers of the budget constraint of an agent born in period ¢ in each
country, respectively. Notice that if we set a; = 1/p; and ay = 1/ the first-order
conditions of problems 3 and 4 coincide for p; = A;. Dynamic efficiency ensures that
the aggregate endowment is finite, that prices do not explode (}Y;2,p: < ©0), and
that therefore the social welfare function W(&) is well defined with summable welfare
weights. Let Ay(a;) and {£(a;), " (a;), 27 (ar), 27" (a;)} be the solutions of the
first-order conditions and the resource constraints of the planner’s problem in terms
of welfare weights. Quasi-concavity of the utilities, I/ and U/*, ensures that set of trans-
fer functions {7o(-), 7, (), T1(-), T (), Te(+), T,*(+) } are continuous and differentiable
in welfare weights. Then, there exists a sequence & = {ay, &} }7° , such that the transfer

functions are equal zero, and therefore, satisfies the individual budget constraints.[]

Note that conditions (6), (7), and Tg(A1, a1,¢)) = 0, imply 75 (A4, al,ef’o) = 0 as
a consequence of Walras’s law. Once a; and a; are determined, difference equations
in (7) determine all future welfare weights. Similarly to excess demand functions,
the transfer functions are continuously differentiable for all strictly positive welfare
weights (ay, a;41), homogeneous of degree zero in (ay, a;41), and they obey an ana-
logue to Walras’s Law.*

Theorem 2 shows that the computation of a competitive equilibrium can be rewrit-
ten as a simpler problem using the insights of Negishi (1960). Using this method, I
no longer have to solve for an infinite sequence of n prices in n budget constraints

({p:}21, pr € R%), but rather I can solve for an infinite sequence of /1 welfare weights

3 See Appendix A.1 for the proof of the analogue of Walras’s Law.
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in h transfer functions per period ({a:}%,,a; € R"), where h is equal to the number
of countries. Therefore, Negishi’s method implies important computational efficiency
gains when there are many more goods each period than agents, as there are for ex-

ample, in models of international trade.

5. Making the System Stationary

In this section, I define a set of new variables that characterize a stationary solution
to Problem 4 and I show that this stationary characterization provides further com-
putational efficiency gains by expressing the set of transfer functions in terms of first-
order non-linear difference equations. This characterization also simplifies the dy-
namic analysis of equilibria through a redefinition of the steady states. I then describe
the solution method under this redefinition and I discuss its advantages.

Define variables x; = a;/ay_1, xf = & /aj_1, and q; = «f /a;. The first two repre-
sent rates of growth of country-specific welfare weights, while g; corresponds to the
ratio of contemporaneous welfare weights across countries, or alternatively, the rela-
tive welfare weight in period t.

Recall that the Lagrange multiplier A; that solves Problem 4 depends on a; and the
aggregate endowment, E;, {A;} : IR”Jr4 — R’.. Allocations also depend on consecutive
welfare weights, {£(a;), 2" (ar), 27" (ar), 27" (ar)} : R™™ — R”. Redefine the
vector a; = (a1, 0,0 1, 0f) as ar = (1, ay/opq, af /a4—1, af /a4_1). Using the

new variables x}, k; and q; we can rewrite a; as a; = (1, k¢, qi—1, K} - q¢—1)-

Theorem 3 For a given distribution of endowments defined by {9, e;°} and {e!, e! 1 e, e +1}t "’
a stationary solution to Problem 4 is a stationary perfect foresight equilibrium for the sequence
of relative welfare weights {q;}5° , and rates of growth {x;,x;}5 | that solve the set of first-

order difference equations,

0 , #0y _
To(x1,x1,q0,€1) = 0; To (x1,%1,90,€77) = 0 (8)
11 . w1 w1y _
Ti(x5, %2, q1, %7, k1,90, €1,€2) = 0; T (x5, k2,41, K7, K1,q0,€, €57 ) =0 )
t ot . *,t x,t _
Tr (K51 Kes1, Ge KF K G e, ehq) = 0; T4 (KT+1th+1/q1/K;F/KfIqtflfet ’et+1) =0 (10)

gt = —qi—1, Vt=>1 (11)
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where qq is an initial condition and equations in (10) are defined ¥V t > 2.

Proof: Given a sequence (} ;> p: < oo) that solve the competitive equilibrium,
there exists a sequence & = {a, af }5° ) (Li2gar < 00, Y2 ga; < o) such that the so-
lution to problem 4 is a competitive equilibrium (Theorem 2). Redefine the solution to
problem 4 using x; = &t /a1, k; = & /a1, and q; = &} /a;. Because the equilibrium
sequence & = {a, &} }3°, solves for the competitive equilibrium, then the sequence
{x}, %1, 91 } 52 constructed from & = {ay, af }7° , solves for the competitive equilibrium

in the redefined problem as well.[]

The transformation of the system has three advantages. First, it provides a simple
intuition about the evolution of the welfare weights that characterize a competitive
equilibrium. Equation (11) shows the relative welfare weight at period t as a func-
tion of its previous value and the ratio of the rates of growth of each welfare weight.
Therefore, given an initial relative welfare weight, go, the dynamics of the system is
characterized by the rates of growth x; and ;. Second, this transformation allows
me to define the steady state of the dynamical system as a vector of scalars rather
than as a path of welfare weights. This simplifies the local analysis of the dynam-
ical system as I can use the steady state as a fixed point to approximate the non-
linear system of difference equations.?! Third, the equilibrium is characterized by a
system of first-order non-linear difference equations in relative welfare weights and
growth rates, implying computational efficiency gains on two fronts. First, dimen-
sionality is reduced from a second-order to a first-order difference equation for the
non-linear model, which is also an advantage over the competitive equilibrium com-
putation in problem 3.>> Second, under the redefinition, {75(-), 75°(-)} : R — R
and {71(:), 77 (), Te(-), T (1)} : R¥*® — R, Vt. This imply that, independently of

the number of goods, the dynamical system can be defined as a first-order system of

% Notice that if & = {ay, a} }3°, represent a vector summable sequences, then both a; and &} converge
asymptotically to zero as time approaches infinity. While each of these two sequences approach zero,
I show that the relative welfare weight g; is well defined and converges to a scalar as time approaches
infinity.

2 When the non-linear system of difference equations in problem 3 is linearized around a point is
simple to express it as first-order system of linear difference equations using the companion form. Using
my method, the reduction of order takes place in the non-linear system. This is important when the
analysis is performed outside the neighborhood of the steady state as local approximations might not
be valid, as in models with multiple steady states.
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non-linear equations in dimensions (x;, k¢, §;—1).

5.1 Solution Method

I now proceed to describe the solution method. To reduce notation, I define the vector
Vi = (x},x%t,q9:—1) and I collapse equations (10) and (11) into the three dimensional

system of first-order difference equations,

ﬂ(vt/‘/t—l—l)
F(Vi, Viy1) = | T (Vi, Viz1) | =0, Vit>2. (12)

_ K
qt x; dt—1

Similarly, the equilibrium conditions in period one are characterized by

ﬂ (V1/V2)
To (V1)
Fl(Vl, Vz) = ’7—1* (Vll VZ) =0 and F()(Vl) = =0. (13)
K3 76* (Vl)
= 40

The focus of this paper is whether large transitory shocks can generate permanent
changes in economic welfare. For this reason, I constrain the analysis in what follows

to equilibrium paths that converge to a steady state.™

Definition 1 For a given constant endowment pattern, {ey, e, ey, € }, a steady state is a pair

(x,q) such that,
T (x,%6,5%,%,q,ey,0) =0; T+ <K, K,%,K,q, e;,e;‘> =0. (14)

A steady state in this model corresponds to a pair (x, q) such that, when the rates of
growth of the welfare weights are constant and equal to x, the relative welfare weight
is constant and equal to g and the transfers functions are equal to zero in every pe-

riod.>* In this case, the allocations of the planner are constant and coincide with the

33 The solution of a dynamical systems might also converge to a limit cycle, where the economy
fluctuates permanently in the absence of exogenous shocks. That type of solutions are beyond the
scope of this paper. For a recent study on this topic in modern macroeconomic models see Beaudry et
al. (2020).

3 We can see in equation (11) that x} and x; must converge to k. Otherwise, the relative welfare
weight q; converges to either zero or infinity.
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stationary allocations of the competitive equilibrium.

The solution method consists in a two-step algorithm. The steady state is inter-
preted as a terminal condition of the system F(V;, V;11) in 12. Given a steady state, the
first is step is to find V, such that V; converges to the steady state. Given V5, the second
step consist in finding V; such that the equilibrium conditions in period one are sat-
isfied, i.e, to verify that equations in (13) hold. Using this algorithm, the computation
of equilibrium corresponds to find the sequence {x},x;,4;—1}; ; such that all transfer

functions are equal to zero.

5.1.1 A Remark on Steady State Multiplicity

In exchange economies with two agents and two goods multiple equilibria are pos-
sible.*® In a dynamic economy, the conditions associated with multiplicity in static
economies might imply multiplicity of steady states. In definition 1, for instance, if the
steady state is unique, then the pair (x, q) corresponds to a pair of scalars. When there
are multiple steady states, as in the main example of this paper, (k,q) corresponds to
pair of vectors with multiple values for x and g. An useful tool to diagnose multiplic-
ity is the index theorem. Appendix A.2 offers a discussion of the sufficient conditions
for multiplicity of steady states using transfer functions and describe the advantages

of the Negishi’s method for computing the index theorem.

6. An Example with Isoelastic Preferences and Multiple

Steady States

In this section I use the Negishi approach developed in the previous section to com-
pute equilibria in a two-country OLG economy with multiple steady states. In this
economy, multiple steady states are associated with different levels of consumption
and therefore of economic welfare. I study the global dynamics of this model using
numerical simulations and I show numerically that this model displays global inde-

terminacy. This means that, given some initial conditions, there exists a region in the

% For a survey on the conditions for the existence of multiple equilibria in finite general equilibrium
models see Kehoe (1985) and Mas-Colell et al. (1991).
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state space of the model where isolated perfect foresight equilibria can converge to

different steady states.

6.1 Static case

To gain intuition for the multiplicity of equilibria, consider a static two-country ex-
change economy with two traded goods, x and y. When preferences and endowments
are symmetric, a relative price of traded goods equal to unity is an equilibrium price.
If this equilibrium is unstable, by the index theorem there are at least two more stable
equilibria. Intuitively, if the aggregate excess demand function crosses zero from be-
low at an equilibrium price, then it must cross zero from above for at least two other
prices.*

Suppose the domestic economy has more of good x than good y and, with sym-
metry, the foreign economy has more of good y than good x. When the relative price
of y in terms of x is low, agents in the domestic economy are wealthier than foreign
agents. If the elasticity of substitution between goods is low, then foreign consumers
are willing to trade most of their abundant good (y) to import some of the scarce good
(x), while the domestic country consumes most of both goods. Conversely, when the
terms of trade favor the foreign economy, meaning that the price of good (x) is now
low, domestic agents are willing to trade most of their abundant good x in exchange
of some of good y. Both extreme cases, then, are equilibria.®”

Consider the following specification for preferences:

(A=) 0+ 7y and U*(x*,y") = YT (=) Tyt
1-0 Y 1-0

U(x,y) =

7

where 0 < ¢y < 1 determines the utility weights and 1/ ¢ is the elasticity of substitution
between good x and good y. Endowments of goods x and y of the domestic agent
are 1 — ¢ and ¢, respectively, while those for the foreign agent are € and 1 — ¢, where
0<e<l.

Consider a social planning problem of this economy as in problem 2. Define the

domestic transfer function as 7 (q) = A(q)[x(q) — (1 —¢)] + ¢(q)[y(q) — €], where x(q)

36 See Appendix A.2 for a formal treatment of the index theorem.
%7 Toda and Walsh (2017) and Chipman (2010) offer examples of static exchange economies where
conditions for multiplicity are derived using the aggregate excess demand.
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and y(q) are the allocations of the planner for the domestic economy, g is the relative
welfare weight between the two countries, and A and ¢ represent the Lagrange multi-
pliers of the resource constraints of good x and good vy, respectively. Due to symmetry,
a relative welfare weight equal to unity is an equilibrium welfare weight. Thus, for
multiplicity to arise, is sufficient to show that 97 (¢)/9q |;—1 > 0.® In Appendix B.1, 1

show that in this economy there are three equilibria when

1 1 /¢ 1—c¢
—<1-Z(= . 1
s = 2(7+1—7> (15)

This sufficient condition for multiplicity relates utility weights, the elasticity of sub-

stitution, and the distribution of endowments. Intuitively, the right hand side of the
inequality represents the degree of heterogeneity between countries. If countries are
homogeneous, no multiplicity is possible as the elasticity of substitution takes non-
negative values. When countries are heterogeneous, then a low enough elasticity of
substitution between traded goods is needed to support trade at extreme prices. As a
consequence, multiplicity of equilibrium is associated with different levels of welfare
in each country at different equilibrium prices.

In the rest of the section I focus on understanding the global dynamics of this
model. In the next section I apply the dynamic analysis of this section to an open

economy model with endowment shocks and self-fulfilling fluctuations.

6.2 Dynamic case

Now I extend this case with two goods to a dynamic economy with OLG as in Problem
4% In the dynamic case, the savings behavior between countries is captured by the
discount factors B and B*. Agents in the country with the lower discount factor are rel-
atively more impatient than agents in the other country, and, all else equal, value con-
sumption when young relatively more that their foreign counterparts. One advantage
of the OLG assumption is that it allows me to exploit heterogeneity in discount factors,

which provides a better description of modern open economies, as countries can be

38 Intuitively, if the transfer function of the domestic country crosses zero from below at an equilib-
rium welfare weight, then it must cross zero from above for at least two other welfare weights.

% Appendix B.2 shows the full derivation for the general formulation of this model in terms of Prob-
lem 4. Appendix C presents the model as a three-dimensional first-order dynamical system using the
insights of section 5.
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described as net savers or net borrowers.* In contrast, discount factor heterogeneity
with infinitely-lived agents results in an asymptotic distribution of wealth where the
consumption of the relatively more impatient agent approaches zero (Becker, 1980).

Consider a calibration of parameters for the dynamic economy such that condition
(15) is satisfied. In the dynamic case, this condition generates multiple steady states
when heterogeneity in the discount factor across countries, 8 and 8%, is not too high.*!
All else equal, in what follows I refer to the two-country dynamic economy with g =
B* as the homogeneous case and with B # B* as the heterogeneous case. In the rest of
the section I focus on the homogeneous case as its graphical representation is simpler.
In the next section I study an example with heterogeneous discount factors.

Figure 1 plots the steady-state transfer functions for the homogeneous case ( =
B*). The figure shows the existence of three steady states, as the curves intersect at zero
three times. In this example, the rates of growth of the welfare weights are equal to
the homogeneous discount factor (x = ) in each steady state, and the relative welfare
weight, g, is equal to unity in the middle steady state, just as in the static case.*?

Recall that an equilibrium of the dynamical system corresponds to the sequence
{x}, %1, qi-1}2 4 such that all transfer functions are equal to zero. To compute the equi-
librium sequence I exploit the two-step algorithm developed in the previous section
using the steady state as a terminal condition. When the dynamical system admits
only one steady state (and no externalities) there is a unique perfect foresight equilib-
rium for any initial relative welfare weight, g, as the steady state is typically a saddle
(see next subsection). In that case, we say that the global dynamics of the model are
determinate. When the dynamical system admits multiple steady states, the charac-
terization of the set of perfect foresight equilibria is more involved as not only the local
dynamic properties of the steady states might change with respect to the case with an

unique steady state but also the dynamics away from the steady state. The analysis

0 PFor instance, Ghironi et al. (2008) show that discount factor heterogeneity is useful to model per-
sistent consumption dynamics in the U.S. economy.

I When discount factors are heterogeneous, there is no analytical condition for multiplicity. In such
cases, I use the index theorem to assess the existence of multiplicity. See Appendix B.4 for a discussion
on the index theorem. Intuitively, if heterogeneity in f and f* is high enough, then the patient agent is
not willing to trade at the extreme unfavorable price when young.

42 1f B # B*, then homogeneity is lost, g is no longer equal to unity in the middle steady state, and
each value of g is associated with a different value of x that satisfy the transfer functions in the steady
state.
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Figure 1: Transfer Functions in Steady State under g = p*
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Note: The figure shows the transfer functions, 7 (x, x,x,x,q) and T* (x, x, k, k, q) against dif-
ferent values of the logarithm of the relative welfare weight 4 when x =  and condition (15)
is satisfied. Given «, the intersections of the curves at zero map into equilibrium values of 4. In
this example, there are three such steady-state values. Due to homogeneity in discount factors,
the middle steady-state value for g is unity (and zero in logarithm). For notation simplicity, the
legend in the figure is denoted as depending only on two arguments: (x, q).

of the global dynamics of this economy consist of two parts. First, I need to charac-
terize the solutions of the dynamical system F(V;, V;1) around each steady state, i.e.,
their local determinacy properties. Second, I need to characterize the solutions of the
dynamical system away from the steady states, i.e., the global determinacy properties.
For the first part I use standard techniques and for the second part I rely on numerical

solutions to show that this model display global indeterminacy.

6.2.1 Local Determinacy

Let J; and ], denote the Jacobians of F(V;, Vi 1) with respect to V; and V4, respec-
tively, where Vi = (x}, k¢, q;—1). In this system, ¢, is a predetermined variable and «;, x}
are non-predetermined. The behavior of this system in a neighborhood of the steady

state is governed by the eigenvalues of the matrix | = —],° 17, evaluated in the steady
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state (x, x, ).*> If exactly two roots of the matrix | = —J; 17, are outside the unit circle,
then the steady state is a saddle and there exists one and only one trajectory —the sta-
ble manifold— that converges toward (x, «,q).** Although not reported in this paper,
for most calibrations such that the dynamical system displays multiple steady states, I
tind that the extreme steady states are saddle-point stable (locally determinate), while
the middle steady state is unstable. Moreover, in most calibrations, the middle steady
state displays a pair of complex conjugates.””> When g = B*, one of the eigenvalues
of the intermediate steady state is always 1/p > 1 as discussed in Kehoe and Levine

(1985).

6.2.2 Global Indeterminacy

When multiple steady states exist, the economy can display global indeterminacy
despite saddle-point stability of the extreme steady states. The global behavior of
F(V4,Vi11) depends on the shape of the stable manifolds associated with the extreme
steady states and on whether the middle steady state is a source or a sink (recall
footnote 44). Additionally, the values of Vo = (x3,x2,41) such that the sequence
Vi = {x},x¢,9:-1}5>, converges to the steady-state values of F(V}, V;41) must be such
that the initial conditions in period one are satisfied (see equation (13)).*°

Because the model does not have an analytical solution, I explore its global dynam-
ics numerically. Figure 2 illustrates the solutions of the dynamical system F(V;, V;11)
converging to a steady state for the homogeneous case (8 = B*) using the same cali-
bration as in Figure 1. To find the trajectories I solve a two-boundary problem where

the initial condition is given by the relative welfare weight g; and the terminal condi-

%3 Because ], might be singular, the generalized eigenvalues of the matrix ] are computed using the
generalized Schur decomposition. This routine produces two matrices, [; = QTZ’ and [, = QSZ’,
where Q and Z are orthonormal matrices and S and T are upper triangular matrices. The generalized
eigenvalues are defined as )\flg =T;i/Si;.

“:1f more than two roots of | are outside the unit circle, the steady state is unstable (a source). If only
one one root is outside, the steady state is locally indeterminate (a sink) and there is a continuum of
equilibrium paths that all converge to the steady state (Blanchard and Kahn, 1980). OLG economies can
display any type of steady states (Kehoe and Levine, 1985).

5 Complex unstable eigenvalues might be related with a limit cycle around the unstable steady state
as in the model of Kaplan and Menzio (2016). However, in this paper I do not pursuit that exploration.

%6 Tt is possible that some equilibrium paths that depart from the unstable steady state converge to
either one of the extreme saddle points, or alternatively, to a limit cycle. Although interesting in itself, I
leave that analysis for future research.
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tion is the corresponding steady state.*” The solid lines represent the stable manifolds
converging to the lower steady state (blue circle) and the upper steady state (green
diamond), respectively. Recall that, under discount factor homogeneity, the rates of
growth of welfare weights, x; and x; converge to the discount factor, 3, in each steady
state. Thus, each steady state differs only in the coordinate g (as in Figure 1). The mid-
dle steady state is denoted by a (magenta) square and in this example its coordinates
corresponds to (k*,x,q) = (B, B,1). This is the symmetric steady state. Recall that the
steady states are associated with different levels of consumption, thus convergence to
one or another imply substantial changes in economic welfare.

To characterize the equilibrium paths of this model, I solve numerically for the ini-
tial conditions in the relative welfare weight g; such that the sequence Vi = {x;, ¢, g;—1}3°
converges to a steady state. In Figure 2, we can identify three regions of initial condi-
tions for values of 4. The lower region corresponds to the values of 4; where g1 <¢,.
In this region, the solutions of the dynamical system with initial condition g; converge
to the lower steady state (blue circle). In such cases, the domestic country enjoys more
favorable terms of trade. The upper region corresponds to the values of q; where
g1 > g, and the solutions of the dynamical system with initial condition g; converge
to the upper steady state (green diamond). In such cases, the foreign country enjoys
more favorable terms of trade. However, in the region around the unstable steady
state (square), denoted by values of g1 € [g X 71} , the system might be subject to global
indeterminacy in the sense that there are trajectories converging to either the lower
or upper steady state. To find the indeterminacy region [ﬂ 1,71} , I apply a shooting
algorithm to search the highest feasible 7, as an initial condition for the transition to
the lower steady state, and, conversely, the lowest feasible g, as an initial condition for
the transition to the upper steady state.*®

The intuition for global indeterminacy is the following. Agents in the model need

71 compute the deterministic paths converging to a steady state by solving the simultaneous system
of non-linear equations F(V}, V;41) with a finite number of periods. Specifically, I use Newton-type
methods available in DYNARE such as Juillard et al. (1996). See Adjemian et al. (2011) for a detailed
description of the methods.

8 Computing initial conditions is sensitive to the choice of algorithm. Moreover, even when multiple
initial conditions converge to the same steady state, shooting algorithms can be numerically unstable.
When searching for initial conditions I found this type of instability. Although I do not pursue further
on this issue, a conjecture is that this instability might be related with to the existence of a limit cycle
around the unstable steady state.
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Figure 2: Solutions of the Dynamical System under g = g*

4
2 \1
. q
&0 : S
-2
49,
©
4
0.2
0.3
0 0.2
0 0.1
-0.2 -0.1
03 -0.2
Kt 04 04 K;tk

Note: The figure shows the solutions of the dynamical system F(V;, V;;1) using the calibration
of the static economy under discount factor homogeneity . The upper steady state is denoted
with a diamond (green), the middle steady state with a square (magenta), and the lower steady
state with a circle (blue). The solid lines are the stable manifolds converging to the lower
and upper steady state, respectively. The arrows in each manifold represent the direction of
the endogenous variables in three dimensions. The points, 4, and ¢, represent the initial
conditions. Values are in logarithms. -

to predict future prices (or terms of trade) to make consumption decisions. When
multiple steady states arise, there are multiple paths of such future prices. In that
environment, which equilibrium path materializes depends on agents” beliefs about
future outcomes. Since agents coordinate in one possible outcome, beliefs about future
prices (or terms of trade) become self-fulfilling.

To complete the computation of the perfect foresight equilibrium, the transfer func-
tions in period one must hold as well. Take any initial vector Vo, = (x3,x3,4q1) that
belongs to some stable manifold of F(V4, V;;1) and solve (numerically) for the vector

Vi = (x7,%],q0) such that the transfer functions of agents alive in the first period are
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equal to zero.*” The model displays global indeterminacy when, given the relative
welfare weight between the initial old go, there is more than one value for the vector
Vo = (x3,%3,91) with g1 € [ﬂyql} that solves the transfer functions in the first pe-
riod. As a consequence, some values of 1 € [g 1,71} might be ruled out if they do not
satisfy the transfer functions in the first period. This means that the initial condition
qo is associated with two equilibrium paths that converge to either the lower or the
upper steady state, and therefore, self-fulfilling beliefs act as an independent driver of
economic fluctuations.”

The existence of multiple steady states implies that the behavior of this economy
is determined not solely by fundamentals (i.e., preferences and endowments) but also
by the agents’” beliefs about which equilibrium path materializes. The coexistence of
equilibria converging to different steady states has the interpretation that agents” be-
liefs can be important enough to determine the long-run outcomes of the economy,
and not simply the path that the economy follows in the short run.”! As I show in the
next section, in contrast to models with a unique steady state, a model with multiple

steady states and self-fulfilling fluctuations provides a rationale to explain permanent

welfare effects of transitory shocks.

7. International Business Cycles and Global Imbalances

In this section and the next, I study a version of the open economy model presented
in section 6 in which countries have heterogeneous time preferences and where goods
x and y represent each a basket of n composite goods. I calibrate the model to display
multiple steady states and I discuss the empirical relevance of such calibrations. I
focus in this section on their welfare properties and I leave for the next section the
study of the effects of large transitory shocks and self-fulfilling beliefs.

There are two types of goods, ¢ and w, which represent the overall differences in

9 Recall from Appendix A.1 that one budget constraint is redundant because of Walras’s Law.

U The middle steady state is unstable. The only way of reaching this steady state is by starting there.

°I' T only consider perfect foresight equilibria. It might be possible to construct more equilibria, such
as rational expectations equilibria where fundamental shocks display a bimodal distribution where the
economy oscillates between two steady states, or Markov-switching rational expectations equilibria as
in Kaplan and Menzio (2016). I leave those extensions for future research.
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endowments between countries, and there are 1 goods of each type.”> Countries are
endowed with both types of goods, but each good within a type represents a fixed
proportion of the aggregate endowment of that good. For instance, the young agent
in the domestic country is endowed with (1 — &) units of each good of type e and with
e units of each good of type w.

Baskets of consumption goods are type-specific and defined as a Cobb-Douglas ag-
gregator over n goods with coefficient p;, where i = 1, ..., n. The basket x is composed
by the n goods of type e and the basket y is composed by the n goods of type w. Agents
have the same preferences as in the previous sections but they demand type-specific
baskets rather than single goods. In Appendix D, I show the full derivation of the
social planning problem of this model applying Negishi’s method.

Using the competitive equilibrium allocations derived from the solution to the so-
cial planning problem in Appendix D, I compute the terms of trade, real exchange rate,
and current account balance. Define p; to be the terms of trade across countries, i.e.,

the relative price of basket y in terms of basket x,

o 7
= (o)
where the Lagrange multipliers of the planner’s resource constraint, ®; and A;, rep-
resent the competitive prices of the baskets x and y, respectively. The second equality
is derived from the equilibrium conditions.”® Under this definition, an increase in pt
corresponds to a terms of trade deterioration for the domestic economy as the country
needs to export more in order to afford the same quantity of imports. The consumer

aggregate price levels in each country are,

g

Po=((=m)+2(p) )"

Pr=(=m)7 +7)7".

Notice that the price levels depend only on preferences and the terms of trade. The

(17)

9

real exchange rate measures the relative price levels across countries and therefore

corresponds to,
i 18)
gt - Pt 7

°2 This is more general than country-specific goods as one country might be endowed with both types
of goods.
%3 See Appendix D.1 for the optimality conditions of the problem
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which is also a function of the relative price.”* Finally, the current account in each
country corresponds to the savings levels of the country. Therefore, the current ac-

count of the domestic economy is equivalent to its trade balance,
CA; = (ei —xb et - xf*1> + pt <w§ —ytwlT - yfl) : (19)

where ¢! and w! correspond to aggregations of type e and type w endowments (see
Appendix D.2).

Many modern economies are characterized by global imbalances. This is a pop-
ular term to refer to the substantial expansion of the current account deficit in the
United States in recent decades and the rise in the current account surpluses of many
emerging-market economies (Bernanke et al., 2007). In this model, a global imbalance
corresponds to the case in which a country’s steady state current account is not zero.”
In contrast to models with infinitely-lived agents, in OLG models, a global imbalance
is possible when countries have different time preferences (Buiter, 1981; Ghironi et al.,
2008). In this regard, this paper deviates from the literature using financial frictions
to model global imbalances, and exploits heterogeneous time preferences to capture
differences in savings behavior between countries.

Let the domestic economy be the impatient country (8 < p*). In this model, there
is no trade between generations in the same country, but there is trade between young
consumers across countries due to heterogeneity in endowments and preferences.”®
In the competitive equilibrium, heterogeneous time preferences mean that the impa-
tient young consumer in the domestic economy is willing to borrow from the foreign
patient young saver and pay back with interest when old. Because the interest rate is
positive in dynamically efficient economies and there is no growth in endowments, an
impatient old agent reduces the value of her consumption by more than what the new-

born young borrows, as she must pay her debt back. As a consequence, in the steady

state, the domestic country, whose residents are more impatient to consume than their

°* Notice that the consumer aggregate price levels are weighted averages of the terms of trade, thus,
by construction, the terms of trade are more volatile than the real exchange rate, which is counterfactual.
Itskhoki and Mukhin (2021) show that pricing complementarities in domestic production improves the
fit of the data in this regard. However, Ayres et al. (2020) argue that this relation actually fit the data
when terms of trade are considered over primary commodities.

> Because the model features only two countries, CA + CA* = 0

% Recall that assumptions on endowments and preferences imply that this is a classical economy and
equilibria are dynamically efficient. See footnote 12.
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international trading partners, experiences a long-run current account surplus.”” As
in every period there is an old agent paying back the debt acquired when young, the
domestic economy is indebted in perpetuity against the foreign economy. In the social
planning problem, this behavior is expressed through the planner’s allocations at the

welfare weights that solve the transfer functions.

7.1 Calibration

For a class of international real business cycles the possibility of multiple equilibria
collapses to the empirical relevance of low values of the elasticity of substitution (Bo-

denstein, 2011). Consider the condition for multiplicity, equation (15), rewritten here

L fe 1
o 2\y 1—9)°

Suppose that goods are produced either domestically or overseas and therefore the

for simplicity,

parameter ¢ is close to unity.”® Suppose further that there is home bias in consumption
that manifests itself as a low value of y. Then, the above condition is satisfied if 1/¢ is
low enough. Intuitively, to sustain trade at extreme equilibrium prices, traded goods
must be poor substitutes.

Table 1 presents a calibration of the model that exhibits both multiple steady states
and global imbalances. Since B < B*, the domestic economy runs a current account
surplus in the steady state.

While there is relative consensus in the literature regarding home bias in consump-
tion, there is considerable uncertainty regarding the estimates of the trade price elastic-
ity at the aggregate level.”” Bodenstein (2010, 2011) provides a review of the empirical
literature on the trade elasticity. Three observations emerge. First, estimates from ag-
gregate data range from 0 to 1.5 and estimates from lower levels of aggregation are

above unity. Second, while most calibrations in applied macroeconomics are between

7 In the the steady state, impatient young agents in the domestic economy run a trade balance deficit,
TBy, < 0, as they consume more than the value of their endowments. When old, some of their resources
are used to pay the debt back, therefore old agents run a trade balance surplus, TB, > 0. Because the
interest rate is positive, TB, = —(1 + r)TBy. Then, CA = TB, + TB, = —rTBy. Because TB, < 0, the
domestic country runs a current account surplus.

%8 I exclude unity to avoid boundary concerns in demand functions.

59 See McCallum (1995) and Obstfeld and Rogoff (2000) for a discussion on the home-bias-in-trade
puzzle.
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Table 1: Calibration for Multiple Steady States and Global Imbalances

Parameter Value

Home bias in consumption (1—v)=0.83

Elasticity of substitution between traded goods  1/c = 0.37

Intertemporal elasticity of substitution 1/0=0.37
Endowment distribution e =0.01
Domestic discount factor B =0.84
Foreign discount factor g* =0.87
Note: This calibration satisfies condition (15) and computes an index(x,q) = —1 for the middle

steady state (see Appendix A.2).

1 and 1.5, some studies suggest that values below 0.5 provide a better performance
in matching key moments in data. Third, estimations of DSGE models using Bayesian
techniques suggest that values below 0.5 can better fit the data.®” Importantly, Corsetti
et al. (2008) show that multiplicity of steady states might arise for values of the trade
elasticity around unity when distribution costs in terms on non-traded goods are in-

cluded in standard international business cycle models.

7.2 Steady States

Table 2 shows the values for the key variables in the three steady states of the model
using the calibration in Table 1. Notice that, because of time preference heterogeneity,
the relative welfare weight, ¢, is not unity anymore in the middle steady state, but
is tilted towards the more impatient economy because the terms of trade are more
favorable to the domestic economy (g < 1).°! Unlike the homogeneous case (8 = %),

the rates of growth of welfare weights, ¥ and «*, are different in each steady state.

® The first group of papers includes Taylor (1993) and Hooper et al. (2000) for aggregate estimates and
Broda and Weinstein (2006) for lower levels. The second group includes Heathcote and Perri (2002) and
Benigno and Thoenissen (2008). The third group includes Lubik and Schorfheide (2005) and Rabanal
and Tuesta (2010).

61 Recall the relative welfare weight is § = a* /a. Because under g < B* the foreign economy would
enjoy a higher marginal utility at 4 = 1, the social planner adjusts the welfare weights towards the
domestic economy to keep the marginal utility ratios equal across countries. See Appendix B.3 for the
first-order conditions of the simpler planner’s problem with two goods.
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Recall, however, that ¥ and x* converge to the same scalar as otherwise they converge
either to zero or infinity.

The difference in the steady state values reveals the welfare consequences of tran-
sitioning from one equilibrium to another. Because I am interested in the permanent
effects of transitory shocks, I consider a welfare measure in the steady state rather than
in the transition path. Define Z/{{/v and Z/{;\’f as the indirect utility function in the steady

state for the domestic and the foreign economies, respectively, as,

Uy = U(x},yy) + BU(xh, vb) 20)

Usy = U (xy" yy") + B UG y57),
where {x,, vy, x;, y;} and {xo, Yo, X}, v} are the steady state allocations when young
and old in the i = {1,2,3} steady state where one refers to the lower steady state
and three to the upper one. Because the middle steady state is dynamically unstable,
I focus on the lower and upper steady states. As in the static economy, in the lower
steady state, agents in the domestic economy are wealthier than foreign agents due
to beneficial terms of trade, even though they are more impatient. This translates to
higher levels of consumption of both goods and thus to a higher level of welfare. A
transition to the upper steady steady state implies lower levels of consumption for
those agents and thus a reduction in their economic welfare. The reverse is true for the
foreign economy.

While quantitatively small, time preference heterogeneity manifests itself in global
imbalances as the domestic current account differs from zero in every steady state. In
particular, the domestic economy displays a current account surplus in every steady
state and therefore a perpetual transfer of resources to the foreign economy. This mag-
nitude is amplified in the upper steady state since the increase in borrowing when
young at the new terms of trade more than offset the reduction in the steady state rate
of interest. How large these transitions are depends on how far apart the steady states
are (given some measure of this distance), which, in turn, depends on the calibration

of the model.
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Table 2: Steady State Values under Multiplicity

Variable Lower Middle Upper
Domestic Current Account (CA) 0.03 0.05 0.07
Real Exchange Rate () 0.60 0.90 1.84
Terms of Trade (p) 0.45 0.85 2.56

Domestic Welfare Weights growth (x)  0.85 0.85 0.86
Foreign Welfare Weights growth (x*)  0.85 0.85 0.86

Relative Welfare Weight (7) 0.29 0.77 417
Domestic Welfare (Uyy) 0.40 0.35 0.22
Foreign Welfare (U4y),) 0.24 0.32 0.41

Note: The table shows the steady state values of each variable under multiplicity. Calibration
for multiplicity is in Table 1. Steady states are defined as lower, middle, and upper depending
on the value of the relative welfare weight (7). The current account is multiplied by 100 as it is
quantitatively small, but different from zero. Welfare computations are transformed using an
exponential function as the coefficient ¢ is greater than one.

8. [Experiments

In this section I study perfect foresight equilibrium dynamics in the model presented
in the previous section. I show that large and unanticipated transitory endowment
shocks can cause a shift from one equilibrium to another depending on agents’ beliefs.
Shifts of this kind have substantial and permanent effects on the terms of trade, the
real exchange rate, and on economic welfare.

These dynamics are explained by global indeterminacy. This means that there ex-
ists a region in the state space of the model where isolated perfect foresight equilibria
can converge to different steady states. Agents in the model need to predict future
prices (or terms of trade) to make consumption decisions. When multiple steady states
arise, there are multiple possible paths of such future prices. In that environment, the
equilibrium path that materializes depends on agents’ beliefs about future outcomes.
Since agents coordinate on one possible outcome, beliefs about future prices (or terms
of trade) become self-fulfilling.

To study the dynamics of the terms of trade, the real exchange rate, consumption,

and the current account I conduct two numerical experiments. The first experiment
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shows that a large and unanticipated transitory endowment shock can shift the global
economy from the lower steady state to the upper steady state in the presence of self-
tulfilling beliefs. Consider the case when the economy is in the the lower steady state
and the domestic economy enjoys favorable terms of trade. In period one, the domes-
tic economy is perturbed by a large negative endowment shock that puts it into the
indeterminacy region of the model. In this region, two equilibrium paths are possible.
At the same time, a belief shock changes agents” expectations such that they coordi-
nate on the upper steady state and an equilibrium path converging to that steady state
materializes. A shift of this kind is associated with a persistent deterioration in the
terms of trade, a depreciation of the real exchange rate, a current account reversal, and
a contraction in consumption. Dynamics of this type resemble the observed persis-
tent deterioration in the terms of trade and the depreciation of the real exchange rate
experienced by Japan since the 1990s, as documented by Obstfeld and Rogoff (2009).

In the second experiment, I ask under what conditions a transition of the form
found in the first experiment can be interrupted. In the absence of additional funda-
mental shocks, the transition to the upper steady state can only be interrupted if a
second belief shock materializes in the indeterminacy region of the model, and agents
coordinate on the equilibrium path converging to the lower steady state. In numerical
simulations, this situation is only possible in periods immediately after the negative
endowment shock hits the domestic economy, as later the global economy leaves the
indeterminacy region, and after that, only one equilibrium path is admissible. If be-
lief shocks are correlated with public signals such as speeches or announcements by
governments or economic authorities, my second experiment suggests that those pol-
icy interventions should take place as quickly as a large shock hits the economy, to
prevent an equilibrium shift caused by self-fulfilling beliefs.

Recall that a belief shock can produce an equilibrium shift only in the indetermi-
nacy region of the model. As Figure 2 illustrates, outside this region only one equi-
librium path is possible. If the starting point of the dynamical system is a steady
state, then a sufficiently large or persistent fundamental shock is necessary to move
the economy into the indeterminacy region. If the fundamental shock is too small,
then the economy fluctuates around the original steady state and eventually returns

to it. If instead the fundamental shock perturbs the economy above and beyond the
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indeterminacy region, then the only possible equilibrium path converges to the other
steady state.

These experiments also highlight the importance of using non-linear solution meth-
ods. Linearization or higher-order perturbation methods that approximate the dy-
namical system around a deterministic steady state are not well suited for the kind of
shocks just discussed. In particular, in the case of large shocks local approximation
techniques are inappropriate, as they search for an equilibrium outside the neighbor-

hood of the steady state where an equilibrium of the nonlinear model might not exist.

8.1 Self-fulfilling Beliefs and Steady State Transitions

Figures 3-7 illustrate the first experiment. Suppose the global economy is in the lower
steady state in period zero, provided this is an equilibrium that satisfies the initial con-
ditions discussed in section 6.2.2. In period one, marked with the dashed vertical line
in the figures, a large and unanticipated negative endowment shock hits the domestic
economy. I assume that, as a result, the young’s endowment of basket x shrinks.%?
As a consequence of the negative endowment shock, the terms of trade improve on
impact and the real exchange rate appreciates (a reduction in p; and xi; as plotted in
Figure 3). While the negative supply shock improves the terms of trade for the domes-
tic economy, the reduction in the endowment of the young agent is not offset by the
price effect, and so her consumption falls.

Figure 4 shows that consumption of both baskets by the domestic young decreases
on impact.®> However, consumption of basket x by the young in the domestic econ-
omy is more affected as there is no trade between generations. Notice that the con-
sumption of both baskets by the old in period two is less affected by the shock. Al-
though both the domestic young and old alive in period two enjoy the full endowment
of basket x, they face worse terms of trade compared with the original steady state as

prices adjust to the recovery in supply.®* Due to the sharp contraction in consumption

62T assume that the endowments of all the goods that compose basket x shrink by the same proportion
when the shock hits.

%3 Notice that the upper panel in Figure 4 illustrates the consumption sequence of young agents in
each period. The lower panel depicts the sequence of consumption of the same consumer when old.
Therefore each young in period ¢ in the upper panel corresponds to the old in ¢ + 1 in the lower panel.

4 For completeness, Appendix E.1 describes the evolution of consumption of the foreign economy.

35



Figure 3: Terms of Trade and Real Exchange Rate
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Note: The left panel plots the terms of trade, p;, and the right panel the real exchange rate, ¢;.
The vertical dashed line identifies the period when the fundamental shock materializes. The
dotted (green) line shows the transition to the upper (green, solid circle) steady state. The solid
(blue) line shows the transition to the lower (blue, circle) steady state.

of basket x by the domestic young, the domestic current account improves on impact
(see Figure 5).%°

Changes in endowments, and therefore in the terms of trade and consumption,
map into the planner’s solution as adjustment in the relative welfare weight, g;, and in
the rates of growth, x; and «;, such that the transfer functions are equal to zero in every
period.®® As a consequence of the negative endowment shock to the generation born
in period one in the domestic economy, g increases on impact (see Figure 6). Similarly,
Figure 7 shows the evolution of the rates of growth of welfare weights. While both
rates of growth, x; and x;, decrease on impact, x; decreases by more as it reflects the
shrink in endowments in the domestic economy (see the left panel).®”

After the adjustments in terms of trade and consumption in periods two and three,

the global economy enters the indeterminacy region. In this region two equilibrium

% The domestic current account computation considers consumption of the young in period ¢, x and
y!, and consumption of the old in period ¢, x/~! and y!~! (see equation (19)). For simplicity, I assume
that the old alive in period one (born in period zero) is not affected by the shock in any form, and
therefore, her allocations correspond to the steady state levels.

% Recall that the transfer functions indicate the extent to which the planner’s allocations indexed by
welfare weights violate the individual budget constraints.

%7 Recall that q; = af /oy, &}, = af ¢ /af, and kpyq = a1/ .
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Figure 4: Domestic consumption
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Note: The figure shows the domestic consumption allocations of the young and the old born in
period t for goods x and y. The vertical dashed line identifies the period when the fundamental
shock materializes. The upper panel plots the consumption allocations for the young, x! and
yt. The two upper lines in that graph represent x!. The dotted (green) line shows the transition
to the upper (green, solid circle) steady state. The solid (blue) line shows the transition to the
lower (blue, circle) steady state. The two lower lines in that graph represent y. The transition
follows the same description. The lower panel plots the consumption allocations for the old in
t +1, born in period t, i.e., x| and y} ;. The description of the two upper lines, the two lower
lines, and the transition to the steady state follow the same description as before. Notice that
the upper and the lower panel represent consumption by the same consumer but in different
time periods. As a clarification, in a given period ¢, total domestic consumption of good x
corresponds to x! ! + xk.

paths are possible, depending on agents’ beliefs about future outcomes. In Figures 3-7,
the solid (blue) line corresponds to the case when agents coordinate on the equilibrium
path converging to the lower steady state, and the dotted (green) line corresponds to
the case when agents coordinate on the equilibrium path converging to the upper
steady state.®®

The equilibrium path illustrated by the the solid (blue) line corresponds to the stan-
dard dynamics around the neighborhood of the lower steady state when a fundamen-
tal shock hits the economy. In this case, the economy behaves as if there is a unique
steady state. Therefore, transitory shocks have only transitory effects.

In contrast, in the equilibrium path illustrated by the dotted (green) line in Figures

% Recall that the lower steady state is associated with more favorable terms of trade for the domestic
economy. Conversely, terms of trade favor the foreign economy in the upper steady state.
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Figure 5: Domestic Current Account
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Note: The figure plots the domestic current account, CA;. The vertical dashed line identifies
the period when the fundamental shock materializes. The solid and dotted (green) lines shows
the transition to the upper (green, solid circle) steady state. The solid and dot-dashed (blue)
line shows the transition to the lower (blue, circle) steady state. CA; > 0 means a surplus.
Notice that the definition of the current account involves consumers born in different periods
(see equation 19).

3-7, the transitory endowment shock has permanent effects as the global economy
transitions to the upper steady state. Figure 6 shows how the equilibrium relative
welfare weight, g, gradually adjusts from a value less than one to a value above one, as
the foreign economy faces more favorable terms of trade. Instead, the rates of growth
of the welfare weights, x* and «, display a sharp and then non-monotonic adjustment
to converge to a higher level in the upper steady state (see Figure 7).’

During the transition, the domestic economy becomes less wealthy and its con-
sumption levels decrease smoothly from period three onward, until they converge to
the lower steady state levels. Consequently, as Table 2 shows, the permanent reduc-

tion of the consumption levels in the domestic economy translates to lower economic

welfare, while the foreign economy enjoys higher levels of consumption and welfare

% The steady-state rates, k* and «, are associated with the discount factors, 8 and B*. With homoge-
neous time preferences, x* = k¥ = B, and with heterogeneous time preferences, f < ¥* = ¥ < §*. In the
competitive equilibrium, this corresponds to the case where the world international interest rate is be-
tween the time preferences of each country. With multiple steady states, the rates of growth are tilted to
the discount factor of the wealthier economy. Alternatively, in the competitive equilibrium, the interest
rates are tilted to the time preference of the wealthier economy. Therefore, due to heterogeneous time
preferences, there is borrowing and lending in each steady state.
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as the terms of trade in the upper steady state are now more favorable.

Figure 6: Relative Welfare Weight
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Note: The figure plots the the relative welfare weight, q;. The vertical dashed line identifies the
period when the fundamental shock materializes. The dotted (green) line shows the transition
to the upper (green, solid circle) steady state. The solid (blue) line shows the transition to the
lower (blue, circle) steady state.

After the endowment and the belief shock, the domestic economy displays a cur-
rent account reversal, as seen in the equilibrium path converging to the upper steady
state (see Figure 5). This pattern implies that the behavior of the old consumer dom-
inates that of the young. Specifically, after the belief shock hits, the income of the old
agent falls faster than the reduction in her consumption, as less favorable terms of
trade materialize. This implies a deterioration in the current account. However, as the
terms of trade converge to the upper steady state level, a reduction in consumption
and spending by the old agent offsets the loss of income, and therefore the current ac-
count improves. Agents in the domestic economy are relatively more impatient than
in the foreign economy, which translates to a steady state current account surplus, or
global imbalance, as the old agent in the domestic economy transfers a fixed amount
of resources that offset the amount of resources received by the new young genera-
tion entering the economy.”’ Notice that the current account in the upper steady state
(green solid circle) converges to a slightly larger surplus than in the lower steady state

(blue circle). Although quantitatively small, the current account transition also shows

70 See footnote 57 for the intuition of a steady state current account surplus.
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a permanent effect of a transitory shock.”!

Figure 7: Rates of Growth of Welfare Weights
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Note: The figure plots the rates of growth of welfare weights, x; and «;. The vertical dashed
line identifies the period when the fundamental shock materializes. The solid and dotted
(green) lines shows the transition to the upper (green, solid circle) steady state. The solid
and dot-dashed (blue) line shows the transition to the lower (blue, circle) steady state. Notice
x* and x are equal in each steady state (see equation 11). The left panel shows the adjustments
until period ten, while the right panel completes the transition.

8.2 An Interrupted Transition

In this subsection, I explore the conditions under which a transition of the form found
in the first experiment can be interrupted. I address this question conducting a simula-
tion, in which I search for the maximum distance between the vector V; = («, ¢, gt—1)
in the manifold converging to the upper steady state and its corresponding value in
the lower steady state, such that a second belief shock can interrupt the transition to
the upper steady state. Recall that a belief shock can produce an equilibrium shift only
in the indeterminacy region of the model. In other words, I search for the last time pe-

riod before the economy leaves the indeterminacy region. After that period, only the

71 As explained in footnote 69, the upper steady state is related to a lower interest rate in the compet-
itive equilibrium, and therefore with more borrowing and lending.
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equilibrium path converging to the upper steady state is possible, and therefore, in
the absence of additional fundamental shocks, a transition to the lower steady state is
ruled out.””

Consider a transition to the upper steady state of the form of experiment one. As
in the first experiment, starting from period two, the domestic economy displays a de-
terioration of the terms of trade and a depreciation of the real exchange rate. Suppose
that the domestic government worries about a further deterioration of the terms of
trade and a depreciation of the real exchange rate, as the the result of a self-fulfilling
belief. While in the indeterminacy region, in period four, the domestic government
makes an unexpected public announcement, a “whatever it takes” type of speech, that
manifests itself as a second shock to beliefs. If this shock results in agents coordinating
on the lower steady state, then the transition to the upper steady state is interrupted
(see Figure 8). Under this interpretation, the public signal prevents a self-fulfilling
permanent deterioration in the terms of trade and the real exchange rate. Therefore, it
avoids a reduction in welfare for the domestic economy. Notice that this is not possible
in period five, as for this simulation, the economy is outside the indeterminacy region
in that period and only one equilibrium path is possible. In this sense, the authority
must react quickly enough to impede the transition to the upper steady state.

Figure 8 also shows that convergence in the terms of trade and the real exchange
rate in the transition related with the second belief shock (dotted green line) is slower
than the transition associated with the first belief shock (solid blue line). This means
that, although there are no permanent changes as the economy converges to the orig-
inal steady state, there is still a temporary loss of welfare in the domestic economy,
as agents alive during the transition face less favorable terms of trade and therefore

lower economic welfare.”>

72 For instance, in a perfect foresight exercise, De Ferra et al. (2020) model a sustained expansion in
the current account as the result of an one-off unanticipated shock and then its reversal using a second
one-off unanticipated shock.

73 For completeness, Appendix E.2 illustrates the dynamics for the rest of the variables of the model,
as in the first experiment.

41



Figure 8: Terms of Trade and Real Exchange Rate
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Note: The left panel plots the terms of trade, p;, and the right panel the real exchange rate, ¢;.
The vertical dashed line identifies the period when the fundamental shock materializes. The
dotted (green) line shows the transition to the lower (green, solid) steady state after the second
belief shock. The solid (blue) line shows the transition to the lower (circle, blue) steady state.

9. Conclusion

I provide an explanation for large and persistent fluctuations in the terms of trade and
the real exchange rate, based on the idea of equilibrium shifts. I propose a theoreti-
cal model in which large and transitory endowment shocks can generate permanent
effects on economic welfare as the result of self-fulfilling beliefs.

To solve this model, I develop an application of Negishi’s method to an n-good
OLG exchange economy with two countries. I show that, using this approach, the
computation of a competitive equilibrium can be rewritten as a simpler problem. Specif-
ically, the method allows me to describe equilibria using a low-order dynamical sys-
tem that depends on the number of countries rather than the number of goods.

Using this method, I conduct two numerical experiments. The first experiment
shows that transitory shocks can generate permanent effects on the terms of trade, the
real exchange rate, and economic welfare. The second experiment shows that policy
interventions in the form of public speeches might prevent self-fulfilling fluctuations
if taken quickly.

These exercises are a proof of concept. They show that, in the theoretical model, be-
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liefs can be sufficiently important as to affect long-run economic outcomes and there-

fore, large transitory shocks can generate permanent changes in economic welfare.
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Mathematical Appendix

A. Appendix A

A.1 Walras’s Law using Negishi’s method

This appendix shows an analogue of Walras’s law in the OLG setting. When the wel-
fare theorems hold, and the transfer functions of all but one agent are equal to zero,
then the remaining one is redundant. In what follows, I modify the notation compared
with the rest of the text to generalize this proposition to an environment with n goods
and h countries.

Let Ay = {Al,)t%, )\?, ey At”} be an n dimensional vector of Lagrange multipliers
associated with the resource constraint of good i = 1,2,3,...,n (i.e., the competitive
price of good i) in a social planning problem. Define y{ = {y{’l, y]t"z, y{’?’, v y]tn} as the
n dimensional vector of excess demands for good i of a young agent of country j =
1,2,3,..,h born in period t derived from the social planning problem. Variables z{; =
{zt , zt , zt . z]t”} collects the excess demands of an old agent of country j at time ¢
(i.e., bornin t — 1) derived from the social planning problem. Denote by Y; = Z;l 1 yi
and Z; = E -1 zt the n dimensional vector of aggregate excess demands for good i of
the young and old alive in period ¢, respectively. This set aggregate excess demands
depends on the social planner welfare weights. Let p; = {p}, p?,p3, ..., p}'} be an n

dimensional vector of competitive prices of the associated competitive equilibrium.

Proposition 1 If the competitive equilibrium of an exchange economy with n goods and pop-
ulated by h types of two-period lived OLG consumers satisfies the property Y 7> pt < oo then
the transfer functions derived from the social planning problem associated with this economy

satisfy Walras’s law.

Proof: Let the transfer function of an agent from country j born in period ¢t > 1 be
T = A -yl + AL 2 (A1)

Suppose that all the individual transfer functions of agents born from period one on-

ward hold, i.e., 7? = 0, Vt > 1. Notice that all agents alive in the same period face
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the same prices. Therefore, we can aggregate them as,
YT =Ti=A Y +A, Za=0 wi>1 (A.2)
t=1

Then, we can express the aggregate transfer functions until period T as,

MYy + A -Zy =0
Ay Yo+ A3 -Z3 =0
A Y3 + A -Zy =0 (A.3)

A 1 Yr_q + Af-Zr = 0

The solution of a social planning problem is always feasible, therefore,

hoo hoo.
Yozt Yy =0 (A4)
j=1 j=1
or simply,
Yy + Z =0 (A.5)

We can add up all the transfer functions in (A.3) and use the fact that A" (Y; + Z;) =0
V t from (A.5). The resulting expression contains only the first and the last element of

(A.3) as the rest offset each other. This is
AM Yy + AL Zr =0 (A.6)

We assume that in the competitive equilibrium aggregate endowments are finite at
equilibrium prices. Therefore, competitive prices do not explode. We can compute the

limit of expression (A.6) as
ALY+ lim A -Zr =0 (A7)
—00

If the equilibrium of this economy satisfies the property Y i, pr < oo, then from the
first-order conditions of the planner, } ;> A; < co. As a result, lim; e /\]T -Z7 =0
and therefore /\1T -Y7 =0.

To complete the proof, we need to show that if A| -Y; = 0 and h — 1 transfer
functions in that period hold, then the remaining one holds as well.

Define Z; = Z;’:l z]i. This expression represents the aggregate excess demands of all
the initial old (born in period t = 0). If h — 1 transfer functions of the initial old hold,
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then we can add them without loss of generality as A| - Z; — A] -zl = 0. Together
with AlT Y7 = 0 and the feasibility constraint in period t = 1, then /\1T . z% =0.0

It is important to note that this proof relies on the property ) ;> ; p+ < oo. This con-
dition implies that the value of the aggregate endowment is finite at the equilibrium
prices, and therefore the competitive equilibrium is Pareto efficient. OLG economies
with valued fiat money do not satisfy this property, although they might satisfy more
general Pareto-efficiency criteria, such as, ) ;- ; || pt| | 7! = oo, where 1ol | = (p/ pt) 12

(see Kehoe, 1989).

A.2 Multiplicity of Steady States

When there are many goods in each period and more than one consumer in each
generation, multiple steady states might exist. Typically, sufficient conditions on the
uniqueness of the steady state are derived from aggregate excess demand functions in
exchange economies using the index theorem (see Kehoe and Levine, 1984). Similar
sufficient conditions on uniqueness can be derived by applying the index theorem to
the transfer functions to diagnose steady state multiplicity in (14). In this case, the
Negishi method also reduce dimensionality of the computation on the index by defin-
ing steady state conditions and their respective Jacobians that depend on the number
of agents rather than on the number of goods. As the index theorems involves com-
puting the determinant of a matrix, the Negishi method also results in computational
efficiency gains in computing the indexes in each steady state.

Definition: The system of equations (14) is regular if its Jacobian with respect to
(x,q), denoted by J7(x, q), has full rank whenever (x, q) solve (14).

Following Kehoe and Levine (1984), if the system (14) is regular, we can define
index (x,q) to be +1 or —1 according to the sign of the determinant of the negative of
Jr(x,q). A standard argument in this literature posits that when summed over all
equilibria, ) index (x,q) = +1. In a non-monetary economy, this implies there is an
odd number of steady states, and specifically a unique steady state when index (x,q) =
+1 at every possible steady state. In other words, to assert the existence of multiple
steady states it suffices to show that index (x,q) = —1 in some steady state. When
this is the case, then at least another two steady states must exist, each of them with

index (x,q) = +1.
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B. Appendix B

B.1 Static Case

Consider the following specification for preferences:

(1 _r}/)axl—(r_i_ ,Yayl—tf o *170'_’_ (1 _,Y)O'y*l—g

X% % ve
U(x,y) = T and Z/I(X,y)zry o

7

where 0 < v < 1 determines the utility weights and 1/ is the elasticity of substitution
between good x and good y. Endowments of goods x and y of the domestic agent
are 1 — e and ¢, respectively, while those for the foreign agent are ¢ and 1 — ¢, where
0<e<l

Given welfare weights and aggregate endowments, a social planner maximizes a
social welfare function subject to the resource constraints of the economy,

max L£°= ald(x,y)+a" U (x"y")+A(x+x"—1)+P(y+y"—1)
x,y x*’y*

where « and a* are non-negative real numbers such that « +a* = 1, and A and ¢ are
the Lagrange multipliers of the resource constraints.

The allocations of the planner for the domestic economy correspond to
1—
X = (1=7) - and y= 7 - (B.1)
(1=7) + 797 T+ A=)

where g = a* /a.
Using the Lagrange multipliers as functions of the welfare weights (see problem

2), I define the domestic transfer function as

T(q) =AMq)x(q) — (1 —¢)] +¢(q)[y(q) — ¢ (B.2)

Due to symmetry, a relative welfare weight equal to unity is an equilibrium welfare
weight. Thus, for multiplicity to arise, is sufficient to show that 97 (q)/9q [,—1 > 0. In

this economy there are three equilibria when
1 1 /¢ 1—¢
- <1-Z(= . B.3
¢ © 2 (v Ti- 7) ©)

Toda and Walsh (2017) derive conditions for multiplicity in this economy using the

aggregate excess demand approach.
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Define the aggregate excess demand of good y as z(p) = y(p) + y*(p) — 1, where
y(p) and y*(p) are the individual demands for good y and p is the relative price of
good y in terms of good x. Thus, for multiplicity to arise, is sufficient to show that
0z(p)/dp [p=1 > 0. In this economy there are three equilibria when

1 1 /e 1—e¢
E<1—§<;+1_7>. (B.4)

Figure 9 shows both approaches for calibrations that satisfy the previous inequality.

Note that both g and p are equal to unity in the middle equilibrium.

Figure 9: Two approaches for multiplicity

(a) Transfer function in the domestic country (b) Excess demand of good y
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Note: The Figure shows two approaches to derive sufficient conditions for multiplicity in
static exchange economies. Note that the x-axis is expressed in logarithmic scale.

B.2 Dynamic Case

Let W(&) be a utilitarian social welfare function in period one defined as a weighted
sum of individual utility functions across countries, and & = {a;}{°, be the vector
of all welfare weights. The social planner chooses allocations {x?, 19, xiﬁ’o, yT’O} for the

bt =1 =1 okt bk t—1 s t—1700 o e
initial old and the sequence {x},y;, x;” ", v, X", v, x”" ¥, }i2, to maximize,
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00 1
W) = ot (48) + 0526 (i) + £ [ 51kt
t=1 s=0

0 1
* %S 9 p%,t *,t *,t
+ thf [Z ,3 ut+s (xtJrs/ytJrs)]
t=1 s=0

subject to the resource constraints,

- byt - by il
Attt = el e et = E, Wt
t t—1 *,t *t—1 _ _ ¢ t—1 *,t #,f—1

Time superscript denotes the period when the generation is born, while the time
subscript denotes the current period. Star superscript denotes the foreign country.”*
Coefficients {a, af } {2, are positive welfare weights for the domestic and foreign con-
sumers, respectively, and they account for the period when a generation is born. En-
dowments are stationary with the same distribution of the static economy. Denoting

by e the endowment of good x and by w the endowment of good y, the endowment

distribution is parametrized by e as follows: ¢! = ¢! = w" = w;"t_l =1-¢ and
et = el = wt = wi™l = ¢,V t. Thus, aggregate endowments for goods x and v,

namely, E; and W;, respectively, are equal to two units.

Individual utilities in the intertemporal setting are,

1-0 1-0
U by (A =)x T YT
t+s (xtJrs']/tJrS) - 1—0

wt 1—0 1-0o

Yaxpts U+ (1 =)y,
1—0

*,t *,t *,t o
ut+s (xt—l—s'yt—l—s) -

Under this specification both the intertemporal elasticity of substitution and the
elasticity of substitution between good x and good y are equal to 1/0.”> Parameters
B and B* are the subjective discount factors and denote the inverse of the time prefer-
ence. B < " means that domestic consumers are relatively more patient than foreign

consumers.

74 For example, x} *=1 denotes the demand for good x in period ¢ of the foreign consumer born in
period t — 1.

75 This simplification corresponds to a CES consumption aggregator with elasticity of substitution
1/0 nested into a isoelastic utility function with an intertemporal substitution equal to 1/¢.
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B.3 Optimality Conditions and Allocations

Let £ be the Lagrangean of the planner’s program in (5) and define A; and ¢; as La-
grange multipliers of the resource constraints of good x and good y, respectively. The

optimality conditions of the planner are,

oL 1 oL 1
— 1—9)° — A =0; — Y ——— A =0 B.5
axi [Xt( 7) (xi)a )\t 0 ax;"t &y (X;k’t)a t ( )
oL 1 oL 1
a1 (1 —)7 — A =0 — B ———— A =0 (B6
ax£,1 &t 1( r)/) ‘B(.X';il)a t ax;"t*l K17 ;B (xf’tfl)‘f t ( )
oL s 1 oL 1
— Y = — P =0; — (1 =) ——— =0 (B.7)
oyt~ ;T "
oL - 1 oL
5 1Y s e =0; — (=7 = — =0 (BS)
ay; ! i) oy (e
Then, we can write the following relationships. Combining (B.5) and (B.6),
7 a0\
xi—]. — ﬁ% (lxtl) x;; x;k,t*l — * 5 ( t;l) x;’(,f (B9)
combining (B.7) and (B.8),
1 . 1
_ 1 (1 \" A1 w1 (& 1\ 1
yi ' =pe (a—> yi yi' =B ( - ) Yi (B.10)
t &y

combining (B.5) and (B.7),

1 1

ot Y af\ 7 4 oy T—79\ (a7 \7

o () (B) fo (2T (2 B.11
W= (i) () = () () e

combining (B.6) and (B.11), and (B.8) and (B.11),

1 1
*,1— v w1 06*— 4 *,1— 1- Y *L 06*— 7
= ()t () e = () (50 e

Using conditions (B.9) to (B.11) into the resource constraints,

1 1 N 1
t 1 fap1\° Y ay\°© Y 1% 1\ A R A T = |

o R —_— [ — o - = — ’ ’ :E
Xy <1+ﬁ ( a > +<1_7> (M) +<1_7>5 < » ) ) e;te te +e

(B.13)
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(B.14)
Then, the allocations of the social planner as functions of welfare weights are,

xiz <at;il) E; _ygz (vcf‘i1>‘7wt
1 N ’ L1 1
()" 8o+ (55) (5)" + 8 (5) (52) ()" +pe+ (57) (5)7 7 (57) (52)

x;+1 = 'B%EIH 1 y;+1 = ﬁ%WtH 1

() et () () 2 () (5)]

for the domestic country, while for the foreign country,

(afxtl)%-i-ﬁ%_i_(%) (%)Lr—i-ﬁ*%y (%) (%)%/

B.4 Transfer Functions

For notation simplicity, define (in bold) the vector of one period consecutive welfare
weights, a; = (a;—1, &, & 1, ;). The set of transfer functions of all the consumers in

the economy takes the form,
To(ar) = M(a) [(ar) ] + ga(ar) [y(a1) -} (B.15)

To (a1) = A (ar) [xf’o(m) - e;fo] + ¢r(a1) [yf’o(al) - w;fﬂ (B.16)

for the initial old in period t =1,

Ti(az, ar) = Aa(m) ¥ (a1) = el | + Aa(a2) [xh(a2) — b

(B.17)
+g1(m) |yi(a) —wl| + ¢2(a2) |yh(az) — )]
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7'1*(612, al) = /\1(611) [x’lk’l(al) — (ZT 1] —+ )\2(&12) [x;k’l(az) — e;’l}

(B.18)
+ ¢1(a1) [E/T’l(ﬂl) - wf'l] + ¢2(a2) [1/5’2(@) —w?l}
for the young consumer in period t = 1, and,
T(arer, ar) = A(ay) [xi(ar) —et] + Apsa(ae) [xpq(ara) — ey (B.19)
+ pe(ar) [yi(ar) — wi] + Pera(arin) [Yiga(ar1) — i)
T*(llt+1, ut) = /\t(ut) [xf’t(at) — €:'t:| + /\t+1(ﬂt+1) [x;kil(atﬂ) — e;‘jfl}
(B.20)

+ gular) [y (an) = i+ pra(ar) [y (ar) — i

for a consumer born in period t > 2.

C. Appendix C

C.1 Planner’s Allocations with Redefined Variables

. o, af ...
Redefine the vector a; = (a;_1, ¢, 27, af) as a; = (1, (X‘Z‘—il, ﬁ, ﬁ) In addition,

. . . ot ot
we define the following new variables: x; = uj‘—tl, ki = =, and q; = lx—ft. Then, the
- t—1

allocations are,

xb = keoEr oyl = Kt%Wt
£t 1 1 17 Jt 1
Kto + B+ (ﬁ) (kFqr-1)” + p*e (%) 97 KT+ B+ (TV) (Kfqi-1)* + B*7 (TA’) g1
¥, = B7Eiia oy = B Wiy
t+1 1 17 Jtl 1 1 _ 1 1/1- 1
k1?40 + (1) () + 8 (1) it ke + B0+ (52) ()" + 50 (52) it
for the domestic country, and,
11
o (%) qthtcrEt o 1- ) qttTKt‘TWt

v
xt B () () (%)qt—ﬁ’yt bt () (a0 () g

(17 )/3 ‘l”it"EtJrl ' (%) 5*‘1”1t%Wt+1

Kt+1% +5% (%) t+lqt +ﬁ* (%) qf%’ o K17 + BT+ 1_77) (K?Hqt)% +ﬁ*% (1_77) qt%

for the foreign country. Because preferences of the initial old are different from the

rest, their allocations (x?, x}"o) and, as a consequence, the allocations of the young in
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the first period (x%, xi"l) do not involve the discount factor (3,8).

C.2 Dynamical System

(x},%¢,qg1—1). The transformed dynamical system defined in (10)-(11) is,

Define V; =
T (Vi,Viz1) =0
- (ig(_Vj))‘Ta [xf(Vt) —(1-¢)] + y’;(fy—;t)‘f [yi(Vt) —¢] 4 )

T* (‘/t/ ‘/t-‘rl) - 0

_ 04l B (1—7)7 o )
N W[ (V1) 8] + (V) [yt () —(1 e)} + 2
& *,t _ w o ) )
Xty (Verr)? [xtH(VtH) g} * Yt (Vigr)? [ytﬂ(vfﬂ) (1 8)}
and,
qt = K_t‘h 1 (C3)

In addition, we can define the system of (C.1), (C.2), and (C.3),

T (‘/f/ ‘/H—l)

F(Vi Vier) = | T (Vi, Vi) | =0, Vt>2 (C4)

qt — —Qt 1

This is (12) in the main text. Lastly, the initial conditions of this economy are,

To (V1) =0

- %{VY)): [0 -0 + ot [hm) ¢ ©9
Te (Vi) =0

- o] - S o]
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(1—7) ol
= W M) —(-9) + A i) —¢| + €7
(1-7)8 7B
T (B0 = (1=9)] & s () —¢

Ti"(V1,V2) =0

:ML[xi’l(Vl)—s}+M[ﬁ’l("1)_(l_€)]+

()7 vy (n)7 (C8)
’YU.B* *,1 V) — + (1 _’)’)U * *,1 V) — (1 —
e ) =] S ) - - )
M- %% =0 (C9)

Note that the allocations in (C.7) and (C.8) are different from the ones in equations
(C.1) and (C.2). This is because the planner’s allocation to the young in period one

depends on the preferences of the initial old, which are different from the rest.
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D. Appendix D

D.1 Optimality Conditions and Allocations

Let W(&) be a utilitarian social welfare function in period one defined as a weighted
sum of individual utility functions across countries, and & = {a;}{°, be the vector
of all welfare weights. The social planner chooses allocations {xJ,1?, xik’o, yT’O} for the

t b =1 =1 _xt _xt _xt—1 _xft—17c0 ..
initial old and the sequence {x},y;, x;” ", v, X", v, x" ",y }io, to maximize,

%) 1
W(&) = ag Uy <x9,y(1)) + ay Uy (x?ory?o> + Xt [Z B’ utt+5 (x§+5’y§+5)
t=1 s=0

1

> Fs gt ¥
+ Z[X? [2 IB*S Z/{zf*—i—s (x;<+s'y:<+s)]

t=1 s=0
where,
P 1 Tq t-1P o 1 T4 1P
r_ t Pi, t—1 _ t—1Fi, r_ t Pi, t—1 _ t—1Fi
=11 % X% =11%: +» Y= I—_[yi,t roY = Hyi,t

i1 i1 i1 i=1
FOT Lt Fo1 T s f—10 F T atfi 21 T b 1Pi
x,t *,10i *f—1 *,t—1Pi x,t *,10i $,t—1 *,t—1Pi

Xy = Hxi,t ;X = Hxi,t Yo = Hyi,t Y = H%’,t
i=1 i=1 i=1 i=1

subject to the resource constraints,
1 t -1 _ T
— * * F— .
xp4x A x a = [Ei =E, Yt
i=1

n
vity 4 yf'til =W’ =W, Vt
i=1

and,

t t—1 *,t xt—1 _ t—1 *,t xt=1 _ .
Xpp X Fx XL =e e ey +ey  =Ey, Vit

~1 PR = -1 %t -1 _ :
yzt',t + J/E,t + y;ﬁ,t TV = wzt',t + wzt‘,t twp + wi*,t = Wiy, Vit
Let £ be the Lagrangean of the planner’s program and define A; and ®; as La-

grange multipliers of the resource constraints of good x and good y, respectively. The

optimality conditions of the planner are,

aﬁ'lxt(l—ﬂg ! — A =0; oL apy L

oL oL ~A=0 (D1
ox| () ox}" f (B
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a£ o 1 aﬁ * g Qx*x 1
ax’ig_l ﬂét_l(l - ,Y) :B( i_l)a At 0/ 3 ;kt—l dp 1Y IB (x:,t_l)a - At =0
(D.2)
oL 1 oL N 1
F:“WU v = 0; —7 af (1—)° *tU—CIDt—O (D.3)
Yt (vt) ay,;’ (v:")
oL v oL 1
— 1Y B D =0; . af 1(1—)"B" . =0
af‘l (::1)0- ayttl (ttl
(D.4)
Then, we can write the following relationships. Combining (D.1) and (D.2)
1 " 1
o o
_ [3 <0¢t 1) xi, x;k,t—l — ﬁ*% ( ;*1) x;k,i' (DS)
t
combining (D.3) and (D.4),
1 o 1
— 1 a1 \7 * w1 (% 1\ «
vt =pr (;—1) v oy = ( t*1> v (D.6)
t Ky

1 1
0t Y “_f 7 st (1= “_;k 7
() (@) e-(F)E) e e

combining (D.2) and (D.7), and (D.4) and (D.7),

1 1
_ 1 /af \© 1— 1) \©
= () () s w = () e () v o)

Using conditions (D.5) to (D.7) into the resource constraints,

<1+/3 (“;tl)l + (&) (i—i)l - (ﬁ) Bt (“;_—tl)l> =E (DY)
(o () () )+ (5 () ) o o

where E; = [ E;/’ and W; = [T;_; W;;*i. Then, the allocations of the social
planner as functions of welfare weights are,
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() ot ) () () ()

1
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for the domestic country, while for the foreign country,

() w0 () () <0 () ()

L3

Recall that the previous allocations are in terms of aggregate bundles. To obtain

the demand for each good, we compute the following first-order conditions with A;;

and ¢; ; representing the resource constraint of the i = {1

, .y N} good.
oL 1 oL 1 %
= (=) i = A — a4 =\ (D11
axit Dét( r)’) (xg)apl xt 1,t axi*f oty ( ) pl Z*tt 1,t ( )
oL 1 xf 1 oL 1 x*f !
o 1(1—7)7 L — Ay —:oc*f 7B* £ = \;
y (D.12)
oL 1 oL . 1 yt
S Y i = P —g (=) —=pit g = ¢ir (D13
ayf,t (3/) nyt v ayi,}t (v He l ltt l
9L U 1 yl‘ L * o 1 y;(t !
— a1 P Pi =¢i; —: 4 1 (1-7)"B" — Pi— 7= = Pit
ay;t 1 (yt ) lyltt 1 1 ayi’;}t 1 (yt = 1) T t—1 1

it

(D.14)
To find the allocations for each good we follow the same procedure as before, but

exploiting the first-order conditions in terms of the aggregators (D.5-D.8). Then, using
conditions (D.11-D.14), (D.5-D.8), into the resource constraints

(108 () + () () () (5

1—9

1 | 1 (D.15)
e (5) (5 () - (5 (5))

” x _wzt+wzt +w1t+wz*tt !
t

(D.16)
Then, the allocations of the social planner as functions of welfare weights are
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for the domestic country, while for the foreign country,

1 1 1 1
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From the point of view of the planner, the allocations of goods are divided in the
same way as the allocations of aggregated bundles. This is because the aggregator

function is the same in every country for both x and y.

D.2 Transfer Functions with n-goods

For simplicity I express first the transfer functions of the domestic agent born in period
t > 2 with n goods, then I define the rest of the transfer functions of the economy.
For notation simplicity, define (in bold) the vector of one period consecutive welfare

weights, a; = (a¢_1, ar, ] 1, &f)

T(arr,a0) =Y Aig(ar) [xf(ar) —efy] + Aipga(arn) [xF 4 (a1) — ey
= (D.17)

+ pie(ar) [viy(ar) —w,] + dipa(aa) (Vi (a) — wh 4]

From the first-order conditions, we can define:

Afx
A tez t plxt teztt (D-18)
it
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Then,

Agxt
Z/\ltelt— sz et (D.19)

_ ¢ Oi ¢
= Aixi Z it
i=1 ""it
t

—AtEtZPzEt

t
€t

Additionally, 1" ; A, ¢x! = = A¢x!. Then, the transfer function of the domestic agent

can be expressed as,

T (a1, a) = Arar) [xi(ar) —et] + Apa(ana) [ (ar) — ef ]

+ @ (ar) [yi(ar) — wi] + Prpa(a) [Vigq (are1) — whyq]

(D.20)

where w} and w} , are defined similarly to ef, and A; and ®; represents the price
of the aggregate bundles, E; and W, respectively. Notice how e! is defined from ex-
pression (D.20). Wealth of the domestic agent, )i ; )\,-,txflt, is defined as a weighted
average of the value of the aggregate bundle, A;E;, where the weight of each individ-
ual endowment depends on i) the share of the individual endowment of good i on the
aggregate endowment, ¢; v El ., and the share of good i, p;, on the aggregate bundle,
E; =TT, Ei .

Under these definitions, the set of transfer functions of all the consumers in the

economy takes the form,
To(m) = A(a) [3(a) = ef] + @1(ar) [y)(ar) — ] (D.21)

To (a1) = Aq(ar) [xf'o(ul) —e}"o} + ®q(aq) [yf’o(a ) — wy’ O] (D.22)

for the initial old in period t = 1,

Ti(az, a1) = A1(a1) [x%(ﬂl) —eﬂ + Ag(az) [x%(az) —eé]

+ @1 (a1) [y%(ul) —wﬂ + ®z(a2) []/%(@) —wé]
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7'1*(112, al) = A(al) [xi"l(ul) — 6?1} + Az(az) [x;l(az) — ez’l}

(D.24)
+ @1 (ar) [y (a) —w' | + @aa2) [y57(a2) — wy
for the young consumer in period t = 1, and,
T (are1, ar) = Ae(ar) [xi(ar) —ef] + Appa(arir) [xhq (ar) — efiq] (D.25)
+ @(ar) [yi(ar) —wi] + Pri1(ari1) [Yiag(ari1) — Wiy
* *,t *, 1 *,t *,t
T (avsn,a0) = Arar) [ (ar) = €| + Avsa(arn) |37 (ap) = e D26

+ @i(ar) [y (ar) = W} | + @ria(arsa) [y (@) — )t
for a consumer born in period t > 2.

Equipped with the transfer functions, the dynamical system follows the same pro-

cedure as in C.2.
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E. Appendix E

E.1 Additional Figures: Experiment One

Figure 10 shows that consumption of both goods when young decrease on impact in
the foreign economy. The negative supply improves the terms of trade for the domes-
tic economy, which makes the foreign consumers less wealthy. In addition, because
of the reduction in the aggregate endowment, consumption is affected in both coun-
tries. Notice that the upper and the lower panel represent consumption by the same
consumer but in different time periods. Because old agents on the foreign economy
face more favorable terms of trade in period two, their consumption goes up in period

three (marked with the dotted line in Figure 10).

Figure 10: Foreign consumption
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Note: The figure shows the foreign consumption allocations of the young and the old born in
period t for goods x and y. The vertical dashed line identifies the period when the fundamental
shock materializes. The upper panel plots the consumption allocations for the young, x**
and y;"'. The two upper lines in that graph represent y;"". The dotted (green) line shows the
transition to the upper (green, solid) steady state. The solid (blue) line shows the transition
to the lower (circle, blue) steady state. The two lower lines in that graph represent x;k + The
transition follows the same description. The lower panel plots the consumption allocations for
the old in t + 1, born in period ¢, i.e., x:‘il and y;‘il. The description of the two upper lines, the
two lower lines, and the transition to the steady state follow the same description as before.
Notice that the upper and the lower panel represent consumption by the same consumer but
in different time periods. As a clarification, in a given period t, total foreign consumption of

good x corresponds to x4 ¥,
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E.2 Additional Figures: Experiment Two

Figure 11 and 12 show the dynamics of the relative welfare weight, g;, and the rates of

growth of welfare weights, x; and x; in the second experiment.

Figure 11: Relative Welfare Weights
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Note: The figure plots the the relative welfare weight, g;. The vertical dashed line identifies the
period when the fundamental shock materializes. The dotted (green) line shows the transition
to the lower (green, solid circle) steady state after the second belief shock. The solid (blue) line
shows the transition to the lower (blue, circle) steady state.
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Figure 12: Rates of Growth of Welfare Weights
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Note: The figure plots the rates of growth of welfare weights, x; and ;. The vertical dashed
line identifies the period when the fundamental shock materializes. The solid and dotted
(green) lines shows the transition to the lower (green, solid circle) steady state after the sec-
ond belief shock. The solid and dot-dashed (blue) line shows the transition to the lower (blue,
circle) steady state. Notice x* and «x are equal in each steady state (see equation (11)).

Figure 13 shows the consumption levels of both goods when young and old for the
domestic economy. After a reduction and a recovery in consumption due to the fun-
damental shock, the economy slowly converges back to the original steady state. As
the intervention is quickly, consumption dynamics after the announcement are almost
identical to ones that would have materialized in the absence of the first belief shock
(i.e., only in the presence of the endowment shock). Figure 14 show the consumption

dynamics in experiment two for the foreign economy.
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Figure 13: Domestic consumption
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Note: The figure shows the domestic consumption allocations of the young and the old born in
period t for goods x and y. The vertical dashed line identifies the period when the fundamental
shock materializes. The upper panel plots the consumption allocations for the young, x! and
yt. The two upper lines in that graph represent x!. The dotted (green) line shows the transition
to the lower (green, solid circle) steady state after the second belief shock. The solid (blue)
line shows the transition to the lower (blue, circle) steady state. The two lower lines in that
graph represent yi. The transition follows the same description. The lower panel plots the
consumption allocations for the old in ¢ 4 1, born in period ¢, i.e., ¥ ; and y} ;. The description
of the two upper lines, the two lower lines, and the transition to the steady state follow the
same description as before. Notice that the upper and the lower panel represent consumption
by the same consumer but in different time periods. As a clarification, in a given period ¢, total
domestic consumption of good x corresponds to x/ ™! + xf.

Figure 15 show a similar transition after the announcement takes place, with a
small deterioration of the current account followed by a reversal in the equilibrium

path where the public announcement materialized.
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Figure 14: Foreign consumption
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Note: The figure shows the foreign consumption allocations of the young and the old born in
period f for goods x and y. The vertical dashed line identifies the period when the fundamental
shock materializes. The upper panel plots the consumption allocations for the young, x;”*
and y;"*. The two upper lines in that graph represent y;"". The dotted (green) line shows the
transition to the lower (green, solid circle) steady state after the second belief shock. The solid
(blue) line shows the transition to the lower (blue, circle) steady state. The two lower lines
in that graph represent x;”'. The transition follows the same description. The lower panel
plots the consumption allocations for the old in ¢ + 1, born in period ¢, i.e., xfjl and y;’fl. The
description of the two upper lines, the two lower lines, and the transition to the steady state
follow the same description as before. Notice that the upper and the lower panel represent
consumption by the same consumer but in different time periods. As a clarification, in a given

period t, total foreign consumption of good x corresponds to x;" ! + x7.
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Figure 15: Domestic Current Account
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Note: The figure plots the domestic current account, CA;. The vertical dashed line identifies
the period when the fundamental shock materializes. The solid and dotted (green) lines shows
the transition to the lower (green, solid circle) steady state after the second belief shock. The
solid and dot-dashed (blue) line shows the transition to the lower (blue, circle) steady state.
CA; > 0 means a surplus. Notice that the definition of the current account involves consumers
born in different periods (see equation 19).
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