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Abstract

We present novel, robust methods for inference on market (non-)efficiency, volatility cluster-
ing, and nonlinear dependence in financial return series. In contrast to existing methodology,
our proposed methods are robust against well-known non-linear dynamics and tail-heaviness
of returns. The methods are easy to implement and performs well in realistic settings. We
revisit a recent study by Baltussen et al. (2019, Journal of Financial Economics, vol. 132,
pp. 26-48) on autocorrelation in major stock indexes. Using our robust methods, we docu-
ment that the evidence of presence of negative autocorrelation is weaker, compared to the

conclusions of the original study.
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1 Introduction

Many studies argue that time series of financial returns, R;, and other key economic and

financial variables and indicators like foreign exchange rates exhibit several common statis-

tical properties, often referred to as stylized facts; see e.g. |Campbell et al| (1997, Ch. 2),
|Cont| (2001)), [Taylor| (2008, Ch. 1-2), (2010, Ch. 1-3), [Christoffersen| (2012 Ch. 1),

[McNeil et al| (2015 Ch. 3), and references therein. The following three properties are the

most important stylized facts that much of the empirical literature agrees upon, together
with the standard mean-zero property, E(R;) = 0, implying the absence of systematic gains

or losses:

(i) Absence of linear dependence and linear autocorrelations: Corr(R;, R;—p) ~ 0, even for

small lags h = 1,2, ...

(ii) The presence of nonlinear dependence and volatility clustering, captured by significant
positive autocorrelation in simple nonlinear functions of the returns and different mea-
sures of volatility, such as squared returns: Corr(RZ, R? ,) >> 0, even for large lags

h > 0.

(iii) Heavy tails: The (unconditional) returns distributions exhibit heavy power-law tails,

lim, 400 2 P(|R¢| > x) = C, with a constant C' > 0 and the tail index ¢ > 0.

Note that property is often cited as support for the market efficiency hypothesis (see,
among others, , , and references therein). A standard way of testing properties
for a given sample (R;);—1. 7 is to compute the sample counterparts of the correla-
tions and rely on limiting Gaussian distributions of these (suitably scaled and standardized)

statistics together with some “robust” (heteroskedasticity and autocorrelation consistent,

HAC-type) estimates of their asymptotic variances; see, e.g., [Baltussen et al| (2019) for a

recent application in the analysis of linear autocorrelations in returns on major world stock

indices. Such approaches may not be reliable under heavy-tailedness and nonlinear depen-



dence (see, e.g.,|Granger and Orr}, {1972} [Davis and Mikosch| [1998] [Mikosch and Starica), {2000}

Sec. 5.3 in[Cont], 2001} Sec. 3.3.3 in[[bragimov et al] [2015] and references therein). Properties

are commonly modelled using the much celebrated class of GARCH-type processes.
Depending on the tail index (, characterizing the degree of heavy-tailedness in property
of a given (GARCH-type) process, the correlations may not be defined and/or the sample
correlations may have limiting distributions given by functions of multivariate non-Gaussian
stable distributions, or may be inconsistent. For instance, Corr(R;, R;_5) (Corr(R?, RZ ,))
is defined only if > 2 (¢ > 4), and asymptotic normality of the sample counterpart requires
that ¢ > 4 (¢ > 8). The latter condition is hardly justified empirically, as it is typically

found that ¢ € (2,4) for financial returns in developed markets, whereas emerging markets’

returns may even have ¢ < 2 and, hence, infinite variances (e.g., [Loretan and Phillips| {1994}

[Cont], 2001} Sec. 1.2 and 3.2 in [[bragimov et al] 2015 and references therein). Note that

the applicability of HAC inference approaches typically relies on moments of even higher
order to be finite. Moreover, HAC-based inference methods often have poor finite sample

properties, even in rather standard inference problems, especially with data with pronounced

dependence and heterogeneity; see, among others, [Andrews| (1991)), |Andrews and Monahan|

(1992)), |[den Haan and Levin| (1997)), and [Ibragimov and Miiller| (2010f) [IM (2010), hence-

forth].

In this paper, we present new robust approaches for dealing with the issue of heavy tails in
testing for (non-)efficiency, volatility clustering and nonlinear dependence in financial return
series. We exploit the property that if R; has power-law tails with the index ¢ > 0, as
in , then for any p > 0, |R;|? has the tail index (/p. This suggests that, even under
pronounced heavy tails, correlations are well-defined and Gaussian limiting distributions for
sample correlations can be obtained under suitable power transformations of the original
return time series. Specifically, as a natural analogue to nonlinear dependence property ,

we consider the property



(ii") Corr(|R¢[P, |Ri—n|?) >> 0, even for large lags h > 0 for some p > 0.

Under heavy-tailedness property , the correlations in are well-defined whenever 2p <
¢, and, as is shown in this paper, under general conditions, asymptotic normality of the

corresponding sample correlations holds if 4p < (.

We further propose the correlations Corr(Ry, |Ri—p|*sign(Ri—p)), s > 0, of ‘signed’ powers of
absolute returns as measures of market (non-)efficiency. Similar to the power transformations
in , these measures lead to formulation of natural analogues of property |(i)| under heavy-

tailed and conditionally heteroskedastic time series:
(i) Corr(Ry, |Ri—n|*sign(R;_p)) = 0, even for small lags h = 1,2, ... for some s > 0.

Similar to property , the correlations in are well-defined for ¢ > 2max(1,s), and,
under suitable conditions, asymptotic normality of the corresponding sample correlations

holds if ¢ > 2(1 + s).

To the best of our knowledge, property for powers of absolute returns was originally

considered by |[Ding et al| (1993]) in relation to detecting long-memory in returns. The

purpose of power transformations in the present manuscript is different in the sense that
power transformations of returns serve as a necessary step for making the corresponding
correlations well-defined and for carrying out reliable inference in the presence of heavy-

tailedness and conditional heteroskedasticity in returns.

The main contribution of this paper is the development of robust approaches to inference
on measures of market (non-)efficiency, nonlinear dependence, and volatility clustering, such
as the correlations in and . Firstly, we establish asymptotic normality of sample
auto(cross)correlations of arbitrary transformations of a time series under general mixing
conditions for the data-generating process (DGP). Further, in order to avoid (HAC-based)
estimation of limiting variances of the statistics, we propose robust t—statistic inference

approaches in the spirit of IM (2010, [2016)), and prove their asymptotic validity for gen-



eral classes of DGPs, including GARCH-type time series. A similar approach was recently

considered in [Pedersen| (2020]) in relation to inference about an autoregressive coefficient in

linear autoregressive models in the presence of heavy-tailed symmetric GARCH-type errors.
In contrast, the robust inference approaches proposed in this paper do not impose any sym-
metry restriction on the DGPs. This is a desirable feature, as it quite is common for financial

time series to have skewed marginal distributions (gain/loss asymmetry) as well as leverage

effects (e.g., |Contl [2001)).

We provide a numerical analysis that demonstrates appealing finite sample properties of

the robust t—statistic inference approaches. Lastly, we revisit the aforementioned study

by [Baltussen et al| (2019) and illustrate the applicability of the approaches in relation to

inference on properties andin major stock market indices. Importantly, we document
that all the associated return series are likely to have tail indices ( < 4, i.e. infinite fourth
moments. Moreover, when applying our robust approaches, taking into account return heavy-

tailedness, we find weak evidence of negative serial dependence in returns, in contrast to the

conclusions made by [Baltussen et al.| (2019)).

The t—statistic approaches to robust inference in IM (2010} [2016)) and those proposed in

this paper complement and are related to inference approaches based on self-normalization

(see the review in [de la Pena et alf [2009] [Shao], 2015} Remark and references therein)

and fixed-smoothing (fixed-b) heteroskedasticity and autocorrelation robust (HAR) methods

that do not rely on consistency of limiting variance estimators and use nonstandard “fixed-b”

asymptotics or Student-t or F' distributional approximations (see [Kiefer et al., 2000} [Kiefer|

land Vogelsang) [2002] {2005} [Jansson} [2004], [Miiller|, 2007}, 2014} [Sun et al.| 2008} [Sun} [2013],

20144 20144 [Lazarus et al] 2018} [Lazarus et al] 2021} and Remark [2.6]in this paper).

The paper is organized as follows. Section [2] introduces and discusses measures of serial
and nonlinear dependence based on autocorrelations of powers of absolute returns, and

provides asymptotic theory for estimators of these measures. We further propose robust



t—statistic approaches for reliable inference on the measures, and show that the approaches
are asymptotically valid under general conditions. Section |3| investigates the finite-sample
properties of the inference methods. Section 4| provides an empirical illustration of the
inference methods. Section [5| concludes and discusses suggestions for future research. Proofs

and additional simulation results can be found in the Online Appendix.

2 Inference on measures of market (non-)efficiency, non-

linear dependence and volatility clustering

2.1 Autocovariances and -correlations for transformed returns

The results in this paper hold for a wide class of stationary time series processes that satisfy
mixing and moment conditions stated below. (Throughout, “stationarity” refers to the no-

tion of strict stationarity.) This includes heavy-tailed GARCH(p, ¢) time series, generalized

GARCH processes (e.g., [Pedersen| [2020)), and heavy-tailed stochastic volatility processes

(e.g., [Davis and Mikoschl [2001]), among others. To present the main ideas, we focus on the

GARCH(1,1) process as an ongoing example.

Let Z={...,—2,—1,0,1,2,...}. A GARCH(1, 1) process, (R;)cz, is given by
Ry =074, t € Z, (1)

where (Z;)iez is a sequence of i.i.d. random variables (r.v.’s) with mean zero and unit

variance, E(Z;) = 0 and Var(Z;) = 1, and (0});ez is a conditional volatility process,

ol =w+aR | +Bol,, w>0, afB>0. (2)

As is well-known, the process in (I)-(2) has a stationary and ergodic version if and only

if Ellog(aZ} + )] < 0 (eg., 1990)). In addition, under mild conditions on the

distribution of Z;, e.g., if it has a Lebesgue density, the GARCH process is S-mixing with



geometric rate; e.g., [Francq and Zakoian| (2006, Thm. 3). This implies that the process

is also a-mixing with geometric rate (see, e.g., [Rio] 2017} for additional details on mixing

processes). Under, essentially, the conditions listed above, the stationary solution to —

satisfies Kesten’s theorem (e.g., [Mikosch and Starical, [2000)). Specifically, the unconditional

distribution of R; has power-law tails as in with the tail index ¢ > 0 given by the unique

positive solution to the equation
El(aZ; +5)**] = 1. (3)

For instance, ¢ € (2,4) if 1 — (kz — 1)a? < (a + 38)? < 1, where k7 = E[Z}].

Given a stationary process, (R;)icz, we consider the following population autocovariance
and autocorrelation functions of order h for measuring nonlinear dependence and volatility
clustering in the process. We emphasize that the measures are non-zero if the process is

conditionally heteroskedastic. For p > 0 and E[|R;|*!] < oo, let

V\Rlp(h) = Cov(|R:|?, |Ri—n|"), h=0,1,..., (4)
»(h

P\Rlp<h) = Corr(|Ref?, |Re—n|?) = M, h=1,2... (5)
Vrp(0)

To quantify the degree of efficiency, i.e. if R; is predictable with respect to its lagged values,

we define, for s > 0 and E[|R;|'**] < oo,
Vr|Rissign(r) () = Cov(Ry, |Rep|*sign(R;—p)), h=0,1,..., (6)

and for max{F|[|R:|**], E[|R;|*]} < oo, denote

. 7/ Ssign (h’)
Pt riesign(ry () = Cort(Ry, | Ry_p|*sign(Ry_p)) = —mar gt h=1,2,..., (7)

VR (0)Rpssign(r) (0)

where 75 (0) = Var(R;) and 7|gjssign(r)(0) = Var(|R|*sign(R)).

Example 2.1 As indicated in the introduction, in the presence of heavy tails, e.g., when



(R¢)iez follows a GARCH(1,1) process with the tail index ¢ > 0, the quantities in (4)) and
are defined if ( > 2p. Likewise, the covariances in @ are defined if ( > 1+ s, and the
correlations in (7)) are defined if ¢ > 2max{1, s}.

Remark 2.1 For s =1, @ and are identical to the usual linear autocovariances and
autocorrelations, respectively. For s # 1, @ and are also able to detect market (non-
Jefficiency. In particular, if (Ri)icz is a martingale difference sequence, e.g. if it is a
GARCH process, the quantities in @ and are equal to zero, exactly like the usual linear

autocovariances and autocorrelations.

In the next section, we consider estimation of the dependence measures and provide large

sample theory for their estimators.

2.2 Limit theory for sample dependence measures

Let (R¢)s=1,..r be a sample of observations. Denote by jig, firp and [ijrjssign(r), respectively,

the sample means of Ry, |R;|P, and |R;|*sign(R;), for p,s > 0, i.e.

T T T
. 1 . 1 . 1 <.
MR = T E Ry, [yrp = T E |Rel”,  [yRjssign(r) = T E | Ry|*sign(Ry). (8)
t=1 t=1 t=1

The sample versions of and are given, respectively, by

() = = 37 (R = )1 Becal” = i), )
t=h+1

. _ Yrp(h)

pirpr(h) = —’3/|R|p 0) (10)

Likewise, the sample versions of @ and are

T

. 1 A . .

Y' R, Rjssign(r) () = T Z (R — fir) (| Re—n|°sign(Re—n) — 1| r)ssign(R)) (11)
t=ht1

7’R,|R\85ign(R)(h)

= A0 (0) (12)

p/R,|R|Ssign(R) (h)

where Yz(0) and ¥ gssign(r)(0) denote the sample variances of R, and |R,|*sign(R;) defined

in the usual way similar to §ig»(0) in (9).



The following Lemmas 2.1] and [2.2] provide a basis for asymptotic inference on the properties
and respectively. The lemmas follow from the general results in the Online Ap-
pendix for sample autocovariances and autocorrelations of arbitrary functions of a-mixing

processes.

Lemma 2.1 Let (R;)iez be a stationary a-mizing process. For p > 0, assume that there
exists a value § > 0 such that E[|R;|**°] < oo, and such that the mizing coefficients a(n)

satisfy oo a(n)® ) < oo, Then, with 4w (h) and pirp(h) defined in ([9) and (10),
respectively, for a fixed integer m, one has

VT (g (h) = e (7)) hzo,1,om —vd (Ghp)h=o,...m» (13)

\/T(ﬁuﬂp(h) - ,0|R\P(h))h:1 ..... m ~7d (Hh,p)hzl,...,m> (14)

where the limits are multivariate Gaussian with mean zero.

Lemma 2.2 Let (R;)iez be a stationary a-mizing process. For s > 0, assume that there
exists a value § > 0 such that E[|R,|>1+) +5] < 00, and such that the mim’ng coefficients c(n)

satisfy > o0, a(n)® ) < oo. Then, with ’YR\RPSlgn y(h) defined in (1)), one has
\/TWA'R,\Rwsign(R)(h) — ' Ry Rpsign(r) (P))h=01,...m —>a (G}, s )n=0.1,...m; (15)
where (Glh,s)h:O,l,...,m 18 multivariate Gaussian with mean zero.
If 7’R7|R|Ssign(R)(h))h:Lm,m =(0,...,0), with o R|R|*sign(R ( ) defined in , one has
VT (0 gy riesientry (B h=t,oim —+d (FR(0)VRjssign() (0) /2 Gl Jn—t,...m- (16)
If max{ E[|R;|**°], E| R;|**"°]} < oo, then
ﬁ(pA/RJRPsign(R) (h) - p;%,|R\Ssign(R) (h))h:17~~7m —d (H;L,S)hzla“wm’ (17)
where (H}’l,s)hzlwm 18 multivariate Gaussian with mean zero.

In Lemma the moment conditions for asymptotic normality of sample covariances in (|15
are weaker than those of sample correlations in ((17). The reason is that asymptotic normality

of sample correlations relies on joint asymptotic normality of sample covariances and vari-

10



ances of R; and |Ry|*sign(R;), if the true correlations are non-zero. If the true correlations
are zero, as in , the convergence of the sample correlations only relies on asymptotic
normality of the sample covariances and consistency of the sample variances, which in turn

requires the same moment conditions as for convergence of sample covariances.

Example 2.2 As discussed in Section under suitable conditions, GARCH(1,1) pro-
cesses are a-mixing with geometric decay, and hence satisfy the conditions on the mizing
coefficients in Lemmas[2.1 and 2.3 In particular, Lemma[2.1] holds if the tail index ¢ > 4p.
Whenever ¢ > 2(1 + s), the normal asymptotics in and (16) hold for the GARCH(1,
1) processes. If the moment conditions in Lemmas cmd are not satisfied, the rates of
convergence of the sample covariances and correlations are slower than /T and the limits
are given by functions of r.v.’s with non-Gaussian (in general, asymmetric) stable distri-

butions. Importantly, the rates of convergence and the limiting distributions depend on the

(unknown) tail index ¢ and the powers p and s. E.g., from the results in|Davis and Mikosch|
and |Mikosch and Staricd (2000]) (see also|Davis and Mikosch), |2009) it follows that,
in the case p =1 and ¢ € (2,4), T""2/*(3r|(h) —r|(h)) has an infinite variance asymmetric

stable limiting distribution with the index of stability given by (/2. A similar result applies
to T'2/¢(3g2(h) — yrp2(h)) when ¢ € (4,8), where the index of stability of the limiting
asymmetric stable distribution is (/4. Moreover, for the cases {p =1 and ¢ € (0,2)} and
{p =2 and ¢ € (0,4)}, Y rpr(h) is inconsistent and has a non-Gaussian asymmetric sta-
ble limit. As the rate of convergence and the limiting distributions depend on the unknown
value of the tail index, C, the results on convergence of full-sample covariance and correlation
estimators are not directly applicable in terms of hypothesis testing and other inference prob-
lems. However, as discussed in Remark[2.3 and Ezample below, the stable limit theory
may be used (under suitable conditions) in inference using the robust t-statistic approaches

considered in the next section.

The formulas for the covariance matrices of the limiting Gaussian variables in Lemmas
and are provided in the Online Appendix for the case of covariances and correlations,
Cov(f(Ry),g9(Ri—p)) and Corr(f(Ry;),g(Ri—p)), for general functions f and g. The asymp-
totic covariance matrices have a complicated structure: For instance, for the case of ,
the asymptotic covariance matrix depends on autocovariances of any order of the time series
of the products (|R;|?|Ri—pn|?)n=o.,..m- Under suitable conditions, including more restrictive

moment conditions, the limiting covariance matrices may be estimated by HAC-type esti-

11



mators, as discussed in the introduction. For instance, following [Newey and West| (1987,

Theorem 2), one has to assume that E[|R;|??*+9] < oo for some € > 0 for Newey-West-type
standard errors to be applicable. Such conditions are restrictive for financial applications
as, e.g., letting p = 1 requires that R, has finite eighth-order moments, i.e., ( > 8 in terms
of the tail index (see also Remark on self-normalization and HAR approaches to time
series inference that typically may be used under more relaxed moment conditions as com-
pared to HAC). Importantly, HAC-based inference methods often have poor finite sample
properties, even in rather standard inference problems; see the discussion and references in

the introduction.

In the next section, we propose robust approaches to inference on covariances and correlations
of the form — using t—statistics in estimates of these quantities computed over groups
of time series observations. The main advantage of these approaches is that no estimation
of limiting covariance matrices is needed. We establish asymptotic validity of the robust
inference approaches by relying on the large-sample results in Lemmas and and new

results on asymptotic independence of the group-based estimators.

2.3 Robust inference on market (non-)efficiency, volatility clus-

tering and nonlinear dependence

Following IM (2010, 2016), we consider robust t—statistic inference on a parameter [ of a gen-
eral stationary process (R;);cz. In the following, the parameter J of interest may be the pop-
ulation covariance 5 = igp(h), Vg |gjssign(r) (1) Or correlation 5 = pirip(h), P | rssign(ry (1)-
Let (R¢)i=1,..7 be a sample of observations. Consider a partition of the sample into a fixed
number ¢ > 2 of (approximately) equal sized groups of consecutive observations, i.e. the
observations in group j = 1,..., ¢ have time indexes (j — 1)|T/q] <t < j|T/q], where |z|
is the integer part of x € R. The robust t—statistic inference on 3 is conducted using its

group estimators, (Bj)jzl,_._7q, given by the sample covariances/correlations in - based

12



on the observations in group 7, e.g., Bj may equal

1 ilT/4l
Vi ime () = 741 > ([Rel” = figrp ) (| Re—nl” — f1jrpe), (18)
D e n)11/g)+h1
or
) ' iT/a)
'} |Rjssign(r) (h) = T/d] Z (Re — f1,r) (| Re—n|*sign(Ri—n) — f1jR)sign(r)), (19)

t=(j—1)|T/q)+h+1

where fi;r» is the group-based version of fijgp in based on the observations in group j,

and similar for fi; r and [i;|g|ssign(R)-

Suppose that one seeks to test the null hypothesis Hy : § = [y, e.g. that the covariance

%%JR\Ssign(R)(h) = 0, against the two-sided alternative H, : 8 # [y. Let tsz denote the

N

t-statistic in the group estimators, (5;);=1,.. 4, i.€.

ts =4 ) (20)

~

with E =q 'Y, Bj and 5% =(qg—1)"" gzl(Bj — 3)2. The robust t-statistic approaches
rely on rejecting the null hypothesis Hy in favor of the two-sided alternative H, at level
& < 0.083..., if the absolute value of the t—statistic, |t5|, exceeds the (1 — &/2) quantile of

a Student’s t-distribution with ¢ — 1 degrees of freedom. The test of Hy against H, at level

a < 0.1 is conducted in the same way if 2 < ¢ < 14. Using the results in |[Bakirov and Székely]|

(2005]) and IM (2010), one can further calculate the p—values of the above t—statistic robust
tests in the case of an arbitrary number g of groups thus enabling conducting t—statistic

robust tests of an arbitrary level (see Theorem below and the empirical applications in
Section .

According to Theorem below, the t-statistic approaches to inference on properties
and are asymptotically valid and have asymptotically correct size. The theorem follows

from, firstly, asymptotic normality and asymptotic independence of the group estimators

13



(Bj)jzl,,_yq, implied by Lemmas and in the previous section and Lemma below,

and, secondly, a small sample result on the conservativeness property of the t-statistic in

heterogeneous normal r.v.’s originally proved by [Bakirov and Székely| (2005)); see also IM

(2010, Thm. 1).

As discussed in IM (2010), asymptotic validity of the robust t—statistic approaches further

implies that the confidence intervals
B Ecvsg, (21)

where cv is the usual (1 + C)/2 x 100 percentile of the Student-t distribution with ¢ — 1
degrees of freedom, have asymptotic coverage of at least C' for all C' > 0.917 . ... Further, for
2 < q < 14, confidence intervals with cv being the usual 95% percentile of the Student-¢
distribution with ¢ — 1 degrees of freedom, have asymptotic coverage of at least 0.9.

A

According to the following lemma, the group estimators, (3;),;=1,. 4, are asymptotically in-

dependent under the assumptions in Lemmas [2.1] and

Lemma 2.3 Suppose that (Ry)icz is stationary and B-mizing. Under the assumptions of

Lemma the centered and scaled group sample covariances \/W(%\mp(h) — Yrpr(h))
and \/W(’?j7‘]{|p(h) — Vg (h)), are asymptotically independent for i,5 = 1,2,...,q, with

i # j. Likewise, under the conditions ofLemma \/m(§’i7R"R|ssign(R)(h)—7}27‘R|SSign(R))
and \/m(';/j,R,lRlé‘sign(R)(h)_'Y}%,\Rhsign(R)) are asymptotically independent fori, 7 =1,2,....q,
with © # j. The asymptotic independence property also holds for the group sample correla-
tions pjgrp(h) and pA’j7R7|R|SSign(R), Jj=1,2,...,q, under the assumptions in Lemmas and
respectively.

Remark 2.2 The proof of Lemma in the case of covariances and correlations of general

functions of the process (Ry) is given in the Online Appendiz and relies on exact coupling

properties for B-mixing processes. A similar argument was recently used in|Pedersen| (2020))

in the context of inference on the autoregressive coefficient in linear autoregressive models
in the presence of heavy-tailed GARCH-type errors under symmetry. The proof is general
also in the sense that the arguments hold for arbitrary limiting distributions of the group
estimators. The limiting distributions may be non-Gaussian, e.g., stable (with the indez of
stability less than 2), as discussed in Example .

14



The following main result follows by Lemmas [2.1 and IM (2010, Thm. 1).

Theorem 2.1 Consider, as above, testing the hypothesis Hy : § = By against H, : B # By
for covariances/correlations 3 = Yirp(h), Vi |rissign(r)(P): PIRP(R): P |rissign(r) (R)- Suppose
that the assumptions of Lemma are satisfied. Let T,_y denote a r.v. with a Student’s
t-distribution with ¢q—1 degrees of freedom, and let cv(q, &) satisfy P(T,—1 > cv(q, &)) = &/2.
With tg defined in (@) using group estimators, Bj, of B one has, under the null hypothesis
H,,

limsup P(|t5] > ev(q, &) Ho) < a, (22)

T—o00

for any & < 2®(—+/3) = 0.08326 ..., where ®(-) is the standard normal cdf. Inequality
also holds for 2 < q < 14 iof @ < 0.1. Moreover, for any x > 0 and q > 2,

. R(k—1
lernjolip P(|ts| > x|Hy) < }g%%(qPOTk—ﬂ > %)7 (23)

where R = R(zx) = gz’

x24+q—1"

Theorem demonstrates the asymptotic validity of robust ¢t—statistic approaches for infer-
ence on the propertiesunder appropriate conditions on the degree of heavy-tailedness
(the tail index () for the return process (R;) and powers p and s in like p < (/4,
or s < (/2 — 1. In contrast to HAC-based inference approaches, with estimates of limiting
covariance matrices that depend on the particular values of powers p and s appearing in
Yrje(h) and %il Rlssign( R)(h), the robust ¢t—statistic approaches are applicable irrespective of
the values of p and s provided they satisfy the above conditions/inequalities.

Remark 2.3 As pointed out by IM (2010), the t-statistics approaches are applicable when-
ever the group-based estimators weakly converge to scale miztures of normal distributions and
are asymptotically independent (. Example and Remark. Hence, the limiting distribu-
tions are, in principle, not required to be Gaussian, as further discussed in|Pedersen] (2020)

in the symmetric case as well as in Example below.

Example 2.3 As discussed in Sectz’on under suitable conditions, the GARCH(1,1) pro-
cess is [-mixing (with geometric rate) and, hence, satisfies the assumptions of Lemmas

under the conditions on the tail index ¢ and powers p, s discussed in Example [2.2
Hence, Theorem holds. Thus, for instance, the (centered and scaled) group estimators
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Vi rp (h) and p; rp(h) are asymptotically independent and normal if 4p < (. Likewise, the
group estimators ”;/j,R,|R|sSign(R)(h) are asymptotically independent and normal if 2(1+s) < (.
Similar conclusions hold for the group estz’mat?rs . |Rpssign(r)(R).  Suppose instead that
2(1+s) > (> 1+s. Then the group estimators ¥'; g | gjssign(r) (1) are asymptotically indepen-
dent and stable; see also Remark[2.2. If the innovations, Z;, are symmetric, then the limiting
stable distributions are symmetric, and given by scale mixtures of normal distributions. In
such situations, as pointed out in Remark[2.3, the t—statistic approaches are applicable for
inference on property . These aspects of the t-statistic approaches are further investigated

i the simulation experiments in the next section.

Remark 2.4 As discussed in |Ibragimov and Miiller| (201(}), the t—statistic approach pro-

vides a number of important advantages over the existing methods. In particular, it can be
employed when data are potentially heterogeneous and correlated in a largely unknown way.
In addition, the approach is simple to implement and does not need new tables of critical
values. The assumptions of asymptotic normality for group estimators in the approach are
explicit and easy to interpret, in contrast to conditions that imply validity of alternative

procedures. ]

The numerical results in (Ibragimov and Muller| (2010]) demonstrate that, for many depen-

dence and heterogeneity settings considered in the literature and typically encountered in
practice for time series, panel, clustered and spatially correlated data, the choice ¢ = 8 or
q = 16 leads to robust tests with attractive finite sample performance. The asymptotic ef-
ficiency results for t—statistic based robust inference further imply that it is not possible
to use data dependent methods to determine the optimal number of groups q to be used in
the approach when the only assumption imposed on the data generating process is that of

asymptotic normality for the group estimators Bj.

Remark 2.5 Inference using t—statistics, essentially in any context, is related to using self-
normalized sums and statistics. E.g., as is well-known, for the t—statistic t; = \/ayq/sq mn
any r.v.’s Xq,..., Xy, ¢ > 2 (e.g., group estimators Bj, 7 =1,...,q, of a parameter of interest
B, as in robust t—statistic inference approaches proposed in IM and this paper),

¥ _ L1\ 2 1\ Y2 3 -
where, as usual, Xq = 377 X;, sg = 5 227(X; — Xg)?, and the self-normalized sum

SN, = Z?j—lx)’@ of Xjs one has SNy = t,//1+ (t2 —1)/q (see, among others, |Efron}, 1969
j=1%;

elmanl, [1990, [Pinelid, [1997), [Dufour and Hallir), [1993, [de la Pena and Ibragimod, [2017

3As is shown in |Ibragimov and Miiller| (2010)), the t—statistic based approach to robust inference effi-
ciently exploits the information contained in these regularity assumptions, both in the small sample settings
(uniformly most powerful scale invariant test against a benchmark alternative with equal variances) and also
in the asymptotic frameworks.
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and references therein). Therefore, for any x > 0,

P(|ty| > x) = P(ISN| > z//1 + (22 = 1)/q). (24)

As discussed in the above and other works in the literature (see, among other,
and references therein), self-normalization allows one to conduct inference under
heavy tails and relaxed moment conditions. For instance, in the case of an arbitrary sample
size ¢ > 2, and independent r.v.’s Xy, ..., X, symmetric about a common median p, the test
of Hy : p =0 against H, : i # 0 can be based on bounds for the tail probabilities of linear
combinations of i.i.d. symmetric Bernoulli r.v.’s and the implied bounds for t—statistics t,
and self-normalized sums SNy of Xis in established in the above papers. In particular,
from |Edelman| (1990) it follows that, under Hy, for any x > 0,

P(|ty| > @) = P(ISNy| > x//1+ (a* = 1)/q) <
x _15\/1 (2 —1)/q

[\/1+(332—1)/q x

Thus, Hy : 1 = o is rejected in favor of Hy : 1 # o at level & if G(|t,|) < a.
show that similar bounds can be used in tests on regression and autocorrelation

coefficients under independence and symmetry in observations, and|de la Pena and [bragimo

1-¢

] G(x). (25)

consider the case of random polynomials and generalized cross-correlations. In the
context of robust t—statistic inference approaches using group estimators Bj, 17=1,..q, of a
parameter of interest 3, i.e. the autocovariances/autocorrelations of functions of a GARCH
time series as considered in this paper, the bounds on the t—statistics t, and self-normalized
sums SN in under independence and symmetry can be used to construct tests on 8 that
are valid under asymptotically independent group estimators Bj, j =1,...,q, with any (not
necessarily identical) limiting distributions that are symmetric about 5. E.g., under these
conditions, using bounds in [Edelmanl (1990), the hypothesis Hy : 5 = [y is rejected in
favor of H, : B # By at level & if the t—statistic tg in group estimators Bj, j=1..q in
if G(|tg]) < &. The small-sample results in|Bakirov and Székely (2005]) and t—statistic
robust inference approaches in IM and this paper may be viewed as improvements

on bounds for independent and symmetric observations and the implied (conservative)
testing procedures using the observations or asymptotically independent and symmetric group
estimators of a parameter of interest. The improvements hold under the assumptions that
the group estimators are asymptotically independent and have asymptotic distributions that

are scale mixtures of normal ones.

Remark 2.6 Several works in the literature have focused on HAR inference using self-

17



normalized statistics with non-standard asymptotics, including testing uncorrelatedness of a

dependent time series (see 2001}, and the review in |Shao, |2015). |Politis (2011]) (see
also the working paper version, has proposed a new class of higher-order accu-
rate large-sample covariance and spectral density matriz estimators based on flat-top kernels.

The above inference approaches may be used under more relazed moment assumptions as
compared to HAC methods. However, direct application of HAC/HAR and self-normalization
approaches, including the aforementioned ones, in the context of inference on, e.g., linear au-
tocovariances and autocorrelations of GARCH-type time series, requires asymptotic normal-
ity of respective sample autocovariances and autocorrelations. On the other hand, according
to Lemmas and (see also the discussion in the introduction), asymptotic normality of
the above sample linear autocovariances and autocorrelations requires finite fourth moments
of the GARCH processes (we note, in particular, that GARCH processes dealt with in the

numerical analysis of inference on linear autocorrelations in[Lobatd, [2001], have coefficients
implying finite fourth moments).

3 Finite-sample properties

In this section, we present numerical results on finite-sample properties of the t-statistic

approaches and compare them with those of HAC-based approaches in inference on properties

(1")H(ii")} We consider the AR-ARCH DGPs given by

Rt = QbRt_l +e, t= 1,...,T, (26)
&t = UtZt, (27)
ol = w+agl (28)

where w = 0.1, 0 < a < 1,0 < ¢ < 1, and (Z;)y,.r are i.i.d. r.v.’s with E(Z;) = 0 and

Var(Z;) = 1. In terms of the distribution of the innovations Z;, we consider:
(a) Symmetric light-tailed distribution: Z; is standard normal, Z; ~ N (0, 1).

(b) Asymmetric light-tailed distribution: Z; has an asymmetric (skewed) t-distribution

with 50 degrees of freedom and the skewness parameter of 0.5: Z; ~ (50, 0.5).

(c¢) Asymmetric heavy-tailed distribution: Z; has an asymmetric (skewed) ¢-distribution
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with 3 degrees of freedom and the skewness parameter of 0.5: Z; ~ ¢(3,0.5).

The densities of the asymmetric ¢—distributions in [(b)| and are given in (10)-(13) in
(11994) with A = 0.5 and n = 50, 3, respectively.

The conclusions from the numerical results are similar for other AR-GARCH-type processes,
including processes with asymmetric GJR-GARCH dynamics. All tests considered have a
5% mnominal level. We use a sample size of 5,000 observations and 10,000 Monte Carlo

replications. All computations were done in MATLAB (v. 2020a).

3.1 Testing for linear (in)dependence and market (non-)efficiency

For investigating the finite-sample properties of inference methods, we consider the processes
in ([26)-(28) with a = 7'/3/2 and innovations Z; with distributions in [(a)l[(c)] By Kesten’s
equation (3)), when Z; ~ N (0,1) as in @, the processes R; and ¢; in — have heavy-
tailed power-law distributions as in , with the tail index ( = 3. Likewise, solving Kesten’s
equation ([3)) numerically, we obtain that R, and &, have heavy-tailed power-law distributions
with the tail indices ( ~ 2.89 and ( ~ 2.24, respectively, in cases @ and . Therefore,
under distributions for innovations Z;, the tail indices ( of the processes R; and ¢, lie
in the interval (2,4), as is typically the case for financial returns in developed markets (see
the discussion in the introduction). Further, as ( € (2, 3], the absolute third moments of the

processes are infinite.

We consider the finite-sample size and power properties of tests of the null hypotheses
Hy : p = 0 against the two-sided alternative H, : 8 # 0 for g = p}mR‘ssign(R)(l) =
Corr(Ry, |Ri—1|°sign(R;—1)) in with the lag h = 1 and different powers s > 0. Note
that, under Hj, the autoregressive coefficient in is zero, @ = 0. For s = 1, Hy corre-
sponds to the standard property of absence of linear autocorrelations, Corr(R;, R;—1) = 0,

as in . In simulations below, we consider the powers s = 0.1, 0.25, 0.5.

Based on the stated values of the tail index, ( = 4,2.89,2.24, Example implies asymp-
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totic normality of the full-sample estimator § = Pr|Rssign(r) (1) Of B = P |gssign(r)(1) N
(16) whenever s < 0.5, s < 0.445, and s < 0.12, respectively, for the cases @, @ and
. Likewise, from Example it follows that, under Hy and the same conditions on
powers s, asymptotic normality and asymptotic independence hold for the group estimators
Bj =0} R R|*sign( R)(l), implying, by Theorem , asymptotic validity of robust t—statistic

inference approaches.

The first class of tests we consider is based on the HAC-based t—statistic of (full-)sample

correlations 3 = o/ Ry RJssign(r) (1), With a long-run variance estimator based on a QS kernel

with automatic bandwidth selection (Andrews| [1991} see also Section [2.2), and the critical

values based on the standard normal distribution. The second class of tests is based on

t—statistics in the group estimators for ¢ = 4,8,12 and 16 groups.

3.1.1 Size properties

The results on size properties of HAC-based and robust t—statistic approaches for testing
Hy : g = le,IRISsign(R)(l) = 0, as in property against H, : § # 0 are provided in
Table We note that the standard HAC-based tests are oversized. In particular, in the
case of asymmetric heavy-tailed innovations Z; (case , the size distortions are severe in
the case where s = 1, i.e., when one carries out the usual test for the absence of linear
autocorrelations as in property . For the robust t—statistic approaches, the size control
is good even for the case s = 1, except for the case of asymmetric heavy-tailed innovations.
For the latter case, the limit of the full-sample and group estimators 3 = pf R\ R|*sign(r) (1)
and Bj = j.R,|R|ssign(r) (1) is asymmetric stable, invalidating the use of both the HAC and
robust t—statistic approaches (Example . In contrast, in the case where s = 1 and
the distribution of 7, is standard normal (case , one has that the group estimators
Bj =y J R\ Rlssign(r) (1) are asymptotically independent and symmetric stable (Example ,
implying that the t—statistic robust tests of Hy are asymptotically valid. This is reflected in

the attractive size properties of the robust t—statistic approaches, e.g., in contrast to those
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of the standard HAC-approaches. The same conclusions hold in the case s = 0.5. The robust
t—statistic approaches to testing the hypotheses Hy under @ @ with s = 0.1,0.25 and
under with s = 0.1 — where estimators are asymptotically normal — are slightly over-sized,
with reasonable size control for ¢ = 4 and ¢ = 8. Quite remarkably, the tests with the most
desirable size properties are the ones for testing Hy with s = 0.1 based on the t—statistic
approaches with ¢ = 4 or ¢ = 8 number of groups. The reason might be that the asymptotic
(Gaussian) distributions in in Lemma provide relatively good approximations to the
distributions of the group estimators for small choices of powers s, whereas the quality of

the approximations worsens for larger values of s.

Remark 3.1 We note that for some of the DGPs, and for some powers s, the size distortions
of the HAC-based approach are not overly severe, although the approach is not theoretically
justified, in contrast to t—statistic inference. The reason may be two-fold. Firstly, finite sam-
ple distributions of the HAC-based t-statistics may be fairly well approximated by a standard
Gaussian distribution, if the tails of the DGPs are not too heavy. Secondly, kindly pointed
out by the Associate Editor, for any fived bandwidth, the HAC-based t-statistic may be viewed
as having a self-normalized structure. Further, as discussed in Remarks and Remark[2.6,
time series inference approaches based on self-normalization typically exhibit robustness to
infinite higher-order moments.

[Table |1f about here.]
3.1.2 Power properties

To investigate the power properties of the HAC-based and robust ¢—statistics tests of Hy :
B = 0 against H, : f # 0 for 8 = pip piegian(ry(1) = Corr(Ry, [R—1|*sign(Re—1)) as in ,
we consider the alternatives where the autoregressive parameter ¢ in (26| ranges from 0 to
0.5. Figure [I] provides the size-adjusted rejection frequencies for the HAC-based and robust
t—statistic (with ¢ = 8 groups) tests of Hy for the case of normal innovations (case and
asymmetric heavy-tailed innovations (case . When Z; are standard normal, the power
curves for the HAC and the robust t—statistic tests are very close to each other. We note

that the rejection frequencies are generally lower when s = 1, i.e., when testing the classical
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hypothesis of no linear dependence/absence of linear autocorrelations as in . As in the
previous section, we note that, under s = 1 and standard normal innovations, the robust
t—statistic tests remain asymptotically valid, in contrast to the HAC-based tests. Similar
conclusions hold in the case of asymmetric heavy-tailed innovations (case , with the
only exception that the robust t—statistic tests have much better power properties than the
HAC-based tests for the case of s = 1, although, as discussed in the previous section, the use
of HAC-based and the robust t—statistic tests are not theoretically justified for this case.
For the sake of brevity, we do not report the results for the case of light-tailed asymmetric
innovations (case |[(b)), where the power properties of the tests are similar to those for the

Gaussian case in @ Overall, the tests with s = 0.1,0.25 are the most powerful.
[Figure [1] about here.]

Figure [2| contains rejection frequencies for the tests under standard normal innovations (case
for s = 1 and different number ¢ of groups in robust t—statistic approaches. In this
case, as mentioned, the robust t—statistic approaches are asymptotically valid, in contrast
to HAC-based tests. Note that the rejection frequencies are increasing in ¢, and that the
tests based on ¢ = 8,12, 16 groups appear to be more powerful than the HAC-based tests.
Similar conclusions hold for other powers, s, and other distributions of the innovations Z;

(see Online Appendix).
[Figure 2| about here.]

To conclude, the numerical results indicate that in order to conduct reliable inference on
property , one may choose s > 0 small and rely on the robust ¢-statistic approaches with
q = 4 or ¢ = 8 groups. This ensures very reasonable size control as well as quite attractive
power properties, e.g., in comparison with the widely used HAC-based approaches. The
robust t—statistic approaches to inference may thus be viewed as useful complements to the

traditional HAC-based methods.
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3.2 Testing for nonlinear dependence and volatility clustering

Next, we turn to the finite sample properties of the HAC-based and robust t—statistic
approaches to inference on property with the lag order of h = 1 and powers p €
{0.1,0.25,1,2}. The DGPs considered follow (26)-(28) with ¢ = 0 and the ARCH parameter
a € (0,1). For the sake of brevity, we present the results for the case of standard normal
innovations Z; in . The results in the Online Appendix for asymmetric/heavy-tailed cases

@ and reveal the same qualitative conclusions.

We investigate the relative performance of the t-statistic and HAC-based approaches by
comparing the coverage levels of the corresponding t-statistic and HAC-based confidence
intervals for the unknown population correlation 8 = pigp(1). Specifically, the confidence
intervals based on the t-statistic approaches are constructed as in , and the HAC-based
confidence intervals are computed by standard methods, relying on asymptotic normality of
the full-sample estimator 3 = piri»(1). Note that with a € (0, 1), the processes R; and ¢, have
heavy-tailed power-law distributions as in with the tail index ¢ > 2. From Example|2.2]
it follows that the sample correlation 8 = pirr(1), is asymptotically normal if ¢ > 4p, and
hence whenever p < 0.5. From Example under the same conditions on powers p, it holds
that the group-based estimators are asymptotically normal and asymptotically independent,

implying asymptotic validity of the robust t—statistic inference approaches.

Figure[3|contains coverage levels of the confidence intervals for the HAC-based and t—statistic
inference approaches for different choices of powers p and different number of groups ¢ in
the t-statistic approaches. As expected, the coverage is very unstable for the tests based on
the powers p = 2 and p = 1, due to the loss of asymptotic normality for the full-sample and
group estimators B = p|r» and B}- = pjrp and their convergence to functions of r.v.’s with
asymmetric stable distributions for sufficiently large values of o (Example . Specifically,
this holds if ( < 4p, and, hence, by Kesten’s equation , whenever a > 372 ~ 0.5574

(> 105714 = 0.3124) for p =1 (p = 2).
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The coverage improves for smaller powers, in particular for p = 0.1,0.25. The best coverage
across all values of « is observed for the robust t—statistic tests with p = 0.1 and ¢ =
4,8 number of groups. For p < 0.5, the coverage levels of the HAC-based approaches are
comparable to those of the t—statistic approaches with ¢ = 8 groups, although the coverage

for ¢ = 4 groups is always better and closer to the correct 95%.

We emphasize that for the case where p = 0.5, the HAC-based methods are not theoretically
justified due to infinite moments (as this requires ¢ > 8p). This is in contrast to the robust
t—statistic approaches that are asymptotically valid under p = 0.5. Again, the reasonable
performance of the HAC-based approach may be due to self-normalized structure of the

HAC-based t-statistic, as discussed in Remark

Similar to the findings in Section , to make reliable inference on property , one may
choose p > 0 small in the robust t-statistic approaches with ¢ = 4 or ¢ = 8 groups. Similar to
the discussion in Section [3.1] the latter approaches may be viewed as useful complements to

HAC-based inference methods in the analysis of nonlinear dependence/volatility clustering
property [(ii")]

[Figure [3| about here.]

4 TIllustration: Revisiting [Baltussen et al.| (2019))

In this section, we revisit a recent study by [Baltussen et al| (2019) that (among other

contributions) tests for linear dependence in returns on the world’s major stock market in-

dices. Specifically, relying on HAC-based inference applied to the first-order autocorrelations,

Pr.r(1), Baltussen et al| (2019) state that serial dependence in daily returns on 20 major

market indices covering 15 countries in North America, Europe, and Asia was significantly
positive until the end of the 1990s, and switched to being significantly negative since the
early 2000s. In light of the discussion in the introduction and Examples and [2.3] with

s = 1, asymptotic normality of sample linear autocorrelations requires finite fourth-order
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moments of the (GARCH-type) return process. In the case where such moment conditions
are not satisfied, the sample linear autocorrelations weakly converge (under suitable condi-
tions) to functions of non-Gaussian stable variables, invalidating the HAC-based inference

approaches based on asymptotic normality.

We consider daily percentage returns on the major stock indexes from March 3, 1999 to

December 31, 2016 as in [Baltussen et al| (2019). The second and third columns of Table

provide, respectively, the (bias-corrected) log-log rank-size regression estimates of the tail

indices for the return time series and their 95% confidence intervals (see [(Gabaix and Ibragi-|

, . Importantly, for 19 out of 20 series, the estimates of the tail index are smaller
than 4. The left end-points of the confidence intervals vary from 2.49 to 3.41 across the
return series, and several of the intervals lie to the left of 4. This indicates that standard
HAC-based inference on linear autocorrelations, pj p(1), is invalid for several of the data

series.

R) of the correlations

Columns 4 and 7 in Table [2| contain full-sample estimates ﬁ’R| Rl*sign(

Pr|Rssign(ry(1) (as in for different values of s, and column 10 contains estimates of

the multi-period (auto)correlation MAC(5) (a weighted sum of the correlation coefficients

p’Rv‘Rpsign(R)(h) of order h = 1,...,5) used in |Ba1tussen et al.| (]2019[). Column 5 provides,

similar to|Baltussen et al| (2019, HAC-based t-statistics for the nullity of the linear autocor-

relation pp (1) (as in , whereas column 6 contains the ¢-statistics in based on ¢ = 8
group estimates of p z(1). In column 7, for each return time series, the power s is chosen
based on the left end-points of the confidence intervals for the tail index of the time series
(column 3 of Table . Specifically, following Examples and if the left end-point
exceeds 3, we set s = 0.5; if the end-point lies between 2.5 and 3.0, we set s = 0.25; and if
the end-point lies between 2.2 and 2.5, we set s = 0.1. Under the above values of powers s
(and assuming that the true tail index ¢ belongs to the reported confidence intervals), the

moment conditions for asymptotic normality of ,5’ R,|R|*sign(R) (1) and asymptotic independence
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and normality of the group estimators (under the hypothesis Hy : p/, |R|*sign( R)(l) = 0 in con-
sideration) in Lemmas and are satisfied. Consequently, by Theorem , the robust

t—statistic approaches for testing Ho : plg | gjeign(ry(1) = 0 are asymptotically valid.

The reported HAC ¢-statistics and t—statistics in group estimates as in (20) in columns 5
and 6 suggest that the hypothesis of zero linear autocorrelation, Hy : pp r(1) = 0, cannot
be rejected for most of the series at conventional significance levels. However, the HAC and

robust t—statistic approaches are not theoretically justified in the case s = 1.

Further, based on the theoretically justified t—statistics in group estimates (as in (20])) in
column 9, the hypothesis Ho : o |gisgign R)(l) = 0 is rejected only for six of the series. Hence,

based on the theoretically justified robust t—statistic approaches, we find evidence of zero

correlations in most of the series in contrast to the conclusions in [Baltussen et al| (2019).

On the other hand, similar to [Baltussen et al.| (2019)), we find somewhat stronger evidence

for non-zero weighted autocorrelations (MAC(5)), based on the robust t-statistics in group
estimates reported in column 12, where the null of MAC(5) = 0 is rejected for 11 out of 20

series.
[Table [2[ about here.]

Table [3] contains the results on testing for nonlinear dependence and volatility clustering in
the return time series considered using the 95% confidence intervals constructed on the base
of robust t—statistic approaches applied to inference on the autocorrelations pjg»(5) with
p =0.1,0.5,1,2. The table also presents the results on tail index estimation and HAC-based
confidence intervals for the dependence measures considered. The t-statistic approaches are
theoretically justified for the powers p = 0.1,0.5 (but not for p = 1,2) provided that the
true tail indices belong to the confidence intervals reported in the table. One should further
note that, for the above tail indices, the HAC approaches are theoretically justified only
under p = 0.1. Overall, the results in the table confirm the presence of nonlinear dependence

and volatility clustering in the returns on the most of the financial indices. Exceptions are
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the ASX 200 and Russell 2000 indices, where t—statistic approaches with ¢ = 8 applied to

piro1(5) indicate, somewhat surprisingly, absence of volatility clustering.

[Table [3] about here.]

5 Conclusion and suggestions for further research

The paper proposes new approaches to inference on measures of market (non-)efficiency,
volatility clustering and nonlinear dependence in the case of general heavy-tailed dependent
time series, including GARCH-type processes. We provide the results that motivate the use
of measures of market (non-)efficiency and volatility clustering based on (small) powers of

absolute returns and their signed versions.

The inference approaches dealt with in the paper are based on robust ¢t—statistic tests and
several new results on their applicability in the settings considered. Theoretical and numer-
ical results and empirical applications in the paper confirm validity, appealing finite sample

properties, and wide applicability of the proposed inference approaches.

The future research may focus on the development of the two-sample analogues of the ap-

proaches to robust inference on market (non-)efficiency and volatility clustering dealt with

in the paper using the results in [[bragimov and Miiller| (2016)). The results in this direction

may be used in testing for structural breaks in the dynamics of key economic and financial
time series, including financial returns and foreign exchange rates, and comparisons of the
properties of the dynamics of different economic and financial markets. The research on
the above inference problems is currently under way by the authors, and will be presented

elsewhere.
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(a) N(0,1) noise (b) t(3,0.5) noise

Figure 1: Size-adjusted power
p’R7R(h), HAC :—— y le,|R|0~5sign(R)(h)? HAC = = R p,R,|R\0-25sign(R)(h)7 HAC === s
0 R rpsign(ry(h), HAC === p'p p(h), g =8 : =, o' |rpssignm)(n), ¢ =8 : L,
lev‘R|O‘255i9n(R)(h)7 q=8: ~ p/R,|R|0'1sign(R) (h)7 q=38: _@_

I
0.4 0.5

¢

Figure 2: Size-adjusted power for ARCH(1) with N(0,1) noise, p'g g(h).
HAC: ,q=4:+— ,q¢q=8: 4L ,q=12:—<— ,q=16: 4~
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S.1 Asymptotic normality of general sample covari-

ances and correlations

The following Lemma [S.1] provides the results on asymptotic normality of sample covariances
and correlations for arbitrary functions of stationary processes (see also Francq and Zakoian,
2006, and Lindner, 2009, in relation to GARCH processes). The result relies on applying
a central limit theorem (CLT) for stationary a-mixing (i.e. strongly mixing) processes. We
refer to Rio (2017) for a detailed treatment of mixing processes. We note that Lemmas

and [2.2] follow immediately from general Lemma [S.1]

Lemma S.1 Let (R;)iez be an R-valued stationary and strongly mizing process with mzing
coefficients a(n),n € Z. Let f : R — R and g : R — R be measurable functions. Consider
the sample covariance of f(R;) and g(Ri_py for some fived h > 0,
. 1 « A d A
V1.4 (R)g(r) () = T > f(R)g(Rin) Z f(R T = g(Rin)), (S.1)
t=1

t=1

and its population equivalent,

VrR).gr) (h) = Cov(f(Re), g(Re-n)) = E[f (R)g(Re-n)] — E[f(R)IElg(Re-p)].  (S:2)

Likewise, consider the sample correlation,

. A1, £(R),9(R) (R)
PT,f(R),g(R)(h) = = 4 )g(A) , h>1, (SS)
VAT, R (0)AT9(R),0() (0)
and its population equivalent
V(R).g(r) (1)
PrR).g(R)(h) = B (S.4)

VR0 0)Vg(R).9(r) (0)

Suppose that there exists a 0 > 0 such that

max{E[|f (R))[**), Ellg(R))I**']} < 00 and  max {B[|f(R)g(R-n)|**']} < 00, (S.5)

,,,,,

S.2]



and such that the mixing coefficients of (Ry)iez satisfy

Za )@+ < 0. (S.6)
n=1
Then
. d
VTG pr)or)(h) = VrR).98) () hmo,...m — (Ghof(R).g(R) )h=0....m1 (S.7)

,,,,,

the covariance matmx given by

I' = Var(Yp) +2)  Cov(Yp,Yi), (S.8)
k=1

h=0,..m; Yen = (f(Be) = E[f(B)])(9(Rin) = Elg(Ri-n)]) = vVp(r).g0r) (h)-

If Y¢ry.g(R)(h)h=1,..;m = (0,...,0), then

where Y; = (Y1)

N d _
VT (pr. 8,98 (h) ) hmtm ~ (V(R), 1R (0)Vo(myo(m) (0) "2 Crop(rygm) gy .- (S:9)

-----

If there exists a 6 > 0 such that
max{E[| f(R)|"*], E[lg(Re)|"*°]} < o0 (5.10)
and such that (S.6) holds, then

N d
VT (pr.sr).om) (h) = Pr(R).g(R) (B)hetsm — (Ghf(R).g(R) Jhmtovoims (S.11)

=U,...,

the covariance matriz given by AUTA', where A is constant matriz defined in (S.14) and

It = Var(Y))+2)_ Cov(Y], Y}, (S.12)

with YtT = (5/;/7 Vt,h ‘/15,2)/7 Vt,l = (f(Rt>_E[f(Rt)]> —Vf(R),f (0) ‘/;52 = ( (Rt)—E[g(Rt)])Q—
Vo(R).g(r) (0)-

Proof: Firstly, note that strong mixing is a property about the o-field generated by (R;)tez.
Since f and g are measurable, with V; = (f(R:), g(R:), 9(Ri-1), ..., 9(Ri—m)), it follows that

S.3]



the process (V;)sez is stationary and strongly mixing with mixing coefficients satisfying
(see also Francq and Zakoian, 2006). Likewise, the same property applies to the process
(‘z7h)tez with ‘N/t,h = f(Ry)g(Ri_p), h =0,...,m. This allows us to apply Theorem 18.5.3
of Tbragimov and Linnik (1971) [the CLT, henceforth] to the processes (V;)iez and (Vi )iez,

under the moments conditions in the lemma. Next, note that

1.1 (R)9(r) (M) — Vp(R)g(m)(h) = %Z(f(Rt) — E[f(R))(9(Re-n) — E[g(Re-1)]) — V1 (R)9(r) (h)
(5 SR~ B (7 " (0(Ris) — Blo(Ren).

t=1 t:l

Suppose that (S.5) holds. By the CLT, 237 | f(R,) — E[f(R,)] and &>, g(Ri-s) —
E[g(R;_4)] are O,(T~%/?), so that

VTG pmy.gr) (h) = V(mygm (h) = Z E[f(R))(9(Ri-1) — Elg(Ri-1)])

—7f<R>,g<R>(h)) + 0, (1).

Let Yo = (f(Ry) = E[f(Re)])(9(Re—n) — E[g(Ri-1)]) —Vs(Rr).g(r) (h). Using (S.5), there exists a
§ > 0 such that, by Holder’s inequality, E[|Y;5]|**°] < co. Since E[Y;;] =0 and (Vi : t € Z)
is strongly mixing satisfying (S.6)), \/T(’?TJ(R)J(R)(h) — ’Yf(R),g(R)(h)) —d> Gh,f(R),g(R) by the

CLT. By similar arguments applied to linear combinations of

.....

Turning to the sample correlations, the limiting distribution for the case vf(r) g(r)(R))n=1,..m =

0 is immediate, by noting that (7. (r),f(r) (0)=7r(r).(1)(0)) and (379(r),9(r) (0) =Vg(r) 9 (0))
are 0,(1) and using Slutsky’s theorem. Next, using (S.10) and arguments as above,

(Yr.rr).9r) (h) = Vr(®).9() (P))h=0... .m
~ d .'.
VT Ar,5(r),1(R)(0) = Vi(R), 1 (r)(0) — G, (S.13)

AT,9(R),9(R)(0) = Yg(r).g(r) (0)

[S.4]



where G is an (m+3)-dimensional Gaussian vector with zero mean and the covariance matrix

given by I'l. Let # = (z1,...,Tmy3) € R™ and define the function g : R™*3 — R™*! as
g(x) = (\/#W’ e \/%Z”—Q%)’ Define the matrix
9g(x)
4= — ? = (i) g (W) hzo,...ms V1(R).5(1) (0), Yo(m) () (0))- (S.14)
o=y

The convergence in ([S.11]) is then obtained by an application of the delta method. [

S.2 Proof of Lemma 2.3

Suppose that (R;)cz is stationary and S-mixing. For the sake of clarity we focus on the
asymptotic independence of group-based estimators for covariances. The sample correlations
are dealt with in a similar fashion. Let f: R — R and ¢ : R — R be measurable functions,
and define v, = (g1, %2) = (f(Ri),g(Ri—1))’. Since f and g are measurable, (y;)iez is

stationary and [-mixing. With 7,5 € Z, 0 <1 < j, let

Gigi=(j —i+1)" Zytlyt2—<J—Z+1 Z%1><]-Z+1 Zyw)—cf?o,

where ¢g = Elyt1Yi2] — Elye1|Eye2]. Suppose that for some deterministic sequence (ar),
satisfying ar — oo,

arprr —va Z,, (S.15)

for some r.v. Z (potentially non-Gaussian). Consider the case of two equi-sized groups, such
that we have the group-based estimators qBLLT/QJ and @LT/Q |+1,2(T/2]- (In the case of more
groups, one has to repeat the coupling argument.) We seek to show that a7/, JQELLT/Q | and
a|r/2) QE\_T/Z |+1,2|7/2) are asymptotically independent. By the Cramér-Wold device, the asymp-
totic independence holds, if we show that for any constants (k‘l, ko) € R?, kia 12 le,LT/2 |+
kga\_T/QJgg\_T/ﬂ—&-LQLT/QJ —4 k1ZW 4+ k3 Z® where ZMW and Z® are independent copies of Z.

Let T := T(T) — oo be a sequence of positive integers satisfying T = o(T) as T — oco. It

[S.5]



holds that

a\7/2) P\ 1/2)+1,2(T/2] = QT/2|P |12 )41, T/2)+14T T AT/2) D1 /2) 4247 2(T)2)

— S+ 5P (S.16)

where it holds, due to ([S.15]), that
S = 0,(1). (S.17)

Let (yf : t € Z) be a sequence of r.v.’s with the same distribution as that of (y; : t € Z) and
independent of Fr/2) = o(y, : t < |T/2]). By Theorem 5.1 of Rio (2017), and using that

(y¢ : t € Z) is stationary,
P(y; # y; for some t > |T/2] + k) = p(k), (S.18)

where (5(k) : t € Z) denotes the sequence of S-mixing coefficients. Let

Qg* (J—i+1)” Zytlth (]—2+1 Zyt1><1—1+1 Zyw)_

(2) _ D% 7 I«
Note that S}/ = CLLT/QJ¢LT/2J+2+T72LT/2J_’_(CLLT/QJ P1y2) 1247 2\7/2) ~OLT/2) ¢LT/2J+2+T,2LT/2J )-

For any € > 0, using (S.18)) and that (y; : t € Z) is stationary and S-mixing,

P HGLT/2J¢LT/2J+2+T,2LT/2J — a|1/2] ¢IT/2J+2+7~“,2LT/2J > g]

<P [yt* # vy, for some t > |T/2] +2+T} = B2+ 1) =o(1),

so that

57(12) = a|r/2) ¢IT/2J+2+T,2LT/2J + Op(l). (S.19)

Hence, combining (S:16), (5:17), and (519),

A[1/2) D T/2)41,2(7/2] = UT/2) P\ 1s2) 4217 27/2) T Op(1)-

S.6]



Using (S.15]), we then obtain that for any (ki, ks) € R?,

kraprya du a2y + ko /2 O\ry2)+121/2) = Kraprye)duiryz) + k@ 1721 o) o170/ + 00(1)

VAR A

*

where Z() and Z® are copies of Z, and ZV) and Z® are independent since a7z éLT/2J+2+T (72

is independent of F|7/.
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S.3 Additional figures
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Figure S.1: Size-adjusted power for ARCH(1) with N (0, 1) noise
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,q=4:+— ,q¢q=8: 4L ,q=12:—— ,q=16: 4~
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Figure S.2: Size-adjusted power for ARCH(1) with ¢(3,0.5) noise noise
HAC: ,q=4:+— ,q¢q=8: 4L ,q=12:—<— ,q=16: -
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Figure S.3: Size-adjusted power for ARCH(1) with ¢(50,0.5) noise
HAC: ,q=4:+— ,q¢q=8: 4L ,q=12:—<— ,q=16: -
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Figure S.4: Coverage level for ARCH(1) with ¢(50,0.5) noise
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