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Abstract

Identification-robust hypothesis tests are commonly based on the continu-
ous updating objective function or its score. When the number of moment
conditions grows proportionally with the sample size, the large-dimensional
weighting matrix prohibits the use of conventional asymptotic approxima-
tions and the behavior of these tests remains unknown. We show that
the structure of the weighting matrix opens up an alternative route to
asymptotic results when the distribution of the moment conditions eval-
uated at the true parameters is reflection invariant. In a heteroskedastic
linear instrumental variables model, this allows us to establish joint asymp-
totic normality of conventional identification-robust tests statistics under
many-instrument sequences. The additional variance terms that appear are
negative, indicating that the conventional approximation leads to conser-
vative tests. We revisit a study on the elasticity of substitution between
immigrant and native workers where the number of instruments is over a
quarter of the sample size. As the theory predicts, the many-instrument

robust approximation leads to substantially narrower confidence intervals.
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1 Introduction

Identification-robust inference procedures guard researchers against spurious con-
clusions that arise due to a lack of instrument relevance. These procedures are
commonly based on the continuous updating (CU) objective function of Hansen,
Heaton, and Yaron (1996), either directly through Anderson and Rubin’s (1949)
AR statistic, via its score as in Kleibergen’s (2005) K statistic, or via a combi-
nation thereof (Moreira, 2003; Kleibergen, 2005; Andrews, 2016). While conven-
tional tools yield the limiting distribution of these statistics when the number
of instruments is small, their asymptotic behavior is unknown under Bekker’s
(1994) many instrument sequences. This limits their use in recent applications
with large instrument sets such as the judge design dummies from Kling (2006),
genetic variants instrumenting socioeconomic variables (Davies, Hemani, Timp-
son, Windmeijer, and Davey Smith, 2015), Bartik instruments that interact local
industry shares with national industry growth rates (Goldsmith-Pinkham, Sorkin,
and Swift, 2020), and saturated specifications allowing nonparametric conditioning
(Angrist and Imbens, 1995; Blandhol, Bonney, Mogstad, and Torgovitsky, 2022).

The main obstacle in establishing the limiting distribution of statistics based on
the CU objective function is that under many-instrument sequences the weighting
matrix for the moment conditions is large-dimensional and does not converge to
a well-defined object. As Newey and Windmeijer (2009) write: “If the number
of instruments grows as fast as the sample size, the number of elements of the
weight matrix grows as fast as the square of the sample size. It seems difficult to
simultaneously control the estimation error for all these elements.” In this paper,
we show how this difficulty can be circumvented when the distribution of the
moment conditions evaluated at the true parameters satisfies a suitable invariance
condition. We focus throughout on the linear instrumental variables (IV) model
with heteroskedasticity, although our results on the AR statistic apply in a generic
generalized methods of moments set-up.

Our approach is motivated by the observation that if the distribution of the
moment conditions, evaluated at the true parameter vector, is orthogonally invari-
ant, the finite sample distribution of the AR statistic is available in closed form.
This sidesteps the issue that the dimension of the weighting matrix is nonneglible
compared to the sample size, but the scope of application is limited: when the
moment conditions are independent, orthogonal invariance implies that they are
normally distributed. However, under a substantially weaker invariance property,

known as orthant symmetry (Efron, 1969) or reflection invariance (Bekker and



Lawford, 2008), the obstruction posed by the weighting matrix can be circum-
vented as well. This type of invariance is in particular suitable for heteroskedastic
models as it allows the distribution of the moment conditions to differ across ob-
servations. Under reflection invariance, the finite sample distribution of the CU
objective function is no longer tractable, but its limiting distribution, and hence,
that of the Anderson-Rubin statistic, follows from known results on the limiting
behavior of bilinear forms by Chao, Swanson, Hausman, Newey, and Woutersen
(2012). We propose a procedure that in finite samples produces narrower con-
fidence intervals relative to those based on an asymptotic approximation that
assumes the number of instruments to be fixed. Conservativeness of the usual AR
statistic is also studied by Bun, Farbmacher, and Poldermans (2020). They show
that even under the null and with a fixed number of moment conditions the test
based on the AR statistic is undersized in finite samples.

A well-known downside of the AR statistic is that it lacks power in overidenti-
fied models. This problem is particularly severe under many instrument sequences.
We therefore turn to a derivation of the asymptotic distribution of the score func-
tion. We establish a new central limit theorem for cubic forms that implies joint
asymptotic normality of the score and the appropriately centered and scaled AR
statistic under many instrument sequences. The variance of the score function
contains several terms that do not appear when the number of instruments grows
slower than proportionally with the sample size. Importantly, we show that the
sum of these terms is negative, indicating that the conventional asymptotic ap-
proximation leads to unnecessarily wide confidence intervals. Furthermore, as the
score is the derivative of the CU objective function it has a low value in any region
where the objective function is flat. This is the case for tested parameters around
the true value, but also for distant alternatives. We combine the many instrument
robust AR and score statistics in a two step test to overcome this power loss. The
first step is based on the AR statistic and ensures that alternatives far from the
true value are rejected. The second step uses the score to improve the overall
power.

To highlight the practical relevance of the many-instrument robust approxima-
tions, we consider data from Card (2009) that was recently revisited in Goldsmith-
Pinkham et al. (2020). The goal is to conduct inference on the negative inverse
elasticity of substitution between immigrant and native workers by using the share
of immigrants from a particular country of origin in various US cities as instru-
ments. Many-instrument analysis is relevant here as there are 38 instruments

(equal to the number of countries of origin) and 124 observations (equal to the



Figure 1: Illustration: 95% CIs for the negative inverse elasticity of substitution.
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number of cities). Figure 1 shows 95% confidence intervals for the negative inverse
elasticity of substitution for high-school equivalent workers (left panel) and col-
lege equivalent workers (right panel). The intervals are based on (i) ordinary least
squares (OLS), (ii) Bartik instruments that use a particular accounting identity to
weight the set of available instruments, (iii) two-stage least squares (2SLS), (iv)
and (v) inverting the AR test assuming a fixed number of instruments (k) or many
instruments (MI), (vi) and (vii) inverting the score test assuming a fixed number of
instruments (k) or many instruments (MI). As expected the identification-robust
confidence intervals are wider relative to their non-robust counterparts. The con-
fidence intervals based on the score are disjoint, which is not uncommon for this
type of test. Most importantly for our purposes is the narrowing of the confidence
intervals when using the developed many-instrument approximations. In the left
panel, the width of the confidence interval based on inverting the AR test is re-
duced by 25%. For the score based interval, even if we only focus on the central
part of the confidence interval of the fixed-k approximation, the width is reduced
by 19%. In the right panel, the width is reduced with 28% for the AR based con-
fidence intervals, and 18% for the score based interval. Further details are given
in Section 7.

As a second application, we briefly revisit the canonical example in the many-
instrument literature that studies the return of education using the quarter-of-
birth dummy proposed by Angrist and Krueger (1991). As suggested by Miku-
sheva and Sun (2022), in this application the dimension of the instrument set can
be increased up to 1530 instruments by interacting the quarter-of-birth instrument
with various fixed effects. For the AR test we find a small reduction in the width
of the confidence intervals when moving from the assumption that the number of

instruments is fixed to the many-instrument robust approximation. For the score



test on the other hand we observe no narrowing of the confidence interval.

We further assess the finite sample performance of the tests in a simulation
that highlights the effect of (i) the identification strength, (ii) the number of
instruments, (iii) conditional heteroskedasticity and (iv) robustness to deviations
from the invariance assumption. The simulation shows that unlike conventional
asymptotic approximations, the many instrument identification robust tests have
close to nominal size control regardless of the instrument strength and regardless of
the number of instruments. As the theory suggests, the procedures developed for a
fixed number of instruments get progressively more conservative when the number
of instruments increases relative to the sample size. Moreover, we find that the
developed procedures are robust to small deviations from the assumed reflection
invariance. This raises the important question whether the results continue to be
valid under a well-defined approximate reflection invariance condition, similar in
spirit to the ideas of Canay, Romano, and Shaikh (2017) in randomization tests,
but we have no theoretical results in this regard.

In the appendix we also compare the power properties with an alternative
approach that alters the weighting matrix to no longer depend on the regression
errors. This approach is recently proposed by Mikusheva and Sun (2022) and
Crudu, Mellace, and Sandor (2021) for the AR statistic and Matsushita and Otsu
(2022) for the score-based statistic. For the AR statistic, the difference in power
appears to depend on the sign of the true coefficient on the endogenous variable.
For the score statistic, we find that the alternative weighting matrix is generally
suboptimal in terms of power when identification is weak, while differences are

small when identification is strong.

Related literature Many instrument sequences can be traced back to Kunit-
omo (1980) and Morimune (1983). Bekker (1994) shows that in a homoskedastic
IV model with normally distributed errors and strong instruments, the two-stage
least squares estimator is inconsistent under many instruments. The limited in-
formation maximum likelihood estimator remains consistent, but the presence
of many instruments changes the asymptotic variance. Hansen, Hausman, and
Newey (2008) extend these results by removing the normality assumption. Ana-
tolyev (2019) provides a survey of the literature on many instruments.

The consistency of the limited information maximum likelihood estimator is
lost under heteroskedasticty, with the exception of balanced group structures as
in Bekker and van der Ploeg (2005). Estimators and specification tests that re-

main consistent under many instruments and heteroskedasticity were developed



by Hausman, Newey, Woutersen, Chao, and Swanson (2012), Chao, Swanson,
Hausman, Newey, and Woutersen (2012), Chao, Hausman, Newey, Swanson, and
Woutersen (2014) and Bekker and Crudu (2015). The key idea is to explicitly re-
move the terms in the LIML objective function that cause the inconsistency under
heteroskedasticity, leading to various jackknife estimators. In this sense it is not
surprising that continuous updating is useful under heteroskedasticity given the
jackknife interpretation by Donald and Newey (2000).

When instruments are weak or even irrelevant, the parameters of interest can-
not be estimated consistently, and the focus shifts to inference procedures that
guarantee size control uniformly over the strength of the instruments. In ho-
moskedastic linear IV models, such identification-robust inference is commonly
based on (i) the Anderson-Rubin statistic (Anderson and Rubin, 1949) that is a
scaled version of the LIML objective function, (ii) statistics based on the score of
this objective function (Kleibergen, 2002), or (iii) a combination of (i) and (ii) as
in the conditional likelihood-ratio (CLR) test (Moreira, 2003). The CLR test is
particularly attractive as it provides near optimal power (Andrews, Marmer, and
Yu, 2019). Under heteroskedasticity, inference can be based on the continuous up-
dating objective function, its score (Kleibergen, 2005) or generally more powerful
conditional test statistics (Andrews, 2016).

Allowing many instruments to be potentially weak can be done through what is
called many weak instrument sequences developed by Chao and Swanson (2005)
and Stock and Yogo (2005). Such sequences are crucially different from many
instrument sequences as they restrict the number of instruments to increase at
a slower rate relative to the sample size. A combination of many instrument se-
quences with identification robust statistics was considered by Bekker and Kleiber-
gen (2003) in the context of the homoskedastic Gaussian IV model. This shows
that under many instrument sequences the score-based statistic by Kleibergen
(2002) needs to be scaled to obtain the familiar x? limiting distribution.

Finally, the combination of robust inference in heteroskedastic linear IV models
with many instruments that is considered in this paper has been studied recently
by Crudu, Mellace, and Sandor (2021), Mikusheva and Sun (2022), Matsushita
and Otsu (2022) and Lim, Wang, and Zhang (2022). Instead of using the contin-
uous updating objective function, these papers change the objective function by
using the weighting matrix from the homoskedastic set-up. Critical values for the
resulting AR statistic can then be derived that yield a valid test even under het-
eroskedasticity. Using the homoskedastic weighting matrix, Matsushita and Otsu

(2022) propose a score-based statistic that is also identification and many instru-



ment robust under heteroskedasticity. Lim et al. (2022) consider a conditional
linear combination of the squared jackknife AR statistic and an orthogonalized
LM statistic with critical values from a minimum regret approach as in Andrews
(2016). A formal comparison of the results under various weighting matrices is an
important avenue for further research.

Invariance properties can open up a route to exact finite sample inference via
randomization tests (Lehmann and Romano, 2005; Bekker and Lawford, 2008;
Canay et al., 2017). In special cases, invariance can even be used to derive the
exact finite sample distribution, e.g. the t-statistic has a Student’s t-distribution
under rotational invariance (Fisher, 1925). In other cases, the distribution must
be simulated by drawing transformations from the invariance group. For a recent
example of such randomization inference in economics, see Young (2019). In our
setting, one could indeed simulate the exact finite sample distribution of the AR
statistic, be it at substantial computational costs. However, this does not appear
to be case for the score, which depends on the first stage errors and the covari-
ance between the first and second stage errors, both of which are unknown. The
invariance of the second stage errors does allow us to find the asymptotic distri-
bution of the AR and score. Invariance properties to find limiting distributions
have been used before in the symmetrization of empirical processes (van der Vaart
and Wellner, 1996). In special cases the results for the invariant process extend to
more general processes that do not satisfy the invariance property. We leave it for

further research whether this is the case for the model considered in this paper.

Structure In Section 2 we discuss the heteroskedastic IV model and the CU
objective function. Two invariance conditions and their implications for the dis-
tribution of the AR statistic are discussed in Section 3. Section 4 focuses on results
for the score. Section 5 provides the variance estimators required to implement the
tests and discusses their consistency. Section 6 contains the Monte Carlo results.

The empirical applications are given in Section 7. Section 8 concludes.

Notation For a vector v, denote by D, the diagonal matrix with v on its diago-
nal. Moreover, for a square matrix A, let D4 = A ® I, where ® is the Hadamard
product. We use A = A — D, for a matrix with all diagonal elements equal
to zero. Projection matrices are denoted as Py = A(A’A)"'A’. ¢ indicates a
vector of ones and e; a vector with its i'" entry equal to one and the remaining

entries equal to zero. Let a,) = Ae;, denote the A column of a matrix A. For

random variables A and B, A @ B means that A is distributionally equivalent



to B. A2 B means that E[A] = E[B]. Eal-| is the expectation over the dis-
tribution of the random variable A. —; denotes convergence in distribution, —,
convergence in probability and —, . almost sure convergence. a.s.n. is short for
with probability 1 for all n sufficiently large. For a symmetric n X n matrix A,
Amin(A) = M(A) < - < A (A) = Anax(A) denote its eigenvalues. C' denotes a
generic finite positive constant that can differ between appearances. We tacitly

assume C' > 1/C if necessary.

2 Continuous updating and the heteroskedastic

linear IV model

While our results on the AR statistic apply to any setting with reflection invariant
moment conditions, our main focus is the heteroskedastic linear IV model. The

model has p endogenous regressors with both the first and second stage exactly

linear,
yi = ;80 + &,
x; =1z + (1)
=z + 1,
with By a p x 1 vector, Il a k X p matrix, and ¢« = 1,...,n. We denote € =

(e1,...,en), X = (x1,...,2,)", Z = (21,...,2,), and Z = (21,...,%,). We
also introduce the following notation that will be convenient below: for some 3,

not necessarily equal to By, €;(8) = y; — ;3 and €(8) = (e1(8), ...,e.(B))".
The model (1) is accompanied by the following assumptions.

Assumption Al. (a) Conditional on Z, {e;,m.}, is independent, with mean
zero and El(e;, m) (61, m)|Z] = B = (07 0y 012 Baw), (b)) 0 < C7H <

Ain (i) < Amax(B4) < C < o0 a.s., (¢) For all i, E[e}|Z] < C < oo a.s. and
El|n:]|*|Z] < C < > a.s.

To conduct inference on By, we have £ moment conditions g;(3) that condi-
tionally on Z are independent across i and satisfy E[g;(8y)] = E[z;e;] = 0. We
stack the moment conditions in the n x k matrix G(3) = [g1(8), - . ., g.(B)], with
rank(G(By)) = k. Define the projector P(83) = G(8)(G(B)'G(B))'G(B)". The
continuous updating (CU) objective function introduced by Hansen et al. (1996)



can be written as

QB) = PB ="+ S PP, ©)
i#]
The minimizer of (2) is the continuous updating estimator (CUE), which Donald
and Newey (2000) show has a jackknife interpretation. Newey and Windmeijer
(2009) show that the estimator is asymptotically normal when the number of
instruments grows slowly in the sense that k%/n — 0.
The CU objective function is closely related to the Anderson-Rubin GMM
(abbreviated as AR) statistic, defined as

AR(B) = nQ(B). (3)

For a fixed number of instruments k, the AR statistic is asymptotically x?(k)
distributed when evaluated at By. Extending this result to the case where the
number of moment conditions grows proportionally with the sample size is chal-

lenging. Specializing to the linear IV model (1), the CU objective function is
1 —_
Q(B) = ~t'De(5) Z(Z'D ) Z) ' Z'Deapt. (4)

The weighting matrix Z’ Dg(,@)Z is £ X k dimensional and contains the second
stage regression errors €. This combination makes the behavior of this weighting
matrix challenging to control when £ is a non-negligible fraction of the sample

size.

3 Invariant moment conditions

To motivate the use of invariance conditions to obtain the distribution of test
statistics, consider the setting where the moment conditions are orthogonally in-
variant, i.e. G(Bp) @ G(80)Q for any orthogonal matrix Q. In this case, the finite
sample distribution of Q(By) can be obtained as follows. Orthogonal invariance
implies that ¢/ P(By)t/n @ P(By)z where z is uniformly distributed over the
(n — 1)-dimensional unit sphere and P(8,) can be regarded as fixed, see e.g. Ver-
shynin (2018, Chapter 5). As a result, Q(8o) @ (Zy + Zy) "' Zy where Z; ~ x?(k)
independently of Zy ~ x*(n — k), and hence, Q(Bo) ~ Beta(k/2,(n — k)/2) or
equivalently (n — k)Q(Bo)/[k(1 — Q(Bo))] ~ F(k,n — k). Orthogonal invariance

thus allows us to bypass the fact that the dimensions of the weighting matrix



Figure 2: Empirical PDF of Q(/) with and without orthogonal invariance.
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Note:  empirical PDF obtained by simulating 100,000 draws of Q(By) =
VG(G'G)"'G't/n with G an n x k matrix with n = 50 and k = 20. The elements
[Glij ~ N(0,1) and [G;; = €i(Bo)Zi; with €;(8p) ~ N(0,1) and independently
Zij ~ N(0,1). Dark solid line indicates the PDF of the Beta(k/2, (n — k)/2) distri-
bution.

G(Bo)' G (By) are nonnegligible relative to the sample size. Figure 2 illustrates this
result by showing the empirical PDF of Q(8,) over 100,000 draws with n = 50,
k = 20 and we ensure orthogonal invariance by drawing the elements of G as
independent standard normal random variables.

Unfortunately, orthogonal invariance is restrictive. In particular, combined
with independence of the moment conditions, it implies that the moment condi-
tions are normally distributed. Even in a highly stylized set-up where we have an
IV model with second stage errors €; and the instruments Z;; generated as inde-
pendent standard normals, orthogonal invariance breaks down as [G];; = €;Z;;.
The blue dashed histogram in Figure 2 shows that in this case the empirical PDF
differs from the Beta PDF.

The class of allowed distributions can be substantially enlarged by the fol-
lowing invariance assumption, referred to as orthant symmetry by Efron (1969)
and reflection invariance by Bekker and Lawford (2008). In the context of the IV

model in (1), we impose the invariance on the second stage regression errors ¢;.

Assumption A2. Let {r;}!, be a sequence of independent Rademacher random

(d)

variables and r = (ry,...,r,)". Then, conditional on Z, e = D, e.

This assumption implies reflection invariance in the distribution of the moment
conditions as conditional on Z, G(3) @ D,G(By). The results in this section

therefore apply to any application where the distribution of the moment conditions

10



is reflection invariant. The assumption is substantially weaker than assumption
that the errors are homoskedastic and Gaussian under which many of the previous
results for identification robust tests with many moment conditions have been
derived (Bekker, 1994; Bekker and Kleibergen, 2003). The key observation is
that Assumption A2 allows the distribution of the moment conditions to differ
across observations. This makes it particularly suitable to use in the context of
heteroskedastic models.

Under Assumption A2 we can relate the distribution of the CU objective func-
tion with a similar function written in terms of Rademacher random variables.

Conditional on Z, X
Q(By) © Qr(B) = ' P(Bo)r.

While the exact finite sample distribution of (Q(3p) is no longer tractable, the
asymptotic distribution under many instrument sequences is. As conditional on
Z, Q(By) and Q,(By) are distributionally equivalent, it suffices to analyze the
asymptotic distribution @Q,.(8p). Likewise, we analyze AR,(By) = nQ,(By) to
establish the asymptotic distribution of the AR statistic defined in (3).
Conditioning now on J = {&;, Z/}! ;, the only randomness in AR,(3y) comes
from the Rademacher random variables. Under the following assumptions, we
can directly apply the CLT for bilinear forms by Chao et al. (2012) to obtain the

asymptotic distribution of the AR statistic under many instrument sequences.

Assumption A3. Conditional on J = {e;, Z!}?_, we have with probability 1 for
all sufficiently large n: (a) rank[P(Bo)] = k, (b) Pyi(Bo) < C <1 fori=1,...,n,
(c) 02 > 1/C where
72 =23 P(Bo), )
]

Part (a) excludes any redundant moment conditions. Part (b) is common
in the many instruments literature, see e.g. Hausman et al. (2012), Bekker and
Crudu (2015) and Anatolyev (2019). Part (c¢) bounds the variance of the scaled
AR statistic away from zero and is required to apply the central limit theorem
provided in Lemma A2 by Chao et al. (2012). The following result follows directly

from that Lemma and its proof.

Theorem 1. Under Assumptions Al to A3 and conditional on J = {&;, Z!}",

when k — oo as n — oo, (ko) YV2(AR,(By) — k) —4 N(0,1) a.s. This implies
that (ka?)~Y2(AR(By) — k) —4 N(0,1).

The assumption of finite moments for the errors and the eigenvalue bounds

for their variance in Assumption Al and the technical assumption on P(3;) in

11



Figure 3: Empirical PDF of the centered and scaled AR statistic.
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Note: empirical PDF of (ko2)~'/2(AR(fy) — k) as defined in Theorem 1 obtained by
simulating 100,000 draws of the n x k moment condition matrix G with n = 50 and
k = 20. The elements [G|;; = €;(8o)Z;; with €;(8y) ~ N(0,1) and independently
Zi; ~ N(0,1) (left panel) and &; ~ N(0, Z%) (right panel). Dark solid line indicates
the PDF of the standard normal distribution.

Assumption A3 made in Theorem 1 are comparable to the assumptions Crudu
et al. (2021) and Mikusheva and Sun (2022) need to obtain the distribution of the
jackknife AR statistic.

Theorem 1 shows that the AR statistic needs to be shifted and scaled to have a
well-defined asymptotic distribution. A similar result is obtained by Anatolyev and
Gospodinov (2011) for the AR statistic in a homoskedastic IV model with many
instruments. We note that Theorem 1 applies in a general GMM set-up where the
moment conditions are reflection invariant, as we make no use of the particulars of
the linear IV model (1), but only exploit the invariance in the moment conditions.
While Theorem 1 requires kK — oo, we can achieve uniform inference across k by
testing based on the quantiles of the distribution of Z = (2k)~'/%(Z, — k) where
Zy ~ x*(k). When £ is fixed, 02 —, 2, and hence, we compare AR(3,) against the
quantiles of a x%(k) distribution. When k increases, the quantiles of Z approach
that of the standard normal distribution and Theorem 1 applies.

To illustrate Theorem 1, we revisit the setting from Figure 2 with n = 50
observations, k = 20 instruments and [G|;; = ¢;Z;; with ¢; and Z,; independent
standard normal random variables. The left panel of Figure 3 shows that the
asymptotic distribution derived in Theorem 1 provides an accurate finite sample
realization. In the right panel, we introduce conditional heteroskedasticity through

gi ~ N(0,Z%). We hardly observe any effect on the finite sample distribution.

12



4 Inference based on the score

Since the AR test is known not to be efficient in overidentified models, we now
consider the application of Assumption A2 in the linear IV model to analyze a test
statistic based on the score of the CU objective function given in (4). To obtain
the limiting distribution of the first order conditions of the CU objective function,

we make the following assumption on the IV model in (1).

Assumption A4. Consider n; and €; as in (1). Then, m; = £;a; + u;, where

a; = 091;/02, and, conditional on Z, {u;,&;} are mutually independent.

This assumption parameterizes the relation between the first and second stage
errors and also appears in Bekker and Kleibergen (2003). It is for example satisfied

if (g4, m}) is multivariate normal. We use Assumption A4 to write
T, =x;+ g;ay;, T; = z; +u,. (6)

The fact that &; does not depend on ¢; is useful when applying Assumption A2.
The flexibility of the model can be increased by including higher-order polynomials
of the errors g; in Assumption A4 at the expense of more elaborate notation.
The assumption on the eigenvalues of the second moment matrix of (¢;,n}) in
Assumption A1 implies that the eigenvalues of XV = E[u;u}| Z] are bounded from
above and below by positive constants and that E[||u;||*|Z] < C < oo a.s.

Denote V(B) = Z(Z'D.32Z) ' Z'. To simplify the notation, we write V' =
V(Bo) and likewise P = P(8,). The score of the CU objective function is
_0QB) _ 1

S(i)(ﬁ) = 95; = _ﬁm/(i)(‘l— - Dp(ﬁ)L)V(IB)e(B)‘

Under Assumption A2, and using the decomposition of n; in Assumption A4 we
find that, conditional on Z, S(;)(8o) @ Sa)r(Bo), where with ;) as in (6),

—_

VD.r

T

1
Sw+(Bo) = =~y VDer + —r'PD,D

—_3

(7)
- ﬁ’l"/D

e Pr.

1
Pr + —'r’PD%,)
n

The score consists of one linear term, two quadratic terms and one cubic term.
Our strategy is to derive the asymptotic distribution of S .(Bo) to obtain the
distribution of S(;)(By). As for the AR statistic, we derive the limiting distribution
conditional on J = {g;, Z/}I ;. For the score, this implies that we do need to take

into account the randomness that enters via wu;.
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4.1 Conditional variance of the score

We start by finding the conditional variance of (7) that is decomposed in two
parts. First, the conditional expectation of the estimator for the variance of the

score as in Kleibergen (2005) after applying Assumption A2,
1
ij(ﬁo) = El(zq —i—Da(i)Dra)'(I—DTDPT)V(I—DTDP,,)(CE(J-) + Dy, Dye)|T].

Second, we find correction terms that are relevant under many-instrument se-
quences. The following matrix appears under nonzero identification strength. De-
fine S;; = P; + P;;. Then for i # j,

Ve W]ij = Vi [(P’LZP_]j + ]35)(3 — 4513') — 25 + 25%]7

[V ©Wli = =2V Pi(1 - 2P;) — 2y Vel Pa.
k=1

Using this notation, we have the following theorem.

Theorem 2. For J = {e;, Z]}}_, and under Assumption A2, E[Sq),(Bo)|T] = 0.

The (i, j)-th element of the conditional variance matriz is
Q;(Bo) = E [+ S+ (80) Sy (B0) | T | = Q(Bo) + Q1 (Bo), (9)

where ij(ﬁo) = ij’z(,@o) + QZ-Lja(ﬁo) + QiLju(Bo) with

2 1 .
Q7 (Bo) = ~Z(y[(I - Dp)V(I = Dp) + DpDy(I = 2Dp) +V © P © Plz,

(2

a 1
QZLJ (Bo) = Ea'/(i)(DP — P © P)ag,

u 1
Q,L-I; (ﬂo) = ﬁ tI‘(_DEU(iJ-)Dv(I — Dp)),
and Q11(Bo) = Q7 (Bo) + QL (Bo) + Qi (By) with

: 1_ _
Qf}’ (Bo) = ﬁz&)(v © W)z,
a 2
QZ’ (Bo) = _ga’/(i)<DP — P © P)ag,

2
Q" (By) = ~ = t1(Dyo (i, (VD © VD:)(I = 2Dp + P © P)),

with (W © V) defined in (8) and Dsuv; ;) an n X n diagonal matriz with the k-th

diagonal element equal to cov(ug;, ug;|J ).
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Proof. See Appendix A.2. n

Theorem 2 does not involve any asymptotic approximation, but gives the ex-
act conditional variance of the score under Assumption A2. The components
ij(ﬁo) and Qg (Bo) are split into contributions due to the instruments, due to
heteroskedasticity in the relation between the first and second stage errors, and
finally due to the second stage errors themselves. The terms involving a; and
a(j cancel when a;) = ag)-¢ for all i = 1,...,p. This is true under homoskedas-
ticity, but holds more generally. From Assumption A4 we see that even if ¢; and
u,; are (conditionally) heteroskedastic, we can still have a;) = a(; - ¢. The most

important property of the correction Q#(3,) is given by the following result.

Corollary 1. Let (i) mini—;_, Aoin(EY) > C > 0, (i1) max P; < 0.9 and (i)
n~t S ViPy > 0. Then, Q(8y) from Theorem 2 is negative definite.

Proof. See Appendix A.3. m

Under Assumption A4, condition () is implied by Assumption Al. Condition
(1) ensures that in Theorem 2 [W1];; < 0 for ¢ # j, which in turn implies that
Q77(3)) < O. Moreover, together with the assumption (i), it ensures that
Qv (By) < O. If we drop conditions (i) and (4i7), the result holds with negative
definite replaced by negative semidefinite.

Corollary 1 shows that the variance correction is negative definite. This im-
plies that the use of the conventional inference procedures based on the score will
be conservative. The condition that n=! Z?:l Vi P; > 0 makes it clear that this
is more likely to occur, and asymptotically only occurs, when the number of in-
struments is a non-negligible fraction of the sample size. For instance, if {g;}?, is
itself a sequence of Rademacher variables and Z has independent elements with
finite fourth moment. Bai et al. (2007) show that %Z?Zl ViPyi — :—z —as 0, and
hence asymptotically (ii7) requires that k/n — A > 0.

We revisit the numerical example from Section 3 to quantify the reduction
in the conditional variance when using the conditional variance from Theorem 2,
versus the conditional expectation of the conventional variance estimator. We
consider the ratios n, = [ij’z(ﬁo) - Qg’z(ﬁo)] /ij’z(ﬁo), that contains the terms
due to the signal in the instruments, as well as the analogously defined ratios 7,
that is due to heteroskedasticity, and 7, that is due to the independent (noise)
component in the second stage errors. We now specify there is p = 1 endogenous
variable, the number of instruments ranges from k = 1,...,n/2, and the instru-

ment slope coefficients are Il = e;. Since we study the ratio 7., this can be scaled
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Figure 4: Reduction in the components of the conditional variance.

Instruments (n,) Heteroskedasticity (1) Noise (1)

1.0 1.0 1.0
0.8—\_/ 0.8—\— 0_8_\
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2 1
0.0 T T 0.0 T T 0.0 T T

0 10 20 0 10 20 0 10 20

k k k

Note: depicted is the ratio 1, = E[(Q5*(80) + QH*(80))/Q5*(5)] as a function of
the number of instruments &k (left panel), and similarly for 7, (middle panel) and
N (right panel) with the components of Q(3y) and Q (3y) defined in Theorem 2
and E indicates the average over the 10,000 simulation draws. The band is between
the 5th percentile and the 95th percentile.

with any nonzero constant without changing the results. We set Dzﬁ o= I and
aqy,: = |Zi|. Results are based on 10,000 draws.

Figure 4 shows the average of the ratios {7,,7.,7.} as well as the 5th per-
centile and the 95th percentile. We find a substantial reduction in the different
components of the conditional variance when taking into account the correction
terms contained in /7(8y). This reduction even occurs with a single instrument,

although it generally increases when the number of instruments grows.

4.2 Asymptotic results for the AR and score statistics

To describe the joint limiting distribution of the AR statistic and the score, we

need the following assumptions.

Assumption A5. (a) 137" ||z]? < C < o0 a.s.n., (b) L max ||Z]]* =4 0,
i=1,....,n

(c) %Erllax |1Z'VD.e||? =45 0, (d) 0 < C7' < X\uin(22'Z) < Muax(22'Z) <
C<ooasn, 0<Ct < A\un(2Z2'D?Z) < Max(2Z2'D2Z) < C < 00 a.s.n.

Part (a) and (b) are standard assumptions under many instruments. Part
(a) also appears in Chao et al. (2012) and Hausman et al. (2012), who instead
of (b) require 2" | ||Zi]|* —as 0. We see that this condition is implied by
Assumption A5 parts (a) and (b). In particular, (b) is a Lyapunov condition

needed for the central limit theorem we employ. Part (c) is another Lyapunov
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condition needed for the CLT under heteroskedasticity. Part (d) ensures that
V = Z(Z'D?Z)"'Z’ has bounded eigenvalues a.s.n.

The joint limiting distribution of the AR statistic and the score evaluated at

the true parameter B3, is given in the following theorem.

Theorem 3. Under Assumptions Al to A5, when n — oo and k/n — X € (0,1),

Zn(Bo)7? (VLEE;R(?&(; k)> 4 N(0,1,,1).

Here [2,(B0)]1.1 = o2 from (5), [X0(B0)]2:pr1.2:p+1 18 given by Q(By) in Theorem 2,
and the covariance between the rescaled AR statistic and the score is
2

vk

with W) = M D, P and M = I — P.

€)

[Z0(B)ligst = [Za(Bo)ljin = —=t(¥V O P), j=1..p,  (10)

Proof. See Appendix B. O

Our proof uses that the eigenvalues of 3, are bounded away from zero un-
der many instrument sequences. In sharp contrast to the analysis under a fixed
number of instruments, this holds even in the unidentified case where Il = O.
This is the reason that under many instruments Theorem 3 does not need to be
analyzed separately for different identification strengths as is the case under a
fixed number of instruments. We further observe that the covariance between the
objective function and the score is only nonzero when the number of instruments
increases and when there is heteroskedasticity in the sense that a; varies across
observations. When aj) is constant across observations, we have D
and hence ¥ = O.

= ay I,

a(j)

5 Implementation

5.1 An unbiased and consistent variance estimator

To use Theorems 1 and 3 for hypothesis testing and the construction of asymp-

totically valid confidence intervals, we require a consistent estimator for 3, (8p).

Define,
N o Ai(ﬁ) [ﬁ]”(/@)};:p,l
2.(8) = ([2 > , (11)



with for the variance of the AR statistic 62(83) = 2k~'(k — ¢/ D%¢) and to lighten
the notation Dp is short for Dp(g). To estimate the variance matrix of the score

vector €2(83) we follow the decomposition in Theorem 2,
. 1
Qz(ﬁ) = ﬁwl(i)(I - DPL)V(I - DPL)w(j)7
~ 1 . . .
Q1(B) = ﬁm;i) [7DpV Dp — 4D%2V Dp — 4DpV D%
+3VOPOP-—4Dp(VOPOP)—4VoPeP)Dp (12)
—2DpV — 2V Dp +2D3V + 2V D3|z,

22l [(VD. 0 VD.)(P o P) & Tay,

When B = B, the final line estimates the terms QZ’“(BO) and Qg’a(ﬁo) from
Theorem 2, as well as the terms corresponding to [V ® W1; in Qg’z(,@g). The
preceeding terms in Qg (B) estimate the terms corresponding to [V © W];; for
i1 # jin Qg’z(ﬁo). Finally, the covariance between the AR statistic and the jth

component of the score given in (10) can be estimated by

2

Vink

The consistency of (11) for 3(8) is stated in the following result.

Za(Bge1 = Ba(B)lj+10 = (;)(Dy — (V © P))Dpe. (13)

J)

Theorem 4. Under Assumption A2, B[2,(80)|J] = Zn(Bo). Also, under As-
sumptions Al to A5, 3,(8o) =p Zn(Bo).

Proof. See Appendix A.5. m

While the estimator is conditionally unbiased and consistent, it is not guaran-
teed to be positive definite. In a setting where there is only a single endogenous
regressor, a crude way of dealing with negative variances is to set the variance
equal to zero when this occurs, such that tests using this variance always reject.

This is the solution we employ here.

5.2 AR statistic: power relative to fixed-k approximations

With the estimator for the variance, we can use Theorem 3 to perform identifi-
cation robust inference. To conduct inference based on the AR statistic that is

valid regardless of the number of instruments, we obtain a confidence region for
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By with asymptotic coverage rate 1 — « by including all values for 3 for which
(kon) " 2(AR(B) — k) < (2k) "2 (x*(k)1-a — k), (14)

where x%(k)1_q is the 1 — a quantile of a x?(k) distribution. Using (14) ensures
that asymptotically we compare the AR statistic with x?(k) critical values when
k is fixed, and that we compare the centered and scaled AR statistic with stan-
dard normal critical values when k is large. We have the following result on the
probability of rejecting based on the many-instrument approximation versus the
fixed-k approximation. Note that this finite-sample result does not contradict the
fact that both procedures are asymptotically size correct under a fixed number of

instruments.

Corollary 2. Let ¢1(8) = 1 if (ko?) (AR(B) — k) > (28)2(¢(K)1_a — ),
and let ¢2(B) = 1 if AR(B) > x*(k)i1_a- Then, if « < 0.3, P(¢1(8) = 1) >
P(¢2(8) = 1).

Proof. After some rewriting we see that ¢;(8) = 1 if
n 1/2
AR) > 010 = b0 =) <8 1= (1= R )|
i=1
If o < 0.3, we have that x?(k);_, > k for all k. The result follows. O

5.3 Combining the score and AR statistic

Given that the score-based test lacks power in regions away from the true value
where the objective function is flat, we also combine the AR and score test. From

Theorems 3 and 4 we have

(AR0<50)> —$,(By) (ﬁ(AR(ﬁo) - k‘)) —4 N(0,I,,1).
S°(Bo) Vvn - S(Bo)

Therefore, for a given size @ and aar < « the test that rejects if either AR°(3) >
(26) 2O (K)y g — k) ot if Doth AR(B) < (2K) V2(2(k)y ay, — k) and
S°(B)S°(B) > x*(k)1_as, With ag = (o — aar)/(1 — aar), is size correct un-
der the assumptions of Theorem 3.

In finite samples 32, (Bo) is not guaranteed to be invertible. We implement the

combination test by rejecting the test whenever f]n(ﬁo) is singular.
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For the fixed-£ linear IV model with homoskedastic normal errors it is known
that the CLR test of Moreira (2003) has excellent power properties regardless
of instrument strength (Andrews et al., 2006, 2019). Since the CLR statistic
can be written as particular combination of the fixed-k AR and score statistic,
it is desirable to also combine the many instrument AR and score into a many
instrument CLR statistic. Such an extension is non-trivial however, so we leave it

for further research.

6 Simulation results

We test the finite sample performance of the proposed tests by generating n = 800
observations from the model in (1), with p = 1 endogenous regressor. The elements
of the instrument matrix Z are independent standard normal distributed. We set
IT = (RVk/n)'/?e,, such that the first instrument is relevant for the endogenous
regressor. The strength of the instrument is governed by the parameter R.

To allow for violations of the invariance assumption we draw the errors ¢;
independently from a skew normal distribution with skewness parameter (.. That
is, the PDF of ¢; is f(z) = (2/w:)o ((z — &) /we) P (¢ (z — &) /w:) , with ¢ and P
the PDF and CDF of the standard normal distribution and w. = o.;/(1 — %)
and & = —wgég\/Q/_w for 6. = ¢/ \/ng and 7 the mathematical constant. We
consider both a homoskedastic setting and a heteroskedastic setting. In the former
case we generate 1; = pe; ++/1 — p?w; for p = 0.3 and w; ~ N(0,1). In the latter
case we set 7, = a;g; + %wi where a; = |Z;1| and w; again standard normal. The

results are based on 10,000 draws from this data generating process (DGP).

6.1 Size

To analyze the size properties of the proposed tests, we set Sy = 0 and a nominal
size of @ = 0.05. Figure 5 shows the size of 2SLS, LIML, the fixed-k and the
many instrument robust tests, when k£ € {10,100} and R ranges from 0 to 50.
In the upper left panel we see that for this relatively small instrument set and
homoskedasticity 2SLS is oversized and especially so for weak instruments. LIML
and the fixed-k tests on the other hand are slightly conservative. The many
instrument robust tests are size correct. When k increases to 100, which is depicted
in the lower left panel, the size distortion of 2SLS increase, but LIML remains
relatively unaffected. The many instrument robust AR test maintains the five

percent rejection rate. The size of the other many instrument robust tests drops
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Figure 5: Size under identification robust inference.

k =10, (- = 0, homoskedastic k =10, (¢ = 0, heteroskedastic
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Note: size when testing Hg: 8 = 0 at o« = 0.05 based on the fixed-k Anderson-
Rubin test, the fixed-k score, the tests developed here, 2SLS and LIML. k denotes
the number of instruments and R their strength. (. is the skewness parameter for
e. The combined test uses aar = 0.01. The Monte Carlo is described in Section 6.

slightly, but not as much as the size of the fixed-k tests. These observations hold
uniformly over the instrument strength and largely extend to the heteroskedastic
case, with the exception that LIML becomes oversized for weak instruments and
that the many instrument robust score, and with it the combination test, becomes
slightly oversized when there is a small number of weak instruments. However, the
many instrument robust score remains size correct for large instrument sets. The
many instrument robust score’s size distortion for £ = 10 and weak instruments
is due to negative variance estimates that occasionally prevail in this setting.
By default the many instrument robust score test rejects for negative variance
estimates, thus explaining the higher rejection rates. We do not observe negative
variance estimates under the null for higher values of £ or stronger instruments,

and hence the test is size correct in these cases.
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Figure 6: Power under identification robust inference with weak instruments.
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Note: power when testing Hy : 5 = 0 when the true g = 8* at a = 0.05 based
on the fixed-k Anderson-Rubin test, the fixed-k score test and the tests developed
here. k denotes the number of instruments, R their strength and the invariance
assumption is satisfied. The combined test uses aprg = 0.01. The Monte Carlo is
described in Section 6.

6.2 Power

We now analyze the power against Hy: 8 = 0 when the true f, equals §* in the
interval [—1; 1] for @ = 0.05. We vary the identification strength by setting R = 5
and R = 50. Throughout the invariance assumption is satisfied. Figure 6 shows
the power of the fixed-k£ and many instrument robust tests in different settings
when the instruments are weak. If we first focus on the homoskedastic DGP
depicted in the left panels, we observe that for small £ the power of the fixed-k
tests is close to their many instrument robust counterparts. Nevertheless, even
for this small instrument set the many instrument correction improves the power.
The power differences increase when k£ = 100 as shown in the lower left panel.
Furthermore, using the score rather than the AR increases power.

These observations extend to the heteroskedastic case as given in the right

panels. For small k the power of the fixed-k and many instrument robust tests
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Figure 7: Power under identification robust inference with strong instruments.
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Note: see the note to Figure 6.

are close, but the power difference increases in the number of instruments, and
the score generally tests have higher power than the AR tests. A major difference
however, is the right tail of the power curve. For positive values of the true
only the many instrument robust score has good power. Part of this power comes
from negative variance estimates for which the many instrument robust score test
always rejects. Such estimates are common for alternatives far away from the true
value of 5. We illustrate this point in Appendix C.2.

For stronger instruments, as shown in Figure 7, we see similar behavior of the
tests. A notable difference is the power in in the right tail for the heteroskedastic
DGP. Although power remains lower than in the left tail, it increases towards one.
The advantage of the many instrument robust tests over the fixed-k tests remains.

In both figures the combination of the many instrument robust AR and score
test closely follows the power curve of the many instrument robust score. Only
when the power of the score drops because the tested value is far from the true
parameter, the power curves separate and we see that the combination successfully

overcomes the loss in power.
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Figure 8: Size under identification robust inference without invariance.
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Note: see the note to Figure 5.

6.3 Moment conditions without invariance

An important issue is what happens to the size of the many instrument robust tests
when the invariance assumption on the second stage regression errors is violated.
Figure 8 shows the size when the errors ¢; are generated from a skewed normal
distribution with (. = 10. All panels show rejection rates that are very close to
those in Figure 5. This suggests some robustness to departures from the invariance

imposed in Assumption A2.

7 Empirical applications

7.1 Card (2009)

We illustrate the tests by estimating the negative inverse elasticity of substitution
between immigrant and native workers using the model and data by Card (2009)
and Goldsmith-Pinkham et al. (2020). Card (2009) uses the wage gap between

natives and immigrants and their respective labor supplies in 124 cities in the US to
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determine how easily workers from one of these groups can be replaced by workers
from the other group. Since this may depend on the skill group the employee
is in, Card (2009) subdivides the sample in high school and college equivalent
workers. Denote y;; the residual log wage gap between immigrant and native men
in skill group j and location [, z;; the ratio of immigrant to native hours worked in
skill group j and location [ of both men and women and X; the vector of location
specific controls including an intercept. Then we can estimate the negative inverse

elasticity of substitution, 3, from

yi; = Blogxy +v' X, + ey,

where ~ are other coefficients and ¢;; is an error term.

It is possible though, that a local labor demand shock both increases relative
earnings and the number of immigrants that settles in that location, thus increas-
ing the relative labor supply. Consequently z;; is an endogenous regressor. Card
(2009) therefore instruments labor supply with the predicted number of immi-
grants in skill group j that settles in [ arguing that immigrants tend to settle in
cities with a large population of immigrants from their country of origin. Therefore
settlement patterns in an initial period together with arrival rates of immigrants
from specific country groups in subsequent periods, can be used to predict the
inflow of immigrants in each city. To be precise, let Nij 1930 be the number of
immigrants from k£ = 1,...,38 country (group) of origin in [ in 1980, Ny 1980 be
the total number of immigrants from £ in the US in 1980, P, 2000 be the population
of [ in 2000 and gi; be the number of immigrants from k in skill group j arriving
in the US from 1990 to 2000. Then z;; is instrumented by B;; = Zigzl 21,1980 Gk
where 2y, 1980 = Nik,1080/ (Vi 1980 - Fr2000)- Bjj is also known as a Bartik instrument.

Goldsmith-Pinkham et al. (2020) note that instead of combining the 2y 1950 into
a single instrument via the g;, they can also be used separately as instruments,
leaving the coefficients on the z 1950 unrestricted. In this case the number of
instruments amounts to 38, which is large compared to the 124 observations.

In this section we compare confidence intervals for the elasticity of substitution
obtained by ignoring the endogeneity and using ordinary least squares (OLS);
2SLS; the fixed-k AR and score statistic; and the tests developed in this paper.
We apply 2SLS twice. Once with the Bartik instrument and once with the 2 1950
as instruments. The other instrumental variable approaches use the z 1950 as
instruments. To estimate the standard errors for the 25LS estimate with B;; as

an instrument, we bootstrap over the 124 cities with 1000 replications. We prefer
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Figure 9: 95% ClIs for the negative inverse elasticity of substitution.
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Note: 95% confidence intervals for the negative inverse elasticity of substitution
between native and immigrant workers in the indicated skill. Point estimates, when
available, are indicated with a dot. Confidence intervals are constructed using
(i) OLS (ii) 2SLS with the Bartik instrument (iii) 2SLS (iv) the fixed-k AR statistic
(v) the fixed-k score statistic and (vi-viii) the tests developed here.

bootstrap standard errors over analytical standard errors since, as Goldsmith-
Pinkham et al. (2020) note, the 2SLS estimator is identical to a GMM estimator
using a weighting matrix based on the g;,. This weighting matrix is singular
however, which invalidates standard results for GMM estimation and makes that
conventional standard errors may be far off.

We repeat Figure 1 and add the many instrument robust combination test
in Figure 9. From the results for high school equivalent workers, we observe
the following. Firstly, OLS, 2SLS with the Bartik instrument and 2SLS yield
narrower confidence intervals than the identification and many instrument robust
methods. However, in this application there are many instruments compared to
the sample size. These instruments are, moreover, likely to be weak as indicated
by the disjoint confidence interval of the many instrument robust score statistic.
2SLS is oversized when there are many and/or weak instruments and thus these
confidence intervals may be unreliably small. Secondly, the confidence intervals
based on the fixed-k AR and score test are wider than their many instrument
robust counterparts. Thirdly, the upper bounds of the fixed-k score and the many
instrument robust confidence intervals are close to zero. The table in Appendix D
which reports the exact values, indicates that according to the fixed-k score and
the many instrument robust AR the negative inverse elasticity of substitution is
not significantly different from zero. The confidence intervals from the score and

the combination of the many instrument robust AR and score test on the other
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hand excludes zero. Fourthly, the confidence interval of the combined test is close
to those of the many instrument robust score, albeit slightly wider.

The estimates for college equivalent workers show that OLS, and 2SLS again
give the smallest confidence intervals. Furthermore, also for this skill group the
intervals based on the fixed-k tests are the widest, hinting again at heteroskedas-
ticity. Besides, the two AR tests yield wide intervals which includes zero, whereas
the intervals from the score tests and the combined test do not. This thus shows
the benefit of considering the score of the objective function, rather than only the

objective function itself.

7.2  Angrist and Krueger (1991)

The article by Angrist and Krueger (1991), that studies the return to education,
is a motivating study for the many and weak instrument literature. We revisit
this study using the extended instrument set of all year-of-birth, quarter-of-birth
and place-of-birth interactions as suggested by Mikusheva and Sun (2022), which
contains up to 1530 instruments. Table 1 shows the 95% confidence intervals for
the return to education for the fixed-k and many instrument tests. We note that
the confidence intervals by the many instrument AR are slightly narrower than
those by the fixed-k AR test for & = 1530. For the score and the combined test
we do not observe any difference between the fixed-k and many instrument test
however.

The widths of the confidence intervals for the many instrument robust AR
are similar to those found by Mikusheva and Sun (2022) for the jackknife AR
with crossfit variance. They find [0.008, 0.20] and [—0.047,0.20] for 180 and 1530
instruments respectively. The confidence intervals for the many instrument score
are also comparable to what Matsushita and Otsu (2022) find for the jackknife
score: [0.067,0.133] for k£ = 180 and [0.025, 0.123] for & = 1530.

8 Conclusion

We develop a new approach for identification robust inference under many instru-
ments and heteroskedasticity using reflection invariance in the moment conditions
to derive the joint limiting distributions of the AR and score statistic. We find
that the many instrument corrections to the variance of both statistics are nega-
tive, suggesting that conventional approximations lead to conservative tests and

a potential loss of power under many instruments. Monte Carlo simulations show
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Table 1: 95% confidence intervals for the return to education

k=30 k = 180 k = 1530
Lower Upper Lower Upper Lower Upper

Fixed-k AR 0.00 0.18 0.01 0.18 -0.01 0.23

MI AR 0.00 0.18 0.01 0.18 0.00 0.23
Fixed-k score 0.05 0.12 0.07 0.13 0.04 0.15
MI score 0.05 0.12 0.07 0.13 0.04 0.15

MI combined 0.05 0.12 0.07 0.13 0.04 0.15

Note: 95% confidence intervals for the return to education. k£ denotes the number of
instruments. Estimates are based on people born between 1930 and 1940.

close to nominal size of the developed procedures regardless of the strength of the
instruments and the number of instruments, as well as a substantial increase in
power under many instruments. We apply our new tests to the elasticity of sub-
stitution study by Card (2009) and to the return to education study by Angrist
and Krueger (1991). The applications show that the reduction in the length of the

confidence intervals by using the many instrument approximation can be sizable.
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Appendix A Proofs

A.1 Preliminary results

In the proofs of our theorems we make use of the following results.

A.1.1 Expectations over Rademacher random variables

Theorem A.1. Consider an x 1 vector r with independent Rademacher entries.

Let Ay, ..., Ay denote generic n X n matrices and v an n x 1 vector. Then,

1. E[r'Air] = tr(Ay).
2. Ullah (2004):
E[r"Airr' Agr] = —2tr(Dy, As) + tr(Ag) tr(As) + tr(A; As) + tr(A]As).
3. Ev'rr’ Ao D, Air] = v'AsDpt+ 1 (A © A v+ Dy, Ayv—20 Dy, Dy v.
4. E[v"A1D,Ayrr' A3 D, Ayr| = tr(Da,a,Daya,)
+ Dy, AyA1D gyt — 2tr (D, AyA1Dy,) + U Ay © A3 © (ALA))e
+ 1Dy, Ay AsD g0 — 2tr (Dy, Ay AsDy,) + Ay O AL © (AAL)
+ V(A1 © A3)(Az ©® Ay + tr(ATAL, © ALA)) — 2tr((A1 © A3) (A © Ay))
¢ Daa, ADat — 2t:(Daa, AiDa)
¢ Daya, AsDat — 2t0(Daya, AsDo,)
— 20Dy, Da,AsD a0 — 20D p, Dy, A1 Dyt + 16tr(Da, Dy, A1 Dy,)
—20A1DA, © Ay © At — 20 AsDy, © Ay © Al
+ Dy, AA Dyt — tr(Dy, ASA1Dy,) — tr(Da, A1 A3Dy,)
+ (A3 ® A))AY) © At — 20 (A1 © A0 1) Ay) © Age
+ (A1 © (A3(A5 0 Ag)))e — 2t1((A; © (A3(A5 © Ay))))
—2tr((A3 © (A1(A} © Ay))))
+1 (A © A)A Dy —20(A1 0 A, © I)A Dy,
+1 (A3 © A)ALD s 0 — 20 (A3 0 A, © T)ALD 4 0
+ 1Dy, Ay AY Dy, e
5. E[r'Ai1D, Ay A3 D, Ayr] = tr(Da,a,Daya,) + ' Da, AsAsD g,
—2tr(Da, AsA3Dy4,) + V(A1 © Ay © (AL AY))e.

Suppose now that Ay and Ay are symmetric matrices with all diagonal elements

equal to zero. Then,
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6. Bao and Ullah (2010):
E[(r' Air)*(r' Ayr)?] = 4tr(A7) tr(A3) + 8tr? (A1 Ay)
+32tr(A; Ay A1 Ay) + 16tr(A1 A Ay A) — 320 (1 © A3)(I © Ad)e
— 64 (I © A1 A) (T © A1 AL+ 320 (A1 © A1 © Ay © Ag)e.
7. Ullah (2004):
E[r' Airr’ Agrr’ Asr] = tr(A3[20(A; © Az) — 31 © (2A1 A5 +2A5A,)
FAA Ay + A A, + 2t1(A AN))).
Proof. 1. E[r'Ayr| = tr(A; E[r7']) = tr(A,).
2. See Ullah (2004), Appendix Ab5.

3. Denote A = rr’ — I. We split the expectation into two parts,

Ev'rr' A1 D, Asr] = E[v'A1 D, Ayr] + E[vAA, D, Ayr].

) ()
For the first part, using independence of the Rademacher random variables,

n n
!/
(I) =k [ E Uial,ijaa,jkrjrk] = E V;01,i5Q2,55 =V AlDAQL.

%,3,k=1 1,7=1

For (I1) we write (I1) =E [ij p1—1 Vidija1 jka2 7T | - There are two cases

where the expectation is nonzero. In case (I1.a) i =k,j =1,1 # j, and

(IIa) = Z ViQ1,5:A2,i5 = LA1 ® A/Z’U — L/.DA1 DAQ’U.
i#]

In case (I1.b) i =1,7 = k,i # j, such that

(I]b) = Z V;Q1,5;A2 i = L/DAlAQ’U — L/DAIDAQ’U.
i

4. We decompose the expectation as

E[r'A; D, Ayrr’' A3D, Ayr]
= E[tI'(AlDTAQAgDTAZL)} + E[tI'(AlDTA2<7‘7‘/ - I)AgDTA4(TT/ - I))]

+ E[tI'(AlDTAQ(’I"’I"/ - I)AsDrA4)] + E[tr(AlDTAQAgDTA4(TT/ - I))] .

(1) (1)
(A1)
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Starting with (1), we have that

(I)=E Z Z Z e;Aleje;-DTeje;AgAgeke;Dreke;Aélei]

i=1 j=1 k=1

n n
= Z Z e;Aleje;AQAgeje;Aélei = tI‘(DA4A1DA2A3>.

i=1 j=1

For (11), define 6y, = [rr’ —Ii; and note that dx, = 0, and E[dy] = E[ryr] =
0if k # [ and E[6F,] = E[rirf] = 1.

(‘[I) =E Z e;AlDTAQ(r'r’/ - I)AgDrA4€i]

Li=1

n
=E E E e;Aieje; D, eje’ Ase,,0r€),Asere; D, e Aye;

Li=1 j,m,k,l=1

There are two cases when the expectation is nonzero: (a) j =m,l =k,j #1
and (b) j = k,l =m,j # [. Starting with case (a),

(I1.a) = Z Z e;Aeje;Are e Azee Ase;
i=1 jA
= L/DA3A4A1DA2L —tr (DA3A4A1DA2)J .

(I1.0.2)

For case (b), we have

(I1.b) Z Z e Aleje]AQele Asee Ae;
i=1 j#l
=1Ay0 A3 0 (ATA))e+ (I1.a.2).

By rotation invariance, the expressions for (/1’) can be obtained by changing
A2 — A4, A3 — A17 A4 — AQ, A1 — Ag.

The most difficult term to deal with in (A.1) is

[[I E E A1,i5A2,jkA3,m1A4 lsrjrl(skmdsz

i=1 j,km,ls

There are now 10 cases to consider, which we label (I11.a) — (I11.5). All of
them satisfy k £ m, s #1
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a. j=1 k= m=1i k+#i f k=i l=s
b. k=i m=s i#m g j=s k=1 m=1
c. J#I j= m=s [l=1 h. k=i l=m
d. m=1 =5 1. 1=t k=s m=I
e j=m k=s =1 ] k=1 m=s

We work out (I11.a) — (II1.c) explicitly. The remaining cases follow by

analogous calculations.

(II11.a) E E 1,52 k03,04 jk

i=1 j,k#i
= Z Z A1 ® A3 eJ (A2 ® A4)€k
1=1 j,k#i
= L/<A1 ® A3)<A2 ® A4)L — tr((A1 O) Ag)(A2 ® A4)) .
(II}.ra.2)
(I[[b) = Z Z A1,;5A2,5iA3 mj A4, 5m,
1=1 jm7#i

=tr(A1A, © ALA)) + (I11.a.2).

n
(Ill.c) = E E 1,502, A4, imA3,mi

i=1 jijEmmti
=> ) eiDia,ADye;—€Da,Dy A Dy,
i=1 jAi
—e;(A1Dy,) © Ay © Ale;
=1V Dp,a, A1D a0 — tr(Dp,a, A1 Da,) — ' Da,Dy, A1 Dy,
+2tr(Da,Da,A1Dy,) — V(A1Da,) © Ay © Aje.

There are many repeated elements in the expressions for (I71.d) — (I11.7).

We introduce the following notation

(c1) =¢Daa,A1Dage, (c.2) = —tr(Daa,A1Dy,),

(¢.3) =—Dy,Dy, A1 Dy, (c4) =tr(Dy,Dy,A1Dy,),

(b)) ==t (A1Dy,) ® Ay © Ale, (d.1) =Dy, ALA (I © As)e,
(d2) = —tr(Da, AL A1Dy,), (el) =d((As© A))As) © Aae,
(€3) = (A0 ALODA) 0 Aw, (1) = V(Ar © (Ay(AL© ),
(9:2) =—tr((A1 © (A3(A; © Ay)))), (h.1) =u(A1© AYALD gy,
(h.5) =—((A1 © AY) O IV A (A, O e, (i.l) =1 Dy Ay A\ Dy,
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Furthermore, let any of these with a asterisk denote the same term but with

A2 — A4, A3 — Al, A4 — A27 A1 — A3. Then

(I11.c) = (c.1) + (c2) + (¢.3) + (c4) + (¢.D) + (c4),
(I11.d) = (d.1) + (d.2) + (c.3)" + (c.4) + (¢.3) + (c.4),
(I11.e) = (e.l)+ (c.5)" + (e.3) + (c.4) + (¢.5)" + (c.4),
(II1.f) = (c.1)" + (c.5)" + (¢.3)" + (c.4) + (¢.2)" + (c.4),
(I11.9) = (g9.1) + (9:2)" + (9:2) + (c4) + (d.2)" + (c.4),
(I11.h) = (h.1)+ (9.2)" 4+ (¢.2)" 4 (c4) + (h.5) + (c.4),
(I11.0) = (i.1) + (e.3) + (h.5)" + (c.4) + (h.5) + (c4),
(I11.5) = (h.1)" 4+ (g.2) + (h.5)" + (c.4) + (c.2) + (c.4).

Putting everything together, we obtain the desired result.

5. Can be obtained from Item 4 by only considering the terms (/) and (/)" in
the proof.

6. See Bao and Ullah (2010), Theorem 2.
7. See Ullah (2004), Appendix Ab5.

A.1.2 Eigenvalues of Hadamard products

Theorem A.2. Let A and B be n x n real symmetric matrices. Then
)\max(A ®© B) S )\maX(A ® B) S maX{)\max(A) )\max(B)y )\min(A) )\min<B)}a

and

Amin(A © B) > Apin(A ® B)
> min{ Amin (A) Amin(B); Ain (A) Amax (B); Amax (A) Amin (B)}

Proof. Let v € R™ be given and define u € R™ with UGi—1)mti = Vi fori=1,....n
and zeroes elsewhere. Then v'(A ® B)v = uv/(A ® B)u.
Now since A and B are symmetric, so are A ® B and A ® B. Consequently

both have real eigenvalues of which the maximum and minimum can be written
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as

Amax(A © B) = max v'(A® B)v = max u'(A® B)u

vv'v=1 wu/u=1
< maxlw(A®B)’w /\maX(A®B)

and

Amin(A©® B) = min v (A® B)v= min uv(A® B)u

viv'v=1 wu'u=1
> wIJ}IJ} W "(A® B)w = \yin(A ® B),
where u is restricted to follow the structure above and w is any vector in R™.
We therefore go from a restricted extremum to an unrestricted extremum, which
explains the inequality.
The last set of equalities in the theorem then follows because the n? eigenvalues

of A® B equal \;(A))\;(B) fori,j=1,...,n. O

Corollary 3. Let A and B be n xn real symmetric matrices. If Amin(A) > 0 then
Amax(AOB) < Mpax(A) Amax(B). If in addition Apin(B) > 0, then Apin(A©B) >
)\min(A) )\min(B)-

A.2 Proof of Theorem 2

Proof. The score function from the continuous updating objective function is given
by 6Q(ﬁ = ——a:( )(I Dp,)Ve. Under Assumption A2, the score satisfies

0QB) @ 1 . :
. é ) @ —~ (2@ + D, D:ag) (I - D,Dp,)V D;e

1 1 1 1
= ——w( VD.r+ T '"PD » Dz, VD.r — ’Da(>Pr + T PDa()Pr

E,
(Er) 0.
This proves the first statement of Theorem 2.

The (i, )™ element of the conditional variance is given by

1 1
95, "7] - [E%V“'V%+—w’<i>DPLV€€’VDPLw<j>
j N

J/ N J/
-~

R (11)
1 1
—Ewl(i)VETE,VDPLw(j) —Ew’(i)DpLVselVa:(j) ’._7 .

(. AN J
'

(111) (1V)
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We first write (/) — (IV) in terms of the Rademacher random variables from
Assumption A2, take the expectation over these random variables by applying the
results from Section A.1.1, and then take an additional expectation over the first
stage errors U. The marker “fixed-k approximation” indicates terms that appear
when we take the estimator for the variance of the score as in Kleibergen (2005)
and Newey and Windmeijer (2009), and then take the expectation over r and U.

Using that Ty =T + Dga(i) we get,

@ 1 _ -
(1) = ﬁm/(i)VDe"“T/Devm(j) + 7' Doy, Pre'PDy 7
1 1
+ ~&(;, VD.rr'PD, v + —1r'D, , Prr'D.V
n 1 J) n (@)
E) 1| _ _
- ﬁ CCl(z‘)VCC(j) —2 t1"(DPD%> DPD%)) + tr(DamP) tr(DamP)

+ tr(D,,, D

o Da, P) + tr(D,, PD,, P)

A(i) a(j)

11 _
n 2V 2G) + w(DyviiV) + t1(Dag D) P)

S/

(i)

~
fixed-k approximation

—2t2(DpD,,, DpD,,,) + tr(D,, P) tr(D,, P) + tr(D,, PD,, P)|.

1 1
(i1)2 ~+'PD, D, VD.r#'D.VD, D,Pr+ —r'PD,, Prr'PD, Pr
n J n J J
1 1
+ —’r'PD%.)Prr’DEVDi,(,)DTP'r + —’r'PDa(,)Prr’DgVDfODTP'r
n J n J 0
(Er U) 1 !

2" ~2)[DpDy + DpVDp+P o PoV - 2D3 Dyl

. J/

~
fixed-k approximation (I)

1 1
+ ﬁtr(PD%)PDa(j)) + Etr<DZU(i,j) (DpDv)

.

~~

fixed-k approximation (II)
+ %zgi) {2DpDy +T7DpV Dp —10DpDyDp +3(V © P® P)
—2(VD.®VD.)(P®P)®I 4D}V Dp — 4DpV D% + 16D3 Dy,
~4VOPGOP)Dp—4Dp(V O PG P)} 2

2
+ E tr(DEU(m-) (DPDV — (V.DE ®© VD€)<P ®© P)))

2 1 1
~ ~t2(I © PDy, P)PD,, P) + — tx(PD,,) te(PD, ) + ~ tr(Du, PDy, P).
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Note that tr((I © PD,, P)PD,P) = a{,(P © P)%a;.

(d)

1 1
(/11) = ——x(VD.rr'D.VD;  D.Pr — —r'D, Prr'D.VD; D,Pr
n G B n @ ()

1 1
——1r'PD,D;, VD.rv'PD, 1 — —r'D,, Prr'PD,  Pr
n J n ‘ J
Ero) 1 _ _ 1 1
:U _EzE])VDPZ(l) — Etr(D%)PDa(i)P) — E tr(DEU(Z‘J)DPDV)

N

TV
fixed-k approximation

2 2
— EEE])DP(I - DP)VE(Z) - Etr(DgU(m)Dp(I - DP)D‘/)

2
+ = te(DpPD,,,
n

1 1
PD“(.7)> . tr(PDa(j)) tr(PDa(i)) - ﬁ tT(D PD P)

n a(j) a(i)

Note that tr(DpPD%.)PD%)) = a’(i)(P ©® P)Dpayj).

Eno) 1 i 1 1
= —ﬁzzi)VDPZ(j) — Etr(Da(i)PDa(j)P) — E tI‘(DzU(jﬂ-)DpDv)
fixed-k apz)?oximation

(IV)

2 _ _ 2
— EZEZ)DP(I — Dp)VZ(z) — E tl"(DEU(j’i)Dp<I — Dp)Dv)

2 1 1
+ = te(DpPDy, PD, ) ~ ~ tr(PDy,)) tr(PDy) — — tx(Dyy PDy, P).

n n (i)

Rearranging, we find

Qi (Bo) = Er [+ Sty (Bo) S5 (B0)| T = Q55(8o) + 1 (Bo),

where Q[(8o) includes all terms labeled “fixed-k approximation”, and Q(8o)
a/S(P D))

cancel when adding (1)-(IV'). Some further algebraic manipulations give the result

includes the remaining terms. Importantly, the products n~'tr(PD

in Theorem 2.

]

A.3 Proof of Corollary 1

Proof. 1t is clear that in Theorem 2, QH4(3,) is negative semidefinite. To show
that Q74(3,) < O, observe that Q7%(3)) = =2 3" ¢,V where

n i=1
= ViPi(1 = 2Py + P) + Y Viei Pl = ViPu(1 = Pa)*.

ki
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Since by assumption P; < C' < 1, A\pin(EY) > C, and Y7 | Vi;P; > 0, we have
that Q4 (8y) < —(C Y1, ViiPy) - I, < O.

It now suffices to prove that Z'(V ©W)Z < O. We first consider the diagonal
terms of V. © W. If V,; = 0, the result is trivial. We therefore assume V;; > 0.
First, we make the observation that Q;(8) > 0, since it is the expectation of the
squared score. This also holds in a model with IT = O, and a(;) = 0 for all (7)
and XY (i,4) = 1 for some ¢ and 0 for all j # i. We then deduce that for all 4,

Vis = 3P Viy + 4V Py =2 " Viel P2 > 0. (A-2)
=1
Now, wy;Vi; = —2(Vy Py — 2V P2 + > i V33 P2). To show that w;; < 0, we need
to show that —gw; Vi = Vi Py — 2V P+ 37 Vi3e3 P > 0. Using (A.2), we have
that

3 1
—P; + 2sz> = §Vz’i(1 — Py).

2

1 1
—sw;iVig > Vi | P — 2P + - —
g Wit = ( T35

Since V;; > 0, we can now conclude that w; < 0 if P; < C' < 1, which holds by
Assumption A3.
Consider now the off-diagonal terms of V-© W. For i # j, we have

wij = (PiPjj + P2)(3 — 4(Pyi + Py;)) — 2(Py + Pjj) 4+ 2(Pyi + Py;)?

Suppose that P + Pj; < 3/4. Then, P;Pj; + P < (P; + Pj;)* by using that
PZ S P“P]] and QPMP]] S (P“ + P]])z Deﬁning xij = Pu =+ ]Djj, we then have

that w;; < —(4xfj — 5xi; + 2)x;; < 0. Now suppose that Py; + Pj; > 3/4, then

wij < PiPji(3 — 4Py + Pyj)) — 2(Pi + ) + 2(Py + Py;)*.

-----

Define I = (Z'D?Z)"/*II and %; = (Z'D?Z)~'/?z;. Then,

J

H, Z zﬁ/;jz’l_[ * Wiy = H/ Z ZiZZ/-(Z/D?Z)ilsz;H * Wiy
V)

i’j

n
1/ = ol o) = ol o) = ol ol 2
=1I ( E ZiZZiZwi; + E (2i2i2,2; + 2;2;2,2;) - wij> I1.

i=1 i>j

The first term within the brackets is a negatively weighted sum of symmetric

positive semidefinite matrices and hence, negative semidefinite. The second term
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is a nonpositively weighted sum of symmetric positive semidefinite matrices, so

that the resulting matrix is symmetric and negative semidefinite. We conclude
that Z/(W © V)Z < O. O
A.4 Proof of Theorem 3

We defer the proof of Theorem 3 to Appendix B, due to its length.

A.5 Proof of Theorem 4
A.5.1 Unbiasedness

Proof. To show that 3(8,) is unbiased conditionally on J = {Z;, ;}™,, we start
by analyzing the variance of the score. The variance estimator given in (12),

evaluated at the true parameter vector By, consists of the following components.

—_

QZ.L].(I@O) = —x(;(I — Dp,)V (I — Dp,)x()),

_3

O (By) = ~a{,[TDpV Dp — AD3V Dp — ADpV D}

(2

S

+3VOPOP-4Dp(VOPOP)-4VoPoP)Dp

—2DpV —2VDp + 2D}V + 2V D} Jxg;)

2

For ij(ﬁo), we use Assumption A4 and then the distributional equivalence

from Assumption A2 to obtain

w’(j)Vw(i) = :E’(j)V:E(i) + a’(j)D€VD6a(i) + a/(j)DEVZE(Z‘) + CE,(]-)VDEG,(,')

—
=

= :E’(j)VcE(i) +r'D, PD, r+71'D

a* Hag
(Erv) _ _
=" Ela(; V)| J] = 2,V Za) + tr(Dsv(; V) + tr(Dg,, PD,, ).

a3)
(A.3)

D.Vzg + CE/(J-)VDEDQ(H r

aj)

Similarly, we obtain

2, Dp,Vay "2 2 DpV 2 + tr(Dgw(; DpDy) + tr(D,, PD,,, P),

(i) a(3)
E.u) _ B
2/, Dp.VDpa "= 2, [DpDy + DpVDp - 2D3Dy + (P P o V)]z,
+ tI'(DEU(j,i)Dva) + tl"(PD PDa(j)>.

(i)

(A.4)
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Aggregating these results, we see that E[QZLJ(,@OHJ] = QZLJ (Bo)-

For Q!1(8y), we use the following results

. E, B . B
a(; D}V Dy ) Z(;DpV Dbz, 1k =0,1,2,
(Evv)

m/(j)(v OPO P)vafv(i) = Z( (V OPO® P)Dpz(l) k=01,

(Eru) _
m,(])DPDVw(z) :U E )Dpsz( ) + tr(DEU(j’i)DpDV)
+ t(Dp Do, D),

(Eru) _
z(;)(V © P)Dpxg) = )DvDPZ( ) + tr(Dsv ;. Dy D7)

2(j

2, [(VD.oVD.)(Po P)) o Iay "2 2, [(VD.® VD.)(P ® P)) o I)z,
n tr(DEU (VD.®VD.)(Po P))
+ a'(j)(P ® P) a(i).
(A.5)

Aggregating these results and using symmetry shows that Q(Bo) is a conditionally
unbiased estimator for €2(3y).
Similarly under the null we have E[62(8y)] = E[2(k — /D3¢)] = 2(3°1, P —

k
S P = (0 P - Y P = (., Pr) = o7 and
S0 (B0) = ﬁwzﬂwv ~ (V@ P))Dpe
_ \/%g—c/(j)mv — (V@ P))Dpe + €D, (Dy — (V © P))Dpe
@ \/%[zgj)(pv —(V©D,PD,))D*DyD.r
+7'D.D,, (Dy — (V& D,PD,))D.DpD.r]
(Erv) \/%[tr(DgD%)DVDpDE) —/D.D,(V © P)DpD.{]
- \/%[tr(Da(j)PDp) — w(PD,, PDy)
- \/% t:(M D, PDp)
2 .

== tr(¥Y) o P).

We conclude that 32(8,) is a conditionally unbiased estimator for 3(3p).
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A.5.2 Consistency

We first show consistency of the variance estimator of the AR statistic. Under
Hy : B = By, 02 and 62 are identical, hence under H, the estimator is consistent.
Next, we consider the variance estimator of the score statistic. Define x;), =
Z@i) tui) + D, D.ag. We first observe that under many instrument sequences the
variance of the score is bounded away from zero as established in Section B.2.3.
Then, to show consistency of the variance estimator, we need to show for some
matrix A, that possibly depends on the vector of Rademacher random variables

r, that
W Bl(ly, Ay, — Bl A | T11T] 5, 0 (A6)

For A, we consider the general cases (a) A, = D, AD, and (b) A, = A, and the
specific cases (¢) A, = D, Dp,V, and (d) A, = D, Dp,V Dp,D,. Cases (a) and
(b) cover the consistency of the terms listed in (A.3) and (A.5) that are all of the
form w’(i)Arw(j). For all these terms Apax(A© A) < C a.s.n. and A (AA) < C
a.s.n., which we will use repeatedly below. We frequently invoke the bound that for
a random vector w with independent elements that have bounded fourth moment,
we have E[(w’' Aw — E[w’ Aw)])?|A] < Ctr(AA’), see for instance Whittle (1960).
Cases (c) and (d) will cover the consistency of the terms in (A.4).

For (a)—(d), we decompose (A.6) into three parts that will be treated separately,

n~? E[(x(;, Areg),» — Bl Az .| T])?T]
< 4nE[(2) Az — B[z A,2)| T])°|T]
(0)
+ 4" El(ufy Arug) — Blugy A T))°T)
(11)
+4n""El(a, D:D, A, D, D.ay;, - Ela(, DD, A,D,D.a)|7))*|J].

J/

(11)
We start with (a.]) — (a.l11).
(a.1) = n™* E[(2(, Ar2j) — Bl2(, A 2| T])*|T]

=n’E[(r'D;, AD:, r)*|J]
=n"’tr(D;, AD;  D: AD: )+ n>tr(D;, AD:, D;, AD:_)

2(3) () TR0 2(4) 6
1 — 1 & i
N D IS S
k=1 k=1

43



by Assumption A5. Similarly, for (a.l1)

(a.1T) = n"* E[(uf; Arug) — Blug Arug)|JT1)*|T]

B . .1
<20 M Ak (A © A)- Bluy 1) Bluj) 1]'* —as. 0,
k=1

since Assumptions Al and A4 imply that u(; , has bounded fourth moment. Fi-
nally, (a.I11) = E[(a’(i)DEDTATDTDEa(j)—E[a/(i)DEDTATDTDEa(j)\j])z\j] =0.
For (b.1), conditional on J there is no randomness, so we get E[(2(; A, Z(;) —

E[zzi)Arz(j)ljDQLﬂ = 0. For (b.11) we have

(b.11) = n~? B[(u(; Aug) — Eluf, Au)|T])*|T]
= n 2B ) g ku ) e ArAwe] — n” tr(Dso ;) Da)?
kKLU

< n"ugy Dy, (A © A)D,, ug) + n*2u(j D,,AA'D,  u;

U(i) U(a) U(4)

<17 Amax (A © A) + Anax(AA")) ZE WP Bl VP = 0.

Finally, (b.111) satisfies

(b.111) = n~*E[(a{,D.D,AD,D.a;, — Ela(;, D.-D,AD, D.a;|7])*|7]
= n"?E[(r' Dy, D:AD.D,, r)*|J] — tr(D,, D-AD.D,,, )*
< Cn~?tr(Dy,,,D-AD.D,, D, , D-A'D.D,)

< On? tr(DEADfA’DE)

Using the expressions for A as in (A.3) and (A.5), we see that (b.111) —,. 0.
We continue with (c.) — (c.II1).

(c.]) =n"? E((2(;, D, Dp.V Zj) — E[Eéi)DTDpTVZ(j)|.7])2|.7]

=n"?E[(r'PD, D,V — E[Z, DpV 2| 7])*|J]

—n2 tT(DPDZ(i)DVZ(j)DE(i)) o2 tr(Dz< )VZ Z(j VDZ( )DP)

+n*2L'(P®P® (Dz()Vz(j )VDZ()>>L
=n"2%VD;, DpD;, Vz; —2n 22, VD;, DpD;, V%

—|—n ZJ)VDz()(P®P>DZ()VZ

| Lo 1/2
_4 = 4
= <E > Ak 2 > (2 Ves) ) “as 0;
k=1 k=1
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with the convergence implied by Assumption A5.

(c.I1) follows by analogous arguments. For (¢.I11), we have

(e.l1I) = n"*E[(a(; D-Dp,V D, D.a(; - Ela(;; D.Dp,V D, D.a;|J1)*|J]
=n’E[(r'PD,, PD, v — tr(PD,, PD,))’|J]

<n?t(PD,. PD? PD,. P)—,., 0.

a(i) a(j) a(i)

Proceeding with (d.I) — (d.IIT), we have
(d.I) = n"*E[(z(; D,Dp,V Dp,D, 2 — E[2(;, D, Dp,V Dp, D, 2| 7))*| T].

Notice that

n~'Z;yD,Dp,V Dp,D,Z;) = n" '+D,PD,D: VD:, D,PD,.
=n"'2(;, DpV DpZ(;y +n W' DpD

+n""WD,PD,D: VD, Dpt
+n""WD,PD,D; VD: D,PD,..

Z(i)

VD. D,PD,.

0 Z(5)

0

The second and third term after the final equality sign have expectation equal to
zero. The difference of these terms from their expectation converges almost surely
to zero by the same arguments as used in showing convergence of parts (a) — (c).
The final term has expectation Zéi)(V OPO P)Z(j). Subtracting this expectation,
and defining r_;; as the vector r with the ¢th and jth element set to zero, the

final term can be written as

VD, D.P)+n™" Y Y rur!  Dpe, Dz, VDs, Dpor_y.
k=1 £k

tr(PD,D:,

Squaring and taking the expectation, we get the bound

2 . . . 4 <& .
— Bltr(PD, Dx, VD, D,P)J]+ — > > E[(r' yDpe, Dz, VD:, Dpe,r—a)*| )

k=1 1=1

2
S - E[(’I”/D

o ,
n 0 (V © P7) Dz 7)7]

4 n n ) )
- n2 Z Z tr(DP@kD2<i> VD, Dpe Dpe, D=,V Dz, Dpe,)

k=1 l=1



(d.I1) follows from analogous arguments. Finally,

(d.111) = n~? E[( D eDp,VDp,D. ag) — tr(PDa(v:)PD“m))QLﬂ
9 2| 712
=n’E[(+'PD,, PD, Pr)’|J] —tr(PDa(i)PDa(]-))) 7]
<n?tr(PD,, PD; PD,,P) =, 0.

Lastly, we consider the estimator of the covariance between the AR and the

score statistic. From (10) and (13) we can bound the variance of [3,,,(80)]1, as

E[(Znr(80)]1)*1T]

E[(tr(2Y © P) — (2(;) + D, D.ag) + u(y)'(Dy — D.(V © P))Dpe)’|J]

C (E[(1x() © P) — al,, D, D.(Dy ~ D,(V © P))Dye)J]

+E[(2(;)(Dv — D,(V © P))Dpe)?|J| + E[(u(;,(Dyv — D,(V © P))Dpe)*|T])

= —(E[(2(;)(Dv = D.(V © P))Dre)’|J] + El(u(;) (Dv — D,(V © P))Dre)*|T]).

The first term becomes, by using the law of iterated expectations, Assumption A2
and Theorem A.1,

€ B2, (Dy — (V © P))Dpe)?| ]
< %(E[( \DyD,Dpe)?|J] + E[(2,,D,(V & P)Dpe)?|.7))
— %(E[,‘gzj)DvaDaT"r'/DvaDgz(j)|u.7]
+E[r'Dz, (V © P)Dpee’'Dp(V © P)D; , r|J])
5{ (tr(2(; Dy D}pz(;)) + €' Dp(V © P)Dg( (V. © P)Dpe)
Tg;(tr(z(] Dy D} z;) +JD.Dp(V © P)Dg< )(V ® P)DpD.¢)
< n—i(tr(zgj)DvD%z(j)) + Z(; Dy DpZ(;)) —ra.s. 0,

by Assumption A5. The last inequality uses that €/, (V@V)DPDQL =3, VﬁP &2 <
> ic1 Vﬁ g2 = V,;, and hence,

/D.Dp(V © P)D?_(V © P)DpD.. < 2, D.D} D.%;) = %(;, Dy DpZ;).

We conclude that, under Hy: 8 = 3y, 3, is consistent for X,,. O
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Appendix B Central limit theorem

The proof of Theorem 3 is similar to the proof of Lemma A2 in Chao et al. (2012)

and consists of the following steps. First, in Appendix B.1 we rewrite the statistic

(%E(AR(B) - ’f)> -v,%y,,
Vi 8

such that it is a martingale difference array. Note that @ is defined as distribu-
tional equivalence conditional on Z.

Second, in Appendix B.2 we show that, conditional on J = {Z;,&;},, any
linear combination of the elements in X, 1 2YW converges to the same linear combi-
nation of a multivariate normally distributed random vector. That is, conditional
on J t'X2 1/ %Y., —q4 t'Z for any t € RPH and Z a multivariate normally dis-
tributed random variable with identity covariance matrix.

Third, in Appendix B.3 we use a version of Lebesgue’s dominated convergence
theorem to show that '3, />

Fourth, in Appendix B.4 we invoke the Cramér-Wold theorem to conclude that
=, %Y, —; Z and thus that Y, is multivariate normally distributed.

Y,, —4 t'Z unconditionally.

B.1 Rewriting the statistic

First we rewrite the AR statistic. In Section 2 we showed that W(AR(,BO) k) @)
TE(AR’“(BO) — k). Then defining

2
W1in, AR = \/EPH; Yin, AR =

—|Zr

J<i

“ T,

we have (AR (Bo) — k) = Winar + 2 i3 YinAR-
Next, we consider the score. We rewrite the first order conditions as

9Q(B) ‘
9By, B=Bo

Q.
3Ir—‘ 3|>—~ 3I>—‘ 3I+—‘

(I = Dp,)Ve

[ (I — Dp,)Ve+ E’Da(h)(I - DPL)V€:|

Z(h)

['(h)VDr—rPDD VD.r +r'D,, Pr—r'PD,, Pr

Z(h)

{ wVD.r + 78"y —'PD,D; VDT:|
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where

v =MD, P, ®" =D, VD..

@(h) T(h)

We rewrite the final term as

v PD,®"Wr = tr(PD,®") + tr(PD,®"MA) A=rr' -1,
= tr(®"D,) + tr(PD, q><h>A)
= w(h)DvD T+ Z ]k 7’ﬂ’ﬂ‘k

1,7,k
i#k

= 'r'i',(h)'DV-DE/’1 + Z PZ]®§Z)T1T]Tk —+ Z ‘PM(I)Z(Z)TIQ
ikt ih

- :E/(h)DVDsT + Z ]Dijq);’]z)’f‘z‘Tka + Z P“(I)EZ)Tk -+ Z Hj(bgl;)rl
i#j#k#i ik i£j

= CB(h)DvD r + Z ]k TZT]Tk + Z Pucbzk T + Zgl‘/mgjxhj‘/gjgﬂﬂz
i jAhAi iZh oy

=@y DyDor+ Y, Py@rrre+ Y Padno+ Y Pofr,
avkalial ik i#j

- m(h)DVD 'I"—|—2Z(I)h)P iTi + Z jk‘ ’f‘z’f‘]?"k

i o

Notice that & P = & and therefore ®" ("))’ = <I>(h)Da<h M. Furthermore,
tr(¥M) = 0. We conclude that,

VAT S el - 2Py - = S W+ 2 Y Pyl

OB Vi i Vi VI

where we defined

h) L
ln s = Z (1)31 Pjj)ry — \/— Z (I)§2 — 2Pjj)rs — ﬁ‘l’fm)}r?rl?

J?ﬂ J#2

(h) (h) (h)

o —{ S el -2py) - LY w4 Ly Awl]rm]
\/_ JF#i \/_ Jj<i \/_ l<j<i

(h) _ (R (h)

Vi =i + Y5,

(h) (h) (h)
A[zyk] = Az]k + A’ij + A]zk + Ajk?l + Akn] + Aka’ Azgk ‘PU(I)]k
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We have now shown the following distributional equivalence,

v _ [GARB =B @y (wiar +Z": Yin AR
\/ﬁ.s Wiy, 5 i—3 \ Yin,S

B.2 Conditional distribution of '3, 1/ 2Y}”

To use the Cramér-Wold theorem in Section B.4 we need to show that for any
t € Rrf! t’EﬁleW —q¢ t'Z. When t = 0 the condition is trivially satisfied.
Therefore, let t € RP*1\ 0 and write t = Ca(a’a)™'/? for a € RP*1\ 0. Consider
(@a) 2a'S, %Y, and define =, = var(a’S, /*Y,,,|J). Then,

(o) 2 S V2Y,, = wy, + Z?ﬁm
i=3

where we define

——1/2 /
Wiy = =, / [C1nWin AR + CopWin 5]

1 1
_ =-1/2 / /
Yin = = - & nfﬁ‘i(l - 2]31'2') - (C WVl — QCln’YnPi‘)T'
[ \/ﬁ ]‘E;éi 2nPj \/ﬁ ;@: 2n ¥ [ij] AN (B.l)

1

+—=> C’zna[mmf’j] Ty,

Vi 2,

where ¢, = (¢in,¢h,) = 3, %a, 0 < da < C, bji = (CIJE;),...,CI)%))’, Yy =
(1) (p) —_ (4@ (p) _ Vn :

(T - .,\Il[fi])’, ajy = (A ,A[f’jk}) and v, = ‘/7; Notice that e, < C,

which implies ¢, < C and ¢, ¢y, < C.

For later purposes, it will be useful to write the bracketed term in g;, in matrix
notation. Define S;_; as the n x n matrix with in the left-upper ¢ — 1 x i — 1 block
the identity matrix and zeroes elsewhere. Define

¥ = M Dy

P, ®=Dys» VD.

P _
h=1 €2n,hA(h) C2n,hT(h)

then we can write

[1]

1 _ .
Yin = n1/2{ — %C/QHX/<In — 2DP)VDEei

1 : 1
— ﬁ’r/Si_l [(\I’ + \Il/ - 2D\p) - chn’YnP] e, + %’I‘/A_Z’T'} * T, (BQ)

A =85_1A85_.= Si—l[PD':I)ei + D@eiP + Pe;e;® — DPeiDegcb]Sz‘—l-
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To see that the last term in (B.2) equals the last term of y;, in (B.1) note that
A_; consists of the sum of three matrices with zero diagonal. Furthermore, the
quadratic form with 7'S; 1 selects only the upper left block of the matrix. By
splitting the sums into the part stemming from the upper and lower triangular

parts we get for the first term

, .
T’Sz’—lPquiSi—ﬂ“:E Conh E PuZ gy, Vigirjr + E PyZpy Viieir;ri]
h=1

I<j<i I<j<i
= E Conl E Ale T+ E AlJZ i,
I<j<i I<j<i
the second term
p
/ > /
r Si—qu)eiPSi—lr = E Con,nT Sz'—lDa‘c(mDVeiEi(DsVDe - DstDs)Sz‘—l”'
h=1

- Z ¢207'S;-1D-Dy.,&i( Dy, VD = Dy, Dy D.)S; 17

Z(n)

= Zc2n nr' Sia( eP‘I’ De;PDq:o(h)>Si71T

= E Con,h| E i (g ViiEirr + E Py Vijejriri]

I<j<i I<j<i
(h) (h)
= § Can,h| § , Aijl T+ E : Ailj Tl
h=1 I<j<i I<j<i

and third term

T’Si_l(Peie’-‘I)(h .Dpe D /q)(h))Si_l’r'

- E Cth E sz$ )i zlglr]rl+ E Plzx(h ‘/mgjrjrl]

I<j<i I<j<i
= E Con.nl E Aﬂl rir + E Al” ;7).
I<j<i I<j<i

Furthermore note that A_; is a symmetric matrix.

12a/$-1/2Y,, converges to a standard nor-

We will now show that (a’a)~
mally distributed random variable. As in Chao et al. (2012) we first show that
w1, = 0p(1) such that we can focus on > 5 y;,. Next, we check conditions of the

martingale difference array CLT.
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B.2.1 wj, = 0y(1) unconditionally

Consider wy,, as defined in (B.1). Following Chao et al. (2012), we show that
w1, = 0,(1) by showing that E[||w1,||*|J] —ra.s. 0. To bound the terms from w,, s

we need the following three bounds. First, using Assumption A5, we have that

n
wx | Z'Ves | |12 Ve
..... n

1 &, 5 L 1
EZIHZV‘?J'SJ‘H =5 m
]:

J=1

s () So N~ 5
< 2l S S e 2 Ve,
h=1 g=1 (B.3)
0a.s.(1) P -
= 222N ", Z'V Ze,,

n
h=1

0a.5.(1)

IN

p
Amax (V) Z e, Z'Zey .. 0,
h=1

by Assumption A5 and where o0, (1) is a term converging to zero a.s.
Second, under Assumption A5 and by the finite fourth moment of the elements

of U following from Assumption Al, we have

1 n
ARSI

ij=1

.
7| =p|s X Ixerels]

ij=1
7]

S

<E | X eV
- =1

d

C _, .
< £3 (1Zel + Bl 9]) 2 0

o
<E ) Z 1X e[
- =1

n= -
=1

Third, as the rows of U are independent and by Theorem 2 in Whittle (1960),

1 & ) C I )
> ZE[HU VD.e|*|T] < EZZE[(UWVDE&VIJ]
=1

h=1 i=1

IN

C n
D Eluly 17> (€D.ViD.e)*  (B)
h=1 1

i=

IN

O p
=5 D Elufy [ T160(V?) 0., 0.
h=1
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Now we have that, since c),,ca, < C and using the definition of wy, g,

E {llc’gn i 4 <C.B [nwln,snﬂj]
1 4
-— J
”\/—;¢]1 ]J 741 \/—;¢]2 )7"2 \/ﬁ’l/f[gl}’l“z’f’ln ' ]
C
< SE{ID ea( =21 + 1Y ép(l - 2P| ]
J#1 J#2

C _
< n2 2 {”Z/Vfil&”ﬁ‘ + U Ve | + (1 — 2Pn)]|*

+Z2'Vesa|' + |UVerss|' + [ ¢2(1 — 2Pn)||" +p max (@Eé%f

.....

d

(J
< —=

Z |’ZIV6353H4 + HU/VeJ<€1”4 +llpull + [Pl + C’j

7j=1

%a‘s. 07
where for the final line we use (B.3), (B.4), (B.5), Assumption A5 and that

v}, = e,MD,, Pe, < e;Me;e,PD,; Pe, < max a; <C asn. (B.6)

.....

@(h)

with the second inequality by P; < 1 a.s.n.
For the part of wy, due to the AR statistic, we have

16 - ¢4
E[||cinwin,arl*|T] = 1”P142 < 2l ZPﬁ P121 5. 0.

As in the proof of Lemma A2 in Chao et al. (2012), the above results imply

that wi, = c1,Win AR + €5, Win,s —p 0 unconditionally, and hence,
(a'a)_lﬂa’E;l/QYn = Z Yin + Op(l).
=3
B.2.2 Martingale difference sequence

Define the o-fields F;,, = o(ry,...,r;) such that F;_y,, C Fi,. It is clear that,
Elyin|J, Fi—1.,] = 0, due to the r; that multiplies all the terms. Hence, conditional
on J, {Yin, Fin, 1 <i <n,n >3} is a martingale difference array.
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B.2.3 Variance bounded away from zero

For our statistic to be well defined we require the existence of 31 almost surely.
We start by considering a quadratic form of € defined in (9) in Theorem 2. Let

v be any p dimensional vector satisfying v'v = 1. Then,
n
v'Qu > chv’Egv,
j=1

where from (9) we have ¢; = Vj; — 3Vj;Pj; + 4V Pl — 2370 VAR Py

JI° 33
Then since XY is positive definite and using that for k # j, P, < Pj;(1 — Pj)

vt amy sar) -2 (Ve 4 Yovien

Wi
> Vi (1 = 3Py +4P7) — 2 (VJJ'P% + Py(1=P) ) ijkfi)
Py (B.7)
= Vj;(1 = 3Py +4P5) — 2 (Vi Py + Pj;(1 — Py) (Vs — Vi Pyj))

Vii(1
Vjj(1 = 5P;; + 8P}, — 4P}})
Vii(1 = Py)(1 —2P;;)%.

Consider the case where the inequality holds with equality, such for every k either
P,fj = P;;(1 — Pj;) or Vﬁceﬁ = 0. The last condition cannot hold for every k # j,
because 3, Viied = i, Viiei — Vi Py = €V D2Ve; — Vi Py = Vii(1 - Py).
Now since P;; < 1 by Assumption A3 and Vj; > 0 by Assumption A5, we conclude
that there must be at least one k£ such that Vﬁceﬁ # 0. For such a k, equality
therefore only obtains if P7; = Pj;(1 — Pj;). Assume moreover that Pj; = 1/2, so
that P; = j:%. Using that P is a projection matrix, this implies that Py, = 1/2,
P,?,j = 0 for k' # k and Py, = 0 for j' # j. However, this simply means that two
columns of D.Z coincide up to their sign. This case is excluded by Assumption A5
that states that A\ (Z2'D?Z /n) > C a.s.n. We then have

n

1« Amin (ZY) C Ctr (22
- W'V > T > >
njzlc]'v Jv > Zc]_n r(V)_n

n Amax(Z'D?Z)

j=1
Ck Anin(Z' Z)
~ N Amax(Z'D2Z)

>0, a.s.n.

by Assumption A5 and because k/n > 0.

Now let b = [X]s,,+1,1 the covariance between the AR statistic and the score.
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Then det(X,) = det(2)det(2 — bb'c,,;?) by Schur complements. The (i, ;)™
element in bb'o;,? is the covariance of the AR statistic with i*" and j* element of
the score divided by the variance of the AR statistic. Hence this is equal to the
correlation of the AR statistic with the i*" and ;' element of the score statistic
times the standard deviations of the ™ and ;' element of the score statistic. Let

p be the vector of correlations between the AR statistic and the score. That is,

pi = corr(1/VE(AR(B) — k), 1/v/nS(i)|T). Then

det(X,) = det(Q) det(2 — bb'o;?)
= det(€2) det(I + D,) det(€2) det(I — D,) > 0,
if p; # £1 for all i. We now prove that this is indeed the case. Consider first the
variance of the score. We have with [D.]; = ¢; from (B.7)

1

Define A = Dp — P ® P. Then, for the squared correlation coefficient, we get

(n"'a(;,ADpt)’

n—ltr(A)[n—ltr(Eg@Dc) + n—lazi)A(I —2A)a)]

pi=2

As this is a correlation coefficient, we have [p?| < 1 and this holds even if

tr(EZJ)DC) is arbitrarily small. However, as nfltr(ngi)Dc) > C > 0 as.n.,

we have |p?| < C < 1 a.s.n. We conclude that X1 exists a.s.n.

B.2.4 Lyapunov condition

In this section we show that the martingale difference array {yi,, Fin,1 < i <

d

n,n > 3} satisfies the following Lyapunov condition

Y — o\ 1 , 4

J#i J
lil;e,ar
5[ e i) |7
i \/ﬁj<i 2n ¥ [ij 3T (B.8)
qua:i?atic
+E (L Z Chn @ik 1T 5T 4 J| —as 0
\/ﬁ”%w gl a.s. Y-
- I<j<i
c1:lgic
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Since the variance 3, was shown in Section B.2.3 to be bounded away from
1
zero, =7 is finite, as E, = var(a/%,2Y,,|J) = (/o) var(wi, + > 13 yinlT) =

n

(&/a)(1+ 045 (1)) > 0. We now subsequently consider the linear, quadratic and

cubic terms in (B.8).

Linear term For the term linear in r, we have that

[ (S )

i=3 e

E [nﬁ ST —2B) > b — b
j=1

(2

IN

44

C
E L”L_ (”Z/VD 81||4 + ”U VD eZH4 +| @il )

=3

s
w

IN

} —as. 0,

since (1 — 2P;)? < 1 and by Assumption A5, (B.3), (B.4) and (B.5).

Quadratic term For the term quadratic in r in (B.8), we first notice that

—ZE[HZ% ;i } Z(Z +SZPZ§PZ%)£G£%0-

J<t J<t (Jm)<i
J#Fm

Similarly,

=28 (I |

k<i

— Z DD ehatanlch, il Ch, Wil €h Piin)| Elrarirmrs| T]

1=3 k<i I<i m<i s<i

IA

O n
< ﬁz (Z (Shuthig)" +3 Z (C'2n¢[ik])2(clzn¢[im])2)
i=3 N k<i (kéz);i
C
<SS (I i e ¥ S e wiy)
i=3 N k<i h=1 (lckr;;zh 1 h=1

(B.9)

To bound this expression, note that by (B.6) e,¥Me; < C a.s.n. Also, for any

vector v, (TMv)? = 'v’PDaW MD,, Pv <max,—1_, a( . v' Pv. This implies

a(h)
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INA
§M| —

Using this result, we have for the first term on the final line of (B.9)

1 « 4
DRINCHIEIACETY

1=3 k<i k=1
C < h h Ck
S ) Z [(\Ilz(k))4 + (\Ijl(m))ﬂ < TL_ —a.s. 0.

k,i=1

For the second term on the final line of (B.9), we have

nQZ S () (#0) <SS (0 ) (- wl?)

(k,m)<t i,k,m=1
k#m

IN

e > [@pg DAL+ (T ())°

i,k,m=1

m

PO + (0P

We now show almost sure convergence to zero of the sums over the four terms
within the brackets. First,

L SRR y <i<\v§?>2>

i,k,m=1 =1 k=1
< i? (eg\I’(h)\Il(h)' )
n =1
1 MD, PD, MD, PD,6 M Ck
< ﬁtr( acn) an) ) anM) < — —as 0
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For the second, and likewise for the third term.,

L g2z — LN g g ) o o) g (b
EikZm:l(qfik) (w2 < ﬁ;e\l’ TWe, e W@
1 n
< > |le;MD,, PD,, Me||e;,PD,, MD,, Pe,
=1
1 — Ck
< 50| max afy PP < 5 a0
=1
For the fourth and final term we have
L )2y () 1 ()12 S () 1 ¢
2 Z (W} )2(‘I’mi>2 < n2 Z(‘I’/ﬁ )? (‘I’mz)2 < 2 ng%?(na?h),jpﬁ
ik,m=1 ik=1 m=1 i=1 e
Ck
S _2 _>a.s 0
n

Consequently, the quadratic term in (B.8) converges to zero almost surely.

Cubic term From (B.2), the cubic term can be written as,

Sk (o)

As A_; is symmetric with zeroes on its diagonal, we have by Item 4 of Theorem A.1

j] -y % E[E[(r'A_m)*|7, U]|J].

=3

3 % E[E[(r A_r)" T, U]|J]

=3

< Z — E[[12tr(A?%,)* + 48tr(A?,) + 320 (A, 0 A, 0 A_; © A_)t|T]

<

3|Q

E[92tr(A%,)?|T].
(B.10)

The second inequality follows since A2 is p.s.d., hence tr(A*,) < tr(A2%,)?, and

VAL, 0A ,0A;0A) L—ZZ eA_,ej <ZZ€A € eA_Ze])

i=1 j=1 =1 j=1
n 2
= Z e,A? e;)* < (Z(e;Ar‘;iei)> = tr(A2,)%
=1
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The final line of (B.10) can be further bounded as

" C " C
> = Eltr(A2))|T] = Z — B[tr(Si-14:8;1A:8i1)| T

i=3 i=3
C : :
SIE [tr([PDae]? + (Do, PP (B.11)
n?
=3
+ [Pe;e;®]” — [Dp., D.o)?)|T].
To bound these four terms we use the following result
C S Bl 2171< & " e /8P J
EZ (e ei) | ]—EZ e} e;|J]
i=1 '
2
ZE € D VDZh 1 C2n, hx(h)VD Z:l C2n,h T (h) VDan|‘7]
< O3S it a1
h=1 i=1
< S 1zl + BT 1] = 0
— n2 1 (] a.s. )
i=1
(B.12)

by Assumption A5 and the finite fourth moment of the elements of U. For the
first and second term of (B.11), we have by (B.12)
7

1 n ) ) C n n 2
— > " E[tr*(PDse, PDy.,)|J) < = Y E K > e;-PD?I,eiPej>
i=1 =1
j] —a.s 0.

j=1

C n n 2

Syn|(Xebie)
i=1 j=1

For the third term of (B.11), also by (B.12),

IN

ZE [tr?(Pe;e.®Pee.®)|J] = ZE [tr?(Pee,®®e;e, P)|J]

=1 =1
1 n
<= Y El(Piel@e)’|]
1=1
1 n
< > E[(e]®@®e;)’ |T] —a.. 0
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And finally, for the fourth term of (B.11), (B.12) implies that
— ZE [t1*(Dpe, Do Dre, Deral J] = — ZE Z P,?i(cbki)?] 7]

% ZE Zzﬂ (D)2
=1

1 o 5
< > E[lej@'®e;]* |T] o 0
i=1

IN

7]

Hence the cubic term converges to zero almost surely. Therefore, the Lyapunov

condition is satisfied.

B.2.5 Converging conditional variance

This part of the proofs shows the following convergence result: for any € > 0,

7
=3

We start by noting that,

()

=3

2
syl > €

j) —a.s 0.

j} = E[((/a) 2 ?Y 4 04.5.(1)*|T] = 1+ 04..(1),

where the vanishing part is due to wy,. We can conclude that s? is bounded and
bounded away from zero in probability. Now define r_; = r1,...,7r;_1 and write
Yin in (B.2) as y; = =, 1/2(%(”) + yz(n) + y,(n)) with
gl = 1c X'(I, — 2Dp)V D.e;r;
n \/ﬁ 2n n eCal v,

yz(z) = \/_’f’ Sz 1 (\I’ + \I’, — 2D\y) — QCln/ynP e;r;,

1
yz(g) = ’I“/A_i’l"Ti.

vn
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Using a conditional version of Chebyshev’s inequality, we have

+E

+E

> Elilr—i J]

dt
1=3

n

- siw)\ >

7)

i=3 i=3
n n 2
(Bl g1- Ym0zl ) |9]
’L:3 ’L:
(Bl ol o 91— Sl ol
=3 =3

E <
=3

E[(ym |T—27 ZE yzn |‘7 ) \7

+y¥

? m)2

(;3 El(y2)2 |, T ZE W) )2 j_
_<1n3 Bl(y®)2lr_, T ZE o) U) j_

_(Z: By ) (i )|r—i, T —iE[(ym >(ym)|j]>2 j_
_<l”3 El(yt) (g, T —gEKyg))(yzgs))lj])z j_
(; El(y))(yi)lr—i, T ]_gEW))@Eﬁ))m)Q ,

(B.13)

Each of these terms converges to zero almost surely. For illustration we show

for the cross product between the quadratic and the cubic how this follows below.

For the other terms we do this in a separate document that is available upon

request.
Define & = DZﬁ

VD.and A_; as A_; but with ®

-1 CQn,hZ(h)

instead of ® and

similarly for other variables that contain ®. The product between the quadratic
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and cubic term in (B.13) then is

(ZE (W) (i)l 1—ZE<<y§i>><y§i>>u>) J

2
gE (Z’f' Sz 1 |:(‘Il + v — 2D\I/) - 2cln’}/n ] €;r Sz 1E(A |j> i— 17’) J

=3

2
:gE (Zr S [(\Il—i—\Il’—QDq,)—chn”yn ]elr S, |A;S; 17‘) J

=3

n 2
g B <Z ’I',Si,1 (‘I’ + \I’/ — 2D\1/) ei’f‘/SilAiSil’f‘> j

1=3

IN

=3

n 2
(Z T/Si—12cln'7npeirlsi—lAisi—1T> J )

due to the odd number of Rademacher random variables in yz(n ym . We only bound
the second term. The first term follows by similar arguments and an eigenvalue

bound on ¥ + ¥’ — 2Dy. By completing the square we obtain

Q E[(Z T/Sif1P€i€;PSj71T7‘/A,i’rT’A,jr\j]
ij_3
e Z tr(S;_ Pe,€/ PSJ 1[20(A_; @Afj) —6I 0 (A%Aij +A,]A,i)
1,7=3

+4A A j+4A_ A +tr(AA_)I))
C K, R . . R
= Y eiPS; 1[20(A_;©A;) 610 (ALA_j+ A_jA)+4A_A_;

4,J=3

+ 4A—jA—i + tr(A_iA_j)I]Si_lpei,

by Item 7 of Theorem A.1. For sake of space, we focus on the first term, which
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can be written as
— Z e,PS; (A, ®A_;)S;_,Pe;
2,J=3

= _k; Z e;PSj_l.S'i_l(Ai ® Aj)Si_ISj_IPei

i j*3

Z Z (S F)S’Z 1 A Aj)Si_lPei + Z eiPSi_l(Ai ® A,)Sz_lPeZ]

=3 j=i+1 =3
n n 4 4
_ 2[2 33 eps (3 AY oY AY)s,  Pe,
nk i=3 j=i+1 r=1 s=1
4 4
+ Z e’ PSZ 1 Z @ Z AES))Si—1P€z’],
r=1 s=1

where AZ@ for r = 1,...,4 are the four terms between the S;_; in A_; from (B.2),
but with ® substituted by &. Again, only consider the first term, which consist of
16 cross products for the different r and s. Let > "
I,,. Then for r = 1,s=1

_ _ X ol —
it Jej—In Si1—eje; =

C n n ] . . ]
E Z Z G;PSi_l(Agl) ® Agl))Si_lpei

i=3 j=i+1

C - — i . ‘ .
- %Z Z e;PSi—l(Dﬁ)eiPQD@EJ.P)SZ'_1P€Z~

i=3 j=i+1

= O S S B, B

i=3 j=it+1k,I<i

C < I . L ,
=k > ) € PI,d'ere,Pee, (P © P)S;_  Pe;
n

1=3 k<t

C «— . ) . .
Y Z e;®'Dy; 4,8 1(P© P)S;_, Pe;
=3

IA

O < ) ) . ) ) .
— Z [e/®' D%. . ®e;e,PS;_|(P®P)S;_1(P® P)S;,_Pe,]>

Pl &

| /\

p

12 11

nk Z € P ZD%) VImP(Z DEUL))(Z Di(m)PeieiP €2,
h=1

by the Cauchy-Schwarz inequality twice and because Apax((P® P)(P® P)) < C.
..... n(€jAe;)? =

€A’ Ae; < Apax(A'A) and A\pax(V) < C

. . 2 .
Now since for any n X n matrix A we have A\yax (D7) = max;—;

..........
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we have that /\ma”x(D\Q/IWP(ZfL=1 Df(h))) <cC )‘maX([ Z:l DE(h)P) = Cman L..on ||z1||2'

Therefore the equation above becomes

P
) 1

e P( g D: g D. )Pe,e . P-¢;l?

nk Z Z(h VImP b 1D2(h> — Z(h)) 154 z}

O " 1
< w2 [( Jmax [|zi]*)%e; Pe;e PP < —Z max |1z|*eiPe; —a.. 0,

by Assumption A5. The other combinations of  and s can be shown to converge
to zero using similar arguments. Continuing like this we can show that (B.13)

converges to zero almost surely.

B.3 Unconditional distribution of 'Y, 1/2

dominated convergence theorem

Y, by Lebesgue’s

To obtain the unconditional distribution, note that for some € > 0, say ¢ = 1, we

have

sup E([| P((ef'er) 2’ 1 2Y,, <y )|

= sup E[(P((o/a) Y2/ 1Y, < y|7))?] < supE[1?] < 0.
Therefore, P((a’a)_l/Qa’E;1/2Ym < y|J) is uniformly integrable (Billingsley,

1995, p. 338) and we can apply a version of Lebesgue’s dominated convergence
theorem (Billingsley, 1995, Theorem 25.12)

P((o/a) Y2/ 1Y, < y) = EP((/a) Y2/ 2 V%Y, < y[T)]
= E[P((a) 2/, ?Y,, < y|T)] —as E[@(y)] = ©(y).
B.4 Distribution of Y, by the Cramér-Wold theorem

We have shown that for any o we have (o/a) V2a/S,"?Y, =, (o) V2o’ Z,
with Z ~ N(0,I,.1). Then also C(a/a) 2a/S, 'Y, —, C(d/a) 2/ Z and
by the Cramér-Wold theorem (Billingsley, 1995, T29.4) 02, =4 Z. O
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Figure 10: Power under identification robust inference for a; = |Z;|.
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Note: power when testing Hy :

: B = 0 when the true § = g* at @ = 0.05 based
on the jackknife Anderson-Rubin test without crossfit variance (Crudu et al., 2021;

Mikusheva and Sun, 2022), the jackknife score test without crossfit variance (Mat-
sushita and Otsu, 2022) and the tests developed here. k denotes the number of
instruments, R their strength and the invariance assumption is satisfied. The com-
bined test uses apar = 0.01. The Monte Carlo is described in Section 6.

Appendix C Additional simulation results

C.1 Power comparison with jackknife tests

Figure 10 shows the power of the jackknife AR by Crudu et al. (2021) and Miku-
sheva and Sun (2022) and the jackknife score by Matsushita and Otsu (2022) both
without crossfit variance for the DGPs described in Section 6. The panels show
that there is no clear ordering in power of the tests. For the AR test we find
that the jackknife approach delivers higher power when * is positive, while the
continuous updating based AR delivers higher power when * is negative. For

the score, we generally find higher power for the continuous updating based score,
although this has a power dip for negative values of 3*.
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Figure 11: Power of the many instrument robust score test and fraction of negative
variance estimates for heteroskedastic data.
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Note: power when testing Hy : § = 0 when the true g = 8* at a = 0.05 based
on the many instrument robust score test together with the fraction of negative
variance estimates. k denotes the number of instruments, R their strength and the
invariance assumption is satisfied. The Monte Carlo is described in Section 6.

C.2 Power derived from negative variances

In this subsection we show the power that the many instrument robust score test
obtains due to rejecting the null when finding a negative variance. We plot the
rejection rate and the fraction of negative variances in Figure 11 for the het-
eroskedastic case where a; = |Z;1]. We see that we only observe negative variance
estimates under the alternatives, thus increasing the power without affecting the
size. Moreover, the number negative variance estimates increases with the distance
between the true and hypothesized value of 5 and thus counteracts the decrease
in power against distant alternatives from which score tests generally suffer.
Unreported simulation results show that for the case of a single instrument
and weak or irrelevant instruments negative variances also occur when the null

hypothesis is satisfied. Consequently, the many instrument robust score test be-
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comes oversized in these cases. This is also what we observe in the upper right
panel of Figure 5. There the many instrument robust score test has rejection rates
slightly above the desired five percent line. This is not surprising as we only show

consistency of the variance estimator under many-instrument sequences.

Appendix D Details of the applications

Table 2 shows the exact values of the confidence intervals and the point estimates

for the Card (2009) application that are shown graphically in Figure 1.

Table 2: 95% confidence interval and point estimates for the negative inverse
elasticity of substitution between immigrants and natives.

High school equivalent workers College equivalent workers

Lower Point Upper  Lower Point  Upper
OLS -0.0406 -0.0297 -0.0188 -0.0728 -0.0576 -0.0424
Bartik -0.0569 -0.0367 -0.0164 -0.0999 -0.0734 -0.0420
2SLS -0.0482 -0.0363 -0.0244 -0.0794 -0.0621 -0.0448
Fixed-k AR -0.1141 0.0072 -0.1593 0.0289
MI AR -0.0899 0.0008 -0.1342 0.0000
Fixed-k score -0.0905 0.0001 -0.1275 -0.0227
MI score -0.0754 -0.0021 -0.1172 -0.0312
MI combined -0.0759 -0.0011 -0.1181 -0.0307

Note: 95% confidence intervals for the negative inverse elasticity of substitution be-
tween natives and immigrants. Confidence intervals and point estimates are con-
structed using (i) OLS (ii) 2SLS with the Bartik instrument (iii) 2SLS (iv) the fixed-k
AR statistic (v) the fixed-k score statistic by (vi-viii) the tests developed here.
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