Estimating Latent-Variable Panel Data Models
Using Parameter-Expanded SEM Methods *

Siqi Wei'
IE University

Work in progress, February 26, 2023
Click here for the latest version

Abstract

The Expectation-Maximization (EM) algorithm is a popular tool for estimating models
with latent variables. In complex models, simulated versions such as stochastic
EM, are often implemented to overcome the difficulties in computing expectations
analytically. A drawback of the EM algorithm and its variants is the slow convergence
in some cases, especially when the models contain relatively large number of latent
variables. Liu et al., 1998 proposed a parameter-expanded algorithm (PX-EM) to
speed up convergence. This paper explores the potential of parameter expansion
ideas for estimating latent-variable panel models using the stochastic EM algorithm.
I develop PX-SEM methods for three types of panel data models: 1) dynamic factor
models, 2) binary choice models with individual effects and persistent shocks, and 3)
persistent-transitory dynamic quantile processes. I find that PX-SEM could greatly
speed up convergence.

JEL Codes: C13, C33, C63.

Keywords: Stochastic EM, Parameter-expansion, Dynamic factor model, Discrete
choice model, Dynamic quantile regression, Latent variables.

*I'am grateful to Manuel Arellano for his invaluable support and advice. I would also like to thank Mar-
tin Almuzara, Dmitry Arkhangelsky, Orazio Attanasio, Richard Blundell, Stéphane Bonhomme, Micole De
Vera, Pedro Mira, Josep Pijoan-Mas, Enrique Sentana Liyang Sun for their great comments and discussions.
Funding from Spain’s Ministerio de Economia, Industria y Competitividad (BES-2017-082506) and Maria
de Maeztu Programme for Units of Excellence in R&D (MDM-2016-0684) is gratefully acknowledged. All
errors are my sole responsibility.

*IE University. Email: sigi.wei@ie.edu. Website: sites.google.com/cemfi.edu.es/sigiwei/


https://drive.google.com/file/d/1zKBN-q9QeM_lig8Kk7NtfHXigs3k6VMe/view?usp=sharing
https://sites.google.com/cemfi.edu.es/siqiwei/

1 Introduction

The Expectation-Maximization (EM) algorithm proposed by Dempster et al., 1977 is a
useful tool for empirical models with latent variables for obtaining maximum-likelihood
estimates. Starting from an initial guess of parameters, the algorithm iterates between an
E-step, which computes the conditional mean of certain functions of latent variables given
observables, and an M-step, which solves the likelihood-based optimization problem and
updates parameters until the convergence to the maximum of the likelihood. The EM al-
gorithm has also been extended to introduce GMM estimation in the M-step (Arcidiacono
and Jones, 2003). However, in complicated models where computing the E-step analyt-
ically is infeasible, simulated versions of the EM algorithm are often implemented. A
prominent example is the stochastic expectation-maximization (SEM) algorithm (Diebolt
and Celeux, 1993). In this case, the task of the E-step becomes drawing latent variables
from the posterior distribution given observables, whereas the M-step becomes updating
parameters as if the draws were observables.! Starting from an initial guess, one needs
to iterate between two steps until the convergence of the estimates to the stationary dis-
tribution. The method could greatly simplify the implementation because the M-step
optimization under pseudo-complete data is usually much easier.

A drawback of the EM algorithm and its variants is the slow convergence in some
situations, especially when the models contain multiple latent variables over multiple
periods, as in many panel data models, or when the initial guesses are not good. Indeed,
as it is usually hard to know whether the initial guesses are good or not and to prevent the
series converge to some local maximum, one strategy that researchers use is to run from
a large amount of initial guesses and select based on some criteria such as likelihood. As
a consequence, the slow convergence issue becomes even more prominent. Recent work
has looked at alternative samplers for the latent variables when performing the E step. In
contrast, we will focus on M step and try to improve the convergence rate especially for
nonlinear panel data models.

To do so, this paper combines the parameter-expansion technique studied in Liu
et al.,, 1998 with the SEM algorithm and develops PX-SEM algorithms for three types
of nonlinear panel data models: 1) dynamic factor models, 2) binary choice models

with individual effects, persistent and transitory components, and 3) persistent-transitory

tArellano and Bonhomme, 2016 extends SEM algorithm by replacing the likelihood-based M-step by
quantile regressions.



dynamic quantile processes.

Similarly, the PX-SEM algorithm also consists of two steps. The E-step is the same
as in the standard SEM algorithm. In contrast, the M-step estimator is replaced by a
more robust one, taking into account that the E-step draws under parameter values far
from the optimum could violate model assumptions. Specifically, the M step involves:
1) expanding the original model (O model) to a larger one (L model), 2) estimating the
L model, and 3) reducing to O model space, which all together aims to exploit extra
information from the latent-variable model assumptions.

To implement the PX-SEM algorithm, one needs to develop a suitable expanded L
model with auxiliary parameters and a reduction function. L model needs to satisfy two
restrictions. First, there exists some value of auxiliary parameters such that L model equals
O model. Second, there exists the reduction function, which is a mapping from L model
parameter space to O model parameter space, such that the likelihood of observables is
preserved. Everything else the same, a more flexible L model should not increase the
number of iterations needed for convergence, but it might cause extra execution time for
each iteration, and thus leads to longer computing time. Therefore, there is a tradeoff
between the flexibility of the L model and additional complications in L model estimation
and reduction.

Taking the discussion above into account, this paper develops procedures to use PX-
SEM algorithms for three types of panel data models, the dynamic factor models, the
discrete choice models, and persistent-transitory dynamic quantile processes. The focus
on panel data models is expected to make the PX-SEM implementation more challenging
but also more fruitful. On the one hand, panel data models are widely used in applied
work. On the other hand, panel data models allow for more latent variables such as
individual effects, and persistent and transitory components over multiple periods, which
worsens the convergence issues of the SEM algorithm, but increases considerably the
potential benefits of PX-SEM.

For all applications, we expand the O model linearly by allowing for a non-zero
correlation between variables that are assumed to be non-correlated. Additionally, in
some of the applications, we choose the L model such that the reduction function is
simply identity mapping. Therefore, the only task left in M-step is to estimate the L
model.

Finally, by doing simulation, we find that the PX-SEM algorithms significantly improve



the algorithmic efficiency compared to the standard SEM algorithm. A general lesson
that we learn is that even without expanding the O model, from the perspective of
reducing convergence time, we should consider estimators that require less latent variable
information other than MLE.

Literature and contribution. This paper belongs to expanding literature that considers
the application of the EM algorithm (Dempster et al., 1977) and its variants in estimating
latent variable models (Diebolt and Celeux, 1993; Arcidiacono and Jones, 2003; Arellano
and Bonhomme, 2016; Liu et al., 1998). This paper contributes to this literature in two
ways. First, I combine the parameter expansion idea with the stochastic EM algorithm
and discuss both likelihood-based and moments-based M-step estimators.? Additionally,
we propose ways to implement PX-SEM algorithms for three types of nonlinear panel
data models that are widely used in applied work: 1) dynamic factor models, 2) discrete
choice models, and 3) persistent-transitory quantile models. In simulations, we show
that PX-SEM could significantly reduce the convergence time.

Organization. The paper proceeds as follows. In Section 2, I illustrate the difference
between the standard stochastic EM algorithm and the parameter-expanded stochastic
EM algorithm using a simple toy model. Section 3 defines the PX-SEM algorithm and
discuss its statistical properties. Next, I develop PX-SEM methods for three types of
nonlinear latent-variable panel data models. In Sections 4 to 6, I propose the PX-SEM
algorithms for dynamic factor models, discrete choice models, and persistent-transitory

dynamic quantile processes, respectively. Finally, Section 7 concludes.

2 Toy Model

In this section, we will compare the standard stochastic EM (SEM) algorithm with the
parameter-expanded stochastic EM (PX-SEM) algorithm based on a simple toy model.
In addition to showing the difference between the two methods, we will also explain
intuitively why PX-SEM might speed up the convergence.

Consider the following model that we want to estimate:

O Model:
* 2
s AN o 0
YVi=Y; + € (61.) N(O,(O 1))

2Liu et al., 1998 is based on the standard EM algorithm. Liu and Wu, 1999 applies the parameter
expansion technique to Bayesian inference by combining with the data augmentation algorithm; Lavielle
and Meza, 2007 combines the parameter expansion technique with Monte Carlo EM.




where y1, ..., yn are observed outcomes and yj, ..., ¥}, are latent variables whose distri-
bution is of interest. The only unknown parameter is the standard deviation 0. In fact,
this model is simple enough for us to write down the closed-form of the log-likelihood
function and the maximum likelihood estimator, such that there is no need to implement
SEM or PX-SEM algorithms. However, we will use this model to illustrate two algorithms,
respectively.

SEM algorithm. To implement SEM algorithm, we need to start with a guess of
unknown parameter 50 and then iterate the following two stepsons =0,1,2, ..., S until

the convergence of 6*) to the stationary distribution:

1. Stochastic E step: Draw y; from posterior distribution fo(y;|y:; &)
2. M step: Update parameters by computing 6¢*!) = argmax, Y; lo(0; Yy, yi), that is
50+ = s”EEi(yj)

where fo(-;0) is the density function of O Model, and Ip(;; ¥, y) is the log-likelihood

function of pseudo-complete data. The final estimator is the average of last S” iterations

A

1 vS ~
G =g X 04y 0%
EM algorithm works because it improves the observed-data likelihood in each itera-
tion:

log fo(yi; 6°*V) — log fo(yi;8") 2 Q*V18Y) - Q(¥5Y) 2 0

where Q(6¢*D|3)) = [log fo(yi, y;; 8V fo(y;lyi; 8©))dy;

PX-SEM algorithm. Now we introduce the PX-SEM algorithm. Similar to the SEM
algorithm, PX-SEM also consists of an E-step where we draw latent variables and an
M-step where we update parameters. The E-step is the same as in the SEM algorithm,
whereas in the M-step, PX-SEM requires 1) expanding the original model, 2) estimating
the expanded one, and 3) reducing to the original model space to obtain the estimator.
For notation simplicity, we refer to the expanded larger model as the L model relative to
the original model (O model).

For this toy model, we propose the following L model:

L Model:
yi=Y; e
. 2
v\ _ a 0\ ., [ kK O
Where(ez N(O,K(O 1)K),K—(1_k 1)

In addition to ¢, the L model also contains an auxiliary parameter k. It is easy to

show that when k = 1, the two models coincide, that is fo(y;, yi;0) = fL(y}, yi;k =1,0);
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and when k # 1,0, L model expands the O model by allowing for a non-zero correlation
between y; and €;, as cov(y;, €;) = k(1 - k)o?.

Now we implement the PX-SEM algorithm. Starting with a guess of unknown param-
eter 60, we iterate the following two steps on's = 0,1, 2, ..., S until the convergence of

) to the stationary distribution:

1. Stochastic E step: Draw y; from posterior distribution fo(y:|y:; 5))
2. PX-M step: Update parameters by

(a) Estimate the L model: computing (6?”),&) = argmaxgk 2 (0, k; v}, vi),

Var(yl)  a(s+1) _ std(y))
cov(yiyi) L kv

that is IQL =

(b) Obtain 6°*V) by mapping the L model to the O model space while keeping
folyi; 3(s+1)) = fiulys; ﬁL, 3(Ls+1)), that is 56+ = 6(LS+1)

The final estimator is the average of last S iterations:é = % Zg—so " 50,

As described above, the two methods share the same E step, and the only difference is
in the estimators of the M step: the PX-SEM estimator is adjusted by %L Figure 1 explains
what the PX-SEM and its auxiliary parameter k do. Specifically, Figure 1a is the scatter
plot of simulations from the O model with a true value of 0 = 2. The X-axis and Y-axis
display y; and €; = y; — y;, respectively. As expected, we do not observe significant
correlations between the sample y; and €;. Remember, we assume that y; is latent, and
only y; is observed. Next, given y;, we conduct E-step and compare the y; draws under
different guesses of the value of o.

Figure 1b is the scatter plot of (i, y; — ;) where {7 is the E-step draws under the true
value, that is §7 ~ fo(y;|yi;; 0 = 2), and Figure 1c is the scatter plot of (7, y; — 77) where
iJ? is the E-step draws under a wrong value o = 1, thatis §* ~ fo(y|y;;0 = 1). Figure 1c
presents a significant positive correlation between {7 and y; — §;, which should be zero
by assumption. We generate this "false" positive correlation because the draws are taken

under the "constraints” that 1) the variance of y; should not be far away from 1, and 2)

the variance of y; — y; should not be far away from 1.3

3The "constraints" are from the distribution from which we draw y:: f(y;|yi; 0 = 1) < ¢(y})p(y: — y7)



Figure 1: Data and draws of E-step under different guess of o

(b) Draws from E-step given (c) Draws from E-step given
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In the case of Figure 1b, both M-step estimators are consistent, and the SEM one is
more efficient due to the correct constraints (k = 1). However, In the case of Figure
1c, the M-step of SEM ignores the violation of the zero-correlation assumption. As a
consequence, the estimator s’fd(y;.*) is no more consistent. In contrast, PX-SEM takes into
account the "false" correlation by adding parameter k and the L model estimator is still
consistent. To put it another way, in this case, the M-step estimator of the SEM algorithm
is the pseudo MLE, whereas the PX-SEM is the MLE, which leads to a larger increment of
likelihood changes (of complete data y; and y?). And finally, by reducing to the O model
space keeping the likelihood of observed data y; unchanged, we preserve the "gains" in
the complete data likelihood.

There are potentially a lot of ways of expanding the original model, and considerations
include how easy to estimate the L model and reduce it to O model. Section 3 has
further discussion, and Appendix B compares different L models as well as M-step

estimators using the toy model example. Yet it is worth noting that if we propose the

, 2
. . o yz’ o 0 , _ k1 kz .
following L model: y; = y: +€;, where (Gi) ~N(0,K ( 0 1) K'),K = (O ks’ subject to
a® 0\, -, a? 0\ -, L . . .
CK|, ]KC=Cl, {|C.C= (1 1), whichjointly with the normality assumption

guarantees that fo(y;; 0) = fL(yi; 0, K), then the PX-SEM estimator is the GMM estimator:

6= \721\1'(]/,) -1

3 Parameter Expansion Stochastic EM Algorithm

In this section, I will first define the PX-SEM algorithm and explain the implementation
steps in a general way. Next, I will discuss the statistical properties and the reason why

it could improve the algorithmic efficiency.



3.1 Definition of PX-SEM algorithm

Setup. Let {Y;, X, Yi*} fori = 1 : N be iid. random variables from the O Model
distribution fo(Y;|Xi; 0) = /w fo(Y;, Y7 |X;;0)dY:, where W; = [Y;; X]' is the observable
set, ;" is the latent-variable sét, and 0 is the unknown parameter set to be estimated.The
true value, 0, satisfies the equation E(Wo (Y], W;; 5)) = 0, where Wo (-) represents the score
function of the complete O model in the case of likelihood-based PX-SEM algorithm and
moment restrictions in the case of moment-based one. We can easily show that the true

value 6 also satisfies the equation
E( [ wotr;, WiB)o(r; W B)Y;) =0 1)

Denote the expanded model, L Model, by f1.(Y;|X;; 0, K) = fw fL(Ys, Y7 1Xi; 0, K)dY,
where K represents for all auxiliary parameters. The expanded ]L model needs to sat-
isfy two conditions: (1) L model nests O model: 3 Ky such that fo(Y;, Y|X;;0) =
fL(Yi,Yi’*lXi ;0,Kop), VO, and (2) There is a mapping, the reduction function, from the
L Model space to O Model space 6 = R(01, K) such that the observed data likelihood is
preserved fo(Y;|X;; R(01, K)) = fu(Yi|Xi; 01, K), VO, K.4

Function \I’g(-) represents the score of the L model with respect to 0 in the case of
likelihood-based PX-SEM algorithm and the same moment restrictions as W (-) in the case
of moment-based one. Under condition (1), we have \I’f(Yi", Wi; 0,Ko) = Wo(Y;, W;; 0),
and thus E(\Pf (Y7, Wi; 6, Ky)) = 0. Additionally, assume that there exist moment restric-
tions \I’IE (-) such that K is identified when we observe Y/, that is E(\I/f (Y7, Wi ;0,Kg)) =0,
then we have E(\I/L(Yl.*,Wi;g, Kp)) = 0, where Wi () = [‘I’g(-);‘l’f(‘)]. Equivalently, we

have
E( [ w07, Wi, Ko fo (0 1Wi RE, Ko)aY;) =0 @

Definition of PX-SEM algorithm. Before we introduce the general steps of the PX-
SEM algorithm, for comparison, let us have a look at the SEM algorithm. SEM is an
iterative algorithm where in the E step we draw latent variables Y} from posterior distri-
bution fo (Y;'|Wi; 6©)) under parameter guess 6*), and in the M step update parameters to
é(s+1), that is )}; (\Ifo (Yi*, Wi; é(5+1))) = (0. The stochastic version differs from the original

EM algorithm because we replace the integral by the latent draws in equation (C1).5

*We know reduction function should satisfy R(6, Ko) = 6.
SThe Monte Carlo EM uses many simulations to approximate the conditional expectation whereas the
SEM uses only one or few in each iteration (Wei and Tanner, 1990; Nielsen, 2000).

7



In contrast, PX-SEM algorithm proposes the iterations which are better linked to
equation (C2): we still draw latent variables Y;" from posterior distribution fo(Y;|W;; 6))
under parameter guess 6©), but we use the expanded model to update to ¢+,

The general steps are as follows: starting with a guess of unknown parameter 60,
we iterate the following two stepson s = 0, 1,2, ..., S until the convergence of 0) to the

stationary distribution:

1. Stochastic E step: Draw Y} from posterior distribution fo (Y;'|W;; 0©))
2. PX-M step: Update parameters by

(a) Estimate L model: 3, Wi (Y, W;; ééﬁl), IZ(S”)) =0

(b) Reduction: Hs+1) = R(éL,I%) subject to fo(Yi|X;; é(s+1)) = fu(Yil|X;; éL,K)

In practice, one of the challenges in choosing appropriate L model is to figure out the
associated reduction function. A strategy that this paper takes in most of the following
applications is to expand the model in a specific way such that the reduction function
is simply 6 = R(0, K). In more detail, in the following sections where I develop PX-
SEM algorithms for discrete choice models and quantile models, I choose L models where

auxiliary parameter K does not affect the observed data likelihood:
Jo(Yil Xi; 01) = fL(YilXi; 61, K) )

The advantage the extra restriction brings to us is that it implies R(0r,K) = 01, and

therefore the procedure of PX-SEM algorithm can be simplified as:

1. Stochastic E step: Draw Y;" from posterior distribution fo(Y|X;, Yi; é(s))
2. PX-M step: Update parameters by estimating the L model:

S WL, Wi 64, R) = 0
i

By comparing the M-steps of SEM algorithm with the PX-SEM algorithm, we can see
that the estimator of the SEM M-step is a restricted version of PX-SEM M-Step estimator
under the restriction of K = Ko. When the draws Y;" are taken under a guess 6©) that is
close enough to the true value, intuitively, we expect the SEM estimator to be more efficient
given the correct restriction K = Kp. In this case, the PX-SEM estimator is still consistent
based on equation (C2) which becomes E ( f‘I/L(Yf, W;; 0, Ko) fo(Y;'Xi, Yi,'@)in*) =0
given the extra restriction (3). However, under the guess 6¢) which is far enough such

that the draws Y violate some model assumptions, we would expect the PXSEM estimator

8



to be more "robust" given the extra flexibility in K. Correspondingly, as we will show in
the following subsection, the likelihood-based PX-M-step could achieve a higher pseudo
complete data likelihood improvement, which further leads to a higher observed-data

likelihood improvement in each iteration compared to the SEM M-step.

3.2 Statistical properties

In this subsection, we will first show that likelihood-based parameter expanded EM al-
gorithm increases the log-likelihood of the observed-data model at each iteration based
on the work of Liu et al., 1998. Then combining with Nielsen, 2000 and Arellano and
Bonhomme, 2016, we give conditions under which the stochastic version, PX-SEM, on av-
erage dominates the SEM in global rate of convergence. Finally, we discuss the asymptotic
properties of the PX-SEM estimator.

Convergence. When the M step is likelihood-based, thatis when the W1, (Yl.*, Wi; 0,K) =
[% In f1.(Y;, Y| Xi; 0, K); % In f1.(Y;, Y71X;; 0, K)], Liu et al., 1998 shows that the parameter
expanded EM algorithm, just like the original EM algorithm, increases the loglikelihood
of the observed-data model at each iteration. Here we discuss this briefly.

It can be easily shown that:

log fo(Yi|X;; 0¢D) —log fo(Yi|Xi; 6©) = log fi(Y:|X; 01, K) — log fr.(Y;|X;; 0%, Ko)
The equation holds because of both condition (1), that is L model nests O model and 3K,
fo(YilXi; é(s)) = fo(Yi|Xi; é(s), Kjp), and condition (2), that is the reduction function exists

— 50 by construction fo(Yi|Xi; é(5+1)) = f(Yi|Xi; 0., I%)

Then, given Gibbs’ inequality, we have

Z log fi.(Y;:|Xi; 61, K) - Z log fi.(Y:|X:;6®, Ko) = Q(01, K|6®, Ko) — Q(6®), Ko|6®), Ko)
7 7

where Q(01, K|0®), Ko) = %; [log fu(Y;, Y;1Xi; Or, K) fL(Y;|Y;, Xi; 0, Ko)dY;.
Finally, using definition of 0., which is 6;,K = arg maxg x Q(0, K |é(s),Ko), we can
prove

D log fo(i|Xi; 6*D) = 3" log fo (¥i|X;; 6¢)) 2 0

The inequality above says that the PX-EM improves the observed-data likelihood in
each iteration. Moreover, the L model being more flexible and nesting the O model

implies the following inequality:

Q(61, K16, Ko) = Q(6Y), Ko|6), Ko) > Q(é&}l},Kolé“),Ko) - Q0% K010, Ko)

9



where égng = arg maxg 2,; flogfo(Yi, Y| X5 0) fL(Y]|Yi, X o), Ko)dY;.

Therefore, the parameter expansion technique can be intuitively interpreted as a way
to improve the lower bound of the loglikelihood increment.

Convergence speed. In Appendix C.3, we discuss in detail the conditions under
which parameter expansion technique speeds up the convergence. Importantly, one
implication is that with likelihood-based M step, PX-SEM on average dominates the
SEM in computational efficiency. Specifically, defining 8 as the MLE, we can write the

)

SEM @s follows:

dynamics of SEM iterations

65— 6) = (I - Vsp)(6C)

SEM SEM 0) + ASEMeS) + OP(N_(l/Z))

and the dynamics of PX-SEM iterations 6¢) as follows:
(0¢* = 0) = (1 - Vpx)(6") - 0) + Apxe®™ + 0, (N~1/%)

where the expression of Vsgym, Vpx, Asem, and Apy are given in Appendix C.3. We show
in the appendix that the smallest eigenvalue of Vpx, which is the global speed, is at least
as large as the smallest eigenvalue of Vsgp. Therefore, the PX-SEM on average exhibits a
higher global convergence speed than SEM.

Asymptotic properties. Nielsen, 2000 studies the statistical properties of likelihood-
based SEM algorithm. Specifically, the paper charaterizes the asymptotic distribution of
VN (é(s) — 0), when sample size tend to infinity, where 0 is the true value of 8. Arellano
and Bonhomme, 2016 expands the results by discussing the asymptotic properties for
moment-based SEM algorithm. Based on these two papers, in Appendix C.2, we show
that in case of convergence and s corresponds to a draw from the ergodic distribution of

the Markov chain, then
A — d
VN(O® - 8) 5 N(0, T + Z;' 5555 )

where the expression of X1, X, and X3 are given in Appendix C.2.

When the M-step is moment-based, in general, convergence is not garanteed. In case
of convergence, the speed does not necessarily dominate the SEM algorithm. In fact,
in Appendix B, we show an example where the moment-based M step combined with
parameter expansion technique works worse than SEM at least for some initial guesses.

However, in practice, we might still want to use the moments-based PX-SEM estimator
for at least two reasons. First, in some cases, GMM estimators are much easier to obtain,

such as the quantile example that we will discuss in Section 6. We care about the total
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amount of time to converge which depends not only on the number of iterations but also
on the time spent in each iteration. Secondly, even if it is still feasible to obtain MLE of the
O model, restricting ourselves to tractable ML estimators in the M step might limit the
flexibility in constructing the L model, which has effects on the speed of convergence. For
example, in Appendix B, we show an example when the moment-based PX-SEM with a
more flexible L model outperforms the MLE-based PX-SEM with a less flexible L model
in the toy model case.

It is worth emphasizing again that the contribution of this paper is twofold. First,
we combine the parameter-expansion technique developed in Liu et al., 1998 with the
stochastic EM algorithm. Moving towards the stochastic EM version allows us to deal
with more complicated models, such as nonlinear panel data models, where computing
E-step analytically as required in the original EM algorithm is not feasible, and where the
benefit of PX-SEM is expected to be large due to a higher dimension of latent variables.

Second and more important, given that the PX-SEM algorithm itself does not speak of
selection of L model nor detailed steps of estimation, the other contribution of this paper
is to propose specific L models and estimation steps to implement PX-SEM for nonlinear
panel data models. In the following three sections, we will discuss three examples: 1)

dynamic factor models, 2) discrete choice models, and 3) quantile models.

4 Dynamic Factor Models

The first example we explain is dynamic factor models (Geweke, 1977). The appeal of this
class of models is that it can explain variation across multiple dimensions using variation
in fewer latent common factors. Applications include topics in macroeconomics and
finance.(Bai et al., 2008; Stock and Watson, 2006, 2011). The specific O model we discuss
is a single factor model, but the same approach to implementing PX-SEM algorithm can
be applied to models with multiple latent factors.

O Model:

Yit = Aive + €t
Vi = Vi1 + U

where €;; ~ N(0, af), u; ~ N(0,1).
There is a latent common factor v; that follows a Gaussian random walk. We observe N

different measures, y;,i =1, ..., N, over in total T periods, and each of them is associated

11



with a different factor loading A;. In this model, we also assume €;; is independent across
periods.® Denote the set of unknown parameters by 0 = (14, ..., AN, 01, ..., ON).

SEM algorithm. For comparison, we first explain the procedure of SEM algorithm.
Starting from a guess é(o), we iterate between the E-step and M-stepons =0,1,2,...,S

until the convergence of 6 to the stationary distribution:

1. Stochastic E step: Draw v from posterior distribution fo(v|y; )
2. M step: é(s+1) = (/A\l, vee) /A\N, 01, .+, ON)
Yit — Aivy

(oF}

ﬁi’éi:rﬂ%Z(lnqb( )—lnoi)

t
PX-SEM algorithm. To implement PX-SEM algorithm, we need to build a proper L
model. In this case, we propose a very simple L model.

L model:

Vit = Aive + €t
Vi = Vi1 + U

where €;; ~ N(0, 01.2) and u;; ~ N(0,k?)

We expand the O model by adding an auxiliary parameter k such that the variance of
persistent shock u; could be different from 1. It is easy to verify the L model satisfies the
condition (1), since we could always take k = 1 and then the two models coincide.

Related to condition (2), there exists reduction function R(Aq, ..., AN, 01, ...,0n,K) =
(Ak, ..., ANk, 01, ..., on) such that the likelihood of the observed data is kept the same
foly; Mk, ..., ANk, 01, ..., 0n) = fL(y; A1, ..., AN, 01, ..., 0N, K).

With the specified L model, we can implement the PX-SEM algorithm with the follow-
ing procedures: We start from a guess 6©), and iterate between the following E-step and

PX-M stepons = 0,1, ..., S until the convergence of 6©) to the stationary distribution:

1. Stochastic E step: Draw v from posterior distribution fo(v|y; 6©))
2. PX-M step:

(a) L model estimation: Ay, 61 = (Ar1,..., ALN, GL1, ---, OLN)

A it — AV
ALi, OLi = I}{laxzt: (lmp(ylt ad

i,0i

) - 11’101')

Oi

S Vi — Vi
k:maxz In p(———2) —Ink
k & k

¢The method can be easily adapted to models with 1) unknown persistence in v; process, 2) multiple
latent factors, 3) €;; following MA process, etc.
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(b) Reduction: 8¢+ = (A Kk, 61)

As indicated in the PX-M step, due to the separability of the log-likelihood function,
the auxiliary parameter k is very easy to estimate. Compared to the SEM, the PX-SEM
update 6+ takes into account the potential violation from the assumption k = 1 in the
O model. When the guess 6©) is close enough to the true value, then we should expect
k is close to 1, and thus the estimates of SEM and PXSEM steps are similar. When the
guess 6©) is far enough from the true value such that the draw v in the E step violates the
assumption k = 1, the PX-SEM algorithm adjusts the estimates accordingly. For example,
when the k is larger than 1, this suggests to scale down the latent draws v by k to have
var(Av) = 1, and to scale up A; by k to have the same loglikelihood of observed data.

Simulation Results. Figure 2 presents the results based on one simulation of N = 3
and T = 200. The parameter values of the DGP are A = (1.22,1.07,1.62), and 0 =
(0.92,0.78,1.33).

In each of the plots of Figure 2, the x-axis represents the number of iterations s =
1,...,1000, and y-axis represents the M-step update 6©). The blue line depicts the SEM
trajectory whereas the orange line depicts the PX-SEM trajectory. The horizontal green
dash line represents for the true value. Starting from some randomly chosen initial guess
6©, we see both the blue and the orange lines move towards the green dash line and
become stable after some iterations. The average of last 250 iterations is taken as the final
estimate.

Even though in the case of 0’s, both methods converge almost immediately, we observe
big difference in the case of A’s. Specifically, SEM updates do not seem to converge until
500 iterations, whereas the PX-SEM updates converge within 100 iterations. Nevertheless,
after convergence, we observe larger variations among PX-SEM updates along iterations
than the SEM updates. This is expected given that the SEM M-step is the MLE under
correct restrictions. Our presumption is that in both cases, we average over large enough
number of iterations after convergence. Whether PX-SEM should have more iterations
due to larger variation, which might affect total computing time, is outside the scope of

this paper.”

"We could always switch to SEM after PX-SEM estimators converge. Naturally, to what extent latent
draws from the E-step violate the model assumptions (e.g., by comparing the O model and L model
likelihood of pseudo-complete data) could be criteria for deciding when to switch.
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Figure 2: SEM and PX-SEM iterations of 6¢) from random initial guesses

(a) A (b) A2 (0) A3

(d) 01 (e) o2 () o3

Notes: Complete iterations of SEM (blue solid line), PX-SEM (orange solid line) based on 100 MH draws. True
value are in green dash line. SEM estimates (blue diamond), PX-SEM estimates (orange star) are all based on the
average of last 250 iterations. Random initial guess from lognormal distribution. N = 3, T = 200

Comment. The following model is equivalent to the proposed L model above, yet has
different interpretation:

L Model

Vit = Aivy + €5

v _ + X Ity Orxr| [V
€; A=) X Irxr  Irxr| | €
A;

vy =v,_+u, €,~N(, G,Z), uir ~ N(0,1)

1

We add v; and €}, which are assumed to have the same distributions as their counter-
parts in the O model. However, the L model extends the O model by allowing the latent
draws from the E-step v and €; to be results of an affine mapping of v* and €} through
matrix A;. Related to condition (1), we could always have k = 1, and thus A; =1, and L
model is equal to O model. Moreover, matrix A; satisfies the equation CA; = C where
C = [Irxr Irxr], and thus y; = C[v' €] = C[v* €']". Therefore, relate to condition
(2), auxiliary parameter k does not affect the observed data likelihood, which means the

reduction function is R(6, k) = 6.
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This L model is equivalent to the previous one in the sense that they have ex-

actly the same estimators in the PX-M step for 66+, Indeed, given the same E-

step, the PX-M steps now becomes: /EH(, OLi = max) kg, 2t | In q’)(%jkvﬁ —Ino;|,

% = maxy ) (ln $(*5=L) —Ink |, and therefore Ols+1) = (/A\Ll, i ALN, OL1, oo, OLN), given

R(6,k) = 0.

We can see that the current matrix A; allows for contemporaneous correlations between
vy and €. This way of expanding can be easily adapted for many different models
at almost no cost. Moreover, if SEM is likelihood based, then MLE of PX-SEM, due
to separability of the log-likelihood, can be easily obtained. As a result, we expect
improvement in terms of overall algorithmic efficiency.

In the other two applications, we follow this logic of building L model through affine
transformation. But we will explore more flexible L model by relaxing constraints in
matrix A, such as allowing for correlations across periods. By expanding to a larger L

model space, we aim to achieve faster convergence.

5 Discrete Choice Models

The second type of model we will discuss is the random effects discrete choice models with
persistent and transitory shocks. The discrete choice models are widely used in empirical
works on different topics such as labor supply (Hyslop, 1999), consumer demand (Keane
etal., 2013), etc. Distinguishing unobserved heterogeneity from the persistent component
is of interest for many reasons, but the nonlinearity and the latent feature complicate the
estimation. However, the simulation involved in the SEM or PX-SEM makes the two
methods suitable for estimating this type of model. Therefore, take a Probit model as an
example, we will discuss its estimation procedure. Specifically, we allow for rich structure
by including unobserved time-invariant effects, persistent component, and transitory
component. We will later compare the performances of PX-SEM and SEM.
O Model:

vit = 1(zit > 0),
Y
Zit = B'Xit + Ui +vit + €,

Vit = PVi-1 + Uit
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where ;lx ~ N(0, 03), uir ~ N(0,03), €t ~ N(0,1), via ~ N(0,1).8

For each individual i € 1,...,N at period t € 1,...,T, we observe a vector of inde-
pendent variable x;; of dimension | and a 0-1 discrete dependent variable y;;, whereas
z;t, individual effect p;, persistent component v;; are latent variables. Denote the set of
unknown parameters by 6 = (8, 0y, p, ou).

SEM algorithm. For comparison, we first explain the procedure of SEM algorithm.
Starting from a guess 6©, we iterate between the E-step and M-stepons =0,1,2,...,S

until the convergence of §¢) to the stationary distribution:

1. Stochastic Estep: Draw z;, p;, and v; from posterior distribution fo(z;, i, vilyi, xi; é(s))
2. M step:
R OETEA RIOIETACTETESY)
A(s+1) _ 3
- “LH ! = std(uy)
- ‘5(5+1) = Vi,t_lv;,t_l)—l(z Vit-1Vit)

A 1 - A
- 65 = std(viy — prisa)

PX-SEM algorithm. To implement PX-SEM algorithm, we need to build a proper L
model. Defining x; = [x7; ... x;T]’, vi = [vi1 ... vit|’, € = [€i1 ... €i7], we choose the
following L model:

L Model

yir = 1(zit > 0),

4
Zit =Y Xi + Wi T Vip T €it,

Wi 1
vi| = pA V]| +Bx;,
€ €;

1

Vi = PV g T Uit
wilx ~ N(0,03), uir ~ N(0,03), €, ~ N(0,1),v;; ~ N(0,1)

subject to %x(CBﬂ/) = Itxr®pB’,CALA'C’ = CZC’,and p > 0, where C = [TTxl It Itxt],
L =cov([u; vy €'l), ¥ =[y1 ... yrI’ and A is a lower triangular matrix with positive di-
agonal entries. In addition to unknown parameter 0 from the O model, L model contains
a vector of auxiliary parameters K = [vech(A)’, vec(B)’, p]'.

Our logic of model expansion is very straightforward. We assume that latent variables

u;, v}, and €’ follow the same distributions as their counterparts in the O model. However,

8Extensions including 1) Logit, that is €;; ~ Logistic, and 2) Allowing for dependence of u; and v;; on
xi1, that is u;|x ~ N(B.xi1, aﬁ), and vj1]|x ~ N(Byxi1,1) are discussed in Appendix E.
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the E-step draws [u; v} €’] are possibly the result of an affine map acting on the vector
[1; v}’ €]]. In this way, we expand the original model by allowing for linear correlations
among U, v;, €;, and x;.

Therefore, related to condition (1), it is easy to verify that L model nests the O
model: when B = Opri1)x(gx1), A = Ior+1)x@r+1), P = 1, the two models coincide
folyi, zi, pi, vilxi; 0) = fL(yi, zi, Wi, vilxi; 0, A=1,B = BIP =1).

The L model has two main constraints. On top of identification issue, more impor-
tantly, the constraints let us obtain the reduction function easily. The first constraint
% X (CB+7y) = Itxr ® B’ is on the coefficient x;; and makes sure that the conditional mean
of z; on x; in the L model is simple p times the conditional mean in the O model. The
second constraint CALA’C’ = CXC’ guarantees that conditional covariance of z; on x; is
the p? times the conditional covariance in the O model.°

Therefore, related to condition (2), it is easy to verify that there exits the reduction
function, which is R(6, K) = 0, such that fo(yi|xi; R(0, K)) = fL(yi|xi; 0, K).

Intuitively, expanding the O model through these auxiliary parameters help "con-
strain” the potential violation of model assumptions by E-step draws under some pa-
rameter guesses. For example, matrix B takes care of the linear correlation between
observables x; and latent draws which could happen when the guess  in E-step is much
smaller than the true value in absolute level. Similarly, matrix A allows for linear corre-
lation among i, vi1, uir and €;; Scalar p scales up and down z;; and allows the var(e;;) to
be different from 1.

Finally, we discuss the procedures to implement PX-SEM algorithm. We start from
a guess é(o), and iterate between the following E-step and PX-M-stepons =0,1,2,...,S

until the convergence of §¢) to the stationary distribution:

1. Stochastic Estep: Draw z;, p;, and v; from posterior distribution fo(z;, i, vilyi, xi; é(s))

2. PX-M step: Estimate L model
é(s+1), I% = arg 1’51,11? Z \P(Q, K; Yi,Zi, Xi, Uiy Vl')
1

In the following paragraphs, we explain the moments we used to estimate 66+, The

detailed specifications are presented in Appendix D.

e pp: combining the first constraint, E(x;¢(zit — pp'xit)) =0

*We can rewrite the model as z; = yx; + Clu; v €;]" = pp'xit + pCA[u; v}’ €']'.
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o B: E(xi([u; vi €]] - x/B")) =0
e 04,p, L, A: CAZA’C’ = CLC’, and moment constraints on X

® p,0y E(v;’t_l(v;t - pv;,t_l)) =0, var(v;t - pv;t_l) = ofl

Simulation Results. Now we conduct simulations and compare SEM and PX-SEM
algorithms. The true parameters of DGP are: g = [1.0;0.5], o, = 1.25, p = 0.7, and
oy, =0.9.

First, we compare SEM and PX-SEM iterations from an informed guess. The initial
guess is decided as follows: 1) ,@(0) is the Probit regression coefficients of y;; on x;¢, 2)
impose 6;10) =1,3) ﬁ(o),éio) are computed from the residual of linear regress y;; on x;;.%°
In both E-step, we use a random-walk Metropolis-Hastings sampler. The acceptance rate

is controlled to be between 20% and 40%.

Figure 3: SEM and PX-SEM iterations of 0°) from informed guesses
(a) Bo (b) p1 (c) oy

(d) o (e) p

Notes: Complete iterations of SEM (blue solid line), PX-SEM (orange solid line), and PX-SEM + SEM(grey solid
line, 500 iterations each) based on 100 MH draws. True value are in green dash line. SEM estimates (blue diamond),
PX-SEM estimates (orange star), and PX-SEM+SEM (grey circle) are all based on the average of last 250 iterations.

Based on informed initial guess.

Figure 3 presents the estimation results of one simulation with N = 5000 and T = 8.
Specifically, we plot the M-step updates 6©) for 1000 iterations (S = 1000). The blue

line shows each update of the SEM algorithm, whereas the orange one represents the

0Specifically, regress |errq| * sign(y; — 0.1) — errp * 65,0) on x;; and keep residual 7es;, set ‘5(0) =
1 7’/6’\5[,[,17/(?5“ A(O) _ 3 — A0) 5=
N1 & = and 6, = std(7es; — pO7es; 1)
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PX-SEM updates. We also combine PX-SEM for 500 iterations with the SEM algorithm
with another 500 iterations, and use the grey line to represent the result. The green dash
line indicates the true value. We take the average of the last 250 iterations as the final
estimates (S° = 250), which are represented by the blue diamond and orange star for SEM
and PX-SEM algorithms, respectively. We can see that starting from the same initial guess,
the PX-SEM algorithm converges almost immediately to the region near the true value,

LS), 3515), and f)(s), and does not converge

whereas SEM moves much slower, especially for &
within 750 iterations. In the case of PX-SEM+SEM,, it is obvious that the variation along
iterations reduces dramatically once we switch to the SEM algorithm. But since we take
the average of the last 250 updates as estimates, there is no significant difference between
PX-SEM and PX-SEM+SEM in this example.

Next, we compare the iterations based on random initial guesses. This strategy is
common in practice. As it usually is hard to know what are "good" initial guesses and
to avoid the method converging to a local maximum, researchers often implement SEM
algorithms from many different initial guesses and choose one based on certain criteria,
such as likelihood.

In Figure 4, we show that the PX-SEM algorithm still greatly increases the convergence
speed: starting from some random initial guesses, despite some jumps at the beginning,
the PX-SEM algorithm converges to the region near the true value within 100 iterations,
whereas the SEM algorithm, with the same initial guesses, does not seem to converge
within 500 iterations.

To have a better view of the details, we plot the last 900 iterations in Figure 5. As
shown in the figure, SEM seems to converge at the very end of the iterations. As a result,
the point estimates taken as the average of the last 500 iterations are relatively far from
the true values compared to others. As for PX-SEM+SEM, after switching to the SEM
algorithm, the grey line shows much fewer variations which is in line with our discussion
on the statistical properties of moments-based PX-SEM.

Considering that this type of exercise will be conducted many times in practice, the

save of time could be enormous. More simulation results are presented in Appendix G.

In Appendix F, we show that in some other simulations, it could take more than 2000 iterations for
SEM to converge.

19



Figure 4: SEM and PX-SEM iterations of 6¢) from random initial guesses
(a) Bo (b) p1 (c) Ou

(d) ou (e) P

Notes: Complete iterations of SEM (blue solid line), PX-SEM (orange solid line), and PX-SEM + SEM(grey solid
line, 500 iterations each) based on 100 MH draws. True value are in green dash line. SEM estimates (blue diamond),
PX-SEM estimates (orange star), and PX-SEM+SEM (grey circle) are all based on the average of last 500 iterations.

Random initial guess from lognormal distribution.

Figure 5: SEM and PX-SEM iterations of 0°) from random initial guesses
(@) po (b) p1 (©) ou

(d) oy (e)p

Notes: Last 900 iterations of SEM (blue solid line), PX-SEM (orange solid line), and PX-SEM + SEM(grey solid
line, 500 iterations each) based on 100 MH draws. True value are in green dash line. SEM estimates (blue diamond),
PX-SEM estimates (orange star), and PX-SEM+SEM (grey circle) are all based on the average of last 500 iterations.

Random initial guess from lognormal distribution. The complete iterations are presented in Figure 4.
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6 Quantile Models

The last example we will discuss is the persistent-transitory dynamic quantile processes
with individual effects based on Arellano et al., 2017.> The model does not impose
restrictions on the distributions of individual effects and transitory shock. Moreover,
its flexibility in the dynamics of the persistent component allows for features including
nonlinear persistence. The model has been applied to topics including income dynamics,
firm dynamics, health dynamics, etc.

Denote the tth conditional quantile of v;; given v; ;1 as Q(v; -1, 7) for each 7 € (0, 1).
The O model to be estimated is as follows:

O Model:

Yit = Ui + Vit + €j,

Vit = QVip—1, Wir), (Wit i, wi -1, Ui—2,...) ~ Uniform(0,1),t =2, ..., T

where €;; has zero mean, i.i.d. over time, and independent of v; and y;. Individual effect
u; is assumed to be independent from €; and v;.

Unlike the canonical permanent-transitory process, this model allows for a much more
flexible conditional distribution of persistent component v;; such that it could generate
features like nonlinear persistence.

To estimate this model, we follow Arellano et al., 2017 and empirically specify the

components as follows:
K
Qii-1,7) = Z V}?(T)(Pk(vi,t—l)
k=0

Qe(t) = y(1), Qui(1) =y"(1), Qu(r) =y*(1)

where ¢ is Hermite polynomials up to order K.

In Arellano et al., 2017, the model is estimated using a variation of the SEM algorithm
where the M-step consists of a sequence of quantile regressions rather than likelihood
optimization for computational convenience. For comparison, we first explain their pro-
cedures. Denote 0 for all unknown parameters including yg (1), y¢(1), y"' (1), and y#(7).13
Starting from initial guesses 6©), we iterate the E-step and the M-step until convergence

to stationary distribution:

2]n this example, we remove age effect, and assume that the unobserved heterogeneity only affects the
level of y;;, but does not interact with v;;.

3Unknown parameters also include tail parameters. Functions y(-) are piecewise-polynomial interpo-
lating splines on a grid [t1, 72], [12, T3],...,[T1-1, T.]. And the tails on (0, 71] and [1r, 1) are modeled using
parametric model. Check the Appendix B in Arellano et al., 2017 for more details.
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1. Stochastic E step: Draw p; and v; from posterior distribution fo(ui, vilyi; é(s))

2. M step: Update parameters by computing a series of quantile regressions:

N T K
ﬁQ(T) = arg 0 r%in Z Z PT(Vz‘t - ;) VkQ(Pk(Vz‘,t—l))

N
ALl _ . U
PH(r) = arg rryl},n; pe(i = ")

PX-SEM algorithm. We take the same strategy and expand the O model targeting
linear correlations among u;, v;, and €;. To achieve this, we propose the following L
model:

L Model:

Vit = Ui + Vit + €j,

Hi H;
vi|=A|v;
€; e’;

Vi = Q(v; g, wit), (it |p3, wip-1, Ui g2, ...) ~ Uniform(0,1),¢t =2,..., T

subject to CA = C, where C = [TTxl ITxt ITxT]. Similarly, we assume that €}, has zero
mean, i.i.d. over time, and independent of v and y}, u’ is independent from €7 and v;. L
model contains a vector of auxiliary parameters K = vec(A).

The logic of model expansion is the same as before: we assume that variables u}, v;,
and e’lf follow the same distributions as their counterparts in the O model, but the E-step
draws [u; v} €] are possibility the outcome of an affine transformation of [u; v} €]’
with coefficient matrix A to generate linear correlations among u;, v;, and €;. Thus, the
condition (1) to implement PX-SEM holds, which is that L model nests O model, since we
can always take A = I, and the two models coincide fo(yi, ui, vi; 0) = fu(yi, pi, vi; 0, A =
I).

The constraint on matrix A, CA = C, guarantees that the condition (2) holds: there ex-

ists a reduction function R(6, K), which is simply 6 = R(6, K), such that fo(yi; R(6,K)) =
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fr(yi; 0, K).** This constraint is tighter than the one in the discrete choice case where we
just need to target the first two moments due to normality assumption.
To implement PX-SEM algorithm, we start from initial guesses 6©), and iterate the

E-step and the PX-M-step until convergence to stationary distribution:

1. Stochastic E step: Draw p; and v; from posterior distribution fo(ui, vilyi; é(s))
2. PX-M step: Estimate L model

1

In the following paragraphs, we explain the estimation strategy of L model. The
detailed steps are listed in Appendix H.

With the complication of matrix A, we can no longer conduct a series of quantile
regressions directly using E-step draws as in the SEM. Considering the number of un-
known parameters, joint estimation can be very challenging. The strategy we take is
to estimate parameters sequentially: we first obtain estimates of auxiliary parameters A
using moment restrictions including zero correlations among u’ and €7, and v, following
a time-homogeneous first-order Markov process, and then we estimate © by the same
series of quantile regressions using A~![y; vierl.

To estimate matrix A, we add extra restrictions on its form and the specification is as

follows:
cah ?51 77777777777 %I 7777777 ?8} 7777777777 cfng ] } Alyyora)
L—at 1-a5 —aj agr —ayp  1—ag —a“ —agr — A1y
: : : : A27y o1 41)
A=|1-ab —ag-ap - 1-ayr —arr o loayp—at
0 a3 ayr a‘ air
: : : A37y0T41)
0 ajq ajr 0 a‘

In addition to satisfy CA = C, we also assume that entries in the first column of A3
are all zero, and the submatrix made of the last T columns, A3. 1,1.07+1), is an upper
triangular matrix with diagonal elements all equal to a®.

These extra restrictions are made mainly to simplify the estimation. It is shown in

the Appendix H that given any value of a# and a®, we have close form solution for

“We can rewrite the model as y; = C[u; v €;]' = CA[u; v}’ €] = Cu; v}’ €/']'.

1

23



A(a",a%) and [y} vi’ €] = A‘l(a“,ae)[y; v! €]' using moment restrictions including
that y; and €; are uncorrelated with all the other elements of the model. We use extra
moments including that v; follows the first-order markov process to obtain a* and a°.
The estimators, which are the GMM estimators weighted by the Lagrangian multiplier,
are not as efficient as the optimal ones, but again we face simpler optimization problem.
Once we have a*, a¢, and thus [{i} 77" €] = A-1(aH, a%)[u; v €}]', we do a list of quantile

regressions to estimate 0. The steps are summarized as follows:

1. Obtain A

(a) Giveneachat and a®, obtain A(a*, a%; y;, v;, €;) and o o7 éj’]' =A-1 lwi V]

1 1

using moments cov(u:,v:) = 0, cov(u;,€},) = 0, cov(e;, €;) = 0, Vt, k €

[1,...,T]and t # k

ik’
2. Compute a¥, a° = arg mingu 4 3; G({17, 77, €7)

N 1 A n e ’
3. Compute [yi v ei’] = A(a#, a¢ ;yi,vi,ei) [pi v (—:;] ,and update parameters

by a series of quantile regressions

N
(T)—arg mm Z

7/0 '7’1 ” '7’ i=1

K
I )

k=0

Ak

p’f(eit - 7/6)

M= M-
M=

Il
—_

Pi(1) = arg n;len
t

Il
—_

1

P =argmin ), pr(7i =)
i=1

N
iz =argmin ) pr (i - )
i=1

where G(-) is a known function that is informative of the distance between the empirical

Ay

distribution of [ﬁj v *

€7 ]’ and assumptions on [y} v}’ €V ]', including the distance
from ¥} to time-homogeneous first-order Markov chain. The details in each step are
described in Appendix H. In Appendix I we also discuss an alternative PX-SEM method
for the quantile models.

Simulation Results. Some preliminary simulation results are shown in Appendix
J. The general conclusion is that PX-SEM could accelerate the movement towards the
true value, and the PX-SEM+SEM performs the best in the exercise. There still exist
some problems mainly in step 2 such as the numerical stability associated with nonlinear

optimization.

24



7 Conclusion

In this paper, we develop PX-SEM algorithms by combining the parameter-expansion
technique with the stochastic EM algorithm. The method consists of an E-step where we
draw latent variables from posterior distribution given observables, and an M-step where
we expand the original model to a larger model, estimate the larger model, and finally,
reduce to the original model space. The intuition is that the model for the latent variables
contains extra information that can be exploited to correct the M step in progressing from
a coarse parameter guess to a more accurate one. To implement the method, one needs
to build a suitable L model for the original model. This paper focuses on nonlinear panel
data models and develops PX-SEM algorithms for three types of models: 1) dynamic
factor models, 2) discrete choice models with individual effects, persistent and transitory
components, and 3) persistent-transitory dynamic quantile processes. The simulation

results show that PX-SEM significantly improves the convergence speed.
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APPENDIX to
“Hstimating Latent-Variable Panel Data Models
Using Parameter-Expanded EM Methods”

A Alternative PX-SEM for Discrete Choice Models

Alternative 1. We start from a guess ©©), and iterate between the following E-step and

PX-M-stepons =0,1,2, ..., S until the convergence of ©©) to the stationary distribution:

1. Stochastic Estep: Draw y}, u;, and v; from posterior distribution fo (v}, pi, vily:, xi; C:)(S))
2. PX-M step:

(a) Estimate L model:
i pp = (T xux!,) " U(Z xieyy)
i, B: by = (X xx) 7 (E xie), by, = (2 xix))"H(E xv).
Then define fi; = p; — bjx;, ¥ = vi = bx;, & = y; — pp x; — fis — ¥, and

Vi=[i+7Vi+§€

iii. 64,P,p,6u =argming, y o, |W% (vec(Ccov([fis; 4; €i1)C")—vec(p*CE (o, p, ou)C’))”
v, f= PP
1v. ﬁA— p ,\
V. ®L = (ﬁl 6‘11/ ﬁ/ 3u)

(b) Reduction: identity mapping due to L model constraints A6+ = @

Alternative 2. With a different L model, we can implement PX-SEM as follows:
L Model

yir = 1(y;, > 0),
YVir = PP'Xit + pi + Vit + €3,
Vit = PVi—1 + Ui — allj -1
where u;|x ~ N(0, p?02), uir ~ N(0,p?02), €ir ~ N(0,p?), vi1 ~ N(0, p?
ilx ( /P O_lu)l Uit ( /P Gu)/ €it ( /P )/ Vi1 ( /P )

There are two auxiliary parameters: scalars a and p. Parameter p works the same

as other L model we have discussed before, that is allowing the variance of €;; to be



different from 1. Parameter a allows for correlation across periods between v;; — py,, ,
and viy — py,,,_, fort #1t'.
We start from a guess ©©, and iterate between the following E-step and PX-M-step

ons =0,1,2,..., S until the convergence of O©) to the stationary distribution:
1. Stochastic Estep: Draw y}, u;, and v; from posterior distribution fo (v}, pi, vily:, xi; C:)(S))
2. PX-M step:
(a) Estimate L model:
i. pp = (T xix),) " N(Z xiey,)
ii. po, = std (1)

iii. p=(Xvieav], ) (Zvieavi)

iv. p = Jvar(y;, — pp’xit — i — vit) + [COV(vit — Pvis-1, Vii-1 — pVit—2)/ Pl
v. poy = VWVar(vie — pvi—1) — (1 + pA[cov(vis — pvie—, Vip—1 — pvii—2)/pl
vi. B =pB/P, 8y = P9,./P, Gu = POu/P
vii. O = (8,64, p, 64)

(b) Reduction: identity mapping due to L model constraints 66+ = @

B Comparison of PX-SEM Estimators

In this section, we compare different PX-SEM estimators.

O Model: )
. ; o 0
Yyi=Yy; +€i (Zf)~N(0,(O 1))

1

SEM

1. E: draw y~
2. M: 6 = std(y”)

PXSEM, larger model 1
L1 Model:
yi=y; tei

2 k ’ 2k2 k(1 -k
wherely; ei]" ~ N, (1 ‘e (1)) (% (1)) (1 Tk (1)) ) = NO, (0213(1 0 - k()1202 ! 1))

2
Note this model is equivalent to y; = %y: +¢€;, where [y} €;]" ~ N(0, (% (1)))

1. PX-SEM-L1



(a) E:same as SEM
(b) M: k = var(y*)/cov(y, y*), 0 = s/ta(y*)/lg (also corresponds to MLE)

PXSEM, larger model 2
L2 Model:
Yi =Y; tEi
. 1 1-k\[{o% 0\(1 1-k), o>+ (1-k? k(1-k)
where [y €i]" ~ N(0, (0 k )( 0 1)(0 k ) ) SN, ( k(1 - k) )

Similar to L1 model, only one auxiliary parameter k. We compare the GMM estimator
using variance-covariance matrix with MLE.

1. PX-SEM-L2-1: PX-M step based on GMM estimator

(a) E:same

(b) M: k = var(y — y*)/cov(y,y — y*), 6 = \/x7a\r(y*) — (1 - k)? = if initial guess of

o is very small, then 6 < s/ta(y*), the SEM update
2. PX-SEM-L2-2: PX-M step based on MLE

(a) E: same

(b) M: MLE

In Figure B1, we show both the specification of L models and the PX-M step estimators
matter for the performance by comparing SEM, PX-SEM-L1, PX-SEM-L2-1, and PX-SEM-
L2-2. The left panel presents the iterations when initial guess of ¢ is smaller than the
true value. First we compare SEM (blue), PX-SEM-L1 (orange), and PX-SEM-L2-2 (green),
because in this case both PX-M steps are based on MLE. As expected, PX-SEM algorithms
converge faster than SEM. However, even though both L1 and L2 model contain one extra
auxiliary parameter, PX-SEM-L1 outperforms PX-SEM-L2-2. This is potentially related to

how much flexibility the larger model has to account for the features of the E-step draws.



Figure B1: Comparisons among SEM, PX-SEM-L1, PX-SEM-L2-1, and PX-SEM-L2-2

(a) 6° iterations (b) Log likelihood

Notes: Initial guess smaller than true value. The right panel, the iteration is based on PX-SEM-L2-1. Omnge line is

log f(y, y*;6\57)), blue line is log f(y, y*; 6SEM) and green is log f(y, y*; 8\57)), for s = 0,...,S

Then we compare SEM (blue), PX-SEM-L2-1 (purple), and PX-SEM-L2-2 (green). As
we can see in the figure, PX-SEM-L2-1, with GMM based PX-M-step, performs even worse
than SEM. This is not surprising though. Itis easy to see why itis happening in this specific

case: when the initial guess is smaller, the PX-SEM-L2-1 estimator 6 = \/ var(y=) — (1 - k)2
is smaller than SEM M-step estimator var(y+). To put it another way, 5*) of PX-SEM-L.2-1
converges slower. Remember the proof about PX-SEM convergence is based on MLE PX-
M step. When we use GMM based estimator in PX-M step, it is likely that, to match some
certain moments, the improvement of overall likelihood is worse. This guess is verified
in the right panel of Figure B1. Specifically, we implement PX-SEM-L2-1 algorithm. The
only difference is that in M-step we also document the complete data likelihood given

different estimator:

1. E: draw y* given &%)

12-1
2. M: k= var(y — y*)/cov(y, y — y*), G(LSZ) 1= \/\7a\r(y*) —(1-k»
1) Compute log f(y, y*; & Aiszﬂl))
«. ~(s+1) A(s+]l) _ TT3/x
2) Compute log f(y, y*; 655, ), where 647\, = std(y")
3) Compute log f(y, y*; ASZHZ)) where U£s2+12) = arg max, log f(y, y*; o)

As we expected PX-SEM-L2-1 estimator performs worse than SEM in terms of likelihood
increment.

Then we do similar exercise but for an initial guess larger than true value. Figure
B2 presents the results. All PX-SEM algorithms perform not worse than SEM algorithm.
Specifically, PX-SEM-L2-1, the GMM based one performs even better than PX-SEM-L2-2.



Figure B2: Comparisons among SEM, PX-SEM-L1, PX-SEM-L2-1, and PX-SEM-L2-2

(a) 6° iterations (b) Log likelihood

Notes: Initial guess larger than true value. The right panel, the iteration is based on PX-SEM-L2-1. Orange line is

log f(y, y; 6(;;12)), blue line is log f (y, y*; 6;551\;)), and green is log f(y, y*; G(L;tll)),for s=0,..5S

PXSEM, larger model 3
L3 Model:

Yi=y; e

* Rl kl kZ 02 0 kl k2 /
where [y] €] NN(O'(l_kl 1_k2) (() 1) (1—k1 1—k2) )

This model contains two auxiliary parameters ki and k. Instead of estimating all
parameters jointly, we experiment something closer to the strategy used in Section 6
for quantile models: write down k> as a function of ki using moment restriction that
cov(y}, €;) = 0, and we have € = (y* — k1y) * (pinv(y" — k1iy) *y), ko = pinv(é)y*. Then we

estimate kj using different criteria described below:

1. PX-SEM-L3-1: Moments based

ki = arg nllcin(var(é) -1)?
1

6 =std(y — (v - kry) * (pino(y” - k1y) + y))
2. PX-SEM-L3-2: Likelihood based
ky = max Ly, y"; k1, ka(ky), 6(k1))
1
where
6(ki) = std(y — (' — kay) * (pino(y* — kay) + y))
Finally
G = std(y — (y* — kay) = (pino(y” - k1y) = y))
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3. PX-SEM-L3-3: Likelihood based
k1,6 = max L(y, y'; ki, ka(k1), 0)
1,0

Finally, we also experiment methods used for quantile models. Specifically, we do
not use the information of Normal distribution. The likelihood is quantile based. In
PX-M-step, ki = arg ming, (var(é) — 1)2, then we update unknown parameters including
different quantiles simply look at different quantiles of y — (y* — k1y) * (pinv(y* — kiy)+y).

Figure B3: Comparisons among SEM, PX-SEM-L1, PX-SEM-L2*, PX-SEM-L3*, and
quantile based one

(a) (b)

Notes: The left panel shows results when the initial guesses are smaller than true values. The right panel shows
results when the initial guesses are larger than true values.

Comparison among all PX-SEM algorithms is shown in Figure B3. We can see that
when the L model is more flexible (L3), at least in this case, even though the M-step
estimates are not MLE, the performance is still good, and better than PX-SEM-L1. So
there might be a trade-off between the flexibility of L model and PX-M step estimator.

C Asymptotic Properties

In this section, we will derive the dynamics of the PX-SEM updates across iterations.
Moreover, we will prove the computational efficiency of the PX-SEM algorithm and show
that it provides a consistent estimator without harming statistical efficiency compared to
the SEM algorithm. Currently, the proof applies only to the MLE M-step. However, we
anticipate including a discussion on moment-based M-step in a future version of this

draft.



C.1 Dynamics of PX-SEM Updates

Setup. Let {Yi,Xi,Yi*} fori = 1 : N be iid. random variables from the O Model
distribution fo(Y;|Xi; 0) = /w fo(Y;, Y7 |X;;0)dY:, where W; = [Y;; X]' is the observable
set, ;" is the latent-variable sét, and 0 is the unknown parameter set to be estimated.The
true value, 6, satisfies the equation E(Wo(Y7, W,-;E)) = 0, where Wp(-) represents the
score function of the complete O model. We can easily show that the true value 0 also

satisfies the equation
E( [ wotrr, WiB)fo(v; W 0)Y;) =0 ©

Define 6 as the ML estimator, which is also the solution of the integrated moment restric-
tions: %1%, [ Wo(Y;, Wi; 0) fo (Y} Wy; 6)dY; = 0.

Denote the expanded model, L Model, by f1.(Y;|X;; 0, K) = /Y,* Y, Y7X;; 0, K)dY;,
where K represents for all auxiliary parameters. The expanded ZL model needs to sat-
isfy two conditions: (1) L model nests O model: 3 Ky such that fo(Y;, Y;[X;;0) =
fL(Yi, Y71Xi;0,Ko), VO, and (2) There is a mapping, the reduction function, from the
L Model space to O Model space 0 = R(0r, K) such that the observed data likelihood is
preserved fo(Yi|X;; R(0L, K)) = fL(Yi|X;; 0L, K), VO, K.!

Function \I’f(-) represents the score of the L model with respect to 6. Under condition
(1), we have \I’g(Yi’*, Wi; 0, Ko) = Wo(Y], W;; 0), and thus E(\I/I?(Yi*, Wi 6, Kp)) = 0. Addi-
tionally, assumes that K is identified using pseudo-complete data and ‘I’f() is the score
function relative to K, thatis E (\I/f (Y, Wi; 0, Kp)) = 0, then we have E(WL(Y;, W;; 0, Kp)) =
0, where W (-) = [\Pf(-) ; \I’f(-)]. Equivalently, we have

E( [ w07, Wi, Ko fo /16, ¥ R(E, Ko ) =0 )

Since in subsection 3.2 we have proved that the observed data likelihood increases
in each iteration of PX-SEM, we know the ML estimator  will also satisfy the fol-
lowing integrated moment restrictions: Zﬁl f WY, Wi; 0, Ko) fo(Y;|W;; R(é, Kp))dY; =
L1 [ WL(Y;, Wi 6, Ko) fo (Y} [Wi; 6)dY; = 0
The general steps are as follows: starting with a guess of unknown parameter 60,
we iterate the following two steps on s = 0,1, 2, ..., S until the convergence of 0) to the

stationary distribution:

1. Stochastic E step: Draw Y from posterior distribution fo(Y;'|W;; 6©))

1We know reduction function should satisfy R(9, Ko) = 0.

7



2. PX-M step: Update parameters by

(a) Estimate L model: }; WL(Y;, W;; GSH) RE+D) =0

(b) Reduction: Os+1) = R(éSJr1 ,K(S“))subjecttofo(Y,-lXi; é(”l)) = f(Yil Xs; 9(s+1)

7Y

Following Liu et al., 1998, we use the parameterisation ® = (6,K) = (R(éL, K),K) so
that 0 represent the PX-SEM update by the end of each iteration. Define the set of true
value as © = [R(6, Ko); Ko] = [6; Ko]. Additionally, we have proved that O = [é ; Kol is a
fixed point of the PX-SEM iterations where 6 is the MLE.

Next, we reparameterize the score function @y (-) and obtain CDL(Y* W;, 66D K+ =
OL(Y7, Wi, QSH),K(S”)) given O6+D) = R(GSH),K(S”)). Then, under the guess Ok) =
[é(s), Ko], PX-SEM finds the update following:

1. Stochastic E step: Draw Y:(S) from posterior distribution fL(Y;(S) |Wi; (:)(5))
2. PX-M step: Update parameters by solving 66+ from

N
DT, W 66 =0

Note ©6*D) can be seen as MLE of the reparameterized L model ﬁ(Yi,YﬂXZ-, 0,K) =
fL(Yi, Y7IXG, R7Y(6, K), K) where we assume the inverse of the reduction function given K
exists.?

Following Arellano and Bonhomme, 2016, we rewrite the latent draws using condi-

tional quantile representation, that is

Y = QuwWi, ;0 = QL. (Wi, 169, Ko)

where ufs)

is a vector of standard independent uniform draws of same dimension as Y;(S),
Qy-jw(+) is the quantile representation based on O model, and QlL/ﬂw(') is the quantile

representation based on L model. Then we have the dynamics of PX-SEM updates as:

N
Z ‘I’L(Q%W(Wi, u'™;09), W; 0y = 0
i=1

Expand around ® = [6; K], using the fact that 0 goes to B as N goes to infinity, we have

AGC) — @) + B(O©) - @) + ) = 0,(N~1/2)) (C3)

dln fi(Y;,Y;|X;,06+D) . 1A RO+
ZN nfi il _ Zf\il ‘I’g(YI JWi:R 1(6(S+1), K(S+1)), K(s+1)) ((96 ) —

N B0y, Wy é)<s+1>)% = 0; similarly 3, TO(v7, W; @6+ 2RO | Gy w; §+1) = 0,
As long as that aR () is not zero, we have Zf\il ‘T’g(Yi*, W;; ©6+D) = 0 and Zfil \T/IE(Y;, W;; ©6+D) = 0.
Finally we have lel \I/L(Y;, W;; ©6+D) = 0.

2Score functions:

K(S+1))



_ 9 T (AL = . d R
d
B = 56 | EVLQyw (Wi, 45:0), Wi ©)) = (/ Bu(Y;, Wi ©) fu (4} Wi ©)dY;
@

1 ~ A A
e = N Z ‘I’L(Qfmw(wi, u; ©), Wi; ©)
i=1
We also can prove that

A+ B-=

8@’

( / T, Wi @) (Y W )dY)

C.2 Consistency and Efficiency

Now we can characterize the asymptotic distribution of 6©) of PX-SEM algorithm. Because

K©) = Ko, we have

VN =) = ) (~A By 1y (~A g VN +0,(1)
1=0

where (—A‘lB)[L 7,1;7] represents the submatrix that consists for the first | rows and first |
columns of matrix (~A~!B), and (—A‘l)[L 7,1 is the submatrix made of the first | rows of
matrix —A~!. Identification requires —(A) ™' B[y, 1] < I, so that the Gaussian AR(1) limit
VN(©©) — ©) conditional on W is stable.

Given that €(®) i) N (6, Y¢), where

Te = E(PL(Y;, W;; ©)FL (Y], W;; ©))
conditional on W;, we have
VN(6® - 8) 5 N0, T1)

where

_ - i - - ’ - l ’
Xy = %(_A 1B)[1;],1;]](_A 1)[11],2]26((_14 1)[1:],:]) ((_A 1B)[1:],1:]])
Unconditionally, we have

VN©® — ) = VN(B® - 8) + VN(O - 0) S N(0,Z1 + 1Y)

where

Yo =

89’ (/\PO(YZ /Wz; Q)fO(Y |W1, Q)dY)

s = E(( [ wotv:, wi) oI o)) ( [ worr, Wi o) ol Wi e)dY,-*)’)

9



C.3 Computational Efficiency

We rewrite the equation (C3) as follows
OV~ @) = ~AIB(OF) - @) — A1 + 0,(N~1/2) (C4)

Following Liu et al., 1998 and Nielsen, 2000, we discuss the parameter —A~1B and variance

of innovation A~! var(e®)A~" in further details. First, define V = A + B, then we have
~AT'B=-AY A+B-A)=1-A"1V

where —A by definition is the complete-data information matrix, and -V is the observed-

data information matrix. It is easy to show that

_ |Ave Aok Voo 0
a= [ dalv=[% )

where —Agg and —Vpg are the complete-data information matrix and observed-information

matrix based on O model, respectively.

0 log f1.(Y;, W;; 0, Ko) J )
A0 = 5o7F 90 ) "oty ot o)
0 logﬁ(Y;‘,Wi;@,Ko)~ . .
Voo = 57| E| [ ZE g 0G0, Ko
- 5| B[ [ wotr winsov w3y
8915 1 1 1

As a benchmark, the SEM algorithm based on O model generates the following dynamics

(éésé\;) —0)= (I- (—Aéé)(_\/@@))(é&)M _6)- Agéeﬁj) + op(N‘(l/Z))

(s) _ _(s)
where €y = 6[1:]].

Define

-1
i = |Hoo Hox| _ |Aoo Aok
HKQ HKK - AKG AKK

so that Hgg = Ag(la + H@KHI&HKg, then we have

[— Ay = ll— (—Hoo)(—Véos) Ol

—(=Hko)(=Voo) 1
and

(6©*D = 0) = (I - (~Heo)(~Voe))(0® = 0) - A7, 1€ + 0,(N~1/?)

|

Since —Hpg > —A;é in semipositive definite order, then the smallest eigenvalue of

(—Hogo)(—Vop) is at least as large as the smallest eigenvalue of (—Aéé)(—V@@), we expect

that PXSEM on average converge faster than SEM.

10



D

Discrete Choice Model Estimation

In this section, we present in detail the procedures to estimate the L model of the discrete

choice model in Section 5.

L pp=(Z Xt X)) TN Xirzi )
2. B: by = (R o) (S ), b, = (S aix) (T ).
Then define fi; = p; — b} x;, ¥t = vi = 0,x1, & = 2~ pp i — i — Vs, and Z; = fi; + 7 +&;
3. Gy, p = argmin,, ||W%(V6C(iv) —vec(Zv(p(ay, ), oulow, p)))||,
where ¥, = var(Z;) - UﬁPZTTxlTle — p?lrxt,
i= = chol(%) chol(cov([fi; ¥, &1))'[; 7, &Y,
P(oy,p)=(2 V)T )
Gu(G‘u,p) = std(vl.t —pV ) B
4 p= (207,97, ) HE P, D7), Gu = std(D;, — pP, ), f = B,
where [{I7 V" €] = chol(Z(aH,p)) chol(var([fi; 7 €]'))” ant ey
5. Q6+ = (ﬁ, Oy, 0,6u)

where X is the variance-covariance matrix of [y} vi’ €¥']', & = var([u] v}’ €']'), and L, is

the variance-covariance matrix of v}, I, = var(v})

Specifically, the estimator 6, and p in step 3 are obtained through comparing the

following two objects:

e From the model, we have

var (C([yi viel] - Bxi)) = var( (PA[u; vy €T ))
which implies
Cvar([u; v; €] = Bx;)C’ = p?CAZA'C’
Moreover, with the model constraint CAYA’C’ = CXC’, we have
Cvar([u; v} €/ = Bx;)C’ = p?’CZC’
We can write down ¥, as a function of p and o,
Y, = Cvar([u; v} €] = Bx;)C" - GﬁPZTTxlTle — pPIrxr

Therefore, = can be writen as a function of p and o,

pzaL 0 O
r=( 0 X, 0
0 0 p’l

11



e From the model, we have
var ([yi vie] - Bxi) = var (pA[‘u’; vy E;l]l)
which implies
var ([yi vier] - Bxi) = p?AZA’
With the constraint that matrix A being a lower triangular matrix with positive
diagonal entries, we have

pA = chol(var([u; v; €;]" — Bx;)) chol(2)™?

and (PA)[_21:T+1/:]([M1‘ vi €' — Bx;) follow AR(1) process.

We could write down X, as a function of p and o0, using AR(1) structure, where

-1

p and o, satisfy the moment restrictions that (pA)[2:T+1 :

AR(1) process.

((lpi v} €1 = Bx;) follow

Estimators G, and p are chosen to minimize the distance between the two matrix.**

E Discrete Choice Model Extensions

In this section, we will briefly discuss two extensions of the discrete choice model of the
main text. The first one is the Probit regression allowing for the dependence of individual
effect and initial persistent component to depend on regressors of initial period. The
second case is the Logit regression with the same latent-variable structure.
Probit with dependence. The model to be estimated is as follows:
O Model:
yit = L(y; > 0),
Vi =B X + i+ vie + €5,
Vit = PVi -1+ Uit

where p;|x ~ N(Buxi1, Gﬁ), uit ~ N(0,02), €ir ~ N(0,1), vir|x ~ N(Byxi1, 1).

*Different estimators of L model can be exploited as well. For example joint optimization: 6, p, p, 6, =
argming, p,p,0, ||W% (vec(Ccov([fis; 71; &1)C") — vec(p*CL(oy, p, au)C’))“. In Appendix A we discuss alter-
native PX-SEM algorithms for discrete models.

*M-step estimator could affect the convergence performance. In some cases, usually associated with
some certain initial guesses, the PX-SEM with a GMM estimator in M-step could perform worse than SEM
estimator. The reason is that the increment of complete data likelihood based on the GMM estimator might
not outperform the increment of the SEM case. But we would expect with a more flexible L model, this
becomes less likely to happen. In Appendix B, we explain in detail this problem with the toy model.

12



For each individual i € 1,...,N at period t € 1,...,T, we observe a K X 1 dimension
vector x; and a 0-1 discrete dependent variable y;, whereas y;, individual effect y;,
persistent component v; are latent variables. Denote the set of unknown parameters by
© =(B,0u, P, 0u,Pu,Bv)-

Proposed L model and its estimation will be added in a later draft

We show results:

Figure E1: SEM and PX-SEM iterations of @) from informed guesses

(a) Bo (b) p1 (c) Ou
(d) au ©p (®) Bu
(&) Bv

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 100 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
50 iterations. Based on informed initial guess.
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Figure E2: SEM and PX-SEM iterations of ®*) from random guesses

(a) Bo (b) p1 (c) Ou
(d) o, (e)p () Bu
(8) Bv

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 100 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
50 iterations. Based on informed initial guess.

Logit. The model to be estimated is as follows:

O Model:
yit = L(y; > 0),
Vi = B'xis + i + vie + €51,
Vit = PVi -1t Uit
where u;|x ~ N(0, oﬁ), ui ~ N(0,02), €4 ~ Logistic, vir|x ~ N(0, 1).
For each individual i € 1,...,N at period t € 1,...,T, we observe a K X 1 dimension

vector x; and a 0-1 discrete dependent variable y;, whereas v individual effect u;,

persistent component v; are latent variables. Denote the set of unknown parameters by

@ = (ﬁ/ O‘UI p/ Uu)-
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Proposed L model and its estimation will be added in a later draft

Figure E3: SEM and PX-SEM iterations of ®*) from random guesses
(€Y Bo (b) p1 (c) Ou

(d) o, (e)p

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 100 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
250 iterations. Based on informed initial guess.

F Discrete Models with More Iterations

First I show only the 100 iterations. The result is very interesting. If we only conduct
SEM algorithm for 100 iterations, it seems the changes along the iterations are rather
small since 50th iteration such that one might thought it already converges. However, as
we know the true value, we understand it is not the case. The results show that in this

simulation, SEM does not converge within 2000 iterations.

15



Figure F1: SEM and PX-SEM iterations of ®®) from informed guesses
(a) Bo (b) p1 (c) Ou

(d) ou (e)p

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 100 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
50 iterations. Based on informed initial guess.

Figure F2: SEM and PX-SEM iterations of O®) from informed guesses, zoom to [0, 500]
€Y Bo (b) p1 (c) Ou

(d) ou ) p

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 100 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
250 iterations. Based on informed initial guess.
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Figure F3: SEM and PX-SEM iterations of 0 from informed guesses, zoom to [0, 1000]
(a) Bo (b) p1 (c) Ou

(d) ou (e)p

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 100 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
500 iterations. Based on informed initial guess.

Figure F4: SEM and PX-SEM iterations of 0" from informed guesses, zoom to [0, 2000]
€Y Bo (b) p1 (c) Ou

(d) ou ) p

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 100 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
500 iterations. Based on informed initial guess.
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Figure F5: SEM and PX-SEM iterations of 0 from informed guesses, zoom to [0, 3000]
(a) Bo (b) p1 (c) Ou

(d) ou (e) P

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 100 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
1000 iterations. Based on informed initial guess.

G More Simulations of Discrete Models

Informed Initial Guesses

18



Figure G1: SEM and PX-SEM iterations of ®®) from informed guesses
(a) Bo (b) p1 (c) Ou

(d) ou (e)p

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 100 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
50 iterations. Based on informed initial guess.

Figure G2: SEM and PX-SEM iterations of ®®) from informed guesses
€Y Bo (b) p1 (c) Ou

(d) ou ) p

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 100 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
50 iterations. Based on informed initial guess.
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Figure G3: SEM and PX-SEM iterations of ®®) from informed guesses
(a) Bo (b) p1 (c) Ou

(d) ou (e) P

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 300 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
150 iterations. Based on informed initial uess.

Random Initial Guesses

Figure G4: SEM and PX-SEM iterations of ©®) from random initial guesses
€Y Bo (b) p1 (c) Ou

(d) ou @p

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 100 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
50 iterations. Random initial guess from lognormal distribution
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Figure G5: SEM and PX-SEM iterations of ©) from random initial guesses
(a) Bo (b) p1 (c) Ou

(d) ou (e)p

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 100 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
50 iterations. Random initial guess from lognormal distribution

Figure G6: SEM and PX-SEM iterations of ©®) from random initial guesses
€Y Bo (b) p1 (c) Ou

(d) o (e) P

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 300 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
150 iterations. Random initial guess from lognormal distribution
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Figure G7: SEM and PX-SEM iterations of ©®) from random initial guesses

(@) o (b) p1

(d) o

() ou

(e)p

Notes: SEM (blue solid line) and PX-SEM (orange solid line) iterations based on 300 MH draws. True value are in
green dash line. SEM estimates (blue diamond) and PXSEM estimates (orange star) are based on the average of last
150 iterations. Random initial guess from lognormal distribution

H PX-M Step of Quantile Models Estimation

In this section, I will first present the moment conditions used to estimate the matrix A

of L model and then discuss in the detail the M-step procedures.

The moment conditions we use can be devided into three categories. The first category

include moments mostly related to matrix A; the second and the third categories include

moments related to dynamics of v},.

Matrix A. With the specification that

u v
a Aoy Aot
_ ql v v v v
I-at 1-ag —aj dor — Mt
_ _ gk _aV _ v Vo v
A=|1-a Ao; — a1 1-ay —ar;
% v
0 a1 a4y
v v
0 arq arr
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and define 65; = u; — a"y;, we can easily solve for [% 2 Vit (5?[’ €’]” and have

1 .
T 2t Vit 1
of | =B|v;
*
where
1 L 1 1 1
v o 7 e L u L
0 ay—a Aot gy —a Aot
_ v Vo _ Ll € € _ LU
B=|0 ”91 aOTV a ”061 ”0T€ a
0 a1y i a a7
v . o o v .« o o e
0 arq Arr 0 a

Based on the assumption that the submatrix Bpy.end 2:end] 1S invertible, we have

1 1 1 % %) _#I 1 1 -1
nyiFuT..f]mivi el =1

Wy, 17 *
T T]B[zzend,zzend][éi el +

Since E([v}" €']'u?) = 0, and [(Sf’; €’]" are linear combination of [v}" €}’]’, we have the

moment conditions that

E([6" €)= 0 (H1)
from which we could estimate b’ = [% %]B[_;:en d.2end] and obtain

Ax 1 1/ VAT
= szit_b [647; €]
t

Similarly, we obtain moments which allow us to estimate 17? and é’lf. Define 0t = €4 —

a®(yir — y7), then we have

Yi (;i#i _c [VZl
€;

€
where

1 0 0 1 0 0

0 1 0 0 1 0

0 0 1 0 0 1

VvV _ L€ v v € €
a1q V a V“u . ”%T 0 ay, ay
C- Ay Ap—a Aot 0 Aor

v b v €

11 12 a11/T a a1€2 ay
ay 2 Aot 0 a ot

v v v €

arq ag, agr 0O O a
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Starting from the first period, we have
Yyin = = vy T €,

and it is easy to check that [y;» — u} ... yir — ] 011 €12 ... €i7] is the result of a linear trans-

* ) %

*
iTe €.

. . * /
formation of matrix [v," ... Vi€, ... €]

1 " with the coefficient Cy. For simplicity of the no-
tation, we define M|_, _), @ > 0,b > 0 as the submatrix of M excluding row a and column
b. Then matrix C; can be expressed as C; = [CEZ:T,—(T+1)] CET+1,—(T+1)] Cl[2T+2:en d,—(T+1)]]/ .

With the assumption that C; is invertible, we have the moment condition
E([yi2 — U ... yir — 1} 0i1 €2 ... €i7]'€}1) = 0 (H2)
from which we could estimate ¢/ = [1 0 ... 0]C; ! and obtain
€ =yn—0; -y -0 ... yir — [I; 0n €2 ... €i7]
Similarly, for any ¢ € [1, ..., T], under the assumption that C; is invertible, where

C/

D/ [2T+t+1:end,—(T+t)]]l

C [1:t=1,~(T+t)]

Ce=[C C [T+t,~(T+t)]

[1:6=1,—(T+t)] ~[t+1:T,—(T+t)]

and D = [OrxrIrxT], we have moment condition
E([yin = 1] - Yip=1 = 1] Yits1 = [ - YiT — [} Oit €} €] ;1 €ips1 - €i7]'€) = 0 (H3)

Therefore, given any value of a* and a“, we could estimate u; and €}, through a
sequential of linear regression as described later in this section.

Dynamics of v},. The model assumes that v}, follows a first-order Markov process.

*t—1

This implies that the conditional distribution of v}, given all the past information v;

only depends on the state of the previous period v;,_,, that is

f(V;tW:t_l) = f(V:tlvz,t—l)

where f(-) is the density function. This further implies that the conditional mean of v},

give all the past only depends on v;, ;:

-1
E(V;th’:t ) = E(V;tW:,t—l)

Therefore, we have

Vi = h(V;,t—l) + eit, E(eitlvf_l) =0
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In fact we have infinite moment restrictions since E (eitr(vf‘l)) = 0 for any function r(-).

Specifically, I use two sets of moments:

E(eh(v:, 1)) =0 (H4)
E(e,-teik) =0,Vt # k (H5)
From (H4) we obtain estimates of /i(-).

For simplicity, we do not solve the optimization jointly, instead, we solve the following

constrainted optimization problem:

T T
min > " wikE(eireir)
a#, a€

t=1 k=t+1

subject to conditions (H1), (H2), (H3), (H4). The optimization is managable since there
are only two unknowns: a* and a®.

In E-step, we obtain y; and v;; from posterior distribution fo(u;, vi|yi; C:)(S)) and com-
pute €+ = yir — Ui — vir. Now we explain in detail the M-step:

Step 1. Given each a* and a®, obtain A(af‘, a%; ui,vi, €;)and [ﬁj v é’;’] "= A1 [‘ui v

using moments cov(u;, v},) = 0,cov(u;, €},) = 0, cov(ez.k, €;,)=0,Vt,kel[l,.., Tlandt # k
1. We first isolate i} from y;;. Remember from matrix A
— * Vo * v * € * € *
pi=aly +ag vy + -+ agpVip +ag € + 0+ agr€gy
and
Yit =l ¥ Vi T €
For eacht € [1, ..., T] we define
5§lt = p; —a'yy

*

[.1 . . . . * % *
Then 0 isa linear combination of Vs eeer Vipr €5qr oer €57
Finally, regress % 2. Vit on 6?1, ey 65.}, €i1, ..., €iT, and take the residual as estimates

for 0 that is

et

where X; = [(Sfl, ...,(SfT,eﬂ, ...,€r]". By construction Vt € [1,...,T], 65; and €;; are

* *

linear combinations of v}, ..., vi;, €}, ..., €;7. With assumption that y} is uncor-
related with v} and €7, as well as extra assumption that (55.1 S e, 6?}, €i1,...,€;T are

linearly independent, our estimator is able to isolate y; from y;;.
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2. Next we isolate V%, from y;; — (I’
Complete the following loop:
loopfork=1:T
Define
Oik = €ix — a(yix — [17)

Then we can isolate 7, and €, by

-1
& =y i - S;(Z 5152) (Z Si(yik - ﬁ?))

and
Vip = Yik — t; — €

where

A Ax Ax Ax A% A% 4
Si = [yil_(ui/-“/ yi,k—l_yi/ yi,k+1—Hi/---/ yiT_‘ul'rel‘llﬂ-/e' _ lei,k+1/-'-/€i,T/ 6ik]
ik—1

. . . . * * * * * * 4
which is a linear transformation of [V}, ..., Vi, €}, ..., € ko1 €iks1r €l

Similar to previous step, Vk € [1,...,T], both elements of [y;; — ‘ﬁ’;,...,y,-,k_l -

L Yik+1 — @ YiT — 15, €5, oo e;(.-'k_l,el',k+1, .., €iT,0ik]" and 6 are linear com-

* *

* *
S Virr €51r e €11 1€} pypr

*

iT
uncorrelated with €}, and v}, for any j # t and j,t € [1,...,T], as well as extra

binations of v*

e , € With assumption that € is

assumption that Vi ...,v;.‘,k_l, Vijkt1s s Vi T/ €1qs e G;,k—l’ €ik+1, ..., €7 and ;i are

linearly independent, we could separate 77, and €’,.

Step 2. Compute &", & = arg mings qc G({i}(at, a¢), V5 (a¥, a), & (a*, a®)).
Function G(:) describes how well {i’(a",a®),Vi(a", a®), € (a¥,a) satisfy other moment

conditions. Specifically, we consider the following objects:

* *

it=17Vig—2r-

* *

*
1. vit|v Pt Vin

.. follows first-order markov process = regress v, on v

*

we should expect the coefficients on v, ,, ..., v}

*

as well as polynomials of v}, ,,

to be close to zero. Note here we only use the information on conditional mean,
higher-order moments could also be exploited but should not at the expense of

much longer computational time. For t € [3, ..., T],

-1
coefy = (Z res;resf’) (Zresfresivt)

i i
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where

resy =05 = P(V;, 4 (Zp(ztl)P(ztl) (Zp(ztl )
4
resi = [V, 5, Vi Vi (ZP( V)P, ) (ZP( V)07 2/"'/9:1]))

Function P(x) is the low order Hermite polynomials of g(x), which is a function of

x5
Define
obji = ||[coef;, ..., coe 11|
2. vilvi,_, follows time-homogeneous markov process = regress v;, on P(v;, ,) for

any t € [2,...,T], we should expect the predicted conditional mean for different ¢

given same v to be very close. For t € [2,...,T]

o (S ] (S

2
obj, = “w% Z (p(vec(a*))gj - % Z p(vec(ﬁ*))ék)
j k

where W represents the histogram of 7.
3. €, i.i.d. over time = 7;; from uniform distribution which we know all the moments,
where 7; = O (ey)

—_ —

1
objz = VGC(N[lel T ) X [1nxa T T%]) — vec(M)

where M is the matrix of corresponding moments of joint uniform distribution.
Finally we solve the optimization

a",a® = argmin kjobj; + koobjo + kzobjs

at,a¢
Comment: future experiment includes replacing current obj functions by a set of tests
that take into account sampling errors
Ax (A e AxX(AIl A€ Ax (A Ae
Step 3. Compute fi7(a%, a%), ¥;(a#,a%), and €:(a*,a), and update parameters by a
series of quantile regressions

K

N T
PR =arg min > > pc(0; Zyk Pk ,-1))

Vo '7/1 ’” 'V i=1 t=2

SIn practice, we transform v; using hyperbolic tangent function to reduce tails
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N T
Pi(e) =argmin ) ) pe(&; = 7%)

i=1 t=1

N
PI(0) = argmin ) pe (75 = ")
i=1

N
Pi(x) =argmin ) pe (i - )
i=1

I Alternative PX-SEM for Quantile Models

We also consider a different way to implement PX-SEM for quantile models. The big

structure is very similar to the previous method: try to recover I}, ¥, and €} from the

E-step draws by imposing zero correlation, and then conduct quantile regressions based

on 17, 77, and &. The difference is that we now target matrix A~! by writing down

A~1(a", a%), where a*, a¢ are new auxiliary parameters. Here we only discuss how A~}

as well as ﬁ’:, 1');.“, and é’; are decided given a* and a®, and the rest of the procedures of

PX-SEM is the same as before.

Given any a*, a¢, we get [} 77 &]=A""[y; v; €;] by imposing orthogonality

1.

2.

replace u = p — X(pinv(x)u), v = v¢ + X(pinv(x)u) where X = [1 vy ... vr €1 ... €T]

gen 0" = au + x% Y, (y+ — w), and replace v¢ = y; — 0* — ;. Here given a* and
impose the orthogonality between * and 1 ¥,(y; — {i}), we can solve for x = 0.5 +

\/a“(l - a“)var(‘u)/var(% 2(yr —u)) +0.25 when a* # 1,0. Choose the x that the

correlation between [i* and y — [i* is closest to 0. When a* = 1 or 0 simply reg on

other side

. get €; and 7. Iterate over t:

loopfork=1:T

Ax A% Ax

Vi e VT €]
res; (€x which captures the correlation across periods will be added later

(@) Regeron [] ... V], €)_, €k+1 --- €7] and take residual

to v part)
A A
Vil o €

residual res] (¥x which captures the correlation across periods will be

(b) Reg vk on [V] ... 7}, V3 €] res; €k+1 ... €] and take

28



added later to v part)

(c) Adjust the direction&length: gen & = a‘res; + xres/. Given a® and

» and res;, x can be solved (in step 2).

orthogonality between res; L

(d) Replace ¥} =y — " - €,

The procedure can be explained using the following figures. Assume there are only
two variables. Figure I1a shows the draws from the E-step, where two variables are not
orthogonal. Steps 3a and 3b aim to orthogonalize two variables and achieve the result
as in Figure I1b. Then the auxiliary parameter is the length in current direction, and
the finally vector is decided by imposing orthogonality as indicated in Figure I1c. One
problem with this method is that we will have up to two possible vectors for a given value
of the auxiliary parameter. We currently use one out of the two using the restrictions

described above.

Figure I1: Procedures explained in figures

(a) original (b) orthogonalization

(c) scale by k and solve for A(k) (d) scale by k” and solve for A(k")

29



J Preliminary Results for Quantile Models

Here we present some simulation results of persistent-transitory quantile processes.
Specifically, true p; and €; follow flexible non-Gaussian distribution, persistent com-
poenent viy = Q(v;¢-1, viz,t—l’ u;+) allows for nonlinear conditional mean and nonlinear
persistence.

From the results shown below, we can see that SEM does not converge within 300
iterations, whereas both PX-SEM moves toward the region near the true value quickly.
Based on the results of first 300 iterations, we plot the estimated distribution of each
component. Not surprisingly, SEM does not capture the features of each component
well. In contrast, both PX-SEM and PX-SEM+SEM, based on the first 300 iterations, could
capture the nonlinear persistence associated with v;;. Moreover, PX-SEM+SEM performs
better in estimating the high kurtosis of €;, reflected in the iteration figures where the

orange line moves closer to the true value at the second half.
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Figure J1: SEM, PX-SEM, PX-SEM+SEM iterations of distribution parameters of ;

(a) U, (b) W, T2 (C) U, T3 (d) W, T4

(€) p, 75 () 1, 76 (&) w17 (h) p, s

(i) , 79 () 1, 10 (k) u, ™

Notes: SEM—blue solid, PX-SEM — green solid, PX-SEM+SEM —orange solid, true values—pink dash.

Figure J2: SEM, PX-SEM, PX-SEM+SEM iterations of distribution parameters of €;

(a) €,T1 (b) €, T2 (C) €,73 (d) €, T4

(e) €,T5 (f) €, Te (g) €,17 (h) €, T8

(1) €,T9 (]) €,T10 (k) €,T11

Notes: SEM—blue solid, PX-SEM — green solid, PX-SEM+SEM —orange solid, true values—pink dash.
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Figure ]3: SEM, PX-SEM, PX-SEM+SEM iterations of distribution parameters of v1

(@vi, d)vi, 2 (c) v, 73 (d) vi, 74

(e) vi, 15 () v1, 16 (8) v1, 17 (h) v, 18

(i) v1, 79 () vi, 10 (k) v, i1

Notes: SEM—blue solid, PX-SEM — green solid, PX-SEM+SEM —orange solid, true values—pink dash.

Figure J4: SEM, PX-SEM, PX-SEM+SEM iterations of distribution parameters of v¢|vi_i...

(@) ve, 11 d)vi, 2 (v, 13 (d) vt, 14

(e) vt, Ts ) vt, 16 (8) vi, 7 (h) v¢, T8

(i) vi, 19 G) v, 10 (k) v, T11

Notes: SEM—blue solid, PX-SEM — green solid, PX-SEM+SEM —orange solid, true values—pink dash.
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Figure ]J5: SEM, PX-SEM, PX-SEM+SEM estimates of persistence of v;

(a) v data (b) v sem (c) v pxsem (d) v pxsem-sem

Figure J6: SEM, PX-SEM, PX-SEM+SEM estimates of conditional distribution of
Vit |Vt_1 P

(a) v sem (b) v pxsem (c) v pxsem-sem

Notes: SEM—blue solid, PX-SEM — orange solid, PX-SEM+SEM —orange solid, true values—green dash

Figure J7: SEM, PX-SEM, PX-SEM+SEM estimates of distribution of ¢;

(a) € sem (b) € pxsem (c) € pxsem-sem

Notes: SEM—blue histogram, PX-SEM — orange histogram, PX-SEM+SEM —orange histogram, true
distribution—green histogram

Figure J8: SEM, PX-SEM, PX-SEM+SEM estimates of distribution of ;

(a) u sem (b) 1 pxsem (c) u pxsem-sem

Notes: SEM—blue histogram, PX-SEM — orange histogram, PX-SEM+SEM —orange histogram, true
distribution—green histogram
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