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Abstract

Motivated by a large body of experimental and field evidence documenting the occurrence of
preference reversals and present bias in intertemporal consumptions decisions, we study optimal
monetary policy in a tractable New Keynesian model populated by Gul-Pesendorfer (Econo-
metrica, 2001, 2004) temptation-with-self-control behavioral consumers. Through distortionary
wealth effects in the Euler equation, public debt dynamics are no longer redundant for real
activity and aggregate welfare: Ricardian equivalence fails. The latter, combined with a novel
term related to debt volatility in the central bank’s policy objective, induces a meaningfull
inflation-output stabilization trade-off, making full neutralization of demand-side shocks no
longer possible: divine coincidence fails. As the cognitive costs of self-control are negatively
related to wealth volatility, the welfare costs of economic fluctuations are a declining function
of temptation.

JEL Classification: E32, E44, E50.
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1 Introduction

The baseline New Keynesian model used for policy analysis yields two strong predictions: 1) absent
cost-push shocks in the Phillips curve, stabilizing inflation allows the central bank to stabilize also

the welfare-relevant output gap, hence fully hedging the economy from demand-side disturbances
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(Divine Coincidence); 2) public debt dynamics have neutral effects on households’ decisions and
their welfare (Ricardian Equivalence). The first is a direct consequence of the fact that, in the
baseline model, the gap between the natural (flexible price) level of output and its efficient (first
best) level is constant (possibly zero) and therefore does not respond to shocks. The second is
implied by allowing the government access to non-distortionary taxation and assuming lack of
liquidity /wealth effects from Treasury bonds holdings by the public.

From a theoretical standpoint, both predictions are not robust to reasonable amendments to
the baseline framework (see some examples in the Related Literature section below). Moreover,
the empirical evidence in their support is, at best, rather weak. On the one hand, structural VARs
provide ample evidence of both inflation and real activity responding to changes in total factor
productivity (see, for instance, Gali, 1999, and Gali and Rabanal, 2004), while the sizable stan-
dard deviation of residuals from Phillips curve’s estimations suggests that keeping inflation stable
does not necessarily stabilize output (see Blanchard, 2016).! On the other hand, the Ricardian
equivalence hypothesis appears rather fragile looking both at econometric evidence on aggregate
data (Ricciuti, 2003; Haug, 2020) and at incentivized individual responses to current and future
tax changes in laboratory experiments (Meissner and Rostam-Afschar, 2017).

We show that both the divine coincidence and Ricardian equivalence break down in a New
Keynesian economy populated by behavioral consumers a-la Gul and Pesendorfer (2001, 2004), that
is, consumers characterized by temptation with self-control preferences (GP-preferences) whereby an
internal conflict arises between the ex ante optimal long-run ranking of options and ex post short-
run temptations. More specifically, in our set-up, the representative infinitely-lived household
is tempted to behave like a hand-to-mouth consumer by using his entire financial wealth (e.g.,
Treasury bonds) for the purpose of immediate consumption. By exerting cognitive effort (self-
control) - hence suffering some disutility - to resist the urge to consume - his optimal behavior
trades off the temptation for immediate satisfaction (temptation utility) with long-run optimal

consumption smoothing (commitment utility).?

! Non-zero (conditional) correlation of inflation and/or real activity with total factor productivity may also result
from the central bank implementing sub-optimal policy rules (e.g. a simple Taylor rule responding to inflation and
output). Chen et al. (2017) and Coroneo et al. (2018) provide econometric evidence for the U.S. in favor of optimal
monetary policy under discretion, compared to alternative monetary policy regimes.

2Gul and Pesendorfer (2001, 2004) axiomatize temptation with self-control preferences, both in a static and
dynmaic choice context, showing that individual utility must depend on the menu of available choices and not only
on the actually made choice. A larger menu might then be worse than a smaller one if the former includes tempting
choices which are eventually harmful. In a static context, a classic example is a meal at a resturant whose menu
includes both tasty unhealthy dishes (e.g. a high sugar dessert) and healthier options (e.g. a fruit salad). Consumers



We use this behavioral New Keynesian framework to study the design of optimal monetary
policy, in particular for what concerns a) the identification of central bank’s objectives and its
relevant constraints; b) the optimal response to shocks to total factor productivity and fiscal vari-
ables; and ¢) the consumption equivalent welfare costs of business cycle fluctuations. we find three
key consequences of GP-preferences. First, with self-control costs depending on available wealth,
households’ anticipation of upcoming temptation-commitment trade-offs yields a generalized Euler
equation featuring direct wealth effects from government bonds holdings: Ricardian equivalence
fails! A second-order approximation to the representative household’s welfare shows that the cen-
tral bank should be less concerned about price stability, but be cognizant of the welfare consequences
of public debt volatility.

Second, GP-preferences introduce a two-way feedback channel between public debt (responding
to fiscal shocks and the real interest rate) and real activity (responding to the real interest rate,
shocks affecting its natural level, and debt itself). This combined with the modified policy objective
makes it impossible to fully neutralize shocks to total factor productivity and/or fiscal variables
(government spending, fiscal surplus), and therefore obtain complete inflation and output gap
stabilization: divine coincidence fails! The optimal targeting rule features, on the one hand, a
dynamic trade-off between stabilizing current versus next period inflation and output gap, and, on
the other hand, a positive response to the debt gap.

Third, we find the consumption-equivalent welfare costs of aggregate fluctuations to be strictly
decreasing in temptation, with the possibility of welfare benefits when sufficiently strong temptation
is complemented by a weaker impact of supply-side shocks. Under (concave) GP-preferences, some
volatility in wealth is in fact desirable as it dampens the cognitive costs of self-control.

We provide empirical support for our modeling framework by bringing to the data two testable
(steady state) implications of GP-preferences: 1) real interest rates should be, on average, higher
in economies characterized by stronger temptation; and 2) conditional on the latter, they should
be decreasing with respect to public debt. Using available evidence on the incidence of present
bias/temptation in consumption-saving decisions across countries, we find empirical evidence in
favor of both predictions.

The motivation to introduce behavioral elements into the baseline New Keynesian framework

would like to exclude ex ante tempting items from a choice menu - in our case, exclude the possibility of acting like
hand—to-mouth - but, this not being a viable option, they exercise ex post welfare-reducing self-control to stick with
the optimal intertemporal consumption/saving plan.



comes from a large body of experimental and field research documenting the occurrence of preference
reversals and present bias in intertemporal consumptions decisions. More precisely, lab experiments
document that subjective discounting between today and tomorrow is stronger than between any
two future dates t and ¢t + 1. This leads to time-inconsistent behavior that cannot be explained
by the standard exponential discounting utility framework where, because of constant subjective
discount rate between any two subsequent periods, future selves always choose according to the
preferences of earlier selves (preferences are time consistent).®> Gul and Pesendorfer’s temptation
with self-control framework is consistent with the observed reversals because small rewards are
tempting only if immediately available (the case of a decision-maker sitting at time ¢ > 0) but not
if expected to occur in the future (the case of a decision maker sitting at ¢ = 0).

Compared to the popular -6 (hyperbolic/quasi-geometric discounting, HQGD) preferences
introduced by Strotz (1956) and further refined by Harris and Laibson (2001), modeling temp-
tation in consumption/saving decisions via GP-preferences presents several advantages. First,
GP-preferences are time-consistent, which in turns allows to use standard recursive techniques
to compute unique optimal decision rules. On the contrary, under HQGD, equilibrium multiplicity
is an overwhelming issue, which requires to impose additional refinements (e.g. Markov Perfect
Equilibrium, MPE).* Second, GP-preferences allow to uniquely define a welfare criterion for pol-
icy analysis. This is clearly not the case with HQGD due to the ongoing (unresolved) conflict
between current and future selves. Third, GP-preferences can be tested directly by estimating
the statistical significance of the wealth-to-consumption ratio in the Euler equation. This is more
problematic with HQGD since wealth enters the Euler equation only implicitly via its unknown
equilibrium impact on consumption. Moreover, convincing experimental evidence on the existence
of Gul-Pesendorfer preferences is provided by Toussaerts (2018, 2019). Her lab and field experi-
ments allow to distinguish between present-biased /time inconsistent agents (who value commitment
as they expect to fall to temptation) and self-control types (who value commitment as it enables
them to reduce/eliminate self-control costs), shows close coincidence between perceived and actual

self-control (a sign of consumers’ sophistication).

3Frederick et al. (2002) provide an extensive review of the discounted utility framework, highlight its key features
and anomalies, overview the experimental and field evidence on the present bias in consumption-saving decisions, as
well as introduce several alternative models of intertemporal choice to account for such evidence.

4However, as in shown in Maliar and Maliar (2006, 2016), even after imposing the MPE requirement, multiplicity
is still not ruled out completely.



Related Literature Our paper is complementary to the literature on the fragility of both the
divine coincidence and/or Ricardian equivalence to reasonable structural amendments to the base-
line New Keynesian model. For what concerns the former, under standard preferences, a meaning-
ful inflation-output gap stabilization trade-off occurs in presence of time-varying price mark-ups
(Steinsson, 2003), real wage rigidities (Blanchard and Gali, 2005), a credit channel (Ravenna and
Walsh, 2006), as well as in more sophisticated heterogeneous agents environments (HANK models,
Acharya et al., 2022). Debt dynamics are instead non-neutral for real activity and therefore welfare
with distortionary taxation (Linnemann, 2006), a Blanchard-Yaari-type stochastic OLG /perpetual
youth structure (Leith and von Thadden, 2006; Rigon and Zanetti, 2018), and/or the introduc-
tion of liquidity effects from Treasury bonds holdings (Canzoneri et al., 2011; Michaillat and Saez,
2021).°

Our paper also contributes to the literature exploring the positive and normative implications
of Gul-Pesendorfer preferences in dynamic macroeconomic models. Several contributions have
assessed the effects of temptation with self-control for what concerns asset pricing (Krusell et al.,
2002; DeJong and Ripoll, 2007; Airaudo, 2019), the design of optimal capital taxation (Krusell et
al., 2010), retirement accounts and social security (Kumru and Thanopoulos, 2011), Friedman’s
rule (Hiraguchi, 2018), the welfare cost of business cycle fluctuations (Huang et al., 2015), the large
share of privately held illiquid assets and the presence of “wealthy hand-to-mouth” consumers
(Kovacs et al., 2021; Attanasio et al., 2022), housing and the mortgage market (Nakajima, 2012;
Schlafmann, 2021), and the forward guidance puzzle in monetary policy (Airaudo, 2020).

Finally, our paper belongs to a fast growing literature introducing other behavioral elements into
dynamic macro models, hence labeled Behavioral Macroeconomics.5 This includes works propos-
ing a departure from full-information rational expectations (FIRE), such as models with learning
(Evans and Honkapohja, 2003), rational inattention (Mackowiak et al., 2021), dispersed informa-
tion (Angeletos and Lian, 2016), level-k thinking (Angeletos et al., 2021), cognitive discounting
(Gabaix, 2020), diagnostic expectations (Bianchi et al., 2022; L’Huillier et al., 2022) and several
other forms of bounded-rationality in expectation formation (Garcia-Schmidt and Woodford, 2019;
Woodford, 2013). Preference-based contributions to this literature include models with ambiguity

aversion (Adam and Woodford, 2012; Tlut and Schneider, 2014), Epstein-Zin time non-additive util-

>The relevant literature is obviously much more extensive and not limited to the cited papers.
The literature on Behavioral Macroeconomics is expanding extremely fast, and is therefore much wider than what
cited below.



ity (Rudebusch and Swansson, 2012; Andreasen et al., 2018), and reference-dependent preferences
(Barberis et al., 2001;K6szegi and Rabin, 2009).”

The rest of the paper is organized as follows. Section 2 describes the model. Section 3 defines
the equilibrium of the model, its efficient allocation (the social planner’s problem). Section 4
defines the steady state, the baseline calibration, and provides empirical evidence in support of
some key testable implications of the model. Section 5 derives the key reduced form equations
which characterize the local equilibrium dynamics, as well as constitute the relevant constraints
for the optimal policy problem. Section 6 states the welfare criterion for optimal monetary policy,
and studies the impulse responses to key exogenous shocks under both discretion and commitment.
Section 7 provides a qualitative and quantitative analysis of the welfare costs from business cycle

fluctuations. Section 8 states our preliminary conclusions.

2 The Model

The backbone of our model economy is identical to the baseline New Keynesian model used for
monetary policy analysis. It includes a continuum of identical infinitely-lived households who
consume and save (demand side), a continuum of sticky price monopolistically competitive good
producing firms (supply side), and a unified monetary/fiscal authority. The novel aspect of the
model is the introduction of Gul-Pesendorfer-type temptation with self-control preferences on the

households’ side.

2.1 Households

Consider an economy populated by a continuum of identical infinitely-lived households. Borrowing
is not permitted, but the representative household can save by investing in a risk-free bond issued by
the government (a short-term Treasury bill). Gross returns on the latter, together with labor income
and dividends from firm ownership, constitute his total resources that can be used for consumption

expenditure, Psct, as well as to finance new bond holdings, B;. The relevant constraints for the

"See also Backus et al. (2004) for an extensive review of “exotic preferences” in macroeconomic models.



representative household, in real terms, are:

bt

+wihy + dy — 74, (1)
Tt—1

by > 0, (2)

where b = %, Ty = %, wy = %, dy = %t and 7, denote, respectively, real bond holdings, gross

inflation, the real wage, real dividends and the lump-sum taxes paid to the government.

The household has temptation with self-control preferences (henceforth, just GP-utility or temp-
tation preferences), as formalized in Gul and Pesendorfer (2001, 2004) for general settings, and
recently introduced in a New Keynesian framework by Airaudo (2020). GP preferences describe a
household who, in every period, is tempted to use all his financial wealth for current consumption
purposes - thus behavior like a hand-to-mouth consumer - but that, to resist such temptation,
incurs a self-control cognitive cost (disutility). Loosely speaking, let ¢" denote the singleton set of
optimal consumption chosen by a forward-looking Ricardian consumer, and ¢™™ be the singleton
set of consumption made by a myopic non-Ricardian consumer.® Letting > denote household’s
preferences over consumption choices (satisfying completeness, transitivity, continuity, and inde-

pendence), temptation with self-control requires

() > {Cr7chtm} - {chtm} (3)

The fact that {c"} is weakly preferred to the enlarged set {cr, chtm} signifies that ¢™™ is a tempting
option, while having {cr,chtm} preferred to {chtm} means that, eventually, the consumer exerts
self-control and chooses ¢". From Gul and Pesendorfer (2004), the recursive representation for the

household’s intertemporal utility maximization problem is a Bellman equation:

U = max [u(c, he) +v(c, he) + BEU1] — max v(&, hy) (4)
{Ct,ht,bt} {Et,ht7bt}

subject to (1) and (2), where v and v are both Von Neuman-Morgenstern utility functions. On
the one hand, the term w; + SEUs1 represents the standard commitment utility: it captures

the household’s evaluation of the long-run best. On the other hand, v; captures the temptation

8See Axioms 1-8 in Gul and Pesendorfer (2004) for a formal definition of these preferences over a compact metric
space in an infinite horizon consumption-saving decision problem.



utility, i.e. how the household values his urges. The household is sophisticated in the sense that
he is cognizant of his current and future costs of self-control.” Letting &, h; and b; denote opti-
mal levels of, respectively, consumption, hours worked and bond holdings under temptation, the
term max v(é, hy) — v(cy, hy) corresponds the temptation opportunity cost: this is the utility loss
the household suffers when he exerts self-control by choosing the triple (¢, hy, by) over the most
tempting option (¢, hy, l;t) We will refer to this as the cost of self-control.'® The utility U; is
therefore the maximum of commitment utility net of costs of self-control. For the purpose of our

analysis, we adopt the following functional forms:

h1+X

= g

up = In ay, vy = Elnwy, Ty =cCp —

This specification is similar to the one used in Airaudo (2020). First of all, it assumes a
Greenwood-Hercovitz-Huffman-type (as in Greenwood et al., 1998, henceforth GHH) temporary
utility, both for commitment u and temptation v. By eliminating wealth effects in labor supply, a
GHH specification will allow us to solve for the temptation allocation in closed form.'' Second, by
imposing a log specification on both u and v in (5), temptation and commitment will both feature a
unitary degree of relative risk aversion. This differs from Airaudo (2020) who, for the case of linear
costs of self-control, allows for higher risk aversion in temptation (with respect to commitment).!?
While a log-utility specification is without loss of generality for the purpose of our analysis, it
significantly simplifies the second-order Taylor approximation to the household’s welfare for the
optimal monetary policy design. Third, and most importantly, the strength of temptation in the

model is captured by the parameter . For € = 0, the model reduces to a baseline New Keynesian

"Muraven et al. (2006) (see also references therein) and, more recently, Schilback (2019) provide experimental
evidence on the existence of sophistication (foresight) in decision problems with persistent self-control. A naive
household would instead neither recognize nor care about future self-control costs, as well as would not anticipate
future preference reversals. This would lead to a game-theoretic set-up between current and future selves, as in
models with hyperbolic discounting. See Ahn et al. (2020) for a model of naivete about temptation/self-control in a
quasi-hyperbolic discounting framework.

'0As in Gul and Pesendorfer (2001, 2004), the cost of self-control is linear in the opportunity cost of temptation.
Noor and Takeota (2010) and Fudenberg and Levine (2006, 2011) consider the case of convex costs of self-control.

""GHH preferences find empirical support both at the aggregate macro (see Schmitt-Grohé and Uribe, 2012) and
individual micro (see Cesarini et al., 2017) levels. These preferences are often used to generate government spending
multipliers for output larger than unity. See Monacelli and Perotti (2008) and Bardéczy et al. (2021) for a recent
thorough discussion.

12 Ajraudo (2020) introduces GP preferences into a New Keynesian model showing that higher risk aversion in
temptation yields discounting in the linearized Euler equation, which then helps solve/tame the forward guidance
puzzle of monetary policy. It is worth clarifying that a log-GHH utility yields a unitary relative risk aversion with
respect to the consumption-labor bundle z, but not with respect to consumption alone (see Airaudo and Hajdini,
2021, for a discussion).



framework with GHH preferences.
The solution to the representative household optimal consumption-saving decision involves two
stages. In the first stage, we identify the optimal tempting choice by solving a simple static

optimization problem:

B1+x
max £ In 6t_1t+X ,

be—

ml + wtibt + d; — 7 and the non-negativity constraint l~)t > 0.

subject to the budget ¢; + by = Ry_1

Letting A\ and S\bﬂj denote the respective Lagrange multipliers, first order conditions with respect

to ¢, iLt and l;t give:
é.’i‘;l = S\t, gi‘;lﬁ? = S\twt, S\t = S‘b,t- (6)

Inada conditions guarantee that Z; > 0, such that both multipliers are positive. This, together with
the complementary slackness condition, S\bﬂtﬁét = 0, implies optimal zero bond holdings, by = 0. After
simple manipulation of the equations in (6), the optimal choice under temptation is summarized

by the following conditions:

bt - 07 ht:wta (7)
B by 1+x
&t = til-i-wtx +dy — 7y, (8)
¢
. bi—1 x i
= Ry 41—+ —F—w,* dy — 9
Ty tlﬁt+1+xwt + di — T, 9)

i.e., no savings, a labor supply which, due to GHH preferences, solely depends on the real wage
(with elasticity x~!), and consumption of all available resources.

Letting Z (b;—1) denote the expression in (9), the representative household’s Bellman equation
(4) becomes

Z/{t = ( II%&);}(l-i-f) 111.'13,5 —§lna~c(bt_1) +/8Etut+1, (10)

subject to (1)-(2), with respective multipliers A; and Xy +. First order conditions and simple manip-



ulation of terms yield the following relationships:

1
A= 1+, he = w;, (11)
A
At = Mot + BRE} < t+1rt+1) ; Ap,tbe = 0, (12)
41
where 3
Fepj=1-— ﬂ, for j > 1.13 (13)
At

The expressions in (11) represent, respectively, the marginal utility of consumption and the house-
hold’s labor supply. With respect to the baseline no-temptation case, the former is augmented by
a factor which depends on self-control costs, while the GHH specification insulates labor supply
from direct temptation effects. The expressions in (12) constitute the household’s Euler equation,
with the consumption-saving trade-off distorted by the temptation-driven factor I'ty1, as defined

in (13) for j = 1.

2.2 Firms

The supply side of the economy is standard. Production is split into two sectors: retail and
wholesale. The retail sector is perfectly competitive and produces a final consumption good %; out
of a continuum of intermediate goods via the CRS technology y; = [fol ye (1) =D/ ed; e , with
€ > 1 denoting the elasticity of substitution between any two varieties of intermediate goods. Prices
in the retail sector are perfectly flexible. The optimal demand for the intermediate good () is

) ) i\ € N 1. 1/(1—€)
given by Ut (’L) — (%ﬁ)) Yt, Where Pt = |:f01 Pt (Z)l € dZ:|
good.

is the price of the final consumption

The wholesale sector is made of a continuum of firms indexed by i, for ¢ € [0, 1]. They act under
monopolistic competition and are subject to nominal rigidities in price setting. The ¢-th firm hires
labor from a competitive labor market to produce the i-th variety of a continuum of differentiated
intermediate goods which are sold to retailers. Wholesale firms operate a simple linear technology:
yi(2) = z¢he (1), where z; denotes TFP with unconditional mean z. Letting 2; = In (z;/2) , we assume
2 = p,2i—1+ &y, With |p,| <1 and &4 ~ #dN (0,02).

We introduce nominal rigidities following Calvo’s staggered price setting: each firm in the

wholesale sector optimally revises its price with probability 1—6 in any given period ¢. Real marginal

3 Throughout the paper, we adopt the notational convention that I'; = 1.
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costs are equal across firms and given by me; = (1 —s¢) 7, with s; € [0,1) denoting a time-

varying subsidy rate to labor, common across all firms.'* The i-th firm chooses the optimal price

Py (i) to maximize E; Y 72, 09 Fi it Y4 (3) (Py(i) — Py jmesy ) , subject to the demand constraint

* ([ —€
Yy (1) = (%g) Yt+j- The term Fy ;4 ; denotes the household’s stochastic discount factor (SDF)
for nominal payoffs between period ¢t and a generic t + j, for j > 0.1 In particular, with the SDF
for riskless nominal payoffs between period ¢ and ¢ + 1 defined as R;F;F; 41 = 1, from the Euler

equation in (12) with A\p; = 0 (as we will focus on an equilibrium with positive bond supply), we

A
have that F; ;41 =S8 Pﬁ - j\th LT 11,01, more generally

P My
L2 ] Tygg,  for j > 0.

Frars =
b ‘7
Py M i

It is straightforward to solve for the optimal price P (where the index i has been dropped since

all price-setting firms face same economic conditions and therefore choose the same price) relative

to Pti
P MEt Z?io ¢’ Qt,t+jyt+jmct+j7T§,t+j (14)
It A -
Py o Z;)ig 6’ Qt,t+jyt+j7"';t+j
where 1 = -5 is the (steady-state) gross price mark-up, and Qg1 = Fi ¢4 7ee4j, With m4 5 =
PtTJt’j. Firms’ dividends are distributed to households in a lump-sum fashion, with d; (i) = Df,ﬁgi) =

P%(:)yt (1) — %ht (i) given by the following expression:

i) = (132) = ma (22) " (15)

2.3 Government

A government /central bank conducts both fiscal and monetary policy. The government’s budget
constraint is given by

b
T+ by = Rt—l;_il + gt + swihy, (16)
t

that is, the proceeds from tax revenues 7, and newly issued treasuries b; are used to pay-off out-

standing public debt (capital plus interests), public spending g; and the labor subsidy to firms.

1 Time variation in the subsidy rate will be the source of cost-push supply shocks in the Phillips curve.
15 As standard in the literature, we assume firms discount future profits using the household’s stochastic discount
factor, which, by default, incorporates his dynamic self-control problem.

11



For simplicity, we assume 7; = 7/ + 7F, where 7{" is entirely used to finance the labor subsidy:

7f = sywihy. Assuming public spending g; is exogenous - specifically, §; = In(g;/g) follows an
AR(1) process, g: = pygi—1 + &g, with ‘pg‘ < landégy ~ @dN (0,03) -we let f; = 711 — g; denote

the fiscal surplus, and introduce the following debt-feedback fiscal rule:

b\
fit= (b) Vit (17)

where b is steady state debt, and ¢, > 0.16 The factor vy, is a fiscal shock, with 97, = In (vs¢/vy)
following the AR(1) process ¥y = psiy—1 + &y, for ‘pf‘ < 1and éfy ~ tidN (0, a?).
The central bank will implement the optimal monetary policy plan by maximizing the repre-

sentative household’s lifetime utility. A detailed description is given in Section 6.

3 Equilibrium

In equilibrium, households and firms optimize, given aggregate quantities and prices, and all markets

clear. Output equals private consumption plus government spending — i.e. y; = ¢;+ g — and labor
1 1 N\ —€

supply equals labor demand — i.e. hy = [hy (i) di = /2 with Ay = [ (%@) di denoting

0 0

price dispersion due to Calvo pricing. The law of motion for P, is implicitly given by Ptl_6 =

1
(1 —0) (PF)'“+ 6P}, Aggregate real dividends, d; = [ dq (i) di, are obtained by integrating (15)
0
across all firms: d; = y¢ (1 — meAy), where me, = (1 — s¢) (wi/2z) = (1 — s¢) zt_(HX) (yeAp)X.
The consumption-labor composite x; is

1
TIAY; BRS
2t

1+x (18)

Tt =Yt — gt —

After combining the expression for Z; in (9) with the household’s budget (1), simple algebra gives
the temptation composite,

i’t :$t+bt- (19)

Focusing on an equilibrium with positive supply of government bonds in very period - namely,

16Tt is common practice in the literature to assume the fiscal rule is function of lagged outstanding debt. Our
specification with respect to current (newly issued) debt will bring some analytical advantage when pursuing a
second order Taylor approximation to the government’s intertemporal budget constraint. As discussed later, this
step will be necessary for an accurate optimal monetary policy analysis via linear-quadratic techniques.

12



by > 0 for ¢ > 0 - by the complementary slackness condition in (12), we have that A,; = 0, which,

in turn, leads to the generalized Euler equation:

At = BRE;

At41
2 (20)
Ti+1

The following lemma establishes that the Euler equation wedge 'y is always positive, which, in

turn, guarantees that the right hand side of (20) is always positive as well.
Lemma 1 Recall the definition of I'yyj in (13). If byyj > 0, then 'y € (0,1), for any j > 1.

Proof. See Appendix A.4.1. m
We can further elaborate on (20) to show that temptation preferences introduce real wealth
effects from bond accumulation in the Euler equation, thus making debt dynamics no longer neutral
for business cycle fluctuations. Substituting the expressions for A; in (11) and I';41 in (13) into
(20), we obtain:
i + € (2 — 3gh)

Tt+1

(1 + &zt = BRE, (21)

Wealth effects are embedded in the temptation choice term Z;y;. Setting & = 0, we retrieve
the baseline model without temptation: in this case, at the optimum, neither the marginal util-
ity of consuming today, x; ! nor the expected marginal utility of saving for future consumption,
BR:E; (7rt+1xt+1)_1 , are distorted by government bonds. The household does not perceive them
as net wealth, and Ricardian equivalence holds.

With € > 0, temptation generates an increase in the marginal benefits of both consumption and
savings in (21). The left hand side of (21) is in fact accrued by a factor (1 + &) as the household
evaluates current consumption by both his commitment utility u and temptation utility v = &u.
The right hand side is instead augmented by the term & (xt_ +11 — T, +11) This is clearly positive since
both utilities are strictly concave and Zy+1 = xty1 + b1 > 2¢41. For a deeper economic intuition,
notice that the term & (:i; +11 — T +11) corresponds to the marginal disutility cost of self-control. By
increasing %41 (hence, lowering Jrll), an increase in by41 lowers the future marginal costs of self-

control, giving a forward-looking household an additional incentive to save. Hence, an expected

increase in future government debt induces a negative wealth effect on current consumption.
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4 Steady State, Calibration and Empirical Evidence

We focus on a zero inflation steady state (7 = 1), and, without loss of generality, set z = vy = 1,

sy = s, and g = gyy for g, € (0,1) 17 From the optimal pricing of firms, we have mc = p~!, which,

combined with the definition of marginal costs, gives the steady state real wage: w = [(1 —s) ] *.

-1/x

Plugging the latter into the labor supply equation yields h =y = [(1 — s) y] , such that ¢ = ¢yy,

for ¢, =1 — gy. The definition of z; in (5) and simple algebra give

I+x)ey(1—s)pu—1
I+x)1=s)p

(22)

T = wy, for w

where w € (0, 1) provided the steady state share of consumption in GDP, ¢y, is sufficiently large.!®

From the Euler equation (20), we find the steady state nominal (and real) interest rate R =
(,BF)_l, where, making use of £ =  + b and the relationship in (22), with b, = % denoting the
debt-to-GDP ratio, the temptation-driven wedge I is

_ W
F_l_(1+§)(w+by)€(0’1)‘ (23)

Finally, from the government’s budget (16), for given b, and R, we find the steady state surplus-
to-GDP ratio, f, = b, (R—1).

Proposition 1 The steady state interest rate R

1. s strictly increasing with respect to temptation &;

2. conditional on positive temptation, is strictly decreasing with respect to the debt-to-GDP b,,.

Proof. See Appendix A.4.3. =

Figure 1 displays the steady state real interest rate as function of temptation £ and the debt-to-
GDP ratio b, under the baseline calibration displayed in Table 1. The latter has the inverse Frisch
elasticity of labor supply x equal to unity, an intratemporal elasticity of substitution across goods

varieties € equal to 8 (hence a 15% net price mark-up), and a Calvo probability of price stickiness

1"For each variable, we drop the time subscript t to denote its steady state value.

18This is guaranteed for any realistic parameterization of the model. For instance, for the case of an efficient
subsidy - such that (1 — s) u = 1 (see below) - this requires ¢, to be larger than (1 + x) ™', where the latter is 0.5 or
smaller for x > 1. A positive w is even more likely for the case of no subsidy.
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Figure 1: Steady state real interest rate.

6 equal to 0.715 (hence a price duration of approximately 3.5 quarters).!? For what concerns fiscal
quantities, we set the public spending to GDP ratio g, equal to 0.18, and assume (for the moment)
no labor subsidy to firms, s = 0.2 In the figure, we let the quarterly ratio b, range from 0 to 4
- hence, from 0 to 1 yearly (in the analysis to follow, we will set b, = 2, that is a 50% debt-to-
GDP ratio an annual frequency) - and consider £ € [0,0.5]. This range for temptation includes
the Euler equation based estimates available in the literature, going from the low-end £ ~ 0.05 in
Bucciol (2012), to the intermediate value £ ~ 0.23 in Huang et al. (2015), to the high-end estimate
¢ =~ 0.39 in Kovacs et al. (2021).2! As shown in the left panel, for any by > 0, the real rate is
strictly increasing in &, and more so when b, approaches zero. Conditional on positive temptation,

the real rate is strictly decreasing in b,, as also evident from the right panel.

19 A unitary value for x is intermediate between the macro based (below unity, hence higher labor elasticity) and
the micro based (above unity, hence lower labor elasticity) evidence (see Kean and Rogerson, 2012, for a discussion).

20Tn the next section, we will set s equal to its efficient level to guarantee an undistorted steady state.

*I'The Euler equation GMM estimation by Huang et al. (2015) yields ¢ = 0.1 if using NIPA data, and ¢ = 0.24
using CEX data. Restricting to the latter, Kovacs et al. (2021) find £ = 0.28 using GMM and £ = 0.39 using the
method of simulated moments on the full structural model. Attanasio et al. (2022) show that a life-cycle model with
GP-temptation preferences and £ = 0.28 matches well the life-cycle profile of aggregate consumption and liquid asset
accumulation, as well as it generates the age-dependent hand-to-mouth behavior seen in U.S. data. Airaudo et al.
(2022) find similar values from a fully-fledged Bayesian DSGE model estimation on post-WWII U.S. data.
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Table 1 Calibration

Standard Parameters Temptation
X € 0 by gy Py Pe Pi 0 §
(i:z,g,f) (i:Zzg)fve)
1 8 0715 2 0.18 1.5 0.5 0.9 0.01 [0,0.3]

4.1 Testable Implications

Statements 1. and 2. in Proposition 1 identify two testable implications of our theoretical model.
As mentioned, there exist some attempts in the literature to test for the presence of GP preferences
in consumption choices. However, to the best of our knowledge, direct empirical evidence of time
and/or cross-section variation for the temptation parameter ¢ is not available. To circumvent
this problem, as proxies for &, we use estimates of quasi-hyperbolic discounting by Rieger et al.
(2016, 2021) from the cross-country International Test of Risk Attitudes (INTRA) survey data
at the University of Zurich. Our approach is supported by the fact that, under some restrictions,
consumption choice models featuring hyperbolic discounting are in reduced form isomorphic to
models where consumers display temptation with self-control preferences. In particular, Lu (2016)
shows that the decision maker’s preferences in a dual-self model with linear costs of self-control a-la
Fudenberg-Levine (2006) - which is isomorphic to the GP-preferences set-up - could be mapped into
those of a hyperbolic discounter with discount factor 5 (in his Sd-preferences) equal (1 + 5)71 22
We restrict our attention to a subsample of 28 countries belonging to neighboring economic areas
and /or displaying similar levels of development.?

Testable Implication 1: Higher Temptation leads to Higher Interest Rates A scatter
plot of the annual average real interest rate (computed on quarterly data for the period 1990:1-

2007:4) and the estimated 3 for hyperbolic discounting (HD) is presented in Figure 2.2* From the

2Ly (2016) derives the result assuming the Fudenberg-Levine’s long-run self is not concerned about future costs of
self-control. Fudenberg and Levine (2006) show that their dual-self framework with linear self-control costs satisfies
all axioms posed in Gul and Pesendorfer (2001, 2004). Dekel and Lipman (2012) provide an equivalence result between
models with Strotz-type dynamically inconsistent preferences and those with GP-type temptation-with-self-control
preferences.

?3The full sample includes 53 countries. We have excluded countries from Latin America (featuring highly volatile
interest rates due to recurrent episodes of macroeconomic instability and default risk), Africa (low income economies)
and Asia (Japan because of its prolonged history of near-zero interest rates and deflation, Thailand and Korea because
of currency crises in the late '90s, and China being a non-free market economy).

2 Following Uribe and Yue (2006), the real interest rate is computed as the difference between the nominal return
on a 3-month safe government bond and expected inflation, the latter measured as the average inflation over the past
4 quarters.
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Figure 2: Real Interest Rates and Temptation

previous paragraph, a lower (respectively, higher) value of /3 signifies higher (respectively, lower)
present-bias in consumption choices, hence higher (respectively, lower) temptation. Different colors
are assiged to different geo-economic areas: Western Europe (WE, black dots), Eastern Europe
(EE, red), Northern Europe (NE, white), North America (NA, blue), and Australia-New Zealand
(ANZ, green). Simple visual inspection highlights the possibility of a negative relationship between
the two quantities, with the dashed line giving fitted values from a simple OLS regression (see
estimates in the second column of Table 1).

For a more accurate quantitative assessment, we estimate the following linear regression by
OLS:

4 4
RR; =ao+a1HD; +» b;DUM;; + Y _¢;HD; * DUM;; + f'CONT; +¢; (24)
j=1 j=1

where RR is the net real rate, the subscript ¢ indexed the country, HD is hyperbolic discounting,
DUM;; is a dummy variable equal to 1 if country ¢ belongs to country group j (where j = 1
is for EE, 2 for NE, 3 for ANZ, and 4 for NA) and zero otherwise, and CONT; is a vector of

controls, including TFP growth, life expectancy and the old-age dependency ratio.?” Results for

25 Quarterly time series for these variables come from the FRED data set at the Federal Reserve Bank of St. Louis.
See Ferrero et al. (2016) and Busetti and Caivano (2019) for an empirical and theoretical analysis of the relationship
between real interest rate and demographic factors.
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three alternative specifications are reported in Table 1. A baseline specification regressing the
real interest rate on HD yields a poor fit and does not allow to reject the null hypothesis of no
statistical relationship (a; = 0) at usual confidence levels.?® Adding intercept dummies (I.D.)
to capture geo-economic level effects produces a much better outcome: HD has a negative and
statistically significant impact on interest rates - or, equivalently, temptation has a positive impact
on interest rate - with positive dummies for NE and ANZ capturing the occurrence of higher rates
in those areas. According to standard model evaluation criteria, allowing temptation to exert a
different impact across different geo-economic areas yields an even better fit, with more significant
upward pressure on rates in NA and EE (more negative slopes). Overall, these empirical results

appear consistent with Statement 1 in Proposition 1.

Table 2 Regression (24): Interest Rate and Temptation

1) Baseline 2) With I.D. 3) With I.D. and S.D.
ao 3.83** 4.65** 4.68**
(0.63, 5.47¢~06) (0.50, 4.55¢09) (0.44, 1.04e¢=9)
a1 —1.33 —3.21* —3.04**
(0.94, 0.29) (0.81, 0.0014) (0.69, 0.0006)
by (NE) 1.44** 1.28**
(0.45, 0.007) (0.38, 0.0066)
bs (ANZ) 2.42** 2.25*
(0.58, 0.0009) (0.5, 0.0004)
by (NA) 7.34**
(2.52, 0.019)
c1 (EE) —1.21**
(0.57, 0.095)
¢y (NA) —10.86**
(3.79, 0.021)
R2, = 0.04, F-test = 1.006 R2, = 0.46, F-test = 6.56 R2 . = 0.63, F-test = 7.39
adj e 0236) Y e 0.021) oY T (0.018)
AIC=0.1, SBIC=0.24 AIC=-0.42,SBIC=-0.18 AIC=-0.71,SBIC=-0.33

Notes: in parenthesis the S.E. and the 2-tailed p-value. I.D. = intercept dummy; S.D. = slope dummy

AIC = Akaike Information Creterion, SBIC = Schwarz Bayesian Information Criterion

26Under all specifications, none of the control variables’ coefficients appears significantly different from zero. This
is likely due to the limited cross-country variation as we restrict the analysis to a sub-sample of similar economies.
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Testable Implication 2: Higher Debt-to-GDP leads to Lower Interest Rates We test

the hypothesis by running the following simple regression:

RR; = a9+ a1DY; +¢; (25)

with DY denoting the (annualized) quarterly average of debt-to-GDP in country i. Estimating (25)
over the full sample used in the previous exercise yields a poor fit and a coefficient a1 not significantly
different from zero. With the intent of removing economies whose levels of indebtedness and/or
interest rates appear weak outliers, we restrict the analysis to a subset of core countries, whose
average debt-to-GDP ratio and average real rate (for the 1990:1-2007:4 period) are within +1.5
standard deviations from the respective full sample average.?” The identified core economies are
the black dots in the left panel of Figure 3. The red line displays the fitted values from the OLS

regression (25), based on the estimates in Table 3.

Table 3 Regression (25): Interest Rates and Debt-to-GDP

aq ai

4.22** —0.026 R2,. = 0.255, F-test= 3.75**
(0.437 1.72¢708)  (0.009, 0.029) J (0.047)

AIC = —-0.536, SBIC = —0.387

Notes: in parenthesis the S.E. and p-values.

AIC = Akaike Information Criterion, SBIC = Schwarz Bayesian Information Criterion

Although quantitatively small, the impact of indebtedness on the real interest rate is negative
and statistically significant. This can also be inferred by inspecting the relationship in four smaller
groups characterized by different degrees of temptation, as in the scatter plots on the right of Figure
3: low (HD between 0.8 and 1), medium (HD between 0.7 and 0.8), high (HD between 0.6 and
0.7), and extreme (HD below 0.6). Except for the high temptation case, the remaining plots clearly

suggest a negative relationship between debt and interest rates.

2TThe choice of "+1.5 standard deviation from mean" threshold is indeed arbitrary. Under assumption of normality,
this would include, roughly, 80% of the sample. For larger thresholds, we do not find a statistical significant estimate
for ai.
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Figure 3: Real interest rates and debt-to-GDP.

5 Equilibrium Dynamics

To guarantee steady state efficiency by eliminating the monopolistic distortion, we introduce As-

sumption 1, which also normalizes both steady state hours and output to unity, h =y = 1.2

—u-l

Assumption 1: s = s* m

We approximate (to first order) all equilibrium conditions around the efficient steady state,
letting "hat" on top of a variable denote its log-deviations from the respective steady state value.
From the optimal price setting problem of firms, we obtain an expectational Phillips curve, 7 =
BEift;41 + kmic;, where, as usual, the coefficient x = (1 — $0)(1 — 0)/6 depends negatively on
the extent of nominal rigidities. Making use of the expressions for real marginal costs mc =
wy— 2 — (pu — 1) 8, labor supply w; = x (¢ — 2¢) , efficient output g = HTxét, as well as Assumption
1, simple algebra gives a standard relationship between inflation, its one-step-ahead expectation

and the output gap:

T = BEtfrt+1 + ﬁy(?)t —Uf) + é (26)

Ky = KX

2With an undistorted /efficient steady state, we will be able to use standard linear-quadratic techniques for the
evaluation of optimal policies without requiring a second order approximation to the Phillips curve. See Beningno
and Woodford (2005) for a detailed discussion.
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where the cost push shock é; = —k (i — 1) §; follows a standard AR(1) process, é; = p.€t—1 + Ect,
with |p,| < 1 and &cy ~ iidN (0,02).
The government’s budget constraint (16) combined with the fiscal rule (17) gives the law of

motion of public debt:

~

b = pylb—1+ Rey — ) — POt 27)
R _ B
1+ (R—-1)¢, Po L+ (R—-1)¢,

Py (28)

To guarantee that p, € (0,1) - hence, stationary debt dynamics - we introduce the following

assumption.
Assumption 2: ¢, > 1.2

Moving to the demand side, from the Euler equation (20) and the marginal utility of consump-

tion in (11), we obtain:

Ty = Eydip1 — (Rt - EthtH) — Elyy, (29)
Letting ¥ = w_bfby € (0,1), the definition I'ty; in (13) yields
; . ; §(1-9)
Iy = =50 —b =—>=>0 30
t+1 P t+1), x T(1+¢) (30)
From the definition of z; in (5), we have instead
R 1—-s)p—1, . Z
f— %yt _ Y o (31)

w(l—=9)p wgt+w(1—s)u

= w! (2t — gyGt)

where the second equality is a consequence of Assumption 1. Namely, around the efficient steady
state, the consumption-labor composite Z; is completely exogenous. Letting v = 1}, we plug

(30)-(31) into (29), and, by simple manipulation of terms, derive the aggregate Euler equation:
Ry — Eyityyn = —vEbi1 + Vo2 — gy, (32)

where ¥, = w p,(1+7) — 1] and ¥, = w_lgy[pg(l + 7) — 1]. Iterating the law of motion of debt

(27) one period forward and taking expectations, we can substitute the term EJ)tH in (32), and,

?%Tn the numerical analysis, we set ¢, = 1.5 (see Table 1).
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by simple algebra, reach the following expression:

Rt = Etﬁ't-&-l + ’)/bi)t + ’Yzét - '}/ggt + ’Yvﬁf,t <33)
B oy 7 . _ VPuPf
Yo = — y Vi = fOI'Z:Z,g7 Yo =
1+p7 """ 14pyy C Lty

With respect to the textbook New Keynesian framework, the aggregate Euler equation (33) does
not display any dependence on current and expected output. This feature is the result of combining
GHH preferences with steady state efficiency, and has therefore nothing to do with temptation. The
Euler equation takes the form of a generalized Fisher equation whereby the ex ante real interest
R — E;7t141 is a function of exogenous fundamentals (TFP, government spending and fiscal shocks)
but also of public debt, where the latter enters as a consequence of the temptation-driven wealth

effects.

6 Optimal Monetary Policy

This section analyzes the consequences of temptation preferences for the design of optimal monetary
policy, both under discretion and commitment. We obtain the central bank’s objective by taking
a second order approximation to the representative household’s lifetime welfare, and expressing
its arguments as squared deviations from welfare-relevant efficient targets. We start by defining
the efficient equilibrium allocation, as the solution to the associated static social planner’s utility
maximization problem.

Proposition 2 The efficient equilibrium s characterized by the following relationships: h; =

1 1+x
X * X *

2t Yo =27 G =Y — 9
Proof. See Appendix A.4.2. m

The recursive representation given in (4) can be reformulated as follows:3°

Uy = Ey ZﬂtUt, for Uy=1+¢nz —End, (34)
t=0

30See Drugeon and Wigniolle (2017) for a similar infinite summation representation of recursive GP preferences.
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As shown in Appendix A.1.1, under the assumption of steady state efficiency, a second order

. b2 .
b + (1 =) <2t - bt@)] (35)

The key element of differentiation with respect to the loss generally obtained for the baseline

approximation to U; yields

Ui=U ~ =Uy |3 @ =3+ 0] = Up

1
U, +&v

, Uy = &0

New Keynesian model is in the second bracketed term in (35). While households’ welfare continues
to depend (negatively) on fluctuations of the (log) output gap 9 — 9; and (log) price dispersion
A, around their efficient level (zero in both cases), temptation makes public debt dynamics no
longer neutral for welfare evaluations, and hence for optimal policy. Public debt fluctuations
distort households’ intertemporal consumption decisions through the wealth effects related to the
self-control costs to resist temptation. For £ = 0 (no temptation), we have U, = 0 and the second
term drops out, leaving the output gap and price dispersion as the only welfare relevant policy

objectives.

Proposition 3 The mazximization of the representative household’s welfare function Uy in (34) is

equivalent to the minimization of the following intertemporal loss:
1 [e.0]
Lo= 5 FEy > B [ay (G — 55)? + anit? + g (by — bF)? (36)
t=0
where the welfare-relevant debt target 13;“ s a linear combination of shocks,
bf = M2 — My + Moy, (37)

ay = X > 0, while the welfare weights o > 0 and ap < 0 are function of structural parameters of

the model.3!

Proof. See Appendix A.1. =
For what concerns the welfare weights entering (36), while ay, = x is clearly positive, both o

and ay are convoluted expressions of standard and temptation-related parameters. Figure 4 displays

31Gee Appendix A.1 for analytical expressions for both the welfare weights a and s, as well as for the coefficients
M;, for i = z, g,v.
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Figure 4: Welfare Weights

a numerical evaluations of both with respect to £&. With the inverse Frisch elasticity parameter x
typically ranging between 0 and 5 (see Kean, 2011; Kean and Rogerson, 2012), it is evident from
the left panel that price stability remains the overwhelming concern for monetary policy. For the
parametric range considered, the weight on inflation « is strictly declining in temptation, ranging
between 69 (for £ = 0) and 56 (for £ = 0.3). A similar pattern characterizes «y, although the latter
is always negative, making fluctuations of debt around target always welfare-increasing. Overall,
as temptation is strengthened, the central bank should be more tolerant of aggregate volatility.?
Optimal monetary policy is found by minimizing (36) subject to the reduced form equilibrium
conditions (26), (27) and (33) written in terms of welfare-relevant gaps. Using the definition of b

in (37), we have:

e = BEiier1 + ky(fe — 07) + é (38)
Ry = Epftiy1+ (i)t — Bf) + My (39)
by —b; = pylbe—1 — bf_y + Rey — 1) + N (40)

32 A more detailed discussion and some economic intuition for this result will be provided later when discussing
about the welfare costs of alternative optimal policies.
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where

My = H.z — Hygy + Hybpy, with H; =~;, +vM;, fori=zg,v (41)

Ne = (ppl = 1) (M22 — Mgge) + [(ppL — 1) My — p, ] O,

with L denoting the lag operator. To make sure that the solution to the linear-quadratic problem
indeed represents a loss minimum, we need the quadratic objective defined in (36) to be convex.
This is generally the case in standard optimal monetary policy problems (with either ad hoc or
micro-founded objectives) where all welfare weights are positive, a sufficient condition for convexity.
In out context, the negativity of ay rules out this argument. Following Benigno and Woodford (2005,
2006), we make use of some results in Telser and Graves (1972) and prove that our objective is

indeed convex for any parameterization of the model. A detailed analysis is provided in Appendix

A.1.433

6.1 Discretion

Under discretion, we compute the optimal time consistent monetary policy. For this purpose, we
restrict the analysis to the concept of Markov-Perfect-Equilibrium (MPE), that is, an equilibrium
where endogenous variables are functions only of relevant state variables, namely, the outstanding
debt gap, l;t_l — I;;‘_l, the lagged nominal interest rate, Rt_l, and all exogenous shocks (current
and one-period lagged). Although a discretionary regime implies that policy announcements are
not credible, current policy choices can still affect future expectations via their impact on current
values for the debt gap by — IA);k and the nominal interest rate Ry, both state variables in period ¢+ 1.
The optimal monetary policy problem is therefore dynamic also under discretion, even if the policy-
maker cannot strategically exploit this intertemporal linkage (which he takes as a given equilibrium
relationship). This is an important element of differentiation with respect to the baseline model
without temptation for which the absence of i) direct wealth effects of debt fluctuations in the Euler
equation and ii) the debt gap in the policy objective allow us to seek the optimal time consistent
policy by solving (analytically) a simple static loss minimization problem.

Letting 7y = (€4, 2¢, G, f)ﬁt)/ denote the vector of all exogenous shocks and V; = V(Bt_l — I;z‘_l,

33 A similar issue appears in the two-country model of Groll and Monacelli (2020) where, under the baseline
calibration, the micro-founded loss function features a negative weight on the squared deviation of the terms of trade
from target.
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Figure 5: Impulse Responses to 1% Positive Cost Push Shock under Discretion.

]A%t_l, fig, Ny—1) the value function, the central bank’s optimization problem is described by the

Bellman equation
1 ~ ~ % ~ 7 7%
Vi =min 3 |ay (5 = §) + et} + ap(be — 52| + BEVin, (42)

subject to constraints (38)-(40), and the stochastic processes for the exogenous shocks. As an
analytical characterization of the solution is not possible in our case, we solve for the optimal
discretionary policy following the computational procedure of Soderlind (1999), and obtain key
variables’ impulse responses to a 1% disturbance to the cost push shock, total factor productivity,
government spending and the fiscal surplus.®* For these, we use a textbook calibration: p; = 0.9
for i = z, g, f and p, = 0.5, while assuming a 1% standard deviation for all of them.?> Results are
displayed in Figures 5-8. In all panels, the bold, dashed and dotted lines correspond, respectively,
to a version of the model where temptation is absent (§ = 0), intermediate ({ = 0.15) and high
(& =0.3).

34The computational procedure is described in full details in Appendix A.2.

35The AR(1) processes for TFP, government spending and the fiscal surplus are usually assumed to be quite
persistent. On the contrary, in the literature, the AR(1) coefficient p, for a cost push shock ranges from 0 (iid, as

in Smets and Wouters, 2003) to 0.9 (as in Smets and Wouters, 2007). We choose the intermediate value 0.5 as our
baseline.
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Figure 6: Impulse Responses to 1% Positive TFP Shock under Discretion.
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Figure 8: Impulse Responses to 1% Positive Fiscal Surplus Shock under Discretion.

In a baseline NK model without temptation, the so-called divine coincidence holds: the central
bank can fully shield inflation and the output gap from exogenous fluctuations in TFP, government
spending and the fiscal surplus (with the nominal rate and public debt playing the role of shock
absorbers).3¢ On the contrary, a cost push shock induces a significant jump of inflation above target
and a sizable contraction in real activity.?”

The impact of temptation is twofold. On the one hand, temptation appears to have only mild
quantitative effects for what concerns the cost push shock: the responses of inflation, the output
gap and the nominal interest rate are relatively unchanged, while the debt gap reverts back faster
to steady state. On the other hand, temptation brings in interesting qualitative changes for the
other shocks. In particular, inflation and the output gap feature a positive on-impact response to
TFP (top panels in Figure 6), and negative ones to government spending and the fiscal surplus (top
panels in Figures 7 and 8). The debt gap jumps significantly on impact (the more so the stronger
is temptation) and takes a long time to revert back to its steady state (or welfare-relevant target)
level.

To gain insight into the underlying mechanism of policy transmission, consider the minimum

36See Blanchard and Gali (2007) for a discussion about the divine coincidence, and Blanchard (2016) for some
evidence on its empirical failure.

37The large responses of inflation and the output gap to the cost puch shock are due to GHH preferences. See
Bardéczy et al. (2021) for a thourough discussion.
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state variable (MSV) solution for inflation along the MPE:
Ty = mp <3t_1 - 3§,1> + TRt + Tty + T, (43)

where 7;, for i = b, R, n, [, denotes the elasticity of inflation to variable ¢ computed by the numerical
procedure.?® Taking the first order conditions of (42) with respect to the output gap ; — 4, subject
to the constraints (38)-(40) where E;7ry41 is computed using (43), simple calculus and extensive

algebra deliver a targeting rule describing the relevant trade-off for the optimal monetary policy

under discretion:3?

. N . _ [ - o Ry /. N
QrRyTe 4y (9t — Ui ) — Qupphy (bt - b?) = Bpp (1 + Rp) By |arRyftirr + ay;y (Ge01 — 0f01) | (44)
Y

where
Ky _ T MR

. _ Tt
L+ pprs’ 07 1—ng

T 1—mp

, and Ry (45)

Ry
Absent temptation (£ = 0), we have 7, = 0 in the constraint (39) and «a; = 0 in the objective

(36), such that the MSV solution of inflation is a function of current shocks only, i.e. m, = 7 =

m; = 0. In this case, equation (44) simplifies to
QrkyTy + oy (9 — U7 ) = BppEr [Oéﬂ—/%yﬁ'tJrl + ay (:l)t+1 — Q;‘H)] . (46)

Since Bp, € (0,1), by forward iteration, the unique stable solution to (46) is the standard static
targeting rule:

nkiyfre + oy (i — G7) = 0. (47)

Once combined with the Phillips curve (38), the targeting rule (47) implies that, along the optimal
discretionary policy path, inflation and the output gap are only driven by the cost push shock (the
bold lines in Figure 5). Absent the latter, the central bank would be able to attain full inflation
and output gap stabilization, 7, = ¢, — g = 0, i.e. the so called divine coincidence (the flat bold
black lines in Figures 6-8).

With temptation, the targeting rule is modified along two dimensions. On the one hand, the

central bank now faces a dynamic trade-off between stabilizing current versus expected next period

38 Clearly, both m,, and m; are vectors of coefficients.
39Gee Appendix A.3.1 for a detailed derivation.
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inflation and output (the right hand side of (44)). On the other hand, it includes an additional
static component related to deviations of current debt from target (on the left hand side of (44)).
To gain a more transparent economic intuition, for analytical simplicity, consider a central bank
with no explicit concern for output stabilization, o, = 0.40 Letting a = ap/a, be the relative

welfare weight on the debt gap and n = p, (1 + R}), the targeting rule (44) reduces to
Ty =nEmy1 + apy (i)t — 6:) . (48)

Suppose m, = mr < 0 (which appears to be the case in the numerical solution). Since 7, € (—1,0),
from the definition in (45), we have then R € (—1,0), and therefore € (0,1). Iterating equation

(48) forward and imposing a standard limiting condition, we obtain

oo

e =ap By 1P <5t+j - Bfﬂ) (49)
j=0

According to (49), inflation should respond negatively (since a < 0) to changes in the expected

present discounted value of future debt deviations from target. Indeed, as displayed in panels b)

and d) in Figures 6-8, the latter is negative for the case of TFP (hence a positive on-impact response

of inflation), and positive for the case of government spending and the fiscal shock (hence a negative

on-impact response of inflation).

Consider a positive TFP shock, and, for additional simplicity, let’s suppose the shock is 7id,
such that Etl;;fﬂ = 0 and the right hand side of (49) can be written as ap,E; 372 by i — apyby.
On the one hand, with l;;" = M.%; and M, > 0 (for £ within the relevant range), the debt target B;"
increases, which, because of a negative «, puts upward pressure on inflation. On the other hand,
from the Euler equation (33) where v, < 0 (for any parameterization of the model), the same shock
exerts a negative impact on the ex ante real interest rate, which, in turn, generates a decline in
expected future debt Et?)tﬂ-, for any j > 1, as the interest rate costs of servicing debt diminish. As
a result of theses two channels, inflation responds positively to TFP.4!

This outcome contrasts with the baseline NK model whereby inflation either does not respond

to TFP (under optimal policy) - as the nominal rate fully absorbs any shock affecting the natural

40 Given the overwhelmingly stronger concern for price stability, setting ay to zero is, from a quantitative standpoint,
without loss of generality, but involves a slight deviation from the welfare-based policy objective.

' A positive shock to government spending follows a similar transmission, but, with My > 0 (hence, a drop in the
debt target) and 7y <0 (hence an increase expected future debt), it generates a persistent drop in inflation.
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interest rate - or responds negatively (under a sub-optimal Taylor rule) - as real marginal costs
decline with higher productivity. A similar positive response of inflation occurs instead in Het-
erogeneous Agents NK (HANK) models, both under optimal policy (see Davila and Schaab, 2022;
Acharya et al., 2022) and instrumental Taylor rules (see Ravn and Sterk, 2021), but for a different
reason. In HANK models, incomplete markets introduce an earning risk channel. When the latter
is sufficiently counter-cyclical, higher TFP stimulates demand, which, in turn, puts upward pressure
on price setting by firms. This mechanism - which is absent in the complete markets representative
agent NK model - counter-acts the negative impact of positive TFP on marginal costs. Ravn and

Sterk (2021) present empirical evidence in favor of inflationary consequences of increased TFP.

6.2 Commitment

Under commitment, the policy-maker announces and implements the optimal state-contingent
Ramsey plan that maximizes aggregate welfare, taking into account its direct impact on indi-
vidual expectations. Under the timeless perspective of Woodford (2003), the targeting rule under

commitment is given by the following expressions:*?

A « ~ AKX ~ Ak

Tty + ;y (@ —97) = T (Ge—1 — G7-1)] + po (Af - Et—l)\g) =0, (50)
y

where, letting again n = Bp, (1+7,) € (0,1), the Lagrange multiplier on debt accumulation A\’

can be written as

M= Yo (b — i) (51)
j=0

The impulse responses under commitment displayed in Figure 9 appears qualitatively similar to
the case of discretion, although the reversion to steady state is much faster. For instance, both
inflation and the output gap absorb the initial 1% increase in TFP, government spending or the
fiscal surplus in about 4 quarters, compared to 100 quarters under discretion.

Since price stability remains overwhelmingly the key policy objective for the central bank, we
further scrutinize the difference between discretion and commitment for what concerns the impulse
response of inflation. Figure 10 displays the results. Stronger temptation continues to amplify the
on-impact response of all shocks (with a milder effect for the cost-push), while, indeed, committing

to a policy yields a much faster recovery.

42G8ee Appendix A.3.2 for a detailed derivation.
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Similar to the discretionary regime, the baseline case without temptation features zero responses
of both inflation and the output gap to TFP, government spending and the fiscal transfer: absent
the cost push shock, the divine coincidence holds. As shown in Appendix A.3.2, for £ = 0 (such
that ap = v, = 0), equation (50) collapses to the baseline targeting rule under commitment linking

inflation to output gap growth:

e+ 2 (@ = 37) — (G-1— 51)] =0, (52)
)

The latter combined with the Phillips curve (38) and é; = 0 indeed delivers #; = 0 and g; = g/ in
every period.

With temptation, the targeting rule (50) requires inflation to respond to a pseudo-growth rate
in the output gap, (g —9;) — T (@t_l — ;Q;‘_l), but also to the debt multiplier’s forecast error,
)\i’ — Et,l)\i’ . To compare commitment to discretion more transparently, once again, consider a
central bank unconcerned about output gap fluctuations, i.e. o = 0. By straightforward iteration,

we can then express (50) as follows:

M]3

7o = apy (By— Be1) Y (bevs = by ) (53)

J

I
o

With respect to the discretionary solution (49), inflation responds to the ex post forecast revision
in the expected discounted sum of future debt deviations from target - rather then the expected
discounted sum itself - and therefore displays a more contained on-impact deviation from and a

faster convergence to price stability.

7 Welfare Analysis

In the spirit of Lucas (1987), we evaluate the qualitative and quantitative importance of temptation
for the welfare cost of business cycle fluctuations under alternative monetary policy settings. Fol-
lowing Schmitt-Grohé and Uribe (2007), we define the consumption equivalent (CE) welfare cost of
a given policy alternative J as the share d; of steady state consumption ¢ that must be given up to
make the household as well off in the stochastic equilibrium under policy J as in the non-stochastic
efficient steady state. Besides the optimal policies under discretion (D) and commitment (C') de-

scribed in the previous section, we study two sub-optimal rules: strict inflation targeting (SIT),
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whereby the central bank sets 7; = 0 at all times - and a standard Taylor rule (TR), whereby
the short-term nominal rate is set according to R, = ¢, 7¢. For this purpose, we define L, the

unconditional welfare-based loss function under policy .J:*3
Ly;=oyVar (9 — ;) +aVar (T + O[bVCLT(lA)th — lA)f) (54)

Proposition 4 Let Uy and U (§7) denote the household’s unconditional lifetime welfare, respec-
tively, under monetary policy J, and at the efficient steady state with (1 —0d5)c replacing c. For

any £ > 0, there exists a unique 85 < % < 1 such that Uy = U (6%), with the following properties:

i. 3% if and only ifﬁjg(];

ii. if Ly is non-negative and strictly decreasing in &, then 0% is strictly decreasing in & as well.

Proof. See Appendix A.4.4. =

Lacking an analytical expression for the welfare loss Ly, it is not possible to retrieve the so-
lution §% explicitly. Moreover, both statements in Proposition 4 - i.e., that temptation may lower
the welfare costs of economic fluctuations (ii.) and possibly induce some benefits (i.) - rely on
assumptions about £; that cannot be verified analytically. Guided by the theoretical insights of

the proposition, we resort to numerical methods to find the solution 6% and scrutinize its properties.

7.1 Temptation and Welfare: Sensitivity Analysis

Setting all parameters at baseline values, with ¢, = 1.5 for the TR, Figures 11 plots 6%, for
J=D,C,SIT, TR, as function of temptation £. As expected, for any level of temptation, commit-
ment delivers the lowest welfare costs, followed by discretion, SIT and then a TR.** Since private
agents’ decisions depend on expectations of future quantities and prices, by announcing a credible
policy plan, a committed government can strategically manipulate expectations and attain a more
favorable policy trade-off than discretion when attempting to stabilizing all objectives around their
targets.

However, the key takeaway from the analysis is that 6% is strictly decreasing in &: namely, under

all policies considered, temptation lowers the welfare cost of aggregate fluctuations, as predicted

43This expression is obtained from applying the unconditional expectation operator E to Lo in (36). We intention-
ally omit the scaling factor 0.5(1 — 8)~" multyplying £;.

M The welfare costs under a TR are strictly decreasing in the response coefficient to inflation ¢.. Raising ¢, above
10 - a rather implausible scenario would generate welfare costs similar to those obtained under SIT.
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Figure 11: Consumption Equivalent (CE) Welfare Costs of Alternative Monetary Policies.

by statement ii. in Proposition 4. As it turns out, if the cost-push shock is a sufficiently weak
source of uncertainty, temptation may yield welfare benefits, i.e. ¢ can be negative. The top left
panel of Figure 12 plots ¢% as function of £ and the ratio of standard deviations o./c, - taking the
latter as measure of the relative importance of the cost push shock volatility - for two alternative
parameterization of persistence: p, = 0 (the iid case) and p, = 0.5 (baseline case). Focusing on
the latter, the negatively inclined surface (dark grey) intersects the zero welfare cost flat plane
(very light grey) along a concave frontier in the (f , %:) space. The corresponding contour plot in
the right panel displays such frontier as a threshold value for & beyond which welfare costs turn
negative. A higher o./0, and/or higher persistence p, (both yielding stronger incidence for the cost
push shock) require stronger temptation for the occurrence of welfare benefits.*> Notice that for
0c/0, = 0 (no cost-push shock) there are always welfare benefits from implementing the optimal

discretionary policy, for any positive degree of temptation.*6 As displayed in the bottom panels of

45For instance, suppse oe/o. = 0.3. Then, the stochastic equilibrium under the optimal discretionary policy is
welfare-superior to the efficient steady state for £ larger than, about, 0.1 for p, = 0.5, but only 0.01 for p, = 0. For
oe/o. = 0.65 instead, fluctuations under the optimal policy are always detrimental to welfare for any £ € [0, 0.3] and
any p, € [0,1].

468TT displays similar features, while, for any realistic calibration, a Taylor rule always leads to positive welfare
costs. Detailed results are available from the authors upon request.
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Figure 12: Cost Push Shock Volatility and the Welfare Costs of Optimal Monetary Policy.

Figure 12, the possibility of welfare benefits is even more prominent under commitment.

7.2 Temptation and Welfare: Inspecting the Mechanism

At the roots of these results is the fact that, with temptation, wealth volatility may increase
household’s welfare. We explain this apparently counter-intuitive channel in two steps. First, we
show that the unconditional loss, under both discretion and commitment, is strictly decreasing
in £, and attribute that to the debt gap volatility term. Then, we zoom in on the GP-utility to
show that an increase in wealth volatility may generate welfare benefits by lowering the expected
cognitive costs of self-control.

Figure 13 shows the effect of temptation on the welfare loss £; defined in (54), for J = D
(discretion), C' (commitment).*” Under the baseline calibration (i.e. ./0, = 1), stronger tempta-
tion lowers L (second panel from the left), a result which is consistent with the sufficient conditions
0L ;/0¢ < 0 for declining welfare costs introduced in Proposition 4. It is evident from the leftmost
panel that this negative pattern is mostly driven by the new term abVar(l;t — l;f ): with o, < 0 and

strictly decreasing in £ (see Figure 4 again), temptation strengthens the negative effect of wealth

4TIn this numerical exercise, we have set p. = 0.5 and o, = 0.01, their baseline values.
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Figure 13: Loss Function and Temptation

volatility on the unconditional loss. Weakening the cost-push shock incidence (the third and fourth
panels in Figure 13, with o./0, = 1/3) lowers welfare losses (almost) by a factor of ten, and,
most importantly, makes them negative for £ > 0.02 (under commitment) and £ > 0.12 (under
discretion).

At the micro level, the positive relationship between temptation and welfare is a consequence
of the dampening effect of wealth volatility on the cognitive costs of self-control in the GP-utility.
Making use of the equilibrium condition Z; = xz; + b;, and defining the wealth-to-income ratio

byt = by/xs, we write self-control costs & (Ind; — Ina;) as function of by ;48
SC (byt) =& [In(1+ by )] (55)

Proposition 5 The expected costs of self-control E [SC (byt)] decline as the wealth ratio byt be-

comes more volatile.

Proof. See Appendix A.4.5. m

*®Recall that around the steady state x = wy, hence b, = b% is proportional to the debt-to-GDP ratio.
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8 Conclusions

In the baseline small-scale New Keynesian model - the backbone of larger-scale DSGE models
currently used for policy analysis by central banks in developed and developing countries - absent
cost-push shocks in the Phillips curve, optimal monetary policy attains full stabilization of inflation
and the output gap at their respect targets (divine coincidence), while, with Ricardian equivalence
holding, the central bank can pursue its dual mandate without any concerns about the dynamic of
public debt. As shown in the literature, both policy outcomes are not robust to realistic structural
modification to the baseline model, as well as the empirical evidence in their support appears, at
best, rather weak.

We propose a behavioral modification to the baseline model which, by breaking Ricardian
equivalence, yields a meaningful inflation-output stabilization trade-off for a policy-maker seeking
optimal monetary policy. In our model, households are characterized by temptation with self-
control preferences as formalized in Gul and Pesendorfer (2001, 2004): in every period, they are
tempted to behave like a hand-to-mouth consumers by using their entire financial wealth for the
purpose of immediate consumption. They resist the urge by exerting self-control, the latter being
measured by the opportunity cost of forgoing tempting immediate consumption to pursue instead
the optimal consumption smoothing plan. As self-control costs depend on the amount of wealth in
hand, anticipation of such trade-off also occurring in the future yields a generalized Euler equation
which is distorted by the household’s holdings of Treasury bond: Ricardian equivalence fails!

To characterize optimal monetary policy, we identify the central bank’s policy objective by
second-order approximation of household’s welfare. The implied loss function features a lower
weight on inflation stabilization, and a negative weight on (squared) public debt deviations from a
welfare-relevant target (a debt gap). The modified trade-off combined with the wealth distortion
in the Euler equation breaks the divine coincidence. Similar to the baseline framework, total factor
productivity and government spending affects the real interest rate (via the Euler equation), which,
in turn, puts upward pressure on public debt. However, differently from the baseline, public debt,
further disturbed by fiscal shocks, feeds back into the Euler equation through the above mentioned
temptation-driven wealth effect.

With the Euler equation, the law of motion of public debt and the Phillips curve being now all

binding policy constraints - together with the modified policy objective - the central bank can no
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longer fully stabilize inflation and the output gap with respect to shocks to total factor productivity
and/or fiscal variables (government spending, fiscal surplus). The targeting rule under discretion
features, on the one hand, a dynamic trade-off between stabilizing current versus next period
inflation and output gaps, and, on the other hand, a positive response to the debt gap. Interestingly,
we find the consumption-equivalent welfare costs of economic fluctuations to be strictly decreasing in
temptation, potentially turning into benefits. As shown, under the assumption of concave utilities,
wealth volatility dampens the cognitive costs of self-control in the GP-preference specification,

hence increasing household’s welfare.
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A Appendix
A.1 Welfare Approximation

This Appendix provides a detailed derivation of the second order Taylor approximation to the
representative household’s welfare around the efficient steady state, and therefore a formal proof
of the statement in Proposition 3.

Throughout the approximation, we will drop all those terms that are independent from policy,
t.i.p. (i.e., terms that do not affect the optimal policy choices by the government, such as exogenous
disturbances), as well as those terms that are of order of approximation higher than 2, h.o.t. Before
getting started with the analysis, we state some useful approximation results. For generic variables
my and ny (with respective steady state m and n), after dropping h.o.t., we have the following

relationships:

_ 1 _ 2 _ _
Ltmmzmﬁgmf, (mt m> ~ 2, (mt m) <”t ”>zmmt (A1)

As the analytical derivation is rather involved, we proceed in steps:

Step 1 We derive a second-order approximation to the temporary utility U;, showing that it in-

volves the presence of linear terms in debt.

Step 2 We pursue a second-order approximation to the government’s intertemporal budget con-
straint from which we derive an analytical expression for the discounted sum of linear terms

in debt entering the welfare objective.

Step 3 We combine the results in to write the welfare objective as the expected present discounted

value of quadratic deviations of output, inflation and debt from their respective targets.

Step 4 We appeal to some results in Telser and Graves (1972) to prove that our loss function is

convex, such that the solution to the linear-quadratic problem indeed corresponds to a loss
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minimum.

A.1.1 Second-Order Approximation of Temporary Utility U, (STEP 1)
49

Let Uy = Inxy — Iy where I = £ (InZy — Inzy) . A second-order Taylor expansion yields:

2
xow—x 1 [x—2x I —1
Ui—U = - = -1
! z 2 ( x ) I
-2 -2 72
S i . I
~ — | —=—-ILi+ —= A2
(wt + 5 > 5 ( t + 5 ) ( )
where the second equality makes use of the results in (A.1). Following similar steps, we obtain:
L—1 ¢i—d & (m-3\" {(m—ua L& (e 2 (A3)
I "I z 2 \ 7 I\ =z 2I \ «z '
From the latter, we obtain:
. 72 ¢ - 2 ¢ 72 ¢ 72 5:2,2
L+24t ~ 2+ 22> (z+ L 2ot A4
1t I<$t+2 172 I<xt+2 13 (A.4)
. &\? .
I = (I) (Zy — &4)? (A.5)

where (A.4) makes use of (A.1), and (A.5) comes from squaring (A.4) and dropping all h.o.t.
Lix
. Its approximation yields

Next, consider the consumption-labor bundle x; = ¢; — hiﬂrx
z—x _ceo—c hXh—h  RYX (b —h)? (A6)
r oz c x h 2z h '
Making use of (A.1) again, we can rewrite the latter as
pitx (. R2 BITX .
(ht+2t> - X h? (A.7)

P DU PR A T
t 2 s\ "2 T

49To shorten the notation, in the expressions to follow, we drop all t.i.p. and h.o.t., unless required by the exposition

of results.
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Following similar steps, the market clearing condition ¢; = y; — g; becomes

~2 ~2 ~2
. ¢ Yy (. Yi g (. 9
_J _ <2 It A.
(Ct+2> C<yt+2) C<Qt+2>, ( 8)

while the aggregate technology z:h: = y: A+ gives

hi + — = At+@t+2—<2t+2>—ét@t—5t)7 (A.9)

>
N
X
—~
N3
=
|
Q>
&
N
[}

(A.10)

where (A.10) is obtained by squaring (A.9), and then dropping all h.o.t. (recalling that A; is already

second-order). Plugging (A.8)-(A.10) into (A.7), while dropping t.i.p. and h.o.t., simple algebra

yields
B+ — &~ Z[1 =m0+ =[(1—=hX) —xhX] == = ZRXA, + ZRX (1 + x] 20t
2 T T 2 T T
21 1+

~ —Ky—t — *At + Xétg)t (All)
w 2 w w

~ “1[X (s a2 A

oW By (U — 07)" + Ay

where the second equality follows from £ = L (see equation (22)) and the fact that y = h = 1
at the efficient steady state (see Section 4), and the third from the definition of efficient output,

A~k

g = HTXz“t. Making use of (A.1), we have

X .%'2
N t
#

T

cct—c_hxhht—h>2

c . qg. pitx 2
~ [ (*yt - *gt) — (4 _Zt)]

x x
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where the second line follows from (A.6) (where only first order terms are considered since the
expression is then squared), the third from first order approximations of market clearing and the
aggregate technology, the fourth from the definition of w and %hx = Yw = %ﬁ, and the fifth
from steady state efficiency. Notice that this makes 22 only a functions of exogenous shocks, and
therefore a t.i.p.

We are left with the temptation term &; = z;+b;. Given its linearity, and recalling the definition

Y= %, its approximation gives

.i't - Tt — & bt —b
=(1—
P (1-9) - + 4 5
From the latter, we find
. 22 -2 B2
:Et+% = (1-9) <:Et+$2t> + v (bﬁ—%) (A.12)
22 = [(1—10)d 4 9b,)? (A.13)

where (A.13) comes from squaring (A.12) and dropping all ¢.i.p.

Moving back to utility (A.2), we have:

2

N Ty §

U —-U = 4+ 2| -1
t (xt 2) I

<£t+3§2%>_§]{(1_19) <it+9§>+ﬁ<5t+%2>
|

[9hy + (1 — )i — (x i

%

—% (A.14)

&

~2 72
(1 + &) (ﬁ:t + “’”2’5) — & (z}t + bt) + g [792@ +20(1 — mét]

~

&

2 N A
_(1+&) X @- 91 + A — g0 (1 - 9) (bzt - @bt) — &by

w 2
where the first equality makes use of (A.4)-(A.5), the second of (A.12)-(A.13), the third regroups
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similar terms and makes use of the fact that 27 ~ 0 (being a function of shocks only), and the
fourth is a consequence of (A.11) and a simple rearrangement of terms. Notice that for £ = 0,
the utility approximation reduces to —w ™" [% (G — 95)° + At]: i.e., absent temptation, temporary
utility depends negatively on price dispersion and the squared deviation of output from its efficient

level. Letting Uy = # and Uy = €0, we can write (A.14) more compactly as follows:

U, — U~ U, g(;gt—g;)%r&} A

. b2 .
by + (1 —199) (5 - btfct>] : (A.15)

which corresponds to equation (35) in Section 6. Hence, up to a second order approximation, the

: i
bt—|—(1—’l9) g—btl‘t

A technical issue with the formulation in (A.16) is the presence of the sum of linear terms in

maximization of the representative household’s welfare is:

o0 [e.e]
maxly ~ ~U,Eo > % (G — 97)% + At} ~UE Y B (A.16)
t=0 t=0

by. Following the discussion in Benigno and Woodford(2005), this undermines the evaluation accu-
racy of alternative policy specifications (including the truly optimal one) using a linear-quadratic
framework. While a linear term in the output gap (due to the monopolistic competition distortion)
has been eliminated by the efficient labor subsidy, we take care of by by resorting to a second order

approximation to the government’s intertemporal budget constraint.

A.1.2 Second-Order Approximation of Government’s Intertemporal Budget (STEP
2)

The following Lemma states the key result of this section.

Lemma 2 Let W; = )\tm%ft*l, fort > 0. Then
Wo —W 2t S b2 A - . . .
o A TE0 Y Bt Boy B Yoy = Yali by (Voo + Yooy = Togde) | (A7)
t=0 t=0

where Y; for i =b,m, and Yy; for j =b,z,v,g are composite coefficients.
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To prove the result in (A.17), we start from the government budget constraint (16), which, after

setting Tf = sywihe, becomes:
Ry 1bi—1

= fi+ b, (A.18)
Tt

where f; = 7H — g; denotes its primary surplus. Its forward iteration gives:

_1bs_ A
R _1bi—1 _ ft+BEt< t+1Ft+1 Ry bt)
Tt At Tt+1

A A

Att A
= fi+BE; ( ;\ Ft+1ft+l> +/6Et{ ;\ =

A A
= fi+BE: (mrt+1ft+1> + BLE; ( t+1Ft+1bt+1>
Iip1 B [5Pt+2 (fr2 + bt+2)} }

A A
= fi+ BE; (Zlftﬂftﬂ) + B2E, (th+2ft+1Ft+2> + B%E; (;\—:Ft+1rt+2bt+2)

where the first equality follows from the fact that b, = Ry F; (6 Atd 1“7::;1 b ) by the Euler equation
Ry .
41

(20); the second is obtained by leading (A.18) one period forward to find the expression for

the third by using (20) again (as for the first line) to substitute for b;11 and then by making use of
fact that Rt%f;“ = fir2 + beyo; and the fourth by a simple rearrangement of terms. Continuing
with the forward iteration and imposing a standard transversality condition gives the household’s
intertemporal budget constraint (or intertemporal solvency condition):

Ri_1b A
t;tt L= E Zﬁj ax) ft+jrtt+] (A.19)

where I'y;; = nglFtH, with T’y = 1. Multiplying both sides of (A.19) by A, while denoting

W, = )\tm%ft_l and G¢ 145 = Mty fer Tt 45 for 7 > 0, we rewrite (A.19) more compactly as follows:

Wi = Ey Z ﬁth,t+j (A.20)

Jj=0
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We introduce the following definition for later use:
e .
Quij = Biy; > Blqrrjevjri, for j>0, (A21)
i=0
such that Wiy; = Q¢4; for any j > 0.

Recalling the definition of /5’ = BT" and noticing that, at the steady state, I'y 11 ; = IV, a second-

order approximation to (A.20) yields

Wy — W Af Sy <Qtt+j—Q>
W+ W ~ =+ AE — 7 -
T L (M

where the first term on the right hand side corresponds to the steady state of the right hand side

of (A.20). Since W = 1’\_%, the first approximation result in (A.1) implies that

Wi =W N =2 Gi1e
tT ~ (1 - 5) By B <qt,t+j + té”) : (A.22)
j=0

We are going to evaluate the infinite summations of linear and quadratic terms in (A.22)
separately. To do that, define gi+; = Aiyjfits, such that g5 = g4I+, and therefore
Qti+5 = Q45 + ft7t+]‘ where ft,tﬂ- = Zfii . I';. Recalling that I'; = 0 (since T'y = 1), after simple

algebra, the sum of linear terms in (A.22) is therefore equivalent to

o . o - 1 o
B Bauy=EY Bla,+ EY B'Tiyy. (A.23)
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Using the expression for ¢ ¢+ ; again, we obtain the quadratic term cjt% i = qt » —i—Ft t+i +2Gi45 I, g
entering (A.22). Let’s evaluate first the summation E; ZJ 0 B Ft avE

2

X/
%ﬂ_Etzﬂ (z ri)

i=t+1

uMg

= ki {ﬁFtH +8 (Ft+1 + Ft2+2 + 2ft+1ft+2)

+5° (ft2+1 + Ty + T + 207 IF ) + 207,07 5 + 2Ft+1rt+3> }

=L {Bftﬂ [ft+1(1 +B+5+ L) 28T (14 B+ B+ -+ 2/82ft+3(1 +B+5 + )+ }

BT [ng(l F B4R )+ 2Bs(L 4B+ B+ )+ 28 s+ B+ B+ )} + }
1

. . - -9 9. . . 29
=17 Ey {5Ft+1 (Ft+1 + 2840+ 28 Ty + ) + B Tiyo (Ft+2 + 208013 + 28 Tiqq + ) + }

_ 13 Zﬁf [Bres +2Pusy] (A.24)

. ~ia .
where we have defined Pyij = .0, 5 'ty 4. Next, we consider

o0
~ji . ~ o4 ~92 ~ ~ ~3 A A A
Ey E 6JQt+th,t+j = ki [5Qt+1Ft+1 + B qrro(Ti1 + Tig2) + B qra3(Tig1 + Digo + Tigz) + ...
=0

~ A “ - ~2 ~ R -~
= I [5Ft+1(%+1 + Bdi+2) + B Tipa(deve + BGipz + -..) + ...

=E Y BT1y0u; (A.25)
j=1

where we have defined é)t+j = (Zfitﬂ Bi_(tﬂ)(ji), such that ©; = ZJ‘?’;O Bj(jt+j (to be used later).

We substitute (A.23)-(A.25) back into (A.22):

42

w ~ <1—B)EtZBj<Qt+g+qt+>+EZ ‘
=0 }

1 © . © . A ~ © A
SE BT+ BB TP+ (1-8) B FT60, (A26)
j=1

Jj=1 Jj=1

As =4
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Next, we are going to simplify (A.26) as much as possible. Let’s start with term A; in (A.26):

~ o0 ~q A “ -~ ~2 R
A = (1-B)E Z/B]Ft-f—jEt-f-j (Qt+j + BGi+j+1+ B Gevjr2 + )

Jj=1

o0 o0 oo
. ja i 1 i
= (1-B8)E § 5jrt+jEt+j< By jativi — 5 E Bzrt—i-j—&-i)
i=0 =l

where the second equality follows from (A.23). Notice that, from the definition of 75t+j, the sum of

terms A; and As in (A.26) equals

A+ 4, = (1-PB)E ZB]fHJ’EtH (Z Bl(jt+j,t+j+i>
j=1 i=0
= Lk Z BT Qurj (A.27)
j=1
where the second equality follows from the definition of Q;4; in (A.21) and the fact that, to first

order approximation,
oo .
A ~ ~17 . .
Qryj = (1 - 5) Eitj Zﬁ Qt4jttj+is for j =0, (A.28)
=0
Plugging (A.27) back into (A.26), together with T’y = 0, after a simple rearrangement of terms, we

obtain:

W, — W > ~N (. @y . 75\ ~ 4
R B kl—ﬁ) (q””'+2“> ’ (Ftw SL) 4 Doy Quag (A.29)

Consider the term ¢;4;. We can write it as follows we have

Gt+j = Aetj + fetg

= —Zrj + dpberj + Of it (A.30)
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where the second equality makes use S\Hj = —I4; and the linearized version of the fiscal rule (17).

Furthermore, recalling the result in (30), we have

f‘t—i-j = Fm«f:t—‘,—j + Fbi)t_;,_j, for T'y=x0, TI',=-T} (A.31)

_ Ryypj—1bipja

Finally, since Wiy, = =2 \i+j and Wit ; = @y, for any j > 0, from the fiscal budget
+j o +j +j +j

(A.18) we have Q¢4 = Aetj (fi4j + beyj) , whose first order approximation gives

Qt+j = ;\t+j + (1 - B) ftﬂ‘ + /@Bt‘i‘j

=~y + Qubryy + (1 - B) Ofttj, for Qp= (1 - B) &y + B (A.32)

Making use of equations (A.30)-(A.31) (as well as their square, while dropping ¢.7.p.) and equation

(A.32), we rewrite (A.29) as follows:

~

2

. 72 b, .
Yo+ Tobrrj + Tow oL + Typ—L (A.33)

W, =W S
S = B ;T
j=0

4%

+YoubttjTerj + ToubiyjOp v + LavTerjOr it

where

T, =T, —(1-5) (A.34)

Ty =Ty + (1 -5y (A.35)
Yoo = (1= B) +To(Ty — 1) (A.36)
Yo = To(Ty + Qb) + (1 - )¢} (A.37)
Yo = ol — (1= By + LaQp — Ty (A.38)
Yoo = (1= B)ey + To(1 = B) (A.39)
Yo =To(1-B) (A.40)
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To conclude the derivation, we recall that, around the efficient steady state, a second-order approx-

imation to the consumption-labor composite z; yields
Gy =w (2t — GyGt — At) ; (A.41)

After plugging the latter, as well as its square, back into (A.33) and dropping t.i.p. and h.o.t., a
simple rearrangement of terms gives

2

Wi — W 2o ) ) o
= Tbb% = Yrliij + (Toz2ens + Toolfirj — YogGers) betj

2is o 7
= TbEth;ﬁ bt+j+EthO/3

where T, = w™!T,. Setting ¢ = 0 and relabeling the time subscript j by ¢, we obtain the expression

in (A.17)
A.1.3 Elimination of Linear Terms from the Welfare Objective (STEP 3)
Equation (A.17) implies that

h2
by

B Blh ~ Tb—lu T, BB TRA - Tooy = br (Tos2e - Yooye = Tog)| (A42)
t=0

44 t=0

Notice that the discount factor in (A.42) is 3 while it is 8 > 5 in (A.16). To substitute (A.42) into
[o.0] (o]

(A.16), we assume E Z ﬂtl;t ~ Fy Z Btf)t + h.o.t., that is, a discrepancy of order higher than two.
t=0 t=0

This is the case if 3 is sufficiently close to 8.7

o0 o0
Based on this argument, we replace Fjy Z Btmt with Ey Zﬁtmt in (A.42) for any stochastic

t=0 t=0
process My, including, obviously, by:
00
- Wo — W
7~ ~—17Y0
E, ZB by ~ Y, - Aw (A.43)
t=0
50Using previous definitions and steady state relationships, simple algebra gives
- w ¢Is
b-B=b T

In the quantitative exercise, we restrict to parameterizations for which g =~ B+ h.o.t.
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where we have defined

IR A A . .
Aw =71, 'Ey Z Bt —TrA: + Tbbé + b (Tos2t + Yo — Yogdt) (A.44)
t=0
Similarly, we let
Ay = ~U, B, iﬁt [K (G — i) + At} — Uy Eo iﬁt (1-9) o buy (A.45)
! t=0 2 t t=0 2 ’
and write the welfare objective Up in (A.16) as
Uy ~ —UpEg Y Bl + Ay (A.46)
t=0
We plug (A.43) in the latter to obtain
U ~ Ay+UpAw +tip.
S O NAL LR UonZﬁt o) (% b
e M PR b 2
i Nt A 7 .o s X .
Y5 B Y B | =OrAr+ O + b (Ot + Oruye — Ongt)
t=0
N U o] Uy, ~= € Us 9
~ 7? Z [x )}7&)25 L(H%(aﬂ)wt
=0 t=0
b? ’ ’ ’
~UpEy Z B\ Buby — Bobiz — Brubibgs + Bogbie
t=0
U > o U > € U .
~ —%EO Zﬁt [X (9t — U3 )2} - ?yEO Zﬁt { <1 + U,b67r> W?} (A.47)
t=0 t=0 R Y

—%Eo iﬁtBbb (515 - BI)
=0

where the first equality follows from the fact that UbT 1W° W does not depend on policy; the

second from the standard result Ej Z ﬁtAt ~ 5-Fo Z ﬁtﬁf + t.i.p. + h.o.t. (see Woodford, 2003),
t=0
the first order approximation ; = w™! (% — 9yGt) (second order terms, like price dispersion, can

be dropped since Z; enters only while multiplied by I;t) and simple substitution of terms, with
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Or = T;ITW and Oy = Tb_lTbi for ¢ = b, z,v, g; the third from grouping similar terms and letting

By,

(I—-29—0y), By, = Oy,

Bbz

[(1 ) w4 @bz] . DBy = [(1 — ) w_lgy + @bg] ;
and the fourth from defining the welfare-relevant debt target
by = M2 — Myg + Moy,

with
. By, M Bbg M. — By

M, = 2%, = 2t =2t
° B 9" B " By

Finally, starting from the approximation in (A.47) and defining the welfare weights

U, UyB
Qay = X, op = <1+Ub®7r) 57 ap = I;]bbv
y y

(A.48)

(A.49)

(A.50)

(A.51)

(A.52)

the maximization of the representative household’s lifetime utility Uy is equivalent to the minimiza-

tion of the following intertemporal loss function

1 = . A L
Lo = 5 Eo > B [Oéy (G — 97)° + anty + o (b — b))
=0

Consider the definition of a, in (A.52):

. Uy € &9 Tp\ €
aﬁ_(HUy@W) f (1)

(A.53)

where the second equality follows from U, = 12—&9, Uy = €9 and T = w 'Y, Let’s focus on the

ratio Tb

T, Te—(1-B) _—-0-5 _,

Yo Ty+(1-B)py 9+ (1—DB)d,
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where the first equality makes use of the definitions of T, and Y in (A.34) and (A.35), and the
second follows from 'y = =Ty, = —s0). % < 0. With % € (0,1), a sufficient condition for oy
to be positive is that % > —1. Using the expression in (A.54), simple algebra shows that this last
inequality holds if and only if ¢, > 1 (which is guaranteed by Assumption 2).

Next, consider the weight ap, also defined in (A.52):

o = B &Y
T, 14 &0

where the second equality makes use of the definitions of U, and U, again. It then follows that
sign(ap) = sign(Byy), where By, = 1 — ¢ — Oy, as defined in (A.48). Consider the term Oy, as

defined in Appendix A.1.3:

O = T Too+ Q) + (1—B)op
= = =

Ty Ly + (1 - B)gy

where the second equality follows from the definitions of Y, and Yy in, respectively, (A.37) and
(A.35). This term is always larger than unity since I', > 0 (see definition in (A.31)), Qp > 1 (see
definition in (A.32)) and ¢, > 1 by Assumption 2. With 1 — ¢ € (0,1), we can then conclude that

By < 0, which in turn gives a3 < 0.

A.1.4 Second Order Conditions for Loss Minimum (STEP 4)

To guarantee that the solution to the first order conditions associated with the minimization of
(A.53) indeed attain a loss minimum, we need to verify that the temporary loss in (A.53) is strictly
convex. This is always the case in the baseline New Keynesian model without temptation where
all welfare weights are positive - i.e. oy, a;x > 0 - but might not apply here since «y is negative.
To deal with this issue, we follow Benigno and Woodford (2005, 2006) and make use of results by
Telser and Graves (1972) about necessary and sufficient conditions for constrained maximization in

(deterministic) dynamic linear-quadratic problems. We prove that our objective is indeed strictly
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convex for any parameterization of the model.
From Proposition 3 in Appendix A of Benigno and Woodford (2005), we know that this is
equivalent to verifying the second order conditions for optimality in the associated deterministic

problem:

: 1 & o, ) -
min o Z B [ay (G — 55 + anit? + ap(by — bF)? (A.55)
{ge—07 Febe—b7} 2 425

for bounded deterministic sequences {yt — §F, by — b } - in the sense that Y i°, w7 < oo for

v =0 — Ui, e, by — ZA)? - satisfying

,Bﬁ't = M1 — KX (ﬁt—l - 33;,11) , (A-56)

bo—b = py (1) (b1 — b)) (A.57)

for given initial conditions of predetermined variables.”! The linear-quadratic problem in (A.55)-
(A.57) is in the same form of the general problem studied by Telser and Graves (1972). Using a

N ~ /
notation similar to theirs, let &; = [g)t — 95,7, by — by, |, such that the problem (A.55)-(A.57) can

be written as follows:?2

o0

1
min = Z B3} Biy, for B = diag (o, ar, ap) (A.58)
{07 Aebi—b7} 2 125

subject to
—rkxL L-p 0

A(L)z; =0, for A(L) = . (A.59)
0 0 1-=ppy(L4+7)L

S Equation (A.56) is a one-period lagged deterministic version of the Phillips curve. Equation (A.57) is derived
from substituting a deterministic version of the Euler equation, lagged by one period, into the law of motion of public
debt.

2There is a slight abuse of notation here since x has been previously used to defined the consumption-labor
composite entering the GHH utility specification in the main text, and is also used in Appendix A.2 to denote the
vector of predetermined and non-predetermined variables in the computational algorithm for optimal policy. The

~ ~ !
definition & = [Qt — g, e, by — by, | pertains only to this section.

54



with L denoting the lag operator. Second order conditions hold if and only if the quadratic form
B, in (A.58) is positive definite for all bounded sequences {i;} satisfying constraint (A.59).

Define the bordered Hessian matrix

1
0 Aﬁzefw
waoy=| AT
A(BQe_Zo) B
where
[ 23 0 A3.—if 7
L1 — v W 0
APty = kxB?e p2e B L
0 0 1—py (1+7,) 2™
r L1
*’iXﬂ%ﬂe 0
, 1 1 .
A(B2e?) = | Bre — 0
1
0 1—py (L+,) B2e”

Since B is a diagonal non-singular matrix (provided all welfare weights are different from zero) and
A (B%ew) has rank 2 (hence equal to the number of linear constraints), Theorems 5.1-5.3 in Ch. 2 of
Telser and Graves (1972) imply that the positive definiteness requirement is satisfied (hence, second
order conditions hold) if and only if all northwest principal minors of H(6) of order p > 4 (where

( -1 ) #constraints for

4 is the product of 2 and the number of linear constraints) has the same sign of
all || < 7.5 It follows that we only need to verify that the determinant of the bordered Hessian

H(0) is strictly positive for all |§| < w. Writing H (6) more extensively as

[ 0 0 —mxB%e*w B%e*w — B 0 |
0 0 0 0 1—py (14 7) B%e_w
H(0) = —mxB%e” 0 vy 0 0 ;
B%ew B 0 0 Qo 0
0 1-p()Be? 0 0 o _

3 Obvsiouly 7 here stands for the numerical “greek pi” and not inflation.
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the Laplace expansion gives the following result:

det (H(0))
L1
= —(1—py(1+7)B%e) *
r Sl 1 - .
0 _K‘XB26_ZO B2e—z9_5 0
L1
0 0 0 1—py (1+7) B2e ™
det 1
—kxp2e? Qy 0 0
“1
_,32610— 0 Qr 0 |
Sl 1
_K:XIB26719 /326719 /3
Z1 L1 .1
= —[1—Pb(1+7b)[326w] [1—01;( +7) B ]det —K 52619 Qy 0

= {1 + oy (1+75)1% B = 20, (14 7) B% 9} </€2X25047r +ayB+a, B - 2ayﬂ% cos 9) (A.60)

J/

-~

H1(0) H2(6)

i9+e—i6

where (A.60) relies on the equality cosf = £

First of all, notice that det(H(6)) is not affected by the sign of the welfare weight «y. Hence,
the latter does not play any role in whether the bordered Hessian H(f) is positive definite or
negative definite, and hence in establishing the validity of second order conditions for optimality.
Then, consider factor Hj(f) in (A.60). This expression is clearly strictly decreasing in cos ), whose

highest value is cos @ = 1 for § = 0. It is therefore sufficient to show that H;(0) > 0. Simple algebra

gives

[N

Hi(0) = 1+4[p(L+7)]°B—2p,(1+7)5
2
>0

N|=

= |1—py(1+7)5
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since 7, € (—1,0) . Next, consider factor Ha(6):
. - L1
Hy(0) = k*x*Bay + a,f <1 + 5 — 252 cos 9) (A.61)

Clearly, the expression within brackets in (A.61) is also strictly decreasing in cosf. Hence, by the
same logic used for H;(#) and given that k2x2Bay > 0, we just need to verify that 14 3 — 23% > 0.
This is indeed the case for any 3 € (0,1). We can therefore conclude that det(H(#)) > 0 for all
—m < 0 < m. As a result, the second order conditions always hold for any parameterization of the

model.

A.2 Computation of Optimal Monetary Policy

The computation of optimal monetary policy - both under discretion and commitment - closely
follows the linear-quadratic approach of Soderlind (1999). The first step requires writing the equi-
librium system (38)-(40) in the appropriate state-space form. Starting with equation (40), the law

of motion of debt (in deviation from its target) is:

by—b; = p, <3t—1 — b+ Ry - fft) — (My + p,,)05 — M2 4+ Myg,

+opM2Ze-1 — ppMgGe—1 + ppMo0yp—1 (A.62)
From the Phillips curve (38), we obtain the law of motion of expected inflation:

~ ~ K N o ~
Byt = =7 — BX(yt — ;) — =€ (A.63)

=Y
™Y

From the Euler equation (39), after substituting in the expressions for the debt gap in (A.62) and

for expected inflation in (A.63), and grouping similar terms, we obtain:

N 1 " RX , . sk 7 7% b
Ry = (B — ’ybpb) e — ?(yt = U¢) + 7P (bt—l —bia+ Rt—l)

+H* % — H9G; + H %y + Hi %1 — HGs 1+ HOpy 1 — =& (A.64)

XY =
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where H' = H; — yM;, for i = 2,9, H' = H, — v (M, + p,) , and H: = ~p,M; for i = z,g,v. To
the newly defined state-space system, we append the stochastic laws of motion for the exogenous

shocks:

€141 = Pt + Eett1, (A.65)
Zi41 = P2t + Enta, (A.66)
Jt+1 = Pyt + Egt+1, (A.67)
Vftr1 = profe + Efry- (A.68)

Letting ny = (&4, 2¢, ¢, 0 f7t)/, we define the following vectors:

~ ~ N /
_ s 2 A A 2 N N *
T = ; T4 = [etazmgt,vft,Zt—lagt—l,vftq,bt—l—bt717Rt—1] , (A.69)

. N A o N A N . N ’
Toy = T, U = 9 — U5, Et41 = [et41,E2,41:Eg,04+1,Evt+1, 01x6] 5, (A.T0)

where Z1; includes all exogenous shocks and predetermined variables, Z9; includes all non-predetermined
variables (in our case, only inflation), u; includes the instrument or control variables (in our case,
the the output gap), and &;y; gathers the iid disturbances to the exogenous shocks (with 0y,xp

denoting a m-row /n-column matrix of zeros).>* Using this notation, the state-space system is

1441 Ain Aigg 1
SRR 4 B+ 2, (A.71)

Ei&9 141 Ag1 Agp oy

% The lack of output gap expectations in the equilibrium system is the joint consequence of a GHH utlity and an
efficient labor subsidy. As it only enters as a period ¢ dated variable, the output gap is the natural choice as control
variable for the linear-quadratic optimization problem.
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where

00 0 0 0 0 0 0
0 . 0 0 0 0 0 0 0
0 0 p, 0 0 0 o000
0 0 0 oy 0 0 o0 0
An = | 0 1 0 0 0 0 0 0 O\
0 o0 1 0 0 0 0 0 0
o o0 o | 0 0 0 0 0
0 —M. My —(My+p,) pM. —pMy ppMy  py  py
__% H* _HY HY H; —HY HY  vypp ToP |
A = [07x1, —Pb; i - ’prb],: An = {_}’0“8} , An = [l}
B 8 ’
B KX RX
B = [01)(8,—37—3} :

Looking back at the system (A.71), the first four equations correspond to the exogenous processes
(A.65)-(A.68); the next three are simple identities 2; = 2, ¢; = g and 05, = Uy, to allow the
recursive inclusion of lagged shocks in the system; the next three are, respectively, the law of
motion of debt (A.62), the Euler equation (A.64), and the Phillips curve (A.63).

Next, consider the temporary welfare-based loss function L; derived in Proposition 3:

1 ~ ~ % ~ 7 7k
L= ) [Oéy (9t — yt)z + oz,ﬂrf + ap (bt — bt)2
a, 0 0| |b—0b
1. .
=5l mom-w] |0 o 0| | A
0 0 ay Z)t—gzk
ap 0 O
1 N N ’ Tt
=§[xt ut]K 0 ar 0K | (A.72)
Ut
0 0 q
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where the third equality follows from
7y =K , (A.73)

for

0 0 0 0 0O 0 0 1 0 (A.74)
0 0 0 0 0O 0 0 o0 1

=
Il
o o o

—M. My —(My+p,) ppM. —ppMy pyMy py py —py O
0
0

Define the 11x11 matrix W,

ap 0 O
/ Q U
W=K |0 a 0|K=] (A.75)
U R
0 0 o

for U = [01x10]', R = [ay} and an appropriately defined 10x10 matrix ). After combining the

expressions in (A.73)-(A.75) with (A.72), we rewrite the temporary loss function L; in matrix form:

Lt—l[” A,} Q Ul |2t

5 th ut ’
2 U Rl |
171, , 14 1.,
= 5 |:.’1A:'1’t ‘,'%Q,t:| Q R + §UtRUt (A76)
T2t

Given (A.76), the Bellman equation associated with the optimal monetary policy problem is:
1. . 1. 1
Jp = ixtht + iutRut + ﬁ§EtJt+1 (A.77)

Since the model is linear-quadratic, we conjecture a value function J; which is quadratic in the

predetermined variables:
1.

1
Jp = iml,t%ﬁjl,t + 51/15 (A78)
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where V; is a matrix (whose entries are unknown) and v; is a scalar (also unknown). We also

conjecture a linear relationship between non-predetermined and predetermined variables in ¢ + 1:

22141 = Cry121 141 (A.79)

with Cyy1 also an unknown matrix.’> In our specific case, the guessed solution (A.79) includes only

inflation and takes the following form:

feer = Cepr1éear + Copr1finr + Copr19e41 + Coprrdpir1 + Chyr 2+ Cp e (A80)

+Cv1,t+1@f7t + Cl},t—&-l (Bt - 3:) + Cll%,t—i-lRt

After inserting (A.79) into (A.71) and taking expectations, we obtain:

I R An Arg| |21 Bi| |
Bty = R + (0
Cit1 | Ao1 Az | [T24 By
I —Ap| B4 A | Bi|
e = ZT1t+ Ut
|Cry1 — Ao Toy A2 By
E&1 441 P11 P2 A By
e t i e QAth —|— ’&t (A81)
Toy Py1 P A2 Bs

where the second line follows from moving Z2; to the left-hand-side, and the third line from a
simple matrix inversion with

-1

Py P I —Ap

Py Pa Ciy1 —Axp
Py = (A —Cip141) 'Cia (A.82)
Py = —(A22 — Cry1An)™ (A.83)

55 The time subscript ¢ for matrices V; and C} is due to the iterative recursive algorithm used to compute the
time-invariant matrices V' and C' as their fixed points.
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Making use of (A.82)-(A.83), from (A.81) we obtain

G4 = Dydry + ety (A.84)

where
Dy = (Agg — Ci1412) 1Cri1A1r — (Ag — Ci1 A1) 1Ay (A.85)
Gy = (Agg — Ciy1412) 1 Cri1 By — (Azg — Cii1A12) ' By (A.86)

Plugging (A.84) back into the upper-block of the state space system (A.71) yields

i17t+1 = Afil,t + BZ’LALt + Et+1 (A87)
where
A} = An + Aa Dy (A.88)
B; = B1 + A12Gy (ASQ)
After partitioning
Qu Q12
Q= ;
Q21 Q22

we substitute (A.84) into the temporary loss (A.76):

1 1 Qu Q12 21 1.
Lt — 5 7t ! 7t + 7'IltRﬁ/t
D1+ Gy | | Q21 Q22| | DiZ1e + Gyl
1 NG % A 1 o m N N
= ixl’tthl’t + §uth U + &y L Us (A.90)
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where the second equality follows from simple matrix algebra and the following definitions

Qf = Qu + Qu2Dy + D;Qa1 + D, Q2 Dy (A.91)
R} = R+ G,Q2G, (A.92)
Uf = Q12Gy + D;QGy (A.93)

After plugging the loss function equation (A.90), the value function guess (A.78) updated to ¢t + 1,
and the law of motion for ailljt 41 (A.87) into the Bellman equation (A.77), the optimal monetary

policy problem is

. 1 N ~ 1 NG ~ A ~
minJ; = §x17tQ§$1,t + §utR;fut + 2 Uity
Ut

+ gEt (Af&14 + Bfae + €t+1)lV£+1(A:§31,t + B Ut + £441) + Vi1 (A.94)

Since the vector 21 includes only exogenous terms and predetermined endogenous variables, taking

expectations, the problem in (A.94) is equivalent to the following:

. > 1 N N N N 6 N * A~ N N
minJ; = §utRfut +a U+ 5 ¢ (BY) Vig1 Bty + B 4 (A7) Vig1 By iy (A.95)

Ut

Provided both R} and V41 are symmetric, the first order condition with respect to 4, yields:
Uy = —FiZy (A.96)

for

F = [R? + 5(B£k)'Vi+1Bf}_1 [(Ut*), 4 B(BY) Vi A (A.97)

Equation (A.96) corresponds to the optimal instrument 1, (the output gap) as linear function of the
vector of state variables & ;. Substituting the expression in (A.96) into (A.84), we find the linear

relationship between the endogenous non-predetermined (e.g. inflation) and the predetermined
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variables under the optimal plan:

Zor = Ci14 (A.98)

where

Ct = Dt — GtFt (A99)

We substitute the optimal instrument rule (A.96) back into the value function (A.94) so that

we can rewrite it in terms of endogenous predetermined variables and exogenous shocks only:

1 N % A ]. N [, A~ A~ * S
prt = ixl,tQt T1t+ 5$1,tFt Rt FtCUl,t — xl,tUt thl,t
+ gEt {1047 = BfRare) + se] Vur [(A7 = BiF) 14+ vl + v | (A.100)
L. * ! % * * * ! * * A
= 814 Qi + FRiFy = 2U; Fy + B(A} — B{ ) Ver (A — BiFy)] a1 (A.101)

' IS
+3 €141 Vit16t41 + EEtVtH

where the second equality follows from collecting similar terms. Noticing that

Eiery18Viprers = Btr(Visa D),

“ ey . A ~ . . . . .
our initial conjecture J; = %ml M1+ %l/t implies the following recursive equations:

Vi = [Q+FRIF 20 Fy + B(A; - BiF) Vi (A} — BLF) (A.102)

vy = ﬂtr(m+12)+ﬁEtvt+1 (A103)

Starting with any initial guess for the scalar v;y1, matrix Cpy; and a symmetric and positive
definite matrix guess for Vi1, we use (A.99) and (A.102)-(A.103) to find the updated matrices Cy
and V; (and scalar v;). We keep iterating until we reach convergence: C; — C, V; — V, as well as

F; — F. Once convergence is attained, the rational expectations solution under the optimal policy
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is described by the following linear relationships:

up = —FZyy, Top = C1y

il,t = (A* — B*F) il,t—l + &

The optimized value function is then

TP = Vi, + tr(VY)

B
1-p
A.3 Additional Derivations of Results

A.3.1 Targeting Rule under Discretion

We start from the minimum state variable solution for inflation along the MPE:

~ 7 7% > ~ ~
Ty =T <bt_1 — bt,1> + mrRi—1 + mphy + i1,

where 1y = (é, 2¢, Gt f’f,t)l follows the AR(1) process

Ny = N1 + &

(A.104)

(A.105)

(A.106)

(A.107)

with 4¢d disturbances included in vector &; and diagonal matrix = containing autoregressive co-

efficients. We use (A.106)-(A.107) to compute the conditional expectation of one-period-ahead

inflation, F;7;41. Leading (A.106) one period forward and applying the operator F;, we find that

Eymti =mp (l;t - 3:) +7TRRt + (B + 1) Ny
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Substituting the latter into the Euler/Fisher equation (39), simple algebra gives:

R = Ry (Bt - 6;) + Ry (A.109)
nZ H
R, = M, R, = %, H=[0,H,,—H,, H,
1—7mpg 1—7mg

After inserting (A.108)-(A.109) into the Phillips curve (38) - writing é; = [1,0,0, 0]n; - and rear-

ranging terms, we obtain:

Fe = ke (l;t—l;f)+&y(g)t—g)f)+mnﬁt (A.110)
~ =) H
o= PEIR =y, k= B TUETRE L 00,0
1—7mpg 1—7mpg

Next, we recall the law of motion for government debt (40), and write it as follows:

i)t — i): = pb(i)tfl — BZ—I + Rt,1 — ﬁ't) + N,ng + Nyng_1q (Alll)

Nn = [_MZ7 Mg7 - (MU + pv)] ) Nl = [prZ7 _prgapr’U]

Plugging the latter back into (A.110), we obtain a Phillips curve as function of the output gap and

state variables (endogenous and exogenous):

T = Ryp (I;t—l - B;,l + Rt_1> + /Z:y(?jt — Q:) + RpNt + Rifig—1 (A.112)
__ Eppy Ry __ Kpt KNy __ kplV)
,{/b - 77 ’iy — 77 ,{/n — 77 ,{'l - -

1+ Kppp L+ Kppy 1+ Kppy L+ Kppy

Then, we use the latter to eliminate inflation 7; from (A.111):

be—b; = py(bi1— by + Re1) — pyFy(fe — 57) + Nty + Ny (A.113)
_ _ Py o _ o o _
= —> N, = N,, — N; = N; —
Py 1+ kopy’ n n — Ppbn, l 1= Pyl

The dynamic programming problem the benevolent government solves under discretion consists
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then in the Bellman equation
1 A . s
V; = min 3 |2 (0 — §7)% + anit? + o (by — bf)Z] + BEViy1, (A.114)

for V; = V(b_1 — b*_,, R;_1), subject to constraints (A.112)-(A.113). Making use of partial deriv-

atives 8(@22;;) = Ry (from (A.112)) and g((zz:g?) = —ppRy (from (A.113)), the first order condition

with respect to the output gap ¢ — y; yields:

~ A% — A _ fal 7% aV
oy (G — 97) + ankyfte — appyfiy (b — b)) + /BEtWt_“m =0, (A.115)
t
where
WVirr |V IR, n Vi1 9 (bt - ;)
(Gt — 7) oR: o (z}t _ (}j;) 9 (l}t _ l};;) oG — U7)
oV oV
= —pyRy | Ryt 4 —— L (A.116)
OR, 9 (bt - b;;)
with the second equality following from partial derivatives - (l? Rtg*) = Ry (from (A.109)) and again
t—Y¢
8(be—b7)

No—o5) ppiy- By the Envelope Theorem, simple calculus gives

oV S oV oV;
= ity + (b — ) + B0y By | ——~ + Ry | (A.117)
0 (bir = by o (b —b;)  OR:
where we have made use of partial derivatives ——27t—— = & (from (A.112)) and M =p
B5) ‘ ot~ P

(from (A.113)). Doing the same with respect to the endogenous state R;_, it is easy to verify that

MWeei . OVess
O(birj1—bi ;1)  ORepj1

for j = 0,1. This allows us to rewrite (A.117) as

oV
B (Bt_l — 13;:_1)

Vi1

) (Bt - 137;)

= ariyity + oupy(be — b)) + Bpy (1 + Ry) By

(A.118)
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and (A.116) as
OViy1
oGt — v7)

Vi1 .
) (Bt - B;;)

Noticing that pyk, = pyky, we plug the latter into the optimal policy first order condition (A.115),

= —ppky (1 + Ry) E;

yielding
A o I Vi1
oy (G¢ — ;) + nby Ty — awpyhy (b — b7) = pyky (L4 Rp) BE——— (A.119)
9 (b by)
and then use it to eliminated Ej 8&%*5*) from (A.118). After a couple of steps of algebraic simpli-
t— 0%
fication, we find
oV, R Qy . .
- ¢ - = oy + —2 (G — §7). (A.120)
0 (b1 — b1, ) Ry

Leading the latter one period forward, taking conditional expectations, and substituting the result

back into (A.119), we obtain the targeting rule under the discretionary monetary policy:

Ky

aﬂ’%yﬁ't + Oly (Qt - Q;&k) - O‘bpry (l;t - BI) = ﬁpb (1 + Rb) Et O‘ﬂ’_{yﬁ'tJrl + ay (QtJrl - g:—&—l)

oy
This corresponds to equation (44) in Section 6.1.

A.3.2 Targeting Rule under Commitment

Under the timeless perspective of Woodford (2003), the Lagrangian problem for the optimal mon-

etary policy under commitment is:

min By ; g {; [ (50 = 5707 + et} + (b — B7)?]
+)\;r [ﬁ't - Bﬁ't+1 — /ﬂly(:l)t - @Z) - ét] + )\ﬁ [ét — 7ATt+1 — Y (lA)t — B;) — Mt:| (A.l?l)

—I—)\? [(i)t - 52‘) - pb(ét—l - B;gk_l +Riq— ) — -/V;S} }
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where ! for i = m, R,b are Lagrange multipliers. First order conditions with respect to choice

variables and simple algebra deliver the following set of optimality conditions:

ay (Je —9;) = kyA (A.122)

3 (aﬂﬁ't FAT 4 pb/\?> = BAT  + AR, (A.123)
A= BobBiN i+ mA — (b — B]) (A.124)

M= Bo B, (A.125)

Substituting the expressions for AT in (A.122) and for A\ (lagged one period) in (A.125) into

(A.123), and recalling that 3 = ST, simple algebra yields the targeting rule under commitment:

A a ~ A~k ~ A%
QT =+ ;y [(yt —9;)—T (yt—l - yt—l)] + Py </\f - Et—l)\?) =0, (A.126)
Y
where
MN=—aE Y 7 (étﬂ- - B:ﬂ-) , for n=pBp,(1+7,)€(0,1) (A.127)
j=0

is obtained by combining (A.124)-(A.125) and simple forward iteration since v, € (—1,0).

Absent temptation (§ = 0), we would have o, = 7, = 0, and the unique stationary solution
to equations (A.124) and (A.125) would be \? = A\ = 0 in every period. With T' = 1, equation
(A.126) would collapse to the baseline targeting rule under commitment linking inflation to output

gap growth:

i+ % (G — 57) — (G1-1 — 97_1)] = 0.
Y

This corresponds to the no-temptation targeting rule under commitment in equation (52).
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A.4 Proofs

A.4.1 Proof of Lemma 1

We start by proving that the self-control costs & (InZ;4; — Inzy;) are strictly positive, for any
j > 1. Since equations (1) and (9) hold in every period, including a generic ¢t + j, we can substitute
the expression for di1; — 744, from the budget constraint (1) into the expression for Z;,; in (9).
Simple algebra gives T11; = x¢4; + by j, such that Ty ; > x4y if by ; > 0. It immediately follows
that ¢ (InZ4y; — Inxy ;) > 0. The latter, together with the fact that both Lagrange multipliers S\Hj
and A;y; are strictly positive, implies that I';; ; < 1. It remains to show that I';; > 0. Making use

of the equalities S\Hj = E:Z‘;rlj and Ay = (1 —|—f):r;r1j, in (6) and (11) respectively, we have I'ry; > 0

if and only if f:f:;i_l] < (1 +§)x;+1] The latter is equivalent to 5&;_1] (1 - iif) < x;&j, which always
J

holds since the term in brackets on the left hand side of the inequality is always negative. Hence,

as long as byy; > 0 we can conclude that I'ty; € (0,1).

A.4.2 Proof of Proposition 2

As for the decentralized equilibrium, it involves two stages. First, we identify the efficient allocation

71+x

under temptation by solving max & In (ét — %) , subject to ¢ + gt = yr = zhy. Simple calculus

~ 1 Lix
gives hy = 2z, and &; = 2, ¥ —g;. Plugging the latter into the temporary utility of the representative

1+x

agent, the second stage problem involves max (1 + §) Inz; — £ In Z; subject to xy = zthy — g1 — ]iﬂrx
Lix

and 7y = 2, ¥ — g¢. The first order condition with respect to h; yields 33;1 (2t — hY) = 0, hence

1+x

ht = hf = zt;. The latter yields the efficient levels of output, y; = 2z, *

-

, and consumption,

* %
Gt =Y — G-

A.4.3 Proof of Proposition 1

At the steady state, the nominal (and real) interest rate is

(1+8) (w+by)

B 51040 (@t by) — &l

(A.128)
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Assuming w > 0, differentiating (A.128) with respect to respect & gives

2
B—R: w(w+by) 5 >0, and a—}2%<0
06 Blw+by(1+¢)] 73
Differentiating (A.128) with respect to respect b, gives
1 2
R ew0rO g PR
Oy Blw+by (1+¢)] oby

A.4.4 Proof of Proposition 4

Let U (x4, 7+) denote the temptation-augmented GHH utility under monetary policy J. We define

the consumption equivalent (CE) welfare cost as the unique solution 0 ; to the following equality:

EY B'U[w(csphug) Eug) = EY _ B'U [z (c(1—6,),h), i, (A.129)
t=0 t=0

Uy u@.,)

where the right hand side is the unconditional household’s lifetime welfare at the undistorted steady
state, with consumption ¢ diminished by a share § ;. Under the utility specification in (5), the right

hand side of (A.129) gives

(1-8)U®B;) = In [(1 —8)) ey — yHX}

1+ x
In[(1—6 vl —em[a s y
~fem|a-snay- Lo o] —em|a-span- ||
S
- 1n[w_5ch]—{gln [“’w_"gfcy]} (A.130)

where the first equality makes use of market clearing conditions (¢ = ¢,y and h = y) and &; = z;+by,

(I+x)ey—1

=% and y = 1.

and the second one follows from the fact that, at the efficient steady state, w =
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From the second-order welfare approximation, the left hand side of (A.129) yields

U, . ~ A~ N 7 7%
1-8U; = U-(1-5) %EZBt [ay (Jat — U1 )2 + awﬂg,t + ap(bas — bt)ﬂ
t=0

b

el
w

= In(w)— [gln <1+

1 ~ ~% ~ 7 7ok
+§ [AyVar (G — 9¢) + AyVar (7)) + AyVar(by, — bt)]

] (A.131)

SOT;

where the second equality follows from the steady state expression for U and the fact that E (ﬁtz) =
Var (0;) for generic variable v, with A; = —Uyay for ¢ = y, 7, b. Notice that the second order term
SOTy is a just linear transformation of the unconditional loss £ defined in (54): SOT; = -U,L.

Equating the expressions in (A.130) and (A.131), we obtain an implicit equation for ¢ ;:

In (w) — {g In <1 + lg)} +SOTy =Infw—dc,) — {gln [“_5*’%”] } (A.132)

w—07¢y

Notice that for the right hand side of (A.132) to be well-defined we need to impose the restriction
0y < % €(0,1).
Let’s start with the case of no temptation. Setting £ = 0 in (A.132), we find simple algebra

gives a unique solution 6§ K (with the superscript NK standing for “baseline New Keynesian”):
w
VK = — [1 = exp (SOT))] (A.133)
Y
Since in this case

SOTy = —U,Ly = —w ™t [xVar (e — 37) + %Var (771)] <0,

we have (51}7 K e <0, %) absent temptation, welfare costs are always positive.

Moving to the case of temptation, for analytical convenience, define m = w —d4cy and rewrite
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(A.132) as follows:

b 1 b, \ 1M
SOTy = —In (w) + [fln (1 + j)] +Inm — ¢ [fln (1 + ﬂi)] (A.134)

Let G (m) denote the right hand side of (A.134), which, again, is well-defined only for m > 0.

=

> .
= 0 for m = w, with

Simple calculus and algebra identify the following properties: i) G (m)

lim G (m) = —oo and lim G (m) = +o0; ii) G' (m) > 0 and G” (m) <0, with lim G’ (m) = 0.

m—0 m—-+o0o m—-4-oo

By these properties, it is straightforward to infer that, for any £ > 0, there exists a unique m* > 0

such that G (m*) = SOT;, where m* % w if and only if SOT; =

= 0. Equivalently, by the definition

of m and SOTj, we can conclude there exists a unique 0% < % such that Uy = U (07), where

5% EOifand only ifﬁJEO.
To study the relationship between welfare costs and temptation, let m* (£) denote the solution
m™* defined above as function of temptation £. By a simple application of the Implicit Function

Theorem, we have that
. 8SOT;  9G(m)
om*(€) _ “oe” ~ e (A.135)
23 G’ (m) '

m=m*

Simple calculus gives 8%(57”) % 0 for m % w. Suppose that asaog" > 0: namely, the unconditional

loss is strictly decreasing in £.°% Since G’ (m) > 0, from (A.135) and the fact that 6% = ¢, ! (w — m*)

(from the definition of m), we can conclude that ¢% is strictly decreasing in & for any 6% > 0.57

A.4.5 Proof of Proposition 5

Define a; = 1 + b, ;. Using standard notation, its log-linearization around the steady state yields

a¢ = % (375 — i”t) . Since Ny ~ N (O,a%) for n = z,g,e,vy, along the equilibrium path, all (log-
linearized) endogenous variables are mean-zero normally distributed variables. In particular, we

have that a; ~ N (0,0%t) , such that wy =lna; ~ N (u‘), J?U) with @w = Ina and J?U = Jgt. Hence,

56 Although this cannot be proved analytically, it appears to be the case in all our numerical simulations.
5TOur numerical analysis will show that &% is strictly decreasing in & also for negative values of §% .
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a; is log-normally distributed with mean @ and variance o2 given by, respectively,
2 2 —_;’_"'%u
a—=ePt3 G?L:(egi—l)e(w 2):a2(e°’12v—1)

Using there expressions, simple algebra gives w = Ina —In4/1 + g—é, such that the unconditional

expected costs of self-control are E[SC (a)] = {E (wy) = & <lna —Iny/1+ Z‘;) . Keeping the

unconditional mean @ constant, an increase in wealth volatility o2 always lowers E [SC (at)].
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