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Abstract: We develop a method for uniform valid confidence bands of a
nonparametric component fi in the general additive model Y = f1(X1) +
...+ fp(Xp) + ¢ in a high-dimensional setting. We employ sieve estimation
and embed it in a high-dimensional Z-estimation framework allowing us to
construct uniformly valid confidence bands for the first component fi. As
usual in high-dimensional settings where the number of regressors p may
increase with sample, a sparsity assumption is critical for the analysis. We
also run simulations studies which show that our proposed method gives
reliable results concerning the estimation properties and coverage properties
even in small samples. Finally, we illustrate our procedure with an empirical
application demonstrating the implementation and the use of the proposed
method in practice.
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1. Introduction

Nonparametric regression allows the estimation of the relationship f between
a target variable Y and input variables X = (Xj,... 7XZ,)T without imposing
(strong) functional assumptions:

Y = f(X1,...,X,) +¢,

where ¢ denotes the random error term satisfying E[e| X] = 0. When p is large,
estimation of the regression function f(Xy,..., X)) is practically infeasible due
to the curse of dimensionality. One approach to overcome this challenge that
has been very popular in statistics and econometrics is to impose additional
additive structure leading to generalized additive models (GAM):

Y=a+fi(X1)+...+ fo(Xp) +¢, (1.1)

where « is a constant and f;(-),j = 1,...,p are smooth univariate functions.
The idea of GAMs can be traced back to Friedman and Stuetzle (1981), Stone
(1985) and Hastie and Tibshirani (1990). Estimation and inference in the low-
dimensional setting with fixed p has been analyzed widely in the literature. For
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an introduction to GAMs we refer to the textbook treatments by Hastie and
Tibshirani (1990) and Wood (2017). In recent years, considerable progress has
been made in understanding and analyzing GAMs in high-dimensional settings
(i.e., when the number of components can grow with the sample size) under
the additional assumption that only a small subset of the components of size
s are non-zero. In high-dimensional settings the focus has been on theoretical
results on the estimation rate of sparse additive models. This has been analyzed
in Sardy and Tseng (2004), Lin and Zhang (2006) and many others (Ravikumar
et al., 2009; Meier et al., 2009; Huang et al., 2010; Koltchinskii and Yuan, 2010;
Kato, 2012; Petersen et al., 2016; Lou et al., 2016). How to perform statistical
inference for the model has shown to be a much more challenging problem. Con-
fidence bands that measure the uncertainty of the estimation in a setting with
fixed dimension have been widely studied by Héardle (1989), Sun and Loader
(1994), Fan and Zhang (2000), Claeskens and Keilegom (2003) and Zhang and
Peng (2010). A standard assumption in high-dimensions is sparsity meaning
that only a small subset of s components is different from zero. Results regard-
ing inference for GAMs in a high-dimensional setting have been derived only
recently. We discuss these results in the next paragraphs and emphasize our
contribution to the existing literature.

Kozbur (2015) proposes an estimation and inference method for a single
target component called Post-Nonparametric Double Selection which is an ap-
plication of the Double Machine Learning approach developed in Belloni et al.
(2014b). Our work contributes to this expanding literature on high-dimensional
inference, especially to the Debiased/Double Machine Learning literature. Re-
sults for valid confidence intervals for low dimensional parameters in high-
dimensional linear models were also derived in van de Geer et al. (2014) and
Zhang and Zhang (2014). For a survey on post-selection inference in high-
dimensional settings and generalization we refer to Chernozhukov et al. (2015b).
We consider the same setting as Kozbur (2015), i.e., a more general additively
separable model

Y = fl(Xl) + f—l(X27 N 7Xp) + ¢,

that includes the general additive model (GAM)
Y=o+ fi(X1)+...+ fp(Xp) +e

Kozbur (2015) focuses on inference on functionals of the form 6 = a(f;) and
obtains pointwise confidence intervals based on a penalized series estimator. In
contrast, we are able to construct uniformly valid confidence bands for the whole
function f;. Our paper builds on recent results, allowing for inference on high-
dimensional target parameters, provided by Belloni et al. (2018) and Belloni
et al. (2014a). Further, Kozbur (2015) relies on two high level assumptions on
lasso estimation and variable selection (see Assumptions 9 and 10 in Kozbur
(2015)) that are hard to verify. We clarify technical requirements and provide
results on uniform lasso estimation that are needed to perform valid inference.

Gregory et al. (2016) use the so-called Debiasing approach in Zhang and
Zhang (2014) to estimate the first component f; in a high-dimensional GAM
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where the number p of additive components may increase with sample size.
The estimator is constructed in two steps. The first step is an undersmoothed
estimator based on near-orthogonal projections with a group Lasso bias correc-
tion. Then a debiased version of the first step estimator is used to construct
pseudo responses Y. In the second step a smoothing method is applied to a
nonparametric regression problem with Y and covariates X;. Under sparsity
assumptions on the number of nonzero additive components, they show the so
called oracle property meaning asymptotic equivalence of their estimator and
the oracle estimator where the functions fs,. .., f, are known. The asymptotics
of the oracle estimator are well understood and carry over to the proposed de-
biasing estimate including methodology to construct uniformly valid confidence
intervals for f;. Nevertheless, Gregory et al. (2016) do not explicitly focus on
inference and they need much stronger assumptions to let the oracle property
hold. For example, they assume normally distributed errors that need to be
independent to X. Further, they assume a bounded support of X. As in our
paper, they choose a large set of basis functions (e.g., polynomials or splines)
to approximate the components f; and f_;. However, we allow the degree of
approximating functions to grow to infinity with increasing sample size.

Lu et al. (2020) provide an explicit procedure for constructing uniformly
valid confidence bands for components in high-dimensional additive models.
They argue that this is a challenging problem, as a direct generalization of the
ideas for the fixed dimensional case is difficult. Confidence bands in the low-
dimensional case are mostly built upon kernel methods, while estimators for
sparse additive models are sieve estimators based on dictionaries. To derive their
results, Lu et al. (2020) have to combine both kernel and sieve methods to utilize
the advantages of each method resulting in a kernel-sieves hybrid estimator.
This also leads to a two-step estimator with many tuning parameters as the
bandwidth and penalization levels that need to be chosen by cross-validation.
The advantage of our estimator is that we can stay in the sieves framework and
nevertheless derive valid confidence bands. This is possible as we consider the
problem as a high-dimensional Z-estimation problem utilizing recent results from
Belloni et al. (2018). We also provide a theory driven choice of the penalization
level. As in Gregory et al. (2016), Lu et al. (2020) assume normally distributed
errors that are independent to X. This is much more restrictive than in our
paper since we only need to assume sub-exponential tails and we allow for
heteroscedastic error terms. Further, they assume that the number of non-zero
components s = O(1) is bounded. In our setting, s may grow to infinity with
increasing sample size. Nevertheless, their approach differs from ours in that
they consider an ATLAS model, in which they only need to impose a local
sparsity structure.

The finite sample properties of our estimator are evaluated in a simulation
study that is based on the data generating processes in Gregory et al. (2016).
The results show that the suggested method is able to perform valid simulta-
neous inference even in small and high-dimensional settings. Finally, we include
an empirical application to the Boston housing data and provide evidence on
nonlinear effects of certain socio-economic factors on house prices.
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1.1. Organization of the Paper

The paper is organized as follows. In Section 2, the setting is outlined. Section 3
introduces the estimation method. In Section 4, the main result is provided. A
simulation study, highlighting the small sample properties and implementation
of our proposed method, is presented in Section 5. Section 6 illustrates the use
of the method in an empirical application to the Boston housing data. The proof
of the main theorem is provided in Section 7. The Appendix includes additional
technical material. In Appendix A, a general result for uniform inference about
a high-dimensional linear functional is presented. Appendix B provides results
regarding uniform lasso estimation rates in high-dimensions. Finally, computa-
tional details are presented in Appendix C.

1.2. Notation

Throughout the paper we consider a random element W from some common
probability space (£2,.4, P). We denote by P € P, a probability measure out
of large class of probability measures, which may vary with the sample size
(since the model is allowed to change with n) and P,, the empirical probability
measure. Additionally, let E respectively E,, be the expectation with respect to
P, respectively IP,,, and G, (-) denotes the empirical process

Gn(f) :=+/n (:L Z J(Ws) — EV(WM)

for a class of suitably measurable functions F : W — R. || - ||p,q denotes the
L%(P)-norm. In the following, we write ||- ||y, for the Orlicz-norm that is defined
as

[Wllw, :=inf {C > 0: Efexp((|W|/C)?) —1] <1}

for p > 1. Further, |jv|l1 = >_}_, |u| denotes the ¢1-norm, |[v|j2 = VvTv the lo-
norm and ||v||o equals the number of non-zero components of a vector v € RP.
We define v_; := (v1,...,0-1,041...,0p)T € RP7L for any 1 <1 < p. [|v]joo =
sup;_;,..p |vi| denotes the sup-norm. Let ¢ and C' denote positive constants
independent of n with values that may change at each appearance. The notation
an < by, means a, < Cb, for all n and some C. Furthermore a,, = o(1) denotes
that there exists a sequence (b,,)>1 of positive numbers such that |a,| < b, for
all n where b, is independent of P € P,, for all n and b,, converges to zero.
Finally, a, = Op(b,) means that for any ¢ > 0, there exists a C such that
P(a, > Cby,) < € for all n.
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2. Setting

Consider the following nonparametric additively separable model
Y = f(X)+e=fi(X1) + f-1(Xo1) +¢

with E[¢|X] = 0 and Var(e|X) > c. Let the scalar response Y and features
X = (Xy,...,X,) take values in Y respectively X = (X1,...,X},). We assume
to observe n i.i.d. copies (W), = (YO, X\ of W = (Y, X), where the
number of covariates p is allowed to grow with sample size n. For identifiability,
we assume E[f_1(X_1)] = 0. We aim to construct uniformly valid confidence
regions for the first nonparametric component of the regression function, namely
we want to find functions {(z) and @(x) converging to fi(x) with

P (Z(x) < fi(z) < a(x), Ve € I) —1-a.

Here, I C X is a bounded interval of interest where we want to conduct in-
ference. We approximate f; and f_; by a linear combination of approximating
functions g1, ...,94, and hi, ..., hq,, respectively. Define

g(l‘) = (91(.23), < 9dy (m))T

for x € R and
h(ﬂ?) = (hl(m)? s hay (‘r))T

for x € RP~1. It is important to note that we allow the number of approximating
functions d; and ds to increase with sample size. Assume that the approxima-
tions are given by

fi(X1) =05 9(X1) + b1 (X1), (2.1)
where 6y, € ©; and analogously
fo1(X21) = By M(X 1) + ba(X_1), (2.2)

where b; and by denote the error terms. Additionally, it is convenient to define
the combination

2(2) = (91(2), - ga, (2), (@), - hay ()T

for x € RP, where we abbreviate
Z = Z(X) = (gl(X1)7 <5 9dy (Xl)v hl(Xfl)a R hd2 (Xfl))T'

For each element g; of g, we consider

a(X1) = (W72 + 08 (Z_) +v® (2.3)
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and E[v®|Z_;] = 0 and Var(v(|Z_;) > c. This corresponds to
Elgi(X1)|Z1) = )2+ (z
lg(XD)Z1] = (") Z-1+b3°(Z-0),

with approximation error bgl)(Z_l). The second stage equation (2.3) is used to
construct an orthogonal score function for valid inference in a high-dimensional
setting as in Chernozhukov et al. (2017). Estimating

() ~ 67 g()
can be recast into a general Z-estimation problem of the form
E[wl(WQO,lynO,l)] =0 le 1,...,d1

with target parameter 6y where the score functions are defined by

(W.0,m) = (Y = 09u(X1) = ()7 2 = ()
: (gl(Xl) —(n®T'z_, - 77(4)(271)) :
Here,

@) G, 77(4))T

n=n",n%n

with n1) € Rhitd2—1 5(2) ¢ Rh+d2—1 p(3) ¢ ¢o°(RP) and p?) € ¢ (RO +d2—1),
The true nuisance parameter 1 is given by

77((),11) = 56”
77((),1) = 7((11)
0y (X) = by (X1) + ba(X 1)
77(()41)(Z*l) = b:(sl)(Z—l)a

where ﬁél) is defined as

!
/3(()) = (00,15 +00,1-1, 00,141, - - - 00.dys Bo1s - -+ Bosdz) " -

Essentially, the index [ determines which coefficient is not contained in ,Bél). The
third part of the nuisance functions captures the error made by the approxima-
tion of fi; and f_i, which is independent from [. Therefore we sometimes omit

l.

Comment 2.1. The score 1 is linear, meaning

LW, 0,n) = (X, 0P, )0 + P (X, )

with
(X, nW) = —q(X1)(0(X1) — @) 22 — W (Z22)))
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and
(X)) = (Y = (") 22 =@ (X)) (qu(X1) = ()T 2 — W (Z_y))

foralll=1,...,d;.

Comment 2.2. The score function v satisfies the moment condition, namely

E [wl(W7 60,[7 T]O,l)] =0

for all I = 1,...,dy, and, given further conditions mentioned in Section 4, the
near Neyman orthogonality condition

Dyo[n,mo,) = O {E[er (W, 001,10, + t(n — 770,l))]}|t:0 < 6o t2

where 0; denotes the derivative with respect to ¢ and (0,),>1 & sequence of
positive constants converging to zero.

3. Estimation

In this section we describe our estimation method and how the uniform valid
confidence bands are constructed. The nuisance functions are estimated by lasso
regressions. Finally, they are plugged into the moment conditions and solved for
the target parameters, which yield an estimate for the first component fl. The
lower and upper curve of the confidence bands are finally based on the estimated
covariance matrix and a critical value which is determined by a multiplier boot-
strap procedure. The details are given in this section.
Let

9(@) = (g1(@), ., gay ()" € REX,

and

VW, 0,m) = (Lr(W,01,m1), -, ay, (W, 04y,ma,))" € REX

for some vector

0=(0,...,00,)"
and
n= (. na)"
For each | = 1,...,dy, let 7y = (ﬁl(l),f]l(z),ﬁl(g),ﬁl(4)) be an estimator of the
nuisance function. The estimator 8y of the target parameter
0o = (0o,1,---,00,a,)"
is defined as the solution of

s B [ (wdua)]| - g

E, [%(W 977%)} ‘} < én, (3.1)
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where €, = o (5nn’1/ 2) is the numerical tolerance. Finally, the target function
f1(-) can be estimated by

Fi() =05 90). (3.2)
Define the Jacobian matrix
8 .
Jo = 80 [w(We 'I’]O)} :dlag(J071,...7J0)d1) ERledl
0=0,

with
Jo, = B[ (W, 77(()21)777(()41))]
~E[(%6) Zi + b5 (Z-0) + v D))
E[ (66" 70+ 8020 EO|Z1) | - B[]
=0
= —E[(v")?]
forall ] =1,...,d;. Observe that
E[(W, 60, no)(W,00,m0)" | = Sy,

is the covariance matrix of ev := (81/(1), e ,€I/(d1)). Define the approximate
covariance matrix

S s = Jo 'E[¢(W, 00, 10) ¢ (W, 00,m0) ] (Jg )T
_ JJIZEV(JJI)T c Rledl

with
E[(sv™M)?] E[eu(l)su(2)] E[au(l)au(dl)}
E[(v(1))2]2 E[(v)2E[(v@)2] "7 E[(v()2]E[(v(%1))?]
]]‘I[EV(2)6V(1)] E[(sv®)?] E au(z)au(dl)}
En - = E[(y(2))2]E[(u(l))2] E[(V(z))z]E ce F[(V@))z]m(y(dl))?]
]E[su(dl)sy(l)] ]E[su(‘ll)ey(2)] E[(er(91))?]
B[ T PE(™D)] B[R] B[ )2

The approximate covariance matrix can be estimated by replacing every expec-
tation by the empirical analog and plugging in the estimated parameters

S = T [o(W,0,2) (W, 0,7)T](J~HT
— JIS, (YT

E,[(¢51))2] E, [e0Me0®] E, [e0Menth)]
E,[(p(1))2]2 E,[(0MW)2EL[(6@)2] 77 En[(0M)2]E,[(2(41))2]
E, [602ep™D E,[(¢6)2] E, [e0®en(h)]
— | Ex[(@@)2]E,[(p(1))2] E.[(¥ (2)) ]2 T ER[(0@)2E, [(2(40))2]
E, [e0(®)ep™] E, [e0()ep®] E, [(¢5(4)2]
E,[(04D)2]E, [(0(M)2]  E,[(0(dD)2]E,[(2(1)2] 7" E,[(p(41))2]2
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This estimated covariance matrix can be used to construct the confidence bands

; (9()"Eng () *cq
Vn
; (9(2)"Sng(@))/?cq
_ T ,
where ¢, is a critical value determined by the following standard multiplier
bootstrap method introduced in Chernozhukov et al. (2013). Define

e () = (9(2) " Sng (@) 2g(x)" J5 (-, o, 7o)
and let
R . 1 &« -
g = (gz>x€I = <\/ﬁ ;flwI(WJ)zGI ;

where (&), are independent standard normal random variables (especially
independent from (W;)"_;). The multiplier bootstrap critical value ¢, is given by
the (1—a)-quantile of the conditional distribution of sup,¢; |G| given (W;)i,.

4. Main Results

We now specify the conditions that are required to construct the uniformly valid
confidence bands. Since we would like to represent f; and f_; by their approxi-
mations in (2.1) and (2.2) we need to choose an appropriate set of approximating

functions. Let d,, := max(dy, da,n,e) and C a strictly positive constant indepen-
dent of n and . Additionally we set ¢; := sup,c; [|g(z)|lo < di. The following
assumptions hold uniformly in n > ng, P € Pp:

Assumption A.1.

(i) It holds

inf |lg(x)||3 > ¢ >0, sup sup |g(z)]<C < oo
zel zel

I=1,....d;

and for all e > 0

Ay
log Nz g(1). | 2) < Coutog (22 ).
(i) There exists 1 < p < 2 such that

max (165 (Z-0) v, <O [bu(X0) + ba(X-1)w, < C.

ce,ady
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Additionally, the approzimation errors obey

E{(bl(xl) + b2(X,1))2} < Cslog(dy)/n,

max E[(0(20))°] < Cslog(d)/n

1=1,....d;

and

E, {(51(X1) + b2(X71))2} - ]E[(bl(Xl) + bz(Xfl))ﬂ < Cslog(dn)/n,

max (5, [0 (2.0))°"] ~ B[ (2.))*]) < Cslog(d,)/n.

I=1,...,d1

(iii) We have

sup E [(fTZ)Q(bl(Xl) +b2(x_1))2} < CE [(bl(Xl) +b2(X_1))2]

leflz=1
and
sup E [(gTZ)2(bg”(Z,l))2] <CE [(bg”(z,l)ﬂ
[I€ll2=1
forl=1,...,dy.

(iv) It holds
E [0 (b1(X1) +ba(X 1)) | < Con™ 172

with &, = a(tl_% log_%(An)),

Assumption A.1(¢) contains regularity conditions on g. We assume that the
infimum of the f3-norm of g(z) is bounded away from zero, but the supremum is
allowed to increase with sample size (affecting the growth conditions in A.2(v)).
The lower bound on the infimum is not necessary and can be replaced by a
decaying sequence at the cost of stricter growth rates. The Assumptions A.1(47)
and (i7¢) are tail and moment conditions on the approximation error. These as-
sumptions are mild since the number of approximating functions may increase
with sample size. Finally, Assumption A.1(iv) ensures that the violation of the
exact Neyman Orthogonality due to the approximation errors is negligible. It
is worth to notice that if b1 (X;) and by(X_1) are measurable with respect to
Z_; (for example in the linear approximate sparse setting for the conditional ex-
pectation) the exact Neyman Orthogonality holds. Now, we go more into detail
regarding the condition on the covering number of the image of g. Especially if
t1 < dj the complexity of the approximating functions is reduced significantly.
One obtains

-

1
1

)
o) < |J g9 ),

1
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where each gl )(I ) is only dependent on ¢; nonzero components. It is straight-
forward to see that for each g\9)(I) the covering numbers satisfy

) 6sup,e [lg(@)]l2 "
N(eg (D), |- []) < (—Reel i

(cf. Van der Vaart and Wellner (1996)), implying

(%))
log N(e,9(1), || - [|2) < log | >~ N(e, g9 (1), ]| - [l2)

J=1

<log ((e;h)tl <6SUPmeleg(l')|2)tl>
1

<1, log (<Ged1 SUD,ef ||g(:r)||2> 1)

tl €
d
< Ctqlog (;) .

For specific classes of approximating functions the complexity can be further
reduced.

Assumption A. 2.

(i) For alll=1,...,dy, O contains a ball of radius
log(log(n))n~/?log"?(d, V €) log(n)

centered at 0y with

sup sup |6;] < C.
1=1,....,d1 ,€6,

(i) It holds
18810 < s, 1812 < ©
foralll=1,...,d; and

Oy < O, <
g ol < o e, Inole < ©

(iii) There exists 1 < p < 2 such that

7 < C <C.
jmax M2l <C el <

(iv) It holds

inf E[(¢T2)%]>cand sup E[(T2)Y]<C,
ll€ll2=1 ll€ll2=1

and the eigenvalues of the covariance matrix 3., are bounded from above
and away from zero.
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(v) There exists a fized G > 4 such that

2,3 244 -
(a) TL% 57ty log pfldn)log(An) — 0(1)7

n

() i mssrloEetosth o) (o3 (0 v 5882 ) — 1)

6
P

dy) log” (A,
(;L) g'( ):0(1).

(C) n% 1% log
Assumptions A.2(¢) and (ii) are regularity and sparsity conditions, where the
number of nonzero regression coefficients s = s,, is allowed to grow to infinity
with increasing sample size. A detailed comment on the sparsity condition is
given in Comment 4.2. Assumption A.2(iii) contains tail conditions on the ap-
proximating functions (and therefore on the original variables) as well as for
the error term. Assumption A.2(iv) is a standard eigenvalue condition, which
restricts the correlation between the basis elements (and therefore between the
original variables). For example, if the conditional variance of v® is uniformly
bounded away from zero the second inequality of A.2(iv) holds. Finally, As-
sumption A.2(v) provides the growth conditions. These are given in general
terms and depend on the choice of the approximation functions. Choosing B-
Splines simplifies the growth conditions significantly as we discuss in Comment
4.1.

Theorem 1. Given conditions A.1 and A.2 it holds that
P (Z(x) < fi(x) < a(x),Va € I) —1-«

uniformly over P € P, where ¢, is a critical value determined by a multiplier
bootstrap method.

Comment 4.1. [B-Splines] An appropriate and common choice in series esti-
mation are B-Splines. B-Splines are positive and local in the sense that g(z) > 0
and sup,c; [lg(z)|lo < t1 for every z, where t; is the degree of the spline. The
l;-norm of B-Splines is equal to 1, meaning

dy
lg(@)llx = Zgj(x) =1

for every x (partition of unity). Hence, Assumption A.1(4) is met with

1
—— < inf ||g(z)||2 <supllg(z)]|2<1 and sup sup |g(z)| <1.
7 < Infllg(@)lz wE[H (@)l2 weuzlwdll (@)
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The covering numbers of g(I) is given by

logN(s,g(I), H ’ ||2) < IOg ZN(&‘,g(j)(I), ” ’ HZ)

1
6d;" sup,er [lg(x)l2
9

<t log

< Clog (d;) :

Choosing the degree of the B-Splines of order ¢; = log(n), the growth rates in
Assumption A.2(v) simplify to

2log?"% (d,,) log(d log™ % (d
57 10g ( n) Og( 1) :0(1) and ’I’L% 0og ( 1)
n n

1
q

n

=o(1).
It is worth to notice that in the first growth condition

s210g?" 7 (d,,) log(dy)
n

Q|-

n

=o(1)

both the total number of approximating functions d; and ds, and the number
of relevant functions s may grow with the sample size in a balanced way. If s
is bounded, the number of approximating functions can grow at an exponential
rate with the sample size. This means that the set of approximating functions
can be much larger than the sample size, only the number of relevant function s
has to be smaller than the sample size. This situation is common for lasso based
estimators. Our growth condition is in line with other results in the literature,
e.g., Belloni et al. (2018), Belloni et al. (2014a) and many others. The second
growth condition ensures that

log™ 7 (dy)
n

Q=

n =o(1)

and is in line with Chernozhukov et al. (2013). It guarantees the validity of
multiplier bootstrap in our setting and allows us to construct uniformly valid
confidence regions.

Comment 4.2. The sparsity condition in A.2(i¢) restrict the number of nonzero
regression coefficients s = s,, in the Equations 2.1, 2.2 and 2.3. Through this, we
especially assume that the regression function f can be approximated sufficiently
well by only s relevant basis functions. Note that we do not directly control the
number of relevant covariables, but the number of approximating functions in
total. This is another sparsity condition as in Gregory et al. (2016) and Lu et al.
(2020) who restrict the number of relevant additive components in the GAM
model 1.1. Our model also includes the approximate sparse setting due to the
error terms by and by in 2.1 and 2.2. This is more flexible and more realistic for
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many applications.

Furthermore, we do not define 62 g(X1) as the best projection of f(X7) in 2.1
(and BT (X _1) for f_1(X_1) in 2.2) as in Gregory et al. (2016). We only assume
a sparse projection which is ”close” to the best projection where the distance is
measured with || - || p2 as described in Assumption A.1(i7).

5. Simulation Results

To verify the theoretical guarantees of our estimator in practice we perform a
simulation study which is based on the settings in Gregory et al. (2016) and
Meier et al. (2009). We consider the finite sample performance of our estimator
in a high-dimensional model of the form

P
vi= Y fi(@ig) + €,
j=1

with ¢ = 1,...,n, j = 1,...,p. The definition of the functions f;(x;), j =
1,...,7, are presented in Table 1. We extend the initial setting in Gregory
et al. (2016) to allow for heteroscedasticity, i.e., we specify ¢; ~ N(0,0;) with
oj = o (14 |z;]) and ¢ = /2. This value for ¢ ensures a signal-to-noise
ratio that is comparable to the settings in Gregory et al. (2016). Data sets are
generated for scenarios with dimensions n € {100,1000} and p € {50,150}.
In all cases, sparsity is imposed by only allowing the first four components,
f1,---, f4, to be non-zero. The regressors X are marginally uniformly distributed
on an interval I = [~2.5,2.5] with correlation matrix ¥ with ¥y, = 0.5/F=!
1 <k, < p, which corresponds to the setting in Gregory et al. (2016) with the
strongest correlation structure.

Component  Function

1 fi(z1) = —sin(2 - z)
2 fa(w2) =2® — 8
3 fg(xg) =
4 fa(z4) = exp(—z) — £ - sinh(3)
57 tt ,p f] (x]) =
TABLE 1

Definition of the functions in the data generating processes that are used in the simulation
study. Data generating processes are based on settings in Gregory et al. (2016) and Meier
et al. (2009).

In the simulation, we use the previously suggested estimator to generate
predictions fj(xj) for the function f;(z;) and construct simultaneous confidence
bands that are defined by ij(xj) and 4;(z;), accordingly. The functions f;(z;)
in the additive model are approximated using cubic B-splines. Variable selection
is performed using post-lasso with theory-based choice of the penalty level as
implemented in the R package hdm (Chernozhukov et al., 2015a). Further details
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related to the implementation and parametrization in the simulation study can
be found in Appendix C.

Table 2 presents the empirical coverage achieved by the estimated simultane-
ous 95%-confidence bands in R = 500 repetitions as constructed over an interval
of z; I =[—2,2]. A confidence band is considered to cover the function f;(z;)
if it contains the true function entirely, i.e., if for all values of x; € I it holds
that l}- (xj) < fi(z;) < Gj(z;). The results serve as empirical evidence on the
validity of the method. In most cases, the empirical coverage approaches 95%
or is above the nominal level. This observation can be made even for the setting
with more regressors than observations.

n P f1 f2 I3 fa f5

100 50 0.994 0.982 0.968 0.938 0.990
100 150 | 0.992 0.976 0.952 0.886 0.988
1000 50 0.998 0.980 0.962 0.848 1.000
1000 150 1.000 0.968 0.986 0.806 1.000

TABLE 2
Simulation results. Coverage achieved by simultaneous 0.95%-confidence bands in R = 500
repetitions as generated over a range of values of xj, I =[—2,2].

The first two plots in Figure 1 illustrate the averaged confidence bands as
constructed for four different intervals of z;, i.e., I = [—xo,xo] with zy =
0.5,1.0,1.5,2. It can be observed that as the interval I becomes wider, the
width of the confidence bands increases, as well. The two plots at the bottom
of Figure 1 show the empirical coverage as obtained for a sequence of values
xo,; with I = [—xgj,z0 ;] with zo; = 0.01,0.02,...,2. Whereas the coverage
remains stable over a wide range of x¢ ; values, the coverage decreases slightly
for larger x ;. This behavior arises due to boundary problems that are com-
mon in most nonparametric smoothing methods and explain the relatively low
coverage achieved for fj.
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°
°
o

Coverage
Coverage

0.90 0.90

Ix1 x|

Fig 1: Simulation results for setting with n = 100 and p = 150. (Top) Gray
shaded areas illustrate averaged 95%-confidence bands obtained in R = 500
repetitions for functions fi(x1) and f2(z2). Blue lines correspond to the esti-
mated functions fj(acj) and green lines to the true functions f;(z;). (Bottom)
Empirical coverage achieved by confidence bands for a sequence of values zg ;
with I(z;) = [~ ;, xo, ;] with ;0 = 0.01,0.02,...,2. Plots on the left refer to
fi(x1), plots on the right to fa(x2).

6. Empirical Application

As a real-data example, we apply our estimator to the Boston housing data that
has been first used in Harrison Jr and Rubinfeld (1978) and later been reassessed
in several studies, e.g., Kong and Xia (2012) and Doksum and Samarov (1995).
The data set is available via the R package mlbench (Leisch and Dimitriadou,
2010; Newman et al., 1998). The data contain information on housing prices for
n = 506 census tracts in Boston based on the 1970 census. We perform inference
on the effect of 11 continuous variables on the dependent variable M EDV which
measures the median value of owner-occupied homes (in USD 1000’s). A list of
the explanatory variables is provided in Table 3.
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MEDV median value of owner-occupied homes in USD 1000’s

LSTAT percentage of lower status of the population

CRIM per capita crime rate by town

NOX nitric oxides

TAX full-value property-tax rate per USD 10,000

AGE proportion of owner-occupied units built prior to 1940

DIST weighted distances to five Boston employment centres

RM average number of rooms per dwelling

INDUS proportion of non-retail business acres per town

ZN proportion of residential land zoned for lots over 25,000 sq.ft

BLACK 1000(B — 0.63)? where B is the proportion of blacks by town

PTRATIO  pupil-teacher ratio by town

CHAS Charles River dummy variable (= 1 if tract bounds river; 0 otherwise)
TABLE 3

List of variables in the analysis of the Boston housing data.

The implemented model is given by

MEDV; =f1(LSTAT;) + fo(CRIM;) + f3(NOX;) + f4(TAX;)+
f5(AGE;) + fo(DIST;) + f7(RM;) + fs(INDUS;)+
fo(ZN;) + f10(BLACK;) + f11(PTRATIO;) + v - CHAS +¢;.

As in the simulation study, the functions f;(x;) are approximated with cubic
B-splines and variable selection is performed using post-lasso with theory-based
choice of the penalty term. The smoothing parameters k = {k;, k_;} have been
determined according to a heuristic cross-validation rule that is outlined in Ap-
pendix C. The results illustrated in Figure 2 suggest nonlinear and significant
effects for the variables LSTAT and RM that are generally in line with economic
intuition and the findings in Kong and Xia (2012) and Doksum and Samarov
(1995). Whereas for small values of the LSTAT variable, i.e., the percentage of
lower status of the population, the estimated effect fl (LSTAT) is positive, it
decreases and, finally, becomes negative for higher values of LSTAT. The non-
linearities found for variable RM suggest that the average number of rooms per
dwelling impacts housing prices positively if the average number of rooms ex-
ceeds seven. The results for the other regressors that are presented in Appendix
C point at nonlinear effects that are, however, not significant.
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Fig 2: Plots of f1(LSTAT) and f(RM) with simultaneous 95%-confidence bands
in the Boston housing data application.

7. Proofs

Proof of Theorem 1.

We will prove that the Assumptions A.1 and A.2 imply the Assumptions B.1-
B.5 stated in Appendix A and then the claim follows by applying Theorem 2.
Without loss of generality, we assume min(dy,n) > e to simplify notation.

Assumption B.1
Both conditions (¢) and (i¢) are directly assumed in A.1(7). Due to A.1(ii) and
A.2(4v) it holds

E|")?] =E|(@(x1) = (1)) 20 = 5(2-)) ]

<o gm,mer 2 00120
C

A

where we used that H’y(()l) l2 < C. It holds
E {(u(l)))z} > Var(vW|Z_)) > e

Since the eigenvalues of ¥, are bounded from above and away from zero,
Y, = Jy e (Jy )T e RIxd

directly implies B.1(4i%).
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Assumption B.2

For each [ =1,...,d;, the moment condition holds
E [ (W, bo.m0.)] = E[ (Y = £(0) (9u(X2) = () 20 =08 (2-0)) |
= E[sl/(l)]
=E[vDE[¢]X]]
=0
=0.
Foralll =1,...,d, define the convex set

T = {n — (D, 7@ 5@ p@NT () (@) ¢ Rertda—1,
n® e goo(Rp)’n(‘l) c goo(Rdﬁdz—l)}
and endow T; with the norm

Inlle = masx { @, 1@ 12, 1D Ol p2, 0D (Z-0) 12 }

Further, let 7, := H%(Jn)

set
7= {77 ey m® =0,7" =0,[nW]oV 0o < Cs,
17D = B8 la v 0@ = P2 < O

17 = 851 v 110 =2 < Cﬁfn} U {moa}

19

and define the corresponding nuisance realization

for a sufficiently large constant C'. For arbitrary random variables X and Y it

holds

[EX|Y][w, : =nf{C > 0: E[Y,([E[X]Y]|/C)] < 1}
inf{C > 0: E[E[V,(|X|/C)|Y]] <1}
1 X lw, -

IN |

Due to Assumption A.2(424) this implies

l
Jmax vy, = max, g (%) - Elo(X0)1 2 |,

[RRRE)

< max |g(X1)llw, + max |E[g(X1)|Z-i]llw,
=T, ds =T, ds
< (C.

~

imsart-generic ver. 2014/10/16 file: Article.tex date: April 6, 2020



Bach, Klaassen, Kueck, Spindler/ Uniform Inference in High-Dimensional GAMs 20

Therefore, we are able to bound the ¢-th moments of the maxima by

1
B |, o, WO =), 15O1leg

=1,...,a1 =4...,01
<q @
<l max (v,

It EEEE]

1_
< gllogr ™' )] _max |vV|lls,

yeeesdl

1_ 1
< Catlogh ™ (2)logh (1-+ dy) max v,

yeeeydl

< Clog? (dy)

where C does depend on ¢ and p but not on n. For F := {ev® : 1 =1,... d;}
it holds

S,:=E L sup  [v/nEn [Yi(W, 60,1,m0,)]]

=1,...,d1

=E |sup Gn(f)
fer

and the envelope sup ;. » | f| satisfies

l
| max vy < el max v pa,

< Clog? (dy).
We can apply Lemma P.2 from Belloni et al. (2018) with |F| = d; to obtain

logi*1(dy) |
Sp < C’log%(dl) + Clog%(dl) (né Ognl> < log%(dl),

due to A.2(v)(a). Finally, Assumption A.2(¢) implies B.2(7). Assumption B.2(47)
holds since for all I = 1,...,dy, the map (6;, ;) — ¥ (X, 0;,m) is twice continu-
ously Gateaux-differentiable on ©; x 7;, which directly implies the differentiabil-
ity of the map (6;,m) — E[(X, 0;,m)]. Additionally, for every n € T, \ {no,},
we have

Dyon,no.4] := O {E[ (W, 00,0, m0,0 + t(n N H,—o
=E [0 {1 (W, 00,1, 10, +t(77—770,l }]|t=0

=K [@{ Y — 00,191(X1) — (77(()}1) + (™ - 77(()11))) Z
= (5 () + 100 = ) () )

(9i(x1) - (n 2t — ) 2

imsart-generic ver. 2014/10/16 file: Article.tex date: April 6, 2020



Bach, Klaassen, Kueck, Spindler/ Uniform Inference in High-Dimensional GAMs 21
4 4
- 0+ 220 - 2-0)
t=0
2
=E |e(n}) =07z + B O () - nV)7 2]

+E [= (0 (20 = nD(Z-0) | +E [0 (5§ (X) = 1@ (X))

with
E et = @) 2| =E (1] = n®) " Z-EL1X]| =0,

E [V(l)(n((),ll) _ n(l))TZ_l} ) {(77(()31) _ n(l))TZ_lE[y(lHZ_l]} =0,

E[= (w220 =0 (2-0)) | = E[ (v} (2-) = n(2-)) EEIX]] = 0
and

E [ (057 (X) =0 (X)) | = B [vO (br(X2) + ba(X-)) | < OO

_3
due to Assumption A.1 with 6, = o(t; * log™%(A,,)). Due to the linearity of the
score and the moment condition it holds

E[(W, 01,m0,1)] = Jo,1(61 — 0o,1)

and due to
|Jog| = E [(,,(l))z}

Assumption B.2(iv) is satisfied.
Forallt € [0,1),l=1,...,d1,0, € ©1,m € T\ {no,} we have

E [(M(W Or,m) — (W, 60, 770,1))2}
=E [(1/11(W7 Or,m) — vi(W, 00,0,m0) + (W, 0o,0,m) — i (W, 0o, 770,1))2}
< C(E [(wl(W, O1,m) — vi(W, 80,1, 771))2}
VE {WJZ(W, Oo,0,m) — Yr(W, 0o, 770,1))2} )

with
E [(W(W 01, m) — i (W, 6,1, 771))2}

= 1000, | (X0 (C60) ~ 0720 = (20)|

Nl

< C|0; — 6o, (E [0(X1)' E {(91()(1) - (HI(Z))TZ—I - 771(4)(Zl)>4]>
< Cl6; — 00,
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due to Assumption A.2(i3), (iv) and the definition of 7;. With similar arguments
we obtain

E [(T/JZ(W, Oo.1,m) — Yi(W, 00,1, 770,1))2}

=K

((Y —00,091(X1) — (nl(l))Tzfl - 771(3) (X)) (gl(Xl) - (7]1(2))TZ4 - 771(4)(271))

2
(¥ = Boagn(X0) = 05D 2 = (X)) (9(X0) = () 2o = 0 (2 >)) ]

<(Y Oo.191(X1) — (z(l))TZfl—m(g)(X))

(6274 ) 20)

+ (gl<X1> — ) 2~ né,?(z_o)
2
(] =Tz 4 (x) - 77{3)()())) 1

2
2 2 1 1 3 4
< C(nn“ D v ) (>||2v||néj<X>||p,2v|né,2<Zz>||p,2)

= Cllnos —mll2
where we used the definition of 7;, A.1(4i%) and

wp E[€72)"] < O
[I€ll2=1

Therefore, Assumption B.2(v)(a) holds with w = 2 since it is straightforward to
show Assumption B.2(v) for n; = no,. It holds

O [u(W, 61, 1m0, -+t —mo.))| ‘
_ ‘E {at{ (Y —0049:(X1) — (0 + e =) 2,
= (5 () + 0 (0 = i) () )
(9x0) = (0 + tnf® =) "2
- 08z + 10 2~z b
= [E| (¥ = tusan ) = )+ 1607 = a7 2

= 570+t (X) = i (X))

A = PN 707 - (Z)

imsart-generic ver. 2014/10/16 file: Article.tex date: April 6, 2020



Bach, Klaassen, Kueck, Spindler/ Uniform Inference in High-Dimensional GAMs 23
2 2 2

+ (9u(0) = )+t =) 2
4 4 4

— (2 + P (Z) = 1 (Z20)))
1 1 3 3

() =z 00 - 0) |

=L+ Lo+ Liz+ 14l

with
I = E{(Y —00,191(X1) — (77(()11) +t(nt” né}l)))TZ_l
- 00+ 000 - 0N (7 - )7 2-0)]
< Cllng) = 0P|,
Ly,=E {(Y —00,1g1(X1) — (77(()11) (771(1) ﬂ((all)))TZ—l
) + 10 20— ) (u? (z_a)]

4
< Ollns ()| pe,

ha = E| (a(xX0) - 0 + 162 = o)) 2
- -0 + 10 20 - 200 ) () )7 21)|
< Cllngd =il
ha = E| (060 = 0+ ¢0f? ~ o) 2,
- 20+ 020 = 2-) (1) |

< Ol (x)

This implies Assumption B.2(v)(b) with By,, = C. Finally, to obtain Assumption
B.2(v)(c) with Ba, = C we note that

OFE [h1(W, 00, + (01 — 00,0),m0.1 + t(m — 10.1))]
= OE [( (60,0 + (61 — 60,0)) 9 (X1) — (778 l) (771(1) - Ué?l)))TZfl
(7701 )(X) _n(()?l)(X))))

"o, (l
(nf2) >>TZ 51 (Z-0))
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T
+ (@(X0) = () + e =) 2
4 4 4
— (6 (Z-0) + 1 (Z-) = il (2-1)) )
'(Wm—ﬁﬁm@ﬂ+%%?—¢UFZ4+W$@WH

:gEﬂww—emmxn+oﬁ2—¢”Fzz+n9@m)

(0 APz 4 20) |
<C (100~ 0V o = i)

using the same arguments as above.

Assumption B.3

Note that the Assumptions B.3(i¢) and (iéi) both hold by the construction of
T and the Assumptions A.1(i4) and A.2(i7). The main part to verify Assump-
tion B.3 is to show that the estimates of the nuisance function are contained
in the nuisance realization set with high probability. We will rely on uniform
lasso estimation results stated in Appendix B. Therefore, we have to check the
Assumptions C.1(¢) to (v). Due to Assumption A.2(ié) it holds

Zi|ly, < C and Dy, < C,
jymax N Zjllw, < Cand | max Iy, <
which are the tail conditions in Assumption C.1(¢) for the auxiliary regressions.
Assumption C.1(4¢) is directly implied by Assumption A.2(iv) and

. . D\2 2 . . 2 1)\2
i, BB 2) = pin, wip {2, EOTZ | 2 e
=Var(vD|Z_;)>c

Additionally, the uniform sparsity condition in Assumption C.1(4i¢) holds by As-
sumption A.2(i¢) and the growth condition in Assumption C.1(iv) by Assump-
tion A.2(v)(a). Finally, the condition on the approximation error in Assumption
C.1(v) holds due to A.1(i7). Therefore,

AP eT foralll=1,...,d,

with probability 1 — o(1). To estimate néll) we run one lasso regression of Y on

Z. With analogous arguments it holds

l A ~ ~
185 = BPlo < 110]lo + 1180 < Css,

) - - slog dn,
188~ B0l < /10 — 13 + 1o — Bl < o) 2B

) R R s2log(d,
n%”—ﬂ%1<w—em+w%—Mh<C¢*§)
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with probability 1 — o(1) using Assumptions A.1(iz), A.2(ii)-(v) and

min  E[?Z7] = min  E[Z} E[E*X] |>¢
I=1,...,d1+ds I=1,...,d1+ds N
=Var(e|X)>c

This directly implies that with probability 1 — o(1) the nuisance realization set
T; contains 7" for all [ =1,...,d;.

Combining the results above with 73 = 0 and #*) = 0 we obtain Assumption
B.3(%). Define

Fi1:= {wl 91,7}[ l:1,...,d1791661,me77}.

To bound the complexity of F; we exclude the true nuisance function (the true
nuisance function is the only element of 7; with a nonzero approximation error)

f11—{¢z (-, 01,m) l=1,~~~,d1791691,me77\{n }}C (1) 21)

]:1(11) ={W =Y —0g(X1) - (y INTz_1=1,...,d,6, €0, € 77\{77(()1)}}
]:1(1) ={W (X)) = (0 l( NTZ:l=1,....d1,0, €O, € 77\{77(()1)}}

Note that the envelope Fl(}l) of }.1(11) satisfies

1 3
P le < | s sup (Il + 1 )
=1,..., dy 0,€0,, ”77(1) Z)H1§C\/§Tn

+ (B0 = 69 (X0)| + (Y} = ™) 2]

P,2q

3
S llellpaq + In§” (X )HP,qurll _sup (K1) pag

seenydl

+ Vsl sup  Zjllpag
=1,y +da

< C +logh (dy) + V57, log (da + dy)
< log? (da)
due to A.1(i7), A.2(v) and analogously
172 1p2q S log? (),

where we assumed d; > 2 without loss of generality. Next, note that due to
Lemma 2.6.15 from Van der Vaart and Wellner (1996) the set

Gi1:={Z— TZ ¢ e RUTEFL gy < Cs, [|¢]]2 < O}

is a union over (dﬁgjﬂ) VC-subgraph classes Gj1; with VC indices less or
equal to C's+ 2. Therefore, ]_.1(11) and ]-'ﬁ) are unions over (dl"'c‘fj“) respectively
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(d1£f2) VC-subgraph classes, which combined with Theorem 2.6.7 from Van der

Vaart and Wellner (1996) implies
di+d
suplog Nl F{X o2 F3. 11 o)  slos (252

and

di+d
suplog N el1F{2 o2 12 o)  stox (252 )

Using basic calculations we obtain

)

sup log N(|FFR

di +d
0xFinl- loa) S slog (%)

where Fy | = Fl(,l1)]:1(,21) is an envelope for F; ; with

1 2 2
1FL 1l pg < IF p2ol 2 pg S log? (dy).

Define
Fra = {wi(0,m0.) : 1=1,...,d1,0, € O}

and with an analogous argument we obtain

d
suplog N(el Fuallga. il o) S log (2 ).
Q

where the envelope F} 2 of F 2 obeys

2
[F12]lpq S log? (dy).

Combining the results above we obtain

)

sup log N (¢|| F1|
Q

dy +d
02 il laz) £ stox (252

where the envelope Fj := F1(,11)-7'—1(,21) V F1 2 of F; satisfies

2
11l g < log? (da).

Therefore, Assumption B.3(iv) holds with v,, <

< s, a, =dy Vdy and K,, <
log? (dy). For all f € Fi, we have

E[f%? < sup E[€T2)Y: SC
[[€]l2=1
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and foreach I =1,...,d;

=

E [¢1(W, 0;,m)?]
=E [(Y — O (X1) — (1N Z_y — ™ (X)) (qu(X1) — D) 2y — 7](4)(Z—l))2]

= E[(Ql(Xl) — (T2 =D (2_1))°

N|=

E [(Y —091(X1) — (f) T2 - ?7(3)(X))2|X} F

>Var(e|X)>c

>c

due to Assumption A.2(¢v). This implies Assumption B.3(v). Assumption B.3(vi)(a)
holds by the definition of 7, and v,, < s. For the next growth condition we note

~

(BinTn + Sy log(n)/v/n)/? (v, log(an)) /2 + n=Y/2V 90, K, log(an)
< (7n + log% (dy)log(n)/v/n)(s log(obn))l/2 +n V24 ag log% (dq1)log(an)
%

( 2 52 10g2+2(c7n)>
ni—————~
n

S On

A

_3
with 6, = o(t; ? logfé(An)) due to Assumption A.2(v)(a) and analogously

52 log” (dn)
n

<9

~ U

nl/2 2 /272 _
12p? B3 2 <nl/
since ¢ can be chosen arbitrarily large.

Assumption B.4(i) — (it)
Define

Fo:=A{va() : z € I},

where ¥, (-) := (g(x)TSng(z))"2g(x)T Ty (-, 00,m0). We note that for any
q > 0 the envelope Fj of Fy satisfies
1
q] a

|Follg = E [sup|(9()" Suga)/2(@) J5 (W, 06, m0)

Lzel
1
Q‘| q
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g
<E [sup Zgl au(l)
A et
1
q q
StE| sup |ev
1=1,...,d1

< tilog? (dy).
By using the same argument as above we directly obtain B.4(i7) with

L, S t31og? (dy).

~

Therefore, we can find a larger envelope F, with

~ 3
[ Follp,q S t5log? (dy).

To bound the entropy of Fy we note that

||7/’$(W) —Ya(W) ||P2

= H( (z)" Sng(x) 1/229 V)2~ (W, 60,1, m0.0)
— (9()"Sng(@ 1/2291 1¢1(W901,7701)H po
< [(9(2)"Eng(2)) 1/2—(9(56)712719(:5)) 2
dy
S @R O W o)
=1 ’
dy
+ (9@ Sug(@) 2| S (91@) — (@)Y (W0 mo) |
=1 ’

= l(9(@)"Sag(@) ™2 = (9@ Sug(@) 2o @) 5 U W, 0 m0.) |

+ (9(@) Sug (@) | (9(w) = @) " I3 0 W, b0 moa)|
(

)

due to the sub-multiplicativity of the spectral norm and the bounded eigenval-
ues.
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Additionally, it holds

2N
S
S

ﬂ
™
3
=N
8

I
=N
B
M

which implies
[ (W) =¥z (W)][ p, < lg(a) — 9(2)]2 sup lg(@)ll3-

Using the same argument as in Theorem 2.7.11 from Van der Vaart and Wellner
(1996) we obtain

Fo, |- llq.2)

et3log? (dy)
< suplog N | Z1080 ) sup g(a) I3, 7o, | - o,z
g <<supx lo@g ) *s" ¢

<loe ¥ <<supx ||g<x>||%> 90 ”2>

An
SJ tl 10g <€> .

Therefore, Assumption B.4(3) is satisfied with g, = 1.

suplog N (|| Fy
Q

Assumption B.5
Next, we want to prove that with probability 1 — o(1) it holds

sup \jl — Joi| = o(1),
dy

where J; = Ep[—g1(X1)(g1(X1) — (3)TZ_))]. Tt holds
i = Joul < [ = El=gu(X1) (@ (X1) — ()7 Z)
+ |E[—g(X1) (gr(X1) — (3N Z_1)] + Jo.
with
[El—gi(X1)(gu(X1) — )T Z-0)] + Jo,]

<[Elg(X0) (0> =0T Z-0)| + [Elg(X1)nS? (Z-0)]]
< Th.

imsart-generic ver. 2014/10/16 file: Article.tex date: April 6, 2020



Bach, Klaassen, Kueck, Spindler/ Uniform Inference in High-Dimensional GAMs 30

Let

G = {X = —g1(X1)(91(X1) — (UZ(Q))Tzfl) l=1,...,dy, ||771(2)||0 < Cs,

2 2 2
192 =121l < Cr 10 — 12l < cw}

The envelope él of (_31 satisfies

Q=

1
E[G{]7 <E| sup sup (X)) (a(X1) — ()T Z_y)|
=@ —ng |2 <O Vo

<l ?up 91(X1)[|p2g
=1l,...,a1
1
2q
2
E| sup sup (1(X1) = ()T Zp) >
1=hndi @) —n 2| <O/

1
slogﬂ<d1>(|l i vy v s 8020

=1,..., di =1,..., di

8-

2 2
v E[ sup sup (n:) =i ))TZz)Qq]
L@ =% <OV

S log? (dn) (log? (dh) v /57 log? (d + d))
< log# (dy)

)

and with the same arguments as above we obtain

- ~ di+d
suplog N(e1Gh o201 |- lgz) < stog (452,

Therefore, by using Lemma P.2 from Belloni et al. (2018) it holds

sup |y — Jou| S sup [Enlf(X)] —E[f(X)]] + 7
I=1,..,dy Feé,
= 2 —
<K ( slog(d,) + b slogp(dl)log(dn)> b
n n

with probability 1 — o(1). Next, we want to bound the restricted eigenvalues of
Y, with high probability, by showing

sup [T (EEV — Zgl,)v| < u, (7.1)

~Y
lvll2=1,[lv[lo<t1

with

N

~

Uy <t (n% log%(d1)73 \Y STS)
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for a suitable ¢ > . Define &; := ¢;v;, éz := &,;; and observe that

ol

v Eeu

L

EZ&&T—E[&&T]

:7261 z ]

i1 Zsu &) + S G-+ > (E-)E-a)"

=1 i=1

Using the Lemma Q.1 from Belloni et al. (2018) we can bound the first part.
Due to the tail conditions on € and v we obtain

1/2 1/4
(& | tewit2] ) < (B | a1t & | max il )

< nilogr (dy)

for an arbitrary but fixed ¢ > 4. Then Lemma Q.1 implies

E| s &7 — E[gieT) \]
llvll2=1, H |\0<t1 Z )
S I S GO s |
llvllz=1,llvllo<ta
< 0% + o
with
o < (n% log%(dl)tl log?(t1) log(d,) log(n)n_l) :
n
and
52 1.5 -1
é < (n3_5t13> =o(1)

for ¢ > 5¢. Using Markov’s inequality we directly obtain

(5 ZflfT Elgi!])v| S un

sup
llvllz=1 H llo<ts
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with probability 1 — o(1). Note that by applying the results on covariance esti-
mation from Chen et al. (2012) instead would lead to comparable growth rates.
With probability 1 — o(1) it holds

sup |<§l — 00| S
I=1,....d,

due to Appendix A from Belloni et al. (2018). Define

G5 = {(W(,00,m) — i 00,0,m00))% L =1,...,d1, |0, — 0o,4| < Cy,
m e Ti\{noi}}

with
~ 5 dy + dg
sup 108 N 6o 2. 2. o) < stox 52,

Here, G% is a measurable envelope of G3 with

G2= sup sup (Wi (W, 60,m1) — by (W, 90,1,770,1))2
1=1,...,d; 9[:|91—90,l|§07n,77167’l
and
1G5l p.q
2
S H sup ((90,1 —0)g(X1) ((X1) — ()T 2, —771(4)(24))) H
1,610 ™ Pa
+ ’ SZUP( (Y = bou:(X1) — ()T 2y — 0P (X))
s
4 2
() =) 2+l (20 = 0P (22)) |
»q
|| s (@) — @72 =i (20)
L @
2
(5] = "z + 05 () = 0P (X)) Hpq
= T1 + T2 + T3.
It holds
2
ngn| s (a0 (@) @)z 2-0)) |,

(2) (4)
l’l’l

2
< 7l sup(an (X))l sup (@(X0) — ) 22— (220))|

2 4
L (™

P,2q

< r2log? (dy),
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N o ONT, (3 2
T, < sup (Y —0oug1(X1) — ()" Zy — 7 (X)
(3 P2q
l,m sy
2
H sup ((77((),21) - WI(Q))TZ—l + n(()ill)(Z—ﬂ - 771(4)(Z—l)) H
L P2

S 572 sup 12|+ 1og? (d)
l P,2q
< 572 log%(dl +ds) + log%(dl)

and

1 1 3 3 2
7y < | sup(v ) gl | sup (06— 0" 2 () =0 (00))|

l7771(1)>771(3) P,2q
< log (d) (72| sup |1 2412 +1)
l P2q
< log% (dy) (sn% log%(dl +ds) + 1).
By using an analogous argument as above we obtain
g:=sup E [f(X)?]?
fegs
[l
= sup s E[(u(W,0,m) — (W, bo1,m0,0))"]
I=1,...,d1 0;:16;—00,1|<CTrn,m €T
< s2log(dy V dg).
~ n
Again, we can apply Lemma P.2 from Belloni et al. (2018) to obtain
_ [slog(d, 1~ slog(d,
sup [E, ()] - B < & (5 7250 4t 63, T )
fegg n n

< STS’ Vna log%(dl)fﬁ

with probability 1—o(1). Note that we have already shown Assumption B.2(v)(a)
which implies

sup E[f(X)] < C (161 — 60> V lnos — m|2)
reg2
<7

n*

Combined this implies

2
sup E, [(éif/g) - Eiul-(l)) ] < sup E,[f(X)] < na log%(dl)Tﬁ vV s73
I=1,....,dy fegz
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and with an analogous argument we obtain

Therefore, it holds

rl - (E T
sup |U E;§l<£z z) U|

llvllz=1,[lvllo<t:

= sup IE,, [UT& (& — fz‘)TU |

llvll2=1,[lv[lo<ta

< sup
lvll2=1,[lvllo<ts

A

sup
lvll2=1,[lvllo<ts

(En |:<UT (éz - fz) 2] ) :
di dy 1

llollz=1,llvllo<t: \ ;=7 =1

Nl

<t; sup E, [(émi(l) _ EiVl'(l))Q}
I=1,...,dy
1

<t (n% log% (dy)T2 Vv srﬁ) :
and

1,2 A T 1 2
sup |va Z (fi — §Z-) (é}- - &) v < t% (nq log» (dl)Tg Y STS)
loll2=1,[[vllo<t: ni
with probability 1 — o(1). Combining the steps above implies (7.1) if u,, = o(1)
which is ensured by the growth conditions. Next, note that for every sparse
vector w € R4 (|lwl|lg < t1) there exists a corresponding matrix M,,

lifwp Z0Aw; #0

M, € R (M), =
’ 0 else,

such that

Due to (7.1) it holds

sup  sup ’UT (Mw ® (i)w — EEV)) 1}‘ < sup (8., — e )v

lwllo<ti [lv]l2=1 lvllz=1,llvllo<t:

U,

<
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which implies

sup HMw © (isu - EEV)”Q 5 Un,

llwllo<t1
and

sup ||Mw @ 251/”2 5 1

lwllo<ts
due to Assumption A.2(iv). This can be used to show for v € R%

sup [T (f)n — 0| S up (7.2)

[lvll2=1,]|v]lo<t1

with probability 1 — q(l) which can be interpreted as an upper bound for the
sparse eigenvalues of ¥, — ¥,,. It holds

Sp = Tn = J 718, (J 1) wuo T
=J'S., (T + (T = IS (g T
+J5" (Se )( Jo "

Note that
sup ‘Uijliay (jfl _ JO_I)TU‘
[lvll2=1,[[v[lo<t1
= sup "L}Tj_l (M'u 6261/) (j—l o J(;l)T’U|
[lvll2=1,[[v[lo<t1
< 57, o, oo 8 o -
2 ||wllo<ts ) 2 ( o ),
< b 2log? () log(d)
n

due to the sub-multiplicative spectral norm and an analogous argument holds
for the second term. The third term can be bounded by

sup ol I (B = Ba) (Jg ) 0] S .
[lv]l2=1,|v]o<t1

This implies (7.2). We finally obtain

-1

S sup|g(@)7 (S0 = La)g(@)|

sup
verl [ (9(2)T Bng(x))t/? wel
<supllg(@)|;  sup T (S, - E,)v|
z€l lvllz=1,llvllo<ta

< sup|g(@)|3un
xel
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with probability 1 — o(1) and €, < sup,c; ||g(z)||3u, which is the first part of
Assumption B.5.

Assumption B.4(iii) — (iv)
Define

and R X
Fo = {"/&() - %() HEES I}
with ¢, (-) := 65 g(z)T J5 (-, 0,7). For every z and Z, it holds

[0 (W) = (W) — (3 (W) — 1z(W))lp, 2

1

oy g(a)T Iy (W, 00,m0) — o7 g(@)T Ty (W, 86, m0)

— (65 g(@)T T (W, 0,49) — 65 g(2)T T (W, 0,5))

P,,2

dy
|| >0z (@) — 07 9 (@) T (W, By o)
=1

=Y (6. (@) — 65 (@) I i (W, 0, )

=1 ns

dy
§H Z(a;lgl(x) - U;Qz(@)(ﬁ;zl - jfl)ql)l(VV, 60,1,70,1)

P,
=1

ns

=y + 140+ Iy 3.
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‘We obtain

ny

dy
I = H > (o7 gi(x) - 05191(50))(%;;1 - Jl_l)wl(W, Oo.,m0.0)]|,
=1

<ot

— x

ozt = o o@T (45" = T ) bo.m) |,

Sle@—g@le s oT (5 = T Wibo,mo)|

lvll2=1,][vllo<2t1 ns

(9@) = g@)" (J5" =T )eWebom)||,

ny

o (5t = T (W, b0, m0) |

+llg(z) — g()]2 Sup lg(@)ll5 ~~ sup

lvlle=1,]lvllo<t:

< llg(@) = g(@)ll2 sup [lg(x)[|3un,
zel

ns

where we used that

UT(JJI - j_1>1/}(W7 907770)H2

sup
llvll2=1,|lv[lo<ta

ny

TS ()

o (1) |

= sup
llvllz=1,[lv]lo<t1

2
< HJO_I—J_lH sup
2 vllo<ts

<

Analogously, we obtain

dy
I o= H Z(Uglgl(x) — o7 g(@) gt (¢1(W 00,1,m0,1) — Yi(W, ézﬂ?z))
=1

ny

-1
<o,

[(g(w) = g(@) T~ (€W, 60,m0) = 6(W, ,7) )

+ o, —O’~1\H9 T (1/’(W007770) w(vv’é’ﬁ))nwz

Slo@@) — 9@l sup oI (00,00, m0) — (W, 6,7)
lvlla=1,]lv]lo<2t1

Py,2

P, ,2

+low) — g@lsupllo@) s oI (.80, m0) — (0W.0.)

lvll2=1,[|v]lo<t1

< llg(x) — g(@)l2 sup [lg(2)[|5un-
zel
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It holds

P2
(G A A | PTE R I A
Note that
(o =621) = (05" = 6:1))
1 1 . .
:’ (07 —02) — —(6z — 02)
003 00z
1 |6.0; . .
= ——|—==(0z — 02) — (67 — 62)
02031003
. 6,0
< |(oz = 02) — (65 — 64)] ‘Uiaf — 1“05; — 04|
with
’O'xo'i _1“% Oz’ < (‘%_1’0}% n ‘U;z _1D“75_‘7w‘
0r0% Oy Oz Oz
1
< en—|ag - O'i’

S enllg(z) — g(2)[l2sup [lg(2)ll2
uniformly over x € I with probability 1 — o(1) and

(03 — 02) = (62 — 62)|
1

1 1
< (02 - 03) - (6% - 52 —|—‘( — 7= = )02—02
= (U£+01)‘( T m) ( x 1)‘ (Jit+0x) (Ji+01) ( x w)
~ ~ ((354’5@)
St ot = 2= oD+ | 75 — 1| lh = o2,

Using an analogous argument as in the verification of Assumption B.5 we obtain
(03 —62) — (07 = 62)| = (9(2) — 9(2)" (Zn — Ln)(g(2) + 9(2))]

< 1(En = 30)(9(2) — g(2))]l2 Sup lg(@)ll2
< llg(@) = g(2)[2un sup [|g(2)|l2
xel
with probability 1 — o(1) where the last inequality holds due the order of the
sparse eigenvalues in (7.2). Additionally,
02202 llo2 - o2 < sup |22 1 jo? - 2]
(07 + 0z) vel 10y

S enllg(@) — g(2)]2 sup l9()]l2
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with probability 1 — o(1). Therefore, we obtain

Iz S enllg(z) —g(@)lla  ~ sup
lollz=1[[vllo<2t:

+ (€n Vun)llg(x) — g(Z)||2sup [lg(z)[|3  sup
wel lolla=1,l[ollo<t1

S lg(@) = 9(@)ll2en sup llg(@)ll3-
Combining the steps above we obtain

1 (W) = b (W) = (403 (W) = bz (W) [, 2 < llg(2) = g(@) 2| Folle, 2
with

1Eb]2, 2 S €nsup [lg()]5 = o(1)
zel

due to the growth condition in Assumption A.2(v)(b) as shown below. Using
the same argument as Theorem 2.7.11 from Van der Vaart and Wellner (1996)
we obtain with probability 1 — o(1)

log N (e, Fo, || - |[p,..2) < log N(e||Eo|lp, 2, Fo, || - [|p,..2)
<log N(e,9(1), ] - I|2)

oo ()
S On IOg -
€
with 9, = t; and A,, < A,. Additionally, it holds
= || g @) 5 (W, 80,m0) = 62 gl) T (W6, )

o7 |o@)" (957" = T 7). 00,m0)

Pr,2

P,,2

IN

P, .2

l9(@)™J = (VW B,m0) — (W, 6,7)

tlogt = o |lg@) ™I w6, )

-1
+ o,

P,,2

Pn,2

A

sup [|g(z)]|2(un V €n)
zel
S sup|[lg(z)|2€n
el
with an analogous argument as above. Therefore, B.4(#ii) holds with
8y S sup [|g(@)l2€n-
el

To complete the proof we verify all growth conditions from Assumptions B.4
and B.5. As shown in the verification of B.3(v4) it holds

t%(;rQLQn IOg(An) = (Sit% log(An) = 0(1)
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Additionally,
£7 log# (dy) log(A
12 Tp n
n~ 7L onlog(A,) = 2 o8 (11> og( ):0(1)
n7
and

2_ 1.2
n 34 SLnQnIOg(An):

31og7 (dy) log(A
n% tl 0g (dll) Og( n) — 0(1)
3

n

for ¢ large enough due to growth condition in Assumption A.2(v)(c). Note that
enonlog(A,) = entylog(A,) < 6.ty log(Ay).
Hence, we need to show that
07, 0n0n l0g(Ay) log(Ay) = 0,17 log(An) = o(1).
It holds
St log?(An) S upy Sup lg()]I53 1og*(An)
< (i 1og? () v 57 ) sup () 86 Tog? (4,)

=o(1)

due to Assumption A.2(v)(b).

Appendix A Uniformly valid confidence bands

As in Belloni et al. (2018), we consider the problem of estimating the set of
parameters 6 ; for [ =1,...,d; in the moment condition model,

E[wi(W, 80,1,m0,)] = 0, l=1,...,d, (A1)

where W is a random variable, 1; a known score function, 6y ; € ©; a scalar of
interest, and 79 € 1; is a high-dimensional nuisance parameter, where 7 is a
convex set in a normed space equipped with a norm || - ||.. Let 7; be some subset
of T}, which contains the nuisance estimate 7j; with high probability. Belloni et
al. (2018) provide an appropriate estimator 6, and are able to construct simul-
taneous confidence bands for (0o ;);=1,... .4, Where di may increase with sample
size n. In this section, we are particularly interested in the linear functional

dy
Gy =3 o).
=1
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where (g;)1=1,....4, i a given set of functions with
g:ICR—R, I=1,...,d;.

We assume that the score functions ; are constructed to satisfy the near-
orthogonality condition, namely

Dioln,mo] = O {B[(W, 00,0,m0,0 + t(n — mo))] |,y S dun ™2, (A2)

where 0; denotes the derivative with respect to ¢ and (J,,),>1 & sequence of pos-
itive constants converging to zero. We aim to construct uniform valid confidence
bands for the target function G(z), namely

P(i(z) < G(z) < i(z),Vz e I) = 1 — o

Let 7, = (ﬁl(l), ﬁl(Q)) be an estimator of the nuisance function. The estimator 6,
of the target parameter
00 - (90,17 R 790,d1)T
is defined as the solution of
sup {]E [ (W.000)] | = it [E, [vn(W:0,0)] (} e (A3
l

1=1,....d1

where €, = 0(6,n71/2) is the numerical tolerance and (6,)n>1 a sequence of
positive constants converging to zero. Let

g9(x) = (91(x), ... ,gdl(x))T c R %1

and

G(W,0,1) = (by(W,0,n), ..., ba, (W, 0,m))" € RAXL,

Define the Jacobian matrix

Jo = LW, 0,m0)]

90 :diag (JO,17«~~7JO,d1) ERledl

0=0,

and the approximate covariance matrix
St = Jy B[ (W, 00, n0) (W, 00,m0)" | (Jg )" € REN,
Additionally, define

Spi=E| sup |V, [ (W, 00,1,m0,)]|

gue

and
t1 := sup [|g(z)[lo-
xzel

The definition of ¢; is helpful if the functions g;, I = 1,...,d; are local in the
sense that for any point z in I there are at most ¢; < d; non-zero functions.
We state the conditions needed for the uniformly valid confidence bands.
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Assumption B. 1. [t holds
(i) it lg(@)3 = ¢ >0
(i) sup sup |gi(z)] <C < o0
zel =

=1,....dy
(i1i) The eigenvalues from %, are uniformly bounded from above and away from
zero.

Since the proof of our main result in this section relies on the techniques
in Belloni et al. (2018), we try formulate the following conditions as similar as
possible to make the use of their methodology transparent.

Assumption B. 2. For alln > ng, P € P, and | € {1,...,d1}, the following
conditions hold:

(i) The true parameter value 6y obeys (A.1), and ©; contains a ball of radius
Con~1/28, log(n) centered at 6o,
(i) The map (01, m) — K[ (W, 0, m)] is twice continuously Gateauz-differentiable
on ©; xT;.
(iii) The score function 1, obeys the near orthogonality condition (A.2) for the
set T, C 1.
(iv) For all 91 € 91, |E[¢Z(VV, 9[7770’1)H Z 2_1|J0’l(91 - 90’1)| AN Co, where JO,l
satisfies co < |Jo,| < Co.
(v) For allr €10,1),0, € ©, and m € T,

(a) E[(oi(W,0,m) — 0i(W, 00,0,m0,4))] < Col|01 — o] V I — mo,1
(b) |0 E[r(W, 01,m0,0 +7(m —n0,))]| < Buinllm — 10,

(c) |53E[¢1(W590,l + 70— 00.1),m0,0 + (i — 10,40))]| < Ban(|6i — 00,4* Vv
= m0,1112)-

Note that the notation E abbreviates Ep. For a detailed discussion about the

ideas and intuitions of these and the following assumptions see Belloni et al.
(2018).
Let (An)nZI and (Tn)nzl be some sequences of positive constants converging
to zero. Also, let (an)n>1, (Un)n>1, and (K,),>1 be some sequences of positive
constants, possibly growing to infinity, where a,, > n VvV K, and v > 1 for all
n > 1. Finally, let ¢ > 2 be some constant.

e)”

e

Assumption B. 3. For alln > ng and P € Py, the following conditions hold:

(i) With probability at least 1 — A,,, we have ) € Tj for alll =1,...,d;.
(i) For alll=1,...,d1 and m € Ti,|lm — notlle < -
(11i) For alll=1,...,d1, we have no; € T;.
(iv) The function class F1 = {i(-,0,m) : 1 =1,...,d1,0, € ©1,m € T} is
suitably measurable and its uniform entropy numbers obey

sup log N (|| F1||g,2, F1. || - llg,2) < vnloglan/e), forall0 <e<1,
Q
where Fy is a measurable envelope for Fi that satisfies ||Fi||p,q < K.
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(v) For all f € Fyi, we have ¢y < || f||p2 < Ch.
(vi) The complexity characteristics a,, and v, satisfy
(a) (vylog(an)/n)/? < Comy,

(b) (BinTn+Snlog(n)/v/n)*/? (v, log(an))/24n=1/?+1/ 1y, K, log(a,) <
Cb6n7

(c) n*/?B2 B3.12 < Cyb,.

Whereas the Assumptions B.2 and B.3 are identical to the Assumptions 2.1
and 2.2 from Belloni et al. (2018) the analogs to their Assumptions 2.3 and 2.4
need modifications to fit our setting constructing a uniformly valid confidence
band for the linear functional G(z). In this context, define

bo() = (9(2) " Sng(@)) ™ 2g(x)" Ty " (-, 00, m0)

and the corresponding plug-in estimator
ba () = (9(x) " Eng(@) " 2g(@)" Ty (-, Bo, o).

Let (0n)n>1 be a sequence of positive constants converging to zero. Also, let
(0n)n>1, (On)n>1, (An)n>1, (An)n>1, and (Ly)n>1 be some sequences of positive
constants, possibly growing to infinity, where o0 > 1, A,, > n, and A, > n for
all n > 1. In addition, assume that q > 4.

Assumption B.4. For alln > ng and P € P, the following conditions hold:

(i) The function class Fo = {¢5(-) : © € I} is suitably measurable and its
uniform entropy numbers obey

sup o8 N(elFollga Fo. | - laz) < 02 08(A,/2). for all0 < e < 1.
where Fy is a measurable envelope for Fy that satisfies ||Follpq < Lp.
(ii) For all f € Fy and k = 3,4, we have E[|f(W)|¥] < CoLE~2.

(iii) The function class Fo = {1y (-) — Uu(-) : & € I} satisfies with probability
1—A, -

logN(E,]:'o, Il llp,.2) < on log(A,/e), forall0<e<1,

and || f|lp, 2 < 6n for all f € Fo.

(iv) 12620, log(A,) = o(1), Li/" 0, 10g(A,) = o(n'/7) and L3/, log(A,) =
0(n1/372/(3‘J))_

Additionally, we need to be able to estimate the variance of the linear func-
tional sufficiently well. Let 3,, be an estimator of X,,.

Assumption B. 5. For all n > ng and P € P,
(9(2)"Sng(x))"/?

i (i%%’ (9(@) Sng(2))1/?

where €0, log(Ay,) = o(1) and 52 8, 0, log(A,,)log(A,) = o(1).

-1

> 6n> <Ay,
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As in Chernozhukov et al. (2013) we employ the Gaussian multiplier boot-
strap method to estimate the needed quantiles. Let

G= (QA@«)IE] = (\/17»1 ifi'&w(wi)> ;

xel

where (&), are independent standard normal random variables (especially
independent from (W;)?,). Define the multiplier bootstrap critical value ¢, as
the (1 — ) quantile of the conditional distribution of sup,¢; |G| given (W;)7—;.

Theorem 2. Define

(9(x)Sng(@)"ca
\/ﬁ

(9() Sng(@))!/?cq
vn

with G(z) = g(x)T0y. Given Assumptions B.1 - B.5 it holds

G(z) +

a(x) :

l(x) :

G(z) —

P (Z(x) < G(z) < i(x),Va € I) S1-a

uniformly over P € P,.

Proof. Since Theorem 2.1 in Belloni et al. (2018) is not directly applicable to
our problem we have to modify the proof to obtain a uniform Bahadur repre-
sentation. We want to prove that

sup | Vi(g(2)" g () 2g(w)" (6 00)| = sup| G ()| + Op(115,). (A1)

xel xzel

Assumptions B.2 and B.3 contain Assumptions 2.1 and 2.2 from Belloni et al.
(2018) which enables us to use parts of their results. Therefore, it holds

sup
I=1,....d1

Joi VB [ (W, 00,.0,m0.)] + v/ (B = 601) | = Op(61):
Using Assumption B.1 this implies

sup ’\/ﬁlEn [9(2)" 5 (W, 00, m0)] + v/ng(z)™ (6 — 90)‘

xzel

d1
= sup Zgl(x) (J(;ll VIE, [Yi(W, 00,4,m0.0)] + V(6 — 90,l))
e j=1

<tisup sup |gi(z)| sup |Jo VIEn [bi(W,000,7m0.0)] + v (éz - 90,1)’
z€l l=1,....d; 1=1,...,d1
<c
= 0, (t16,).
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Since the minimal eigenvalue of ¥, is uniformly bounded away from zero, it fol-
lows that g(x)T%,,g(x) is uniformly bounded away from zero as long as |lg(z)||3
is uniformly bounded away from zero due to Assumption B.1. This implies (A.4).
Due to Assumption B.5 it holds

(9(2) Sng(e))
i (i‘é‘? (9(2) S 0g(@))1

-1

> sn) <A,

with A,, = o(1), which is an analogous version of the Assumption 2.4 from
Belloni et al. (2018). Therefore, given the Assumptions B.2 - B.5, the proofs
of Corollary 2.1 and 2.2 from Belloni et al. (2018) can be applied implying the
stated theorem. (]

Appendix B Uniform nuisance function estimation

To establish uniform estimation properties of the nuisance function we rely on
uniform estimation results from Klaassen et al. (2018). Consider the following
linear regression model

P
Y, = ZBT,jXr,j + ar(Xv") +er =B X + ar(Xr) +éer
Jj=1

with centered regressors and a,.(X,) accounts for an approximation error. The
errors €, are assumed to satisfy Ele,|X,] =0 for each r =1,...,d.
The true parameter obeys

B, € argmin E[(Y, — X, — a,(X,))?]

We show that the lasso and post-lasso lasso estimators have sufficiently fast
uniform estimation rates if the vector (3, is sparse for all r = 1,...,d. Due to the
approximation error a,(X,) the sparsity assumption is quite mild and contains
an approximate sparse setting. In this setting d = d,, is explicitly allowed to
grow with n. In the following analysis, the regressors and errors need to have at
least subexponential tails. In this context, we define the Orlicz norm || X ||y, as

|X |l = inf{C > 0: E[¥,(|X|/C)] < 1)

with ¥, (z) = exp(z”) — 1.

B.1 Uniform lasso estimation

Define the weighted lasso estimator
A . 1 2 A s
/87" S argmBlH iEn |:(}/7" - ﬁXr) :| + ﬁH\Ijr,mﬂnl
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with the penalty level
A= cxy/nd! <1 - 7)

2pd

for a suitable ¢y > 1, v € [1/n,1/log(n)] and a fix m > 0. Define the post-
regularized weighted least squares estimator as

B, € arg min (;En [(Yr - 6XT)QD : supp(B) C supp(B,).

The penalty loadings ¥, ,, = diag({l; j,m,j =1,...,p}) are defined by
Irjo = max [1X]]oc

for m = 0 and for all m > 1 by the following algorithm:
Algorithm 1. Set m = 0. Compute Br based on \il,,,m.

R R 911/2
Set lr,j7’rﬁ+l =E, |:<(Y!‘ - /BTX’I‘) an) :|
If m = m stop and report the current value of \ifr,m, otherwise set m = m + 1.

Let a,, := max(p,n,d,e). In order to establish uniform convergence rates, the
following assumptions are required to hold uniformly in n > ng, P € P,:

Assumption C. 1.
(i) There exists 1 < p < 2 such that

max ;rll)za.t‘).(7p||Xryj||q,p < C and TLI%?')'{)dHeTHq,p < C.

r=1,....,dJ
(i) For allr =1,...,d,, it holds

inf E [(fXT)Q] >c, sup E [(fXT)Z] <C
ll€ll2=1 ll€ll2=1

and

min E[G%ij] >c>0.
J=1y0p ’

(iti) The coefficients obey

.....

(iv) There exists a positive number § > 0 such that the following growth condition

18 fulfilled:
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(v) The approzimation error obeys

slog(a,,
max a,(X,)|p2 < C slog(an)
r=1,...,d n

ERRRE}

and

with probability 1 — o(1).

Theorem 3. Under condition C.1 the lasso estimator BT obeys uniformly over
all P € Py, with probability 1 — o(1)

A slog(ay)
— < — B.1
Tg;f}?idllﬁr Brll2 < C o (B.1)
: log(ar)
rirlla.}id ”57” Br”l = C n (B 2)
with
max 18,]l0 < Cs. (B.3)

Additionally, the post-lasso estimator 3, obeys uniformly over all P € P, with
probability 1 — o(1)

3 slog(ay)
_ < oy 2250 B.4
Tgllﬁ?idllﬁr Brlla < C pa— (B.4)
: s2log(an)
_ < oy 22530 B.
Tgllﬁ?idllﬁr Belh <C - (B.5)

Proof of Theorem 3.

In the following, we use C for a strictly positive constant, independent of n,
which may have a different value in each appearance. The notation a, < b,
stands for a, < Cb,, for all n for some fixed C. Additionally, a,, = o(1) stands
for uniform convergence towards zero meaning there exists sequence (by,)n>1
with |a,| < by, b, is independent of P € P, for all n and b,, — 0. Finally, the
notation a,, Sp b, means that for any € > 0, there exists C such that uniformly
over all n we have Pp(a,, > Cb,) < e.
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Due to Assumption C.1(i) we can bound the ¢-th moments of the maxima of
the regressors uniformly by

q
q — ,
B LF}?’?@ HXTHOO} | T T B Xl

<q  Max - max | X5 1l

i_
< qllog»~1(2)]| max  max [ Xr;lly,

T

| 1_1 1
< ¢'logr " (2)Klogr (1 +dp) max = max Xy,

< Clog? (ay)

where C does depend on g and p but not on n. For the norm inequalities we refer
to Van der Vaart and Wellner (1996). Now, we essentially modify the proof from
Theorem 4.2 from Belloni et al. (2018) to fit our setting and keep the notation
as similar as possible. Let & = {1,...,d} and

1 2
2 inE| = (Y. - BX, — a.(X, ]
freargmink| o (¥, ~f ar(Xr))

::MT(YT‘7X7‘1ﬁ7a7‘)

for all r = 1,...,d. The approximation error a,(X,) is estimated with a, = 0.
Define

1
M, (Y, Xy, ) i= My (Y, Xy, B.0) = 5 (Y, = BX,)°.
Then we have
R A .
in | E, M. (Y, X —||v
b € ang i (B, 04,0075, 8)] + 3 19,1 )
and R R
Br € arg min (Ey, [M(Yr, Xr, B)]) :  supp(5) < supp(fy).

First, we verify the Condition WL from Belloni et al. (2018). Since N,, = d we
have N(e,U,dy) < N, for all € € (0,1) with

o 0 fori=yjy
dui, ) = -
1 for i # j.
To prove WL(i) we note that

S :aﬁMr(Yrreraﬁaar) X

lg—p> = &
Since ®71(1 —t) < y/log(1/t), uniformly over ¢ € (0,1/2) , it holds
13 llPs®~ (1 = v/2pd) = ller Xrj ] ps® 7" (1 = v/2pd)
< (lerllpell Xrsllpe) /> @71 (1 = 7/2pd)
< Clog%(an) < pnnt
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with

uniformly over all j = 1,...,p and r = 1,...,d by Assumption C.1(¢) and
C.1(iv). Further, it holds

E[S7;] =E[£7X7;]
< (B[] E [x2))"
<cC
forallj=1,...,pand r =1,...,d by Assumption C.1(i) and

E[S7;] =E[7X7,] > c
by Assumption C.1(i%), which implies Condition W L(i%). Note that Condition
W L(#ii) simplifies to

2
m m _ <
r:1?§,dj:1?%,p | — E)[Sy 511 < on

with probability 1—A,,. We use the Maximal Inequality, see for example Lemma
P.2 from Belloni et al. (2018). Let W = (), X) with ¥ = (¥3,...,Yy) € YV and
X =(X1,...,Xq) € X. Define

F = {ff,j‘rzlwu,d,j:1,...,p}
with

frj W=, &) =R
VV::(Y:)()'__> _'(}? _'6r}(r‘_ ar(X;))}(nj ::__5r)(nj ZZS)J-

Note that
2
[ sup |flllpq = || max max |f;[llprg
fer r=1,...,dj=1,....,p
) 1/q
_ 2q q
= max max e ?X7%
LL wdj=l..p " ”}
1/q
SE{ max €2¢ max max qu}
r=1,.,d ' r=1,.,dj=l,..p "’
1/4q 1/4q\ 2
< IE[ max €fq} ]E[ max max qu,]
r=1,...d r=1,...dj=1,...p "’
4
< Clog? (an)
Since

— T

9 4 8 1/2 8 1/2
= max E[S:]< m E E[x3,]"<cC
sup || fllpe = max  max B[S;]< max  max B[] E[X]7 <
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we can choose a constant with

sup || fl|2 < C < | sup |f][[B-
ferx feF

Additionally, it holds |F| = dp which implies

logsgpN(fHFllQ,zyf» I lo.2) <log(dp) Slog(an/e), 0<e<l.
Using Lemma P.2 from Belloni et al. (2018) we obtain with probability not less
than 1 — o(1)

max | max [(B — B)iS2,]| = 1 sup [Ga (1)
r=1,....,d j=1,....p 5J teF

< n—1/2c( log (ap) +n~1/2+1/a IOgH%(an))
C(l%mm+m§ﬁmm>

n nl—l/q

< pn = 0(1)
by the growth condition in Assumption C.1(iv). We proceed by verifying As-
sumption M.1 in Belloni et al. (2018). The function 8 — M, (Y;, X, ) is
convex, which is the first requirement of Assumption M.1. We now proceed

with a simplified version of proof of K.1 from Belloni et al. (2018). To show
Assumption M.1 (a), note that for all § € R?

]En [aﬁMr(Yra er ﬂr) - aﬁMr(YM er BT‘) ar)]T d

= |E, [Xr(ar(Xr))]T(S < lar (Xe)llp, 2 |X71‘-‘6HP71,72
slog(ay,
YR DT
n
forall?=1,...,d due to C.1(v). Further, we have
1 T 2 1 2
En 5 (}/7 - (ﬁ7 + 9 )X’!‘) - En 5 (Y;" - ﬁT'XT)

=-E, [(Yr - /BTXT) 5TX7"] + %En [(5TX7")2] )
where
—E, [(Yy — 5,X,) 67X, = E, [0 M, (Yy, X, B,)]" 6

and 1
5En (67 X)) = [[Vw 6" X, |3 5

with \/w, = 1/4. This gives us Assumption M.1 (c) with A, =0 and G4, = oc.
Since Condition W L(4i) and W L(éii) hold we have with probability 1 — o(1)

150, = (B[82,]) " 51
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uniformly over all r =1,...,d and j = 1,...,p, which directly implies

13 \\@50)||oo = max [l;| <1
j=1,...,p
and additionally

1S [T == max i <1
j=1,....p »J

For now, we suppose that m = 0 in Algorithm 1. Uniformly over r = 1,...,d,
Jj=1,...,p we have

1/2
7 i 1/2
injo = (Balpuax IXOIL]) > I 12D 201

where the last inequality holds due to Assumption C.1(i¢) and an application of
the Maximal Inequality. Also uniformly over r = 1,....d, j =1,...,p and for
an arbitrary ¢ > 0, it holds

lrjo = max X | oo

1 1/q
g | = x @4
(3w

= n'/1 (B, [ X, %)) "

IN

with )
E[| X, [|%]"4 < log? (an).
By Maximal Inequality, we obtain with probability 1 — o(1) for a sufficiently
large ¢’ > 0
max [En [[| X [&] — B[ X [[&]]

ZJ+1

log» ™ (an)
n

C

A

+ 07 log? 1 (ay)

< log# (an)
since
Efmax | X221/ < log? (@) and maxE[| X, 2]1/* 5 log (an).
We conclude

Irjo <09 (E, [ X, ]|2])"
< V(B [| X, %] — B[ X, |1%]] + E[| X4

<p n'/tlog” (a,)
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uniformly over r. Therefore, Assumption M.1(b) holds for some A, = o(1),
L < nl/d log%(an) and [ > 1. Hence, we can find a ¢; with I > 1/¢;. Setting
ex > ¢ and v =, € [1/n,1/log(n)] in the choice of A, we obtain
A .
P (52 mox I000) B8]l ) 2 17— 03) = An = 1 o(1)
n

r=1,..,

due to Lemma M.4 in Belloni et al. (2018). Now, we uniformly bound the sparse
eigenvalues. Set

I, = log%(an)nw‘j
for a ¢ > 5¢ with ¢ in C.1(iv). We apply Lemma Q.1 in Belloni et al. (2018)
with K < nl/@log» (an) and

on S K/sl,n=1/? log(sln)log%(an)log%(n)

$ 10g1+% (an)
n

< \/ n log(n) log?(sl,,)

for n large enough. Hence, by the growth condition in Assumption C.1(iv), it
holds

which implies
50X, ||2 5X,||2
B . NP . PO
lllo<tns — 10]3 I6llo<t.s  [[0]3

with probability 1 — o(1) uniformly over r = 1,...,d.

Define T, := supp( 51)) and
N L+ 1
¢:=

lCl -1

Let the restricted eigenvalues be definied as

max (¥ [| () loo < L.

16X+ [[e,,.2
m —_—
r=1,...,d €M, |07,

2

where Aoz, := {0 : |07, [[1 < 2¢[[0r,[[1}. By the argument given in Bickel et al.
(2009) it holds

1/2 1/2
Rog > min [0X, ]%"’2 2¢ max [0X IQP"Q < 5 )1/2
e > N0Arle, 2 ) N02r1e, 2 S
= \slo<tas — [16]13 Isllo<tas  [16]13 sly

1/2 1/2
< I 122 [ 1_ 16X:113, o
2 min ———="= — 2na max ——o"e
Isllo<t.s  [|6]13 I8llo<tns  |Id]I3

>1
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with probability 1 — o(1) for a suitable choice of ¢ with ¢ > ¢. Since

A
2 <n 1207 (1= ~/(2dp)) S n Y2\ log(2dp/7) S n” V2 log? (ay)

n

and the uniformly bounded penalty loading from above and away from zero, we
obtain

3 slog(ay,
maxd ”(ﬂr - ﬂr)XrH]P’mz /SP L %

r=1,...,

by Lemma M.1 from Belloni et al. (2018). To show Assumption M.1(b) for
m > 1, we proceed by induction. Assume that the assumption holds for ¥, ,,,_1

with some A, =o(1), 1 2 1 and L < nl/a log%(an). We have shown that the
estimator based on ¥,.,,,_1 obeys

R slog(ay)
_ < —_—
meax 1(Br = Br) Xrllp, 2 S L n

with probability 1 — o(1). This implies

1/2

B | (=6 %) | - B [0 - 8 x0) X,

| (66— 5x) 05

SN(Br — BT)XT”PMQ max rﬂ%?.id HXr(l)”oo

)2} 1/2

\lrgm = bl =

1/2
<

1<i<n
<p Ly 22080 170100t (4,
n
slogl“'%(a )
< (a0
n

uniformly over r = 1,...,d and j = 1,...,p. Therefore, Assumption M.1(b)
holds for W, ,,, for some A, =0(1),1 2 1 and L < 1. Consequently, we obtain

~

A slog(a
max (B )Xol 2 S ) ),
and
. s2log(a
ma (1B — Byl S 8]
r=1,..., d n

with probability 1 —o(1) due to Lemma M.1 in Belloni et al. (2018). Uniformly
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over all r =1,...,d, it holds
N T
‘(En {aﬁMT(YmXﬂﬁr) - aﬁMT‘(YT’aXT7ﬂT):|) 5‘
. oINT
= ‘ (. [8. - 50X x7]) 5‘
<|(Br = Br) X llpn 2l16Xrlle, 2 < L |6 X [l 2
with probability 1—o(1) where L, < (slog(a,)/n)/?. Since the maximal sparse

eigenvalues
16Xr][2, 2

ax —_—
Isllo<tas |63

¢mam(lns7 T) =

are uniformly bounded from above, Lemma M.2 from Belloni et al. (2018) im-
plies
3.0 <
(max 5rflo < s

with probability 1 — o(1). Combining this result with the uniform restrictions
on the sparse eigenvalues from above we obtain

. ~ slog(a
max 18r = Brll2 S mmax 1(Br = Br) Xrllp, 2 S 7%1( n)

with probability 1 —o0(1). We now proceed by using Lemma M.3 in Belloni et al.
(2018). We obtain uniformly over all r =1,...,d

3 AL A .
En (M (Y, Xp, 5r)] = B[ M (Yy, Xp 6,)) < 2B = Bl max 180

,,,,,

A A
S 7”67“ - ﬂrHl
n

 slog(a,)
~ n

E,[S,]lc < FO o[ (FOYTE,L[S,][|oe <
JJax [Ba[Si]llee < max (97 ]lofl (277) " EnlS:]lleo S

[RRRE}

with probability 1 — o(1), we obtain

= slog(a,,
max ([ — 50X, 2 5 | 228

r=1,..., n

with probability 1 — o(1), where we used

max [1B,llo $ 5. Cn < (slog(an)/n)/?
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and that the minimum sparse eigenvalues are uniformly bounded away from
zero. With the same argument as above we obtain

~ ~ slog(a
s 5= el S max By~ 5% e, 2 5 ) 2282,

This finally completes the proof. (]

Appendix C Computational Details
C.1 Computation and Infrastructure

The simulation study has been run on a x86_64_redhat_linux-gnu (64-bit) (Cen-
tOS Linux 7 (Core)) cluster using R version 3.5.3 (2019-03-11). All lasso
estimations are performed using the R package hdm, version 0.3.1 by Cher-
nozhukov et al. (2015a) which can be downloaded from CRAN. Construction of
B-splines is based on the R package splines. R code is available upon request.

C.2 Simulation Study: Smoothing Parameters in B-splines

Table 4 presents the corresponding smoothing parameters {k;, k_,} of the cubic
B-splines that are used in the simulation study. k; denotes the degrees of free-
dom chosen to approximate the function f;(z;) and k_; is chosen for all other
functions.

n P f1 f2 f3 f4 fs
100 50 | {7,4} {6,4} {74} {54} {74}
100 150 | {7,4} {6,4} {6,4} {5,4} {5,4}
1000 50 {7,4} {6,5} {5,4} {5,4} {5,4}
1000 150 | {7,4} {6,5} {7,4} {5,5} {4,4}
TABLE 4
Smoothing parameters {kj,k_;} corresponding to simulation results in Table 2.

C.3 Empirical Application: Cross-Validation Procedure for Choice
of Smoothing Parameter

The choice of the degrees of freedom parameter k for construction of B-splines in
the empirical application is based on a heuristic cross-validation which exploits
the additive structure of the model. Let k = {k;, k_;} be the degrees of freedom
with k; specifying the smoothing parameters for f;(z;) and k_; denoting the
parameter for all other functions f_;(z_;). To explicitly address the dependence
of the fitted function on the chosen degrees of freedom parameter, we use a
notation fj (x, kj) which leads to the model

vi = fi(@ij kj) + f—j(wi—j,k—;) + €,

Then, the heuristic rule for choosing k proceeds as
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e For j =1,...,p,
(1) Set up a grid of values for k_j,

(ii) Perform a 5-fold cross-validated search for an optimal k; over a grid

of values k;, ..., k;, i.e., fit the regression
i = fi(@ig, ky) + f—j(wi—j k=) + €

and compute M SEcy (kj, k_;), where MSEcy (kj, k_;) is the cross-
validated mean squared error in prediction provided values k; and
kO,—j~

(iii) Find the optimal value of k3 which minimizes MSEcy over all values
of k_j;.

We experimented with different settings and repeated the procedure multiple
times. The resulting parameters are listed in Table 5.

NOX

CRIM

ZN

INDUS

RM

AGE

DIST

TAX

PTRATIO

BLACK

LSTAT

TABLE 5

Smoothing parameters used in empirical application.

—

N U= OO Uto O WO =
[
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C.4 Empirical Application: Additional Plots for Explanatory
Variables

Fig 3: Additional plots of the effect of the explanatory variables on the dependent
variable M E DV with simultaneous 95%-confidence bands in the Boston housing
data application.
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