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Research Questions

@ Spatial correlation
» A merger between two gasoline companies (Houde, 2012)
» Closure and demolition of public housing (Aliprantis and Hartley, 2015)
» Spillover effects to adjacent entities
@ Q: Whether standard errors should be adjusted for spatial correlation?
If so, when?
» Sampling scheme
» Assignment design
» Model specification

Ruonan Xu (Rutgers University) Design-Based Spatial Correlation ESEM, August 2022 2/28



Finite Population Framework

@ Population size — oo
@ Sampling-based v.s. design-based uncertainty (Abadie et al, 2020)

e “With spatial data, it is common for the sample and the population
to be the same,” (Pinkse et al, 2007)

@ Can explicitly introduce different sampling schemes
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Contribution

@ Derive new laws of large numbers and a central limit theorem for
near-epoch dependent (NED) processes
» Nonstationary processes, unbounded moments, irregularly spaced
lattices
» Cluster sampling, cluster correlation on top of spatial correlation
» Accommodate sampling from superpopulations as a special case
@ Examine the necessity of SHAC standard errors for a general class of
estimators
» Finite population asymptotic properties of M-estimators
» Functions of M-estimators: e.g., average partial effect
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Literature

@ Limit theorems for random fields: Jenish and Prucha (2009), Jenish
and Prucha (2012), Bradley and Tone (2017)

e Finite population inference: Abadie et al. (2020), Abadie et al.
(2022), Xu (2021a, 2021b), Bojinov et al. (2021), Savie et al.
(2021), Savje (2021), Leung (2022)

@ Spatial econometrics: e.g., Xu and Lee (2019)
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Notation

D CRY, d > 1: lattice of (possibly) unevenly placed locations in R
{Dm}, |Dp| —
@ Relax SUTVA: potential outcome function yin(xpm),

xy = {xim,i € Dy, M > 1}
@ Xjy: assignment variables, zjy: attributes, Yin = yim(Xn): realized
outcome

@ Denote Wiy = (X, Yim) for brevity

@ Conditioned on the potential outcomes and attributes in the
population

@ Assume that the finite population parameters are identified
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Estimand

Oy = arg m|n |D | Z Z [gim(Wim, 6)]

g=1j€Dyn
argmln |D | Z qlM(VVIM? )]
i€Dpy
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Spatial M-estimator

On = i
N argmé:n Z Z R]quM(VV_[M7 0)
g 1j€Dgm

> Rivqina(Wina, 0)
i€Dy

= argmln
ID |

@ Rjp: binary sampling indicator
o |Dn| =3 icp,, Rim

Ruonan Xu (Rutgers University) Design-Based Spatial Correlation ESEM, August 2022 8/28



Sampling Scheme

Assumption 2

(i) The sampling scheme consists of two steps. In the first step, a random
group of clusters is drawn according to Bernoulli sampling with probability
pPcm > 0; in the second step, units are independently sampled, according
to a Bernoulli trial with probability p,p > 0, from the subpopulation
consisting of all the sampled clusters. (ii) The sequence of sampling
probabilities pcp and pyn satisfies pey — pe € [0,1], pum — pu € [0,1],
and |Dy|pumpem — oo as M — oo.
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Sampling Scheme

PcM = pum = 1: observe the entire population
pecm =1, pum < 1: random sampling
pem < 1, pum < 1 cluster sampling

pc = 0: a negligible fraction of clusters are sampled from a population
of a large number of clusters

@ pc =1, p, = 0: a negligible portion of units are randomly drawn from
a large population
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Selected Assumptions

Assumption 1

Increasing domain asymptotics

Assumption 3

maxi<g<Gy |Dgm| < C < 00 as M — oo.

Assumption 4

The sampling indicators, R = {Rim,i € Dy, M > 1}, are independent of
the assignment variables, X = {Xjy, i € Dy, M > 1}, and the underlying
mixing random fields, U = {Ujnm,i € Ty, M > 1}, where Dy C Ty C D.
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Spatial Dependence

Assumption 5 (Mixing condition)
For the input random field U: (i) &(r) — 0 as r — oo; (ii) Ii)m p(r) < 1.

v

Assumption 6 (NED condition)

The random field g = {gim(Wim,80),i € Dy, M > 1} is Lp-NED on
U= {Um,i € Ty, M > 1} with the scaling factors djy and the NED
coefficients 1(s) of size —2d(r — 1)/(r — 2) for some r > 2. The g(-)
function includes gin(Wing, 0), mips(Wing, 0), Vomips(Wing, ),
fim(Wing, 0), and Vgfipg(Wipng, 0) defined in Appendix A.
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Asymptotic Distribution

Theorem 1
Under Assumptions 1-6, and Assumption A.1 in Appendix A,
Vo, 21D [Y2(Bn — 62)) S N0, 1)

Vi = Hm(03) " SmHm(03) "

SM :Aehw,M(‘gX/l) + puMAcluster,M(QX/l) + puMpcMAspatial,M(eﬁ/;/l)
— PuMPMBAE M — PumPMBEC,M — PuMPMAES M
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The SHAC standard errors?

SM :Aehw,M(g*M) + puMAcluster,M(QXﬂ) + puMpcMAspatiahM(H;{/l)
— PuMPMAE M — PuMPMDEC,M — PuMPMAES,M

Report the SHAC standard errors when
@ Assignment variables are spatially correlated

» Holds for spatial assignments both at the individual level or the cluster
level

@ Spillover effects are specified in the model

» Even in the absence of spillover effects in the potential outcome
function
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Sampling Probability Matters

SM :Aehw,M(GX/I) + puMAcluster,M(QX/l) + puMpcMAspatial,M(e*/\/l)
— PuMPMBAE M — PumPMBEC,M — PuMPMAES M

e p, = 0: reporting the EHW standard error would suffice

@ p. = 0: reporting the cluster-robust standard error would suffice
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Usual SHAC Variance Estimator is Conservative

/\ ~

Vsn = An(On) " Sn(0n) An(d

1
Sw(O) = (g1 2 D RmRm (

i€Dp jeDy

) Win, 0)mjps(Win, 0)'

Theorem 2

Lﬂnder Assumptions 1-7, and Assumptions A.1-A.2 in Appendix A,
Vsn — (VM + PuMPcM VE) ﬁ) 0, where Vg = HM(Q* ) 1SEHM(9 ) L g

SE = ﬁ 2 ieDy 2ojeDy ¥ (Vg,&'))

E [m,-M( V‘/im, (97;/,)] E [ij( VVJ'M, 97;/,)] .
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Simulation Designs

Spatial assignments at the individual level
Spatial assignments at the cluster level

Spatial assignments allowing for spillover effects

Spatial assignments in nonlinear models
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Spatial Correlation at the Individual Level

Uneven lattice, VM x VM

Yig(xig) = a- Bigxig + cg + ujg

um = puWyupm + €m

em " N(0,1)

W, contiguity matrix, units i and j are neighbors if v(i,j) < v/2
Regress Y; on 1 and X;

Expected size of each dimension is 18 = expected sample size of 324

Clusters in the sampling scheme: group the consecutive three units by
order = expected number of 108 clusters in the sample
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Five Sampling Schemes

Observe the entire population

Independently sample clusters with a probability of 0.25
Independently draw units with a probability of 0.25
Independently sample clusters with a probability of 0.01

Independently draw units with a probability of 0.01
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Independent Assignment
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Figure: Independent Assignments Observing Entire Population

Ruonan Xu (Rutgers University) Design-Based Spatial Correlation



‘Standard Error
T T

spatial correlation: pu

Coverage Rate of 95% Interval
T T T T

o 01 02 03 06 07 08 09

04 05
spatial correlation: pu

oracle — — EHW cluster —@— spatial_band1 _—#— spatial_band2 —— spatial_band3

Figure: Independent Assignments with Cluster Sampling 0.25

Ruonan Xu (Rutgers Universi

Design-Based Spatial Correlatio



Spatial Assignments
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Figure: Spatial Assignments Observing Entire Population
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Standard Error
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Coverage Rate of 95%
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Figure: Spatial Assignments with Cluster Sampling 0.25
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Spillover Effects

o yig(xm) = 2Bigxig + YWixpm + €jg
@ Three assignment and spillover combinations

> No spatial assignments and no spillover effects
> No spatial assignments with spillover effects
» Spatial assignments combined with spillover effects

@ Regress Y; on 1, X;, and WX,
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Table: Specifying Spillover Effects

entire population cluster sampling independent sampling

px =0, px =0, px = 0.1, px =0, px =0, px = 0.1, pPx =0, px =0, px = 0.1,

~y=0 v=1 vy=1 v =0 ~v=1 ~v=1 ~v =0 vy=1 vy=1
coeff 0.002 1.002 1.061 0.004 0.636 0.546 -0.001 0.500 0.472
std 0.133 0.110 0.136 0.113 0.128 0.169 0.137 0.149 0.160
EHW 0.101 0.083 0.100 0.087 0.094 0.123 0.103 0.112 0.121
EHW_CI (0.863) (0.860) (0.855) (0.860) (0.843) (0.836) (0.854) (0.853) (0.848)
cluster 0.107 0.096 0.109 0.109 0.115 0.150 0.111 0.121 0.129
cluster_Cl (0.887) (0.910) (0.887) (0.938) (0.924) (0.911) (0.883) (0.883) (0.875)
SHAC1 0.129 0.107 0.135 0.112 0.122 0.167 0.134 0.145 0.159
SHAC1_CI (0.934) (0.938) (0.950) (0.943) (0.941) (0.947) (0.936) (0.935) (0.935)
SHAC2 0.129 0.108 0.136 0.113 0.123 0.169 0.135 0.146 0.160

SHAC2.Cl  (0.936)  (0.941) (0.936) (0.941)  (0.943) (0.941) (0.939)  (0.933) (0.937)
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Conclusion

@ Using a design-based approach, we identify the sources of uncertainty
underlying spatial data

@ Whenever there are spatial assignments or when spillover effects are
estimated, the SHAC standard errors must be used, unless the
sampling probability is negligible
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Definition

@ a-mixing and maximal correlation coefficient in Bradley and Tone

(2017)
e NED random fields in Jenish and Prucha (2012)
@ m-dependent random fields in Moricz, Stadtmuller, and Thalmaier

(2008)
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Definition

Definition 1
Let A and B be two sub-o-algebras of F, and let

a(A,B) =sup(|P(AB) — P(A)P(B)|,A € A,B € B)

and
p(A, B) = sup|corr(f,g)|,f € Lfea,(/l),g € L%ea,(B).

For K C Dy and V C Dy, let Um(K) = O'(Uim,i S K) and
am(K, V) = a(om(K),om(V)). Then, the a-mixing coefficient for the random field U
is defined as:

a(r) = supsup(am(K, V),v(K, V) >r).
M K,V

The maximal correlation coefficient is defined as:

p(r) = supsup(pm(K, V), v(K, V) > r).
M K,V
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Definition

Definition 2
Let W = {Wipn, i € Dy, M > 1} be a random field , let

U={Um,i € Tpy, M > 1} be another random field, where | Ty| — oo as
M — oo, and let d = {djpm, i € Dy, M > 1} be an array of finite positive

constants. Then the random field W is said to be L,(d)-near-epoch

dependent on the random field U if

[Win — E(Wim| Fima(s))ll , < dinatp(s)

for some sequence 1(s) > 0 with lims_,o ¢(s) = 0. The 1(s) are called
the NED coefficients, and the djy are called the NED scaling factors. W is
said to be L,-NED on U of size — X\ if ¢(s) = O(s™*) for some p1 > A > 0.
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Definition

Definition 3

A random field U = {Ujm, i € Dy, M > 1} is called m-dependent if for all
finite subsets K, V C D with v(K, V) > m the o-algebras o(Um, i € K)
and o(Ujp, i € V) are independent.

<return
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Matrix Notation

Z mlM IM7 )mlM(VVIMve)I:I
€Dy

| D
A m = 1 Z [mia(Wint, O3) | E [ mina(Wina, 03)]

i€ Dy
1
Acuuster,m(0) = 7= Z Z 1(Cim = Gm)E[mina(Wina, 0) mjma(Wjn, 0)'],
|DM| i€Dpy jEDW ,jH#T
1 * *
Aecw = Bwl > 1(Cim = Gu)E[misa(Win, 03) ] E [mim (Wim, 01)]”

1 /
Agpatiai,m(0) = Dl E E 1(Cim # Cm)E[mina(Wim, 0) mjna(Wina, 6)']
icDy

JEDN jF#i

1 * *
Apsm = Dl 1(Cim # C:/‘M)E[miM(M/iMyGM)]E[ij(VVjM7QM)]I
M i€Dp jEDW j#i
Hu(0) = Z [Vomiv(Winm, 0)]
|D |l€DM
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APE Estimator

1
Dul, > E[fm(Wim, 03)]
€D

1

_|D Z Rina it (Wing, On)
€D

_Af f f
Vf,M _Aehw,M + puMAcIuster,M + puMpcMAspatial,M

- puMpcMAE,M - puMpcMAgC,M - puMpcMAES,M
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Results Carry Over

Theorem 3

Under Assumptions 1-7, and Assumptions A.1-A.3 in Appendix A,
(1) Ve 1Dn["2(5n = i) NO. 1

(2) Vesn — (Ve + pumpem Ve g) 5 0.
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