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Abstract

In non-experimental longitudinal studies, researchers often estimate causal effects assuming
time-constant unobserved heterogeneity or linear-in-parameters conditional expectations. Vi-
olation of these assumptions may lead to poor counterfactuals. I study the identification and
estimation of a class of nonlinear grouped fixed effects models where the relationship between ob-
served covariates and cross-sectional unobserved heterogeneity is left unrestricted but the latter
only takes a restricted number of paths over time. To identify the corresponding “clusters” and
common parameters of the model, I consider a two-step method. First, I transform the NP-hard
clustering problem into an individuals-pairing problem and recover the latent clustering under
an injectivity condition. Second, I rely on within- and across cluster variation in the observed
covariates and a monotonicity property to infer the remaining infinite-dimensional parameters.
I propose a practically useful semiparametric maximum likelihood estimator whose implemen-
tation is feasible and establish its large sample properties in popular binary and count outcome
models (including Probit, Logit, Poisson). Distinctive features of the estimator are that it is
higher-order unbiased and it allows the number of periods to grow slowly with the number of
cross-sectional units. Monte Carlo simulations suggest good finite sample performance. I apply
this new method to revisit Aghion, Bloom, Blundell, Griffith, and Howitt (2005)’s inverted-U
relationship between product market competition and innovation.
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1 Introduction

Unobserved heterogeneity is a prevalent feature of most reduced-form and structural work in eco-
nomics and other social sciences. As “individuals are not inert and interchangeable particles of
matter, but discernible and discerning agents”,! observational outcomes (e.g., consumption choices,
mental health, number of patents) and explanatory variables of interest (e.g., income, abortion,
product market competition) typically correlate over time with factors unobserved to the researcher
(e.g., Bourdieu’s habitus, risky behaviors, technological change). This so-called confounding prob-

lem renders identification of average partial effects and counterfactuals difficult.?

By sampling N individuals at T different points in time, panel data offer opportunities to
account for latent structures embedded in low-dimensional manifolds (see, e.g., Bai, 2009; Bon-
homme, Lamadon, and Manresa, 2022; Hsiao, 2015; Moon and Weidner, 2019; Wooldridge, 2010).*
While random effects approaches specify a parametric family for the conditional distribution of the
unobserved heterogeneity given the covariates, fixed effects leave this distribution unrestricted at
the cost of introducing many additional parameters. A celebrated example is pooled linear regres-
sion with additively separable individual and time effects, which has been widely used to model
workers, firms, or countries’ permanent unobserved heterogeneity and common trend in labor and

international trade (Abowd, Kramarz, and Margolis, 1999; Helpman, Melitz, and Rubinstein, 2008).

In many cases, however, not only a nonlinear model arises naturally (e.g., discrete choice, point
mass in outcome), it is likely that unobserved heterogeneity is time-varying and takes a cluster-
ing/grouping structure.* Individuals in the population partition into a moderate number of clusters
such that members of each cluster share the same path of unobserved heterogeneity over time but
the partition is unknown to the researcher (e.g., a few trajectories of social group transitions, risky
behaviors, technological change). Missing external information about the clustering, the researcher
is faced with the problems of classifying a large number of individuals into clusters and estimating
a large number of cluster-specific time effects in large-N, T nonlinear panel models, where N and

T diverge jointly to infinity.> First, little is known about the nonparametric identification of many

IPierre Bourdieu, La noblesse d’Etat. Grandes écoles et esprit de corps, Paris, Les Editions de Minuit, 1989.

2See, e.g., Abowd, Kramarz, and Margolis (1999); Angrist and Pischke (2009); Imbens and Rubin (2015).

3This echoes Occam’s razor principle and the “manifold hypothesis” (Goodfellow, Bengio, and Courville, 2016).

4Alt0nji and Matzkin (2005) asserts: “The linear probability model is biased in almost all circumstances.”; Athey
and Imbens (2006) argues “If an individual gains experience or just age over time, her unobserved skill (...) is likely
to change.”. Discreteness assumptions are pervasive in economic modeling: see, among many others, Bonhomme,
Lamadon, and Manresa (2019); Bonhomme and Manresa (2015); Deb and Trivedi (1997); Hahn and Moon (2010);
Heckman and Singer (1984); Keane and Wolpin (1997); Vogt and Linton (2017).

5Such rectangular-array asymptotics have recently become increasingly popular given the growing availability of



popular nonlinear models widely used in empirical research (e.g., random utility binary/ordered
choice models) under such clustered patterns of unobserved heterogeneity.’ Second, available semi-
parametric nonlinear fixed effects estimators tend to perform quite poorly, as shown in Monte Carlo
experiments (see Section 6). Most are based on partialling-out or joint maximum likelihood estima-
tion and generally fail to provide, as T' grows much slower than N, asymptotically normal centered
estimates of the typical common slope parameter (resp. time-varying paths of unobserved hetero-
geneity) at the parametric root-NT (resp. root-N) rate and uniformly (across all pair of individuals)
consistent estimates for the cluster memberships (see, e.g., Arellano and Hahn, 2007; Bonhomme,
Lamadon, and Manresa, 2022; Chamberlain, 1980; Charbonneau, 2017; Chen, Ferndndez-Val, and
Weidner, 2021; Fernandez-Val and Weidner, 2016; Hahn and Moon, 2010; Hahn and Newey, 2004;
Rasch, 1960). These limitations are important because common and fixed effects parameters, as
well as the distribution of idyosyncratic error terms (e.g., random shocks in taste), are building
blocks for estimating counterfactual events and policy relevant parameters (e.g., average causal

effects), and T is often moderately large compared to N in practice.

In this paper, I address both issues by introducing a new class of nonlinear grouped fixed
effects (NGFE hereafter) static models for discrete outcomes. Three defining features are: (i)
individuals with the same unobserved time-invariant cluster membership share the same path of
unobserved heterogeneity across time; (ii) the conditional distribution of cluster memberships and
cluster-specific time-varying effects given observed covariates is left unrestricted (thus allowing for
flexible selection patterns); (iii) and observed covariates and cluster effects enter each individual’s

conditional choice probability as a single index mapped to the outcome by an unknown link function.

First, I propose a novel identification strategy and prove, under low-level conditions, point iden-
tification of all parameters, contrasting with most identification results in the fixed-T" setting. The
proof is constructive and relies on two steps. I start by transforming the NP-hard clustering prob-
lem into countably many individuals-pairing testing problems and rely on an injectivity condition
a la Bonhomme, Lamadon, and Manresa (2022) (see their Assumption 2) to build test functions
which identify the latent clustering by comparing conditional probability functions identified from

the time series dimension of the data. In particular, I show that the injectivity condition holds if,

high-frequency data (e.g., scanner, financial data). See, among others, Arellano and Hahn (2007); Chen, Ferndndez-
Val, and Weidner (2021); Dhaene and Jochmans (2015); Ferndndez-Val and Weidner (2016); Hahn and Newey (2004).

6Obviously7 the increasing time dimension should allow to identify many parameters of interest compared to
standard fixed-T panels, in whichs few parameters are generally point identified outside specific cases (see, e.g.,
Chamberlain, 2010; Davezies, D’Haultfoeuille, and Mugnier, 2021).



for instance, there is continuous local variation in a “special” regressor (not necessarily with large
support) and the link function is real-analytic (see, e.g., Krantz and Parks, 2002).” Given identifi-
cation of the latent clustering, I alleviate within-cluster variation and apply a well-known result by
Ichimura (1993) to obtain identification of the common slope coefficient up to scale. Then, I rely on
compensating variations of single-indices within and across clusters together with a monotonicity
property to infer the remaining infinite-dimensional parameters. All in all, the identification results

pave the way for estimation of the link function (e.g., distribution of random shocks).

Second, I develop simple NGFE semiparametric estimators and establish their asymptotic prop-
erties. I first introduce a general M-estimation framework to estimating nonlinear models with
clusters of time-varying unobserved heterogeneity. Semiparametric NGFE estimators are obtained
by specializing the framework to models with a known link function and a finite number of clus-
ters: they maximize the likelihood of the data conditional on the clustering and time-effects.”®
Importantly, the method does not require any tuning parameter (because the number of clusters is
known) but can still be computationally cumbersome in large samples. I propose a heuristic Lloyd
(1982)’s algorithm described in Section 4.3, and show that it performs well in various Monte Carlo
experiments with moderate sample sizes and number of clusters (see Section 6). From a practi-
cal viewpoint, and in contradistinction with popular fixed effects estimators such as Chamberlain
(1980) or Charbonneau (2017)’s conditional Logit, NGFE estimators are not confined to the specific
and restrictive case of time-variant regressors, nor do they drop individuals without any variation in
outcome, thus exploiting the full sample variation. Moreover, compared to Bonhomme, Lamadon,
and Manresa (2022)’s 2-step GFE estimator, they have only one optimization step and maintain
the discreteness assumption. From a theoretical viewpoint, I show that the latter suffices to restore
a rich asymptotic theory alike that of linear GFE estimators developed in Bonhomme and Manresa
(2015). As these authors, to study the theoretical properties of NGFE estimators, I focus on the
statistical properties of the exact NGFE estimates and abstract from optimization errors stemming
from the non-convex and non-smooth objective function and the underlying NP-hard combinatorial

problem they require to solve.” In a companion paper, I adress the latter problem and develop

7Specia1 regressors are widely used in econometrics (e.g., Candelaria, 2020; Honoré and Lewbel, 2002). There is
a trade-off between imposing (i) analyticity of the link function which allows to interpolate from bounded variation
in the regressors at the cost of a strong functional form assumption and (ii) the existence of a special regressor with
unbounded support. Relaxing both conditions at once seems challenging (see, e.g., Gaillac and Gautier, 2021).

8In Mugnier (2022), I relax the asumption that the number of groups is known. Results there apply to linear
models only but I have been able to extend them for a class of nonparametric directed network nonlinear models.

9Investigating the impact of optimization errors on subsequent inference based on NP-hard infeasible exact solu-
tions seems an interesting but difficult avenue for future research.



computationally trivial estimators based on an agglomerative clustering rule (see Mugnier, 2022).

I derive the statistical properties of semiparametric NGFE estimators when the number of
clusters, in addition to being known to the researcher, does not grow with the size of the panel
(similarly to Bonhomme and Manresa, 2015) and by taking semiparametric binary choice models
as a leading example. Under well-separation of clusters and a noncollinearity condition, NGFE
estimators of the slope coefficient and cluster-specific effects are consistent as N and T diverge
jointly to infinity. The results heavily draw on proof arguments used in Bonhomme and Manresa
(2015), and the observation that strong concavity of the log-likelihood function is sufficient to
extend some of their results by mean of Taylor expansions. Estimated cluster membership enjoy
the “perfect recovery” property: provided T grows at least as some power of IV, the misclassification
probability tends to zero uniformly across individuals.'” As in the linear case, this implies that,
under additional regularity conditions, NGFE estimators of the slope and cluster-specific effects
are asymptotically equivalent to the infeasible oracle MLE based on knowledge of the clustering.
When T = o(N), this oracle is asymptotically unbiased so that standard MLE inference yields tests
and confidence intervals with correct asymptotic level. When N/T — & € (0,+00), existing results
can be applied to the oracle to derive analytical or jackknife bias correction methods for the slope

and average marginal effects estimates.'!

Third, I investigate the finite sample performance of NGFE estimators, as well as large-N, T
estimators of their variance, by mean of Monte Carlo simulations. I compare the results with state-
of-the-art competing methods (e.g., nonlinear two-way fixed effects, 2step-GFE). I find that NGFE
estimators perform remarkably well in settings they are meant for. In particular, in a static logit
model with clustered time-varying correlated unobserved heterogeneity, NGFE estimators have
the smallest bias and RMSE compared to linear methods and nonlinear ones such as Bonhomme,
Lamadon, and Manresa (2022)’s 2-step GFE, nonlinear two-way fixed effects, or Rasch (1960)’s
CMLE. In a DGP without unobserved heterogeneity, the RMSE is of the same order as that of the
CMLE, but NGFE estimators have a finite sample bias. The CPU time is similar to that of com-
peting clustering methods. For a 90 x 7 data set (order of magnitude of the empirical application),
it takes 10 seconds to compute on a generic professional laptop. However, NGFE estimators are
much less noisy than 2-step GFE as they explicitely rely on the discreteness assumption. I obtain

similar results in a dynamic setting including a lagged outcome as explanatory variable. Estimates

10A concentration inequality for martingale differences due to Lesigne and Volny (2001) is used to show this result.
Hgee, e.g., Hahn and Newey (2004), Arellano and Hahn (2007), and Chen, Fernandez-Val, and Weidner (2021).



become less precise in settings with continuous (even time-invariant) unobserved heterogeneity.

Finally, T illustrate the practical usefulness of NGFE estimators by using this new approach
to study whether and how product market competition (measured as one minus the Lerner in-
dex) affect innovation (measured as citation-weighted patents) in a panel of UK industries that
spans the last part of the twentieth century (1973-1994), revisiting an influential paper by Aghion,
Bloom, Blundell, Griffith, and Howitt (2005) published in the top 5 economic journal The Quarterly
Journal of Economics. Challenging their nonlinear additively separable two-way fixed effects main
specification, I find evidence of clustered time-varying unobserved heterogeneity, which results in
a mildly inverted-U shape relationship and sheds new light on the unobserved mechanisms driving
both market structure and technological change across time. Specifically, the data-driven cluster-
ing procedure reveals steady “high/low-innovation” clusters of industries as well as “caching-up”

industries.

Overall, the theoretical results broaden the scope of application of GFE estimators and cluster-
ing techniques in econometrics, complementing the available toolbox for applied economists inter-
ested in assessing robustness of their results to specification choices (in particular when unobserved
heterogeneity is plausibly clustered and time-varying). Results from the empirical applications
confirm the usefulness of considering flexible specifications such as NGFE for modeling unobserved

heterogeneity.

Related Literature This paper contributes to the literature on nonparametric identification of
nonseparable panel data models, by providing new identification results in long nonlinear panel
models while most previous papers from this literature have either assumed time-homogeneity
conditions and fixed-T",'? continuous outcomes,? relied on additive separability of the unobserved
heterogeneity,'* or specified parametrically the link function.'® In contrast, by alleviating the large-
T dimension and the single-index structure, I show that all parameters of NGFE models can be

(nonparametrically) point-identified.

12866, in particular, Chernozhukov, Ferndndez-Val, Hahn, and Newey (2013), Evdokimov (2010), Evdokimov
(2011), Hoderlein and White (2012), Botosaru and Muris (2017), Manski (1987) and Altonji and Matzkin (2005).

13See, e.g., Athey and Imbens (2006) and Freyberger (2018).

H3ee, e.g., Botosaru and Muris (2017) and Mugnier and Wang (2022). Differently from the additively separable case
considered in Mugnier and Wang (2022), interactions between individual-specific (i.e., vector of group membership
dummies) and time-specific (i.e., vector of cluster effects) effects complicates analysis, which requires new arguments
on top of the compensating variation technique already used in that paper and D’Haultfoeuille, Hoderlein, and Sasaki
(2021).

157 eleneev (2020).



The second contribution of this paper is to propose a novel and convenient estimation method for
semiparametric nonlinear panel data models with time-varying unobserved heterogeneity and de-
rive its asymptotic properties. Most previous research in the large-N, large-T panel data literature
has focused on factor-analytic type linear models while nonlinear models with multiple fixed-effects
have only recently drawn considerable attention.'® Fernandez-Val and Weidner (2016), Graham
(2017), and Charbonneau (2017) provide consistent and asymptotically normal semiparametric es-
timators of the homogeneous slope coefficient (as well as average partial effects in Fernandez-Val
and Weidner, 2016) in nonlinear two-way fixed effects models, assuming that unobserved het-
erogeneity is additively separable into individual-specific and time-specific components. Neither
two-way fixed effects nonlinear models nor NGFE models are nested one into another and the two
approaches should therefore seen as complementary. However, differently from NGFE estimators,
Graham (2017) and Charbonneau (2017)’s conditioning estimators, by partialling out the unob-
servables, do not provide consistent estimates for them, and Ferndndez-Val and Weidner (2016)
require N/T — k € (0,400) to obtain statistical guarantees.

The closest papers to ours are Chen, Fernandez-Val, and Weidner (2021), Bonhomme, Lamadon,
and Manresa (2022), and a recent working paper by Ando and Bai (2022). Chen, Fernandez-Val,
and Weidner (2021) extend Ferndndez-Val and Weidner (2016)’s results to semiparametric nonlin-
ear factor-analytic models under concavity conditions. When the link function is parametrically
specified, NGFE models fall into their framework. Yet, Chen, Fernandez-Val, and Weidner (2021)
do not derive any formal nonparametric identification result and, because of their generality, also
require N/T — k € (0,400) and need bias correction methods to obtain correctly centered limiting
distributions allowing for valid inference on slope coefficient and average marginal effects (but not
on the latent factors). The two-step discretization approach of developed in Bonhomme, Lamadon,
and Manresa (2022), albeit its remarkable generality, comes at a similar price. When heterogeneity
is discrete, it ressembles a Lloyd’s algorithm where the first clustering step would not take advan-
tage of improvement on the other parameters (as noted by the author, the choice of moments is
important in practice) but, different from the NGFE approach, it does not have yet any inference
method. Moreover, Monte Carlo simulations suggest that relying directly on maximum likelihood
(NGFE) is better in terms of bias and RMSE when unobserved heterogeneity is time-varying and

discrete. Alternatively, NGFE estimators are asymptotically equivalent to the oracle MLE with

16For linear factor-type models, see, among many others, Bai (2003), Pesaran (2006), Bai (2009), Bonhomme and
Manresa (2015), Moon and Weidner (2015), Moon and Weidner (2017), and Ando and Bai (2017). For nonlinear
ones, see, e.g., Chen, Fernandez-Val, and Weidner (2021) and Ando and Bai (2022).



known clusters which, itself, is shown asymptotically centered and normal at parametric rates (or
for which bias-correction techniques might be available in the same flavour of Chen, Fernandez-Val,
and Weidner (2021)), and provide a parsimonious approximation if one is willing to assume discrete
unobserved heterogeneity. Independently from this paper, Ando and Bai (2022) generalizes Bon-
homme and Manresa (2015)’s semiparametric GFE estimator to an exponential family of nonlinear
grouped factor models with heterogeneous coefficients (including Probit, Logit, Poisson). As in
this paper, they consider the MLE and their results extend our NGFE estimator for semipara-
metric NGFE models with heterogeneous coefficients. Differently, their general framework imposes
stronger restrictions (requires larger 7' in the asymptotics), delivers slower V/T-rate for the slope
coefficient estimates (v.s. vVNT for the NGFE estimate of the common slope), and they do not
provide nonparametric identification results.

Some papers assume that clusters are known to the econometrician (see, e.g. Arkhangelsky
and Imbens, 2018; Bester and Hansen, 2016). Many papers allow for clustered structure on the
unobserved heterogeneity but otherwise impose time-invariant unobserved heterogeneity.'” For
instance, Hahn and Moon (2010) and Bonhomme and Manresa (2015), which focus respectively
on discrete but time-invariant unobserved heterogeneity in general models and linear versions of
NGFE models with time-varying unobserved heterogeneity, have been extended to some nonlinear
models with time-invariant unobserved heterogeneity in Saggio (2012) and Cheng, Schorfheide, and
Shao (2021). Yet, accounting for clustered patterns of time-varying unobserved heterogeneity in
nonlinear models seems to be a difficult and less investigated problem that I address in this paper.
In particular, NGFE estimators are a natural semiparametric extension of Bonhomme and Manresa
(2015); Bryant and Williamson (1978); Hahn and Moon (2010); Saggio (2012)’s classification maxi-
mum likelihood estimators to cover the class considered in this paper and allow for nonlinearity and
time-varying unobserved heterogeneity simultaneously. As the latter, they are based on optimal
clustering of individuals given a M-estimation likelihood criterion. However, while the least-squares
formulation of Bonhomme and Manresa (2015)’s GFE estimator and linearity allow many useful
connections with clustering theory and, in particular, that of the kmeans algorithm (the GFE clus-
tering estimate is based on k-means clustering of individuals’ profiles of outcome net of the effects of
the covariates), the binary outcome Y;; = 1{Y;; > 0} in, e.g., a Logit or Probit NGFE latent utility

model, is not linear in parameters and the latent variable Y;; = X{teo + a(g]o , — Eit, although linear

17See, e.g., Hahn and Moon (2010), Su, Shi, and Phillips (2016), Gu and Volgushev (2019); Yu, Gu, and Volgushev
(2022), Saggio (2012), Vogt and Linton (2017), and Cheng, Schorfheide, and Shao (2021).



in parameters, is not observed by the econometrician. Hence, the kmeans agorithm is not directly
applicable to the within profiles of outcomes {Y}; : t} net of the effect of covariates. Differently from
us, a line of research put the grouping assumption on the unknown slope coefficient (heterogeneous
models), letting again the unobserved heterogeneity individual-specific.'®

The third strand of literature this paper contributes to is that of dimension reduction methods
applied to nonlinear panel data models. A surge of papers have leveraged state-of-the-art statis-
tical learning tools such as matrix completion devices and extensions of Tibshirani (1996)’s Least
Absolute Shrinkage Estimator (LASSO) estimator to tackle the problem of estimating a large num-
ber of unobserved effects in parsimonious panel data models.!” A common idea underlying these
methods (as well as grouping/clustering techniques) is to exploit restrictions on the support of the
unobserved heterogeneity, which echoes the concept of sparsity in high-dimensional statistics.?’

Finally, this paper is related to a strand of the statistical literature concerned with the classical
NP-hard problem of clustering (see, e.g., Forgy, 1965; Lloyd, 1982; MacQueen, 1967) and the closely
related statistical concept of (nonparametric) finite mixtures models (see, e.g., McLachlan and Peel,
2000). In NGFE models, and conversely to classical EM approaches (see, e.g. Dempster, Laird,
and Rubin, 1977; Sun, 2005), the probabilities to belong to each cluster are not restricted. In
sharp contrast with nonparametric finite mixture approaches, where the underlying heterogeneity
is usually continuous, NGFE models have an underlying discrete structure which is the object
of interest. For each individual, a unique cluster-membership is estimated instead of a vector of
probabilities (e.g., the Bayes predictor) to belong to each cluster (see, e.g. Bryant and Williamson,
1978, for a discussion). Yet, as in EM algorithms, it is important to acknowledge that the popular
iterative Lloyd (1982)’s algorithm used to compute the NGFE estimator is subject to the problem

of being attracted to local minima.

Organization The remainder of the paper is organized as follows. In Section 2, I introduce the
class of NGFE models. The main identification result is presented in Section 3. In Section 4, I

propose a general M-estimation framework, develop semiparametric NGFE estimators, and discuss

18See, Boneva, Linton, and Vogt (2015), Su, Shi, and Phillips (2016), Su, Wang, and Jin (2019), Gao, Xia, and
Zhu (2020), Zhang, Wang, and Zhu (2019), Liu, Shang, Zhang, and Zhou (2020), and Wang and Su (2021).

19866, among others, Kock (2016), Moon and Weidner (2019), Zeleneev (2020), and Athey, Bayati, Doudchenko,
Imbens, and Khosravi (2021).

208ee, e.g., the monograph by Giraud (2014) for a thorough introduction to the topic. Note that “sparsity” of the
unobserved heterogeneity is different from “sparsity” of common parameters, which distinguishes this literature from
that focused on the use of the LASSO in panel data models with high-dimensional covariates or instruments (see,
e.g., Belloni, Chen, Chernozhukov, and Hansen, 2012; Belloni, Chernozhukov, Hansen, and Kozbur, 2016).



their computation. Section 5 provides theoretical properties of NGFE estimators in semiparametric
binary choice models. Section 6 presents Monte Carlo results. Section 7 contains the empirical

application. Section 8 concludes. All proofs are collected in the appendix.

Notation For any set A, I let A* := A\ {0} and |A| denote the cardinal of A. For any (a,b) € R?,
I let aVb:=max{a,b} and a Ab:=min{a,b}. A\ denotes the Lebesgue measure on (R,B(R)),
where B(R) collects the Borel sets on R. The abbreviation “a.e” stands for “almost everywhere”
(with respect to an appropriate measure). Let 4 and -2 denote convergence in distribution and
convergence in probability respectively. For any sequence of random variables {U,, : n € N} such
that U,, = U, let plim,,_, Uy, := U. U, = Oy(1) (resp. 0,(1)) means U, is bounded in probability
(resp. converges in probability to zero). U, = O,(R,) means that U, = R, x V,, with V,, = O,(1);
Up = 0p(Ry,) means that U, = R, x V,, with V;, = 0,(1). Henceforth, I denote by Supp(U) the

support of any random variable U.

2 Nonlinear Discrete Outcome Models With Unobserved Clusters

of Time-Varying Heterogeneity

Suppose to observe a balanced random sample of panel data {(Yi, X},) : (i,t) € N x T} with di-
mensions N := |N| and T :=|7|.?! In many applications, N is an index for individuals or “units”,
and 7 indexes time periods or “unit members”. I consider the problem of modeling, for individual
i € N, the T-vector of discrete outcomes Y; = (Yj)jc in relation with its T' x p matrix of weakly
exogeneous covariates X; = (Xj,);c7- The dependent variable Yj; represent agents’ (choice) de-
cisions and X;; represent agents’ attributes over time and it is often plausible that time-varying
unobservables (to the econometrician) confound the “effect” of X;; on Yj;.??. For instance, in the
empirical application, Y;; € N denotes the number of patents produced by industry ¢ at time ¢ and
X collects industry ¢’s characteristics at time ¢ such as the level of product market competition.

With this purpose, I introduce below a class of nonlinear clustered or “grouped” fixed effects

21Unbalanced panels can be accomodated easily under exogeneous attrition (i.e., missing-at-random). Endogeneous
attrition is beyond the scope of this paper. Throughout the paper, I rule out undirected graph (or network or “pseudo-
panel”) data for which there is no proper 7 and observations are indexed by pairs of indices (i,t) € N 2 such that
(Yie, X1,) = (Yii, X;;) for all (i,t) € N2. There is a vast literature on models of link formations and networks (see,
e.g., de Paula, 2020, for a recent review).

22E‘g., agents choose X;; depending on time-varying unobservables that also affect Y;; before idiosyncratic shocks
are realized. One might also want to distinguish between state dependence and unobserved (time-varying) hetero-
geneity (see, e.g. Heckman, 1981).



(NGFE) models to flexibly incorporate time-varying patterns of unobserved heterogeneity. I let
Supp(Yi, Xit) = Y x &; and assume that Y C R is at most countable and X; C RP for some fixed
p € N*. In its simplest version, individual i € N :={1,..., N} at time t € T :={1,...,T} chooses Y;; €
Y given her weakly exogeneous covariates X! := (X/;,...X/,)’, her unobserved cluster membership
variable ¢Y € G0 := {1, ...,GO}, and unobserved time-varying cluster-specific effect agt € ACR such

that, for all y € Y,
L . . 0o 0 _ 1,0 ! 20 0
Pr YLt—y\Xﬂ,...,X”,gi,aggt =h"(y,X;;0 —|—ocg?t , (1)

where 8% € B C RP in an unknown fixed parameter of interest, G° € N* is unknown but “small”

relative to IV, and h" € H is an unknown link function from the set

HCh:YxR—(0,1) measurable, Z h(y,-) =1, and Z lylh(y, ) < ocoa.e.
yey yey

The common parameter 3 is often of key interest in applications (e.g., marginal utilities). Un-
observed effects (042? t)t21 account for time-varying unobserved heterogeneity shared by all members
of cluster ¢?, i.e., all individuals { VE g? =gq? }, that might confound B° (i.e., arbitrarily correlated
with Xj;;). The link function hO captures the conditional distribution of random idiosyncratic
shocks in exogeneous latent variable utility choice models. The contemporaneous covariates Xj;
and the unobserved effect 0‘29 , enter the response function as the combination of a linear single-
index X/,3° +oz2i0 , and an unknown link function h9.?3 Single index assumptions are common in
the nonseparable panel data models literature and serve mainly computational and interpretation
purposes (relying on another smooth index would not significantly change our subsequent results,
but likely some identification assumptions). Note that (i) neither the clustering nor the number
of clusters is observed by the econometrician and (ii) the number of possible assignments of N
individuals into G clusters grows exponentially fast with N.

Model (1), although static, complement models that have been routinely employed in the em-
pirical microeconometric, industrial organisation, macroeconometric, innovation, and international
trade literature, which, in contrast, assume additively separable (and time-invariant) fixed effects.

I provide below some leading examples complementing Mugnier and Wang (2022).

231f b0 were known to the econometrician, model (1) would become a special case of the semiparametric nonlinear
factor models considered in Chen, Ferndndez-Val, and Weidner (2021).
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Example 1 (Binary outcome)

Yi=1 {X{tﬁo +042?t —Eit > 0},

/
where €5 is independent from (X{l,...,X{t,g?,agot) and distributed with (unknown) cumulative

distribution function (cdf) U°. Then,
B (1, X780 +ado,) = 1{y = 1} x W0 (X},8°+ o, ) +1{y = 0} x [1—° (X},8°+a, ) |.
Example 2 (Ordered outcome)

0 if X3,B% + o, — e < df.
Yie=\1 ifd} <X},8"+al, —ei < dj. (2)

2 if X3B°+ad, —ei > df,

!/
where d3 > dY, and e;; is independent from (X{l,..., {t,ggjagot) and distributed with (unknown)

cdf OO, Then,

100 (X7, + aly, — dY) if y=0.
/

B (y, X3 +ado, ) = 4 wo (X780 +als, —d?) = WO (X[, 80+ 0l —d3)  ify=1.

W0 (X}80 +ally, — d3) ify=2.
Example 3 (Count outcome) Y ={0,1,2,...}. A Poisson parametrization specifies

A?t)y €Xp (_A?t)
y!

B (. X780 +aly, ) = ( , (3)
where )‘?t = exp (X{t60+agot). Alternatively, h® could encapsulate, e.q., the negative binomial

distribution.

I adopt the so-called “fixed effects” approach, treating the realizations of unobserved time effects

and group membership variables as unrestricted parameters to be estimated. I asume that G°

fixed and exogeneous. Policy parameters of interest such as average marginal effects often write as
- 0 30 0 0 0 0 0\ & gcoT -

functionals of 5%, h°, o := (agl,...,agT,...,aGOI, ...,aGOT) € A% % and latent clustering structure

A0 = (g?,...,g?\,)/ € GOV, Hereafter, I focus on identification and estimation of the sequence of

11



/ / / /
parameters G?VT = (Go,ho,ﬂo AV, al ) € On7, where I let

+o00
Onr = |J {G} x H x B x {1,....GYN x A°T.
G=1
While B is a finite-dimensional space, H is clearly not and the dimensions of both the discrete

set {1,...,G}N and AST grow with the sample size. This makes model (1) a high-dimensional

combinatorial semi-parametric nonseparable model.

Remark 1 [t is straightforward to adapt the analysis to allow for cluster-specific slope coefficient

/ ! /
B .= ( 0 ,...,Bgo) such that
Pr (YQt =y | Xa, -~-aXitag?va2?thS?) =h° (?/,Xz{tﬁ(g)g +Oéggt) , Yyel. (4)

We discuss this extension, as well as heterogeneous link functions, additional individual- and time-
specific effects, and grouped time-periods in Appendices B.1-B.3. Model (1) can also be extended
to allow for multimodal outcomes. The notation are more lengthy and would essentially follow the

same lines as in Mugnier and Wang (2022).

Remark 2 Model (1) extends Bonhomme and Manresa (2015) to nonparametric discrete choice
modeling. In contrast to Bonhomme, Lamadon, and Manresa (2022), the link function h° is un-
known, the true underlying unobserved heterogeneity is discrete, and all parameters of the models

are considered as target parameters.

3 Nonparametric Identification and Estimation

In this section, I investigate the identification of H%T in model (1) and provide guideline for fully
nonparametric estimation. Note that model (1) is related to nonseparable panel data models with

latent factors as it implies the following semiparametric regression equations:
1{Yie =y} = h° (y, X8 +ale, ) +early),  V(it,y) € XN x T x Y, (5)
where E [sit(y) | Xi,g?,aggt} =0, and

Yie= Yy (v, X0,8%+ alo,) + v, V(irt) € XN x T, (6)
yeY
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where vit =37, ¢y yeit(y) and, by linearity, E [vit | Xi, 9%, a(g)(_) .| = 0. The representation given by (5)
is useful to identify the clustering structure, while the representation given by (6) allows to apply

results in Ichimura (1993) under appropriate dependence conditions that I now introduce.

3.1 Large-N, Large-7" Nonparametric Identification

In this section, I prove the nonparametric identification of Q?VT in model (1) as NV and T diverge
jointly to infinity. Since both ¢? and 0‘20 , are unobserved, identification holds up to clusters re-
labeling only.?* It is also necessary to impose location and scale normalizations, which I specify
25

as [|8%] =1 and of; =0, where |- || denotes the Euclidean norm.?” Identification is based on

Assumptions 1-5 below.

Assumption 1 (Random sampling) There ezist sequences of random vectors of fized dimen-

sions AV := {/\21: : (g,t)}, = {ug : g}, 0= {&) 14}, such that:
(a) (Y}, X},g9) is i.i.d. acrossie N conditional on a®, \°, u°.

/
(b) For allie N: {(Y;t,th,aggt) }t>2 is a strictly stationary strong mizing process with mixing
coefficients a;(-) conditional on g?_,,ugo,fzo. Let a(-) = sup; a;(+) satisfy a(l) < cop’ with cq >0,

and p € (0,1).
d
(c) Forallt € T: Yy | Xu1e,99,0% 20, 10,60 = vy, | X1t79(1),0429t-

Assumptions 1(a)-1(b) restrict cross-sectional and time dependence in the data. Contrasting with
many papers, they allow for flexible patterns of unconditional spatial and time-series correlations
as captured by the clustering latent structure a®, A%, u° and individual-specific effects £°. Assump-
tion 1(c) requires that A, 1u0,£% have no effect on the outcome after conditioning for the covariates,

cluster membership and the cluster-specific effects o

. This assumption is mostly for a matter
of simplicity in exposition. In Appendix B.1, I discuss several extensions such as cluster-specific

slopes, individual-fixed and time-fixed effects which possibly affect all observed variables.?’

Assumption 2 (Latent clustering) X :=(\2, X; is not empty and:

24This mirrors standard rotational invariance normalizations in interactive fixed effects models (see, e.g., Bai, 2009).

25These choices are, of course, arbitrary but normalizing Hﬁo || =1 is standard in nonparametric single-index models
(see, e.g. Botosaru and Muris, 2017; Ichimura, 1993).

26Ty some application, it could be useful to allow for a non-scalar agt. Estimation in semiparametric nonlinear
grouped factor models with many factors has recently been considered in Ando and Bai (2022).
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(a) There exist known X° C X, y €Y, and functional ¢ such that, for all fized (i,5) € N, letting

(b) For all g € G°, almost surely Pr (g9 =g | a® A\, 1% %) > 0.

Assumption 2(a) requires clusters to be sufficiently well-separated in terms of individual-level con-
ditional probability functions. It is a low-level injectivity or “completeness”-type assumption a la
Bonhomme, Lamadon, and Manresa (2022) which ensures that latent variables are recoverable from
observed moments and leaves flexibility to the researcher for defining clusters of unobserved het-
erogeneity. In Appendix A.2, I provide sufficient conditions for Assumption 2(a) to hold, including
smoothness and the existence of a special regressor a la Honoré and Lewbel (2002) but without
large support. For such a mapping to exist, the intuition is that whenever g? #* g?, the conditional
distributions 0422 | Xio = x,g0,10,&Y and a%Q | Xjo = x,g?,,u?,{? across x € XY should differ suffi-
ciently (and the link function h° should be sufficiently smooth to convey such a difference) so as to
trigger a difference in the integrated-out conditional outcome probabilities captured by ¢. In many
application, ¢(f,g) = 1{f = g} makes sense (see, e.g., Vogt and Linton, 2017). Yet, the setting is
kept slightly more general as other clustering structures might be plausible. Assumption 2(b) rules
out asymptotically negligible clusters. Notice that allowing for an increasing number of clusters
or negligible clusters would need substantial changes to Assumption 1 (e.g., as the cross-sectional

identical distribution would not hold anymore).
Assumption 3 (Regularity and smoothness)

(a) Conditional on g?,ugg,gzo, Xio admits a uniformly continuous density function inQ‘go 10, €0
i i gi7 i

such that 0 < § <inf, ¢ yo inQ‘g?,qu@o (x) <supgexo in2|g?7H2

0,§Q(x) <§ < o0.

(b) Almost surely, E (HX12||2 ] g(l),aoj)\o,uo) is finite and E (X12X15 | g9,a%, A%, u®) is nonsingular.

(c) Yyey yh®(y,-) is differentiable on R and not constant on the support of X{tﬁoﬂ—ag?t.

Assumption 3 collects sufficient technical conditions that are useful to achieve point identification of
B%,a° given that h® is unknown, by relying on existing results in Ichimura (1993) for nonparametric
i.i.d. single index models. In particular, it requires continuous covariates (which could be relaxed

at the expense of heavier conditions) and invertibility of conditional Gram matrices.

Assumption 4 (Monotonicity) There exists y € Y such that h°(y,v) is strictly monotonic in v.
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Assumption 4 is a shape restriction which may be expected to hold at boundary points of Y
(e.g., outside option in random utility models, absence of trade, absence of patenting in acount
outcome model). Shape restrictions such as monotonicity have been routinely used to obtain

point-identification in nonseparable panel data models.?”

Assumption 5 (Compensating variations) For all fized (g,g,t), there exist x1,z9 € X such
that
oz%t +a18° = o), + 258°. (7)

Similarly, for all (g,t,t), there exist x3,24 € X such that
agt~+ 258% = afy + 2 8°. (8)

Assumption 5 requires sufficient variation in the covariates and has the same flavor as the compensat-
ing variations used in D’Haultfoeuille, Hoderlein, and Sasaki (2021) and Mugnier and Wang (2022).
As in the latter paper, it does not necessarily require a covariate with large support (it depends on
the support of unobserved group-specific effects) and ensures that there is overlap in the single in-
dex across unobserved clusters (not individuals) and periods. Let WY = (1 { g = g?})

(i,j)e{1,...,N}2’
Theorem 1 below is the main identification result of the paper.

Theorem 1 Let Assumptions 1-3(a) hold, and let N and T diverge jointly to infinity. Then,

1. (W) Nen+ and GO are point identified.

2. If Assumptions 3(b)-5 further hold, then h°, B°, and (agt)(g,t)egoxN* are point identified.

For the proof see Appendix A.1.

Remark 3 A key argument of the proof of Theorem 1 is to frame the identification of the clustering
7 up to cluster relabeling as the equivalent problem of recovering the lower (or uppper)-triangular
submatriz of the adjency matrix W](\)[ of the undirected graph Gy = {V,E} whose set of vertices
V' contains units i € N and whose edges E contains all (i,7) € N? such that g9 = g}). Given the
clustering structure of the model, note that WY has rank Ry < G which is also its number of

8

distinct rows as clusters forms disconnected cliques in Gn.”® In other words, it is easily seen

27See, among many others, Athey and Imbens (2006); Evdokimov (2011); Klein and Spady (1993); Mugnier and
Wang (2022), and Altonji and Matzkin (2005).

28The related problem of “community detection” in networks has been widely studied in the statistical learning
literature, and in particular in the compressed sensing literature. I do not pursue adaptation of spectral clustering
techniques or recent development in Graph-cut problems for which very few asymptotic results in statistical settings
with complex structure of dependencies are known. See von Luxburg (2007); Wang and Su (2021).
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that identification of v° up to cluster relabeling is equivalent to identification of all sets CO(i) :=
{j EN:g? :g?} for i € N. Such a characterization has two advantages: (i) it is invariant to
clusters relabeling and (ii) it reduces the NP-hard G°-mean clustering problem to that of solving
N(N —1)/2 binary classification problems.>” Once the clustering v° has been identified for all N,
identification of G° follows easily by letting N — oo. Identification of 5% can be obtained relying
on intra-cluster cross-sectional variation for a single cluster and a result by Ichimura (1993) for
a large class of cross-sectional nonparametric single-index models. Identification of cluster-specific

effects relies on the compensating variations and monotonicity of h%(y,-).

3.2 Nonparametric Estimation

A nonparametric estimator can be build following exactly the identification strategy. I provide

below the roadmap and main steps:

1. For all i € N': get an estimate p; of p; using nonparametric density estimation (including

machine learning) methods.
2. Compute Wij = ¢(pi, pj) or an approximate regularized version.

3. Set G = Hﬁ\/l,,l//l\/NH and pick (g1, ...,gn) € {1, ...,@}N satisfying, for all (z,7) € {1, ...,N}Q,

{@‘:?}\j — W ZW]',.]~

g

4. Estimate Bgt within each group at each period using Ichimura (1993)’s SLS method, and let
7_ 1 vG T 73
/8 = ﬁ Zg:l thl IBQt'

5. Estimate (04¢)g,+ by the compensating variation.

6. Estimate h(y,-) by non-parametric regression of 1{Y =y} on Zy := X{tﬁ 05,

This approach has the drawback of requiring a lot of nonparametric density estimation, i.e., a lot of
tuning parameters as it requires combining nonparametric estimates of conditionals probabilities.
This is similar to Gao, Li, and Xu (2022)’s approach in a pure network. I do not pursue the

theoretical analysis of an estimator of this type, because I aim at developing a simple method for

29Building on this insight, Mugnier (2022) proposes computationally straightforward pairwise differencing estima-
tors for linear grouped fixed effects models. A similar-in-philosophy though different trick to break NP hardness is
the binary segmentation approach of Wang and Su (2021).
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which inference tools are available. An open question is how the pairwise approach compares to the
bruteforce fully nonparametric maximum likelihood approach. I note that, for a class of directed
network models, the pairwise differencing approach developed in Mugnier (2022) yields a convenient
estimation procedure under conditional moment restrictions, without requiring any nonparametric

estimation, which reconciles computational simplicity and powerful inference.

4 Semiparametric Estimation

In the first part of this section, I propose a general M-estimation framework accomodating nonlinear
models when the number of clusters, G° € N*, is known to the researcher.? In the second part, I
specialize the framework to cases where h? € H is further assumed to be known (e.g., Probit, Logit,

Poisson) to define semiparametric NGFE estimators. In the third part, I discuss computation.

4.1 A Generic M-Estimation Framework

Assume from now that G € N* is known to the researcher, and suppose there exists a known

function p: Y x X x BxH x GON x AGT 4 R such that O = (BY 10,4, %Y satisfies

1 NT

99\7T = arginax E (NT ZZP(Y%,X&;G) ’ 77(1) ) 9)
9EBXH X GON x AGOT i=1t=1

where GOV = {1, ...,GO}N is the set of all partitions of {1,..., N} into at most G clusters. Provided

it exists, the M-NGFE nonparametric estimator g := (BM/,EM,QM/,&M/)' of %7 solves

p

N ] N7
02/[ € argmax . WZZp(Ygt,X,;t;H). (10)
0EBXHXGON x AGET i=1t=1

Finding a suitable p-function, proving identification of 6%, (i.e., that eq. (9) holds), and deriving

the asymptotic properties of the sequence of HAlp\/[ are certainly difficult problems beyond the scope
of the paper, each of them would require further assumptions. Moreover, computation of HAg/[ is

generally infeasible because maximization problem (10) is a non-smooth non-concave optimization

30Estimating G° in nonlinear models with time-varying unobserved heterogeneity is a difficult problem that is
beyond the scope of the paper. See Chen, Fernindez-Val, and Weidner (2021) for a discussion in some concave
nonlinear factor type models. An AIC or BIC-type criterion & la Bai and Ng (2002); Bonhomme and Manresa (2015)
could be employed but would require to know at least an upper bound on GY. Letting G° grow slowly with N, T
could also be of interest but would require a different analysis that is beyond the scope of the paper. Note that
Bonhomme, Lamadon, and Manresa (2022) need the number of clusters to increase as they assume a (possibly)
continuous underlying unobserved heterogeneity.
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problem with combinatorial optimization (due to the clustering part) over an infinite-dimensional
space (due to H). A practical solution to make the problem finite-dimensional is sieve-estimation
of h? but this is beyond the scope of this paper. Instead, I focus on semiparametric versions where

K0 is assumed to be known and that are of practical interest in many empirical applications.

4.2 Semiparametric NGFE Estimators

From now on, I assume that h" € H is known (e.g., Logit, Probit, Poisson, etc.) and consider the
problem of estimating 6% := (BY 4, o) in the semiparametric model (1) with known G°. The

semiparametric NGFE estimator of 6%, denoted GNGFE . — (5’ ,7',a"), is the M-NGFE estimator

9}“ (once suppressing dependence on h) with p(Yit, Xi1;60) = Inh® (Yie, X[, 8+ ag,t). In other words,
ONGFE g solution to the following minimization problem:
N 1 N.T
ONGFE ¢ argmin —ZZ—lnho (Yie, X7, B+ agt) » (11)
beBxgoN xacor NT

where the minimum is taken over all possible common parameters (3, partitions v = (g1,...,gn)
of the N individuals into G° clusters, and cluster-specific time effects {a : (¢,¢)}. Note that the
NGFE estimator is a “classification likelihood” estimator. For given values of 5 and «, the optimal

cluster assignment for individual ¢ is

R o NT
(8,00 = srgmin <233 I (¥ X6+ ag). (12)
g€g® t=1t=1

where the minimum g is taken in case of a non-unique solution. The NGFE estimator of (50/,040/)’

in (11) can then be written as

~ : 1 Al 0 /
(/B)Q) = y ;reggliljilGOT ﬁ;;_lnh (}/'it7X’it/B+a§i(ﬁ,a)t> 5 (13)

where g;(3,«) is given by (12).

4.3 Computation

The minimization problem (11) is not differentiable nor convex in ¢. In particular, it may be

subject to the existence of local minima. Note that the number of partitions of N individuals
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into G° clusters increases steeply with N, making exhaustive search impossible.?! I propose the
following simple algorithm which is an extension of the popular Lloyd (1982)’s algorithm for k-
means, a “greedy” algorithm providing a converging sequence of heuristic solutions in polynomial

time.

ITERATIVE ALGORITHM:
1. Let (8©,a®)) e B x AC’T 1o some starting value. Set s =0.

2. Compute for all i € {1,..., N}:

T
gt = argmin 3" —~mh® (Yip, X},8¢) + o). (14)
9€9° =1
3. Compute:
N T
(6(5+1),a(5+1)) = argmin Y > —InA° (Y;‘th{t/B‘i‘aggerl)t) : (15)

(B,0)eBxAGT j—1¢=1

4. Set s =s+1 and go to Step 2 (until numerical convergence).

Algorithm 1 alternates between two steps. In the “assignment” step, each individual 7 is assigned
to cluster g; whose vector of time effects minimizes individual’s ¢ time-averaged log-likelihood given
the slope parameter. In the “update step”, 8 and « are computed using maximum likelihood
and controlling for interactions of cluster and time dummies. A potential issue is that the solution
depends on the chosen starting values. Drawing starting values at random and selecting the solution
that yields the lowest objective is a practical solution in low-dimensional problems. Finding a fast
approximation of NGFE for larger-scale problems and controlling its optimization error is left for

further research.>?

5 Asymptotic Properties of Semiparametric NGFE Estimators

In this section, I assume that 6%, := (50’, aol,'yol)’ is identified (e.g., by Theorem 1) and derive the

asymptotic properties of semiparametric NGFE estimators. I consider an asymptotic framework

. 0
31The number of partitions of N objects into G° disjoint and non-empty subsets is % Zl].v:l(—l)N_l(jy) NG

oN
G—O,. In fact the G%-means problem without regressors in a cross-sectional setting is NP-hard (see, e.g., Aloise,

Des:hparlde7 Hansen, and Popat, 2009).
32Note that an algorithm similar to Algorithm 2 in Bonhomme and Manresa (2015) can be employed to improve
the trade-off between exploration and exploitation during the optimization process.
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where N and T tend jointly to infinity but G° does not grow with N and 7. I focus on binary
choice models with grouped fixed effects as the leading case. Similar results can be obtained for
other strictly concave models (see Appendix B.4), but I stick to binary choice models to keep the
exposition simple. I abstract from optimization errors and study the asymptotic behaviour of the

exact sequence of estimates defined in eq. (11).

5.1 Binary Choice Model With Grouped Fixed Effects

Consider the following data generating process:
Vi =1 {X;t50+agot e > 0}, i=1,..,N,t=1,..,T. (16)

For any Z = (Z11, ..o 27 ooy ZN1 oy Znr) s Jet Z0 ={Z3 11 <i < NJ1<s <t} ZV = {Ziy 1 <i < Nt <s < T},
and € := {e; : (i,t)}.

Assumption 6

Eq. (16) holds and:
(a) For all t: (X@,’yo,ao,s(_t_l)) and ng) are independent.®’

(b) The {ei : (i,t)} are identically distributed with known cumulative distribution function ¥ that
is fully supported on R, twicely continuously differentiable, strictly increasing, and such that

(InW)” < 0. Moreover, ¥ is symmetric around 0.

Assumption 6(a) is a weak exogeneity assumption, standard in the panel data literature, which
allows Xj;; to contain predetermined variables with respect to Y;;. In particular, X;; can include
lags of Y;; to accommodate dynamic models. Such assumption does not restrict the correlation
between (79,a°) and {X; :4}. Assumption 6(b) is standard in semiparametric panel discrete choice
models and yields strict concavity of the log-likelihood function under minimal amount of cluster-
specific and time-specific variation in the covariates (as assumed, e.g., in Bonhomme, Lamadon, and
Manresa, 2022; Chen, Fernandez-Val, and Weidner, 2021; Ferndndez-Val and Weidner, 2016).%* The
second part of Assumption 6(b) is weak and is statisfied by the Probit (¥ (u) = ffoo(l/\/ﬂ)e*ﬁmdt)

and Logit (U(u) =1/(1+e*)) distributions. Symmetry of ¥ is not necessary but it conveniently

331f one lag Yj;+_1 is included as regressor, I assume that Y;p is observed and contained in X(_t). Higher-order
dependence can be accommodated similarly.
34Gee also, Pratt (1981).
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simplifies notation in the proofs. Under Assumption 6, note that eq. (16) is a semiparametric NGFE
model (1) with known link function h%(y,z) = ¥(z)" =1 (1 — ¥(2))"¥=0, The corresponding
NGFE estimator writes

N T
(3,7,a) € argmin LZZ—IHIII(Q“ (X B+ ag)), (17)

(ﬂ,v,a)EBngNXAGOT NT i=1t=1

where Qi = 2Y;; — 1.

5.2 Consistency
Consider the following assumption.
Assumption 7

(a) B and A are compact convex subsets of RP and R, respectively.

(b) There exists a constant M >0 such that || Xu|| < M almost surely.

(c) Let InGt denotes the mean of Xy in the intersection of clusters g0 = g, and g; = g. For all
partitions v = {g1,...,gn} € Tgon, let p(vy) denote the minimum eigenvalue of the following

matrix:

=

M=

1
NT ¢

()

(Xit - Yg?/\gi,t) (Xit - Yg?/\gut)/'
1

Il
—
o
Il

Then, pth,T—>OO min’YEFGO IZ)\(’}/) =p> 0.

Assumption 7(a) and 7(c) are the same as Assumption 1(a) and 1(g) in Bonhomme and Man-
resa (2015). Assumption 7(b) strengthens Assumption 1(b) in Bonhomme and Manresa (2015).
It ensures (together with Assumption 7(a)) strong concavity of the log-likelihood function and
rules non-stationary covariates.?> Assumption 7(c) requires that X;; shows sufficient within-cluster
variation over time and across individuals, and is related to standard noncolinearity assumptions
encountered in the large-IV, large-T" panel data literature (see, e.g., Ando and Bai, 2022; Bai, 2009;
Chen, Fernandez-Val, and Weidner, 2021; Vogt and Linton, 2017). It allows for time-invariant
covariates provided that they have a sufficiently rich support. As a special case highlighted in
Bonhomme and Manresa (2015), Assumption 7(c) is satisfied if X;; are discrete and, for all g, the

conditional distribution of X; given g{ = g has strictly more than G° points of supports.

350ne could relax this assumption by allowing covariates to have sub-gaussian tails (see, e.g., Vershynin, 2019, for
a definition). I do not pursue this avenue in order to keep the exposition light. Moment conditions in Bonhomme
and Manresa (2015) also rule out covariates.
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Theorem 2 (Consistency) Let Assumptions 6 and 7 hold. Then, as N and T tend to infinity:
1. B2 B0,
~ 2 p

For the proof see Appendix A.3.
Theorem 2 shows that NGFE estimators of the common slope coefficient and cluster-specific

effects in NGFE binary choice models are both consistent.

5.3 Asymptotic Distribution
Consider the following assumption.
Assumption 8
(a) Forall g€ G°: plimy_, %> 1{¢) =g} =m, > 0.
(b) For all (g,9) € G*? such that g # g: plimT%w%Zzﬂzl(agt —a%t)g =c,5>0.

(c) There exist constants a >0 and d >0 and a sequence a(t) < exp(—at?) such that, for all
i€{l,...,N} and (g,9) € G* such that g # g, {agt—a%t : t} are strongly mixing processes

with mizing coefficients a(t).

Assumptions 8(a)-(c) are identical to Assumptions 2(a)-(¢) in Bonhomme and Manresa (2015),
respectively. Assumption 8(a) ensures that no cluster is asymptotically negligible relative to the
others and that each cluster has a large number of observations in the population. This is equiva-
lent to the “strong factor” condition in approximate factor models (see, e.g., Assumption 1.(v) in
Chen, Fernandez-Val, and Weidner, 2021). Assumption 8(b) imposes that the G° clusters are well
separated in the population. As discussed in a recent work by Chetverikov and Manresa (2021),
departing from such an assumption seems quite difficult. Assumption 8(c) restricts the depen-

0 —al), which are assumed to be strongly mixing.

dence and tail properties of the processes (ozgt o

Assumption 8(d) is standard and requires a sufficient amount of variation in the covariates.
Assumption 8 allows me to rely on exponential inequalities for dependent processes (e.g., Rio,
2000) in order to bound misclassification probabilities, almost the same way as in the proof of
Theorem 2 in Bonhomme and Manresa (2015). The novelty here is that their assumption that the
idiosyncratic shock in the linear model is a strong mixing process is hidden in the parametric and

independence restrictions formulated in Assumption 6, the latter allowing to rely on exponential
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inequalities for martingale differences (see, e.g., Lesigne and Volny, 2001) to control remainder
terms in the proofs (essentially the score).
Let (B ,@) be such an infeasible version of the NGFE estimator where cluster membership g;,

instead of being estimated, is fixed to its population counterpart g9

(B,@)= argmin ) N— ZZ—IH\P (ta ( Z{t6+ag?t>) : (18)
(B,)eBXAGTT i=11=1
This is the maximum likelihood estimator in the pooled regression of Y;; on X;; and the interactions
of population cluster dummies and time dummies.

Assumptions 6, 7, and 8 provide conditions under which estimated cluster memberships con-
verge to their population counterparts, and the NGFE estimator defined in (17) is asymptotically
equivalent to the infeasible maximum likelihood estimator (E,&), when N and T tend to infinity
and N/T" — 0 for some v > 0 (see Lemma 7 in Appendix A.4.1). In particular, this allows T to
grow considerably more slowly than N. Because of invariance to relabeling of the clusters, the
results for cluster membership and cluster-specific effects are understood to hold given a suitable
choice of the labels (see the proof for details). Theorem 2 and eq. (52) crucially hinge on the
restrictive assumption that the number of well-separated clusters G° is known and fixed, but it
could be that consistent estimation of B remains possible under weaker assumptions that would
nonetheless prevent consistent estimation of cluster memberships.?°

Given Lemma 7, showing asymptotic normality of the NGFE estimator then reduces to the
simpler problem of showing asymptotic normality of the infeasible (oracle) MLE (B,&). Let Z) =
X£t50+a2?t. For all g€ G, all t € {1,...,T}, let X'gt denote the projection of X;; on the space

spanned by the cluster membership variable under a metric weighted by (—In¥)"(Q;:Z5):

-1

( 21{ g} )" (QuZ, >> ( 21{ g} n0)"(QuZf) X )

e., the weighted average of X;; for individuals {i:g) =g}. Also, let 7, denote the following

weighted average:

.1
Mgt = Nzl {920 = 9} (_ln‘l’)”(QitZzot)-
i=1

Assumption 9 below allows to characterize the asymptotic distribution of the infeasible MLE (5 , Q).

361 thank Martin Weidner for pointing out this to me, something also discussed in Dzemski and Okui (2021).
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Assumption 9
(a) {Yi : (i,t)} are independent conditional on (X,yY,a°).
(b) There exists a positive definite matriz Xz such that

1 N T

25 = pth,T—moﬁZZ(_IH\D)H(Q#Z@%) [Xlt _Xg?t} {Xlt _)?g?t}/'
i=1t=1
(¢) As N and T tend to infinity,
1%%{(—1 ©)"(QiuZ5) (Xie — Xy, ) H{Qu(~m W) (QuZf) } —5 N(0,35)
mi:1t:1 n Iz it g0t it 2 it Lt y2&4B3)-

(d) For all (g,t): plimy_,Tg = Tg > 0.

(e) For all (g,t):
ti >3 (160 = 0} 1 {60 = 0} QuQien ¥ (QuZ) 10 W) (Quu2%)) = o >0.

(f) For all (g,t), and as N and T tend to infinity:

1 N

Tl {9 =9} Qu(n W) (Quz}) 5 N(0,wg0).
=1

(g9) The true value of B, B°, is in the interior of B. For all T, the true value of a, a°, is in the
interior of ACT,
Assumption 9(a) rules out dynamic or feedbacks.

Theorem 3 (Asymptotic Distribution) Let Assumptions 6-9 hold and let N and T tend to
infinity such that N/T — oo and, for some v >1, N/T" — 0. Then:

VNT(F- 8% -5 N (0,5), (19)
and, for all (g,t),
VA (3 -a) 4 (0.28), 20)

where Xg, wgt, and Ty are defined in Assumption 9.
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For the proof see Appendix A.4.2.

Theorem 3 demonstrates that NGFE estimators in NGFE binary choice models achieve the
parametric root-NT and root-N rates of convergence and are free of Neyman and Scott (1948)’s
incidental parameters problem. These rates are in contrast with standard interactive fixed-effects
models (see, e.g. Ando and Bai, 2022; Bai, 2003, 2009) for which root-N consistency of the time-
varying factors requires N/T? — 0 or more generally N/T — r, 0 < k < 00, as it is assumed for
instance in Chen, Fernandez-Val, and Weidner (2021); Fernandez-Val and Weidner (2016). The
intuition behind is that the extreme sparsity of the factor loading structure in model (16) allows
NGFE estimators to achieve fast accurate classification of individuals which, reduces the problem
to that of a multidimensional fixed effect in the time-series dimension in the limit.>” Consistent

estimators of the asymptotic variances are given in Appendix C.

5.4 Average Partial Effects (APEs)

Under Assumption 6, if X , the kth element of X;; is binary, its partial effect on the conditional

probability of Yj; is
A(Xir, 87, aggt) = V(B + Xz{t,—kﬂgk + O‘Sgt) - ‘I/(Xz{t,—kﬁgk + 0‘2?75)7

where 62 is the kth element of 8°, and Xit—x and ﬁgk include all elements of X;; and % except
the kth element. If X;; ; is continuous, the partial effect of X;; ;, on the conditional probability of
Yit is

A(Xit7507a2?t) = ](C)\II/(XZ,t/BO + ag?t)7

where U’ is the derivative of ¥. As discussed in Ferndndez-Val and Weidner (2016), if (X, g7, (agt) 9€G0)
is identically distributed over i but can be heterogeneously distributed over ¢, then E(A;;) = 87 and
8 = %ZtT:l 89 changes only with 7. If (X, g?, (agt)gew) is identically distributed over ¢ and
stationary over ¢, then E(A;) = 6%, and 6%, = 6° does not change with N and 7.

Deriving the asymptotic properties of plug-in estimators of average partial effects of the type

SnT = A(B,&ﬁ) is left for further research.

37To see the factor-loading structure, note that model (16) can be written as Y;; =1 {thﬁ F A fr—ei > O}, where
0 0 0
No=(1 {g? = 1},...,1 {gg = GO}) € {b € {O,I}G : 252169 = 1} and fr = (agt)/gzl,...,GO e ASXL If NJT s k€

(0,400), similar arguments than Chen, Ferndndez-Val, and Weidner (2021) apply and bias-correction methods are
needed.
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6 Monte Carlo Simulations

In this section, I conduct Monte Carlo experiments to assess the numerical performance of NGFE
estimators in finite samples, in terms of bias, root mean squared errors (RMSE), classification
(Precision, Recall, Rand Index), execution (CPU) time, and inference accuracy (standard errors,
standard deviation and coverage). I also report the results for currently available competitors. I
consider Chamberlain (1980); Rasch (1960)’s conditional logit (CMLE), nonlinear two-way fixed ef-
fects (NLTWFE, see, e.g. Fernandez-Val and Weidner, 2016; Mugnier and Wang, 2022), Bonhomme,
Lamadon, and Manresa (2022)’s 2-step grouped fixed effects (2GFE), pooled OLS regression, linear
two-way fixed effects (LTWFE), and Bonhomme and Manresa (2015)’s GFE estimators.*®

As in Bonhomme and Manresa (2015), I focus on settings of moderate size (N =90, T =7)
to highlight the performance of NGFE with small datasets as often encountered in macro/meso-
economics (e.g., in my empirical application). Having large N is not computationally demanding.
When T is very large, computation of the NGFE estimate might be demanding and results in
Mugnier (2022) could probably be adapted. I consider static and dynamic logit models, and four
DGPs for the time-varying covariates (more or less correlated with the unobserved heterogeneity,
UH hereafter), where the number of groups G? each time varies across {2,3,5}. Variation across
time periods in the covariates is not necessary for NGFE but allows for comparisons (e.g., with
CMLE).

Overall, I find that NGFE estimators perform best uniformly across competitors in the design
they are meant to adress: correlated time-varying unobserved heterogeneity (DGP 1). In other
DGPs, where the unobserved heterogeneity does not vary with time, they might be slightly more
noisy than well-suited estimators (e.g., CMLE or NLTWFE) and have a larger finite sample bias.

6.1 Static Logit Model

The data generating process is
Ytit = 1{Xitﬂ+agit > Eit}v 1= 17"'aN7 = 17-~-3Ta (21)

where 8 =1 and e;; ~Logit(0,72/3), g; ~Unif{1,...,G°} for G° € {2,3,5}, and, letting with p =
(“L1) if G =2, = (—n/v/3,0,7/v3) if GO =3, and = (~2/v/3, ~m/v/3,0,7//3, 27/ \/3)

381 leave comparison with Charbonneau (2017)’s conditional logit and Chen, Fernandez-Val, and Weidner (2021)’s
nonlinear factor models for further research. A definition of the metrics and more details are given in Appendix D.
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if GO =5, V; such that Pr(V; = —2) = 1/12,Pr(V; = —1) = 1/4,Pr(V; = 0) = 1/3,Pr(V; = 1) =
1/4,Pr(V; = 2) = 1/12, and Wi, ~ N(0,1):

« DGP1 (grouped patterns of time-varying UH): ago = pig, for t > 1, aige = 0.1agp—1 +(—1)971U,,
Uyt ~Unif[0, 1], Xy = 0.5V; +0.8U0,.

« DGP2 (grouped patterns of time-invariant UH): age = pg, Xit = 0.3, + Vi +0.8Wj.
o DGP3 (continuous time-invariant UH): o; ~ N(0,1), X;z = a;; +0.5V; + 0.8W;.
« DGP4 (No UH): ag =0, Xy = 0.5V; +0.8Wj.

The variables Uy, Vi, Wit, g; and €5 are independent and i.i.d. across individuals and time periods.
All the results are based on 50 Monte-Carlo replications and computed using Algorithm 1 with 200
randomized initialization points (results improve by increasing this number).

Table 1 reports the bias and RMSE of NGFE and five competing estimators. It shows that
NGFE estimates minimize both metrics across all estimators in DGP 1 (e.g., one order of magnitude
less than CMLE or 2STEPGFE, the best competitors). If there is no UH (DGP 4), NGFE keeps
a reasonable RMSE compared to CMLE but has small bias (e.g. RMSE of .151 v.s. .152 if GO =2
and .178 v.s. .118 if G° = 5, Bias of 0.040 v.s. -0.002 and 0.114 v.s. 0.018 respectively). All linear
estimators perform very poorly. The 2-step GFE is more noisy in general.

Table 2 shows that any measure of the clustering accuracy remains at a high level because of
the high level of UH. For instance, the misclassification rate only falls below 50% when G° = 2. In
unreported simulations, we show that it actually drops to 5% if one has G° = 2 and cluster-specific
effects are not correlated with the covariates. There is a continum between the two that should
merit further investigation. The CPU time of the method is comparable to that of other clustering
methods such as Bonhomme, Lamadon, and Manresa (2022)’s 2-step GFE.

Table 3 suggests that estimates of the standard errors based on the large-T" clustered variance
formula match on average the effective finite sample dispersion of the NGFE estimates. The re-
sulting confidence intervals have an almost correct coverage though showing a small finite-sample
under-coverage.?” In particular, Table 3 suggests good coverage rates around the prescribed theo-
retical level of 95% (e.g., .86, .80, .84 in DGP 1 and .92, .92, .88 in DGP 4), which fall with the
number of groups and, more generally, with the degree of continuity of the UH (e.g., below .5 in

DGP 3 but still .82 in DGP 2 with G° = 2).

39A similar finite-sample undercoverage phenomenon is also reported in Bonhomme and Manresa (2015), who
suggest the use of a bootstrap estimator instead.
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6.2 Dynamic Logit Model

The data generating process is

Yvit — I{Y;tflﬁl +Xitﬂ2 +agit > 5it}7 ) ) "'7N’ t= ]-a"',T’

Yio = 1{Xjof2 + ag,0 > €io}, i =1,...,N. (22)

Tables 4-6 report the same statistics as Tables 1-3 but for the dynamic model. Results for gy are
very similar to that for 5. On the other hand, the precision of NGFE estimates of 1 is more
mixed (the conditional independence assumption 9(a) does not hold here). Previous comparison

still apply there.

7 Empirical Application: Revisiting the Inverted-U Relationship

Between Innovation and Competition

Does more competition lead to more innovation? This question of fundamental importance, e.g.,
for Antitrust and Competition policy, has been the subject of a longstanding debate in the fields
of industrial organization and macroeconomics of endogeneous growth theory (e.g., Gilbert, 2006;
Griffith and Van Reenen, 2021). On the one hand, more competition reduces profit and postin-
novation rents, and therefore disincentivizes innovation: this is the so-called Schumpetarian effect.
On the other hand, competition may reduce a firm’s preinnovation rents by more than it reduces
its postinnovation rent so that an escape-competition effect may dominate and foster innovation
and growth.

In an influential paper, Aghion, Bloom, Blundell, Griffith, and Howitt (2005) reconcile these
two contradictory views by documenting an inverted-U relationship between the number of citation-
weighted patents and product market competition within a panel data set of UK industries over the
period 1973-1994. The inverted-U is predicted by a model of endogeneous growth, and estimated
after controlling for additively separable industry and year fixed effects controlling for permanent
unobserved technological levels and common trends in a conditional FE Poisson model. The authors

assume in their preferred specification: for p € {0,1,...},

exp(p(g(cit) +vi+&) exp(—exp(g(cit) +vi+&)))
p!

Pr(pit :p\cit,%ft) =
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where p;; represents the number of citation-weighted patents in industry 7 in year ¢, ¢;; is 1—Lerner
index;, v; is a permanent unobserved level of innovation, & captures macroeconomic trend, and
g(+) is a second-degree polynomial.*’

Figure 1 replicates their Figure II, which is a scatterplot of an innovation measure (citation-
weighted patents) on an competition measure (1 minus the Lerner index) with exponential and
nonparametric spline fits predicted by their preferred specification:*!

While model (23) is in line with a large body of the previous literature (see, e.g., Gourieroux,
Monfort, and Trognon, 1984; Hausman, Hall, and Griliches, 1984), it imposes strong assumptions
on the data generating process: conditional Poisson distribution and additive separability of unob-
served effects. In particular, the inverted-U relationship seems fragile as recent empirical research
has reported both increasing and decreasing monotonic relationships depending on the controls in-
cluded (Aghion, Van Reenen, and Zingales, 2013), whether accounting for structural breaks or not
(Correa, 2012), or the country data used (Askenazy, Cahn, and Irac, 2013; Hashmi, 2013), spurring
a variety of explanations and theoretical models. Yet, to the best of our knowledge, no paper has

assessed the robustness of the inverted-U relationship to modeling choices regarding unobserved

heterogeneity. A natural question is then:

Are all industries subject to the same economic trend (time-effect) during the 1973-199/ period

where, e.g., the development of I.T. has been exponential and plausibly shaped market structures?

As Aghion, Bloom, Blundell, Griffith, and Howitt (2005) and Correa (2012) argue, innovation is
a dynamic process and the potential endogeneity might comes from unobserved forces that drive
both innovation and the market structure in a dynamic way. Moreover, while industry might be a
good level to control for permanent scaling, it is likely that among the 311 firms of Aghion, Bloom,
Blundell, Griffith, and Howitt (2005)’s UK panel, a few time-varying path emerge.

In this section, I illustrate how the class of NGFE models together with semiparametric NGFE
estimators introduced in this paper can be used to adress this question, challenging the fact that
firms are all subjects to the same macroeconomic trends and that the unobserved propensity to

innovate and compete is industry-specific and fixed across time.

“OThe fact that the number of patents is weighted and averaged at the industry level makes it a “continuous”
variable with a mass point at 0. This is probably a reason why the authors apply a discrete model. See the summary
statistics in Table 7. See Aghion, Bloom, Blundell, Griffith, and Howitt (2005) for details on the construction of each
variable.

4171 note that the scale of the y-axis in ABBGH’s Figure II is incorrect, as well as the legend of their Figure I since
the graph in fact corresponds to specification (1) in their Table I (and not (2) as claimed).
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Data. I use Aghion, Bloom, Blundell, Griffith, and Howitt (2005)’s data available at N. Bloom’s
website.*? This is an unbalanced industry-level panel based on 311 firms listed on the London Stock
Exchange and grouped in 17 two-digit SIC code industries, which received patent grants from the
United States Patent and Trademark Office (USPTO). The period covered by the dataset is from
1973 until 1994 and there are 354 observations. Table 7 reports summary statistics borrowed from
Hashmi (2013). In particular, one can see that some industries are never granted patents.*> Table 8

lists industries of the sample.

Evidence of Time-Varying Unobserved Heterogeneity. Before estimating a NGFE model, 1
investigate the existence of a latent clustering structure by applying the tetrad pairwise differencing
estimator developed in Mugnier (2022) to ABBGH’s residuals p;; — E[pit\cit, U, Et] —exp(g(cit) + 0+
Et), plotted in Figure 2. This smooth exploration method allows for an unconstrained number of
clusters, run in polynomial time, provides a regularization path for the number of groups and
estimate time-varying effects without relying, e.g., on k-means and local minima.**. Figure 3 and
Figure 4 plot the regularization path corresponding to the largest plateau, i.e., for a regularization
parameter such that G= 3, and time effects respectively. Figures 4 reveals one cluster with residuals
centered around zero and low variance (red), one cluster with higher volatility and statistically from
zero at several periods and statistically different from the first cluster at least at one period (blue),
and a very high volatility cluster (green) that consists of industries with missing values. There is

evidence of time-varying unobserved heterogeneity.

A Mildly Inverted-U Relationship. [ now estimate the following NGFE model:

exppc-&—i—czﬁg—i—ai exp(—exp 0'51+0252+04i
Pr(pu = p | cusag.g) = SPLAA TR T OB OPCUR T AR (g

where g; € {1,..., GO} is industry 7’s unknown cluster membership and (aqy, ..., aqo) € RE are time-
specific unobserved effects accounting for unobserved confounding variations in the propensity to
patent and product market competition in each of the G° clusters. Given the small number of
industries, I report results for G° € {2,3,4}. Models (23) and (24) are non-nested as G° << N.
Table 9 and Figure 5 replicate ABBGH’s Table I and Figure I, and additionally show results

42nttps: / /nbloom.people.stanford.edu/sites /g /files /sbiybj4746 /f/abbgh.zip.

43This does not mean that such industries never innovate. Patenting is an imperfect measure of innovation in
several aspects (Boldrin and Levine, 2013). Many studies perform robustnes checks by using R&D expenses as an
alternative measure (Aghion, Bloom, Blundell, Griffith, and Howitt, 2005).

44Yet, its statistical guarantees are currently not known in the Poisson model.
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of NGFE estimation for the choices G° € {2,3,4}, using 2,000 random initializers around 02+G°T
Two results are striking. When G® = 2, the in-sample relationship (no extrapolation) is a significant
increasing relationship. This can be explained by the structure of the clustered effects discussed
in the next paragraph: when G° =2, I only estimate two clusters that do not exhibit a lot of
variation over time. Estimation then acts as a constrained classical fixed effect estimator (where
industry-specific effects only have two points of support). When G increases, I find strong evidence
of a mildly inverted-U relationship. Estimates of the competition parameters are still significantly
different from zero but the inverted-U relationship is dramatically less pronounced (the curve is

flatter) when unobserved heterogeneity is allowed to be time-varying.

Clustered Unobserved Innovation Dynamics. The 70-90’s are characterized by the ex-
tremely rapid development of electronics, networks and the Internet. It is likely that economies
of scale, shocks and unobsered innovation trends are not the same for each industry. Figure 6
confirms this intuition by plotting the estimated cluster-specific effects obtained in specifications
(3)-(5) from Table 9, where predicted clusters of industries are given in Figure 7.

The NGFE estimates of the unobserved determinants of innovation reveal heterogeneous, time-
varying patterns, in particular for GO > 3.

Allowing for two clusters delivers two clusters that experience stable innovation paths over time,
albeit at very different levels. Cluster 1, which I refer to as the “high-innovation” cluster, mostly
contains highly-patenting, highly-competitive industries. It includes Manufacture of office machin-
ery and data processing equipment, Electrical and electronic engineering, Manufacture of motor
vehicles and parts therof, and Manufacture of other transport equipment, but also Chemical indus-
try. Cluster 2, which I refer to as “low-innovation” mostly includes low-patenting, low-competition:
metal manufacturing, textile industry, and processing of rubber and plastics, among others. This
clustering structure of unobserved heterogeneity is broadly consistent with an additive fixed-effects
representation, as the cluster effects a; and as; are approximately parallel over time. In contrast,
when allowing for more than two clusters, newly estimated clusters are not consistent with a fixed
effects model. For G° =3, Cluster 2 does not change significantly but the vast majority of industry
from Cluster 1 now belongs to Cluster 3 (“steady-catchers”) as they experience a steadily increase
during the all period towards the unobserved innovation level of Cluster 1. Only the car, food and
tobacco, and chemical industries remain in the stable “high-innovation” cluster 1 whereas cluster

3 now includes electrical and electronical engineering, office machinery and data processing equip-
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ment. Finally, when G° = 4, Cluster 3 further split into two neck-to-neck catching-up clusters of
industries. The new Cluster 4 (“Noisy-catchers”), which is more volatile in the race, contains other
manufacturing industries and transport equipment. Steadily increasing industries now include,
among others: Manufacture of office machinery and data processing equipment, and Electrical and
electronic engineering.

Figure 8 plots estimated cluster effects, competition and innovation by estimated cluster mem-
berships. It suggests that the relationship between observables and unobservables is complex and

hardly predictable from observables only.

Endogeneity. Because competition is likely to be an endogeneous variable, ABBGH use a control
function approach by including as an additional regressor in their main specification the residual of
a first-stage where the lerner index is predicted by a set of policy instruments such as the Thatcher
era privatizations, the EU Single Market Programme, and the Monopoly and Merger Commission
investigations ate the industry level (see Table IT in ABBGH). The first and fourth columns of

Table 10 show that coefficient estimates are similar to Table 9 in the case of NGFE models.

Testing for Structural Break. Finally, I revisit Correa (2012) who tests for the existence of a
structural break in 1981, and finds a decreasing relationships before and no effects of competition
afterwards. This would spuriously explains ABBGH’s inverted-U relationship. In contrast to
Correa (2012)’s results, I find no evidence of any relationships in both spells when using a NGFE
specification (see Table 10).

8 Conclusion

In this paper, I study the nonparametric identification and estimation of a new class of nonlinear
panel data model that accomodates clustered patterns of time-varying unobserved heterogeneity.
Sufficient low-level conditions delivering identification of all parameters of the models are provided.
Because nonparametric estimation might be overwhelmingly cumbersome in panel data with mod-
erate length, I propose semiparametric NGFE estimators that enjoy nice statistical properties (even
when 7' << N) and are free of the incidental parameters problem when 7'= o(N), which sharply
contrasts with many competing approaches. Individual are uniformly classified in the limit as T’
grows at least as some power of N and cluster-specific and slope coefficient estimates are asymp-

totically normal (and centered at the true value). A simple Lloyd’s algorithm is shown to perform
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well in Monte-Carlo simulation. By applying this new estimator to revisit Aghion, Bloom, Blun-
dell, Griffith, and Howitt (2005), I demonstrate that their so-called inverted-U relationship between
innovation and product market competition is sensitive to the researcher’s choice of whether in-
cluding time-varying grouped effects in the model or not, and document a data-driven clustering
of industries. In particular, once controlling for two groups, the relationships becomes increasing.
Once controlling for 3 < G <4 clusters, the relationship becomes a mildly inverted-U.

Interesting research avenues include quantifying the random uncertainty from picking the best
output from multiple runs of Lloyd’s algorithm with random initializers while basing inference in-
stead on the true NGFE estimate; bridging the gap between the nonparametric identification result
and the estimation method, and deriving a complete asymptotic theory accounting for uncertainty

in the clustering. I leave such extensions for future work.
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Appendix

A  Proof of the Results

A.1 Proof of Theorem 1

Part 1.

Identification of WY € {0, 1MVN for all N € N*. Let N € N*. By Assumption 2, there exist X0 C X,
7 €Y, and a known functional ¢ such that, for all (4,5) € N2, the (4,)-th entry of WY satisfies
VVZ%N = 1{9? :g?} = ¢ (pi,p;) with pi(z) : X0 > 2 Pr(Yio =7 | Xio = 2,90, 10,80). Tt is then
sufficient to show that, for all i € N, p; is identified. Let (i,2) € N x X°. Under Assumptions 1(b)
and 3(a), and conditional on the o-algebra generated by (g?,,u,(g]é,fzo/)/, the time-series process
{(Yit,X{t)' it > 2} is strictly stationary strong mixing and satisfies regularity conditions given in
Hansen (2008) to obtain consistency of the Nadaraya-Watson estimator of E [1{Y;; =7} | i, Xit = x].
Hence, point identification of E [1 {Yieo=7} | Xia = m,g?,ugg,ﬁﬂ = pi(x) follows by pooling unit i’s
choices when (Y, X1,) € {5} x Br(z), where Br(z) is a well-chosen shrinking neighborhood of z as

T — oo (e.g., using any well-chosen kernel K and bandwidth hr).

Identification of GV. For any fixed N € N*, R?\, the number of distinct rows in W](\)[, is identified.
But R%,, which is also the rank of W](\),, is exactly the number of clusters represented in the finite

sample of size N. Under Assumptions 1(a) and 2(b), G° = limsupy_,., R is thus identified.*’

Part 2.

Identification of °. Let (i,t) € N*2. By Part 1, C%(3) := {j €e{l,...N}: g? = g?} is identified for all
N € N*. Under Assumption 1(a) and 2(b), conditional on (y*,a% AY, %), {Yjs, Xjs : 5 € COi)\ {i}}
is an identified infinite sequence of i.i.d. random variables. By applying Theorem 4.1 in Ichimura
(1993) with ¢(-) =3,y yh? (y,-+a2?t), whose conditions 4.1 and 4.2(1-3) hold under Assump-

tions 1(c) and 3, 89 is identified up-to-scale. Because ||8°|| =1, 8° is identified.

Identification of cluster-specific time effects agt for all (g,t) € G x N*, up to cluster relabeling.
Given identification of W](\), for all N € N*, I build the G° groups sequentially starting from N = 2,
N = 3,... and regrouping at each step units with same rows in W%. Without loss of generality, I

assume that the resulting labeling matches the true labeling. Let t € N*, x € X, and y € ) verifying

“5From an estimation perpective, one would need conditions on the joint rate of convergence of (N,T) to ensure
adequate controls on tails of the error terms (p; should typically be estimated in sup-norm on X 0 at some polynomial
rate in T').
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Assumptions 4. By pooling choices of individuals in cluster g and g at time ¢ for which Y;; =y and
Xt =z, and applying a standard LLN using Assumptions 1(a) and 1(c), the following probabilities

are identified:

Pr (Ylt =y | X1 :x,g? :gvagt) =h’ (g’xllﬁo—i_agt)’

Pr (Ylt =Y | X = x?Q? = §,042vt) = ho (%53/150 —I—Oé%t) .
By Assumption 5 (eq. (7)), I can find z1,z2 € X’ such that
Pr(Ylt:y]Xlt:xg N=g ao):Pr<Y =y | Xy =21,0) =g,02
J y Y1 y gt 1t g 1t 1,91 g, gt )

or, equivalently,

RO (g, 2y 3%+ a%t) =ho (g, 2h3° + a2t> . (25)

By strict monotonicity of h? (y,-), I can invert (25) and identify o2 —a?, = (o —x1)'8Y. As 0 is
g gt gt

already identified, it follows that a%t — agt is identified. Because the result holds for all (g,g,t), it
holds for g =t =1 (for which agt =0 by the normalization assumption), thus (agl) gego is identified.
A similar reasoning but now identifying z1,2z2 € X such that eq. (8) holds in place of eq. (7) yields
identification of a2t~— agt for all (g,t,), and, in turn, that of (a9,)sen+. Identification of agt for all

(g,t) then follows because, for all (g,t) with g #1 and ¢ # 1, agt can be decomposed as

0o _ 0 0 0
Qg = Qgp — Qg + oqy
_ =~~~

=a =b

where a and b are identified. Finally, h°(y, z) is identified as a function of y € J and index z =
X8 0+ O‘ggt'

The proof of Theorem 1 is complete.

A.2 Sufficient Condition for Assumption 2(a)
Lemma 1 below shows that Assumption 10 is sufficient for Assumption 2(a) to hold.
Assumption 10

(a) There exists an open set X' C X such that, for all (i,7,9,7,7) € N*2 x G922 x X1 the conditional

distribution oz22 | Xio=1,9) = 9>M2?a§? admits a fully supported density fa22|Xi2:z7g?:g’#2,£?(a)
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with respect to the Lebesque measure such that

fagngz'z:x,g?:g,uS,é?(a) =Tfa | Xjo=2,99=9,12,9 (@), Aa)-a.e.
92 g

if and only if g=14.

(b) There exists k € {1,...,p} such that B) #0 and X;o, AL a2?2 | Xi27(_k),g?,/l2?,£?. Moreover,

almost surely, Supp (Xz‘g,k | Xi27(_k),g?7;¢20,§?) s open.

(c) There exists y € Y such that ¥y, : v h(y,v) is stricly monotonic, real analytic with bounded

first derivative w; such that [ ‘1/1;/ d\ < 00.* Moreover, the characteristic function of ¢ with

density fc(z) = }Tith)iL does not vanish and is infinitely often differentiable in R\ A for some

set A such that A(A) =0.

Real analyticity can be relaxed to continuous differentiability by strenghtenning the support in
Assumption 10(b) to be the full real line, which is equivalent to having a special regressor with

large support (see, e.g., Honoré and Lewbel, 2002).

Lemma 1 If Assumptions 1(c) and 10 hold, then Assumption 2(a) holds.

Proof of Lemma 1 W.lo.g. I assume that £ =1 and denote z(_;) = (xj)je{Z,..,,p}- Let = =
(l’l,ZE/(_l))/ € X1, and y € Y verifying Assumption 10(c). I proceed in two steps. In the first step, I
construct X° C X1, In the second step, I construct ¢ that fulfills Assumption 2.

Step 1: Let (i,z) € N x X! and p;(x) := Pr (Yig =y | X2 :a:,g?,,u(g)?,f’?). By the law of total

expectations, Assumption 1(c), using equation (1), and Assumption 10(a), I obtain

_ ! R0
= [0 (8 +0) fu a0 (@A),

(26)

4616t I C R be an open set. A function f: I — R is called “analytic” if for any xg € I there is a neighborhood J of
xo and a power series ) an(x—xo)" such that f(z) =) an(x—20)" Vz € J (see, e.g., Krantz and Parks, 2002).
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By Assumption 10(b), there exists € > 0 and an open set XY = {z+ (v,0') :v € (—¢,€)} C A
with Pr(X;2 € X°) > 0 such that, for all w € X, almost everywhere faﬁoz‘Xw:w»g?’ﬂiof? (o) =

a0 [ Xip=z,g0,u0, 0(@). Since X0 X1, eq. (26) yields, for all w € X°,
9?2 3 395 g?, i

i) = [ 0y (/8 +0) fuo, it co(@)dN(@).
By Assumption 10(c), w + p;(w) is differentiable on X° and, for all w € X°,

api(zlv ) Zp)
821

z=

_ 10 / 1 20
w = /81 /Rd}y (w ﬁ —|—O[) a2?2|Xi2=z,g0 p,g?,fg (Oé)d)\(O[)

=4 (1-21{y}(0) <0}) /R

95

1% (w’ﬁo + Oz) ‘ fO‘SOQ‘Xﬂ:x’Q?’“O(}’E? (a)d\ (o),

(27)

where the second equality follows from strict monotonicity of v,.

Step 2: Let A(a,b) :=a—b and 0, be the partial differencing operator with respect to the first
argument (for multivalued functions). I prove below that ¢(f,g) := 1{A(01f,019) =0} verifies
Assumption 2(a). I have to show that, for all (i,5) € N2,

0pi(21,..-,2p)
82’1

_ 0pj (21, 2p)

Vw € X0 = ¢ =¢". (28)
Z=w 82’1

zZ=w

Let (i,5) € N2
<—: Suppose that g? =¢? and let w € XY. By Assumption 10(c), I have

T a2 (@0) = Jaty [Xsamrfal (@), M) —ace..

Equation (27) then implies %ﬂ = %&"’Z’J L
— : Suppose that, for all w e X9,
821 Z=w 82’1 z:w'

Dividing each side of this equation by [

Yy|dA >0, using (27) and the fact that
|(1=21{wy(0) <0}) 80| = || >0,
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I obtain, denoting faoo (a) := foéo0 | X900, €0 (), for all w € X°,
e gi 2 WY gi 'S4

(3

/R fe (w8 +a) fas, (@)dA(@) = /R fe (w8 +) fua, (@)dA(@)

J

I show below that this constraint is equivalent to faoo = fao0 a.e., which, by Assumption 10(a), in

J (3

turn implies g9 = g?. Specifically, I show that the solution set S* C L'(R,B(R),\) to the integral

inverse problem: f, € §* if and only if

[ 1 (w8 ) fuo (@0ir@) = [ fe(wB"+a) ful@)dN@) Vo € X", (20)

i

verifies S* = {f € LY(R,B(R),\) : fo = fao0 a.e.}. Suppose f* € §* and consider the change of
gy

variable z = w'8° +« in (29). Then, for all § € (2/8° — BV,2'8° + Bl€) C R,

JL e o, (5= 2)AE) = [ Je(a) 205~ 2)AC2) (30)

Note that both sides of eq. (30) are convolutions of f¢ with df_ a0, Or df* . By letting
95

W6 s /R fe(6—2) [ g, () fia(z)] dA(2),

and using commutativity of the convolution product, eq. (30) implies that there exists an open set

U C R such that
W(5)=0, VéeU. (31)

Given Assumption 10(c), it can be shown that W :R — R is real-analytic (see footnote 46). A
continuation theorem for real analytic functions (see e.g. Corollary 1.2.5 in Krantz and Parks,

2002) implies that eq. (31) holds for all § € R, i.e.:

/Rfc(é— 2) [f_ago (2) — f*a(z)] dA\(z) =0, VéeR. (32)

Since the functions fe¢, f_ ol and f*_, belong to L' (R, B(R), ), I can apply Fourrier transformation
95
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on both sides of eq. (32) to obtain

P (v) x lw_aoo (v) = pp=, (v)] =0, VveR, (33)

%

where ¢y is the Fourrier transform of f. By Assumption 10(c) again, the set

{veR:p:(v) =0}
is of zero Lebesgue measure. Equation (33) therefore implies ¢y , =1 a.e.. Since Fourrier
-y —a

3

7
transforms are continuous, I obtain ¢y , = everywhere and thus faoO = fX* everywhere.
—a’y —a (
g

i

The proof of Lemma 1 is complete.

A.3 Proof of Theorem 2

The key argument is to linearize problem (17) by mean of a second-order Taylor expansion, bounding
the log-likelihood function by below by a quadratic function similar to that appearing in Lemma

A.2 in Bonhomme and Manresa (2015). For all 8 = (8,¢/,7') € B x G°N x AT define

~ | NT
Q) = WZZ—IH(‘I’(Q#Z#)),

i=1t=1

where Zj = X/,5+ g+ and Qi = 2Y;; — 1. Note that Z;; is an implicit function of ¢ but I drop
this conditioning for the sake of clarity and let Z3 = X/,8° + ago , denote Z;; evaluated at the true
parameter value §°. Note that the NGFE estimator § minimizes Q(-) over all § € B x GOV x AT

Define the auxiliary quadratic function:

N T

Q(Q) = %ZZ (Xz{t (ﬁ—ﬁo) + gt —042?,5)2»

i=1t=1

and let z := sup g ) |Zit| and Z = [-Z,Z]. Note that Z is a

0,9,2) €BXATTXGOX Ui . i=1,... Supp(X;
well-defined segment of R by Assumptions 7(a) and 7(b). By second-order Taylor expansion, for

any 21,29 in 2,

—InU(z)=—InV(2) — (InW) (22)(21 — 22) — %(ln\Il)”(z*)(zl — ),
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for some z* €]z1 A 22,21 V z2][. By continuity of z — —(In¥)”(z) and because —(InW¥)”(z) > 0 by

Assumption 6(b), there exists a constant by, > 0 such that, for all z € Z,
bin < —(In W) (2).

Hence, for all 21,20 € Z

—InW(z1) > —InW(z2)+s(z2)(z1 — 22) + bm%(zj —29)?, (34)

where s(z) = —(InW)’(2). Now substitute Q;;Z; for z; and QitZZ»Ot for z9, and averaging (34) over
i,t, I have, for all § € B x GON x AGOT,

bmi

Q) - Q") > zzEzt (@i (2i—23)). (35)

zltl

where E;; = s (QitZZ%). Since the estimated parameter 6 minimizes @(), deduce

-~ min

Q 0) +7ZZE¢ (ta( )) (36)

zltl

where Z; = X{tB + &@_t. I start by showing the following uniform convergence result, which is

reminiscent of Lemma A.1 in Bonhomme and Manresa (2015).

Lemma 2 Let Assumption 6 and Assumptions 7(a)-(b) hold. Then,

sup ZZE’Lt (ta( Zﬁ)) = 0p(1).

GEBXQONX.AGOT z 1t=1

Proof of Lemma 2: The proof closely follows that of Lemma A.1 in Bonhomme and Manresa

(2015), up to a few adjustments.

3 (@ (- 22))

i=11t=1
ZZtaEn ( Xt (5 - ﬁo) + Qg — ag?t)
z 1t=1
= ( ZZtaEtizt> </B /80> +7ZZEthztOégl NTZZEthztOC 04
i=1t=1 i=1t=1 i=1t=1
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Let Fr=0 ({VO,aO,X(,t),s(f*l)}) denote the o-field generated by ’YO,OZO,X(j), and €Y. Under

Assumptions 6(a) and 6(b), for all s <t¢, I have
E(QiQisEiEis X} Xis) (E(QuQisEinEis X Xis | Ft))
(X5 XisQis Eis E(Qit Byt | F))

_ I v A Yi _\11(23) !
=E <XithstsEst (\IJ(ZZ%)(I — \IJ(ZZ%))\II (ng) ‘ ft))

E(Yie —9(Z3) | 7)
V(Z3)(1-V(Z}))

=0

=E
=E

=K Xz(tXisQisEis \I]/(ng)

=0,

where the penultimate equality follows because W/(Z3) is Fi-measurable, and the last equality
follows from E(Y;; | ;) = ¥(Z%). By Cauchy-Schwarz (CS) inequality, and using Assumption 6(b),

7(b), and Q? =1, there exists a constant M’ > 0 such that, for s =¢,

E (QutQis B Bis X}y Xis) = B (B Xu*) < \/E (L) E (]| Xal") < M’ < o0,

Hence, I have
1 NTT

T Z Z Z E(QuQisEitFis X X;s)

i=1t=1s=1

<M. (37)

By (37), I have
N T /
1 1 2 M
E <Z H*ZQitEitXitH ) <,
NZ'TI T
so it follows from the Markov inequality that
1 NT
NT ZZQitEitXit =0p(1).
i=1t=1
In addition, |3 — || is bounded under Assumption 7(a), hence

1 N T /
(WZZQitEitXit> (B—8") = 0,(1).

i=1t=1
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I next show that - SN ST QitEirag,s is 0p(1), uniformly on the parameter space. This will

imply that &= >N, S0, QitEitOCg?t =0,(1). I have

N T T
1 1
=) QuEiagi= > |==>_> 1{gi =g} QuEioy
NT =2 NT =2
i=1t=1 gego i=1t=1
1 & 1Y
- % 30w (ot a1 0ure) |-
g€go t=1 i=1

Moreover, by the CS inequality and for all g € G:
1< 1 Y N 1 L1 ’
(Tzagt <Nzl{9i :g}QitEit>> < (T Za3t> X TZ (Nzl{gi :g}QitEit> )
t=1 i=1 t=1 t=1 i=1

where, by Assumption 7(a), %Z?zl agt is uniformly bounded. Now, note that

11 ?
T <N;1{gl :g} QitEit) TN2 Zzl{gl g}l{g] - g}ZQththltEjt

1= lj 1
T
< FZZ ZQ’LtQ]tEltEjt
i= 1_] 1 t 1
N T
SFZ Z (QiQjtEit Ejt)

t:

N N 1
+WZZ?
i=175=1

T
Z (QiQj By Ej —E(QuQji EwEjy))| -
=1

Since E(QiQj¢EiEj) = 0 for i # j, there exists a constant A" > 0 such that

N NI
T ZE(QitthEitEjt) <M" < oo,

i=1j=1

and, therefore, ﬁvazl Ej-v:l ‘%Zthl E(QitthEitEjt)‘ < MT” Moreover, by the CS inequality,

1 NN L 2
(]\7222 fZ(QitthEitEjt _E(QitthEitEjt))D
i=1=11" t=1
| NN /T 2
< jzz (T Z(Qit@thitEjt _E(QitthEitEjt))> . (38)
i=1=1 \" =1
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Similarly again, I can show that there exists a constant M > 0 such that

N N T T

NQT Z Z Z Z COV Qthth’LtE]S7 QZSQJSEZSEJS) < MW < Q.

i=1j=1t=1s=1

Hence, the term in the right-hand side of (38) is bounded in expectation by M" /T. This shows

that NT Z M Zt 1 QitEirougy is uniformly o,(1), and ends the proof of Lemma, 2. O

Next, by Lemma A.2 in Bonhomme and Manresa (2015), it follows that
~ B 2
Q) >l 8- 8°II", (39)
where plimy 7,0 = p > 0. Hence, combining (36), Lemma 2, and (39) I obtain

0>

bmin s
FEEB =B+ 0p(1),

from which it is concluded that 3 = 8%+ op(1).

Lastly, to show convergence in quadratic mean of the estimated unit-specific effects, note that

1 N T R 9
ﬁzz(% al,)
i=1t=1
r oS X () X (3 5) - o X (5 B) (o 73
i=1t=1 i=1t=1
<Q ZZHXnH x|18° - B
z 1t=1
1 NT 0 5
; (4333a\) 77 22l 3]

which is 0,(1) by Assumptions 7(a)-7(b), by consistency of 3, and because Lemma 2 and (36)

together imply Q(f) = op(1).

This completes the proof of Theorem 2.

A.4 Proof of Theorem 3
A.4.1 Step 1: A Useful Asymptotic Equivalence

Lemma 7 below provides an asymptotic equivalence result which is key to prove Theorem 3. I first

prove three lemmas (3, 4, and 5) that help in showing that NGFE estimators achieve uniformly
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consistent classification of individuals (Lemma 6). This, in turn, allows me to prove Lemma 7.

First, consistency of @ for a® can be established as in Bonhomme and Manresa (2015). Because
the objective function is invariant to relabeling of the cluster labels, the consistency result holds
with respect to the Hausdorff distance dg in RGOT, defined by

) 1 & 2 1 2
dp(a,b)* = max ;Iézgé lman(afq't_bgt) ,max ;Iellg%fz(agt_bgt) .

g€g0 t=1

Lemma 3 Let Assumptions 6-7, and 8(a)-8(b) hold. Then, as N and T tend to infinity,

Proof of Lemma 3: Given Theorem 2, the proof is identical to that of Lemma B.3 in Bonhomme

and Manresa (2015). O

Second, I rely on the use of exponential inequalities for dependent processes. Lemma 4 and
Lemma 5 are direct consequences of Theorem 6.2 in Rio (2000) (see also Merlevede, Peligrad, and

Rio, 2011) and Theorem 3.2 in Lesigne and Volny (2001), respectively.

Lemma 4 (Bonhomme and Manresa (2015), Lemma B.5) Let z; be a strongly mizing pro-
cess with zero mean, with strong mizing coefficient aft] < exp(—at®), and tail probabilities Pr(|z| <

z) < exp (1 — (%)d2), where a,b,d1, and do are positive constants. Then, for all z >0, for all § >0,

5 1
T°Pr TZZt

t=1

Zz>—>0, as T — oo.

Lemma 5 7 Let {zt,ft}?zl be a martingale difference sequence and assume that there exists §, M >
0 such that E(exp(d|zt|)) < M for allt=1,...,T. Then, for a >0, there exist positive constants A
and B such that for all z > a/\/T

1 T
Prl|=) =
T Z t

t=1
471 found this result in a 2013 unpublished manuscript by A.-B. Kock entitled “Oracle inequalities and variable

selection in high-dimensional panel data models” (Lemma 2). For completeness, I report the original proof of the
author here.

> z) < Aexp (—B(ZQT)1/3) .
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Proof of Lemma 5: In the proof of their Theorem 3.2 Lesigne and Volny (2001) show that if
E(exp(]zt|) < M for all t =1,...,T, then for any x >0 and ¢t € (0,1), I have
T
Pr ( Zzt > Tz)
t=1
< <2+ M {1754/3(2—2T—1)1/3+t2/3(z—2T—1)2/3+22—2T—1}>
(1—1)2 4
1
X €Xp <—2t2/3(z2T)1/3) . (40)

Note that Pr(’Z?zl zt‘ > Tz) =Pr (‘ijl(ézt)’ > T(5z)> where {d2¢}, <7, by assumption now

satisfy the conditions of Theorem 3.2 in Lesigne and Volny (2001) and so replacing z by dz in (40)

T
Pr ( Zzt > Tz)
t=1
< <2+ (1114”2 [it4/3(5—2/3(z_2T_1)1/3+t2/3(5_4/3(z_2T_1)2/3+25_2z_2T_1D
X €Xp (—;t2/352/3(22T)1/3) .

yields

Restricting z to be greater than a/v/T, implying that z=27~' < 1/a?, and using that M,t and &

are constants the conclusion of the lemma follows. O

I am now in position to prove Lemma 6 which extends Lemma B.4 in Bonhomme and Manresa
(2015) and shows that g;(3,«) achieves uniformly consistent classification of individuals over a
neighbourhood of the true parameter values (8%,a). Note that by the same arguments as in the
proof of Lemma B.3 in Bonhomme and Manresa (2015), there exists a permutation o : GO — G°

such that

2
> (G =) 0. (41)
t=1

N[ =

By simple relabeling of the elements of &, I may take o(g) = g. I adopt this convention in the rest
of the proof. For any n >0, I let \,, denote the set of parameters (53,a) € B x AT that satisfy

2
||B—BO||2 < n and %Zle (ozgt —agt) <nforall g€ Ggo.

Lemma 6 For n >0 small enough, I have, for all § >0 and as N and T tend to infinity,

1 N
sup > 14Gi(B,) # g | = 0p(T7°).
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Proof of Lemma 6: Note that, from the definition of g;(-), for all g € G°,

16,00 =0} <1 {37 (0 (00 (45 0))) < T (0@ (X0
t=1

SO
1Y .
NZ:: {91 (B, 759@'} gg:o Zl{gz#g}l{gz(& a) =g}
< Z ZWZQ B’ )
gego
where

Wig(ﬁ,a)zl{g?#g}><1{XT;ln(\I/(Qit<X£tﬁ+ozgzot))) Zln (Qir ( fft5+agt)))}-
t=1

I start bounding Wi, (83, a), for all (5,c) € Ny, by a quantity that does not depend on (8,«). To
proceed first note that, by Assumption 6(b), and 7(a)-7(b), v — In (¥ (Q: (X],v + ag))) is uniformly
Lipschitz over (i,t,a,9) € {1,..., N} x{1,...,T} X AT % GO i.e., there exists a constant L > 0such
that, for all (i,t,a,9) € {1,...,N} x {1,....,T} x AG'T % GO all By, 35 € B, almost surely

[ (W (Qir (X501 + age))) = In (U (Qit (XieB2+age)))| < L1 — Bl (42)

Similarly, a — In (¥ (Qi: (X[, + a))) is uniformly Lipschitz over (i,t,5) € {1,...., N} x{1,...,T} x B,
i.e., there exists a constant L, > 0 such that, for all (i,¢,8) € {1,..., N} x{1,...,T} x B, all a,b € A,

almost surely

In (¥ (Qit (X, 8+a))) —1In (¥ (Qit (X;,8+b)))| < Lala—1b|. (43)
Then, by choosing g = ¢?, 51 = 8° and B2 = 8 in (42), I have, for all (3,a) and all i,

Wig(B,0) <1{g! # g}
o (0 (@ (X0 1)) < Yot (0 (@ (X)) + T3 7] .
t=1
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By choosing a = a0, b= ago, and B = 3" in (43), I have, for all (5,c) and all 4,

Wig(B,0) <1{g? # g}
S0 (@0 (314 5))) < S 010 (540
=
+TL|8— 8| + T Lal|afo — ago]| }
where T used the norm inequality ||ul|, < VT||u|| < T||ul| for all w e RT, T € N*, where |- |, is the

¢'-norm. Next, a second-order Taylor expansion of z InV(z) at Qi Zix around QitZg combined

with (A.3), yields

7&
T Zt_\I} Z?t / 0 / 0 0
. {0 =23 (z9) (1 _(xp ()ZO)) v (23) (X5 (8- 8°) +age —afy,)

it

+TL |8~ )+ TLaflaly ~

0t
T

8 Yii —W Zi / ’
et {0 5 [T () (5 ) o)
—bfgi“ (x5 (85 )+agt—a~)2]+TLﬂ||/B B+ TLa ||oz~—a~H}
vi-u(z)

Now, let define Vj; = ' (Z%), and

v(2)(1-%(23))

= |37 [vi (30 (3 ) o) - 22 (0 (5-°) v ) 4 73— )
t=1
T
T Loflol— gl S Vie (0 —a,) + 227 (a8, — 2 ).
t=1
As I have

bmin

il (5 )| 3 i (o) — i =) -+ 252 S (5 )
=1 t=1

T T
>, (5-4) <agt —of) + 5 3 (e o) (203

t=1
+TLg|| 8= B+ TLal|of - a5,

bmin

+ bmin 9

+
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it is easy to show using the CS inequality that, for (5,a) € Ay,

1/2

T 1/2
+TCry/n (T Z‘Gf)

t=1

1 L, 1/2 | T )
arsryi(33vE)(Fale)
t=1 t=1

1 T
+ binin (2 +2sup \al) Vi Xl
acA t=1

3bmi
+T/n ;mnsgaHaH%—T\/ﬁ(Lg%—La)
[0

<Til(e1Vea) x (M +Ch) +buinCaM + Cs+ Ly + Lo

where C'1,C5,Cl3,

1= sup V(Zi) /Y (Zi),
(8,0,9,2)EBX AT xGOXUp—y i1, Supp(Xir)
co = sup V(Zit) /(1= (Zir)),

(8,0,9,2) EBX AT X GOXUy—y, =1, Supp(Xir)

are positive constants, independent of n and T'. I thus obtain that

Wig (5, )<maX1{th( gt agt)ﬁbgini(agtagtf

9#g =1 t=1

+T\/ﬁ[(61 \/Cg) X (M+01) 4+ bminCoM + Cs +L5+La]}.

Noting that the right-hand side of this inequality does not depend on (5,«), it follows that

SUP(8,a)eN, Wig(B,a) < Wig, where

Wiy =max1 {ZVlt <Oé~ —O‘gt) < _bn;n XT: (O‘St_a’gt>2

g#9 =1 t=1

+=Tn[(c1Vc2) X (M +C1) 4 bminCoM +C3+ L+ Lo} -
As a result,

N
sup Zl{gzﬁ, #gZ}SNZZW
i=19eg0

(BO‘ENW i=1
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I have, using standard probability algebra and for all g € G°,

Pr( lg—l) ZPI‘(Z‘/Zt(OkvO[ >§

g#g t=1

bmin 4 0 0 2
2 Z(%t*aﬁt)
t=1
+T/nl(erVe) x (M+Ch) +bmin02M+Cg+Lg+La]>

<> {or (13 (o-a)* < %)

99 t=1

T ¢, ~bmi
+Pr<z Ve (02, —afy) < -T-22 2%
t=1

+Tv/nl(e1Ve) x (M+01)+bmm02M+03+L5+La]> }

(47)

To end the proof, let F; =¢o ({X(_t),s(_t),vo, }) denote the o-field generated by X( ) et ),70, and

a® and set Sj; = 2:1 Vis (a%s — ags). Then, {(Si,F¢),1 <t <T} is a martingale under Assump-
tions 6(a) and 6(b) since

E (i Vis (oz%s — ags) | .7:t1>
s=1
t—1 - 0
=3V (o~} (=) i ey (20) 15
= tév (0, —af) + (o —af) E (E <qf (zygit)?fp_(ii)zg)) v (Z3) 1 Firo (X (—t))> | ft—l)

t—1

_ g 0 0

- Z‘/ZS (ags o Olgs) ’
s=1

where the last equality follows from independence of ¢; and (X(,t),s(t*l),’yo,ao) and

E(Yl-t | Xﬂ,...,XZ-t,on,yO) Y (Z?t) —0.

By Assumption 7(b), for all i € {1,..., N}, { (oz%t - agt) : t} is such that

(o) < v
C2) < 00, where the positive constants Ej =2¢jsup,eq || >0, for j € {1,2}, do not depend on (3,1).

Let a > 0. By Lemma 5, there exist positive constants A and B, independent from (i,t), such that
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for all z>a/\/T,

1T
Pr (‘T;%t (agvt—agt)

> z) < Aexp (—B(zQT)1/3) . (48)

I now bound the two terms on the right-hand side of (47).

e By applying Lemma 4, and conducting the same reasoning as in the first bullet point page
1176 in Bonhomme and Manresa (2015), under Assumptions 7(a) and 8(b)-(c), for all 6 > 0

and as T tends to infinity,

 Lastly, to bound the second term on the right-hand side of (47), I denote as ¢ the minimum

of €, over all g # g and I take

2
C
< = . 49
= (8[(61 \/62) X (M+Cl)+bminCQM—|—Cg—|—L5—{—La]> ( )

Note that this upper bound on 7 does not depend on T'. Taking 7 satisfying (49) yields, for

all g # g,

d 00 Cg g0min
Pr( > Vie(al —ah) <-T T T/il(erVer) x (M +C1) +buinC2M +Cs + Lg + Lol
t=1

1 & Cy5
<Pr <TZV;~t (a2 —afy) < —98’9> :
t=1

Lastly, by applying (48) with z = CQT‘; , for T sufficiently large, I obtain

1< ¢
" <T > Vir (o —ai) < _8> = Oexp(~CsTY/%) = (1), (50)
t=

for all 9 > 0, and for some constant C3 that does not depend on 7,7, and g.

Combining results, I thus obtain, using (47), that for n satisfying (49) and for all § > 0,

jvi > Pr (Wi =1) <[°| (|6°| = 1) [o(T =) +o(T~%)] = o(T 7). (51)

i=1 gGgO
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To complete the proof of Lemma 6, note that, for n that satisfies (49), I have, for all § > 0 and all

e >0,

(B,a)EN;

P( up Zl{gl 8,a #gz}>5T ><Pr(jlvévjz >5T—6)

where I have used (46), the Markov inequality, and (51), respectively. This ends the proof of
Lemma 6. ]

I am now in position to prove the three parts of the following asymptotic equivalence result.

Lemma 7 (Asymptotic Equivalence) Let Assumptions 6, 7, and 8 hold. Then, for all 6 >0
and as N and T tend to infinity

Pr< sup  |g; — ) :0(1)+0(NT75), (52)
€{1,...,N}
and
B=B+0,(T77), (53)
and
Qg = Qg+ 0p(T70) for all g,t. (54)

Proof of Lemma 7: The proof closely follows pages 1178-1180 in Bonhomme and Manresa (2015).
#1. Properties of 3 Define

N

QB.0) = 1= 3> =1 (¥ (Qut (XiB+ 5, 500) ) (55)
i=1t=1
N T

Q(B,a) = % > ) —n (0 (Qu (XiB+ay0.)))- (56)

Notice that Q(-) is minimized at (3,&) and Q(-) is minimized at (3,&). Let > 0 be small enough
such that the conclusion of Lemma 6 holds. Using Assumptions 7(a) and 7(b), it is then easy to
see that, for all 6 > 0,

sup |Q(8, )~ Q(B,a)| = 0, (T 7). (57)
(B,a)ENy

By consistency of 3 (Theorem 2) and @ (Lemma 3), and because 3 and @ are also consistent under
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the conditions of Theorem 2, we have, as N and T tend to infinity,

pr((B,a) gA,) =0, (58)
Pr ((B a) gNn) 0. (59)

Then, the same arguments as those appearing between (B-14) and (B-17) in page 1179 in Bonhomme
and Manresa (2015) can be used to show that eq. (57)-(59) imply

Q(B,a) — Q(B,a) = 0,(T 7). (60)

Now, using that (B,&) minimizes the twicely continuously differentiable function @(), we obtain

under Assumption 6(b)

~ =~ ~os bminlNT ' (2 _ A ~ I~ 2
QP.0) - Q3.a) > 252 p 55 (X (3= ) + e i)
N N T
N TS
> ﬁb;nnug_g”z,

where p -2+ p > 0 as a consequence of Assumption 7 (c). Hence, B— B =o0,(T =9) for all 6 > 0. This

shows (53).

#2. Properties of a. The proof is identical to page 1180 in Bonhomme and Manresa (2015).
#3. Properties of g; = @(B ,@). The proof is identical to page 1180 in Bonhomme and Manresa

(2015).
The proof of Lemma 7 is complete. (|
A.4.2 Step 2: Asympotic Properties of the Oracle MLE

By Lemma 7 and Slutsky’s lemma, it is sufficient to analyze the limiting distribution of the unfea-

sible maximum likelihood estimator, (5 ,a), defined as

(B,@)= argmin  Q(8,a),

(8,0)€Bx AG'T
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where

B = g 230 3 el =} x [0 (9 (Qu (X8 )]

i=11=1geg®

First, I show

VNT (5—50) iu\f(o,zgl) : (61)
Second, I show for all g,t,
\/N(&gt _Oégt) i>./\/' (O, ;{%) bl (62)
g

and conclude by Slutsky’s lemma.
# 1. (61) holds. Under Assumption 9, results in Hahn and Newey (2004) (eq. (3)) and Arellano

and Hahn (2007) (in case of multi-dimensional fixed effects of size G°) ensure

VVE () = 5w+ Tp 0, (/N?) |

for some deterministic B € RP*? and Sy -2 N (O, 251)_ The result then follows from 7' = o(V).
#2. (62) holds. Let (g,t) € G° x N*. For all 3 € B, define the optimal &, (3) as

N

Gu(8) = argmin " 1 {gf = g} x 1 (¥ (Qu (X},5+0))).

acA i=1

The first-order optimality condition for ay(3) writes

N
Z {97 =9} Qu(n WY (Qu (X[,B+au(B))) =0. (63)

2l

Differentiating eq. (63) with respect to 3 yields

-1

dagtﬁ(ﬁ ( Zl{ g} () ) ( Zl{ g} ;)" X; ) (64)

where (InWy)" := (InWw)” (Qit (X{tﬁ + &got(ﬁ))) By Taylor’s theory, eq. (64) and Assumptions 7(a)-
(b) imply that there exists C' > 0 such that, almost surely,

sup |age(8) — g (8)] < C[|B—F. (65)
8,8'€B
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Deduce that

(agt O[St> + \/> (Oégt &gt (,80))
= VN (ag(8°) — ) + 0, (VN[5 -] )
(agt a2t> + O ]./f

(agt agt) +op(1 (66)
where the second and third equality use eq. (65) and (61) respectively. Now, by expanding each

summand in eq. (63) at X ’tﬁo —i—agt(ﬁo) around Z?t, Taylor’s theory ensures again that there exists

Z} € Z such that

-1
&gtw%za&—(il{g?=g}<—1n\1f>”<@itz;>> (il{g?zg}@m—lnw (Qitzi‘;)). (67)

i=1 i=1

Equation (67) yields
VN (@ge(8°) —af)
| -1 N
_ (Nzl{gg:g}(_mf)”@itzit)) (\ﬁz {9) =9} Qu(~mwy (%Zﬁ))
<~—1+Op ) < Z]_{ _g}ta (ln\I/) (QZtZ?t))
N (0, f;’t) ,
T2
where the second equality follows from sup,_, _n|Zf — Z| = op(1) (it is easy to prove that

ags (8°) — )y = 0p(1) using (67), Assumptions 6(b), 7(a)-(b), and 9(e)) and Assumption 9(c), and
the last convergence follows by Assumption 9(e). Given (66), (62) follows by Slutsky’s lemma.

#3. Conclusion. Let 6 > 0. By Lemma 7,

VNT (B-5°)

VNT (B-5°) +VNT (B~ B)
VNT (B 8°) +0, (VNT'™), (68)

63



and, for all g € GY, all t € N*,

\/N (agt — agt) = \/N (&gt - agt) + \/N(agt - &gt)
= VN (g —al) +0, (VNT ). (69)

Since (68) and (69) hold for all 6 > 0, and there exists v > 0 such that N/T” — 0, as N and T tend

to infinity, I obtain

VNT (5 8) = VAT (3 2°) + op(1),
VN (ag —a,) = VN (@gi — ;) +0,(1).

This result, combined with (61), (62), and Slustky’s lemma yields (19) and (20).

B Extensions

B.1 Cluster-Specific Slopes and Time-Specific Effects

In this section, I consider the following extension of model (1): for all (i,t) e N x T,
Pr (Y;t =Y ’ Xi17 -uaXit?ag?ta/BS?vg??C?) = ho (anzltﬂg? +a2?t +C79) ) (70)

where h? € H, ||8?]| =1 and of; = (¥ = 0 are normalizations. Absent of correlation between the
groups and if we knew the groups, we could just run separate analysis of each panel data {(i,t) €
N xT: g,? = g}gego- Here, the difficulty arises from the assumption that the group membership

variables g¥ are unknown to the econometrician. Let 89 := {ﬁg : g}. We first adapt Assumption 1:
Assumption 11 (Random sampling)
(a) (Y!,X[,g%) is ii.d. acrossi€ N conditional on a®, B°, A0, u°.

(b) ForallieN: {(Y;t,X{t,agot,C?)’}tzg 1s a strictly stationary strong mizing process with mizing
coefficients o;(+) conditional on g?,ugg,fg,ﬁgg. Let a(-) = sup; oy (+) satisfy a(l) < cqp' with

ca >0, and p € (0,1).
d
(C) For allt S T Ylt | Xltaglaaovﬁ()a)\oauo’go = Ylt | Xltag?aag?tvﬁgo'
Assumption 12 (Latent clustering)
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(a) There exist known X° C X, y €Y, and functional ¢ such that, for all fized (i,5) € N, letting

(b) For all g € G°, almost surely Pr(g} =g |a® B2\, 10, £%) > 0.
Assumption 13 (Regularity and smoothness)

(a) Conditional on g?,u207§?,ﬁgo, Xio admits a uniformly continuous density function in2|gg 10, .£9,69,
/L- /L 77 gl 154 7 g,L

such that inf ¢ yo fX“‘g?’“go’f?ﬁSo (x) >8>0 and sup,¢yo fX”'g?’“go’f?ﬁSo (z) < 0.

k3

(b) Almost surely, IE(HX12H2 | 69,00, 89 X0, 1) is finite and E(X12X]5 | g,a°, 89,20, u0) is non-

singular.

(c) For all g € G°: Zyeyyho(y,-) is differentiable on R and not constant on the support of

X1B% +a?% .
itgp g0y

Assumption 14 (Monotonicity) There exists y € Y such that h°(y,v) is strictly monotonic in

V.

Assumption 15 (Compensating variations)

(a) For all fized (g,t,t), all x1 € X, there exists xo € X such that
ad + i B+ ¢ = a2t~+ 259 + G- (71)
(b) For all fized (g,g,t), all x3 € X, there exists x4 € X such that
agy + @50 + ¢ = o + 2B+ (72)
Theorem 4 (Identification) Let Assumptions 11, 12 and 13(a) hold, and let N and T diverge
jointly to infinity.
1. {W% : N e N*} and G are identified.

2. If Assumptions 13(b)-15 further hold, then

o (Y is identified.

. ¢ —|—042t is identified for all (g,t) € GO x N*.
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Proof of Theorem 4: The proofs of Part 1 and identification of 5° are identical to the corre-
sponding parts of the proof of Theorem 1, up to running nonparametric regressions for all g € G°
to identify 68. Next, Assumption 15(b) ensures that, for all (g,g,t), we can identify (z1,22) € X2,

such that for some y € ),
0 130 0 0\ _ 10 730 0 0
B (9,489 +ag+¢f ) = b (y,2582+ 02, +¢7).

By inverting h%(y,-), we obtain agt —a%t = x’lﬁg—m/gﬁg. Since the right-hand side is identified,

0 0

gy — Oy is identified for all (g,g,t). In particular, (O‘(g)l)gego is identified. Now, suppose that

G° > 2. By Assumption 15(a), for all (g,t,t), we can identify (x3,z4) € X% such that, for some
yey,
B (9,589 +ag+¢f ) = h° (y, 2485 + %+ ). (73)

By inverting h°(y,-) again, eq. (73) yields

C?—Cf? = 0‘2?_ a2t+ (x4 —333)’52. (74)

Because () = af; =0, ¢ +af; and ¢ +a), = ¢! +af; + o), — af; are identified for all (g,t).

B.2 Individual-Specific Slopes, Effects, Group-Specific Link Function, Time-
Varying Slope

TBA

B.3 Grouping Time Periods

Consider a model in which time effects are also grouped: there exists (g?,k?) € {1,...,G0} X

{1,...,K°} such that
Pr (Yit =y Xf,aggk?,g?,k?) =h0 (y,XZ(tQO—i—aggkg) , i=1,..,.Nt=1,..T (75)

When N =T, this gives rise to a so-called Holland, Laskey, and Leinhardt (1983)’s stochastic block
model on latent variables. Methods developed in the present paper and in Mugnier (2022) can be
used to obtain identification results for nonlinear multiplicative models in cases where G = K°

and under symmetry (O‘SE = a2 almost surely).
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B.4 NGFE Large Sample Theory for Poisson Count Models

Theorem 2 can be generalized to NGFE models satisfying certain moment and concavity /regularity
conditions on the series of partial derivatives of (8,7) +— Inh%(Yie, X}, 8+ 7) = i (B, 7).
Assumption 16

(a) Smoothness and moments: (8,7) — Li(8,7) is three times continuously differentiable almost
surely. The partial derivatives of £;(3,7) with respect to the elements of (B,7) up to the second
order are bounded in absolute value uniformly over (8,m) € Bx A by a function M (Yj;, X;) >0
almost surely, and

max B [M (Y, Xa)* | X,

is almost surely uniformly bounded over N,T.

(b) Strict concavity: for all N,T, M < 0 almost surely for all (B,7) € RPTL,

In particular, Assumption 16(b) is verified by the Poisson count model (3).

Theorem 5 (Consistency in General Nonlinear Models) Let Assumptions 7 and 16 hold.

Then, as N and T tend to infinity:
1. B L5 89, and
2
1 N T (4 P
NT 2iml 2ot=1 (a@.t - aggt) — 0.
The proof is available upon request.

Under the existence of a moment generating function for the score on a small interval around
zero, the concentration inequalities and most of the arguments in the proof of Theorem 3 could still
be applied to obtain asymptotic normality. A technical difficulty here is that Y;; is not bounded
anymore so that uniform Lipschitz continuity in eq. (43) and (42) does not hold anymore. I only

state the result without proof for the Poisson count model. I denote as X g¢ the projection of Xy

on the space spanned by the cluster membership variable under a metric weighted by exp(Zg),

( 21{ }exp(zg>>_< Zl{ g exp(28 >Xit>,

i.e., the weighted mean of X;; in cluster ¢¥ = g. Also, let define the weighted average

Tgt = Zl{ }exp(Zg)
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Consider the following assumption.
Assumption 17
(a) {(Yit,X},)" : (i,t)} are independent conditional on the fized effects.
(b) There exists a positive definite matriz X5 such that
| NI

Yg =plimy 7o NTZZeXp Z%) [Xit—ngt] {Xit _Xg?t}’.
1=11t=1

(¢) As N and T tend to infinity,

iV:zT:{exp Ziy (th Xot)}{Y;t—exp(Z?t)}i),/\/’(o,zﬂ),

1
N i=1t=1

'ﬂ

(d) For all (g,t): plimy_, gt = Tgt > 0.

(e) For all (g,t):
Gim =33 B (1{ef =g} 1 {e) = g} (Vie— exp(Z) (Ve ~ exp(20)) =0t > .

(f) For all (g,t), and as N and T tend to infinity:

ﬂ\

N
Zj {90 =g} (Vi —exp(Z3)) % N (0,wg1).

(g9) The true value of 3, 3°, is in the interior of B. For all T, the true value of o, o, is in the

. . 0
interior of AT,

Theorem 6 (Asymptotic Distribution in the Poisson Count Model — Conjectured) Let
eq. (3), Assumptions 7, 8, and 17 hold, and let N and T tend to infinity such that N/T — oo and,
for some v >0, N/T" — 0. Then:

VNT (B-5°) 5N (0,351), (76)
and, for all (g,t),
VN (g —af,) -5 N (0“3?) , (77)
Tyt
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where Yg, wgt, and T4 are defined in Assumption 17.

C Large-N, Large-T Inference

C.1 Binary Choice Model

Assuming independent observations across individual units, the asymptotic variance of &y for all

g,t can be estimated as

S21(G = o) () (Qu (XtB+a5,)))
(S 145 =) (~ )’ (Qu (X5 +55,)))

Var (agt) = -

Given Theorem 3, an estimate of the asymptotic variance of E is
~ 1 N T ~ = = /
var (5) = (NT >SS () (Qu (XeB+a5,)) |Xu - X5, | [Xa— X5 ) NGO
i=1t=1

where

-1

)%gt = <]17 i\e 1{g; = g} (In0)" (Qit (Xz(tB—i_ a@ﬁ)))
=1
x (;, i 1{g; = g} m®)" (Qut (X}uB+3d5,) ) Xi ) :
i=1

C.2 Poisson Count Model

Assuming independent observations across individual units, the asymptotic variance of ay for all

g,t can be estimated as

SN 1{gGi=g} (Yz‘t —exp (Xl{tBJr %t))z

(Zﬁ\; 1{g; = g}exp (X{t,§+ a@-t»?

Var (Qgt) =

Given Theorem 6, an estimate of the asymptotic variance of 3 is

~

~ 1 N T ~ ~ /
Var (ﬁ) = (NTZZeXp (Xz{tﬂ+a§it) {Xi _X@,t} {XZ- _Xﬁi,t} ) , (81)

i=1t=1
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where

-1

N 1 & 5~
Xt = <N21{9i =g}exp (Xl(tﬁJr%t))
i=1
1N '~
X <N;1{gi =g}texp (Xitﬂ+a§it) X ) .

D More Details on Monte Carlo Experiments

To measure classification accuracy, I focus on three metrics inspired from the binary classification

and clustering statistical literature, which are invariant to cluster relabeling.*® The three metrics

write
TP
R = Recall rate := —————
ecall rate TPLFN’
TP
P = Precisi te 1 = —————
recision rate TPLFP’
TP+TN
I= I =
RI = Rand Index TPATN+ FP+FN’
where

F P = False Positives := Z 1{gi=9;}1 {9? # 9?} ;
1<J
TP = True Positives := Z 1{gi=9;}1 {g? = ?} ;
1<J
F N = False Negatives := Z 1{g; #g;}1 {QZQ = g?} )
i<j

TN = True Negatives := Z 1{gi #9;}1 {g? # g?} .
1<J
The Recall rate (R) measures the ability of the NGFE estimator to predict the same group for pairs
of individual who truly belong to the same group. The Precision rate (P) measures how precise the
pairing prediction is: among all the predicted pairs of individual sharing the same group, what is
the proportion of correct ones? The Rand Index (RI) is the proportion of correctly predicted pair

(true or false) made by the algorithm.

48Bonhomme and Manresa (2015) report a “Misclassification Rate” (M) defined as the minimum of
Zﬁvzl |§Z - g? | /N over all possible cluster relabelings for the g;. Beyond the fact that computing MR can be very

demanding for large GY, it is not totally fair since the final labeling of g; requires knowledge of g? to be determined.
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Initialization of NGFE I use 1,000 initialization random points (6!, 11init, ---» ¥GoTinit) Such

that Oyt = v where v %1]\/(0, (1/4)%) and Qg init = fhg,init + W Where fig init ZiflUnif[—ll,él} and w 4

N(0,(1/4)%).

Computation Having large N is not computationally demanding. When 7' is very large, compu-
tation of the NGFE estimate might be demanding. Mugnier (2022) can be adapted. The statistical

asymptotic results are confirmed by increasing (N,7) in unreported simulations.

E Additional Tables & Figures

E.1 Monte Carlo Simulations
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Table 1: B1As AND ROOT MEAN SQUARED ERROR OF 3 (STATIC MODEL)

NGFE CMLE NLTWFE 2STEPGFE Pooled OLS LTWFE GFE
DGP G° Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

1 2 -0.072 0.268 -0.104 0.551 0.217 0950 -0.252 1.516 -0.407 0.411 -0.790 0.812 -0.798 0.814
3 -0.089 0294 0294 0.637r 0.669 1.000 0.355 0.893 -0.363 0.366 -0.724 0.734 -0.853 0.874
5 -0.022 0264 0.167 0.538 0.359 0824 0.104 0.779 -0.369 0.373 -0.766 0.776 -0.784 0.839
2 2 0106 0171 0.010 0.161 0.223 0.302 -0.278 0.309 -0.779 0.780 -0.831 0.831 -0.816 0.818
3 0236 0289 0014 0.160 0.238 0309 -0.300 0.345 -0.v68 0.769 -0.867 0.867 -0.837 0.841
5 0601 0637 -0.004 0.169 0.250 0.332 -0.324 0.358 -0.747 0.747 -0.916 0.916 -0.853 0.860
3 2 0352 038 -0.001 0.169 0.221 0.313 -0.110 0.211 -0.776 0.777 -0.857 0.857 -0.826 0.827
3 0432 048 -0.002 0.170 0.219 0.308 -0.066 0.192 -0.788 0.789 -0.859 0.859 -0.845 0.846
5 0471 0499 0.011 0.156 0.235 0.309 -0.057 0.186 -0.787 0.788 -0.858 0.858 -0.833 0.836
4 2 0.040 0.151 -0.002 0.152 0.195 0.269 0.085 0.221 -0.789 0.789 -0.783 0.784 -0.788 0.789
3 0095 0159 0.016 0.124 0.223 0269 0.109 0.213 -0.776 0.776 -0.778 0.779 -0.790 0.792
5 0114 0178 0.018 0.118 0.222 0.266 0.094 0.204 -0.775 0.775 -0.778 0.779 -0.803 0.809

Notes: Static logit model with 5 =1, N =90, and T'= 7. G° = true number of groups. NGFE (resp. 2STEPGFE and GFE) estimates are based on 1,000
(resp. 100 and 100) initialization points. Results are averaged across 50 Monte Carlo replications.

Table 2: CLASSIFICATION ACCURACY AND CPU TIME (STATIC MODEL)

NGFE 2STEPGFE GFE
DGP G° P R RI M CPU P R RI M CPU @& P R RI M CPU
1 2 0.51 087 0.51 0.44 10.62 0.54 024 051 0.77 10.19 5.38 0.54 055 0.54 0.38 29.27

0.35 0.81 0.42 0.57 11.42 037 024 060 0.75 11.34 5.48 0.36 0.38 0.57 0.55 29.63
0.21 080 0.35 0.70 14.75 0.24 025 0.69 0.71 11.73 5.88 0.24 025 0.69 0.63 83.18

0.56 0.86 0.57 0.36 8.02 0.64 045 0.60 0.53 3.57 3.06 0.61 0.61 0.61 0.29 21.95
0.40 085 049 0.51 8.52 0.57 049 070 044 470 3.64 0.46 049 0.64 0.42 22.00
) 0.22 087 0.34 0.69 10.15 0.44 053 077 044 578 4.44 0.35 040 0.74 0.54 20.93

Notes: Static logit model with 8 =1, N =90, and T = 7. GY = true number of groups, P = Precision rate, R = Recall rate, RI = Rand Index, M =
Misclassification Rate = minimum of Zivzl 1 {El #* g?} /N over all possible cluster relabelings, CPU = CPU time in seconds computed with Python’s

time command time.perf_counter(), G = number of groups estimated by 2STEPGFE. NGFE (resp. 2STEPGFE and GFE) estimates are based on
1,000 (resp. 100 and 100) initialization points. Results are averaged across 50 Monte Carlo replications.
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Table 3: INFERENCE FOR [ (STATIC MODEL)

NGFE CMLE
DGP G° SE  SD .95 SE  SD .95
1 2 0.16 0.26 0.86 0.15 0.54 0.38
3 0.17 0.28 0.80 0.16 0.56 0.40
) 0.17 026 0.84 0.15 0.51 0.42
2 2 0.12 0.13 0.82 0.06 0.16 0.52
3 0.12 0.17 0.46 0.07 0.16 0.62
) 0.14 0.21 0.08 0.08 0.17 0.66
3 2 0.12 0.16 0.22 0.06 0.17 0.52
3 0.12 0.22 0.18 0.06 0.17 0.52
5 0.12 0.16 0.04 0.06 0.16 0.56
4 2 0.12 0.15 0.92 0.05 0.15 0.38
3 0.13 0.13 0.92 0.05 0.12 0.56
) 0.13 0.14 0.88 0.05 0.12 0.56

Notes: Static logit model with 81 =1, N =90, and T'="7. SE reports
the median of the estimates of the analytical standard errors based on
the large-N, T analytical variance formula (81) across simulations;
SD reports the median of the actual standard deviation across simu-
lations; .95 reports the empirical nonrejection probabilities (nominal
size 5%) based on the analytical standard errors estimates. Results
are averaged across 50 Monte Carlo replications.
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Table 4: Bias AND ROOT MEAN SQUARED ERROR (DyYNAMIC MODEL)

NGFE CMLE NLTWFE 2STEPGFE
Bias RMSE Bias RMSE Bias RMSE Bias RMSE

DGP G 5 B2 P B2 B2 b1 B2 B B2 P B2 B B2 B2
1 2 -0.026 -0.128 0.229 0.328 -0.663 -0.174 0.689 0.526 -0.702 0.242 0.737 0.965 -0.032 -0.456 0.309 0.666

3 0.073 -0.144 0.323 0.447 -0.651 0.238 0.676 0.634 -0.684 0.663 0.716 0.995 -0.142 -0.282 0.254 0.745

5 0156 -0.279 0.365 0.448 -0.592 0.090 0.629 0.524 -0.606 0.318 0.659 0.826 -0.051 0.158 0.277 0.492
2 2 0.486 0.043 0.630 0.141 -0.786 0.026 0.825 0.184 -0.839 0.248 0.893 0.337 0.695 -0.036 0.731 0.163

3 1.007 0.111 1.182 0.184 -0.780 0.017 0.820 0.156 -0.842 0.247 0.902 0.316 0.360 -0.109 0.757 0.165

) 2.144  0.297 2.272 0.358 -0.845 0.022 0915 0.204 -0.912 0.295 1.015 0.394 0.682 0.077 1.159 0.254
3 2 0.298 0.300 0.507 0.339 -0.767 0.011 0.796 0.161 -0.821 0.242 0.859 0.325 -0.090 0.092 0.377 0.181

3 0319 0319 0481 0.353 -0.797 0.016 0.842 0.166 -0.868 0.247 0.932 0.329 0.108 0.050 0.506 0.077

) 0.514 0.370 0.636 0.418 -0.734 0.030 0.770 0.161 -0.771 0.269 0.815 0.337 0.147 0.183 0.363 0.277
4 2 -0.114 0.0562 0.267 0.159 -0.658 -0.003 0.676 0.143 -0.687 0.196 0.711 0.263 -0.045 0.071 0.126 0.105

3 -0.060 0.078 0.230 0.152 -0.677 0.023 0.694 0.128 -0.712 0.234 0.736 0.283 -0.084 0.114 0.242 0.187

5 -0.077 0.105 0.268 0.181 -0.685 0.018 0.713 0.118 -0.721 0.228 0.761 0.270 0.116 0.090 0.200 0.142
Notes: Dynamic logit model with 81 =1, B2 =0.5, N =90, and T = 7. Results are averaged across 50 Monte Carlo replications. See Table 1 for details.

Table 5: CLASSIFICATION ACCURACY AND CPU TIME (DYNAMIC MODEL)
NGFE 2STEPGFE GFE

DGP GY P R RI MR CPU P R RI MR CPU G  Failures P R RI MR CPU
1 2 0.50 1.0 0.50 046 11.06 0.51 0.91 0.51 090 0.49 2.33 0.82 0.53 0.55 0.54 0.38 29.60

3 0.33 1.0 0.33 0.62 12.98 0.34 094 036 093 0.38 214 0.86 0.36 0.39 0.57 0.55 29.62

5) 0.20 1.0 0.20 0.74 16.48 0.20 0.97 0.23 097 0.18 2.00 0.92 0.24 0.26 0.69 0.64 29.53
2 2 0.50 1.0 0.50 0.46 8.80 0.50 0.95 0.50 0.91 0.25 2.00 0.86 0.60 0.62 0.60 0.30 21.68

3 0.33 1.0 0.33 0.61 9.69 0.34 0.99 035 0.97 0.10 2.50 0.96 0.45 0.47 0.63 043 2291

5) 0.20 1.0 0.20 0.74 10.05 0.23 0.97 0.28 0.92 0.37 233 0.82 0.36 0.46 0.74 0.54 21.09

Notes: Dynamic logit model with 81 =1, 2 =0.5, N =90, and T' = 7. Failures is the number of failures of the first step of 2STEPGFE. Results are averaged across
50 Monte Carlo replications. See Table 2 for details.



Table 6: INFERENCE FOR (31 AND f2 (DYNAMIC MODEL)

NGFE CMLE
SE SD .95 SE SD .95
DGP GY Br Ba Br B B Ba B B pr B pr B
1 2 0.20 0.18 0.23 0.30 0.94 0.72 0.08 0.17 0.19 0.50 0.00 0.44
3 0.20 0.19 0.31 0.42 0.82 0.64 0.09 0.17 0.18 0.59 0.00 0.34
5 0.20 0.19 0.33 0.35 0.66 0.56 0.09 0.17 0.21 0.52 0.00 0.44
2 2 0.20 0.12 0.40 0.13 0.28 0.90 0.10 0.06 0.25 0.18 0.00 0.52
3 0.23 0.13 0.62 0.15 0.30 0.72 0.12 0.07 0.25 0.16 0.00 0.60
5 0.32 0.17 0.75 0.20 0.04 0.14 0.16 0.09 0.35 0.20 0.04 0.62
3 2 0.23 0.13 0.41 0.16 0.54 0.38 0.12 0.07 0.21 0.16 0.00 0.66
3 0.23 0.13 0.36 0.15 0.48 0.28 0.12 0.07 0.27 0.17 0.02 0.62
5 0.24 0.13 0.38 0.19 0.22 0.16 0.11 0.07 0.23 0.16 0.00 0.58
4 2 0.18 0.13 0.24 0.15 0.84 0.92 0.08 0.05 0.16 0.14 0.00 0.52
3 0.18 0.13 0.22 0.13 0.88 0.92 0.08 0.05 0.15 0.13 0.00 0.68
5 0.19 0.13 0.26 0.15 0.82 0.82 0.08 0.05 0.20 0.12 0.00 0.64

Notes: Dynamic logit model with 81 =1, N =90, and T'=7. See Table 3 for more details.

E.2

Empirical Application

Table 7: SUMMARY STATISTICS

1-Lerner index Citation-weighted patents

Technology gap

Mean
SD

P1o
Median

Poo

0.95
0.02
0.92
0.95
0.98

6.66
8.43

0

3.35
20.19

0.49
0.16
0.28
0.51
0.69

Notes: There are 17 industries, 354 observations and the time period covers 1973-94.
See Aghion, Bloom, Blundell, Griffith, and Howitt (2005) for the exact definition of each

variable.
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Figure 1: THE INVERTED-U RELATIONSHIP BETWEEN INNOVATION AND COMPETITION
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Notes: This figure replicates Aghion, Bloom, Blundell, Griffith, and Howitt (2005)’s Figure II. Data include 17
industries of 311 firms listed on the London Stock Exchange observed between 1973 —1994. For each industry 4 at
year t, the prediction replaces 7; +&; with an estimated constant @ (one industry and time dummies are dropped).

Figure 2: FE Po1ssoN RESIDUALS

20

ABBGH’s residuals

1974 1976 1978 1980 1982 1984 1986 1988 1990 1992 1994
ears

Notes: Each color represents an industry in Aghion, Bloom, Blundell, Griffith, and Howitt (2005)’s dataset. There
are 17 industries, period covers 1973-1994.
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Table 8: INDUSTRIES IN AGHION, BLOOM, BLUNDELL, GRIFFITH, AND HOWITT
(2005) DATA SET AT THE 2-DIGIT LEVEL

SIC 2 Name

22 Metal manufacturing

23 Extraction of minerals not elsewhere specified

24 Manufacture of non-metallic mineral products

25 Chemical industry

31 Manufacture of metal goods not elsewhere specified

32 Mechanical engineering

33 Manufacture of office machinery and data processing equipment
34 Electrical and electronic engineering

35 Manufacture of motor vehicles and parts therof

36 Manufacture of other transport equipment

37 Instrument engineering

41 Food industry

42 Food, drink and tobacco manufacturing industries

43 Textile industry

47 Manufacture of paper and paper products; printing and publishing
48 Processing of rubber and plastics

49 Other manufacturing industries

Source: 1980 Notebook of the UK Office of National Statistics available here:
https://www.ons.gov.uk /methodology /classificationsandstandards/ ukstandardindustrialclassi-

ficationofeconomicactivities/uksicarchive.

Figure 3: TPWD REGULARIZATION PATH

Estimated number of clusters
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Notes: Number of clusters estimated by the TPWD estimator as a function of the regularization parameter. There
are 17 industries, period covers 1973-1994.
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Notes: Each color represents an estimated cluster. There are 17 industries, period covers 1973-1994.

Figure 5: INNOVATION AND COMPETITION REVISITED: A MILDLY INVERTED-U RELATIONSHIP

Citation weighted patents

Notes: Aghion, Bloom, Blundell, Griffith, and Howitt (2005) (spe. (2) in Table 9) includes a constant and drop a
time and an industry dummy (not included in the fit). NGFE (spe. (3), (4), and (5) in Table 9) does not specify a

Figure 4: TPWD CLUSTER ESTIMATES (THREE CLUSTERS)
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constant and uses the average of unobserved effects as the intercept in the fit.
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Table 9: THE EFFECT OF COMPETITION ON INNOVATION

FE Poisson NGFE Poisson
Dependent variable: Citation-weighted patents; (1) (2) (3) (4) (5)
Competition;; 152.80***  387.46*** 171.28**  273.62***  392.23***
(55.74)  (67.74) (7T1.51)  (70.21)  (70.35)
Competition squared;; -80.99***  -204.55*** -85.15™**  -147.21*** -210.19***
(29.61) (36.17) (38.18) (37.62) (37.73)
Year effects Yes Yes
Industry effects Yes
Time-varying clustered effects Yes Yes Yes
Number of clusters 2 3 4

Notes: Analytical standard errors are under parentheses. The sample includes 354 observations from an unbalanced panel
of 17 industries over the period 1973-1994. Competition;; is measured by (1-Lerner index);; in the industry-year. NGFE
estimates are computed using Lloyd’s algorithm with 2,000 random initializers. ***, ** * denote statistical significance at 1,
5, and 10% respectively.

Figure 6: ESTIMATED CLUSTER-SPECIFIC TIME EFFECTS
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Notes: Solid line=High-Innovation, dotted line=Low-Innovation, dashed line=Steady-Catchers, dashdotted
line=Noisy-Catchers. See Table 9 for more details.

Figure 7: ESTIMATED CLUSTERS
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Notes: Low-Innovation (1), High-Innovation (2), Steady-Catchers (3), Noisy-Catchers (4). From left to right:
NGFE estimates with G = 2,3,4.
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Figure 8: UNOBSERVED HETEROGENEITY, COMPETITION, AND INNOVATION VARY ACROSS TIME
AND ESTIMATED CLUSTERS
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Notes: Solid line=High-Innovation, dotted line=Low Innovation, dashed line=Steady-Catchers, dashdotted

line=Noisy-Catchers. From left to right: cluster-specific time-effects estimates (G = 4), average of ¢;; by estimated

clusters, average of p;; by estimated clusters.
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Table 10: THE EFFECT OF COMPETITION ON INNOVATION (CONTROL FUNCTION APPROACH)

FE Poisson NGFE Poisson
Dependent Variable: Citation-weighted patents;; Annual Before 1983  After 1983 Annual Before 1983  After 1983
Competition; 386.59*** 229.18* 113.42 394.23*** 265.86*** 9.69
(67.61) (122.68) (100.73) (77.10) (128.18) (124.73)
Competition squared;; -205.32%** -114.89* -60.85 -212.35"** -144.18*** -9.41
(36.11) (66.49) (53.37) (41.14) (67.95) (67.46)
Relationship steep inv-U  increasing mildly inv-U  mildly inv-U
Significance of: Competition;;, Competition squared;; 33.20 14.66 1.38
(0.000) (0.001) (0.5022)
Significance of policy instruments 3.70 1.67 1.77 3.70 1.67 1.77
in reduced form (0.001) (0.192) (0.064) (0.001) (0.192) (0.064)
Significant of other instruments 5.60 3.43 2.11 5.60 3.43 2.11
in reduced form (0.000) (0.000) (0.004) (0.000) (0.000) (0.004)
Control functions in regression 4.38 -.61 -3.56 1.54 16.14 -2.05
(3.51) (6.99) (6.13) (2.89) (7.05) (3.71)
R? of reduced form 0.820 0.920 0.822 0.820 0.920 0.822
Year effects Yes Yes Yes
Industry effects Yes Yes Yes
Time-varying clustered effects Yes Yes Yes
Number of clusters 4 4 4

Notes: Competition;; is measured by (1-Lerner index);; in the industry-year. The sample includes 354 observations from an unbalanced panel of 17 industries over the
period 1973 to 1994 (Annual), 1973-1982 (Before 1983), or 1983-1994 (After 1983). Estimates are from a Poisson regression with industry and year fixed effects (FE)

or assuming unobserved clusters of time-varying heterogeneity (NGFE) with GY = 4 clusters of industries. Numbers in brackets are standard errors (not adjusted for

the control functions). NGFE estimates are computed using Lloyd’s algorithm with 2,000 random initializers. ***, ** * denote statistical significance at 1, 5, and 10%

respectively.
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