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Characterizations in the literature

Let N :={1,...,n} be the number of commodities. Take the nth
commodity as the numeraire and k € N\ {n}. Let also K := {1,...,k},
M :={k+1,...,n}, and My := M\ {n}.

Let B be a k x k matrix of constants and suppose that the (total) demand
function x : R, O @ — X is such that

xk (q) = a(qm,, w) + Baxk

with « : Qy — R* a continuous function.

La France (JET 1985): B symmetric and -ve semidefinite.
(i) @ (gmy, w) = a(gm,) = quasi-linear/quadratic indirect utility.
(ii) o (gm,, w) = Leontief indirect utility.

Amir et al. (JET 2017): B symmetric, -ve definite with non-zero diagonal
entries
a(-) = a = xk(-) is generated by a quasi-linear/quadratic direct utility.
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Linear demand functions more generally

Let 7~ be a continuous, strictly convex, and strictly monotonic weak order
on X C R, (open and convex).

Let N :={1,...,n} be the number of commodities. Take the nth
commodity as the numeraire and k € N'\ {n}. Let also K :={1,..., k},
M:={k+1,...,n}, and My := M\ @.

Let B be a k x k matrix of constants and suppose that 7~ generates the
(total) demand function x : R, O Q — X where

xk (q) := a(qm) + Bgk

with o : Qu — R¥ a continuous function.
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Main result

Theorem

The following are equivalent:

(). Z is differentiable.

(ii). Q is openin R, B is non-singular, My = @ while a(-) is constant.
(iii). Mo = @ and «a(-) is constant while 7 is represented by the utility
function v : X — R given by

u (XK, Xn) := Xp — XK§O£ — XKEXK/2

where o = a(-) and B is a non-singular k x k matrix of constants
(specifically, B := B™1).

(iv). Qis open in RY ., B is symmetric and negative definite while

Moy = @ and a(-) is constant.

(v). QisopeninR",, My = @, o) is constant while xx(-) satisfies the
strict Law of Demand:

(g — ak)(xk(ak) — xk(gk)) <0  Vagk,qk € Qk : gk # Gk
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Applications

Let N = {1,2,3} and take the 3rd commodity as the numeraire.

The demand function x1(q1, g2, w) = f(w) — 2g1 + g2 cannot be
rationalized with (weakly) smooth preferences.

The demand function x1(q1, g2, w) = 1 — 2¢1 + g2 can be rationalized
with (weakly) smooth preferences if we also have
x2(q1, G2, W) = a2 + q1 + bxga where

-2 1
B 7

is -ve definite.
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Applications

Let H ={1,..., H} be customers in a market, each with demand

xMq)=a"+B"q, heH

These demands can be rationalized only if each B" is symmetric and -ve
definite. Hence, only if B:= 3,4, B" is also symmetric and -ve definite.

The aggregate demand function
x(q) =Y (a" + B"q)
heH

is rationalizable by a single hypothetical agent with preferences given by
the Theorem.
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Applications

Estimation of utilities that generate demand functions (Deaton
EJ1978): The form u(x) = (x — a)A(x — «) is consistent with linear
demand only if

(i) the (n — 1)th principal minor of A is symmetric and -ve definite, and
(ii).App =0 = Anjray, forall j=1,...,n—1.

Additive preferences (Houthakker ECMA1960): An additive u(-) is
consistent with linear demand only if it is of the form
u(x) = xp + er-’;ll(aJ-XJ + bjsz) - i.e., B is diagonal.

Integrability of demand systems that are independent of income
(Nocke and Schutz JET2017): x(q) that satisfies the Law of Demand
and there exists v(-) such that V4v(q) = —x(q).
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Differentiability and Linear Demand

Key result

Taking k e N\ {n}, let K :={1,... .k}, M:={k+1,...,n},

Mo := M\ {n} and B be a k x k matrix of constants. Suppose also that
the continuous, strictly convex, and strictly monotonic weak order 2Z on X
generates the (total) demand function x : @ — X where

xk (q) := a(qm) + Bak

with « : Qy — R* a continuous function. The following are equivalent:
(). z is differentiable.
(ii). Qis openin R7 _, B is non-singular, Mg = @ while a(-) is constant.

v
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Differentiable preferences [Rubinstein (2006)]

= is differentiable at x € X if there exists py € R" \ {0} that makes the
following sets

{y € R": pyy > 0}

and

{y € R": 3\; > 0 such that x+ Ay = x VX € (0,\})}

coincide.

If it exists, px will be referred to as a preference gradient at x.
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Preference gradients graphically

Figure: p, p* support Uy neither Figure: p is a preference gradient.

is a preference gradient.
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Key background result

Diasakos and Gerasimou (AEJ: Micro 2022)

The following are equivalent for a continuous weak order 2~ on X:

(). Z is strictly convex, strictly monotonic, and differentiable.

(ii). There is a unique, open set Y C R, and a unique, homeomorphic
demand function x : Y — X that is generated by .
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Indifference-projection functions

Consider the indifference-projection correspondence I,(-|x) : Z, " — Z7 for
good n by requiring

Yn € Ia(y-nlx) <= y € L,
The graph of this correspondence is the indifference set Z,.

li (-|x) is actually a function that is locally convex and thus also
continuous.

li (|x) is differentiable at y_; if and only if the local subdifferential

0l (y—i|x) is a singleton, in which case the unique subgradient coincides
with the gradient.
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The indifference-projection gradient

Let g_n(x) denote the -ve of the gradient (equivalently, the unique
subgradient) of the indifference-projection function /, (:|x) for good n at x.

The preference gradient py coincides with p(x), the inverse demand at this
bundle, and is determined by

g-n(x) = =Vi(x_n|x),
1

Xn + q—n(X) “X_p

p(x) = qn(x)(1,q-n(x)),

where g_p(x) > 0, gn(x) > 0 and p(x) > 0.
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> differentiable = B non-singular

If B is singular, there exist v € R \ {Ok}: Bv = 0.

Let - be differentiable.

Taking q € Q and ¢ > 0 sufficiently small, we have (qx + Av,qum) € Q for
any A € (—¢,¢). Define the function gk : (—¢,e) — Qk by

gk (A) == gk + Av. We have

xk (ak + Av,am) = a(qm) + Bak + ABv = xk (q)

and we can show that

xn (G (A)sam) + amexm, (gk (A) sam) = xa () + ameXas, (9)
— (gk (A) —ak) xk (a)
= xn(9) + dmpxm, (@)

Avxk (q)
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> differentiable = B non-singular

Case |: There exists x° € X: vx?< =0.
Then ¢° € Q: x° = x(q°) wgives ¢°x(q° + Av) = (q° + A\v)x0. — | «

Case II: There exists x € X vxg = vxk (g, qpy, W')-

Letting A := — (w/ — w?) /vx® we get that ¢°x(q} + Av, q,?/,o, w®) = w/

0

while (g% + Av)xk (g%, qg/lo, w') + ¢S xmx(q%, ql?/lo’ w) =wl — | «.

Case l: vxk (gk, amy, W) # vxk(qk, qmy, w') for all
(qKa My, W)v (QK7 amy s W,) S Q
Consider the sets
Q= {geQ: xM(q):x,(\)ﬂ}
X0 = {XEX: XM:x,(\)ﬂ}

X = {xk € XR: wxk = vxx}

Then income must remain constant along the hyperplane Xj. — | .
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> differentiable, B non-singular = My = &

Let - be differentiable and My # @. For x € X and gy € Qu consider
the sets

XM = {x€X:dgk € Qk, x = x(qk,qm)}
Qy = {gm e Qum:Ixe XM X~ x}
Take x° € X and notice that Z,0 can be partitioned as
Lo =U where Z,, = T,0N X9 Restricting thus

ameQ < lam ®lgm -

attention to the domain X, we trace Z,0),0 as long as we obey the

%lq
following system of partial differential equatigns
Oxa/0xj = —q),  jE€ My
Oxn/0x; = (B Ha(qhy) — XK))J., JEK
Integrating along IXO|q5‘)A gives
xn = xk B ta (q?/,) — XKB’lxK/2 — qR,,OXM0 + ¢o, X € Ixo\qﬁ,,

for some integrating constant cp.
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= differentiable, B non-singular, My = @ = «af(-) is
constant

Let 2 be differentiable. As My = &, «(-) is a function only of income.

Suppose that a(w) # a(wp) for all w € (wop — Ao, wo + Ao) \ {wo} for
sufficiently small A\p € R .

Define the (—Xo, A\o) — RX function € (\) := B~! (a (wp + A) — a (wp)).
For A € (—Xo, Ao) consider the sets

@fg = {qKEQK: xn(qK—e()\),Wo+>\):xn(qOK—e()\),Wo+)\)}
XN = {xeX: xp=xn(qk —€(N),wo+A)}

We can show that there exist A1 € (—Xg, A\g) and p1 > 0 such that

0 =e(M) (xk (k. wo) — xR) Vak € By (p1)
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When prices are normalized w.r.t. income

Proposition

Let 7~ be a continuous, strictly convex, and strictly monotonic weak order
on X. Taking k € N'\ {n}, letalso K :={1,...,k}, M:={k+1,...,n},
and B be a k x k matrix of constants. Suppose finally that the generated

demand function x : Y — X is such that
xk (p) == a(pm) + Bpk

with o : Yy — R¥ a continuous function. The following are equivalent.
(i). 7z is differentiable.
(ii). Yis open in R, B is non-singular and M = {n}.
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When prices are normalized w.r.t. income

Theorem

Let x : Y — X be such that

xk (p) == a+ypp + Bp_n, peyY

where o,y € R""! are constants. The following are equivalent.
(). 7 is differentiable.

(ii). Y is open in R, and B is non-singular.

(iii). 7z is represented by the utility function u : X — R given by

U(X) — { (Xn — ané')/) exp (IX’% %dxfn) X_p € Xgn

0 X_n € X_p\ X2

where B is a non-singular (n — 1) x (n— 1) matrix of constants (with
B~1 = B) while X°, =: {x_p € X_p : x_nB(x_p — @) # 1}.

V.

Theodoros Diasakos (EEA-ESEM 2022) Preference Conditions for Linear Demand Fun

19/19



	Motivation
	Main result
	Analysis
	Integrability
	Intuition
	Income


