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Abstract

When observing spatial data, what standard errors should we report? With the fi-
nite population framework, we identify three channels of spatial correlation: sampling
scheme, assignment design, and model specification. The Eicker-Huber-White stan-
dard error, the cluster-robust standard error, and the spatial heteroskedasticity and
autocorrelation consistent (SHAC) standard error are compared under different com-
binations of the three channels. Then, we provide guidelines for when SHAC standard
errors should or should not be applied to both linear and nonlinear estimators. As it
turns out, the answer to this question also depends on the magnitude of the sampling

probability.

1 Introduction

A common concern among empirical researchers is spatial correlation, as policy or event
treatments are often spatially correlated. A merger between two gasoline companies, for
example, could affect the local gasoline retail market spatially and disproportionately in

the neighborhoods close to the rebranded stations (Houde, 2012). Closure and demolition



of public housing affects the areas closest to the projects more than those farther away
(Aliprantis and Hartley, 2015). Along with spatially correlated treatments, there can also
be spillover effects to adjacent entities that diminish with distance. One common point
of confusion is whether standard errors should be adjusted for spatial correlation. In this
paper, we answer this question by disentangling sampling scheme, assignment design, and
model specification under a finite population framework.

Adopting the finite population paradigm when studying spatial data has clear advan-
tages. For one, any cases where spatial effects are of interest, the unit of observations is
determined by geography or generalized distance measure, and we often sample all units
in the population. For example, typically we can collect information on all counties in the
United States. As pointed out by Pinkse, Shen, and Slade (2007), “with spatial data, it is
common for the sample and the population to be the same (e.g., the set of all firms in a
market)” (p. 216). The sampling uncertainty underlying the superpopulation approach is
unnatural for thinking about uncertainty in such settings; see also Abadie, Athey, Imbens,
and Wooldridge (2020). Second, with a well-defined finite population, we can explicitly
introduce different sampling schemes after imposing spatial correlations on the population
units. Rather than introducing spatial correlation after samples are drawn, we can differ-
entiate between spatial correlation among all neighbors in the population and correlation
within a subset of neighbors observed in the sample, which has a major impact on statisti-
cal inference. With that said, because we allow the sampling probability to shrink to zero,
our asymptotic theory can also accommodate sampling from superpopulations as a special
case.

By means of a set of newly developed limit theorems, we derive the finite population
spatial heteroskedasticity and autocorrelation consistent (SHAC) variance-covariance ma-

trix of M-estimators. We show that, in the case where a nontrivial fraction of the population



is sampled, the new asymptotic variance matrix is smaller than the superpopulation SHAC
variance matrix. This finding generalizes Neyman (1923)’s result on conservativeness of
the finite population variance estimation and the extension to regression settings in Abadie
et al. (2020). Based on the alternate finite population variance-covariance matrix, we pro-
vide guidelines on when the SHAC standard errors should or should not be used instead
of relying on heuristic arguments of spatial correlation of unobserved characteristics. To
summarize, whenever there is spatial assignment, meaning that the “treatment” variables
are spatially correlated, or a spillover effect is estimated, even in the absence of spillover,
one should report the SHAC standard errors. However, there are a few exceptions. When
we independently sample a negligible portion of the population, the Eicker-Huber-White
(EHW) standard errors would suffice irrespective of the existence of spatial correlation.
Similarly, if we sample a small fraction of clusters from all the clusters in the population,
the cluster-robust standard errors would suffice.

Our paper contributes to three strands of literature. Our first contribution is to the
literature on limit theorems for random fields. There is a very general asymptotic theory
for spatial processes under either the mixing condition or near-epoch dependence in Jenish
and Prucha (2009) and Jenish and Prucha (2012). Unfortunately, due to the introduction
of sampling indicators necessary for our paper, their theory cannot incorporate sampling
from a superpopulation. Recently, Bradley and Tone (2017) develop a central limit theorem
for nonstationary random fields using strong mixing conditions with certain restrictions.
By borrowing the techniques in the aforementioned articles, we derive new laws of large
numbers and a central limit theorem for near-epoch dependent (NED) processes. We apply
these limit theorems to finite population asymptotic theory but they also accommodate
superpopulations by including zero sampling probability in the limit. Meanwhile, we allow

for nonstationary processes with unbounded moments on irregularly spaced lattices. We



also introduce cluster correlation on top of spatial correlation by explicitly including the
sampling indicators and allowing for cluster sampling.

Second, we contribute to the literature on finite population inference. Several articles
under the finite population framework study the EHW standard error and the cluster-
robust standard error for both linear and nonlinear estimators. See, for instance, Abadie
et al. (2020), Abadie, Athey, Imbens, and Wooldridge (2017), Xu (2021b), and Xu (2021a).
Bojinov, Rambachan, and Shephard (2021) extend the finite population framework to panel
experiments. They allow for spillovers across time periods but maintian the assumption
of no spillover across units. Sévje, Aronow, and Hudgens (2021), Savje (2021), and Leung
(2022) consider network/spatial interference in randomized experiments with access to the
entire population. Their work focuses on estimating the treatment effect or exposure effect
consistently. Our paper is the first to examine the necessity of SHAC standard errors under
different scenarios for a general class of estimators. Lastly, we contribute to the literature
on spatial econometrics. A summary of recent developments can be found in Xu and Lee
(2019).

The remainder of the paper is organized as follows. We derive the asymptotic dis-
tribution for M-estimators under finite populations with spatial correlation in Section 2.
In Section 3, the asymptotic theory is extended to functions of M-estimators. Among the
leading examples are average partial effect (APE) estimators resulting from nonlinear mod-
els. Using simulation studies in Section 4, we compare the small sample performance of
the EHW, cluster-robust, and SHAC standard errors. The research is concluded in Section

5. Proofs are collected in the appendix.



2 Asymptotic Properties of M-estimators

2.1 Setup

Let D C R d > 1, be a lattice of (possibly) unevenly placed locations in R¢. Consider a
sequence of finite subsets of D, {Dys}, where M indexes the sequence of finite populations.
|Dys| diverges to infinity in deriving the asymptotic properties, where |V| denotes the
cardinality of a finite subset V' C D. We adopt the metric v(i, j) = max;<j<q|ji — %4/ in
space RY, where i; is the I-th component of 7. The distance between any subsets K,V C D
is defined as v(K, V) = inf{v(i,j) : i € K and j € V'}. For any random vector W, [[W{|,, =
(E||W|[P)Y/P, p > 1, denotes its Ly-norm. Let Finr(s) = o(Ujar;j € Tar = v(i,5) < s)
be the o-field generated by the random vectors Ujps located in the s-neighborhood of
location 4. Lastly, C denotes a generic positive constant that may be different in different
circumstances.

Let (X,z,Y) = {(Xim, zim, Yine ), € Dy, M > 1} and U = {Ujpg,i € Ty, M > 1}
be triangular arrays of random fields defined on a probability space (2, F, P). For each
unit i, we observe (X, zins, Yinr), where X is the vector of assignment variables, z;ys
is a set of attributes, and Y;;s is the realized outcome. The categorization of assignments
and attributes is based on the posed empirical question. Typically, the key variables of
interest in an empirical study could be viewed as assignment variables, and the remaining
covariates as attribute variables. There is no restriction in terms of the nature of the triple
above: they can be discrete, continuous, or mixed.

We relax the stable unit treatment value assumption in the standard potential outcome
framework by allowing for interference among individuals. There exists a mapping, denoted
by the potential outcome function y;ps(xar), from a vector of assignment variables of

all population units to the potential outcomes, where &y, = {x;,4 € Dy, M > 131

T emphasize xa; as the argument of the potential outcome function because its realization, Xz, is the



The potential outcome function, y;s(-), along with the observed attributes z;ys, are non-
stochastic. By contrast, the assignment vector X, is random, where X = {X;,7 €
Dy} is the realization of s, As a result, the realized potential outcome, Yirr = yins (Xar),
is random. Alternatively, the finite population setting can be understood as conditioned
on the potential outcomes and attributes of the | Dj/| units in the population. For the most
part, we denote Winr = (X s, Yinsr) for brevity.

We do not take a stance on whether an underlying model is correctly specified. There
currently exist discussions on incorporating interference into causal inference and how to
consistently estimate the exposure effect with misspecified exposure mappings; see, for in-
stance, Hudgens and Halloran (2008) and Sévje (2021). With misspecified interference,
we estimate some approximation of the spillover effects in the sample. Manski (2013) dis-
cusses the identification of potential outcome distributions with social interactions, which
is out of the scope of the current paper. Throughout, we assume that the finite population
parameters are identified whether or not any feature of the model is correctly specified.

According to the sampling scheme, the population M can be partitioned into Gy
mutually exclusive clusters, {Dgn 1 g = 1,2,...,G}, based on the primary sampling
units. Cipr € {1,2,...,Gpr} denotes the cluster that unit ¢ belongs to. Each cluster size
is denoted by |Dgas| with [Dyy| = Zngl |Dgml, g € {1,2,...,Gn}. When the primary
sampling units are individual entities, random sampling is included as a special case.

As is the starting point in the superpopulation paradigm, we study solutions to a

population minimization problem, where the estimand of interest is a k x 1 vector denoted

only stochastic vector in the function.
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Notice that the expectation E in equation (1) is taken over the distribution of Xy, since
X is the source of randomness here. The function g;ps(+,-) is the objective function
for a single unit. The subscripts of the objective function indicate its dependence on the
non-stochastic attribute variables {z;ps,7 € Dys}.

Let R;p; denote the binary sampling indicator, which is equal to one if unit ¢ is sam-
pled. Hence, the sample size is |Dy| = ZGM ZzeDgM Rive = Y iep,, Rim. Below we
will be precise about the nature of the sampling scheme but, unless the sample equals the
population, the sample size is random. The spatial M-estimator of 03, is denoted by Oy,

which solves the minimization problem in the sample.
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In order to establish desirable asymptotic properties of the spatial M-estimator, we
need to impose restrictions on the spatial dependence of the stochastic components in
the estimation problem. We adopt the definition of mixing coefficients in Bradley and
Tone (2017), near-epoch dependent (NED) random fields in Jenish and Prucha (2012),

and m-dependent random fields in Méricz, Stadtmiiller, and Thalmaier (2008).



Definition 1 Let A and B be two sub-o-algebras of F, and let
a(A,B) =sup(|P(AB) — P(A)P(B)|,A € A, B € B)
and
p(A7 B) = Sup ’COTT(.ﬂg)L f € Lzeal(A)ag € L%eal(B)‘
For K C Dy andV C Dy, let oy (K) = o(Uinr,i € K) and apy (K, V) = a(op(K),opm(V)).

Then, the a-mixing coefficient for the random field U is defined as:

a(r) = supsup(an (K, V), v(K,V) >r).
M KV

The mazimal correlation coefficient is defined as:

p(r) = supsup(py (K, V), v(K,V) > r).
M KV

Definition 2 Let W = {W;pr,i € Dy, M > 1} be a random field, let U = {Ujps,i €
Ty, M > 1} be another random field, where |Tyf| — 0o as M — oo, and let d = {d;p,1 €
Dy, M > 1} be an array of finite positive constants. Then the random field W is said to

be L,(d)-near-epoch dependent on the random field U if

Winr = EWinr| Fine (s))l,, < dinstp(s)

for some sequence ¥ (s) > 0 with limg_,o ¥(s) = 0. The ¥(s) are called the NED coeffi-
cients, and the d;pr are called the NED scaling factors. W is said to be L,-NED on U of
size =\ if ¥(s) = O(s™H) for some p > X > 0.

Definition 3 A random field U = {U;pr,t € Dy, M > 1} is called m-dependent if for all



finite subsets K,V C D with v(K,V) > m the o-algebras o(Uspr,i € K) and o(Uipr,i € V)

are independent.

We make the following assumptions. Detailed regularity assumptions are listed in

Appendix A.

Assumption 1 Suppose {Dyr} is a sequence of finite subsets of D such that |Dps| — o0
as M — oo, where the lattice D C R, d > 1, is infinitely countable. All elements in D are
located at distances of at least vy > 0 from each other, i.e., for alli,j € D: v(i,j) > vy;

w.l.0.g. we assume that vy > 1.

Assumption 2 (i) The sampling scheme consists of two steps. In the first step, a random
group of clusters is drawn according to Bernoulli sampling with probability pcar > 0; in the
second step, units are independently sampled, according to a Bernoulli trial with probability
pur > 0, from the subpopulation consisting of all the sampled clusters. (ii) The sequence
of sampling probabilities pepr and pynr satisfies peyr — pe € 10, 1], punr — pu € 0,1], and

|Das|punpers — 00 as M — oo.
Assumption 3 maxi<¢<qg,, |Dgm| < C < 00 as M — oo.

Assumption 4 The sampling indicators, R = {Rinr,i € Das, M > 1}, are independent of
the assignment variables, X = {X;n,i € Dy, M > 1}, and the underlying mizing random

fields, U = {U;nr,i € Tag, M > 1}, where Dyy C Ty C D.

Assumption 5 (Mizing condition) For the input random field U: (i) a(r) — 0 asr — oo;

(i) Tlg& p(r) < 1.

Assumption 6 (NED condition) The random field g = {gins(Wine,0),i € Dy, M > 1}
is Lo-NED on U = {U;pr,i € Tpy, M > 1} with the scaling factors dip and the NED



coefficients 1(s) of size —=2d(r — 1)/(r — 2) for some r > 2. The g(-) function includes
@it (Wint, 0), minvg (Wing, 0), Voming(Wing, 0), fint(Wing, 0), and Vo fing(Wing, 0) defined in

Appendiz A.

Assumption 7 The weights satisfy: w(0) = 1; w(m> = 0 for any v(i,j) > by;

b
‘w(%)} < 00, V v(i,j) and ¥V M; limps 00 IDIM’ DieDas 2 jEDar (i f)<bar [W(%MJ)) -
. R,
1} .COU<\/%]%M, %@M)‘ =0, where by; = o((\DM’puMpCM)l/Zd) and the h(-)

Junction includes ming(Wing, 03,)/Iv and (fiM(WiM, 0% ) —Fn (0% Har (0%,) tming (Wi, 9}*\4))/JM

as defined in Appendiz A.

Assumption 1 is taken from Jenish and Prucha (2012). Consistent with the increasing
domain asymptotics, the assumption of the minimum distance ensures the expansion of
the sample region. In Assumption 2, we introduce the possibility of cluster correlation
via the two-stage sampling scheme. It is helpful to go through various sampling schemes
resulted from different values of the sampling probabilities. With p.yr = pupr = 1, we
observe the entire population; p.py = 1 and p,nr < 1 means random sampling; peps < 1
and pypr < 1 implies cluster sampling. In particular, sampling from a superpopulation is
nested in our unified theory since the sampling probabilities in both steps are allowed to
be zero in the limit. When p. = 0, only a negligible fraction of clusters are sampled from
a population of a large number of clusters; while when p. = 1 and p, = 0, a negligible
portion of units are randomly drawn from a large population. Regardless, the expected
sample size, |Ds|purspens, diverges to infinity.

Assumption 3 imposes boundedness of the cluster sizes whenever the population units
are partitioned into clusters because of either cluster assignment or cluster sampling. As
a result, the number of clusters in the population diverges to infinity along with the pop-

ulation size. Assumption 4 implies that the sampling process and the assignment process
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are independent of each other, which rules out sample selection bias.

Assumption 5 is the key weak dependence assumption in the proof of the asymptotic
properties. Assignment variables are allowed to be spatially correlated as long as the
spatial correlation dies out along with distance. In addition to the mixing condition, we
also require the maximal correlation coefficient to be less than one in the limit. With the
extension to NED processes in Assumption 6, we can study a more generalized class of
random fields.? Here, we impose NED conditions on the objective function, score function,
and the Hessian matrix directly so that both continuous and discrete variables are allowed.
See, for example, Chapter 4 in Gallant and White (1988) for primitive conditions that
ensure preservation of the NED property under transformations. Assumption 7 is required
to establish consistency of the SHAC variance estimator. The last part of Assumption 7

v(i,)

is a high-level condition, which requires that the kernel weights w<W> converge to one

sufficiently fast as M — oo.

2.2 Asymptotic Distribution

We introduce the following notation for the variance-covariance matrix of M-estimators.

Define
SM :Aehw,M(G}ku) + puMAcluster,M(e}k\/[) + puMpcMAspatial,M (97\/[)
— PuMPeMAEM — PuMPeMAEC,M — PuM PeMAES, M (3)
and
Vi = Hy(05) S Hu (05) 71, (4)

2 Assumption 6 is more than sufficient because in some cases, we only need L;-NED, which can be implied
by L2-NED. For certain functions, the NED coefficients are only required to be of size —d.

11



where
1

Achw(0) = 75— Z E [mine(Wint, 0)ming(Wing, 0)'], (5)
[ D] €D
1
Ap .y = Dl Z E[mine(Winr, 050 E [mins (Winr, 03], (6)
i€Dpr

1
Acusternt(0) = —=— > > WCins = Cinn)E[ming(Wins, 0)mjng(Wiar, 0)'], (7)
|DM’ 1€D ) JED £y, j#1

1
Apcm = Dul Z Z L(Cint = Ciar)E[mint (Wint, 030) | E[mjns (Wi, 03], (8)
MV €D jeDar i

1
Agpatiatt(0) = —=— > > WCins # Cing)E[mins(Wins, 0)mjng(Wiar, 0)'],  (9)
|DM| 1€Dnr JED £y, jF0

1 * *
Apsm = D] SN UCim # Cin)Emint(Wing, 03) E [mns (Wyns, 03)],
1€Dpr JED N, jF1 ( )
10
and

Har(6) = |D1M| S E[Vomin (Wiar, 0)] (11)

i€D s
Theorem 2.1 Under Assumptions 1-6, and Assumption A.1 in Appendiz A, VA}1/2]DN]1/2 (éN—
0%,) 5 N(0,I).

Theorem 2.1 is derived using a set of new limit theorems given in the Appendix. It shows
that the M-estimators are asymptotically normal with an alternative finite population
SHAC variance-covariance matrix. The result holds for spatial assignments both at the
individual level or the cluster level. For the latter assignment design, there is cluster
assignment in the first place, where assignments within clusters can be strongly correlated.
On top of that, the assignments across clusters are allowed to be spatially correlated as long
as the key mixing condition in Assumption 5 is satisfied. With bounded cluster sizes, units

far away from each other fall into different clusters and the spatial correlation eventually
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can die out. For instance, while studying individual outcomes, policies are imposed at the

school district level and the school districts nearby may coordinate in certain ways.

Remark 1 We should only report the SHAC standard errors if: (i) assignment variables

are spatially correlated; or (i) spillover effects are specified in the model.

Let us first focus on positive sampling probabilities. Based on the variance-covariance
matrix in (3) and (4), we can see that sampling scheme plays a role in cluster correlation
but not in spatial correlation. The two terms involving spatial correlation, Ag,atiar, v (03,)
and Agg ar, cancel out whenever the assignment variables are independent. Therefore,
it is only necessary to adjust the standard errors for spatial correlation if the assignment
variables are spatially correlated either because of the assignment design or the inclusion of
the spillover effects. Also notice that, even in the absence of spillover effects in the potential
outcome function, we manually introduce spatial correlation among assignment variables
when we explicitly specify spillover effects in the model. Here, assignment variables include

your own “treatment” and your neighbors’ “treatments.”

Remark 2 (i) When p, = 0, reporting the EHW standard error would suffice; (ii) When

pe = 0, reporting the cluster-robust standard error would suffice.

When we switch to zero sampling probabilities, there are exceptions. In theory, when
we observe the entire population or sample a large portion from a finite population, the
SHAC standard errors should be reported to account for the spatial assignments. However,
if we sample a minimal amount from the population, either the cluster-robust or the EHW
standard errors would suffice under spatial assignments. Intuitively, when we independently
sample a small proportion of units from the population, the majority of your neighbors
would not be observed. Hence, there would be little difference between the EHW, cluster-

robust, and the SHAC standard errors. In another case, when we randomly draw a small

13



fraction of clusters from the population, most of your neighbors would be contained in
the clusters drawn. Therefore, the cluster-robust standard errors take the majority of the
spatial correlation into account and would deviate little from the SHAC standard errors
with a sufficient bandwidth. In addition, when either of the sampling probability is zero,
we are essentially sampling from a superpopulation, so the usual EHW standard error or

the usual cluster-robust standard error would no longer be conservative.

2.3 Estimation of the Variance-Covariance Matrix

Define
VSN = IA{N(éN)_lgN(éN)IA{N(éN)_l, (12)

where

N 1

Hy(0) = —— Y RinVeminy(Wins, 0) (13)

|Dn| ieD
i€D

and

. g
SvO) === > 3 RiMRjM-w<V(Z 3)>miM(mM,9)ij(WjM,9)’. (14)
|DN| 1€Dpr jJED N bM

Theorem 2.2 Under Assumptions 1-7, and Assumptions A.1-A.2 in Appendix A, Ven —
(Ve + puri peri VE) 2 0, where Vg = HM(H}kw)flsEHM(Q?VI)fl and

14 i,‘ * * /

Remark 3 The usual SHAC variance estimator is conservative for the finite population

SHAC wvariance-covariance matriz unless the sampling probabilities are zero.

In Section 2.2, we have summarized when you should and should not adjust the standard
errors for spatial correlation. In terms of the estimation of the variance matrix, Theorem

2.2 shows that when spatial correlation needs to be accounted for, there is an upward bias
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of the usual SHAC variance estimator. Leung (2022) reaches a similar conclusion for a
weighted difference-in-means estimator for network data with interference, assuming the
entire population is observed. We additionally introduce sampling probabilities and study
both linear and nonlinear estimators.

We do not discuss the superpopulation limit of the extra term, Sg, as this requires weak
dependence assumptions on the superpopulation, which we have not touched upon yet.
However, since the usual SHAC variance estimator is consistent for the superpopulation
variance-covariance matrix, the finite population SHAC variance matrix should be smaller

than the superpopulation version of the variance matrix, in the matrix sense.

3 Asymptotic Distribution of Functions of M-estimators

Given that we study M-estimators, the APE estimator from nonlinear models would be of
great interest. As a result, we study the asymptotic distribution of a generic function of
M-estimators to complete the discussion.

Let fine(Winr,03,) be a g x 1 function of Wiy, and 63,. We wish to estimate v}, =

ﬁ ZiGDM E[fiM(WiM, 0}*\4)] Let 4y = ﬁ ZieDM Rine fint Wing, éN) be the estimator

of v}3;. Denote the finite population variance matrix by

N / !
Vf7M _Aeh’w,M + puMAclusth + puMpCMAspatial,M

- PuMpcMAé’M - puMpcMquM - puMpcMAégJ\/p (15)

And the usual SHAC variance estimator is denoted by VLSN. The detailed definition of

each term can be found in Appendix A.

Theorem 3.1 Under Assumptions 1-7, and Assumptions A.1-A.3 in Appendiz A, (1)

_ R « o\ d N
Vf,A14/2|DN|1/2(7N — i) SN0 I); (2) Visn — (Vi + purtpertVi,p) 2 0.
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We see that the same results for M-estimators carry over to functions of M-estimators.
For the APE estimator, we should only report the SHAC standard errors if assignments
are spatially correlated or spillover effects are estimated. Additionally, the usual SHAC
standard errors are supposed to be conservative. However, as a well-known fact, the SHAC
standard errors suffer from downward bias when the spatial correlation is high. Hence, the

actual finite sample performance of the usual SHAC standard errors remains unclear.

4 Simulation Designs

We consider an uneven lattice. The population units lie within a square of dimension
VM xvM , where M is the population size. The locations (s1 ar, $2.i0s) are drawn once and
kept fixed across designs. sy p ~ U(0, VM), saim ~ U(0, VM), and they are independent
of each other. The distance between units ¢ and j is measured by v(7,j) = max(|siim —
s1iMm|, |s2,im — s2,50m|). We have four major designs involving spatial assignments at the
individual level, spatial assignments at the cluster level, spatial assignments allowing for

spillover effects, and spatial assignments in nonlinear models.

4.1 Spatial Correlation at the Individual Level

The potential outcome function is given below:

yig(xig) =a- /Bigxig + cg + Uig, (16)

where half of 3;, are equal to 1 and the other half -1. a is a constant scalar. The group
unobserved heterogeneity ¢4 is independently drawn from the standard normal distribution
and remains fixed across replications. Without cluster sampling, we can ignore the g

subscript. The individual unobservables are generated from the linear spatial autoregressive
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model below,

Unr = quuuM + €, (17)

where ups and €7 are M x1 vectors. € arei.i.d. draws from a standard normal distribution
and kept fixed. W, is a contiguity matrix and units ¢ and j are neighbors if v(i, j) < V2.
It is row-standardized with the diagonal elements being zero.

There are two sub-designs. In the first design, the assignment variables are i.i.d. draws
from a Bernoulli distribution with a probability of 0.5 for each replication. The spatial
correlation of the individual unobservables (in the sense of superpopulation) depends on
Pu, which varies from 0 to 0.9 with an increment of 0.1. In the second sub-design, the
assignment variables are binary variables equal to one when the input value &;; is greater
than or equal to its population average Zf\i 1 &inm /M, where &y is an M x 1 vector drawn
from a multivariate normal distribution with mean zero and a variance-covariance matrix
equal to p, raised to the power of the distance. p, is fixed at 0.3, while p,. takes value from
0 to 0.9. Therefore, individual assignments can be spatially correlated.

The expected size of each dimension of the lattice is 18, unless otherwise noted, which
leads to an expected sample size of 324. The clusters in the sampling scheme are formed
by grouping the consecutive three units by order, resulting in an expected number of
108 clusters in the sample. There are five sampling schemes: (i) we observe the entire
population; (ii) we independently sample clusters from all the clusters in the population
with a probability of 0.25; (iii) we independently draw units from the entire population
with a probability of 0.25; (iv) we independently sample clusters from all the clusters
in the population with a probability of 0.01; (v) we independently draw units from the
entire population with a probability of 0.01. The last two sampling schemes mimic cluster
sampling and independent sampling from the infinite population, respectively. For the last

two sampling schemes, the expected size of each dimension of the lattice is decreased to
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12 to reduce the computational burden. The constant a = 2 for the first three sampling
schemes and a = 1 for the last two.

We first regress Y; on 1 and X; and report different standard errors of the slope co-
efficient estimator. For cluster sampling with probability 0.25, we also report results for
fixed effect by demeaning variables within clusters. The standard errors among comparison
are the EHW standard errors, the cluster-robust standard errors, and the SHAC standard
errors. We use the Parzen kernel to estimate the SHAC standard errors. The SHAC
standard errors are highly sensitive to the choice of bandwidth. In the first sub-design,
where assignments are independent, we report the SHAC standard errors with bandwidth
d* € {1,2,3}. In the second sub-design, we report the SHAC standard errors with two
bandwidths chosen in the following way. The SHAC standard errors are estimated using
bandwidth up to 20 with a distance increment of one. Among the 20 bandwidths, We
choose either the one that minimizes the mean square error or the one that minimizes the
bias of the SHAC standard error with respect to the Monte Carlo standard deviation of

the slope coefficient estimator. The number of iterations is 1,000.

4.1.1 Independent Assignments with Spatially Correlated Unobservables

When the assignments are independent with the entire population observed, we see from
Figure 1 that all standard errors are larger than the Monte Carlo standard deviation of
the slope coefficient estimator and the corresponding coverage rates of the 95% confidence
interval are almost all above the benchmark line of 0.95.> This is expected because the
superpopulation standard errors are supposed to be conservative. Among all the standard

errors reported, the EHW standard errors are the closest to the Monte Carlo standard

3In the top panel of all figures below, “oracle” means the Monte Carlo standard deviation of the coefficient
estimator or the APE estimator. While in the bottom panels, “oracle” stands for the benchmark coverage
rate of the 95% confidence interval, 0.95.
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Figure 1: Independent Assignments Observing Entire Population
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deviation, regardless of the spatial correlation of the unobservables in the superpopulation.
As well, the coverage rate of the 95% confidence interval based on the EHW standard errors
is closest to the theoretical level. The cluster-robust standard errors are generally too large
and the SHAC standard errors increase along with the bandwidth. With independent

assignments, the latter two standard errors are unnecessarily conservative.
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Figure 2: Independent Assignments with Cluster Sampling 0.25

When we sample clusters from the population, things become slightly different. Al-
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Figure 3: Independent Assignments with Cluster Sampling 0.25: fixed effects
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Figure 6: Independent Assignments with Independent Sampling 0.01
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though assignments are still independent, cluster sampling introduces cluster correlation.
As a result, the cluster robust standard error is the one closest to the Monte Carlo standard
deviation and the coverage rate of the corresponding confidence interval hovers around the
benchmark line. The EHW standard errors are too small, as shown in Figures 2 and 5. We
observe the same pattern for the standard errors of the fixed effect estimators. However,
the comparison between the cluster robust standard errors and the SHAC standard errors
depends on the sampling probability. When the sampling probability of each cluster is
nonnegligible, the SHAC standard errors grow along with the bandwidth and eventually
become too conservative. On the other hand, when the sampling probability is as small
as 0.01, resembling cluster sampling from an infinite population, the difference between
the cluster-robust standard errors and the SHAC standard errors narrows down. This is
especially true when the chosen bandwidth contains enough nearby units.

When we independently draw units from the population, the EHW standard errors
again turn out to be the appropriate one to report. Similarly, when the sampling proba-
bility is 0.25, you see a clear discrepancy among the standard errors. When the sampling
probability is 0.01, which resembles the case of independent sampling from an infinite
population, the EHW, cluster, and SHAC standard errors are almost identical to each

other.

4.1.2 Spatial Assignments

In the second sub-design, spatial assignments are introduced through the spatial correlation
parameter, p,. When p, = 0, we are back to the case of independent assignments with
pu = 0.3. As we can see from Figures 7 and 10, the EHW standard errors are the ones with
the best performance when we either observe the entire population or independently sample

units from the population. With cluster sampling, the EHW standard errors underestimate
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Figure 7: Spatial Assignments Observing Entire Population
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Figure 9: Spatial Assignments with Cluster Sampling 0.25: fixed effects

28



Standard Error
T T T T T T T T

0.6
0.55
0.5
0.45
0.4
0.35
0.3

0.25

0.2

0.4 | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

spatial correlation: px

oracle = = EHW cluster =—©-— spatial_mse —O—Spatial_bias]

Figure 10: Spatial Assignments with Independent Sampling 0.25
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Figure 11: Spatial Assignments with Cluster Sampling 0.01
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the standard deviation and the SHAC standard errors are quite similar to the cluster-robust
standard errors. Nevertheless, with spatial assignments we see that both the EHW and
the cluster-robust standard errors gradually become too small when the spatial correlation
among the assignment variables increases unless the sampling probability is as small as
0.01. The same observation holds for both pooled OLS and fixed effect estimators when
there is cluster partition.

Though not perfect, we see patterns along the lines of the theoretic prediction in Remark
2 when the sampling probability is 0.01. With cluster sampling, the gap between the SHAC
standard errors and the cluster-robust standard errors is much smaller even with high
spatial correlation compared with the case of a larger sampling probability. Similarly, with
independent sampling, the difference among the EHW, cluster, and the SHAC standard
errors is relatively small compared with Figures 7-10. All standard errors suffer from some
downward bias. However, keep in mind that the sample size is only over 100 and we
allow the correlation parameter, p,, to be as large as 0.9, which results in the correlation
between the assignment variables within a distance of one averaging at 0.85. I expect that
the discrepancy among the different standard errors would gradually disappear when the
sampling probability becomes even lower, especially when the spatial correlation is not too
high. However, this would drastically increase the computation burden by enlarging the
size of the lattice to a great extent. Hence, results are not reported here due to computation
restrictions.

When the ratio of the sample to the population size is small, the intuition of reporting
either the EHW or the cluster-robust standard errors remains the same no matter whether
we introduce spatial correlation at the cluster level, spillover effects, or nonlinearity later
on. Hence, for the simulation designs below, we omit the results for sampling probabilities

of 0.01.
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4.2 Spatial Assignments at the Cluster Level

In this design, assignments are imposed at the cluster level, and we introduce spatial corre-
lation across clusters. The potential outcome function and the individual unobservables are
the same as in equations (16) and (17) with a = 1. p,, is also fixed at 0.3. On the contrary,
the assignments are generated differently. We construct a contiguity matrix among cluster
pairs, where the distance between clusters is measured as the minimum distance of units
in the cluster pair. Hence, the cluster contiguity matrix W¢ is a G X GG matrix, where G is
the number of clusters in the population and clusters [ and m are neighbors if v(I,m) < 2.
We adopt the first three sampling schemes as in the baseline design.

The assignment variables are generated in the following way:
Xo = pWeXa + e, (18)

where X and &g are G x 1 vectors, and &, g (0,1),g=1,...,G. The cluster assign-
ment X, = ]l{f(g > é Zlazl Xl}, Vg=1,2,...,G. Units within the same cluster receive
the same assignment.

When the spatial correlation is imposed at the cluster assignment variables rather than
the individual assignment variables, the comparison of the standard errors in the baseline
design carries over. In summary, we should report the SHAC standard errors under spatial
assignments. In the absence of spatial assignments, we should report the cluster-robust
standard errors because cluster assignments always occur regardless of sampling scheme.
However, to account for the cluster correlation in addition to the spatial correlation across
clusters, I introduce a slightly different distance measure based on the distance between
cluster pairs. Using this cluster distance measure, units within the same cluster receive

the same weights when estimating the SHAC standard errors. The SHAC standard errors
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Figure 13: Spatial Assignments at the Cluster Level Observing Entire Population
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Figure 14: Spatial Assignments at the Cluster Level with Cluster Sampling 0.25
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Figure 15: Spatial Assignments at the Cluster Level with Independent Sampling 0.25
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based on the cluster distance slightly outperform the ones based on the unit distance. This
is because the latter typically suffer from downward bias even when the spatial correlation
is low or moderate. However, the former can also become too conservative when there is a

lot of heterogeneity across units.

4.3 Spillover Effects

In this simulation design, we allow for spillover effects in addition to spatial assignments
by setting up a linear-in-means type of model. The expected sample size of each dimension

of the lattice is 36. The potential outcome function is given below:

ylg(mM) = 2Bigl'ig + rYwaM + €ig, (19)

where @, is the M x 1 vector containing assignments for all units in the population. The
realized assignments X follows a multivariate normal distribution with mean zero and a
variance-covariance matrix equal to p, raised to the power of the distance. The contiguity
matrix, W, is constructed in the same way as W,. Elements in W, equal one if the
corresponding distance is less than or equal to 0.5. 3;, are defined in the same way as
in Section 4.1. The unobservables ¢;, are independently drawn from a standard normal
distribution and kept fixed.

We adopt the first three sampling schemes in the baseline design. Within each sampling
scheme, we have three assignment and spillover combinations: (i) p, = 0 and v = 0; (ii)
pr = 0 and v = 1; (iii) p, = 0.1 and v = 1. Each represents the case of no spatial as-
signments and no spillover effects, no spatial assignments with spillover effects, and spatial
assignments combined with spillover effects, respectively. Regardless, we estimate spillover
effects by regressing Y; on 1, X;, and WX, where X; is the collection of assignments of

all units in the sample and W is a N x N contiguity matrix with a distance cutoff of 0.5.
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Table 1: Specifying Spillover Effects

entire population

cluster sampling

independent sampling

pz=0, p=0, p:=01, p=0, p,=0, p,=01, p,=0, p,=0, p,=0.1,
v=0 vy=1 vy=1 v=0 vy=1 vy=1 v=0 vy=1 v=1

coeff 0.002 1.002 1.061 0.004 0.636 0.546 -0.001 0.500 0.472
std 0.133 0.110 0.136 0.113 0.128 0.169 0.137 0.149 0.160
EHW 0.101 0.083 0.100 0.087 0.094 0.123 0.103 0.112 0.121
EHW _CI (0.863) (0.860)  (0.855)  (0.860) (0.843) (0.836)  (0.854) (0.853)  (0.848)
cluster 0.107 0.096 0.109 0.109 0.115 0.150 0.111 0.121 0.129
cluster CI ~ (0.887) (0.910) (0.887)  (0.938) (0.924) (0.911) (0.883) (0.883) (0.875)
SHAC1 0.129 0.107 0.135 0.112 0.122 0.167 0.134 0.145 0.159
SHACI1_CI (0.934) (0.938) (0.950) (0.943) (0.941) (0.947) (0.936) (0.935) (0.935)
SHAC2 0.129 0.108 0.136 0.113 0.123 0.169 0.135 0.146 0.160
SHAC2_CI (0.936) (0.941) (0.936) (0.941) (0.943) (0.941) (0.939) (0.933) (0.937)

Table 1 reports the coefficient estimates and the standard errors of the spillover effects

coefficient. Even though all standard errors suffer from downward bias in all designs, the

SHAC standard errors perform the best among the three classes of standard errors. When

we include spillover effects in our models, regardless of the sampling scheme we use or

whether there are spillover effects in the potential outcome function or not, we should

always report the SHAC standard errors.

It is worth mentioning that without observing the entire population, what we are iden-

tifying is the spillover effects in the sample because we can only observe our neighbors who

happen to be selected into the sample, which is an imperfect measure of the spillover in the

population. As a result, the coefficient estimator on the spillover effects is biased in the

latter two sampling schemes. With cluster sampling, the spillover effects estimator seems

to be less biased given that more neighbors are included in the cluster sample.
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4.4 Nonlinear Models

In the last design, we consider spatial assignments in a nonlinear model.

yig(xig) = 1{/8igxig + Cqg + Uijg > 0}7 (20)

where X is an M x 1 continuous random vector following a multivariate normal distri-
bution with mean zero and a variance-covariance matrix equal to p, raised to the power
of the distance. Other aspects of the population generating process are the same as the
baseline design. Without spatial assignments, p, = 0 and p, ranges from 0 to 0.9; with
spatial assignments, p,, is fixed at 0.3 while p, varies from 0 to 0.9.

We run probit regressions of Y; on 1 and X; and report standard errors of the APE
estimator of X;. We report the results when the entire population is observed, which are
identical to the linear case with or without spatial assignments. Simulation results from

other sampling schemes are also similar to the linear case and hence are omitted.

5 Conclusion

Using a design-based approach, we identify the sources of uncertainty underlying spatial
data. Whenever there are spatial assignments or when spillover effects are estimated, the
SHAC standard errors must be used, unless the sampling probability is negligible. For
future research, it would be interesting to extend the inference problem to panel data with

both spatial and temporal dependence.
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Figure 16: Independent Assignments Observing Entire Population: APE
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Figure 17: Spatial Assignments Observing Entire Population: APE
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A Notation and Regularity Conditions

The following notation provides details of the variance-covariance matrix and the variance

estimator in Section 3:

Ars =17 2 B Uiar(Wiar,050) =g = Fur(030) Has 0i) ™ s (Wonr 051

i€D

[t (Wiar, 034) = is = Far (03) Ha (050~ mans (Waas, 03]} (A1)

AéM D ’Z{ sz Wint, 0r) — var — Fana(03) Hae (0r) ™ sz(WiMaQX/[)]'

1€D s

B[ fine (Want, 031) =i = Far (03) Haa (630) " mans (Wanr, 630)] '},

(A.2)
A(J:clusterM ‘D ’ Z Z H(CZM:CJM)E{[fZM( legM) 7;4
i€Dnr jED N, jF#L
) A3
— P03 Hat (030) " mans (Winr, 03] (A-3)
[Fins(Wins, 030) = Yir = Far(03) Har (030) " msns (Wiar, 03)]'
Al = D ,Z > ﬂ(CiM:CjM){ [fine (Winr, 03) — Var
M i€Dyy jED,j#1
" A4
— Fa(O3) Har (0%) Y mant (Win, 050)]- (A4)
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1€D

(A.6)

(A7)

(A.10)

Definition 4 The random function g;nr(Wing, 6) is said to be Lipschitz in the parameter 0

on © if there is h(u) | 0 as w | 0 and b(-) : W — R such that supyy ;e p,, E[|bine(Winr)|] <

o0, and for all 6,0 € ©, |gins(Wint, 0) —gint (Wing, 0)| < bing (Wint)R(||0—06])), i € Dpy, M >

1.

We impose the following regularity conditions for the theorems in the paper.
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Assumption A.1 Suppose that |D i diepy B Ring -ming(Wing, On) = op(|Dn|~Y?) and (i)
let Qur(0) = mzz‘eDME[%M(WiMa 0)]. {Qum(6)} has identifiably unique minimizers
{03,} on © as in Definition 3.2 in Gallant and White (1988); (ii) © is compact; (iii)
0y € int(©) uniformly in M; (iv) suppep,, E[supgeg \ging (Wine, 0)/cin| } < 00, where
{¢inr,i € Dy, M > 1} is a sequence of nonrandom positive constants; (v) qing(Winr, 0)/cing
is Lipschitz in 0 on O; (vi) ginr(w, 0) is twice continuously differentiable on int(©) for all w
in the support of Wing, ¥ i, M ; (vii) supyyiep,, E{sup%@ ||V9m¢M(W¢M,9)/CiM||2} < 00;

2+5} < oo for some § > 0;

(viii) supyr ey, E| supgee [mint(Wint, 0)/cin |
(iz) inf \DM|*1JA_/[2/\mm(SM) > 0, where Jyr = maxjep,, {civ, dine} and Apin () stands
for the smallest eigenvalue; (z) Vomine(Wing, 0)/cin is Lipschitz in 6 on ©; (xzi) Hy(0%,)/Im
is nonsingular; (zii) for any fived s > 0, there exists a positive constant C such that for
any M and every nonempty set K C Dy, E[( Yick me)Q} > CY ek E[(mfy,)?], where

s Rinv

miyy = Zo =T (mins (Wina, 03) /s | Fina ()

Assumption A.2 (i) The NED scaling factors of the random field {m;n(Winr, 0)mjine(Wine, 0),4, 5 €
Dy, M > 1} satisfysupyyiep,, Ciagding < C < 00; (i6) Suppricp,, E[Supeee HmiM(WiM,m/CiMHZT} <
oo for r in Assumption 6.

Assumption A.3 (i) fim(w,0) is continuously differentiable on int(©) for all w in the

support of Win, ¥ i, M; (i3) supyyiep,, E[supee@ | fint (Wing, )/CiMHQT] < oo forr in As-

sumption 6; (i) the NED scaling factors of the random field { fins fin, 4,5 € Dy, M > 1}

satisfy supps icp,, 1Md;M < C < o0, where finr = finr( zM,9)_’Y&_FM(07\/[)HM(97\4)_1miM(WiM;6);
(iv) inf s \DM|_1J]\7[2)\mm(Vf7M) > 0, where Jy = maxiep,, {cim, din };

(v) supM’ieDMIE[supgegHV@sz( M )HQ} < 005 (vi) fine(Wine,0)/cing is Lipschitz in

0 on ©; (vii) Vofint(Wing,0)/cing is Lipschitz in 6 on O; (viii) for any fixred s > 0,

there exists a positive constant C' such that for any M and every nonempty set K C Dyy,

E[(ZiEKfiM)Q} > O ek B[(fiu)?], where fiy = \/% [(fint (Wing, 03) — 73y —
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B Proof

|Dn| b 1.

Lemma B.1 Under Assumptions 1-3, ———+——
|Daslpunt pers

Proof:

’DN’ ZiEDA/I R'LM

p— B.l
|Dat|puripers | Dael pust pert (B-1)

Since

E(ZiGDMRiM> =1 (B.2)

| Dot |punt pers

and

V( 2iepy fimt > < zszl E[(ZiGDgM RiM)Q]
|Dat|punrtpers ) — D202 01020
Z?ﬁ E[ D ieDyas BiM + D 2ieDyrs jeDors i RivRjwm)
N [ Dat P a2
C ZQG:Ml D ieDyar PuMPeM
Dy PpiaePion

- ¢ ., (B.3)
’DM‘puMpcM

Lemma B.1 follows from the mean square convergence.

Lemma B.2 (Weak Law of Large Numbers) Suppose that W = {War,i € Dpr, M > 1} is
L1-NED onU = {Uin,i € Ty, M > 1} with the scaling factors din and supyy ep,, E | Wing Jeint||* <

00, where {cipr,i € Dy, M > 1} is a sequence of nonrandom positive constants. Under
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Assumptions 1-4 and Assumption 5(ii),

1 1

L
Ju| D i€Dar Ju| D] i€Dar
where Jyr = maxep,, max{cin, dipr}-
Proof: Define Yy = Winr/Jur-
T 2 RarWar = 5= 30 EW,
— iMWivg — ———— iM
JM‘DN‘ 1€D )y JM’DM’ 1€D
\Darlpunipens 1 Z Rim 1
= —Yiny — Z EYin
|Dn| |Das| ieD, PuMPeM | D sy
1 Riur 1
=(14 o,(1 Yivy — —— EY;
( p(1) | Dl Z PuMpPeM | D Z !
i€Dpg i€D

Hence, it suffices to show that

1 R
— 3 (MYZ-M—EYZ»M> Ho.

‘DM‘ i€Dny PuM PcM

We can write

, _ Riym
1 v v y
lim Hypm 3 ( Yins EKM>

icDy \PuMPcM 1
. . -1 RiM
= lim lim |[|Dy] E ———Yin — EYium
§—00 M —00 . PuM PcM
i€ED s 1

< lim limsup
S0 Moo €Dy PuM PcM PuM PeM

)

: : _ Rim
1 § _ o . : _ 3

§—00
i€Dyy PuM PcM

where Fin(s) = o(Ujn; j € Tog = v(i, j) < s).
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Note that

E[||Dy Y (ME.MME(K'MU:@‘M(S)))H

€Dy PuM PcM PuM PcM
_ R;
<Dy Y E‘ M[EM—E(EMEM(S))]H
€Dy PuM PcM
=Dy |7t E‘E’M—E(K‘M\EM(S))H
iED}W
< sup FE YiM—E(YiMu:iM(S))H
MyieD
< sup Jy dim(s) < ¥(s). (B.10)
MieDys

Therefore, (B.8) is zero as lims_,o 9(s) = 0.

Next, we show that for fixed s > 0, (B.9) is zero. Denote V3, = BRins (Yine | Fina (s)).

PuM PecM

Obverse that E(V5,) = E(Yia). For each fixed s, E(Yia|Fin(s)) is a measurable function
of {Ujm;j € Tar : v(i,5) < s}. Since the cluster sizes are bounded {R;y/} is m-dependent.
As a result, the maximal correlation coefficient on {V;j,} also satisfies hm p(r) < 1 for
each fixed s.

By Theorem 2.1 in Bradley and Tone (2017),

2

> (Vi — E(Yiu)) ]

i€D s

<C Y E[IVi - ECm)IP] ¢ 7 E(IVadP)

i€Dpy i€D

S {pUM Y R ) |

i€Dpy

V( > VM> =K

1€Dpr

<0 Y ———E(|Yau®. (B.11)

i€D s PuM PcM
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Therefore,

s C
V<|DM| 2 VzM) S E(Yiml?) - (B.12)

5 | Dt punt pers |DM| 5
as |Das|puriperr — 00. The result follows by the Liapunov’s inequality.

Lemma B.3 Under Assumptions 1, 2, and 4, suppose (i) aipr(Winr, 0) is Lipschitz in the
0 on ©; (ii) supysiep,, B[ suppeo llains (Winr, 0)||P] < oo for some p > 1. Then (1) Let
AN() = 5y Sic oy Rinsains(Wia,6). HAN(é) - AN(e)H < Byh(||6 — 6|), where By =
ﬁZiGDM Rin - binge(Wing) = Op(1); and (2) An(0) = ﬁzieDME[aiM(WiM,H)] is

uniformly equicontinuous.

Proof: We first show result (1).

HAN@ ~ An0)]

Z Rine [aina( Win, 0) — aint(Wing, 0)]

1€D1\4
< ZRzM‘azM Win, 6) — aiM(WiMae)H
|DN|’L€DJM
i€Dpy
=Bnh([|6 - 0])), (B.13)
where
| Dot | punt penr
B R; bing (Wi bin Wi . (B.14
N \DN| Z e - bin (Wang) = |D | \DM| Z PuM PeM a)- ( )

i€Dpy 1€D s
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For all € > 0, let be = C'/e for some C' < oo,

1 Rin
P b; i > b
(‘ Dl 2= M<WM)‘ )

€Dy PuM PcM

_E<'\D1M| 2. Ll biM(Wz’M)D/be

€Dy PuM PeM
!DMI Z (

< sup [\sz )H/b < COJb. =« (B.15)
M €Dy

M NE[biar (Winr) ] /b

PuM PcM

Because of Lemma B.1 and the continuous mapping theorem, %%”CM T Hence,
Bn = Op(1).
Next, we show {Ap/(6)} is uniformly equicontinuous. The proof is based on slight

modification of the proof of Theorem 2 in Jenish and Prucha (2009).

sup sup HAM AM(H)H
0€0 e B(0,5)

1
<5 Z sup sup HE aint(Win, 0) — aiM(WiM79)]H
1Dul &5 0€0 o)
1
<— Esup sup ’
’DM\ Z 9€0 e B(6,5)

aint(Wint, 0) — aing(Win, 9)”

!DM\ > EYim(9), (B.16)

€Dy

where Yjn () = supgeg SUDGe 3(9,5) lainr(Wing, 0)—ains(Winr, 0)||. Define fins = supgeg llains(Winr, 0)||.

Given condition (ii), there exists k = k(e) < oo for some € > 0 such that

limsup —— IDMI Z E(fir 1(fine > k)) <

(B.17)
M—oc0 i€Ds

Ob\m
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Under condition (i), a;nr(Wiar, 6) is Lo stochastically equicontinuous on © by Proposition

1 in Jenish and Prucha (2009). Hence, we can find some 6 = d(¢) such that

limsuleM’ S P(iu(6) > ¢/3) < - (B.18)

M—o0 i€eDys

1
1imsupm Z EYin(9)
M

M—o00 icDyy
1
<e/3 + limsup > EYin(O)1(Yinr(8) > €/3, fins > k)
M—o0 |DM|Z.€DM
. 1
+ limsup > EYin(9)1(Yine(8) > /3, fimr < k)
M—oo | Dl 5
€Dy
1 1
<e/3 4+ 2limsu Efiv1(fing > k) + 26— limsup P(Y;p(6) > €/3) = ¢
J3-+ 2lmsup e 30 Efard(far > K) + 2k 3 limsup P(Yias(9) > ¢/3)

i€D s €Dy

(B.19)

As a result, limsupy,_, o, SUPgee SUPGe (g ,5) HAM(HN) - AM(H)H —0asd —0.

Lemma B.4 (Central Limit Theorem) Let W = {Winr,i € Dyr, M > 1} be a real valued
zero-mean random field that is Lo-NED on U = {U;pr,i € Tar, M > 1} with the scaling

factors d;pr and the NED coefficients ¢(s). Define Lyy = > Win and o3, =

Rim
€DM \/PuMPert
V(Lnr). Suppose W satisfies: (i) supyiep,, E|Winr /cine |10 < 0o for some § > 0, where
{c¢inr,i € Dpg, M > 1} is a sequence of nonrandom positive constants; (ii) for any fized
s > 0, there exists a positive constant C' such that for any M and every nonempty set K C
D, E[(ZierfM)ﬂ > C ik Bl(&)?], where &) = \/%E(VWM/JM\EM(S))

and Jy = maxiep,, {cim,din}; (443) infps |DM\_1J];[2J%4 > 0; (i) the NED coefficient
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¥(s) is of size —d. Under Assumptions 1-5,
—1 d
O'MLM 4)./\/'(0,1).

Proof: Define Y;yr = Winr /-

oyt Ly =Jyoy) by % e/ Tar = oy Py %KM (B.20)
=0y Py %E(EMMM(S)) (B.21)
+ovly P ;% [Y;M - E(}QM\}}-M(s))] (B.22)

From now on, let Lj; denote ZzEDM \/% v and O‘M denote the variance of ZleDM m Yinr.

Define £, = —-2_F (Vi Fiar(s)) and 78y, = L [Y;M — E( iM\]—"Z-M(s))].
Let [[Yly = supyriep,, [IYinllo- Vi € Daa,

R 1/2
||55M\|2=(E”4) IEViarl Fine(8) |, < Yinrly < [V]p <00 (B23)
PuM PeM
and
R'M 1/2
Il = (2 ) iy~ Bl a5
< Yamlly + [[E(Yire| Fine (5)) ],
<2|[Yirlly < oc. (B.24)
Furthermore,

R'M >1/2
sl = M Yoy — E F
MilelgMHmMIIQ M,Sz‘lelgM< o |Yinr — E(Yin| Fine (9)) ]
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< sup JA}ldiM@D(s)gw(s).
MieDyg

(B.25)

For each fixed s > 0, IE(Y;MLE-M(S)) is a measurable function of U;ps. Also, R;ps is

m-dependent. Hence, for the random field {&?,,}, a(r) — 0 as r — oo and le p(r) < 1.

Rinv

vV PuM PeM }/ZM as

Now, decompose

Rin
v PuM PeM

Yine = & + i
Applying Theorem 2.1 in Bradley and Tone (2017),

E

Z &

i€D

i€D

By the Cauchy-Schwartz inequality,

|Cov(&irr mian)| < €l [m5ar ], < Coo(s)

and

|Cov(mirg, minn)| < miarlla i, < Co(s).

2
<C YR < CIDM Y3

(B.26)

(B.27)

(B.28)

(B.29)

Let h = r/3 with r in the definition of the maximal correlation coefficient in Assumption

5. Then, for sufficiently large r,

e =V(La) =V 3 et Y vl

i€Dy i€Dus

:V< Y §?M> +V< > n?M> +2Cov< S & D i

1€D g 1€D g 1€Dpr

€Dy

)

<E|( X )]+ T voho+ X [Cortrunu)

1€Dpr 1€Dpr 1,JEDn iF£]
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+ 2 Z ‘COU gZM’TIjM ""2 Z |CO/U gzM?ﬁzM)‘
i,5E€D i) €Dy

SRS S IS SERER (OFSD DR 0]

1€Dpr - jED N jFELY(4,5)<h JEDNw(i,5)>h

<CiDyl+02 3 ety + Y o)

i€Dpg jED]\/[:I/(i,j)>h

<C|Dul, (B.30)

given the last term ZjeDM:V(i,j)>h 1 (h) approaches zero as h — oc.
Under condition (iii),

111\14f|DM|’10§4 > 0. (B.31)

Hence, there exists 0 < B < oo such that for all M,
B|Dy| < 03,. (B.32)

As a result, we have

B|Dy| < 03y < ClDyl. (B.33)

vV PuM PeM
We have [[A7}/[l, < [[05]lo < o0 and ||/l < 207l < oo. In addition,

Similarly, let Aty = —- B4 [Viay — (i Fine () Fins (m) | and 275 = ng, — Ay

RiM 1/2
puMpcM>

sup il = sup <E Yoot — E(Yiat Funa(5))

Mi€D )y Mi€D

— E(Yinm|Fine (m)) + E[E(EMIEM(S)) !EM(m)}

2

SUP M ie Dy HYzM E( Yin| Fine(m )H2 < C(m), m>s

supysiepy, ||Yinr — E(Yane|Fina () ||, < Coo(s) < Cp(m), m < s.

(B.34)
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Tirs :V( Th'SM) :V( Z N + Z %hM>
€Dy,

Ve 'Z:EDA[ iGD]bI
(3 o) +v( X o) +2000( 3 ol 3 o)
i€Dr i€Ds i€Dr i€Dy
2
h h h . h
SE[( Z )\iM> } + Z V(ving) + Z |Cov(vihg, Yjar)|
i€Dpg €D 4,JE€ED i
h  _h h _h
+2 Z ’COU()\z’MﬁjM)‘ +2 Z ’COU(Ain%‘M)‘
1,J€D N iF#] €Dy
2 2
h h h h
<1 3 [l 2 bl +2 2 ], i
i€D s 1€Dpr i€Dpr

+20 Y N,

vt 2|

h h
i o5

1,jED N iF£] 1,jE€ED N iF£]
<Co| Dy lInfally + C3 Y [ DD () 17 P S S (O N [/
1€Dy “jED N jFiv(5,5)<h JEDN v (1,5)>h
<C|Daslts(s) (B.35)
Hence,
~9
. . o-M7s .
lim limsup —~ < C lim ¥(s) = 0. (B.36)
S0 N _y0o oy S§—00

We now show that for any fixed s > 0, £, satisfies the central limit theorem for an
a-mixing process. The proof is based on the modification of the proof of Theorem 1.1 in
Bradley and Tone (2017). We first verify the Lindeberg condition. It suffices to verify the
Liapunov’s condition. Let ‘7]2\4,3 = V(Zie Dby i ) By repeated use of the Minkowski’s

inequality, we have

loamr — ons) < onse (B.37)
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Because of (B.35), there exists s, such that for all s > s,,
|Da| 63, < C(s) < BJ2. (B.38)
Therefore,
inf 1D oy > inf |Dy|~to?, — sup |Dy|™'63,>B—B/2=B/2>0. (B.39)

Consider M large enough so that 0%/17 </1Dar| > 0.

Ry
(UM,S/\/|DM’)\/‘DM|puMpcM

E(Yin|Fine(s))

> E[lE/oms ] = E[

2+6]
1€D s i€Dps

< ZiEDM puMpcME(|}/;M‘2+5)

~(oas/VIDMD* (| Dot puntpens) +0/?

1 1
= E(|Y;m[*T°) =0 (B.40)
(UM,S/\/W)QJFJODM‘I)UMPCM)(S/Q ’DM‘ iezD:M

as | Dr|purtpers — 00 as M — oc.
To allow for irregularly spaced lattice, we modify the proof of Theorem 1.1 in Bradley
and Tone (2017) in the following way. Change (4.10) in Step 5 to Lgn‘I) > Qng. Corre-

spondingly, change (4.12) to

a°mg ,  mg ]

(nq)
> (ma) = X M <7 (B.41)
Jj=q+1 Jj=q+l1

In (4.13), replace ¢*>m, with q2mg. In Step 10, using Lemma A.1 (ii) in Jenish and Prucha
(2009), the cardinality of T’ gI) is Cqmg.

The rest of the proof is the same as part 5 of the proof of Theorem 2 in Jenish and
Prucha (2012).
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Proof of Theorem 2.1:
We first show that 9N — 03y 2 o.

Denote Qn(0) = ﬁ ZZEDM Rineging(Wiar, 0). First note that

|Dt|punipenr
0) = g ——qint (Wi, 0
@n(0) |D | \DM| oD, PuMPeM it (Wan, 6)

1 Rim
= (14 0,(1 q; WZ ,9 . B.42
(+oMIpy 20 G g e (Wiarn®) (B.42)

Define Jyr = max;ep,, {cinr, dins }. Hence, it is sufficient to show that for each 6§ € ©

1 P
E it Win, 0) — — 0)|| = 0, B.43
JM|DM| . PuMpcMQM( x,9) JMQM( ) ( )

which holds by applying Lemma B.2. Next,

Supf!QN( ) = Qu(0)] = op(1) (B.44)

0cO

follows from Corollary 2.2 in Newey (1991), Lemma B.3, and (B.43). As a result, consis-
tency follows, e.g., from Gallant and White (1988).

For asymptotic normality, I start by verifying that

Z E[sz(WZM,Q&)/JM] = 0, (B.45)

1€Dpr

which holds by Lemma 3.6 in Newey and McFadden (1994) and Jensen’s inequality.
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By the element-by-element mean value expansion around 63,

op(|Dn|71?) Z Ring - ming(Wing, On)
ZGDM
1
Z Ring - ming Wine, 03p) + It ———— Z RineVomint(Winr, 0)(On — 63y),
’ N ieDy Jm|Dn| D

(B.46)

where 0 lies on the line segment connecting 03, and Oy.

I first show
LA 0) = ST R Vemint (Wins, 0) = — Hur (03) (I + 0p(1)).  (BAT)
Tnt JM]DN\ e R P

We can write

1 . |Dytlpunipers 1 Rin
N (9) = Vomin (Wing, 0
() |Dy| JMDM|iZ puripert vt (Want, 0)

(B.48)

1 Ry
=(1 1) ——— Mg i (Wing, 0).
( +0p( )) Z puMpcM o M( M )

1 R; 1
> M G ymin (Wing, 0) — — Hy (6)|| 2 0. (B.49)
o PuM PcM JM

By Lemma B.3 above and Corollary 2.2 in Newey (1991),
H N(0) — HM(GM)H

H (Hn(6) — Har(6) + Hy (0) _HM(HM)H

1 .
<sup7 HHN — Hy(0)|| + 5 | Hu (@) — Hu (650)]| Z 0. (B.50)
0cO M M
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(B.47) implies
Ty Hn (0)™F = Ty Har (05) " (I + 0,(1)). (B.51)

Using (B.51), (B.46) can be written as

S HA 037/ 1DN] (O — 03) = _WF > Rine - mint(Wing, 03)

ZED]W

—S_1/2 Z Rin - mint (Wing, 037) + op(1).

M /
ZED]M

(B.52)

We can write

Z RzM sz zMaH)

v ZEDM

D uM Pc 1 R;
| Dot |puns pens UM it (Wiag, 0) (B.53)

|IDN| Ay Z.EZD: V/PuM PeM

—(1+ (Wi, 0
(1+0,(1 WEDMWW a,0)

Plug (B.53) into (B.52), we have

S‘”ZHMMMMD r<éN - 9&)
=5, Z mint (Wint, 0r)

M \/|D ZED \/puMpcM

A o mant(Win, 83,) - 0p(1) + 0p(1). (B.54)

M \/|DM i€Day \/puMpcM
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By Lemma B.4 above and Corollary 1 in Jenish and Prucha (2012),

g-1/2

S \/\D ZE%: \/puMpcM

_ 1 Rim
—g 12 <ZmiM(WiMa‘9}k\4) = vPuntpem B [ming(Wing, 031) )
o B, Vo | |

mivt (Wing, 03r)

YN0, 1)
(B.55)

Because of (B.55),

Sy 2 Ha (0%,)v/ DN (O — 0%) = — S377? vt (Wing, 0
v (03) V| DN|(On — 03) Y: er; \/mmM( M, 0h)
+0,(1)0,(1) + 0,(1) % N(0, I1,). (B.56)

Lemma B.5 Suppose (i) X = {X;m,i € Dy, M > 1} is La-NED on U = {Ujp,i €
Ty, M > 1} with the scaling factors d;ps and the NED coefficients 1(s) of size —2d(r —
1)/(r —2) for some r > 2; (i) supyy e p,, B(|Xin/cine|*") < oo, where {cinr, i € Dy, M >
1} is a sequence of nonrandom positive constants.

Define Winr = ZjeDM:jséi,u(z‘,j)sww(y(i’j)>[MX’MXJM E(M "MXJ'MH’

b PuM PecM PuM PeM

Under Assumptions 1-4, Assumption 5(ii), and Assumption 7,

1

1N o
J3 Dl 2 W

i€Dp

where Jy = max;ep,, max{c;u, \/d’ } and d},, is the NED scaling factor of the random
ﬁeld {XiMXjM,i,j €Dy, M > 1}.

Proof:
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Denote

v(t, )\ Riv R
Yiv = Z w E} j)) M jMXiMXjM/JJQMa
JED g #i0(i.5)<bar M 7 PuMPeM
s v(i,j)\ Rivr Rjm
O R o L
JED:jFiv(1,5)<bm wire
Ui,j) RivRinv 1/2 /2
pilos X (M) [ (s X e 0] ]
JED N #i,(i,5) <banr PurPem
el 1 poo1 w1 bd,
<C <Cy) it < Cbyy - b4t =C
' ; V(i,j)g[;ﬂ”-‘rl) VvV PeM ? —1 PeM M V PeM v PeM
(B.57)
and
b
Minlle < C : (B.58)
Applying Corollary 4.3 in Gallant and White (1988),
iy (s) (B.59)
sup ||n; <C P(s), B.59
M,iEDA1|| M||2 \/[m
where 1(s) is of order —d.
Using a similar argument of (B.30),
V( > YiM) =V< PIRLTESD 77?1\4)
i€D s i€Dpy i€D
(30 o) +v( X ) +2000( 3 e 3 )
i€Dny €Dy €D €D
2
< Z E[(Aa)] + Z V(nf) + Z ‘COU(W?Mﬂ?;'LM)‘
1€Dpr i€D 1,jE€ED p £ ]
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+2 Z |CO’U )‘zM’an ’+2 Z ’CO’U >‘ZM7777,M)’

ivjEDMﬂ'?é] ZED]\/[
b2d
<clpulPi vt ST s w(h)
PeM e LieDorjimtij)<h jED (i j)>h
b2d
(B.60)
peM
Using Chebyshev’s inequality, for any n > 0,
1
W; \Y Y;
2D Z ZM‘”)Q 2(2 lM)
( JM‘ | 1€Dpr ’DM‘ i€Dps
c
——=— =90(1). B.61
0% |Daslpens W) (B.61)
Hence, the proof.
Proof of Theorem 2.2:
Since (B.51) holds by replacing  with O,
I HN(On) ™ = Ty Hy (03) 7 (T + 0p(1)), (B.62)

where Jy = max;ep,, {¢im, dine} and dipr is the maximum of the NED scaling factors of
the random fields used in the proof.

Notice that

Sy = Dt ‘Z Z {(mmiM(WiMﬁ}b)—\/m[miM(WiM,Gj‘w)D

1€Dpr JED

v PuM PeM
’DM| Z Z (Minvmn), (B.63)

1€Dn jED M

.<1W47WMM%%H WMMMMWM<mﬁmD}
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where

. Rim
m; = Wl ,9* - m c m; Wz ,0* . B.64
M= o M Wint, 031) = /Pust pertB[ming (Wing, 031)] (B.64)

The proof below is a generalization of Theorem 6.8 in Gallant and White (1988) to random

fields under finite populations.

Sn(On) — Sar — puMpcMSEH /T

N(On) — Sn(03)) H [ Jar + HSN 03r) — Sar — ,OuMPcMSEH/JM (B.65)

-l

where

Dot 2 B oy 8w S et

b
1€D €D jED N jF 1,0 (4,5)<bpr M

(B.66)

Since any sequence of symmetric matrices { Ay} converges to a symmetric matrix {Ap}
if and only if ¢ Ayc — ¢ Agc for any vectors ¢, we can reach our conclusion by taking an
arbitrary linear combination of m;nr(Wias, #). From now on, we focus on the case of scalar
mins (Wing, 0).

For the last term in the right-hand side of (B.65),

1 v(t,J - -
1Sa — Suml/ T3 < Dl > > [W<(b‘7)> - 1} -E(minmgn)| /T3
1€Dnr jEDpr:g#4,v(1,5)<bar M
M i€D jGDA{ l/( ,j)>b1\{
(B.67)
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The first term in the right-hand side of (B.67) goes to zero because of Assumption 7. For

the second term in the right-hand side of (B.67),

1 ~ ~ 2
Dol Z | Z E(minmgn) |/ I
1€Dn jED N (i,5)>bpr
1 1 N 5
= > E(humrim)|/ iy — > E(minrmgn)|/ T
1Dml |55 Dl . .
M JED N t€Dn jED v (4,5)<bn

(B.68)
Applying a similar argument in (B.30), ﬁ > ieDy 2ojeDay E(mipmin/J3;) is bounded.
As by — oo along with M — oo, the two sums on the right-hand side of (B.68) approach

to the same limit. As a result,
1Sar — Sl T = o(1). (B.69)

In terms of the first term in the right hand side of (B.65), take a mean value expansion

of Sn(fy) around 0%,. Let 0 denote the mean value from this expansion.

1Sn(On) — S'N(9X4)|/Jz2w

=|(On — 9M Z > RivRju - W< (bM))

’LEDM JE€EDNM

- [Vomine(Wint, 0)mjng(Wing, 0) + mine (Wing, 0)Vomne (Wiar, 0)] /T3

b
<Cl‘\/ |Dn| HN ) } Z Z Z SUP‘VemiM(Wz‘M’Q) 'ij(WjMﬁ)/J?W‘
‘D |’L€DN r=1jeDn:v(i,j)€lrr+1) 60

by

Z -t Z SUP‘VGWM Winr, 0) 'ij(WJ‘Mﬁ)/JJZVI‘
1Dx] N’ i€Dy

(B.70)
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Since

1
Eipa1 3 gl Foma (War - mmas 0. 00/ |

< sup E{sup }ngzM(WiM,O) . ij(WjM,G)/JJ%/IH
MieDys 0cO

1/2 1/2
< sup E[sup}ngiM(WiM,Q)/ciMﬂ - sup E{sup}miM(WfiM,G)/ciMﬂ < 00,
MieD 6cO MieD [<C)

(B.71)
|DN| Z sup ‘ngZM WZM,H) . mJM(W]M,G)/JM = Op(l) (B.72)
1€DN
by Markov’s inequality. Given by, = 0((]DM\puMpcM)1/2d) \/|T ZbM = 0,(1).

Also, \/|Dy|(Oy — 0%,) = O,(1) by Theorem 2.1. Hence, |Sy(0x) — Sn(6%,)]/T3; = 0p(1).

Let us focus on the second term in the right-hand side of (B.65) now.

Sn(03) ‘Z > RiyRjn-w (éM)) mint (Wing, O )i (Wiing, 03)

€D jGDM

‘DM‘P MPeM RivRjnve (v(i,7) X «
- ‘DL;V‘ - \DM\ Z Z szJM bas mint(Wing, 0y )ming(Wing, 03)
1€Dn JED N Pu ¢

z R '7' * *
(14 op(0) o 5 30 T (VDD (Wi, 85 (Wi 50
|DM|Z€D e, PulPent bu

(B.73)

by Lemma B.1. It suffices to prove that

R,y R v(i,j . . -
Z Z S < ( ])>miM(WiM70M)ij(I/VjM79M)_SM_puMPcMSE /T3
|DM| D PuM PeM bar
1€Dy jED M
Rin R . .
721 Dul |D | Z Z ( ){ Y ]MmiM(WiM,GM)ij(WjMaeM)
M M ZED]\J]EDM pUMpCM
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S it (Wi, O )min (Wi, 9&)} H

- Z {RZ%MmiM(Wine}kwﬁ —E[miM(WiM,wa)ﬂ}‘

JJZ\/[|DM’ i€Day PuM PcM

721D 2 2 “( é ])>{ S i (Winr, 031)mar(Wiag, 03)
MIZMY €Dy jeDarsjziuv (i) <bar M PuM PeM
Rim R; ‘ "

—E[ M ]MmiM(WiMaeM)ij(WjMaeM)}}‘:Op(l)' (B.74)
PuM PcM

Applying Lemma B.2, the first term in the right-hand side of the last inequality of (B.74)
converges to zero in probability. Applying Lemma B.5, the second term in the right-hand
side of the last inequality of (B.74) converges to zero in probability as well.

Hence,

\Van — (Vi + purtpert Vi) |
=|(Hum(03) " + 0p(1) (Sar + puripers Se + 0p(1)) (Har(037) " + 0,(1)) — (Var + puntpen V)|

—op(1). (B.75)

Proof of Theorem 3.1:
To simplify notation, from now on, we treat all functions as the original functions
divided by Jyy.

First, using similar arguments in the proof of Theorem 2.1,

(An =) 5 0. (B.76)
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By the mean value expansion around 6073,,

VL2
Dl Rimf, o)
fM Z M zM Win, On
ZEDM
TER o
M ”LMfZM 1M;0M) B.77
=Vi \/726DM (B.77)

i 1 L
Vf1‘14/2|D > RinVofir(Wint, 0)/1Dn| (O — 03p),

ZED]\/[

where 0 lies on the line segment connecting 03, and fy. Given Theorem 2.1,

VIDN|(On — 631) = Op(1). (B.78)
Further,

En(0) = Fu(037) + 0p(1). (B.79)
Therefore,

12 1 . §
Vf,M/ Dnl Z Rin Ve fint(Wiar, 0)v/|Dx|(On — 03)
€D (B.80)

=Vl Far 030V [DN|(On — 0351) + 0p(1).
According to the mean value expansion in the proof of the asymptotic normality of

VIDn|(On — 85p),

A 1
V|Dn|(On — 605) = — o > R Hu(03) "' mant (Wing, 03) + 0p(1). (B.81)
N ’LEDM
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Combining (B.77), (B.80), and (B.81),

_1/2 Z Rini fint(Wing, On)
’LED]M
Vf_j\lf N > Rine[forr(Wint, 031) — Far(030) Har (030) " mans (Wi, 031)] + 0p(1).
‘ N"LEDM
(B.82)
Subtract foj\l/[/2\/|DN|ﬁJ from both sides of (B.82).
Viat’ |D (G =)
Vi ] 2 FonrlfarWiar, B3) = ks = Far (850 Haa 030) ™ mans (Wane. 031)] + 0p(1)
ZGD]M
B —1/2 | Dt|punt pert 0 «
‘DN‘ \/|D716D puMpcM [fZM( o M) ™M
—FM HM 9M> sz( ZM,QM)]—FOP(I)
1 Riu
—(1+ 0,(1))V; /2 UM (Wing, 0 ;
( p( )) .M ’DM‘,E;M\/WUM( M, 00) — Y
— Far(03) Har(030) " ming (Wing, 031)] + 0p(1) (B.83)
Observe that V 0 € ©
245
sup E[H[sz( Wint, 0) — var — Far(03) Har (03) " mang (Wing, 0)] || }
M,ZED]\/[
1/(2+4) .
< sup {[ (s 7 (W )12 )[4 Ui
M,lED}\{
1/(2+9) 2o
+ CIE O3] [E( sup llmaas (Winr, )1 )| } <o (B.84)

for some & > 0 by Minkowski’s inequality and Jensen’s inequality. By Lemma B.4 above
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and Corollary 1 in Jenish and Prucha (2012),

71/2 ZGZD: {\/m[fm( Wint, 03r) — Var — Far (03) Har (030) " ming (Wing, 03)]

* * %\ — * d
- \/PuMPcM[ (sz( iM, OM)) — v — Far(03) Hur (03) 1E(mz‘M(Wz‘Ma GM))} } — N(0, Iy).
(B.85)
The proof of Theorem 3.1(2) follows closely from the proof of Theorem 2.2 and hence

is omitted.
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