Abstract

This paper considers the disclosure problem of a sender who wants to use hard
evidence to persuade a receiver towards higher actions. When the receiver hopes to
make inferences based on the distribution of the data, the sender has an incentive to
drop observations to mimic the distributions observed under better states. Selecting
equilibria under a criterion that strategies remain optimal after allowing for announce-
ments about messaging strategies, we find that, in the limit when datasets are large, it
is optimal for senders to play an imitation strategy, under which they submit evidence
to prove they have enough data corresponding to a desirable state. The receiver makes
inferences by checking if senders meet a sufficient burden of proof to take a high action.
The outcome exhibits partial pooling: senders are honest when either they have little
data or the state is good, but they try to deceive the receiver when they have access
to a lot of data and the state is bad.



Inference under Selectively Disclosed Data

February 22, 2022

1 Introduction

In order to take appropriate actions, decision-makers often rely on data and evidence supplied
by self-interested informants, such as companies or individuals. Their informants, however,
are often motivated by private concerns about the conclusions the decision-maker draws from
the data, and have strong preferences about what action the decision-maker should take. For
example, researchers carrying out experiments might aim to support a particular hypothesis,
either out of personal bias or because their research is sponsored by an interested party (e.g.
soda manufacturers and drug companies). Public companies that release accounting and
performance data aim to benefit their shareholders, and therefore generally prefer to disclose
data that increases the value of their stock. The amount and specificity of data available
to report in both of these cases is increasing as data becomes easier to generate and store —
both the models used to analyze experiments, and those used to predict financial outcomes,
often take as inputs many individual datapoints over a variety of possible outcomes.

We model this scenario as a communication game between an uncommitted sender with
known preferences and a sophisticated receiver. There is a finite number of states, each of
which is associated with a distribution over a finite set of outcomes. The sender and the
receiver share a common model about the state of the world and state-induced outcome
distributions, but the sender observes the true dataset of outcomes, while the receiver does
not, and has uncertainty about how many draws there are.

Because disclosure is voluntary, senders will selectively withhold information from receivers
if it “looks bad”. A sophisticated receiver anticipates this, and accounts for the sender’s
omission strategy when updating from the data they are shown. It is known in a single-datum
case that when senders act strategically and receivers are unsure if senders hold evidence,
then sophisticated receivers cannot fully separate their uncertainty about the whether the
sender is informed from their uncertainty about the implications of the data about the state
of the world — there is partial pooling Dye| (1985). The same is true of a larger dataset of
uncertain size, when senders choose a way to disclose part of their dataset rather than either
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disclose or not. If datasets are large to begin with, the only value of additional data to a
sender is in benefiting their ability to game the receiver’s beliefs — they have more flexibility
over datasets to send, and are able to send the same datasets as senders in better states that
are endowed with less data. There is a large set of possible strategies, and generally many
equilibria, but it is intuitive that coalitions of senders will pool in ways that are optimal for
the entire coalition, and this selects a particular equilibrium outcome.

In this paper, we show that in the limit as /N approaches infinity, partial pooling arises in
equilibrium because senders with “excess” data target the same strategies as senders under
more favorable states that they can mimic. The payoff to senders in the limit can be thought
of as the outcome of an equilibrium of a continuous-dataset approximation of big data, in
which datasets no longer consist of individual draws, but of a mass of data corresponding
to a particular state’s distribution. Within the continuum model, senders can implement an
optimal targeting strategy either by imitating the distribution of data under the target state
exactly, or by providing a great-enough mass of data of all the observations that maximize the
likelihood ratio under the target state and less-desirable states. Under either approach, the
receiver’s inference problem comes down to demanding that senders meet a burden of proof
in order to elicit a higher action, which is an amount of data that may differ depending on
which state of the world senders target. Senders choose which state to imitate by weighing a
combination of the inherent desirability of the state, and their relative advantage at targeting
it, which depends on the similarity of the state’s outcome distribution to the true distribution.
Relative to full revelation, the partial pooling equilibrium advantages senders with good
access to data under bad states at the expense of senders in good states with little data.

The paper is laid out as follows. Section 2 begins by outlining a model of communication
with a finite dataset. In Section 3, we solve an example game and introduce a notion of
robustness to an “inclusive” credible announcement, related to those in Matthews et al.
(1991), that is satisfied by reasonable equilibria. In Section 4, we show that robustness
to these coalitional deviations is equivalent to optimality under a lexicographic order over
equilibrium outcomes, and give an algorithm that constructs the unique equilibrium that
survives them. We then turn to the continuous-dataset approximation to the communication
model in Section 5, and in it we propose an imitation equilibrium outcome with the property
that types with large data endowments target the strategies of better-state, lower-data types
in order to deceive the receiver into taking higher-payoff actions. In Section 6, we show that
the imitation equilibrium outcome in the continuous-data approximation exactly describes
the large-data limit of lexicographically optimal equilibrium outcomes. Section 7 discusses
how to substitute the assumption of exogenous data generation for costly, endogenous data
acquisition, and concludes.
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1.1 Review of literature

A number of papers show how the unraveling results of (Grossman| (1981)) and Milgrom (1981))
can fail when the sender is endowed with a random amount of evidence. Dye (1985)) models
a single-datum case, under which a nonzero probability of senders failing to receive evidence
results in pooling between those senders and senders with unfavorable evidence. Subsequent
papers by Shin ('94, ’03) show that sender-optimality of the “sanitization strategy” that
reveals only sufficiently favorable evidence extends to games with multiple pieces of evidence,
so long as the payoff-relevant state is binary (success vs. failure).

Like us, Dzuida| (1985) investigates the question of how senders pool with one another
when evidence is disposable by approximating large datasets with a continuous measure of
evidence. Her model assumes a binary state and binary signal realizations, as well as a
positive measure of honest types who must disclose their entire set of evidence. The results
resemble our findings in the binary-state case, and she focuses on an outcome with payoffs
continuous in data endowment that coincides with our outcome selected by lexicographic
optimality and immunity to coalitional announcements. Another observation common to
our analysis and Dzuida is that, relative to the case with a symmetrically informed receiver,
outcomes are worse for high-state, low-evidence senders, who cannot distinguish themselves
from low-state senders; and they are better for low-state, high-evidence senders, who can
pretend to be better types. Following Dzuida, [Felgenhauer and Schulte| (2014)) model the
discretionary disclosure of binary evidence with an endogenous and sequential process of data
acquisition. We consider endogenous information acquisition preceding disclosure under our
model, with a focus on comparative outcomes rather than incentives to invest.

Our results speak to a discussion of persuasion using hard evidence in fields like scientific
research and corporate asset management. [Shin! (2003) applies the sanitation strategy to the
disclosure of independent successes in maximizing the market value of corporate stocks; in
comparison, we analyze incomplete disclosure strategies when the market uses large datasets
to inform more complex models in which inference of the state depends on signals’ joint
distributions. Relatedly, there is a large body of work examining the effects of publication
bias that arises due to the systematic omission of negative or inconclusive results. [Simonsohn
et al.| (2014) and |Andrews and Kasy| (2019) propose methods to identify and correct for the
bias induced by selective reporting of scientific findings, using observable distortions in the
distribution of reported data (e.g. the “p-curve”). Although these studies do not consider
strategic data omission, their inference problem is similar to that faced by our receiver against
the strategy of the sender.

2 Model

There is a sender (s), who wishes to communicate to a receiver (r) about an unknown state
of the world. The receiver is uninformed, and relies on the sender to provide them with
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evidence in order to make a choice that affects both themselves and the sender. However,
the sender’s and receiver’s incentives are misaligned: the sender’s preferred action for the
receiver does not depend on the true state, and instead, the sender always wants the receiver
to take a higher action (i.e. one that is more beneficial to the sender). Furthermore, the
sender is able to drop data as they please: the dataset they submit to the receiver may be
incomplete, and the receiver must make inferences assuming that the sender will omit data
when it is in their strategic interest.

States and payoffs. The sender and receiver share a common prior 5y(-) on the state of
the world § € © C R. The support of the prior — the set of states they consider possible
— is finite, © = {64,...,0;}, with 6, increasing in j. I assume that the receiver takes the
action a, = E[f] that matches the expectation of their belief over @.E| In short, the receiver’s
optimal action is increasing in their expectation of the state of the World.E|

The sender is wishes the receiver to take as high an action as possible, and thus aims
to persuade the receiver that the expected state is high. Their payoff from persuading the
receiver to adopt a given belief 5 is

us(ﬁ) = ﬂs(ar) = ﬁ's(Eﬁ[e])
We assume s(a,) is increasing in a,., and so us(/3) is increasing in Eg|[6)].

Evidence. The private information of the sender is communicable: it comes in the form of
hard evidence about the state of the world. In particular, the sender has access to a dataset.
Each datapoint in the dataset is an observation within a space of outcomes D = {1,..., D},
and each state of the world induces a different distribution of observations — when the state
is 0;, the distribution of outcomes of a single experiment is f;. I assume that, while all f;
share full support over D, they are distinct, so that any two states are distinguishable by
the distribution of outcomes they generate.

The entire dataset consists of a finite collection of i.i.d. draws of f;. Different senders
differ in how much data they can acquire, and ex-ante, the mass distribution of data, g(n),
is known to both parties, but the true number of observations n is not. Nevertheless, the
number of observations possible is assumed to be bounded, and when the support of g(n) is
in {1,..., N}, the sender’s dataset, or type, is given by

1

t= N(nl,...,nD),

where t(d) := 5¢ is the normalized total mass of experiments in which the outcome is d. The

total normalized mass of the dataset is & = S  ng, and alternately denoted as |{|.

!Note that elements of © and actions a, are assumed to already be appropriately normalized: if the
receiver’s optimal action is intead a]. = h(E[v(6’)]) where v and h are increasing functions, the mappings
6 = v(#") and a, = h(a.) renormalize the state and action space to the correct form.

2A canonical example of a payoff function that justifies this choice is u, = —(a, — 6)2.
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We denote the ex-ante probability that the sender will be of type t by ¢(t), and the posterior
over the state conditional on the sender receiving ¢ as 7(-[t) [

Messaging and inference. The receiver does not directly observe the sender’s type. In-
stead, after receiving a dataset, the sender voluntarily submits a message to the receiver,
consisting of observations from the dataset. I assume that the sender’s access to data deter-
mines whether it is feasible to submit a particular body of evidence to the receiver:

Assumption 2.1 The sender can send any message m = %(ﬁl, ...,7ip) that is a subset of
their dataset (m Ct), where

mCt < m(d) <t(d) Vd € D.

The disclosure game with these parameters is Gy (0, { f; }3-]:1, g,us), with type space Ty and
message space My that are isomorphic to each other, containing all vectors %(nl, ...,mD)
with the sum of nonnegative integers n; + ... +np < N. Irrespective of N, the spaces Ty
and My can be embedded into a global data space F = [0, 1] x AD, consisting of all vectors
(wy, ..., wp) of nonnegative real weights with Y7 w, < 1.

In this game, senders can choose which feasible message to send given their type according
to a possibly mixed messaging strategy, o(:|t) : Tv — AMy — their choice of a message is
the only means by which they can influence the receiver’s action and their own payoffs.

The receiver’s belief over states is § € A©. After receiving message m, the receiver updates
their beliefs according to f(:|m) : My — A©. More primitively, though only of indirect
consequence to the sender, the receiver holds beliefs, denoted ([-|m] with square brackets,
about the sender’s type, which imply their beliefs about the state:

2 ey Bltlm]m(6;]t)
6(0J|m> - ZT,:GTN B[ﬂm] .

PBE and outcomes. Following the convention in signaling games, our base solution con-
cept is PBE (alternately referred to as PBE or “equilibrium”).

Importantly, we assume the sender is unable to commit ex-ante to a messaging policy, in
which they give up playing optimally when endowed with certain datasets in exchange for
more lenient inferences in other scenarios. While doing so successfully may indeed benefit
the sender in expectation, there is little incentive for the sender to keep the commitment
in the interim stage, both in a one-shot setting, and when the sender is anonymous in a

3The exact expressions are

_ p e O
Q(t)—mg(n);ﬁo(ej’)ndzlfj'<d) ) and 7T(0J|t)_Zj/ﬁoggj/)d]:[:?zjlfj/(d)nd.
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large population. Thus, we expect the sender under each type to optimize o(-|t) given their
anticipation of the receiver’s response.

Definition An equilibrium is (o*, 8*) where

1. o* prescribes the highest-payoff feasible message to a sender of each type:

0" (lt) € arg maxu,(5(-|m)).

2. (B* is consistent with Bayesian updating given knowledge that the sender plays to o*:

g(t)o (mit)

= o ()

for all on-path m,

and B*[tjm] =0 if m < t.

There is off-path indeterminacy in the receiver’s beliefs, so there may be multiple 5*, differing
on off-path messages, that jointly form an equilibrium along with a given ¢*. However, we
can define

Srery a0 (mlD)

alt)o” (m|t) for all on-path m,
Bo= [t|m] = ,
1(arg mingcpm, Erey[6])  for all off-path m € F

that, firstly, extends the receiver’s inference function to all messages in F, and therefore
all of My; and secondly, makes all off-path messages minimally attractive for the sender.
Given the following lemma, if (0*, 8,+) is a PBE, we will often suppress § and call ¢* an
equilibrium:

Lemma 2.2 A strategy o* constitutes a PBE with along with some [ if and only if (0*, By+)
1s a PBE.

In general, when N is large, the game has many PBE due to self-reinforcing expectations
about both off- and on-path play. Rather than using equilibrium as a final solution concept,
in the following two sections we will propose a refinement, lexicographic optimality, that
selects the equilibria we consider most reasonable, due to their robustness to deviations by a
coalition of types of senders. We postpone the discussion of details of equilibrium selection
until then.

Finally, an outcome of an equilibrium is the mapping from a dataset in F to the payoﬂﬁ
that a sender endowed with the dataset receives by best-responding to S+,

Ug* (t) = mg]lfan}fgt us(ﬁd* ( |m))

4Since payoffs are monotone in actions, this is equivalent to a mapping from types to the actions induced
by their messages in equilibrium.
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While it is straightforward to define outcomes for types in Ty as they payoff they obtain
in equilibrium, and w,«(t) coincides with this definition for positive-probability types, the
extension to all of F allows comparison of outcomes across games with different type spaces,
under the thought experiment: “what payoff would a sender with dataset ¢ obtain if they
know they are playing against a receiver who believes they are in equilibrium ¢* of game
Gn, even if ¢ is not a possible type in Gn”7

3 Example: 2 states

When the state of the world is binary, © = {6;, 05}, the receiver’s belief is a single number
B(0s) € [0,1], and the sender’s problem boils down to convincing the receiver that the state
is Ay with as high a probability as possible.

3.1 Binary outcomes, binary states

To further simplify the problem, suppose that the domain of f; is also binary, D = {1, 2}.
Let f2(2) = py and f1(2) = p1, with ps > py, so that outcome 2 is more likely under state
2 than state 1. For a given N, assuming g(n) has full support on {0,..., N}, the set of
possible types of the sender, Ty, is illustrated below, with the notation ¢t = (n, ns).

(0, V)
(,N—1) (LN-1)
ne (O,N—2) (LN-2) (2,N—2)
(0,IN—3) (1LN—3) (2,N—3) (3,N—3)
00 L0 @0 G0 ... (N0

ni

Table 1: Ty when © = {1,2} and D = {1, 2}.

The set of possible messages, My, is identical to the type space. Table[l|above illustrates
the set of messages available to type ¢t = (1, N — 2) in blue, and the set of types capable of
sending message m = (1, N — 2) in red.

Whenever N > 2, there are multiple equilibria. For instance, when N = 2, the data
mass distribution is g(0) = g(1) = ¢(2) = %, the prior is (2) = %, and the distribution of
outcomes is p» = 0.9, p; = 0.8, the game has the 3 equilibria in Table[2] The first equilibrium
separates senders into 3 pools, which all obtain different payoffs, while the outcomes of the
remaining 2 equilibria are identical, and involve 2 different payoffs, depending on the sender’s
type. While types (0,1) and (1, 1) could obtain a higher payoff than they do in o} and o5 by
separating from the other 3 types, they do not do so, because of adverse beliefs about the

8
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receiver’s response to message (0, 1). In o3, because (0, 1) is off-path, the receiver may believe
that the sender’s type is (1,1) with high probability if (0,1) is observed, which makes the
message unattractive. In o3, (0,0) is on-path, but played by (1,1) with greater probability
than it is played by (0, 1), despite the fact that both types are indifferent between playing it
and (0,0): this worsens message (0,1) and improves message (0,0), which in turn supports
the indifference between the two messages that gives rise to these counterintuitive mixing
probabilities. If types (0, 1) and (1, 1) could together announce to the receiver that they plan
to play as in equilibrium o} and be believed, they would, and would then keep their word,
even without commitment.

02 01 L) (00) (10) (20)
. Messages | (0,2) (0,1) (0,1) (0,0) (0,0) (0,0)
71 Payoffs | 1.56 1.49 1.49 147 147 147
Messages | (02)  (0.0) 00 (0.0) (0.0) (00)
72 Payoffs | 1.56 1.48 1.48 148 1.48 1.48
. Messages | (0,2) (0,1) and (0,0) (0,1) and (0,0) (0,0) (0,0) (0,0)
73 Payoffs | 1.56 1.48 1.48 148 1.48 1.48

Table 2: 3 equilibria of Gy with p = 0.9, ¢ = 0.8

The equilibrium o} is not vulnerable to such announcements, and has a simple form:
senders send as many observations of outcome 2 as they can, and none of outcome 1. Indeed,
for all N there exists an immune equilibrium, and in cases where |O| = |D| = 2, it entails
disclosing only observations of outcome 2.

Definition Given an outcome u,+, a set of types T" has a credible inclusive announcement
that they will play a partial strategy ), over message set M for payoff v if

o oy : M xT — Rissuch that ), ., op(m|t) = 1forallme M, > .\ 6n(m|t) =1
for all t € T, and us(Bs,,(-|m)) = v for all m € M.

o T'={t:u,(t) <wvand Im € M s.t. m C t}, and there is some t € T with u,(t) < v.

Credible inclusive announcements are related to the concept of a credible announcement 7,
which does not impose that all types that weakly prefer to obtain v to their equilibrium
payoff participate in the announcement if possible, but rather only types that strictly prefer
v. In our context, robustness to credible announcements is too strong, and often rules out all
equilibria: types that are indifferent between a base equilibrium and an announcement may
no longer able to obtain their payoff from the base equilibrium once the announcement is
made and believed, and such announcements may not correspond to any equilibrium at all.
In contrast, a sequence of improvements from credible inclusive announcements can always
be used to construct an equilibrium, as I show in the following section.

Claim 3.1 When |©| = |D| = 2, the unique equilibrium with an outcome immune to credible

9
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inclusive announcements takes the following form:

e On-path messages are {(0,ny[k])} |, with ny[1] = N and

(zzz[jn” SN (0] (1, m2) (1, n2>>>
Sl SN (g, ma))

nolk] = arg Jnax

for all k> 1.

o A sender plays the most demanding on-path message they can send:

a*(t) = (0, max(na[k] : na[k] < (2))).

4 Lexicographic optimality

When are outcomes not improvable by announcing that some messages will be used, and
ought to be interpreted, differently than in equilibrium? Intuitively, if senders are already
using all messages optimally — that is, conditional on the behavior of types they cannot
imitate, senders use messages to form pools that give them the highest potential payoffs —
then they can do no better.

It turns out that equilibria that are immune to credible inclusive announcements are the
same as those with outcomes that satisfy a lexicographic optimality condition: across all
equilibria, they give the senders who have the highest potential equilibrium payoffs their
best possible payoffs, and conditional on this, they also maximize the payoffs to the next-
highest-potential-payoff group of senders, and so on.

To state the definition, let ¢} (u) be the set of possible types that obtain a payoff of at
least u under outcome u,-.

Definition We say u,(-) weakly lexicographically dominates u,(-) (i.e., u,(-) =; tuy(*))
if either there exists an element u of

U:={u:t\t}(u) is nonempty}
that is greater than or equal to every element u' of

U= {u : t}, \ tF(u) is nonempty},
or U’ is empty.

Definition u,(-) strictly lexicographically dominates wu,/(:) (i.e., us(:) = uy(+)) if
Uy () 7# uor(+) and ug(+) = o (+).

Lexicographic dominance defines a partial order on outcomes. When the poset of outcomes
has a maximal element, we call it lexicographically optimal:

10
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Definition u,(-) is lexicographically optimal if it strictly lexicographically dominates
all other equilibrium outcomes.

In general, there is no equilibrium of Gy that is Pareto optimal for the entire set of sender
types. Additionally, unlike the example of Section 3, when N is large there is generally no
Blackwell dominant equilibrium that is most informative for the receiver, and best maximizes
their payoff over arbitrary payoff functions. However, in cases where either exists, it must
coincide with the lexicographically optimal equilibrium.

4.1 Construction, existence, and uniqueness

In order to show that the lexicographically optimal equilibrium outcome exists and is unique,
we construct it.

We begin with some useful notation. First, fix abstractly a set of types T' C Ty. Given
T, define for every message m € My and set of messages M C My

TH(m)={te€T:mCt} and TT(M)= (] T"(m),
meM
the set of types in T capable of sending f or any f € M, respectively.

Denote the receiver’s belief over states after updating their prior based on knowledge that
the sender’s type is in set T" by

BO|T) = ZteZT W:i@qll(fg](t)

We say a set of messages M = {my,...,m;} implements a pool of sender types Tj,, if

there is an associated partial strategy o5 : M x T — R with 6(-|t) € AM, satisfying:

M

A. t €Ts,,(m;) >0 only if m; Ct.

B. > .om(mylt) =1forall t € T;,,.

C. > ier. Oom(mg|t) =1 for all m; € M.
M

D. uy(Bsy (-1 f1) = ws(Bsy, (| 7)) for all 4, 5.

The payoff to a pool is u(T5,,) := u(5(+|T5,,)). Note that types in Ts,, do not pool in the
traditional sense of sending the exact same message (and thus being indistinguishable to the
receiver). Instead, they may indeed send different messages that induce different beliefs over
the mixture of types; however, these beliefs will result in the receiver taking the same action,
and are therefore outcome-equivalent.

11
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Finally, with reference to type set T', define the set of upper pools to be the collection of
message sets that implement the pooling of the set of all types in T" capable of sending them.

Pr ={M C M : M implements the pooling of T" (M)}

Fixing the strategy of the receiver, if we let M be the set of messages such that the
receiver’s response yields payoff u* to the sender, and let T be the set of senders incapable of
sending any message that yields payoff greater than «*, then the best response of all senders
in T7(M) to the receiver’s strategy is to play some message in M. If, in addition, M € Pr
and u(T+(M)) = u*, then there exists a best response by senders in T (M) that preserves
the payoff to M when the receiver best-responds in turn to the updated strategy.

Lemma 4.1 For every message set M, there is an upper pool M' consisting of types Ty, C
TH(M) such that w(Ts,,) > w(TT(M)); the inequality is strict if M is not itself an upper
pool.

)

Lemma 4.2 For any T C Ty, the set of utility-maximizing upper pools in My, i.e.
argmaxysep, Ymy U(1s,,), 15 an upper semilattice in the inclusion order on the set of par-
ticipating types.

Observe that it is possible to construct a strategy profile in the following way.
Algorithm.

1. Let T} = Tx, and define Pr, to be the set of upper pools over T7. Find the upper pool
in Pr, [ My that yields the highest payoff to participating senders:

M T;H(M)).
| € argMggnTlagMNU( 1 (M)

If there are multiple such pools, then we take their union, which is also in Pr, |J My
by Lemma

2. For s = 2 onwards, restrict the set of types to Ty = T,_; \ T." {(M,_;), and find (the
union of)

M, € TH(M)).
argMG%agMNU( S (M)

3. Continue until T \ 7.7 (M;) = 0, and define o* by o*(m|t) = G, (m) where M is the
pool containing m.
Theorem 4.3 ¢* is an equilibrium.

The theorem is immediate from the following lemma, which states that payoffs to the
iteratively-constructed pools are strictly decreasing.

Lemma 4.4 u(T,}(M,,)) > w(T,} 1 (My1)) for all m.

12
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Indeed, a necessary and sufficient condition for o* to be an equilibrium is that u(7,} (M,,)) >
(T, (M) for all m; it is additionally true in this case that the inequality is strict, so
each successive pool obtains a different payoff.

By construction, u,+ is uniqueE] and lexicographically optimal among equilibrium outcomes.
Indeed, all equilibria can be constructed via a version of the algorithm in which the pool
chosen in each step need not be the maximal-payoff upper pool. By imposing that we take
the largest maximal-payoff pool, we ensure that if u,- coincides with wu,- for all payoffs
greater than v, then the set of types obtaining payoff v is at least as large under u,~ as it is
under U, .

Theorem 4.5 u,+ is the unique outcome of equilibria tmmune to credible inclusive an-
nouncements.

Proof By construction, if u,- ~# u,«, then there exists a v such that the set of pools
achieving a payoff greater than v is identical in uy+ and ug~, but the pool of types T
achieving payoff v under u,« is a strict superset of that under uy» . Then types in 7" can
make a credible inclusive announcement that they will play as they do in o*.

If uy+ 1s not lexicographically optimal, then a sequence of improvements by credible
inclusive announcements, starting with the senders that achieve the highest payoffs under
o*, will terminate in an equilibrium with the lexicographically optimal outcome.

5 Large-dataset approximations

We would like to characterize the actions taken by the receiver in the lexicographically op-
timal equilibrium outcome. However, it is challenging to exactly construct lexicographically
optimal outcomes for large datasets, as the runtime for the algorithm is exponential in N.
An infinite-data approximation to the limit delivers a key simplification: the sender’s dataset
becomes deterministic given the state and the mass of data they receive, and randomness in
individual draws ceases to matter.

5.1 Modeling infinite data

When data are finite, the amount of data a sender possesses determines two things: how
informative their dataset is about the state of the world, and how much leeway they have to
manipulate their message to the receiver by removing datapoints. Having more data improves
both of these things, but the first concern becomes less and less important as the amount
of data grows: as the number of datapoints increases to infinity, a dataset becomes close to

5 A slight caveat here is that, while the equilibrium outcome that is lexicographically optimal and immune
to credible inclusive announcements is unique, in corner cases there can be multiple equilibria that implement
it, differing only in the mixing probabilities of different types in the same pool; so we refrain from saying the
equilibrium itself is unique.

13
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perfectly informative about the state, so the additional informational value of any additional
number of datapoints vanishes. Because the impact of additional data on a sender’s feasible
message set is nonvanishing, having additional data relative to an already-large dataset
impacts the sender’s outcome almost entirely through the manipulability channel, rather
than through its informativeness.

To approximate the big-data scenario, we suppose that a sender is endowed with a con-
tinuous mass of datapoints. Although any continuum of data is perfectly informative about
the state, the mass of data received by senders of different types may differ, and affect their
ability to imitate each other. For instance, if the state is §; and they receive a total mass
of data, then they receive a measure jf;(1) of observations of outcome 1, puf;(2) of observa-
tions of outcome 2, and so on. We assume that the density g(u) describing the probability
of obtaining a measure p of data is continuous on its support [0, 1], and vanishing to 0 at 1.
A sender’s type is t = pf; when they receive a mass p of data and the state is 60;.

The set of possible types is To, = [0,1] x © C F, and we let the set of potential messages
be M, = F — that is, we place no restrictions on what distributions of data the sender
may show to the receiver, except that a type t can only send a message m if m C t.
Call this infinite-data game G.,. Observe that the lexicographic dominance ordering over
equilibrium outcomes applies as well to outcomes of equilibria of G,,. So, as a first guess
to approximating lexicographically optimal outcomes in big-data settings, we may look to
equilibria with lexicographically optimal outcomes in G.

5.2 A binary-state example

To examine outcomes in the infinite-data approximation, let us return to the example with
|©| = |D| = 2. Because f; = (1—p1,p1) and fo = (1—p2, pa), types take the form p(1—pq, p1)
or (1 — pg, p2). Since outcome 2 is better proof that the state is 2 than outcome 1 is, let us
focus on equilibria in which, like in the finite-N case, senders disclose only observations of
outcome 2.

Figure [1a| shows that when g(g—j 1)/g(p) is monotone in u, disclosing more observations of
2 is always better: conditional on observing a mass ups of observations of 2, the receiver
believes the sender either has a mass p of data and the state is 2, or the sender has a mass

. : . 9(w)
g—f,u of data and the state is 1, so the sender’s payoff is 1 + T :
Bg(f2u) + g(n)

Equilibrium outcomes must always be monotone: when ¢ C /| then uy«(t) < u,«t’, since
all messages available to ¢ are also available to ¢'. However, it is possible for g(£2u)/g(n)
to be nonmonotone in p. In this case the strategy “disclose as many observations of 2
as possible” does not respect payoff monotonicity. Instead, the lexicographically optimal

outcome involves ironing the putative payoff function 1 + p29<'u)
Eg(Bu) + g(p)

. Figure [1b| gives

14



5.2 A binary-state example 5 LARGE-DATASET APPROXIMATIONS

-
>

: ve 1
not disclosed on-path
(a) Payoffs as a function of p and f; when (b) Payoffs when g(% 1)/g(i) is non-
9(%#)/9(#) 1s monotone. monotone.

an illustration.

Note how the construction coincides with the equilibrium of Claim : when g(E2p)/g(n)

is monotone, payoffs to disclosing increasing amounts of outcome 2 are increasing as well. On
P2

the other hand, when g;’af is not, they are not, and in the finite-data equilibrium, the set

of on-path messages {(0,ny[k])}5_, is a strict subset of {(0,n)}_,, with some types pooling

with types that have fewer observations of 2.

Finally, note that there is indeterminacy in the equilibrium strategies that would imple-
ment u,+. Unlike in the finite-data setting, senders could just as well have imitated the entire
distribution fo by sending pfy instead of sending only (0, ups), since they prove the same
thing: the same set of types under both state 1 and state 2 are capable of sending either.
We call equilibria in which all on-path messages take the form pf; imitation equilibria.

It is straightforward to extend the construction of the imitation equilibrium outcome with
|©| = |D| = 2 to construct the imitation equilibrium outcome when the state is binary, but
the space of experimental outcomes is an arbitrary finite set. Where i—f gives ratio of the
maximum measure of data distributed f, that a sender has under state 2 to the measure
that a sender endowed with the same total amount of data under state 1 has, the same ratio
can be constructed for arbitrary outcome spaces: we define for any particular observation
the relative likelihood under distributions f and f’ to be

f(d)
f'(d)

LR(f, f'|d) =

and the maximum of LR(f;, fj/|d) over all d to be

ry(4) = max (%> '
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Then the equilibrium outcome constructed, replacing g—f by 71(2), for the general case is
the analogous imitation equilibrium, and is also lexicographically optimal.

5.3 Imitation with J > 2 states

We now extend a characterization of an imitation equilibrium outcome to the case with J > 2
states. In particular, we look for an equilibrium in which payoffs under every state are a
continuous function of u. While imitation equilibria are not unique, the construction of the
continuous-payoff equilibrium follows the intuition that we prioritize awarding high payoffs
to senders that have high potential payoffs in equilibrium. Here, we focus on characterizing
the equilibrium and its outcome, but we will show in Section 6 that when a sequence of
finite models converges to an infinite-data game, the limit of the corresponding lexicograph-
ically optimal equilibrium outcomes must converge to exactly the outcome of this imitation
equilibrium.

The central object defining the imitation equilibrium is a “burden of proof” associated with
each payoff and state, which gives the volume of data imitating the given state distribution
that is necessary to obtain the desired payoff. Senders endowed with different datasets will
best meet the burden of proof in different ways. Indeed, the equilibrium can be summarized
by a vector-valued burden-of-proof function, fi(u) = (fi1(w), ..., f1;(u)), such that each sender
need only consider the maximal level of utility u such that they can meet the burden of proof
for some component j of the associated vector. Their optimal strategy is then to imitate
state j using a measure fi;(u) of data. Correspondingly, the payoff obtained by disclosing
(puf;) is u;(pe), which is the (continuous) inverse of i in that

i (uj(p)) = min{p’ - u; () = us(w)}  and  wy(fy(u)) = u.
where /i;(u) may also be empty if there is no p € [u, i such that u,(p) = u. Indeed, the

domain of fi; will turn out to be [u(11),us(1;)] — imitating the state-j distribution never
yields a greater payoff than having the state thought to be j for sure.

As in the case of a binary state, the set set {r;(j)}; je1...s fully characterizes the pairwise
comparisons between fi, ..., f;, which are the only relevant features for masquerading across
states, as they encode how advantaged the data distribution under each state is in imitating
another based on their relative similarity.

Theorem 5.1 There exists a uniqud’| vector-valued function ji(u) : [0,60,] — R’ such that
1. wj(p) is continuous and (weakly) increasing in p for all j.

2. There is a strategy o* with o*(puf;) supported on

N ) | I
Si(p) = {(fw(u) fr) : k € afgmgxuk(w)}

¢Unique up to (outcome-irrelevant) indeterminacy when no amount of data distributed f; would convince
the sender to award a payoff of w.
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Figure 2: An illustration of sender’s disclosure policy in the equilibrium ¢* with 3 states:
high (H), medium, (M), and low (L). A blue line represents types who masquerade under the

high-state distribution; a red line represents types that masquerade under the medium-state
distribution; and the coexistence of both denotes mixing.

with o (g (uw) fel i (w) fx) = 1 for all k such that 0y > uw and such that for each u and k,
ts (Boe (-] (u) fr)) = .

Then o* is an equilibrium sender strategy profile, and fi(-) is the corresponding burden-of-
proof function.

The equilibrium can be constructed step-by-step — see the Appendix. Intuitively, the
construction notes that for a target utility level u € (0;,0;41), strategies must consist of
senders imitating a state in j + 1,...,.J, so the burden of proof can be projected down to
J — j dimensions. Then, using a system of differential equations, we may set the rate of
change of each component of fi(u) and {o*(jux(u) fr]-)}{—;4, such that W =1,
except in the case of nonmonotonicities, which, as in the binary case, we handle with ironing.

Figure 3 shows the result of this process in a setting with 3 states. For any number of
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6 CONVERGENCE OF LEXICOGRAPHICALLY OPTIMAL EQUILIBRIA

states, the resulting sender strategy profile is always part of an equilibrium of the disclosure
game. To see why, observe that when the receiver believes off-path messages are negative
signals (i.e. are sent by the worst type they could be sent by), then it is necessary to match
some dimension of burden-of-proof ji(u) in order to obtain a payoff u. Therefore, the best
that any sender in S’j (u) can do is indeed to send a measure fi;(u) of f;.

As in the case of binary states, there are many equilibria and not all are likely. The one
proposed here, however, has the appealing feature that all senders are either truthful, or
achieve a higher payoff than they would if their identity was known; this contrasts with
equilibria in which senders refrain from sending even positive off-path information, for fear
of it being interpreted unfavorably.

I conclude the discussion of the equilibrium by summarizing some descriptive features.

Theorem 5.2 Under the equilibrium o*, there are thresholds z; > z;* > 0 for each state
such that:

o Whenever the sender’s type is puf; with p > 2%, the sender masquerades as a higher
type, and receives a payoff uy-(pf;) > 6;.

o Whenever u € (z5*, 2], the sender is honest and the receiver knows it upon receiving

the data: uy-(pf;) =46;.

o Whenever p < z3*, the sender is honest, but the receiver believes they are a worse type
with positive probability, and u.~(juf;) < 6;.

6 Convergence of lexicographically optimal equilibria

A sequence of games of finite data, (Gy (O, {fj}}-]:p gnN, Us))F—q, converges to G (O, {fj}}]:p Goos Us)
if Ngn(|Np]) converges uniformly to g(pu).

Definition A sequence of equilibria (01,09,...) of games Gn(©,{f;}/_;, g, us))F-; has
outcomes that converge to the outcome of an equilibrium o, of the limit infinite-data game
G (0,4{f; 37:1, Joos Us) if the payoffs u,, (t) converge uniformly to u,(t) over T.

Note payoffs are only required to converge for types that are possible in the limit, which
is consistent with the fact that lexicographic optimality does not constrain payoffs for types
that occur with probability (density) 0.

Nevertheless, here they do, and they converge to the imitation equilibrium ¢* of the limit
infinite-data game, as our 2nd main theorem shows.

Theorem 6.1 If o’ is the imitation equilibrium in Goo (0, { f;}_1, oo, Us) and u,=_is strictly
increasing in ji for each 8, then along any sequence Gn (0, {f;}i=1, gn, us))N=, that converges
to Goo(©,{f; 3-]:1, Joos Us), the LD equilibrium outcomes converge o tqs_.
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7 EXTENSION: ENDOGENOUS DATA ACQUISITION

The qualifier that w,- be strictly increasing in p entails a restriction on g, and { fj};]:l
that, while made for the sake of tractability, is nevertheless satisfied by some broad classes
of functions: for example, it is always satisfied when g, is concave on [0, 1]. We conjecture
that it is not, in fact, necessary, and though we lack a proof in general, we confirm the
conjecture in the case of a binary state:

Theorem 6.2 If o7, is the imitation equilibrium in Goo(©,{f;}]_1, goo, us) where |O] = 2,
then the LD equilibrium outcomes along any sequence Gy (O, {fj}le, gn, Us)) -, converging
to G (0, {f; ‘]-]:1,900, us) converge to Uys_ .

The full proof is in the Appendix, and a sketch is as follows. When N is very large, there
is a type in Ty close to any type t € 7. Under the algorithm that generates o}, that
type must obtain the payoff of the maximal upper pool at the step m in which its payoft is
assigned. For any e, define

T(m) = {t' € Ty : t' remains at step m and ug«(t') > u,=(t) — €}.

The payoff to the maximal upper pool is lower-bounded by the receiver’s belief about the
state conditional on the sender being in T'(m), since there remains a set of messages M
such that all types in T(m) can send at least one message in M, but no types outside
T(m) can do so. When the receiver forms their belief about the state conditional on the
sender being in T'(m), the sender’s payoff is bounded below, with the bound approaching
U+ (t) — € as N — oo; intuitively, this comes from the fact that whenever a set of types in
the neighborhood of 1 f; € T is in the possible set, a corresponding measure of types in
the neighborhood of the type that jf; imitates under the imitation equilibrium must also be
in the set. Since the imitated types correspond to better states, the belief given the set of
types must be at least as favorable. In the limit as N — oo, no equilibrium outcome of Gy
can be unilaterally better for all senders in 7, due to Bayes plausibility, and they cannot
be worse for any sender, so the two outcomes must coincide.

7 Extension: Endogenous data acquisition

We have assumed so far that the distribution of u is exogenous and identical for all senders.
This captures some sources of variation in the data volume, such as invalid trials due to
human error or dropouts. But the volume of data generated may also vary because of
sender-specific differences in data-gathering ability — either different capacities (e.g. time
constraints) or costs of obtaining more evidence.

The case of exogenous capacities is simple, and there is a one-to-one mapping between
capacity constraints and distributions of attained data. The outcome of the game is un-
changed if, instead of assuming that senders are randomly endowed with a measure p of
data following the outcome of trials, we suppose that each sender knows their capacity K
for data collection prior to experiments, which is uncorrelated with the state. Then the
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sender’s optimal strategy in the data-collection stage is to meet their capacity exactly (set
= K), the distribution of u over the population is the same as the distribution of K, and
the receiver draws identical conclusions.

It is more challenging to map costs of data acquisition to disclosure game outcomes. Nev-
ertheless, it is trivially true that every distribution of data endowments can be founded on
some cost structure, as cost functions

0, p< K
c(p) =
us(ﬂgl)'f‘l, u> K

mimic capacities in that the (possibly weakly) optimal choice is ¢ = K, and so any ¢ can
be imitated by a corresponding distribution over K among such cost functions. Conversely,
for most reasonable distributions of cost functions over the population, there must exist
g such that the equilibrium outcome of the augmented game with data acquisition is the
lexicographically optimal outcome of the disclosure game in which g is the distribution of
endowments.
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A APPENDIX A: CONSTRUCTION OF IMITATION EQUILIBRIUM

A Appendix A: Construction of imitation equilibrium

A.1 Proof of Theorem

Analogously to the finite case, given any (finite) collection of messages M, letting T C T
denote any arbitrary type set, let 7(M) be the subset of types in T capable of sending a
message in M.

For a given equilibrium o, denote 7,(m) to be the set of types who find it (weakly) optimal
to send message m under o, and let 7,77 (m) to be the set of types that send m with positive
probability under o.

Proof of Theorem [5.1] To create the burden-of-proof vector, we hypothesize, to begin
with, that it is associated with a strategy o in which the support of play by pf; is

H ) H
supp o(-|nf;) € B(uf;) = {Wfk ke argmkqxukf(m)}, (1)
that is, each type plays the strategy “send a message corresponding to as great a mass as
possible of some f, where k is chosen to maximize the payoff from doing so” [1]

The broad approach to constructing o over all types is iterative and comes at the end of
the proof. It requires details of constructing ¢ near a fixed payoff v, which I will discuss
here. Consider fixing a payoff v, and suppose that v € [6;,0,11). Suppose we are given i (u)
and ot that are are a burden-of-proof vector and associated strategy for the game with type
space T ({1 (v) fr}{_,+1) and the type distribution given by the same relative probabilities
between types in T ({4 (v) fe}i_,.1) as in the original game.

Define the set M(v) = {(fu(v)fx)}i_,.1 of all messages that yield payoff v under o.
Observe that the payoff to sending a message in M (v) must be the payoff to the receiver
knowing that the sender is one of the types that sends a message in M (v) under strategy
o™. This payoff is

B i1 2 QjQ(ﬁf((Z)))Tj(k)0+(ﬂk(v)fk 'l:]k((:))ej)
S 3, 9 () e o) fu 236,
Analogously, the payoff under o to a subset C of M(v) is U(C') = v. Alternatively, define

the payoff to knowing only that the sender is one of the types in M (v) who can send a
message in C' (even if they don’t do so with probability 1) by

U(M(v))

—

v

k) €O 2 () e Bl W) ) 039 iy )T (F)

_ L A ,
Zk:l-‘,—l Zj g(ﬁf((:)) )Tjaf)

"This is analogous to the first step in the binary-state construction of revealing as much as possible of
fa, prior to ironing.

w(C)
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We may define a directed graph with nodes in M(v) and a link m — m’ if and only if
7,(m') (7,1 (m) is nonempty. If there is a type that mixes between m and m’ with strictly
interior probability, then m — m’ and m’ — m. If, on the other hand, there is a type that
is able to send both m and m’, and obtains their best possible payoff from either, but no
such types send m' with positive probability (though some send m with positive probability),
then m — m’, but not vice-versa.

A connected component of this graph is C' C M(v) such that for all m,m’ € C, either
there is a path m — ... — m/, or a path m’ — ... — m, and there is no m” € M(v) \ C
with either an ingoing or outgoing link to any m € C'. A strongly connected component is
a component C” such that there are (directed) paths m — ... — m’ and m’ — ... — m for
all m,m’ € C’, and not for any m € C’" and m’ ¢ C'. If C is any subset of nodes of M not
connected to any other nodes, and there is no subset C’ C C' with U(C') > v, then C' must be
a strongly connected component of M, since if it is disconnected, then its sub-components
contain at least one group of messages for which all types achieving a payoff of v that can
send one of the messages do, but this would yield a lower payoff than v.

If there is a connected component C' C M (v) that is also strongly connected, then there
exists small enough € such that for all v’ € [v — ¢, v], the burden-of-proof vector satisfies

/Z((Z)) = Z’Z((l;)) VEk:u)fel Ky fvel (2)

because if not, then indifference for mixing types is not preserved, which in turn means that

the payoffs to messages in putative frontier (fu,(v') fy)i_,,; fails to hold.

If C is a connected component consisting of multiple, disjoint strongly connected compo-
nents, then it must be that there is a directed acyclic graph of such components in C, in
which, for two strongly connected components C’ and C”, C' — C” if there are types that
send a message in C’ that could send a message in C”, but not vice-versa. Then, we compare
the rate of change of payoffs from playing a message C’ relative to a message in C” for a
type that can send either, and consider C" and C” as if they were a single component if the
rate is weakly greater for C’ than C”, and not if vice versa.

Using these insights, the construction of ug(p) proceeds iteratively:
1. Start with [ = J and f1,(0,) = 1.
2. Construct u(+) as follows:

(a) Initialize v} = 0.

(b) For each v!, partition M(v}) = {(fu(v})fe)}i_,.1 into components as described
above, calculate payoffs for each component, and calculate M (v — €) given con-
straint [2] Given these messages, set

vf 41 = max {u < vﬁ : M (u) not partitionable into strongly connected connected components} ,
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and repeat starting from v, until v}, does not exist. Observe that {u;};_; thus
constructed must be consistent with an equilibrium strategy as long as they are
monotone in .

Let fip(u) = min{f’ : up (') = u}fork € {i,...,J}, and let u;(p) = maxy>; u(p/rj(k))
for j' <.

3. If at any point ux(p) is nonmonotone in y, then iron, and repeat step (2) from the
lower bound of the ironing interval.

4. If [ > 1, decrease [ by 1, and let /i,;(6;) = maxj/<j{r_,1(j) fi(0;)}. Then return to (2).

A.2 Proofs of convergence (Theorems and [6.2)

Proof The proof of theorems and has 3 steps. First, we give a lemma establishing
that under the conditions of the theorems, for any set of messages M, when the set of all
types in 7o, \ T2 (M) that attain a payoff of at least v in ¢ is nonempty, heir payoff when
they form a pool is at least v. Using this, we show that u,- is a lower bound on payofts for
types in 7, in the limit. Finally, Bayes plausibility implies that

N—o00 <

i ™ 06) [t (155)900)de = B Estgo 011 = B0

which in conjunction with the lower bound implies that in the limit outcomes must coincide
exactly with wu,+ for types in To.

Lemma A.1 Suppose that either |©| = 2 or payoffs under uq- are strictly increasing in i
for each 6. If M 1is a collection of messages and (H1f1’ e ,Eifz‘;ﬁi_‘rlfi_i_l, e 7HJfJ) 15 the

frontier of types achieving a payoff of at least v under o, where 0; < v < 0,441, then

Eflt € T (£} \ TE ()] > v

whenever T;({Ejfj L)\ TH(M) is nonempty.

Proof of Lemma Denote T'(v, M) = To—g({ﬁjfj TONTE(M). Let (fia, - . ., flss fligas - - - )
be the minimum masses of data distributed like f1, ..., fi; fit1, ..., f7, respectively, necessary
to send some message in M. Then

S Bo(0;)6,(Gl7a) — Glu)

T A T 0 G i) — G

I (fig1, ..., ) < (Hi+1’ o ,/_;J) pointwise, then T'(v, M) is empty. Otherwise, let the
states ji,...,Jja be the maximal set such that (f;,, ..., [1;,) > (Ejl’ o ’HjA> pointwise. Call
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the set of types in T'(v, M) that send pf;, with positive probability under o* by ¢, (¢’ f;,),
and let 6(t) refer to the state corresponding to the distribution of dataset t.
@ 0(6)

Zteto*(ﬂlfja)ﬂT(va) Q(t)g(re(t)(]a ) (HJ f7“| )To(t (Ja)

R 0(60)

Zteto’*(“/fja)nT(v’M) g(m(t)(Ja Jo* (! fj“| )7”9(t>(3a)

7 0(6)

> Ztetv*(“/fja) 6<t)g(7’9(t)(]a ) (ﬂ f3“| )Te(t)(Ja) (3)

2 0(0)
Zteta*(#’fja))g(m(t)(h Jo* (i f3“| >1"9(t>(Ja)

Es, [o(0)]1 fi.] =

> .

In the case when payoffs under u,. are strictly increasing, the first inequality comes from
the fact that 6;, > v > 6(t) whenever 0(t) # 6,,, and ' f;, € T'(v, M) only if all types that
play it under o* are also in T'(v, M).

When |O| = 2, the inequality also holds when ironing occurs in the equilibrium construc-
tion. If i/ fy is a message that supports the pooling of types in an ironing interval, then we
may further break the set of types in ¢,+(/y,) by the message they would send under &, the
unironed, “send as much of fy as possible” strategy. If the ironing interval is from ' fy to
1 fr, then

min(u’ fig)

Bo(Or) [ g0y + Bo(L) [T glu)o(L)dp
B (O fr] = —— P e
Bo(0m)|G(min(p”, fim)) — G(w')] + Bo(0L)[G(= ) — G
min(p'",fipr)

Bo(Ou) [ )y + Bo(L) [ 2™ g(u)o(L)dp

S AL .
 Bo(6m)[G(min(u”, i) — G ()] + Bo(61) [G(RUZEL) — G(05)]

The latter half of the inequality is the expectation of the state’s value when the set of possible

types includes [p/ fi, min(p”, iy ) fi] and [TL’E;I) fr, mm(fL(I‘}’)’ I ¢, 1. Since ¢/ < min(p”, figy) <

i/, by the construction of the ironing interval, this value exceeds the expectation of the
state’s value over a set of types including [¢' fg, 1" fr] and [ fL, “ f fL] which is the

original expectation of the state’s value under message p f, and is no less than v.

In either case, the expectation of § given that the sender’s type is in T'(v, M) is a weighted
average of E; [0|1/f;,] over on-path messages ' f;, in T'(v, M). We have shown that each
component is no less than v, and so the weighted average is also at least v. |

Before proceeding to construct bounds on payoffs in the finite games, it is helpful to define
a neighborhood of 7., as the set of types in each finite game with datasets distributed
similarly to the underlying distribution in some state. For n € (0,1] and k € [0, 1], define

Sn(n, k) ={t € Ty : |t| > k and 30 s.t. sup [t(d) — |t]fo(d)| < n}.
d
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Fix an integer n. Conditional on |t| = n and the true state being 6;, the Glivenko-Cantelli
theorem states that there is a bound on the probability that sup, | 32¢_, #(d) — ~Fi(d)] > n
that decreases to 0 for large n, irrespective of N. Because data have a discrete distribution,
this implies a similar bound on the empirical probability mass function: if |t| = n and
0; is the true state, the probability that sup, [t(d) — % f;(d)| > n is at most b_(n,7n), with
lim,, oo b—(n,n) = 0 for all n > 0. If the true state is 6 # 6; and |t| = n, then the probability
that sup, [t(d) — % f;(d)| > n is at least bx(n,n), with lim, o lim, o bx(n,7) = 1.

When N and k are large, the proportion of types that lie in Sy(n, k) is close to 1, for all
n. In particular, limy_, lim, o imy_ gn (SN (7, k)) = 1, since:

e With probability decreasing to 0 as k — 0, |t| < k.

e For fixed k£ and 7, the probability that there does not exist 6 such that sup,|t(d) —
[t| fo(d)] < n given that |t| > k decreases to 0 as Nk — oc.

We may further subdivide Sy (7, k) into a set of types associated with each state,
Sy(n.k) = {t € Sy (n.k) - sup [t(d) = [tlf(d)] < n}.

A further consequence of the convergence of empirical distributions is that, when Nk — oo
and 1 — 0, the sets (S} (n, k)7, are disjoint. Additionally, for all ¢ € S} (n, k), there is a
uniform lower bound on the probability that the state is ; given that the sender is of type

t, which we call w(k,n, N), with limy_,o lim, o imy_,o w(k,n, N) = 1.

In addition, we can lower-bound gy ({t € S% (1, k) : wf; Ct C pf;}) forall k < p < fi. Let
A(N) be a bound on sup, |(Zi:1 gn(z)) — G(d)| that goes to 0 as N — 0o. Observe that if

p+n<|t|<p—mnandte Sy(n k), then puf; Ct C fif;, so alower bound is

an({t € Sy(n,k) - pufy St C ff}) = 50(91)(1—1?:(]\7/?,77))(@(/1—Dﬁ)—G(ﬁJan)—A(N()))-
5

Similarly, there is an upper bound on gy ({t € S (n,k) : t Z wfyand ff; Z t}):

an({t € Sy(n. k)t & ufy and if; £ 1)) < Bo(Qj)(G(M+D77)—G(E—Dn)JrA(N))Jr(l—ﬂo((Hj))b¢(kN7 n).

Now we proceed to construct a lower bound for uy (fif;). First, recall that ugy (pf;) >
—

L(Nafa(1)], ..., INafs(k)])

D
~—

Max{ reTy:tCuf,} Yoy (). Observe that there exists a datase
in Ty and that u, (1f;) > Uoy (t).

For a given N, suppose ¢ belongs to the mth upper pool under the algorithm that constructs
on. Denote by MN(m — 1) the set of messages that implement the upper pools in step
L,...,m—1, and fix Ty, = T]\J{(MN(m — 1)) to be the set of remaining types at the start
of the mth step of the algorithm that constructs oy; therefore, £ belongs to TN m-
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Let M (e, N) be the set of on-path messages that result in a payoff of ug(( —€)f;) under

infinite data. We see that the set of types in Ty, (M (¢, N)) includes f when N is large
enough. From Lemma , there is an upper pool in TN,m that achieves a payoff of at least
(T+ (M (e, N))), 80 gy (f1f;) is lower-bounded by u(T (M. (e, N))).

Let (p,(e,N),...,p,(€, N)) be a vector that gives the minimum mass of data under distri-
butions fi,..., f, respectively, such that the dataset contains some message in M (e, N),
and let (@i (N),...,1s(N)) be the maximum mass of data under each distribution such
that there does not exist ¢ € T, such that t C p;f;. Allt € T]\ffr’m(Moo(e)) satisfy

t & Hj(e, N)f; and f;(N)f; € t, and all ¢ satisfying Hj(e, N)f; €t C p;(N)f; for some
jare in To (M (€)).

We may rewrite

J
Zj:l ZteTgm(Mw(e)) qn (t)0;mn (65]t)
ZteTN*m(Moo(e)) qn(t)

u(Ty, (M () = (7)

Let the numerator be Q(N, jif;, €) and the denominator be R(N, fif;,€). Analogously to
eq. 5 a lower bound for Q(N, fif;, €) is

QN, if;, €) Zﬁo (N)=nD)=G(max(p (e, N)+nD, k))=A(N)Jw(k, n, N)(1=b=(k,n)),
(8)
and it follows from eq. [6] that an upper bound for R is
R(N <Z Bol(0; (N) +nD) = G(p (e, N) =nD) +A(N)]> ©)
+ (1= bx(kn) + (1 = an(Sn(n, k).
We have
%%%grg)llm mf Q@ > lim 1nf Zﬁo (G(;(N)) — G<Hj(€7 N)))
and
};3(1)7171_1}1(1)11111]\712&1% < lim mf ZBO (N)) — G(Hj(E’ N))).
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Both of the RHS are finite and strictly positive for all N and e > 0; therefore,

R Y71 Bo(6)6;(G(a;(N)) — G(p (6, N)))

lim lim lim inf — > liminf

B=0m=0 - Noeo R NS Bo(6;)(G(;(N)) — Glp (6 N)))
= liminf E[0]t € T'(uo.. (2 =€) f;), My (m —1))]
2 uo'oo((ﬂ - E).fj)a

where the last inequality follows from Lemma [AT]

(10)

Because k and 7 are arbitrary variables used to obtain the bound, it follows from this that
limy 00 u(T]\J[rm(Moo(e))) > g, ((1—€)f;). Finally, because payoffs are continuous, taking a

sequence of bounds as € — 0 implies that lim infy o sy (f1f;) 2> limeo lim infy u(T]\J;m (M (e)) >
The last step is to show that

N—o00 <

J 1
i ™ 06) [t (185)al0)de = B0

Since we know already that

i S~ 60(65) [ v ef ol = Bafo)

N—o00 <
]:
and Hminfn_,o ugy (10f;) > usy, (puf;) for all pf; € 7o, this additional fact suffices to ensure
that uyy () = U (+) over T.

The proof comes from dividing p € (k,1) into X chunks, with the zth chunk given by
(:ua:—la ,ux] where Mz = .I‘— + k.

Consider types t € S (n, k) such that p,_1f; €t C pi.f;: their payoff under o has to be
in [ty (fa—1f;), Uoy (ptz fj)]. This implies that

w(kyn, X Zﬁo )Yty (11 f5)[G (w1 — D) = Gl + D) — AN)](1 = b= (k, 7))

< Eﬁoieia
(11)

since V 5 (k,n, X) is a lower bound for the total probability-weighted sum of payoffs under
on over t € TyUSn(n, k), while Eg [6] is equal to the total probability-weighted sum of
payoffs under oy of all types in Ty.
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Finally, the difference between ijl Bo(0;) ful:o Uoy (fj)g(p)dp and V  (k,m, X) vanishes
as X — 00, k— 0,7 — 0, and N — oo. To see this, observe that if ¢ is an upper bound on
g (which exists because g is continuous on compact interval [0, 1]),

<ZUGN o fi) |G (fat1) — G4

~n(k,n, X

HM%

= (056 (k, )G (ta41) — Gpz)] + 2enD + A<N))> (12)

J
Z ZBO ZuoN sz] ,U/:Jchl) (Mm)]
—JXHJ(b:(k, n) + 2enD + A(N)).

Then, for any € and j, define & (e, X) to be the set of values of « such that g, (41 f;) —
Ugy (p f;) > €. The size of & (e, X) is at most 9" For all z & &) (e, X), we have the bound

f,Z:H Ugy (10f7)g()dit — gy (pa f1) G (pat1) — G(ux)] €[G(ptzy1) — G(pz)]. So,

S Ai6) [ ool = Vilkn, )

< <Z 60(9]) Z (/MH—I Uoy (ij)g(#)dﬂ - uUN(,u:L‘fj)[G(:ux-i-l) - G(H:c)]))

+ JXO;(b=(k,n) +2cnD + A(N) + (1 —gn(Sn(n, k))))

J=1 )

ngg\,(e,X xEE?\,(e,X)
+ JX0;(b=(k,n) +2cnD + A(N) + (1 — gz (Sn(n, k))))
c(l1—k)6?
et Jm—l JXHJ(b:(k, 1)+ 2enD + AN) + (1 — gn(Sy (1, k))))

(13)

since Ezegg'v(e,X) (G (prer1) — Gus)] < c(1);k)‘9?7, Then

J 2 i 2
lim lim limlim lim Zﬁo(ej)/ Uy (10f5)g()dp—V (k. n, X) = lim lim 6+JC<1X—k)6—J
n=0

e—0 X—00 k—01—0 N—oo < e—0 X—o00

=0.

€

Again, since €, X, k, and n were all constructed variables, this implies that

e—0 X—00 k—0n—0 N—oo

J 2
A}im Zﬁo(Qj)/ Upy (pfj)g(p)dp = lim lim lim lim lim Vy(k,n, X) < Eg[6].
—00 £— 4=0
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As it is already clear from the lower bound on u,, (¢ f;) that imy_,« Zj:l Bo(6;) f;f:o Ugy (pefj)g(p)dp >
Eg,[0], equality obtains.

A.3 Proof of Lemmas [A.T], and

Proof of Lemma [A.1] Consider a game in which the type set is 7 (M), each type’s action
set is the set of messages in M that they are able to send, and the payoff to playing &(-|t)
against the receiver’s putative strategy profile 6" is > 7u(Bs(:|f))o(f[t), the utility to the

sender of the receiver’s updated belief conditional on seeing them play f when the population
is expected to play according to &'

Payoffs are continuous in ¢ and ¢’. Let the best response correspondence be given by

r,(6') = arg max > u(Bar (1)) (f10).
feMm

A fixed point ¢* of r corresponds to a PBE of the constructed game, and a standard Nash
existence argument shows that there must be at least one. Then let M’ be the set of messages
that achieve the highest payoff under 6*; along with the restriction of 6* to T+ (M), it forms
an upper pool.

If M is not itself an upper pool, then 7+(M) \ T (M’) is nonempty and contains types
that do worse than those in 7 (M’). Then,

u(TH(M) > w(T(M)) > u(T (M) \ T (M)).
|

Proof of Lemma [A.2] Consider 2 such pools, M = {fi,...,f;} and M’ = {f},.. .,fj},
with type sets 77 (M) and 7 (M’). We aim to show their union is also a utility-maximizing
upper pool. Let A =TH(M)\TH(M"), B=TH(M)\TH(M),and C =TH(M)\TT(M").
Observe that if we let M” be the message set that includes f; V f]’ forevery 1 < I, 5 < J
(where V is the pointwise max operator on datasets), then C' = T+ (M").

We have u(TH(M)) = u(aA+ (1 — a)C) = w(TH(M')) =u(@B+ (1 —-a)C) =u*. So
w(THM)YTHT (M) > u* unless u(A) < u*, w(B) < u*, and u(C) > u*; but by the previous
lemma, the last of these would imply that C' contains a higher-utility upper pool than M
and M'. Since this is not true, u(7 " (M)) = u* and it is an upper pool itself (otherwise it
would contain a strictly better upper pool, a contradiction). |

Proof of Lemma [4.4] Suppose to the contrary that u(7,5 (M) < u(T, . (Mp41)). Then,
(T (M | Min1)) = w(@ BCI Tt (M) + (1= @) BCI Tty (M) 2 w( Tt (M),

which implies (by Lemma [A.1)) that either M, | M,,+1 must itself be an upper pool with
respect to Ty, or that there exists M’ C M,, |J My,41 such that u(7,7(M")) > u(T,;7(My)).
Either of these would contradict that M,, is a maximal upper pool in 7,,.
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A.4 Proof of Claim 3.2

Proof We proceed inductively. Since 7(0, N) > 7(nq,ny) for all (nq,ns2), and (0, N) cannot
be imitated by any other type, M; = (0, N) and T;,, = {(0,N)}.

Now suppose M, = (0,72[m]) for m =1,..., 5. Then Tj11 = {(n1,72) }no<iialj]—1,m <N—ns-
Consider any (711, 72). Then by combinatorial identity,

/B(Hl.FJr(ﬁl,ﬁQ)) = 7TH(7:01,7~12>.

There may be a set of types who are able to send (721, 722) but are already included in 75,
for some m < j. This set, F (71, n2) \ Tj+1, satisfies

BH|F* (11, 72) \ Tjg1) = BH|F (711, M2[f])) = m (R, nalj]) > wm (R, 7g).

Therefore,
B(H|T (7, 7)) < m (R, Ma).

This implies that a single message (n1,79) with n; > 0 cannot be a highest-payoff pool,
since the type set of the upper pool consisting of message (0, 725) yields strictly higher payoff.
To see this, observe that

BH|T;1(0,72)) = aB(H[T; L4 (i, 12)) + (1 = ) BH [T}, (0, 722) \ T34 (71, 722)),

and B(H|T,(0,7) \ T;1, (71, 72)) > (R, 7g): that is, the receiver’s belief conditional on
the sender belng in 7;“ and being able to send 7y high signals but not n; low signals, is
better than their belief when the sender is able to send at least n; low signals, therefore their
belief is better when the burden of proof does not require any low signals be sent.

In addition, the highest-payoff pool cannot correspond to a set of distinct messages M =
{(n},nd),. (nf,ng)} such that n}, < ns™' and nt > n!™! for all l. To see this, first focus
on

Ty, := {(ny,ny) : Ay <mg < Ad ™1 Ak <ny <N —ny},

the set of types in 74 that can send (n{,nf) but no other messages in M. Observe as

before that 3(H|Ty) < g (nt, k). Consider 2 cases:
o It B(H|Ty) > B(H|Tjs1(M)), then let M' = {(af,ny),..., (7% 0y "), (g™, g)},
i.e. replace messages (Al ', 75 ~') and (Al AL) with a smgle message that is their

(pointwise) minimum.

o If B(H|Ty) < B(H|T;41(M)), then letting M’ = {(7i},7l),..., (AL~ A5~ 1)}, ie. drop
(nl, nL) from the message set.

8 A set of messages that does not satisfy these properties can either be reordered to do so, or is redundant
in that there are some [, I such that (n},nb) C (n},nb); so sets of messages satisfying these criteria are

exhaustive of possible upper pools.
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In either case, we have B(H|T;j41(M')) > B(H|T;4+1(M)), and M’ is a strictly smaller set of
messages than M. Repeat on M’ and iterate until the message set is a singleton; then it is
a commuting upper pool that yields strictly better belief than M.

The above argument shows that message set M;; of the unique upper pool chosen in the
J + 1°" step of the algorithm is of the form {(0,75[j + 1])} where no[j + 1] < ng[j]. It is
immediate the value of n5[j + 1] that maximizes payoff to the pool is as given in the claim.
Given the choice of ny[j + 1], the payoff to M,, is decreasing in m; therefore, the strategy
profile constructed is an equilibrium. |
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