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Abstract

This paper introduces the notion of a ‘norm of compromise’ and demonstrates its
importance for cooperation among agents with diverse preferences over a public policy.
Agents choose to cooperate when they join a coalition and agree to support a commonly
proposed policy that could be far away from their preferred policy. A norm of compro-
mise is an exogenous protocol used by a coalition to arrive at this commonly proposed
or ‘compromise’ policy. I consider a parameterized class of norms in which the com-
promise policy’s relative sensitivity to moderates and extremists in the coalition can
be dialed. I study the effect of these norms on the stability of the grand coalition (or
full cooperation) in a model where an agent faces a trade-off between compromise if
she joins a coalition and increased risk if she does not. I find that polarization does
not always reduce cooperation: it destabilizes the grand coalition under norms with
low relative sensitivity to moderates but stabilizes it under norms with high relative
sensitivity to moderates. This can lead to a situation where norms enabling cooperation
in a polarized society do not enable cooperation in a homogeneous one. I also find the
counterintuitive result that under some norms extremists are less willing to cooperate
when moderates’ preferences get closer to these extremists. This work sheds light on
the emergence of cooperation within social movements like Black Lives Matter and
the Arab Spring, where political actors compromise in the relative absence of formal
institutional structures.
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1 Introduction

Any collective effort requires a compromise between a diverse set of actors. This is true for
people who come together to write a constitution, form cohesive coalitions of protester-
s/lobbyists, or form international alliances. These compromises are often arrived at using
pre-existing norms of compromise, such as majority voting, contest games, or bargaining.
Sometimes these norms are successful in enabling cooperation, and sometimes they are
not. Sometimes, the same set of people that can cooperate under one norm fragment
in another. In this work, I analyze the conditions where a norm of compromise enables
cooperation between a diverse set of agents and where it does not.

This work extends the literature concerning the effect of diversity and institutions on co-
operation (Alesina et al., 2001; Easterly and Levine, 1997; Gorodnienko and Roland, 2015;
Stichnoth and Van der Straeten, 2013) and, specifically, on the prevention of fragmentation
in diverse communities by institutions (Alesina and Reich, 2015, Reynal-Querol, 2002,
Spolaore and Wacziarg, 2017). Unlike most of the existing literature which has been
concerned with the distribution of public goods and conflict, this paper is focused on the
trade-offs between the cost of compromise and fragmentation for individuals within a
society. I show how an individual’s willingness to compromise and cooperate depends
upon the distribution of preferences and norms of compromise within a society. This
willingness depends on how sensitive a norm of compromise is to the preferences of
members of a coalition. The main contribution of this paper is identifying this channel of
sensitivity to individual preferences that explicitly links the emergence of cooperation to
the underlying norms of compromise and the nature of diversity within a society.

In the model, policies are defined over the real line and each agent has a ‘most pre-
ferred’ policy. The closer a policy is implemented to an agent’s preferred policy, the better
off she is. All agents know each other’s preferences. A group of agents whose preferences
need not be the same may form a coalition and agree on a compromise policy that will
be proposed by the coalition. A norm of compromise determines which policy is chosen
by the coalition as the compromise policy, taking into account the preferences of each
agent in the coalition!. Each norm is characterized by a real number between zero and
unity. When this parameter is close to unity, the compromise policy within the coalition is
more sensitive to moderate positions than it is to extreme positions. When the parameter
is close to zero, the compromise policy is more sensitive to the extreme positions than it
is to moderate positions. Therefore, the compromise policy of the coalition non-trivially
depends on the interplay between the norm of compromise and the distribution of prefer-
ences of the agents in the coalition.

I apply these norms of compromise in a simple game in which an agent can either join a
coalition or back her individual preferred policy. If the agent chooses to join the coalition,
she must support its compromise policy (which depends on the norms of compromise as

!This means the compromise policy is endogenous to the membership of the coalition even though the
norm of compromise, as will be defined, is exogenously specified.



discussed in the previous paragraph). The policy that is finally implemented has a prob-
ability distribution over the policies that are backed. The greater the number of people
backing a policy, the higher the probability that that policy is implemented. An agent’s
utility depends on the distance between her preferred policy and the finally implemented
policy. The risk aversion of an agent characterizes how much she prefers an uncertain
implementation of policy to a certain one. Every agent chooses to join a coalition or back
her individually preferred policy based on the assessment of which decision increases her
expected utility. (Full) Cooperation emerges in society if all agents join a grand coalition
and agree to compromise with each other.

Joining a coalition generates a cost of compromise for an agent since the compromise
policy of the coalition need not coincide with the agent’s own preferred policy. At the
same time, breaking off the coalition creates a cost of fragmentation. When an agent leaves
the coalition the compromise policy of the new fragmented coalition is determined by the
same norms of compromise without consideration of her preferences. This creates the risk
that a policy worse for her is implemented with a positive probability. This results in a
trade-off between the cost of compromise and the cost of fragmentation for an agent. If the
compromise policy of a coalition is not sensitive to an agent, then the agent faces no risk of
leaving the coalition. Cooperation by joining a coalition only reduces the risk for an agent
when the compromise policy is sensitive to her preferences. Norms of compromise used
by the coalition determine this sensitivity to her preference, therefore also determining
her willingness to cooperate.

One of the main results concerns the emergence of cooperation when policy preferences
become polarized. Polarization occurs when agents’ preferred policies start concentrating
on the preferred policy of the extremists in a society. A polarized society is characterized by
a bimodal distribution of preferences at the extreme political position. I find when norms
of compromise are relatively more sensitive to extremists than moderates, polarization
results in a smaller willingness to cooperate. The compromise policies determined by
the set of norms with more sensitivity to the extremists are the same as the equilibrium
policies chosen in the contest game described in Duggan and Gao (2019). Therefore, this
relationship between cooperation and polarization is in line with Esteban and Ray (1999)
who find increased polarization results in a greater conflict when agents are in a contest
game. When norms of compromise are relatively more sensitive to moderates, polarization
results in a greater willingness to cooperate. The more sensitive norms of compromise are
to moderates, the closer the compromise policy gets to the outcome of majority voting:
the median preferred policy. This relationship between cooperation, polarization, and
sensitivity to moderates is mirrored in the result in Reynal-Querol (2002) who finds that
conflict is reduced in a polarized society in the presence of democracy.

By applying these results about polarization to a simple example, I find that in a po-
larized society cooperation does not emerge under norms that are too sensitive to extremes
because moderates leave. Conversely, cooperation does not emerge in a more homogeneous
society under norms that are too sensitive to moderates because extremes leave. For a given
level of polarization, there is a window of norms that depends on the level of polarization
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under which cooperation will emerge. Therefore, societies with the same diversity of
preferences may have vastly different capabilities to form large coalitions if their norms of
compromise are different. This could explain why in the Arab Spring different countries
had different levels of cooperation between protesters. Many of these countries had very
polarized protesters, but some of these countries were more reliant than others on tribal
ties to galvanize the opposition against the status quo. One can argue that when tribal
groups cooperate the norm of compromise is to play a contest game. Compromise policies
of contest games have high relative sensitivity to extremist positions. As tribes are more
differentiated in a society, the compromise is more sensitive to extreme positions. This
could explain why Libya had more fractured protests compared to Tunisia even though
both were highly polarized. Libya used its more entrenched tribal ties to collectivize in
the wake of the Arab Spring - a norm of compromise that could not enable cooperation
between its protesters (Anderson, 2011, Tufecki, 2017).

The last main result in the model looks at how the willingness of an extreme to co-
operate changes as a moderate comes closer to her preferences. This willingness depends
on the norms of compromise too and leads to some counter-intuitive results. When norms
of compromise are sensitive to moderate positions and the moderate moves towards an
extremist the cost of fragmentation for that extremist increases. Therefore, an extremist
is more willing to cooperate within the grand coalition when the moderate’s preferred
policy gets closer to the extremist’s preferred policy. This result is what one would expect.
I get counter-intuitive results when compromise policies are sensitive to the extremes. In
this case, the cost of fragmentation for the extremist decreases as the moderate’s preferred
policy gets closer to the extremist’s preferred policy. So, the extremist is less willing to
cooperate when a moderate’s preferences move closer to hers. In other words, this extrem-
ist could move out of the coalition and back her own policy as other agents’ preferred
policy move closer to hers. This could explain an interesting phenomenon in the Black
Lives Matter movement. After many moderates within the left changed their preferences
towards greater police regulation, sections of the movement switched to a more radical
ask of defunding the police. This created a fissure within the movement.

The rest of the paper is divided as follows. The next section is a literature review of
the theoretical apparatus used in this paper and other related works. Section 3 introduces
the theoretical framework discussed in the paper. This is divided into subsection 3.1,
where our set of norms of compromise is defined, and subsection 3.2, which describes the
non-cooperative game and stability conditions that drive the results discussed in the body
of the paper. The results are discussed in section 4. I discuss the effect of polarization and
radicalization of moderates in section 4.1 and 4.2 respectively. I conclude with section 5.

2 Related Literature

This paper uses the framework provided by non-cooperative games with partition func-
tions (Ray and Vohra, 2013, Yi, 1997, Diamantoudi and Xue, 2007). The tension between
cooperation and competition has been studied in many papers like Finus and McGinty



(2019), Levy (2004) and Dotti (2020). Of these Finus and McGinty (2019) has focused
on the specific relationship between diversity and cooperation the most. The authors
show that diversity can sometimes be good for enabling cooperation by using a Cournot
model of competition and cartel formation. They also discuss the multidimensionality
of diversity and show that diversity in some dimensions may not be effective in enabling
cooperation. My contribution is an added layer of ‘norms of compromise’ that interacts
with diversity for cooperation to emerge. These norms of compromise provide a very
specific structure on decision making within a coalition. This structure is different from
that of Demange (2004) who models this as an exogenous hierarchy/network of decision
making. In the present work, it is imposed by an exogenous function that determines
how the cost of compromise within a coalition is distributed among its members through
a single compromise policy. Specifically, this structure/function is parameterized by a
variable that measures the relative sensitivity of a compromise policy to preferences of the
moderate with respect to the extremist. To the best of my knowledge, this is a new way
of teasing out concrete relationships between distribution of preferences and structural
differences among societies.

One structure on cooperation and compromise that has been extensively studied is leg-
islative bargaining, reviewed in Eraslan et al. (2020) and Eraslan and Evdokimov (2019).
This literature investigates which policies are chosen by heterogeneous players that are
playing a bargaining game (Baron, 1991; Cho and Duggan, 2009; Calvert and Dietz, 2005;
Battaglini, 2020). In the context of the present work, the bargaining literature is important
in providing micro-foundations for policy outcomes achieved by a norm of compromise.
This paper assumes the existence of certain kinds of effective norms of compromise with-
out going into their micro-foundations. This allows me to focus on explicitly studying how
different norms of compromise interact with preferences to make cooperation successful.

Games that model information frictions (Barbera and Jackson, 2020; Dai and Yang, 2019,
Battaglini, 2017) are generally very concerned with the coordination problems that arise
because of diversity. Dai and Yang (2019) directly address the tension between joining a
coalition and staying independent when preferences are heterogeneous. They model a coor-
dination game in which an agent forgoes her independence when she joins an organization
that aggregates information and chooses the strategy of the agent with median preferences
within the organization. This fundamental trade-off between cost of compromise and
cost of fragmentation is very similar to the one I use in this paper. The main difference is
between their focus on information aggregation, and my focus on norms of compromise.
This shift away from information aggregation allows me to talk of a system of compromise
within organizations that could be separate from their system of information aggregation.
This distinction effects the results of the model where I find that cooperation emerges
only if the compromise policy is sufficiently sensitive to both extremes and moderates.
Information aggregation models on the other hand are generally looking for solutions to
cooperation by worrying solely about those who are at the extremes.



There are many ways to model social interaction or norms or culture 2. Norms of com-
promise in the present work are modeled as exogenously determined protocols used by
coalitions to arrive at compromise policy. They are slightly different from ‘norms’ under-
stood as outcomes reached in a repeated game succinctly reviewed in Bisin and Verdier
(2017). Instead, one can think of these norms as historically (or culturally) determined
rules of an underlying strategic game agents play to coordinate which compromise policy
is chosen by a coalition. This is akin to the concept of ‘core equilibrium beliefs” discussed
in Schofield (2006) in which it is hypothesized that ‘core equilibrium beliefs” determine
which game agents believe they are playing at a given point of time. A natural way to fit
the norms of compromise in the present paper to this literature is to endogenize these
norms by studying their evolution over time. This is a promising direction of further study
that is beyond the scope of this paper.

Lastly, these norms of compromise can also be interpreted as a class of preference ag-
gregators used in social choice theory. In the context of social choice theory, the class
of preference aggregators considered in the paper violate the assumption of neutrality>.
This is why the aggregators in question can be uniquely distinguished by a continuous
parameter and violate May’s theorem and Arrow’s theorem. Despite being in a world
of single peaked preferences these norms are not strategy-proof when there is imperfect
information *. To simplify the analysis I assume perfect information. While this is a strong

assumption it is not out of place given the motivation behind norms of compromise®.

3 Setup

This section is split in two parts major parts. The first part, subsection 3.1, defines and
investigates the properties of the class of norms of compromise considered. The second
part, subsection 3.2, describes the model for which these norms of compromise are applied.
I use the example of this model to show that norms of compromise and diversity work
together for cooperation to emerge.

Preferences

The model is a one stage game of complete information with a finite set of agents,
a € N ={1,..,N}. I consider cases where N > 2 to eliminate trivial cases. Agents have

2 Alesina and Giuliano (2005), Young (2015), Schofield (2006), Bisin and Verdier (2017), Gorodnienko
and Roland (2015): These papers conceive of norms, culture and social interaction very differently from
each other

3Also known as the Independence of Irrelevant Alternatives Axiom. These norms however satisfy other
axioms in Arrow’s theorem such as Anonymity and Weak Pareto Optimality.

4See Barbera et al. (1993) for discussion on which types of social choice functions are strategy-proof.

SFor example the equilibrium policy arrived at by playing contest games as modeled in Duggan and Gao
(2019) can also be interpreted in terms of social choice functions. These social choice functions will also not
be strategy-proof and require the assumption of perfect information for equilibrium to be reached. These
contest games give us the same compromise policies for a subclass of the norms of compromise considered
in the present work



Euclidean preferences over a single policy dimension with their ideal policy denoted by
V4 € R. In other words, if the distance between some policy y and y,, d,(v) = [y — v/, is
lesser than the distance between another policy y” and y, agent a prefers y over y’.

Without loss of generality I assume y; < ... <yy, and to avoid trivial solutions assume
y1 <yy. For the purposes of this analysis I modify the ideal policy space to x = % This

will not change the qualitative results of the paper and will simplify analysis of the effect
of the distribution of preferences. For the rest of the paper x, = 5;:3;11 will be referred to
as the preferred policy of «a, thus x; =0, xy =1 and x, € [0,1]. The set of ideal policies of

all agents, A = {xy,...,xy}, fully describes the distribution of preferences within a society.

3.1 Norms

‘Norms of compromise’ determine the proposed or ‘compromise’ policy of coalitions.
A norm of compromise is essentially a protocol used by a coalition to account for the
preferences of all agents in it and minimize the collective cost of compromise. In the
present work, a norm is a rule characterized by a number p € (0,1) which determines the
proposed policy of a coalition given the ideal policies of all the agents belonging to the
coalition. Consider a coalition C C NV containing m agents. Let A € [0,1]™ be the list or
distribution of ideal policies of all agents in C. Then the proposed policy or ‘compromise’
of the coalition C is given by:

=

fo(A) = argmin( )~ (da(x))" )] (1)

xeR
aeC

The distance from a proposed policy, d,(f?(A)), describes the cost of compromise that the
coalition C imposes on agent a. At x = fP(A) the socially determined cost of compromise
the coalition imposes on all its members of is minimized. This socially determined cost is
parametrized by p. Moderates of a coalition are defined as agents closest to the proposed
policy, fP(A), and extremists of a coalition are agents that are furthest from the policy
proposed®. We will see the exact relationship between p and the sensitivity to moderates
when we investigate the properties of the norms of compromise. An alternative way of
thinking about a norm of compromise, is that it is a measure of centrality given by p which
a coalition uses to choose its proposed policy’.

The solution of the optimization problem in (1) always exists and is unique ®, for p € (0,1).

%In the grand coalition, either 1 or N will be an extremist depending on which policy is chosen.

7 Another interpretation of p comes from the use of a constant elasticity of substitution objective function
in equation 1. One can think of this objective function as the cooperation compromise objective function, or
the specific way this coalition minimizes the cost of compromise of each agent. With this interpretation, p
determines of elasticity of substitution of costs of compromise of agents in the social compromise objective
function. The exact measure of elasticity of substitution of a moderate’s cost of compromise with respect to
an extremist’s cost of compromise is %. Note, when p = 0 the elasticity of substitution is 0 and when p — 1
then elasticity of substitution tends to arbitrarily large values.

8See appendix for all proofs.



This means ¥ p € (0,1), the function f? is well-defined for any distribution of preferences
A €[0,1]™. As this paper focuses only on policy proposals generated by the function f°,
dS(A) = d,(fP(A)) denotes distance of a’s preferred policy from the coalition’s proposed
policy fP(A) where A is the distribution of preferences and p is the norm of compromise.
To get a sense of how the proposed policy changes with p let us explore the following
example that has a closed form solution of f°.

Example 3.1. Let C be a coalition that uses the norm of compromise p. Suppose Va € C,
Xq € {x,v} with x <y. Let | denote the total number of agents with x, = x, and r = m —1 the
number of agents with x, =vy. Then,

Y —I<r

=

Figure 1: When r > | then fP(A) is strictly increasing. When r <[ then fP(A) is strictly
decreasing.

Figure 1 shows how ff changes if there are only two types of agents within a coalition.
We see that fP converges to (x +v)/2 as p — 0 whether [ > r or | <r. When r > [ then
f? increases as p increases converging to the median agent’s preferred policy, y. When
r <1 then fP decreases as p increases, finally converging to the median agent’s preferred
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policy, x. This example illustrates how dependent policy proposals are on the norm of
compromise and the distribution of preferences within a coalition. It follows that costs
of compromise imposed by the coalition on each agent also depends on this interaction
between norms of compromise and the distribution of preferences within a coalition.

Norms of compromise at p — 0

In the example above, at the limit values of p, one can see how the sensitivity of the
policy proposed changes from the median to the extremists. Even for a general distribu-
tion of preference this change in sensitivity is most stark at the limiting values of p.

maxx, + minx,

FO(A) = lim fP(A) = argminmaxd, (x) = 2 aes 2)
p—0 x aeC 2

Expression (2) states that when sensitivity to the cost of risk imposed by the coalition be-
comes arbitrarily large (or p — 0) the norms of compromise will only consider minimizing
the cost of risk of the extremes within a coalition. This is because these agents bear the
highest cost of compromise within the coalition from the compromise policy.

Norms of compromise at p — 1

When p =1 then the solution to (1) is no longer a function for all possible coalitions
in V. This is because the solution to (1) at p = 1 is the set of values in [0,1] that are a
median to the distribution of ideal points A. From here on out assume for the sake of
simplicity at p=1,

Xg m is odd; x, = med (A)

fia)= (3)

xa+xﬁ . . .
3 m is even; X,, Xg € med(A); a = f

where med(A) is a set of all median values in A. This means that at p = 1, either the
unique median ideal policy of agents in C is chosen or the midpoint of two distinct
median ideal policies in A is chosen by the coalition. These functional forms of ff at
the limits give us an idea of which norms are more sensitive to extremists and which
to moderates. When p is close to 0 then the compromise policy is more sensitive to the
preferences of the extremists relative to the moderates. At p = 0, the compromise pol-
icy ignores the moderates’ preferences; it depends only on the extremists. When p is
close to 1, the policy proposed is sensitive to preferences of the moderates relative to the
extremes. At p = 1, it ignores the extremists’ preferences; it only depends on the median(s).

Norms of compromise at p = 1/2
At p = 1/2, the compromise policy is simply mean of the ideal points of all the agents in a
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coalition. In other words,

Y %,
fra) ==, (4)

where m is the number of agents within coalition C. The norm of compromise represented
by p = 1/2 is very special. The compromise policy induced by the norm p = 1/2 is equally
sensitive to all members of a coalition. Additionally, under p > 1/2, the compromise
policy is sensitive to moderates and under p < 1/2 the compromise policy is sensitive to
extremists. This discussed in greater detail when we explore the properties of the norm.

Before we continue to a more detailed discussion on the sensitivity of a compromise
policy to extremists or moderates in the coalition, it is important to note that the policy
proposed by coalition need not be monotonic in p. Consider the following example:

Example 3.2. C C N has a distribution of preferences given by A =(0,0,2/5,2/5,1).

Here f1(A) = 2/5, f%(A) =9/25 < 2/5 and f°(A) = 1/2 > 2/5. The non-monotonicity is
shown on a schematic diagram in figure 2.

1/2 3

fF'

1
P

Figure 2: A schematic diagram of ff(A) as a function of % when A =(0,0,2/5,2/5,1)

In this example, the minimum value of ff, the proposed policy, is outside the range
[med(A),1/2]. It is possible to numerically see that the minimum value of f¥ is reached for
this distribution when p € (1/2,1). If one were to slightly change the median value in A, we
would find that when p € (0,1/2) as p increases, the compromise policy does not change
very much with the median value i.e. the compromise policy is not sensitive to preferences
close the median. On the other hand changing med(A) when p € (1/2,1), the compromise
policy is much more sensitive to preferences of the median. This already alludes to an
interesting property of the norm: increasing sensitivity of the policy proposed to the
moderate by increasing p is not equivalent to saying there is a monotonic change in the
policy proposed as p increases.
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3.1.1 Properties of the Norm

To better understand the effect of norms and the distribution of preferences on cooperation,
let us see how perturbations of preferences within a coalition affect policy proposals under
a norm. The following expression gives us the relationship between a social norm and the
preferences of an agent a.

Lemma 3.1. Let p € (0,1), and a € A C N with x, = x then,

d&’(A)l_"zp
ot ( | ) - (5)
ﬁgc(dﬁw)

Xq=X

The right hand side of expression (3.1) is an increasing function of df(A) for p < 1/2 and
an increasing function of df(A) for p > 1/2. Consequently for p < 1/2 is most sensitive
to the preference of the extremist (whose db(A) is largest) while for p > 1/2 it is most
sensitive to the preferences of the moderate (whose d5(A) is the smallest). In other words,
when p < 1/2, the extremes will affect the compromise policy the most. When p > 1/2, the
extremes will affect the compromise policy the least. Further, when p = 1/2, the right hand
side of expression (4) is independent of d(A) and hence of a. This means fP(A) is equally
sensitive to the preferences of all agents.

This sensitivity of a compromise or proposed policy to preferences is important in un-
derstanding the trade off for a. Sensitivity towards an agent’s preferences is defined as
follows:

Definition 3.1. Sensitivity of a proposed policy to an agent a’s preference at a given distribution

of preferences, A, within a coalition, is defined as '% and denoted by S,(p, A).

The following figure plots the sensitivity of policy proposed to a’s preference p, against
the distance of x, from fF to see how this sensitivity qualitatively changes for moderates
and extremes for different ranges of p.

11



Salp,A)

x;’s distance from proposed policy

Figure 3: Sensitivity of ff to a’s preference increases as x, is more distant from policy
proposed when p € (0,1/2)

Salp,A)

x;’s distance from proposed policy

Figure 4: Sensitivity of ff to a’s preferences decreases as x, is more distant from policy
proposed (p € (1/2,1))

To get into a better sense of how sensitivity changes for moderates and extremists, recall
moderates within a coalition are agents with ideal policies closest to the policy proposed,
and extremists within a coalition are agents with the ideal policy furthest away from
the policy proposed. Notationally, mod € C minimizes d,(ff(A)) Ya € C and ext € C
maximizes d,(fP(A)) Ya € C. Therefore, the relative sensitivity, given by

Smod(plA)
Sext(pfA) ’

increases as p increases. The elasticity of the ratio of the relative distances of the moderates
and the extreme with respect to the relative sensitivity of the policy proposed under a

12



given norm is given by

dmod (fP(A))
dext(fp(A)) _ p

Smod(p'A) B 1- 2p
Sext(prA)

% change in

€4,5 = :
% change in

Note, the absolute value of this elasticity is the lowest when p = 0. In the interval (1/2,1],
p =1 also has the lowest elasticity. This elasticity measures how responsive relative dis-
tances are to changes in relative sensitivity. This change in relative distances is precisely
what agents factor in when considering whether or not it is worthwhile to stay within the
grand coalition. In the next section a game of coalition formation is discussed which fully
describes the cost of an agent fragmenting from C. This will allow us to determine the
stability of a coalition once the notion of equilibrium is also defined.

One can think of norms of compromise, as defined above, as the pre-existing rules that
agents tacitly agree on when they join a coalition.This makes the proposed policy en-
dogenous to membership but exogenously constrained by the process of arriving at a
proposed policy encapsulated in the norm p. For example, if lobbyists come together
to form a coalition they may all choose a policy between them that depends on their
financial contributions. In this casethe compromise policy depends on the distribution of
preferences within the coalition but it also depends on the method of agreement: financial
contributions. This rule of agreement that uses financial contributions to determine policy
of a coalition would mean p is somewhere between 0 and 1/2, as shown in Duggan and
Gao (2019). Alternatively, the rules of agreement within the coalition may involve majority
voting; in this case p — 1; where the policy proposed tends to the median preferred policy.
This way, p acts as a representation of the underlying rules of compromise within a coali-
tion. This paper is silent about the strategic process through which the compromise policy
is arrived at. While a discussion of these micro-foundations of norms of compromise is
out of the scope of this paper, it is important to underscore that each norm of compromise
encapsulated by p can capture a special underlying exogenous social process through
which agreement is reached within a coalition.

3.2 Coalition Structure

An agent, a, has two choices: she can propose and back her most preferred policy, x,,
or she can back the policy of a coalition, C C N, that proposes z. This is essentially an
announcement game with two possible strategies: all players that announce 1 are part of
the coalition C and back its policy and all those that announce 0 are not part of C and
back their own policy. This is similar to the non-cooperative coalition game structure used
in Finus and McGinty (2019) and Yi (1997) where agents can join a coalition as long as
they adhere to the rules within the coalition. It is important to note that this paper focuses
solely on the stability of the grand coalition’.

?One can generalize the concept of equilibrium that emerges from this type of game structure to one in
which any coalition can block the grand coalition. For the purposes of exposition the discussion in the main
body of the paper restricts the equilibrium discussion to individual deviation from the grand coalition. The
proofs in the appendix solve for more general definitions of the stability of the grand coalition
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The probability a public policy, x € R, is implemented depends on the number of agents
backing x. This probability is denoted by p(b,, P) where b, is the number agents backing
policy x and P is the partition of the set of agents N. To determine the expected utility
of an agent the functional form of the utility of agent a when policy x is implemented is
given by:

u(x) = ~lxg = x|% = ~do (x)°. (6)

Here 0 > 1 captures the level of relative risk aversion of an agent '°. This means that an
increase in 6 will decrease the attractiveness of a gamble of policy positions with respect
to a safe policy position. One way to interpret O is the dislike agents have for uncertainty
of public policy implementation. This distaste for uncertainty about which public policy
is implemented would likely increase when there are sudden exogenous shocks like a
pandemic or war!!,

Finally, let us denote A € [0, l]N as the full distribution of ideal points of the agents
in V. The expected utility of an agent a for a given partition P that describes whether or
not agents choose to be in a coalition C under norm p is given by

EJ(AzP)= fpwxm)da(x)@ = —p(m, P)da(2) = Y p(LP)dalg)?  (7)

4 pes

where the expected utility of a depends on the distribution of preferences in society, A, the
policy proposed within the coalition, z and the partition P which generates the probability
distribution over the backed policies given by p(b,, P). Note that agents can join only one
coalition for more than two people. This assumption will allow us to clearly identify the
trade-off agents face when deciding to join or leave a coalition.

Given that z = fP(A) in this model, both the probability distribution and the proposed pol-
icy is determined by which agents choose to join the coalition. In fact, agent a’s expected
utility from a partition can be re-written as:

ES(A4,C) = —p(m, P)(@(A)® = ) p(1,P)(da(xp))’ (8)
peS

where the expected utility of an agent from a partition depends on the norm of compro-
mise!?, p, the members of the coalition, C, and the complete distribution of preferences in

the society .A. An agent chooses to join C if and only if IEg’Q(A, CuUla}) > lEg'Q(A, C) and

10As distance of a policy from the implemented policy increases the risky behavior decreases (increasing
absolute risk aversion of policy distance). The risky behavior with respect to the current distance of policy
remains constant (constant relative risk aversion of policy distance given by 0).

Consider again the related policy spaces y € R and x = nyf_y;] . The absolute risk aversion for an agent

a € N in both policy spaces is the same, and the relative risk aversion of an agent in the policy space
determined by y is given by H(yN y1)+ 1.
12Remember df(A) = d, (f°(A
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Cnia)=0".

The coalition structure C is said to be stable under p if and only if all agents in C prefer
to remain in C and all agents not in C prefer to stay outside of C given the norm of
compromise p. Formally, S is stable under A if and only if internal and external stability
are satisfied, where

Internal stability: IEz’G(C, A) > IEg’G(C_a,A), YaeC
External stability: EZ’(C,4) > EN’(CU{a}, A), Va e C

where C_, = {B}gecc.pza- Full cooperation is considered stable under p when the grand
coalition, C =V, is stable under p.

The formulation of this model may elicit more than one equilibrium but for the pur-
poses of this paper we will focus our attention to the case when full cooperation is stable.
The next section discusses the cost of fragmenting from this grand coalition.

3.3 Cost of fragmentation

Stability of the grand coalition depends on agents’ trade-off between compromising by
staying in the grand coalition and increasing their risk by leaving it. This trade-off is
encapsulated by the cost of fragmentation given by the expression

RY?(A) = podf(A_y) - dS(A) (9)

where p = p(N - 1,({N_,,{a})) and A_, denotes the distribution of preferences of agents in

N_,. The cost of leaving the grand coalition is given by p%dg(A_a) which depends on how
far away the fragmented coalition’s proposed policy will be from a’s preferred policy, and
on the probability that that policy is chosen. The cost of staying in it is given by the cost of
compromise df(A). The cost of fragmentation is essentially the cost of leaving normalized

by the cost of compromise under p. When the cost of fragmentation RQ’;G(A), is negative
agent a will fragment the grand coalition by leaving it, and when cost of fragmentation
is positive a will not. Therefore, when the cost of fragmentation is non-negative Ya € N/
then full cooperation is stable, otherwise there exists at least one agent that prefers to
fragment the grand coalition by leaving it.

The riskiness of leaving the grand coalition increases with pédg(/l_a) and decreases
with df(A) for a. Conversely, the willingness to leave the grand coalition increases in
the cost of compromise, d5(A), and decreases with p%dg(fl_a) for a. If dS(A_,) = d5(A)
then agent a has no incentive to stay in the coalition. On the other hand, if p = 1 then
full-cooperation is always stable since leaving the coalition always creates more risk for
any agent « since db(A_,) > db(A) for pe(0,1).

13If an agent is indifferent between joining a coalition and being independent, it is assumed she joins the
coalition.
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4 Results

The first relationship established is between risk aversion and the stability of the grand
coalition. Stability of the grand coalition is achieved when creating divisions becomes
very costly for the agents, or cost of fragmentation is very high. The most straight forward
way that these costs rise is when risk aversion, 0, increases. Risk aversion captures an
agent’s aversion to political uncertainty created by divisions along a specific public pol-
icy dimension. For example, educated people who may be risk averse to income losses
(Jung, 2015) would also be more risk averse about public infrastructure being allocated
away from their preferences. This could be an alternate explanation as to why there is co-
operation between diverse social groups within college campuses (Dahlum and Wig, 2017).

The first lemma states the relationship between risk aversion and cost of risk for an
agent a. The larger the risk aversion to divisions, the more attractive a safe option offered
by the grand coalition becomes for an agent.

Lemma 4.1. Fix p € (0,1) and distribution of preferences A, then 30%(A) > 1 such that
VO > 05(A)andV ie N

R%%(4)>0 (10)

Lemma 4.1 states that, under a fixed norm, for every a there exists a threshold of risk
aversion that makes the grand coalition more attractive than any other partition. As there
are a finite number of agents, there must exist a maximum threshold level of risk aversion.
Any risk aversion larger than this maximum threshold of risk aversion makes the grand
coalition attractive for all agents in the population. This leads us to the first proposition.

Proposition 4.1. Fix p € (0,1), then 36°(A) > 1 such that Y6 > 6P (A) the grand coalition is
stable.

For large enough risk aversion, under a norm p, the grand coalition is the most preferred
partition for any agent in A. It is important to note, that for low 0 the grand coalition
need not be either stable nor efficient under a specific norm. Proposition 4.1 merely states
that high enough risk aversion overrides the instability of grand coalition for a given norm.
This relationship between 6 and p is illustrated in figure ??. The shaded region represents
the 0,p combinations where full cooperation is stable. Outside the shaded region risk
aversion is not high enough to induce cooperation for a given p and 6.

16



0 > 6°

P

Figure 5: A schematic diagram for when full-cooperation emerges for a given level of
risk-aversion and norms of compromise. Full cooperation is possible in shaded region.

Proposition 4.1 alludes to the fact that when risk-aversion is high enough, the distribution
of preferences do not matter. Therefore, when risk aversion is high enough there is no
relationship of diversity of preferences and norms of compromise. This result is here so
that when we begin exploring the relationship between norms of compromise, distribution
of preferences and cooperation it is clear that the societies investigated has low enough risk
aversion, 0 so that variation is possible. The next two sections that explore this relationship
with this clear assumption that risk aversion is low.

4.1 Polarization and Norms of Compromise

In this section, how effectively norms of compromise enable cooperation when agents’ pol-
icy preferences polarize. For simplicity the analysis is restricted to symmetric distribution
of preferences. The results show that norms of compromise that enable cooperation within
a polarized society may not enable compromise within an unpolarized society and vice
versa. Before defining what polarization is let us consider an example by comparing two
societies with different levels of polarization. One society is fully polarized, i.e. agents
only have preferences for extreme policies. The other society is ‘minimally’ polarized,
i.e. all agents are concentrated in the middle of the spectrum except agents 1 and N who
have preferred policies at 0 and 1 respectively. For the same norm, agents in a polarized
society have different costs of fragmentation than agents in an unpolarized society. This is
true even for extremists whose positions do not change. When norms are too sensitive to
moderates, p close to 1, then extremes have low costs of fragmentation in an unpolarized
society. This is because these norms substitute the extreme agents’ preferences with the
moderate agents’ preferences when reaching a norm of compromise, making the costs of
fragmentation low for the extremes.

Example 4.1. Let 0 ~ 1, consider A which is symmetric such that Va € N\{1,N} x, = 1/2 and
N >4.
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This example describes a minimally polarized or maximally homogeneous society where
all agents except 1 and N are have their preferred policies at the mid-point of the policy
spectrum,x = 1/2. In this example, clearly, all moderates, agents with preferred policy, 1/2,
will be indifferent between staying and leaving the coalition. The threat of fragmentation
comes from the extremists. Extremist agents face very small costs of fragmentation when
p is close to 1 because policy proposed by the fragmented coalition, fP(A_y), is very close
to policy proposed by the grand coalition, ff(.A). The reason policy proposed by coalition
does not change much when it is fragmented by the extremists is because for high p
the proposed policy is most sensitive to moderates all of whom are concentrated at 1/2.
Alternatively, when p is low fP(.A) is very sensitive to the extreme positions. If an extremist
leaves the coalition, this makes the policy proposed by the fragmented coalition risky as
the new policy proposed will get closer to the other extremist. This new risky proposition
will raise the cost of fragmentation high enough that neither extreme will be willing to
leave the grand coalition.

Example 4.2. Fix 0, consider A which is symmetric such thatVa € N, x, €{0,1}. Let I be the
number of agents with ideal point x,. If | = N —1, 3¢ such that Vp > ¢ the grand coalition is
stable and ¥ p < p the grand coalition is not stable.

This example describes a society in which is ‘maximally’ or fully polarized i.e. agents
either have their preferred policy at 0 or 1. When | = N -, the grand coalition has a
symmetric distribution of preferences where all agents have median preferences. If N
fragments from the grand coalition then agents with preferences at 0 will become the
new medians of the fragmented coalition and if 1 fragments from the grand coalition
then agents with preferences at 1 become the median. Unlike the previous example, if
an extremist fragments from the grand coalition the agents at the other end of the po-
litical spectrum become moderates in the new fragmented coalition. Therefore, the risk
of fragmentation for an extremist is highest when norms of compromise are sensitive to
moderates (p close to 1) as policy proposed by the fragmented group will be much further
away from the extremist than if she stays in the grand coalition.

This incentive to stay in the grand coalition gets reversed for very low p when the proposed
policy is more sensitive to extreme preferences relative to the moderates. The proposed
policy of the fragmented coalition will not change much from the policy proposed in the
grand coalition because everyone in the society is an extremist. As cost of fragmentation
is be small in a maximally polarized society full cooperation breaks down. Already with
these examples we can see how the same norms of compromise have opposing effects on
cooperation for starkly different levels of polarization in a society. Let us investigate a
more general result about this relationship between polarization and norms by giving a
formal definition of polarization.

Given a symmetric distribution of preferences, polarization is defined as a symmetric
change in the preferred policy of agents towards extreme positions.

Definition 4.1. Consider a symmetric distribution A = (x4)qen € [0,1]N. A is symmetrically
polarized to another symmetric distribution of preferences A’ € RN if and only ifv=A"- A'is
also symmetric and v, < 0 if x, <1/2 and v, > 0 if x, > 1/2.
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Here ||v|| tells us the magnitude of polarization.The following proposition illustrates the
effect of polarization on cooperation depends on the norms of compromise. When norms
are sensitive to the moderates, p > 1/2, then the willingness to be part of a coalition
increases with polarization for agents who are not polarized. However, when norms are
sensitive to extremes, p < 1/2 then the willingness to be part of a coalition decreases with
polarization for agents who are not polarized.

Proposition 4.2. Consider a symmetric distribution of preferences given by A that is symmet-
rically polarized to A’ withv = A’— A. Let p € N be such that vg = 0.Then,

s p<1/2,

v.VRZ’e <0

In words, if full cooperation is not stable to deviations from p at A under p then full
cooperation is not stable to deviations from p at A’ under p. increases.

c p>1/2,

v.VRg’e >0

In words, if full cooperation is not stable to deviations from p at A" under p then full
cooperation is not stable to deviations from p at A under p.

where VRy is the partial of the cost of fragmentation of p with respect to the distribution of
preferences A.

Proposition (4.2) states that for agents that are not getting polarized, polarization of
preferences makes the grand coalition less attractive under norms that are more sensitive
to the extremists. Therefore, polarization is ‘destabilizing’ for full cooperation when
p € (0,1/2). Conversely, under norms that are more sensitive to moderates, polarization
makes full cooperation more attractive to those who are not getting polarized. In other
words, polarization is more ‘stabilizing’ to full cooperation when p € (1/2,1).

The intuition lies in how sensitivity towards extremes and moderates play into the cost
of fragmentation. A fragmented coalition’s proposed policy is always further away from
the agent who fragments away from the grand coalition. In a symmetric distribution,
fragmentation of the grand coalition by some a € NV results in agents at the opposite side
of the political spectrum (other side of x = 1/2) to become moderates in the fragmented
coalition and agents on the same side of the political spectrum of a closer to the extremist.
This means, when p € (0,1/2), extremists of the fragmented coalition pull policies closer
to them. If an agent who is not polarized leaves the grand coalition, polarization brings
the proposed policy closer to them than it did before. This results in a lowering of a cost
of fragmentation and a decreasing willingness to cooperate. Conversely, when p € (1/2,1)
policy proposed is sensitive to moderates. This means the policy proposed is pulled in the
direction of the new moderates in the fragmented coalition. With this, cost of fragmenta-
tion goes up and agents have a greater willingness to stay in the grand coalition.

The following example illustrates the power of this result. It shows when the grand

coalition can be vulnerable to fragmentation from extremists, and when it can be vulnera-
ble to fragmentation from moderates.
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Example 4.3. Consider a symmetric distribution of preferences given by A(y) where x, €
0,(1-v),(v),1 for an even number of agents in a population. Let the number of agents with
Xo ={(1 —v) or x, =y be the same and equal to m = (N/2 —2). Further, assume that p > %

 For extremist agents, a € {0, N},
m fix p€(0,1/2), Ay, ,,(p) € (0,1) such that,

Yy <v..(p), full-cooperation is stable to deviations from extremists.
Yy > v, . (p), full-cooperation is not stable to deviations from extremists.
m fix p<(1/2,1), Ay;3(p) € (0,1) such that,

*%

Yy > vo2(p), full-cooperation is stable to deviations from extremists.
Yy <v.(p), full-cooperation is not stable to deviations from extremists.

* For moderate agents a € N'\{1,N},
m Jp € (0,1/2) such that Vp < p Ay, .(p) € (0,1) such that

Yy >y (p), full-cooperation is stable to deviations from moderates
Yy >y (p), full-cooperation is not stable to deviations from moderates

m p< 1/2 such that if p > 0 Yy e(0,1)
full-cooperation is stable to deviations from moderates.

This result is illustrated in figure ??. When polarization is high and p is low moderates
will leave the grand coalition. At high polarization, moderates do not have much to lose
from fragmentation as norms of compromise are very sensitive to extremes that remain in
the coalition. As moderates are themselves close to extremes fragmentation is no longer
as costly. When norms of compromise are sensitive to moderates, p > 1/2, polarized
moderates will always find fragmentation costly. As long as moderates stay in the grand
coalition agents of both sides of the political spectrum are moderates within the grand
coalition. Any fragmentation of the grand coalition by moderates of one side of the po-
litical spectrum will result in agents on the other side of the political spectrum become
the sole moderates in the fragmented coalition. When p > 1/2, this creates bigger risks of
fragmentation for moderates. Therefore, the willingness of moderates to cooperate always
increases as polarization increases. when p > 1/2.
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Figure 6: Schematic diagram of the relationship between polarization and norms of
compromise

For extremists the intuition for staying or leaving a coalition is very similar. When po-
larization increases and norms of compromise become more sensitive to the extremes,
extremists find it costlier to fragment. This is why when polarization is high enough ex-
tremists do not fragment from the grand coalition. In contrast, when polarization increases
and norms of compromise are more sensitive to extremes (p < 1/2 ), the incentive to stay
in the grand coalition decreases. When p < 1/2, the extremists within the fragmented
coalition are closer to the extremes. When an extremist of the grand coalition fragments it,
the fragmented coalition’s proposed policy is most sensitive to its extremists which are
close to the extremists of the grand coalition. Therefore, fragmentation for the extremists
becomes less costly as polarization of the moderates increases. This is why for sufficiently
large polarzation extremists are no longer willing to be part of the grand coalition.

The examples in this section show that the same distribution of preferences may not
support full cooperation because norms of compromise may decrease. This may explain
why countries in the Arab spring saw such many types of protests. Some protests were
fragmented like Libya and Yemen where moderates within the protesting group were
fragmented into extremists and moderates. Some were more cohesive protests like Tunisa
and Egypt which had a a single coalition of protesters that were able to get to the point of
drafting constitutions after overthrowing the dictatorship government. These differences
in the character of protests may have come from the differences in the way norms of
compromise work in these societies. People in Yemen and Libya are have stronger tribal
ties (Khan and Mezran (2013), Holm (2013)) and so compromise between these tribal
groups may involve a contest game with lower p.
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polarization/norms axis

A natural question to ask is which norms enable cooperation independent of polarization.
This is discussed in the next section.

Proposition 4.3. Let p > % then, YO > 1 full cooperation is always stable under p = 1/2.
For 6 = 2, p = 1/2 does not propose the most efficient policy in the garnd coalition, but
under the norm p = 1/2 induces the most efficient partition it can, which is the grand
coalition. Thus, p = 1/2 is able to make agents sufficiently internalize the costs of risk and
compromise so that the most efficient partition under the norm is stable to deviations.

The relationship of norms and diversity of preferences studied through polarization
has been by comparing symmetric distributions. However, it is worth considering what
happens when symmetric distributions skew towards one extreme position because the
change of preferences of the moderate. In the next section, we will see how the willingness
to cooperate of the extremist changes for different types of norms when moderates change
their preferences towards them.

4.2 Effect of radicalization of moderates on extremes

Even small changes to the moderates preferred policy position has significant implications
on the cost of fragmentation for extremes. Consider a distribution given by .4 which is
symmetric and 1/2 = x, € A. Then, for p < 1/2, the effect of a distortion of a’s ideal point
makes the grand coalition more attractive to the agent who is furthest away from the
distortion. Where as, for p > 1/2, the agent who is in the same direction of the distortion is
finds the grand coalition more attractive.

Proposition 4.4. Let p € (1/2,1) and A be the distribution of preferences such that da € N
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where x, = fP(A). Then

IRY (P)
o >0 (11)
x=f*
(12)

In words, if at A the grand coalition is stable to deviations from N under N, then when a
moderate shifts her preferences towards N the grand coalition will still be stable to deviations
from N under p.

The intuition behind proposition 4.4 comes from the sensitivity of norms of compromise
towards moderates. When p > 1/2 the proposed policy is sensitive to the moderate’s
position. This means when a distribution is skewed towards xy = 1, agent N’s influence
within the grand coalition will increase relative to its influence on a fragmented partition.
This makes the grand coalition more attractive to this extreme, in other words the cost of
fragmentation increases with this perturbation. A similar argument can be made to agent
1I’s willingness to stay in the grand coalition when the moderate’s preferred policy comes
closer to hers.

Proposition 4.5. Let p € (0,1/2) and A be the distribution of preferences. If x, = fP(A) then

IR (P)

. <0 (13)

xa:fp

In words, if at A the grand coalition is not stable to deviatitions from N under p, then when
moderate shifts her preferences towards N the grand coalition will still not be stable to deviations
from N under p.

The intuition behind proposition 4.5 given by the sensitivity of norms towards the ex-
tremes. When p < 1/2, policy proposals are most sensitive to the extremes. Therefore,
when distribution is skewed toward an extreme the influence of the extreme is diminished
within the grand coalition compared to a fragmented partition. This is why, even when the
distribution of preferences is skewed toward an extreme, the grand coalition becomes less
attractive for that extreme when p < 1/2. This could explain when the Black Lives Matter
movement gained momentum and moderates were changing their positions towards more
police regulation, many in the black lives movement took the conversation further extreme
to demand for ‘defunding the police’ creating fissures within the movement.

Proposition 4.5 and 4.4 illustrate that skewness of a distribution of preferences may
affect the cost of fragmentation very differently for different social norms of decision
making. Thus, the effect of moderates moving closer to the extremes on the stability of
cooperation may entirely depend on what norms of compromise are employed within the
coalition. We are agnostic as to which norms are better or worse.
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5 Conclusion

This paper provides a theoretical framework to explore the combined effect of norms of
compromise and distribution of preferences on the emergence of cooperation. Full cooper-
ation under a norm for a given distribution emerges when the grand coalition is stable
to individual deviations under a norm. I find that high risk aversion end up stabilizing
the grand coalition for a given norm and preference distribution. Importantly, when risk
aversion is low enough, the norms of compromise play a crucial role in explaining whether
or not polarization will enable cooperation. It is also important whether the radicalization
of the moderate makes the extremist more willing to stay in the coalition. The key driving
force of these results is the sensitivity a norm of compromise has towards a moderate with
respect to the extreme. When the norm is more sensitive to moderates then polarization is
stabilizes the grand coalition whereas when it is more sensitive to extremists polarization
is ‘destabilizes’ the grand coalition.

Further work would include extending the model to multiple dimensions, which would
strengthen the generality of these results. Another important aspect to explore would be
the effect of the position of the status quo on cooperation. This model has abstracted away
from the status quo in order to focus solely on the relationship between cooperation and
social norms. Once status quo is included to the model, the political process that chooses
policy proposals will become important in determining cooperation. Introducing a status
quo will allow us to look at cooperation across an entire society as opposed to a group of
individuals already opposed to the status quo. This might allow for analysis on the more
general question of when revolution and counter revolutions emerge.

In the real world, change of risk aversion to public good provision probably comes hand
in hand with changes in social norms. This would make studying the partial effect of
norms on cooperation difficult. For example, the BLM movement happened after a large
change in life style but also saw a large shock on income for many citizens. The change in
lifestyle of staying home and shock in income were probably highly correlated. However,
it may be possible to study one hypothesis of the model in the data: the positive effect of
risk aversion to public good provision on collective action. In the case of the US, the two
of the largest movements in the past two centuries (the Civil Rights movement and the
BLM movement) have occurred either during war or a pandemic. It would be worthwhile
investigating time-series data for changing risk aversion and its affect on collective action
for which this model has clear predictions. To the best of my knowledge, the literature on
link between risk aversion the fragmentation of protests is scarce.
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Appendix

A Norms of Compromise

A.1 Existence and uniqueness of the compromise policy

Denote C € N and m is the number of agents in C. Let A be the list of ideal policy positions
of agents in C.

Lemma A.1. Let p € (0,1). Define G : R" — R,

1
GP(AX)= ) (dalw)’ (14)
aeC
then GP(A,.) is strictly convex in x.
Proof. For p € (0,1), G,(A4,.) is differentiable function of x.
1 1-1dd,(x)
DIGP(A,x)==) (du(x)) —2= (15)
0 L;C«( . ) ox
Since azg;:z(x) [d;/p_l] =0
1-p 1200d,(x)\?
D2GP(A,x):( ) d,(x))° ( a ) >0 (16)
p2 L;,l( a ) ox
|
Lemma A.2. Fix A €[0,1]I and let p € (0,1). Consider the optimization problem
min GP(A, x) (17)

Then policy proposal of C C N, generated by f° : [0,1]! = R as defined in (1) is uniquely
defined, always exists and solves (17). Specifically,

DGP(A, fP(A)=0 (18)
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Proof. Since objective function in (1) is a strictly increasing function in the value of G, if
solution to (17) exists then solution to optimizing problem in (1) exists. Furthermore, any
solution of (17) is a solution to (1).

Since GP(A',.) is a strictly convex differentiable function, if x* € R solves (17) then
D'GP(A,x*) = 0.

To show x* exists: Let x < xq, then D'GP(A, x) < 0 since % <0V aeC. Let x > xp,
then D'GP(A, x) > 0 since % >0VY aeC.Sinceatpe(0,1), D!GP(A,x) is continuously
differentiable on R, by intermediate value theorem 3 x* € [x1, xy] such that D! GP(A, x*) = 0.
As GP(A, x) is strictly convex in x, x* is a unique solution to (17) and (1). This implies, f*
is well defined function and D!GP(A, fP(A?)) = 0. [

A.2 Examples of norms in section 3.1

Solving for f¥ when p — 0 Consider d,(x) = mﬁax dg(x).

1\ dg(x) 7 \p
dg(x)? | =dg(x) (19)
(,; b2 (ﬁec i )
) L\P P
(lim > dper | =t )~ 1) (20)
peC {B:dp(x)=d.}
= fl)iir(l)fp(A) = argr)?eiﬂralréleag(dﬁ(x) (21)
) rppei(r:lxﬁ +ré1€a8<x/3 o
- 2

Solving for f? when p — 1
Gl (Ax)= ) da(x)
aeC

G! is convex but may Guess that solution to 17 is the median.
Case 1: Suppose N is even and we have two distinct medians, x* < x™. In this case, then
GP(A, x) is differentiable at x € (x*, x*+), then from our first order condition we get

Z 1- Z 1=0 (23)

aeCix, <x* aeCix,>x*

Thus, any x € (x*,x™) a solution to minimizing G'(A,x) = ¥ d,(x).
aeC
Case 2: Suppose the median, x7, is unique.

Let L ={feC:xp>x"}, [ ={ € C:xp<x7}
and I_ = {f e C:xg=x"}.
For x < x*, our first order condition is :
JGYHA, x
28 -1l <0 (24
X
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For x < x*, our first order condition is:
JdGl (A, x)
ox

Thus, x* must be the minimizer of G!.

= [L|+ 1| =I5 > 0

Solving for f¥ when p =1/2
At p =1/2 we have

D'GP(A fP(A)=- )
{aeCix,>fP(A)}
- ) Ea AN+ ) (fP(A)=xa) =0
{a€Cx,>fP(A)) {aeCix,<fP(A))
mfP(A)=) x,
aeC
Y %
__aeC
fea)="=-

A.3 Properties of norms of compromise (3.1.1)
A.3.1 Proof of Lemma 3.1

Lemma A.3. Let p € (0,1), and a € C C N with x, = x then,

If,(A) ) (dS(A))lpzp
ax“ Xg=X B p 1_Pzp
ﬁgc(dﬁ (A)) Xq=x

Proof. Let x, > fP(A)
Differentiating both sides w.r.t x, we get:

1-p\afP(A 1o 1 1o 9fe(A)
(L0205 (g - (0) -2
{xp<fPa): pec;}
IfP(A) (dg(z‘\))é_2
e L ()T

Similar proof for x, < fP(A).

29

(25)

(xo = fO(A) ! +

)

{aeC:x,<fP(A)}
(26)
(27)

(28)

(fP(A

(29)

(31)



A.3.2 Proof related to example 3.1

Proof. Given m number of ideal points with x and m — I number of of ideal points p in any
coalition C; C NV from (A.2) we get:

LUFO(A) =) 7 = (m =Dy - fP(A)) 7 (34)
[
1\
1 Gl R
fP(A) = ( ) — (35)
1+ (mT‘l)l‘P
So, for [ >m—1, ff is decreasing in p and for I <m—1, fP is increasing p. Also, for [ > m—1,
lirr}fP(A) =x;and for [ <m -1, lin}fp(A) =7. lir%fP(A) =1/2. [
p— p— p—

B Stability of the Grand Coalition

For a more general proof of stability we allow for a coalition C; € N to block the policy
proposed by the grand coalition under norm of compromise p. We say C; is a blocking
coalition of N under p if and only if

p(m;, Pug(fP(Aj) + p(mj, Pua(fP(Aj) > ua(fP(A))  Yae(;

where m; = |Cy| and Ay is the vector of ideal point in coalition Cj for k € {i,j}, and
Ci = N\C]

Stricter Stability condition A grand coalition is strictly stable under p if there does
not exists a blocking coalition C C N of N under p.

Note, if the grand coalition is strictly stable under p then it is also internally stable
as defined in the main body of the paper.

For the rest of the proofs in the appendix we use this more general definition of sta-
bility to prove our results.

We denote CE’(P) = (p(m;, P)d (FP(A;))0 + p(m;, P)d,( fp(Aj))G)é, where CE??(P) is the
certainty equilavent distance of a from the gamble of policy proposed generated by the

partition P.

For the purposes of these proofs, cost of fragmentation is redefined for coalitional separa-
tion.

RY°(P) = CER’(P) - d(N) (36)

The grand coalition is stable if and only if Rg’G(P) > 0.
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B.1 Risk Aversion

Lemma B.1. Fix p € (0,1) and N, then RZQ increases with 6.
Proof. Let p; be the probability that g = f?(A;) under norm p.

. . L 0\9 . o 0
Since (xInx) is a convex function in x and (CEg ) is a convex combination of {(dg (AZ-)) } ,
C;eP

we have:
gty L pi(d2(4)) 1n(df(a))" - (CES(P)) n(CES (P))
2 \P) _ GeP . >0 (37)
90 0(CES’ (P))?
By definition
RO’ (P) = CES?(P) - d%(A ) (38)
R Py ace’(p)
0 - a0 (39)
|

B.1.1 Proof of Lemma 4.1
Lemma B.2. Given A, let P € TI(N) such that IEZQ(P) #Eg(N,p0) for p € A. Then AC; € P
such that dlg(Ai) > dg(/\/').
Proof. We know from (A.2)
14 1
Y () = (d5(A))° (40)

{xa<fP(A): aeN} {xa>fP(A): aeN}

Case 1: x, < fP(Xn)
1f B2 (P) = BV (N) then 3C; € P

Y (deyts Y (dw) (41)

{xa<fP(A): aeC;} {xa>fP(A): aeC;}
= fP(A;) > fP(A) (42)
— dg(AZ-) > d/g’(A) (43)

Case 2: xg > fP(Xy)
1f ES’(P) = B (N) then 3C; € P

Yoy < Y () m

{xa<fP(A): aeC;) {xa>fP(A): aeC;)
= fP(A;) < fP(A) (45)
— dg(Ai) > dg(A) (46)
|
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Lemma 4.1 Fix p € (0,1), then 365 > 1 such that VO > 65 and Vie N

Rip(P) >0 (47)

Proof. Let C; = arg max d%(A;) and p; denote the probability that g = fP(A;).
i€

1

CEE’(P)=| Y pi(dian)’ (48)
aeC;
1 (@)Y
=d}/(4))(p;)? 1+0;P_;[d§(A;)] (49)

Thus, lim CE(P) = df (4)).
Since CEgQ(P) is strictly increasing in 6 (from inequality (37)) and d]P(Aj) > d]-p(A) (from
(B.2)), by the intermediate value theorem we know 365(P) > 1 such that CE,@Q(P) =

d.p(Aj) > d¥(A). Since N is finite, 6% = max 6 is well defined. [
J Pell(N)

B.1.2 Proof of Proposition 4.1

Proof. Using lemma 4.1 we know for some Ya € N/ 36% > 1 such that YO > 6, RZQ > 0.

Since A is finite, 6° = max 6% is well defined. [
aeX

B.2 Polarization and Norms
B.2.1 Proof related to example 4.2

Proof. Consider cost of fragmentation for the members of the possible blocking coalitions
that induces partition P:
Case 1: C; € P such that Va € C;, x, = 1:

R (P) = CEY (P)-a¥ (A) (50)
0
N —m; 1 1\?
I+ (N/Z—mi ) -

We know from proof (A.3.2) as 3 p >1/2 such that Yp > p, RJP\,G(P) <0;
and 3 p < 1/2 such that Vp < p, RIP\IG(P) <0.
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Case 2: C; € P such that Ya € C;, x, = 0:

R(P) = CE?’(P)-d"°(A) (52)
0
N —m; 1 1\?
- N 4 N/2 = _(E) (53)
T
1+( N/2 ) ’

We know from proof (A.3.2) as 3 p > 1/2 such that Yp > p, R?G(P) <0;
and 3 p< 1/2 such that Vp < g, Rfe(P) > 0.

B.2.2 Proof related to example 4.1

Consider cost of fragmentation for the members of the possible blocking coalitions that
induces partition P:
Case 1: C; € P such that Va € C;, x, = 1:

R(P) = CEY’ (P)-a"(A) (54)
o 0
1 \To
1+(x2) "

We know from proof (A.3.2) as 3 p> 1/2 such that Vp > 0 R%Q(P) < 0;

and 3 p < 1/2 such that Vp < p, Ri,e(P) > 0.
Case 2: C; € P such that Va € C;, x, = 1:

RY(P) = CEY (P) - d¥ (A) (56)
0
N-1 0.5 1\?
N1 | -2 (57)

We know from proof (A.3.2) as 3 p< 1/2 such that Vp > 0, RZP\IG(P) <0;
and 4 p > 1/2 such that Vp < g, R%G(P) > 0.

B.2.3 Proof of Proposition 4.2

This proof uses the weaker definition of stability where we consider deviations by single
agents. That is cost of fragmentation considered is

RO (A) = pYOdf(A_y) - df(A)
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Proof.

RO (A) = p1Odf(A_y) - df(A) (58)
Since f is not getting polarized itself (59)
po P P
_ IR A 245 A) 9f 7 Ay)  0%A) opeA) (60)
0x, IfP(A_g)  Ix, dfP(A) dx,
adp Ag) IfP(Ag)  dd5(A) ofe
p -p) _ 2%\ 9fP(A)
v. VR (A4) = (61)
p (A ﬁZN r|P” apr 0 ox,  9fe(A) ox,
ad" Ag IfP(A dd" (A) IfP(A
_ p 9IfP(A)
=p 8fP (A, Z Yo ape) L ax, (62)
yeN
Since v is symmetric and A is symmetric (63)
afP(A
Z yJ;T =0 (64)
yeN
Since v is symmetric, denote the set of polarized individuals as 7t
and denote pol—,pol+ € 1, where vy, = —Vpo1- > 0
Yo, LAy () SfAy) o
yeN pol+em ! axPOH axp()l_
12 1-2

(dpy (Ap) 7 = (dp, (Ag)

=) v T (66)
pol+em Y (d (./4_/3))
YEN_o

Case 1: x> fP(A)=1/2

adg(A_ﬁ) ) adg(A_ﬁ)

= <0
axpol+ axpol—

and

dP

pol+(A_ﬁ) > dp

pol_(A) VY pol+emand ¥V pe(0,1) (67)

Then using expression 66, If p > 1/2 we get v.VRZ'Q >0
Then using expression 66, if p < 1/2 we get v.VRZ’G <0
Case 2: xp < fP(A)=1/2

adg(A_ﬁ) B adg(A_ﬁ)

= >0
axpol+ axpol—
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dp

pol+(A—ﬂ) < dp

pol—('A) ¥V pol+emand ¥V p€(0,1) (68)

Then using expression 66, If p > 1/2 we get v.VRg'e >0
Then using expression 66, if p <1/2 we get v.VRg'Q <0 ]

B.2.4 Proof relating to example 4.3

Proof. We know from lemma 4.2 for extremists:

0
If p < 1/2 91;5 (A)<0and

0
Ifp>1/2 %(A) > 0. From example(4.2) we know that for maximum polarization (y = 1)

dp such that Vp <p Rﬂe <0.

Also from example (4.1) we know that for minimum polarization (y = 1/2) 3p such that

Vp<p, RY > 0.

Since R is a continuously decreasing function in y when p <1/2, 3 ™ such that Vy <y™

extremist would prefer to stay in grand coalition.

Similarly,

From example(4.2) we know that for maximum polarization (y = 1) dp such that Vp >p
p0

R, >0.

Also from example (??) we know that for minimum polarization (y = 1/2), 3p such that

Vo> p, RY <.

Since R is a continuously increasing function in y when p > 1/2, 3 y* such that Yy > y*

would prefer to stay in the grand coalition.

For moderates:
Let r be the number of polarized individuals, then using result in lemma 3.1
Case 1: For xg = 1 —y we have,

DFP(ALy) (AT (r )] (Ap) T )
% Y (A T
yeN_

Case 1.1 For p > 1/2 we have,
RE"(A) = p0d(A_p) - d(A) (70)

IR’ (A
—gy( ):p“"(%ﬂ)—(ml) (71)
>¥(%—{:)—%>0 ifp>1/2 (72)

So p would not want to leave grand coalition for p > 1/2 as polarization would increase
costs.
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Case 1.2 For p < 1/2:

0 1-2 ﬂ
ORG (A) | rdy(Ap) P —(r= DA 73
ay =p 0 1-2p
Y (dy(Ap)) °
yE/\/,ﬁ
P Lo o 2P 2o
el 2rdy(Ap)) P+ (di(Ap)) P +(dy(Ag)) P 1 (74
_p 0 1-2p ( )
Y (dy(Ap)) *
)/EN,ﬁ
0 2 2 1-2
. .| 2r(dy(Ap)) 7 +(di(Ap)) ¢ +(dy(Ap)) ? .
Since 111’1’(1) = -1 monotonically
b Y (dy(Ap)
)/EN_I;
(75)
3 p such that Vp < rho (76)
IR (A)
p
% <0 (77)

Therefore, fixing some p < g, given examples (4.1) and (4.2) there must be some y’ . such
that Vy <y’ ., right leaning moderates will want to leave.

Case 2: For xg =y we have,

DFPALy)  (r= DA T —r(df_ (A T -
% Y (@A) T
YEN 5
Case 2.1 For p > 1/2 we have:
RE7(A) = p0d(A_g) - d(A) (79)
IR (A) IfP(A_g)
B _ .1/0 -
N-1( 9dff(Ap)\ 1
s
if p>1/2, then (—af%j_ﬁ))>1/(N—1) (82)
IR’ (A)
— 750 (83)

Y
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So p would not want to leave grand coalition for p > 1/2 as polarization would increase
costs.
Case 2.2 For p < 1/2:

IR (A) (@A) 7 —(r—1)(d(A) 7
r _ —(r— _
Lo | A LA (84)
y Y (dh(Ap) T
)/EN_I;
p Lo 0 ~2p LZp
_ o 2r(dy_y(A_p)) 7 +(dy(Ap)) 7 +(dy(Ap)) ° 1 ss)
p ﬂ
Y (dy(Ap)) e
)/EN_/g
0 2 1-2 1-2
, 2@ (Ap)) v +(dy(Ap)) ° +(dy(Ap)) ° ,
Since 11rr(1) = — 1 monotonically
b Y (dY(Ap) P
)/G./\/:/g
(86)
1 psuchthat Vp<p (87)
IR’ (A)
—— <0 (88)
Y

Therefore, fixing some p < p, given examples (4.1) and (4.2) there must be some y; . such
that Yy <y’ . right leaning moderates will want to leave. It would in fact be the same cut
off point as the left leaning moderates as the distribution of preferences is symmetric. m

B.2.5 Proof of Proposition 4.3

This proof is split in two parts. The first proof only considers internal stability. The second
proof considers blocking coalitions

Proof for internal stability of grand coalition. Consider a vector of preferences given by A
of the set of \ agents. Let p = 1/2. Then by (17) we know forany CC N, fP(A)= & ¥ Xg.

peC
We also know that A will be stable if and only if:
p 0
o0 da(A_q)
re (A)= 89
a (A)=p 2(A) (89)
PR H
= £ =p e (90)
Xa=N L Xp
peC
PO fy=— P 51 ifp>(N—-1)/Nand6>1 91
WA= et PN -/Nando=1 o)



Proof for stability of grand coalition from blocking. Consider any partition, P, of N with
p(m;,P) = %}, then:

L Xq
m; .1 _ ﬂ aeC; s
) NFHA= ) G =)
C;eP C,eP
By concavity of u,,
mxfﬂAm>:ua[§:<mwhmfﬂcw]> ia(f2(C) = EY*
CieP C;eP

B.3 Effect of radicalization of Moderates
B.3.1 Proof of Proposition 4.4
Proof. If p > 1/2 then %— 2 <0. Therefore, if a € A; such that a = fP(X)), then for = a:

P(A
of*(4) =1 (Using lemma ?2?) (92)
0x,
po po
_ aRﬂ _ 8CE/3 B 9d(A) (93)
0x, dx, dfP(A)
p O=1r 4 p
B s 9%M(MM”jwM (04
: CEEQ(P) IfP(A;) dx, dfP(A)
- (95)
-1
0/a 00 di(4))
If df(A;) < CE§” then [CEgQ(P) €[0,1] =
Jddg(Ai) 9df(Ay) IR (P)
For = 0: gy apvan > O = —ox,
2454 gal(a,) IR (P)
For = 1: gy apvian > 0 = —om,
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If d°(A;) > CE’ then

B B
10-1
0-1
dy(A) dy(A;)
Pi|— g | =Pi 1 (96)
CE P 0\o
f FTAVS) I S
| prav| P CjePp] dg(Ai)
d(A))
[ 4p\4
pi pl+cjzepp1(dgmi>)]
= (97)
dj(A))
| B
pit (cjzepp] (d§<A’))]
1
P 0|
Y pi(dgay)
pi C]EP
- 0 P (98)
d(A)) da(Aj)
0
. E?
_ Pi - Cp‘" P (99)
N Z _dg(Aj) da(Ai)
P\ ZoPi\ara
() ) 177 ooy
From lemma (3.1) we haveTal<1 = p; C}fgg(p) ( aaN )6[0,1). Thus,
%A 24° (A, IR’ (P)
_ . Mg\ a(Ai) B
For f=0: 55wy oo > O = —ox,
%A 24°(A. ar"? (P)
_ 1. 2\ a(Ai) B
For g =1: TFOA) TFP(AN) >0 = ——>0. ]

B.3.2 Proof Proposition (4.5)
Proof. If p <1/2 then % —2> 0. Therefore, if a € C; such that x, = fP(Xs), then for g = a:

(A,
afa)SAl) =0 (Using lemma 3.1) (100)
oRE’  ICES’
0 o = e (101)
o-1
s §(As) Idy(Ai) | (afe(A;) 102
e | [ar@ |\, )
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p6

P
If B> fP(A;) then f/ZEAZ;l —1 which implies 3 < 0.
dh(A) 2
If < fP(A;) then fl‘;’(Al)l = 1 which implies 35 > 0. ]

B.3.3 Expression of Influence function in terms of norm of compromise and distri-
bution of preference

Consider a coalition C; C A. Define the Influence function: I°(A, A_;) =|fP(A) - fP(A_
where A_; is the vector of ideal points of A'\C;. This section shows how the influence
function, a function that captures the risk of leaving the grand coalition, depends on p.

Consider now an arbitrary coalition C; " and the distribution of preferences, A;. From
the optimization problem that defines norms in 1.

Y () - Y (A =0 (103)

{xa<fP(A]-): aeC]-} {xa>fP(A]»): aeCj}

Define

. ) (da(z))%_l (104)

H,(A;,2) = (1;") 5 (d0(2))" (105)

Since H(A},.) is differentiable in z we can use Taylor’s approximation.

H(Aj, zg+h) = H(Aj,zg) + hH,(A},zo + Ah) (106)
H(Aj,ZO + h) — H(A]',Zo)
= h= H, (A2 + Ah) (107)
H(A',Zo+h)—H(A',Zo)
— |h| ~ ! ! 108
Let zo = f(A_;) with h = fP(A) - fP(A)) (109)
and A; = A_; where A_; is the distribution of ideal points of M\C; (110)
H(A_;, fP(V
If(A)=f(A=) = I, 7 /\/\Cl (111)
(112)
P 1 P o1
L (da) - Y (d6(A))
= 1A A )~ B ey o) (113)
s Y (b))
{(XEN\Ci}
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where df(A) = d,(f°(A)) = |x, - fP(A)| for an arbitrary distribution of preferences of agents
within a coalition given by A.
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