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Abstract

I propose a method for formulating and solving for subgame perfect equilibria of continuous-
time games. The main idea is to study self-enforcing agreements corresponding to a strategic
interaction directly, without setting up a whole extensive-form game. My method allows for
non-Markov and asymmetric players’ behavior, and it does not impose restrictions on players’
strategies. The method applies to a broad class of games, including stochastic games, in which
arbitrarily many players can have both observable and hidden actions. In many cases, my
approach produces tractable and explicit solutions.
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1 Introduction

This paper proposes a novel approach for formalizing and solving for subgame perfect Nash equilibria
(SPNEs) in general continuous-time games. The proposed approach (i) applies to a broad class of
games, including those relevant for recent applications; (ii) does not rely either on the Markovian or
on the symmetry assumptions; (iii) does not impose restrictions on players’ strategies beyond those
given by the structure of a game; (iv) admits tractable and explicit solutions that do not require
taking frequent-action limits. Moreover, the proposed approach is the first one that manages all of
the above simultaneously.

Continuous-time game-theoretic models have become increasingly popular among economic the-
orists in recent years (Section 1.1). In many cases, modeling economic phenomena with continuous-
time games can considerably expand our understanding beyond what could be achieved with con-
ventional discrete-time tools. Unlike their discrete-time counterparts, continuous-time models allow
one to express equilibrium objects as solutions to partial differential equations (PDEs) or stochastic
differential equations (SDEs), which can then be readily found either analytically or numerically.
Despite the growing regard for continuous-time models, there has been but limited progress in
formally defining SPNEs in general continuous-time games. A possible explanation may be the fol-
lowing: It has long been known that for continuous-time games with observable actions, one can not
typically propose a coherent notion of an extensive form. Simon and Stinchcombe (1989) provide a
detailed discussion of related difficulties. One might conclude then that it is not possible to propose
a coherent notion of an SPNE for such games either. In this paper, I explain why such a conclusion

might be premature, and bridge the aforementioned gap in the literature.

Main Idea. To understand the main idea behind my method, consider first the problem of finding
SPNEs for a strategic interaction in discrete time. There exist two approaches for doing this.

The standard approach proceeds in the following three steps: (i)-(ii) Represent the interaction
as an extensive-form game: (i) define players’ strategies; (ii) for each strategy profile, specify an
outcome corresponding to that profile and players’ payoffs in that outcome. (iii) For the constructed
game, compute all Nash equilibria that satisfy subgame perfection.

The second approach is proposed by Abreu (1988). I call it the Abreu approach. Effectively, the
Abreu approach swaps the first two steps of the standard approach as follows: (i) Specify which
outcomes are possible as a result of the interaction. Specify players’ payoffs in each outcome. Define
an agreement as a collection of an initial outcome and punishment outcomes. The initial outcome
proposes a whole path of play, assuming nobody deviates. For any finite sequence of observed
deviations, the corresponding punishment outcome proposes a continuation path of play, assuming
no further deviations. (ii) Given an agreement, define players’ strategies as plans of unilateral
deviations from the agreement’s outcomes. After any finite history, each strategy of each player
will then induce a well-defined continuation path of play, assuming the opponents do not deviate.
(iii) Associate SPNEs with self-enforcing agreements: that is, agreements in which after any finite

history, neither player has a strategy with the value higher than his payoff in the effective outcome



of the agreement. Find all self-enforcing agreements.

For discrete-time games, the two approaches are essentially equivalent.! Yet, the Abreu ap-
proach can often be more tractable. For continuous-time games, following the standard approach is
problematic: In continuous time, it may be infeasible to specify which outcome should correspond
to which extensive-form strategy profile.? The main insight of my paper is that the Abreu approach

can still be applied to a broad class of continuous-time games.

The Main Idea: To find subgame perfect equilibria of continuous-time games, one can
use the Abreu approach. That is, rather than defining first an extensive-form game, one

can search directly for self-enforcing agreements corresponding to the interaction.

Explanation. I interpret agreements as follows. Before a game, players coordinate on a total
description, or an agreement, that specifies what should be done in the game in any contingency.
The agreement contains an initial outcome: that is, the path of actions that should be followed
from the beginning and until the end of the game. Also, the agreement is supplemented with
instructions about what should be done if either player unilaterally deviates from the initially
proposed path. Those instructions describe punishments: that is, recommended continuation paths
of actions that should follow unilateral deviations from the initial outcome. Further, the agreement
includes instructions about what should be done if either player unilaterally deviates from a proposed
punishment: that is, further punishments. And so on.

In discrete-time games, my notion of agreements coincides with what Abreu (1988) calls “strategy
profiles.”® However, my main point is that agreements are not profiles of players’ strategies! Instead,
once an agreement is in place, a strategy for a player is a plan of unilateral deviations from the
agreement. That is, a player’s strategy describes her future behavior, assuming her opponents do
not deviate. This means that after any finite history, a player’s strategy is completely summarized
by a path of her future actions until the end of the game. Moreover, when studying agreements, we
do not need to consider profiles of players’ strategies. This point provides a crucial simplification
necessary for working with continuous-time games.

I model SPNEs as self-enforcing agreements: that is, agreements in which at any time, no
player has a plan of unilateral deviations that has the value higher than the value promised to him
at that time in the agreement. The reason self-enforcing agreements are tractable in continuous-

time games is the following: In a self-enforcing agreement, the initial path is the only path that

!To be precise, in discrete time, the two approaches are equivalent for perfect-information games and multi-stage
games with observed actions. In general games, the Abreu approach leads to sequential rationality, which is stronger
than subgame perfection.

2Consider the following example from Bergin and MacLeod (1993). Two players play a prisoner’s dilemma on
the time interval [0, +00). Let o be the behavioral strategy for either player that prescribes the following: at t = 0,
choose “Cooperate”; at any t > 0, choose “Cooperate” if both players have always cooperated on [0,t), otherwise
choose “Defect.” Strategy o is well-defined: the prescribed action at each time is uniquely determined by the past
history of play. Yet, there are multiple outcomes consistent with the strategy profile (o, 0): for any ¢ > 0, the outcome
in which both players cooperate on [0, ¢] and defect on (¢, +00) is consistent with the profile.

3 Abreu (1988): “I view a strategy profile as a rule specifying (or prescribing) an initial path and punishments for
any deviation from the initial path, or from a previously prescribed punishment.”



level-1 punishment

(a) initial outcome (b) player i deviates first (c) player j deviates further

Figure 1: A play under an agreement.

will be played actually. Any deviation from the initial path is a counterfactual, “what if” deviation,
which should not be made by a rational player. To establish the credibility of the initial path,
the agreement specifies punishments that would follow any such counterfactual deviation of level 1.
To establish the credibility of those punishments, the agreement further describes punishments for
“what if” deviations of level 2; that is, punishments for counterfactual deviations from punishments
for counterfactual deviations from the initial outcome. And so on. In this construction, (i) one does
not specify what would happen if several players deviated simultaneously; (ii) the number of levels
of counterfactual deviations grows large, but always remains finite, even though players’ strategies
may be arbitrarily complex.

Figure 1 illustrates schematically a possible play under an agreement. The agreement starts
with an initial outcome (green solid curve in Figure 1a). Suppose that a player, i, decides to deviate
from the initial outcome at some time ¢ > 0 by following any other path of actions. The red solid
curve in Figure 1b corresponds to the path of player i’s actions and her opponents’ reactions that
will result. At any time along that path, the agreement specifies a continuation outcome that should
be followed from that time; these are level-1 punishments depicted with blue dashed curves. At
all times, the agreement presumes that all players will follow the punishment recommended then.
Figure 1c illustrates what will happen if player ¢ starts following the recommended punishment at
some time ¢ >t (blue solid curve). Another player, j, may further deviate from that punishment
at some time t” > t/. The second red solid curve shows the resulting path of his actions and his
opponents’ reactions. At any time along that path, the agreement specifies level-2 punishments.
This procedure continues for any finite number of consecutive unilateral deviations.

To find self-enforcing agreements of a continuous-time game, one can proceed similarly to the
discrete-time case. That is, one can typically find self-enforcing agreements in the following steps:
(i) characterize players’ incentive constraints in self-enforcing agreements; (ii) construct an optimal
penal code; (iii) using the optimal penal code for punishments, characterize paths supportable in

self-enforcing agreements.

Main Results. The main result of the paper is the formalization of agreements of continuous-time
games. In Section 3, I define an agreement as a collection of continuation outcomes: it specifies an
initial outcome that should be effective after the initial history; for any other finite history possible

under the play of the agreement, it specifies a continuation outcome that should be effective after



that history. In any continuation outcome, a player’s strategy is an admissible path of her future
actions, from the beginning of the continuation outcome until the end of the game. If a player
uses a strategy in a continuation outcome, the path of her opponents’ reactions is determined by
the following convolution formula: at any time, the opponents’ actions played in response to the
strategy equal the actions prescribed to them at that time in the effective continuation outcome.
That is, the convolution formula is a consequence of deviations being unilateral. For each strategy,
the convolution formula defines a unique path of play that will be induced by that strategy. I impose
two restrictions on continuation outcomes comprising an agreement, admissibility and coherence.
Admissibility requires that for each strategy, the total induced path of play must be possible under
the rules of the game. Coherency is the requirement that in spells of time when players do not
deviate from effective outcomes, the agreement must be recommending the same continuation path
of play. These two restrictions are natural, and are sufficient for the play under an agreement
to be well-defined. Coherency ensures that the following promise keeping property is satisfied in
agreements: if a player decides to follow a continuation outcome, her opponents will react by also
following that continuation outcome. The value of a strategy is the payoff the player receives from
the path induced by that strategy. A player’s strategy in a continuation outcome is called a profitable
deviation if its value exceeds the payoff promised to her in that continuation outcome. Self-enforcing
agreements are agreements in which no player has a profitable unilateral deviation after any possible
history of play. By promise keeping, the value of the strategy that prescribes to follow a continuation
outcome coincides with the value promised in that continuation outcome. Hence, in self-enforcing
agreements, it is optimal for players to always keep following the agreement’s recommendations.

Another main result of the paper is the dense-collection principle, which I state and prove as
Theorem 1 in Section 4. A collection of strategies in an agreement is called dense if the value of any
strategy in the agreement can be arbitrarily approximated from below by the values of strategies
from the collection. The dense-collection principle asserts that to check that a given agreement is
self-enforcing, it suffices to check that there are no profitable deviations within a dense collection
of strategies. The dense-collection principle generalizes the one-shot deviation principle formulated
by Abreu (1988) for discrete-time infinitely repeated games with discounting. The dense-collection
principle is an effective principle that can facilitate characterization of self-enforcing agreements in
continuous-time games. To illustrate the power of the principle, I employ it to prove a version of
the one-shot deviation principle for smooth Markov agreements in the setting of Daley and Green
(2020) (Theorem 2 in Section 6.2), which I then use to characterize players’ incentive constraints
in those agreements. Similarly, one can establish versions of the one-shot deviation principle for
Markov agreements in the settings of Ortner (2017), DeMarzo and He (2021), Chavez (2020), and
Chavez and Varas (2021).

Organization of the Paper: Section 1.1 reviews the related literature. Section 2 illustrates my
approach with a simple example. Section 3 develops the main model and defines self-enforcing agree-
ments. Section 4 states and proves the dense-collection principle. Section 5 applies my approach to

deterministic games. Section 6 applies the approach to stochastic games.



1.1 Related Literature

This paper is the first one to offer a workable formalization of SPNEs in general continuous-time
games without imposing additional restrictive assumptions. In contrast, the existing models of
SPNEs in continuous time either (i) artificially discretize players strategies, which renders intractable
nontrivial applications of the model; (ii) limit attention to either Markov or strongly symmetric
equilibria, which severely restrains the set of supportable outcomes; (iii) or focus on special classes
of games with particular simplifying structures. Below, I briefly discuss papers from each of the
above categories.

First, several papers solve the problem of non-existence of continuous-time extensive forms
by imposing extra restrictions on players’ strategies. Simon and Stinchcombe (1989) formalize
continuous-time games by prohibiting players to change actions more than a fixed number of times.
Bergin and MacLeod (1993) deal with continuous-time repeated games by only admitting strategies
in which any chosen action must stay constant for a positive period of time (and limits of such
strategies). Perry and Reny (1993, 1994) study continuous-time bargaining models in which after a
move, players can not make another move for a fixed positive period of time. Horner and Samuelson
(2013) impose a similar restriction in their principal-agent framework with an experimenting agent.
While these techniques are effective in certain games, they can not be applied generally: for example,
they would not work for games studied in Section 6.

Second, a handful of papers uses the Markovian assumption to formalize equilibria in continuous-
time settings. Ortner (2017) studies stationary equilibria in a model of a durable-goods monopolist
whose marginal costs follow a diffusion process. Daley and Green (2020) — Markov equilibria for a
bargaining game with stochastic arrival of news about the quality of trade. Orlov et al. (2020) —
Markov equilibria in a model of dynamic Bayesian persuasion. DeMarzo and He (2021) — Markov
equilibria for a setting where equity holders choose without commitment the capital structure of a
firm. Chavez (2020) — stationary equilibria in a bargaining game in which new entrants can observe
the past history of offers. Chavez and Varas (2021) — stationary equilibria for a bargaining game in
which traders can offer securities rather than cash. As an alternative to Markov equilibria, Hérner
et al. (2014) study strongly symmetric equilibria in a multi-player game of experimentation with
Poisson bandits. The approach I propose in this paper can be used to reformulate these models
so as to also allow for non-Markov and non-symmetric equilibria. I give examples in Sections 5.2
and 6.1, and, especially, in Section 6.2, where I provide an extensive treatment of the model of
Daley and Green (2020).

Third, there are papers that formally define SPNEs for particular types of continuous-time
games. Sannikov (2007) studies games that only have imperfectly observable actions. The literature
on continuous-time contracts, originated in Sannikov (2008), considers games in which observable
actions are precommitted. The literature on differential games, started by Isaacs (1965), either
restricts attention to zero-sum games or concentrates on Markov equilibria. Neyman (2017) deals
with stochastic games that have finitely many perfectly observable actions and states. Examples

developed in Sections 5 and 6 do not belong to either of the above classes of games.



Finally, two recent efforts employ the approach of this paper to study non-Markov equilibria
in economic applications. Malenko and Tsoy (2020) investigate a firm that chooses its capital
structure dynamically and without commitment. They find that outcomes attainable in equity-
holder-optimal self-enforcing agreements are quite different from the pessimistic Coasian prediction
of DeMarzo and He (2021), who focus on Markov equilibria in the same setting. Panov (2021)
looks at the role that money burning can play in sustaining collusion in cartels, and discovers that
addition of money burning to players’ actions can practically resolve the problem of renegotiation

in cartel agreements. I discuss these models in more detail in Sections 6.1 and 6.3.

2 Simple Example

To better understand my approach, consider the finitely repeated prisoner’s dilemma studied in
Bergin and MacLeod (1993): Two players interact on the time interval [0,1). At each moment,
they simultaneously take either of two perfectly observable actions, cooperate C' or defect D. The

stage-game payoffs are given by the following matrix, g:

c | D
C 4,405
D|50]1,1

An admissible total history is a measurable path of actions {af,af}ief01), with af € {C, D} for
all £ € [0,1) and 7 € {1,2}. Each moment of time ¢ € [0,1) divides into two consecutive sub-
moments, ¢t and t+. Sub-moment ¢ corresponds to the instant at which time-¢ actions are played,
while sub-moment ¢+ corresponds to the instant immediately after that. For w € [0,1), the u-tail
of {a}, ai}iejo,1) is the path {af, af}iepy 1), and the (u+)-tail of {af, a?}iepo1) is {af, a7 }re(u,1)- In this
deterministic setting, outcomes coincide with admissible total histories, and continuation outcomes

— with tails of admissible total histories. For player i € {1,2}, her promised value in outcome

Q = {af, af}iepo) is

U'(Q) = | ¢'(a.af) dt;

o .

her promised continuation value in continuation outcome Q = {af, a7}eru1y (or {af, af}ie(u,1)) is

1
Wi(Q) = f gi(al, a?) dt.

An agreement is a collection of continuation outcomes: it specifies an initial outcome that
should be effective after the empty history; for any other finite history possible under the play
of the agreement (defined formally in Section 3), it specifies a continuation outcome that should

be effective after that history. In any continuation outcome, a player’s strategy is any measurable



path of her future actions, from the beginning of the continuation outcome until the end of the
game. Suppose player i € {1,2} plays a strategy, o, in a continuation outcome that starts at time
t € [0,1). The agreement then determines the continuation path of player —i’s actions, ®(o?),
that will be played in reaction to o’. Specifically, reaction function ®(o') is computed using the
following convolution formula: the action in ®(¢*) at moment u € [t, 1) equals the action prescribed
to player —i in the continuation outcome effective at moment w. Thus, strategy o’ will induce
the continuation path {¢%,®(c*)}. The continuation value of o' is the continuation value player i
receives from {o?, ®(c?)}. A strategy is called a profitable deviation if its continuation value exceeds
the promised continuation value. Agreements without profitable deviations are called self-enforcing.

I impose two restrictions on continuation outcomes comprising an agreement, admissibility and
coherence. Admissibility requires that for each strategy, the total induced path, which is determined
from the convolution formula, must be an admissible total history. Coherency is the requirement
that in spells of time when players do not deviate from effective outcomes, the agreement must
be recommending the same continuation path of play. These two restrictions are natural, and are
sufficient for the play under an agreement to be well-defined. Moreover, coherency ensures that
the following promise keeping property is satisfied in agreements: if a player decides to follow a
continuation outcome, the opponent will react by also following that continuation outcome. This
implies that the continuation value of the strategy that prescribes to follow a continuation outcome
coincides with the promised continuation value. Hence, in self-enforcing agreements, it is optimal
for players to always keep following the agreement’s recommendations.

The finitely repeated prisoner’s dilemma has a plethora of agreements. I will focus on three
of them, which I call “naive,” “standard,” and “reputational.” The naive agreement consists of
continuation outcomes that recommend players to always cooperate. In that agreement, in reaction
to a player’s strategy, the opponent will keep cooperating no matter what. The naive agreement is
well-defined, but it is not self-enforcing: starting at any ¢ < 1, each player can profitably deviate
by defecting for the rest of the game.

The standard agreement resembles the unique SPNE of the discrete-time finitely repeated pris-
oner’s dilemma: in all continuation outcomes, it recommends players to always defect. In the stan-
dard agreement, the opponent will keep defecting regardless of a strategy chosen by a player. Like
its discrete-time counterpart, the standard agreement is self-enforcing: a player can not do better
than to keep playing the recommended defection, which is myopically optimal. Note that in the con-
sidered game, in any agreement at any time, each player can guarantee himself a continuation value
that is at least as high as the continuation value promised to him from that time in the standard
agreement: to do so, he simply needs to keep defecting until the game ends. Thus, the continuation
outcomes of the standard agreement constitute an optimal penal code in the continuous-time finitely
repeated prisoner’s dilemma (cf. Abreu (1988)).

The reputational agreement is similar to the “reputational” equilibria constructed by Ausubel
and Deneckere (1989) for the durable-goods monopoly game. The agreement proposes to cooperate

along the initial outcome, and supports this by the grim trigger promise of reverting to the standard



agreement immediately after either player deviates. That is, in the reputational agreement, any
continuation outcome that follows a finite history in which both players have always cooperated,
recommends to keep cooperating until the games ends; any continuation outcome that follows a
finite history in which at least one player defected, recommends players to defect until the end.
In the reputational agreement, the opponent reacts with cooperation until the first time a player
deviates from the initial outcome, after which, the opponent starts defecting. The reputational
agreement is self-enforcing, despite the game having the finite deadline. This illustrates that in
continuous-time games, backwards induction does not always apply. (See also the discussion at the
end of Section 5.1.) Similarly using reversion to the standard agreement for punishing deviations,
one can support in self-enforcing agreements of the finitely repeated prisoner’s dilemma any path
of players’ actions in which players’ promised continuation values are always weakly above the
continuation values promised in the standard agreement.

In this simple game, the set of outcomes supportable in self-enforcing agreements coincides with
the set of SPNE outcomes identified by Bergin and MacLeod (1993). However, unlike their method,
my method allows one to construct optimal agreements explicitly, on path and off path, without
imposing ad hoc restrictions on players’ strategies. Moreover, my method can be tractably applied
to a large class of games for which the method of Bergin and MacLeod (1993) would not work: I

provide examples of such games in Sections 5 and 6.

3 Model

I now describe my model (Section 3.1), provide a formal construction of agreements (Section 3.2),
and define self-enforcing agreements, the main concept in the paper (Section 3.3). In the model of
this section, players have perfectly observable actions that they take simultaneously at each moment
of time, with the final outcome being a deterministic function of players’ action paths. I relax these

restrictive properties in applications in Sections 5 and 6.

3.1 Setup

There is a possibly infinite set of players, I, who play a game on the time interval [0, +o0). Each
player i € I has a nonempty set of actions, A’. At each moment ¢ € [0, +0), player i takes an
action, Al € A’. Set A’ includes the null action, which signifies that player i does not take any
active action. Otherwise, A’ can be arbitrary. At each moment of time, the players take actions

simultaneously. All actions are perfectly observable.*

Sub-Moments. At each instant during the play, the players’ information is summarized by the

path of their past actions. In continuous time, at each moment of time ¢ € [0, +o0), there can be two

4In what follows, I typically use superscripts to refer to players, strategies, or sufficient histories; subscripts — to
times or states; and superscripted tildes — to continuation objects. I denote a typical moment of time by ¢, u, or v.
I denote a typical sub-moment by s or s’. I also sometimes write ¢t and ¢+ to refer specifically to the first and the
second sub-moments of moment ¢.



types of past-action paths: the path of actions before ¢, and the path of actions before ¢ inclusive.
These two types of paths correspond to two different types of players’ decision nodes. To index
these nodes, I divide each moment ¢ into two consecutive sub-moments, t and t+. Sub-moment ¢
corresponds to the instant at which time-t¢ actions are played, while sub-moment ¢+ corresponds to
the instant immediately after that.> The set of all sub-moments, denoted S, is the totally ordered

set isomorphic to [0, +00) x {0,1} endowed with the natural lexicographic order.

Admissible Histories. A total history of play, Hiw = {A%}i617t6[07+00), is a path of actions of all
players at all times. For ¢ € [0, +00), a finite history of play before sub-moment t, Hy = { A} }ier ve[o,0)5
is a path of actions of all players at times v € [0,¢). Similarly, a finite history of play before sub-
moment t+, Hyy = {A%}id’vem’t], is a path of actions at times v € [0,¢]. The initial history is empty.
The i-th component of history H, denoted H*, is the path of player ¢’s actions along H. Similarly,
H " is the path of actions of player i’s opponents along H.

Depending on a game, certain histories may be prohibited. Denote by H, , the non-empty set
of admissible total histories. That is, H, o, is the set of all total histories possible under the rules of
the game. Denote by Héroo the projection of H 4 on the ¢-th component. That is, Héroo is the set of
all player ¢’s admussible individual action paths. The admissibility requirement can be used to ensure
that histories are measurable and payoffs are well-defined. Also, it can be used to model games, in
which actions available to players at any time are history-dependent. To simplify the definition of
players’ strategies, I assume that actions available to a player at a given time can depend on his

previous actions, but not on actions of his opponents. This assumption is formulated as follows.

Assumption (Action-Set Independence). The set of all admissible total histories is the direct prod-

uct of the sets of admissible individual action paths,

Hyiw = X H,y.
i€l
The action-set independence is a substantive assumption on the structure of a game. For in-
stance, it fails in the game of chess.® Nevertheless, the purpose of this paper is to study self-enforcing
agreements. To this end, the assumption is unrestrictive: For games where it fails, one can first
require that in an agreement, continuation outcomes that follow finite histories with admissible

continuations specify admissible total histories. One can then extend H,, to X Hioo by assigning

el
to inadmissible paths payoffs that are sufficiently negative to deter deviations to those paths.
Payoffs. Players’ payoffs are given by an arbitrary payoff function U : Hyo — R

Truncations, Tails, and Concatenations of Action Paths. Take a path of actions H at times
[0, +00). (Path H may include actions of different players at different moments of time.) For a non-

empty B < [0, +00), Hp denotes the path of actions in H at moments from B. For any t € [0, +00),

°In discrete-time games, decision nodes immediately after period ¢ are equivalent to period-(¢ + 1) decision nodes.
5Squares where the white can move her king depend on where the black has placed his pieces before.
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the t-truncation of H, denoted Hy, is the path H[y ). Similarly, the (t+)-truncation of H, denoted
Ht+, is the path H(g . The t-tail of H, denoted H,, is the path Hit,+-o0)- Similarly, the (t+)-tail
of H, denoted H;, is the path H ). For any sub-moments s, s’ € S with s < s/, Hy is also
the s'-tail of Hs. For tail paths, H' > H” denotes that H” is a tail of #’. For non-empty disjoint
By, By < [0,+00) and any paths of actions Hp, and Hp,, the concatenation of Hp, and Hp, is
denoted by Hp, + HB,-

Admissible Finite Histories and Continuations. A finite history is admissible if it is a trun-
cation of an admissible total history. For any sub-moment s € S, H; denotes the set of admissible
histories before sub-moment s. For i € I, Hi denotes the set of player i’s admissible individual
action paths before sub-moment s. For an admissible finite history #H, Hg(?) denotes the set of
admissible histories before sub-moment s that contain H. The set of admissible total histories that
contain H is denoted H (). Similarly, H:(#H?) denotes the set of player i’s admissible individual
action paths before sub-moment s that contain H?. A tail history H, is an admissible continuation
for finite history Hg if the total history Hs + H, is admissible. Denote by H+OO(HS) the set of
all admissible continuations for Hs. Denote by H’, (Hs) the projection of H o (Hs) on the i-the
component. Finally, denote by H,(#;) the truncation of H’, ,, (#s) before sub-moment s’ > s.

Outcomes and Continuation Outcomes. It is convenient to distinguish between outcomes
and continuation outcomes. Take a finite admissible history H, before sub-moment s € S. An
outcome, @, that follows H is an admissible total history that contains Hs; that is, @ € H o (Hs).
The corresponding continuation outcome, Q = Q\Hs, is the s-tail of Q. The set of all admissible
continuation outcomes following H is then the set of all admissible continuations H . (Hs). For a
continuation outcome Q following Hs, the corresponding total outcome is Q) == Hg + Q.

In this deterministic setting, outcomes coincide with admissible total histories, and continuation
outcomes — with tails of admissible total histories. In stochastic settings, the difference between

outcomes and admissible histories becomes nontrivial (Section 6).

3.2 Agreements

I now provide a constructive definition of agreements in this setting. An agreement is an admissible
and coherent collection of continuation outcomes that recommend continuation play after all finite
sufficient histories possible under that collection. Sufficient histories are histories that record at
each time only an action of the player who is the deviator at that time. Precisely, an agreement is

defined in the following steps:

Step 1: the agreement specifies an initial outcome, Q@ € Hyo, that should follow the empty
sufficient history, .

Step 2: the agreement specifies continuation outcomes of level 1. That is, all continuation outcomes
that should follow finite sufficient histories in which exactly one player deviates.

Specifically, suppose a player, i € I, deviates first. Sufficient histories for player i’s deviations

11



after sufficient history ¢ are associated with admissible paths of player ¢’s actions. That is, for any
s € S\{0}, the set of sufficient histories before sub-moment s for player i’s deviations after ¢ is HL.
Let H¢(7, &¥) be the set of finite sufficient histories for player i’s deviations after ¥,

HG, &) = | HL.

seS\{0}

The agreement specifies a collection of continuation outcomes, Q(i, ) = {Qag}ggeHc(ijg), that
should be played after sufficient histories in H(7, &).

Suppose that at the beginning of the game, player i decides to play an admissible path of actions
ole Hioo. The path of actions that his opponents’ will play in response to ¢, denoted < (0?), is

determined by the following convolution formula:
o9 (1) = {Q;; [t]}te[o . (1)

where Q;g [t] denotes the profile of actions of player i’s opponents at moment ¢ in continuation out-
come Qi € Q(i, ), the continuation outcome that should follow of. The convolution formula (1)
computes &9 (c?) assuming that at each time, player i’s opponents do not deviate from the rec-
ommended continuation outcome that begins at that time. That is, the convolution formula (1)
employs the assumption that player i’s deviations are unilateral.

The convolution formula (1) defines function ®*<(-) on Hf . I call function ®“9(-) the reaction
function to player i’s deviations after ¢f. Reaction function ®9(-) does not anticipate the future:
at each time, actions of player i’s opponents depend only on the path of actions player i has taken
before that time. Abusing the notation, I will write %< (0%) to denote the s-truncation of ®»< (o).

To ensure that the play under the agreement is always well-defined, I impose two restrictions on

collection Q(i, ). First, collection Q(i, &) must be admissible in the following sense:

Definition (Admissibility). A collection of continuation outcomes Q(i, ) is admissible if the re-

action function determined from the collection always produces admissible paths of actions,
Vol e H,,, ®"9(o') e H.,.

Admissibility is the requirement that the total path induced by any unilateral deviation of a
player must be an admissible total history.

Second, collection Q(i, J) must be coherent in the following sense:

Definition (Coherency). A collection of continuation outcomes Q(i, ) is coherent if it keeps rec-

ommending the same continuation path in spells of time when player i does not actually deviate,
Vo' e ', ,, V¥s,s' €S,s < ¢, (ai,, =0l + (Qaé)ts,s/» — (Qa;' - QU;),
where (i) Qgé = Q@; (1) (Qgé)l[; ) denotes the path of actions recommended to player i in contin-

s/
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uation outcome Qgg at times in [s,s'); (i) @Ug - QNO_i/ denotes that Qo_i/ is a tail of Qgg.

Coherency requires the agreement to keep recommending the same continuation path whenever
players do not actually deviate. Together with the convolution formula, coherency implies that the
following promise keeping property is satisfied in agreements: if after some history, a player decides
to follow the recommended continuation outcome, his opponents will react by also following that
continuation outcome.

Finally, according to the convolution formula, for any sufficient history o% € H¢(i, &), the finite
history played before sub-moment s will be H, = {O’é,‘bi’g (¢%)}. Then, by admissibility and
promise keeping, continuation outcome Qag is an admissible continuation for history Hs. That is,
the agreement will recommend an admissible continuation after any finite history of play possible

under the agreement.

Step 3: the agreement specifies continuation outcomes of level 2. That is, continuation outcomes
that should follow finite sufficient histories in which exactly two players deviate consecutively.
Specifically, suppose that player ¢ is the first deviator after ¢, and that he has played a path of
actions ol € H(i, ) before sub-moment s. As a result, the finite history H, = {0, L2 (ol)} is
induced. Suppose that another player, j # i, decides to further deviate after o%. Starting from the
induced history Hs, player j can play any admissible action path from ]ﬁlioo(’r'-[s). Suppose player j

decides to continue by playing an admissible action path afs s) until s’ € S. At sub-moment s’, the

S,8

corresponding sufficient history will be o + af y: Denote by H¢(j,c!) the set of finite sufficient

histories for player j’s deviations after sufficient history o%. That is,

}0é ol eHe(oiy @ collection of continuation out-

,s) [s,8”)

comes that should be played after sufficient histories in H¢(j, o%).

The agreement specifies Q(j, Jﬁ) = {QJZ tol
s [s

For any continuation path of player j’s actions in ]ﬁlioo(?[s), the reaction path of her opponents
is determined by the convolution formula analogous to (1). Similar to Step 2, collection Q(j,ag)
must be admissible and coherent, which ensures that any unilateral deviation of player j will induce
an admissible total history, and that the promise keeping property will be satisfied for player j’s de-
viations. The convolution formula then defines the reaction function % : Hioo(”l-{s) — IF]I;?D(HS)

Any sufficient history o? + 0{8 s € HC(j, 0%) will induce the finite history before sub-moment s’

that equals Hy = {ai, L9 (aé)} + {a{s’s,), @{;ff,) (o‘[j&s,)) } By admissibility and promise keeping,

continuation outcome @ _; N is an admissible continuation for history H .

J
575,87

Steps 4 and further: and so on.

In the above construction, the agreement specifies consecutively a total admissible and coherent

collection of continuation outcomes, denoted by @, jointly with a set of finite sufficient histories

13



possible under the play of @, denoted by H¢(Q).” This leads to the following definition:

Definition (Agreement). An agreement is an admissible and coherent collection of continuation
outcomes that recommend continuation paths of play after all finite sufficient histories possible under

the play of the collection.

Adapted Agreements. The above construction guarantees that any agreement is well-defined in
the sense that (i) after any observed history, the agreement will recommend an admissible contin-
uation; (ii) after any observed history, the reaction to any future path of unilateral deviations will
result in an admissible total history; (iii) promise keeping property will always be satisfied.

Still, agreements can have properties that may seem unrealistic. Indeed, an agreement recom-
mends continuation paths of play as a function of past sufficient histories rather than past observed
histories of play. If a game has more than one player with nontrivial observable actions, then given
an agreement, there may be multiple sufficient histories that induce the same finite history of play.
Thus, an agreement may specify multiple continuation paths and multiple reaction functions after
the same observed history of play. There are two sources for this multiplicity. First, sufficient his-
tories may include periods of time during which no player actually deviates. During such periods,
one can arbitrarily switch deviators in sufficient histories without affecting the history which will
be induced. Second, unlike the discrete-time case, in continuous time, the identity of a unilateral
deviator may be unidentifiable even when players’ actions are perfectly observable.?

To avoid the above multiplicity problem, one can restrict attention to agreements that are
adapted to observed information, defined as follows. Take an agreement ) that recommends con-
tinuation outcomes after all finite sufficient histories in H%(Q). For s € S, denote by H¢(Q) the set
of sufficient histories in H%(Q) before sub-moment s. For o, € H(Q), denote by {os, ®s(0s)} the
history before sub-moment s induced by o,. For o5 € HS(Q), i € I, and &% € Hﬂroo({as, Py(05)}),
denote by {05 +5t, @(08 + 52)} the total history that will be induced if after o, player ¢ unilaterally

deviates with &°.
Definition (Adapted Agreement). An agreement Q is adapted if both

1. continuation outcomes in Q depend only on observed histories of play,

Vs eSS, Vos,b5 € HE(Q), <{057(I)5(Js)} = {65,(1)5(5-5)}) and (Qas = Q&s)?

"The set of sufficient histories H¢(Q) depends on collection Q through the requirement that paths of unilateral
deviations recorded in sufficient histories must be admissible given histories induced by past deviations.

8Consider a two-player game where at each time t € [0, +00), each player i € {1,2} chooses an action Al e R, with
the admissibility restriction being vacuous. In this game, consider the following agreement: the initial outcome is the
constant path of actions that equal 0; after any observed history, the continuation outcome is the constant path of
actions that equal the supremum of actions that have been played so far. In this agreement, if player 1 deviates with
an increasing path of actions {A;}ie[0, 1), Player 2 will react by copying player 1’s play. Yet, the same total history
would be induced if player 2 deviated with {A;}ie[0,+). (Nevertheless, this agreement is adapted.)
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2. players’ reactions determined from Q depend only on observed histories of play,

Vs €S, Yoy, 6, € HY(Q), ({08, ®y(0)} = {6, @s(eys)}) —
(Vi€ 1,960 ¢ B ({00, @4(0)}), {0 + 55, ®(0s +52)} = {0+ 51, @(6, +51)}).
The agreements of the finitely repeated prisoner’s dilemma discussed in Section 2 are adapted.
In this paper, I study two more games in which several players have observable actions (Sections 5.1
and 6.3). In both those games, extremal self-enforcing agreements can be chosen to be adapted.
The proof of Proposition 1 (Appendix A.1) illustrates a way how one can modify an agreement to
make it adapted.

3.3 Self-Enforcing Agreements

I now define self-enforcing agreements, the main concept in the paper. Take an agreement @Q that

recommends continuation outcomes after all finite sufficient histories in H¢(Q).

Strategies. Take a finite sufficient history o, € HS(Q), which induces the finite history Hs =
{0'5,(1)5(0'5)}. For each i € I, the set of player i’s strategies in continuation outcome Qgs € qQ is
Zi(()os) = Hﬁroo(”;'-[s). In each continuation outcome, each player has the strategy that prescribes

him to follow the actions recommended in that continuation outcome.

Promised Values. At all times, players’ promised values are computed assuming that nobody
further deviates. Specifically, for each o5 € HS(Q), which induces H = {05, @s(as)}, the value

promised to player ¢ at the beginning of continuation outcome Qas is

W (Qos.) = U(Hs + Qo).

Values Strategies. Take a continuation outcome QUS that follows history H, = {0'5,(1)5(0'5)}.
Suppose player i plays a strategy o € Ei(Qgs) from the beginning of Qos. Assuming her opponents
do not deviate, o% will induce the total history {05 + ot ®(os + ai)}. The value of strategy o’ is

V(') = U'({o, + o', @(0, + 0")}).

By promise keeping, the value of the strategy prescribing to follow the actions recommended in a

continuation outcome equals the value promised in that continuation outcome.
Self-Enforcing Agreements. The following is the main definition in the paper:

Definition (Self-Enforcing Agreement). An agreement Q is self-enforcing if

VQeQ, Yiel, Yoie X(Q), Vi(e") < W Q).
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An agreement is self-enforcing if no player can find a profitable unilateral deviation from any of
its continuation outcomes. In a self-enforcing agreement, it is optimal for players to always follow

the agreement’s recommendations.

4 Dense-Collection Principle

The framework of Section 3 is by design highly abstract (for example, it does not impose any
restrictions on payoff functions). The framework can be specialized to a wide variety of settings, as
I illustrate in Sections 5 and 6. The general approach to finding self-enforcing agreements in these
applications is to proceed in the following steps: (i) characterize players’ incentive constraints in
self-enforcing agreements; (ii) construct an optimal penal code; (iii) using the optimal penal code
for punishments, characterize paths supportable in self-enforcing agreements.

A useful technique that makes it possible to simplify Step (i) in some cases is what I call the
Dense-Collection Principle. In this section, I introduce this principle and prove that agreements

that satisfy its restrictions are in fact precisely the self-enforcing agreements.

Take an agreement Q, a continuation outcome Q € Q, and a player i € I.

Definition (Dense Subset of Strategies). A subset EB(Q) < XUQ) of player i’s strategies in con-

tinuation outcome Q is dense in ¥'(Q) if
Yo e 24(Q), Ve > 0, Jog € 25(Q), Vi(op) > Vi(o) —e.

Let 3o = {ZB(Q)} ie1.0eq be a collection of players’ strategies in agreement Q. Collection X is
called dense in the collection of all strategies in the agreement if for each ¢ € I and Qe Q, Eé(@)

is dense in X/(Q). The following is one of the main results of the paper:

Theorem 1 (Dense-Collection Principle). Let 3¢ be a collection of strategies that is dense in the
collection of all strategies in an agreement. The agreement is self-enforcing if and only if no player

can find a profitable deviation in 3.

Proof. The “if” direction: suppose that there are no profitable deviations in 3. As the value of
any strategy in the agreement can be approximated from below by the values of strategies from X,
there are no profitable deviations in the agreement.

The “only if” direction: if the agreement is self-enforcing then there are no profitable deviations

in 3¢ by the definition of self-enforcing agreements. O

The dense-collection principle is a simple, yet powerful principle that can facilitate characteri-
zation of self-enforcing agreements in continuous-time games. The principle suggests that to check
whether an agreement is self-enforcing, one can first propose a tractable dense collection of strate-
gies, and then check that there are no profitable deviations in the collection.

In discrete-time repeated games with discounting, the one-shot deviation principle of Abreu

(1988) is an implication of the dense-collection principle combined with backwards induction: by the
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dense-collection principle, to check that an agreement is self-enforcing, it suffices to check that there
are no profitable deviations in the dense collection of strategies prescribing finitely-many one-shot
deviations; by backwards induction, it then suffices to check that there are no profitable one-shot
deviations. In continuous-time games, the one-shot deviation principle may be inapplicable, but
the dense-collection principle can still be effective.” To illustrate the power of the principle in a
nontrivial application, I use it to prove a version of the one-shot deviation principle for smooth
Markov agreements in the setting of Daley and Green (2020) (Theorem 2 in Section 6.2). Similarly,
one can establish versions of the one-shot deviation principle for Markov agreements in the settings
of Ortner (2017), DeMarzo and He (2021), Chavez (2020), and Chavez and Varas (2021).

The dense-collection principle is not indispensable for proving the one-shot deviation principle
in continuous-time games. For example, Sannikov (2007) (Proposition 2) establishes the one-shot
deviation principle in his setting by using the martingale representation theorem rather than by

working with dense collections of strategies.

5 Deterministic Applications

In Section 3, I formally constructed agreements in my basic setting. In the next two sections, I
show how that construction can be adapted and used in a number of economic applications. In this
section, I focus on deterministic applications: in Section 5.1, I study a public-good provision game;
in Section 5.2, I consider the continuous-time analog of the dynamic-monopoly model of Gul et al.

(1986). In Section 6, I illustrate how my method can be applied in stochastic settings.

5.1 Example: Provision of a Public Good

The first example is an instance of the model from Section 3. The example shows that backwards
induction does not always apply in continuous-time games. Consider the following public-good

provision game:

Setup. Two workers and a manager construct a public good. At each moment of time ¢ € [0,1),
each worker i € {1,2} chooses an effort, al € [0, +00), to put towards the construction; the manager,
m, decides how much money to pay to each worker, dI'} > 0 and dI'? > 0. Vector (I'},I'?) € R2
represents cumulative payments that the manager has made to the workers by time ¢ inclusive. The
players’ actions are perfectly observable and simultaneous.

In the notation of Section 3, for ¢t € [0,1), a} € R, and a? € R, are the workers’ actions;

(T'},T7) € R% is the manager’s action. For ¢t > 1, the players have the null actions only.

9For instance, consider a one-player game on the time-interval R, in which (i) at all t € R4, player 1’s action set is
R; (i) the set of admissible histories is L*(R); (iii) the payoff function, U : L*(Ry) — R, is continuous with respect
to the L? (R+) norm. The one-shot deviation principle does not apply: an agreement may fail to be self-enforcing
even if the player can not profitably deviate from any outcome by changing his action at a single moment of time.
The dense-collection principle can still be useful: for example, to check that an agreement is self-enforcing, it suffices
to check that there are no profitable deviations to step functions, which form a dense collection of strategies.
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Admissible Histories. A total admissible history, H o = {aj,a?, (I'}{,T7)}ejo,1), is a path of the
workers’ efforts and the manager’s cumulative payments for all ¢t € [0, 1), such that (i) a} and a?
are measurable functions of time; (ii) I'} and I'? are nonnegative, nondecreasing, cadlag functions

of time. The action-set independence is satisfied in this game.

Payoffs Given a total history H o = {a},a?, (T}, T7)},— [0,1), the quantity of the good produced

1 1
is S a} + a?) dt. The payoff of worker i € {1,2} is U (H1w) = §(a} +a?)dt — (a§)2dt +T¢_. The
0 0

manager’s payoff is U™ (Hiqo) = S(a% +a?)dt —T1_ —T?2 . That is, the players’ payoff functions
0

are quasi-linear; the workers’ efforts are additive; the workers’ flow costs are quadratic in effort; the

good is consumed by all the players at the end of the game; there is no discounting; the quantity of

the good can not be diminished by either player.
Agreements and Strategies. Defined as in Section 3.

Promised Values and Values of Strategies It is convenient to work in this game with con-
tinuation values. Formally, take a continuation outcome @ that follows history H. Let H + & be
the total history in which after H, the workers keep supplying zero effort and the manager keeps

paying them zero. The continuation value promised to player i in Q is
WHQ) =U'H+Q) ~U'H + ).

The continuation value of a strategy o* of player i in Q, denoted f/i(ai), is defined analogously.

For s € S, denote by WSZ(Q) the continuation value promised to player 7 in Q at sub-moment s:

WUQ) =U'H+Q)—U'(H+ Qs+ Q).

Self-Enforcing Agreements. In terms of continuation values, an agreement @ is self-enforcing if

VQ e Q,Vie {1,2,m}, Vo' € £(Q), V'(s') < W'(Q).

Solution. I now describe self-enforcing agreements of the public-good provision game.

First, the game has the following “static” self-enforcing adapted agreement: After any finite
history of play, the players are recommended to play their myopically-optimal actions. That is,
the manager should send zero transfers; each worker should put the myopically-optimal effort,
a* = % Reaction functions specify constant paths of these actions in reaction to any strategy. As
reactions do not depend on players’ actions, it is indeed optimal for all players to keep playing their
myopically-optimal actions. Thus, the static agreement is self-enforcing. In the static agreement,
players’ promised continuation values depend only on the moment of time from which they are

computed. Specifically, for any ¢ € [0,1), the static agreement promises the following continuation
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payoffs: W} = 3(1—t) to worker i = 1,2, and W™ = (1 —t) to the manager. The static agreement
is qualitatively similar to the unique Nash equilibrium of the static version of the game. By the
standard backwards-induction argument, any discrete-time analog of the game also has a unique
SPNE, which is similar to the static agreement. Yet, the continuous-time game has a plethora of
other self-enforcing agreements.

To find self-enforcing agreements, I first find an optimal penal code for this game. The following

lemma establishes a lower bound on continuation values promised in self-enforcing agreements:

Lemma 1 (Individual Rationality). If in a self-enforcing agreement, a continuation outcome Q
starts at sub-moment t or t+, with t € [0,1), then the continuation values promised in Q satisfy
Wi(Q) = 13t for worker i = 1,2, and W™(Q) = 0 for the manager.

The proof of Lemma 1 is direct: In any agreement, worker ¢ at time ¢ can guarantee herself a
continuation payoff of at least % by always submitting the myopically-optimal effort, a* = % The
manager can guarantee himself a nonnegative continuation payoff after any history by sending zero
transfers. By definition, promised continuation values in a self-enforcing agreement must always be
weakly above what players can guarantee themselves.

For each t € [0,1), denote by G4 the subgame of the public-good provision game that starts
from sub-moment t+. Self-enforcing agreements for Gy, are defined exactly as for the whole game.
For an agreement @), denote by WZ(Q) the continuation value promised to player ¢ in the initial

outcome of Q. The following proposition shows that the lower bounds of Lemma 1 are tight:

Proposition 1 (Optimal Penal Code). For each t € [0,1), there exists a triplet Q,}Jr,Qer, iof
self-enforcing agreements of game Gyy delivering to each player correspondingly the worst payoff
possible for them in any self-enforcing agreement of Gy ; that is, W (Q,}Jr) = W2 (Q?Jr) = %(1 —1),
and W™ (Qﬁ) = 0. Moreover, agreements Q%Jr, Q?+, and QY can be chosen to be adapted.

Proof. See Appendix A.1 for constructive proof. O

Intuitively, a construction of such a triplet works as follows. In the initial outcome of Q} 4y
1
2
at all times, while the others are free riding: worker 2 is putting zero effort, the manager is sending

worker 1 is the only player who works. She keeps contributing the myopically-optimal effort, a* =

zero transfers. The initial outcome of Q? ', is similar and proposes to free ride on worker 2. The

3(1 +t): the workers should be putting

zero effort, the manager should be sending zero transfers. At time %(1 + t), the manager should

pay upfront his entire future profits to the workers: he should send %(1 —t) to each of them. After

initial outcome of Q7 recommends a strike before time

that payment, the path of the static agreement follows. In all of these agreements, if any player ¢
deviates from the effective continuation outcome at any moment v > t, the recommended play
immediately switches to the corresponding punishment, that is, to the initial outcome of Qf, +- The
so-constructed agreements will be self-enforcing and will deliver to the players their worst possible
self-enforcing payoffs. A small modification can ensure that these agreements are adapted.

Any outcome supportable in a self-enforcing agreement can be supported in a self-enforcing

agreement that uses an optimal penal code for punishing deviations. Hence:
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Proposition 2 (Characterization). An outcome Q is supportable in a self-enforcing agreement of
the public-good provision game if and only if in @Q, at all times, the players’ promised continuation

payoffs are individually rational,

1-1¢
4

Je(WE @ = )& (7@ = 0).

vie[0.1). (W@ = ;

Proof. See Appendix A.2. O

In particular, one can support in self-enforcing agreements the socially-efficient production of
the public good. For instance, one socially-efficient outcome is the following: at all times ¢ € [0, 1),
each worker supplies the constant effort a® = 1%; the manager sends to each worker i € {1,2} the
constant flow dI'} = dt. This outcome satisfies the conditions of Proposition 2, and so it can be
supported in a self-enforcing agreement.

The reason this continuous-time game can support as self-enforcing outcomes that are destroyed
by backwards induction in discrete time is the same as for the finitely repeated prisoners’ dilemma
of Section 2: In continuous time, backwards induction does not always apply because there is no
penultimate period. No matter how close to the end of the game a player deviates, there may still
be enough time for the opponents to sufficiently and credibly punish her for the deviation.

Finally, if an outcome can be supported in a self-enforcing agreement of the public-good provision
game it can be supported in a self-enforcing agreement which is adapted. To do so, one can use for

punishments the adapted optimal penal code constructed in the proof of Proposition 1.

5.2 Example: Dynamic Monopoly

The next example differs from the model of Section 3 in the following: (i) at each moment of time,
players move sequentially; (ii) there are players whose individual actions are unobservable. The
construction developed here can be adapted to formalize non-stationary equilibria in the setting of
Chavez (2020). Consider the continuous-time analog of Gul et al. (1986):

Setup. A monopolist, M, faces a unit Lebesgue measure of non-atomic consumers indexed by
q € [0,1]. Each consumer is in the market to buy one unit of the monopolist’s product. At each
time t € [0,+00), the monopolist posts a price P, € R. Having observed P;, consumers decide
whether to buy the product at time ¢. Consumers who have purchased the product leave the
market and become inactive.

In the notation of Section 3, the set of players is I = {M,[0,1]}. The monopolist’s action at
any time t is P, € R. Each consumer ¢ € [0, 1] has two actions, “accept” and “reject,” at times when

she is still active, and only the null action after she becomes inactive.

Sub-Moments. Each moment of time ¢ € [0, +0) divides into two consecutive sub-moments, ¢
and t+. At sub-moment ¢, the monopolist posts price ;. At the subsequent sub-moment, ¢+,

active consumers decide whether to accept P; or not. As deviations of individual consumers are
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undetectable, we do not need to consider sub-moment t5,, the sub-moment immediately after

consumers act at t+.

Admissible Histories. A total history of play, Hiew = {P:, At}i1=0, is a total path of the mo-
nopolist’s prices and consumers’ acceptance sets: for t € [0,+o0), P, is the price the monopolist
posts at time t; A; < [0,1] is the subset of consumers who leave the market before time ¢. Total
history Hioo = {Pi, At}i=0 is admissible if (1) {P}i=0 is cadlag; (i) {A¢}i=0 is weakly increasing
and left-continuous; and (iii) V¢ € [0, 4+0), set A; is Borel. The action-set independence is satisfied.

Fix an admissible total history Ho = {P;, At}i=0. Fort € [0, 4+00), define B,y = (ulirgr Au)\At,
the subset of consumers who buy the product at sub-moment ¢+. For ¢ € [0,1], define T'(q) =
inf{t > 0|q € A}, the moment of time at which consumer ¢ buys the product. By admissibility of
H o0, subsets { By }+>0 are disjoint and Borel; function T'(¢) is Borel.

Admissible finite histories are truncations of admissible total histories before each sub-moment
of time. Given an admissible total history H ., for each ¢ = 0, there are two consecutive admissible
finite histories, H; and H;,. The former contains all actions made before time ¢. The later adds to

the former the price posted by the monopolist at time ¢.

Payoffs. Each consumer ¢ € [0, 1] values the product at f(gq), where f : [0,1] — R, is a non-
increasing left-continuous function. The monopolist’s unit costs are constant and zero. All agents
have quasi-linear utility functions and discount the future by a common rate r > 0.

Let Hyon = { P, At}i=0 be an admissible total history. For ¢ > 0, let A\; be the Lebesgue measure
of A;. By admissibility of H 4, path {\t}¢=0 is left-continuous with right limits. Then, the path of
the right limits of {\;}i>0, denoted {A\i+}i=0, is cadlag. The monopolist’s payoff from H o is

+00
UM(H, ) = J e " P d)\y.
0

For consumer ¢ € [0, 1], who buys the product at time 7T'(q), the payoff from H o is

Ut (M) = e~ (f(q) = Pr(g))-

Agreements. In this game, the monopolist is the only player with detectable deviations. In such
games, construction of agreements takes just two steps as one does not need to consider reactions to

unilateral deviations of the remaining players. Specifically, an agreement is constructed as follows.
Step 1: the agreement specifies an initial outcome, ), which is a total admissible history.

Step 2: the agreement specifies continuation outcomes that should follow any finite admissible path
of the monopolist’s prices.
From the start of the game, the monopolist can choose any cadlag path of prices P € Hﬂ\r/[oo.

Along P, the agreement specifies continuation outcomes {QPS} ses\{0}, Where Py is the s-truncation
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of P. Consumers’ reaction is determined by the following convolution formula:

VP e HY, Ve [0,+%), A(P)= | ] Bus(Qp..).
ve[0,t)

where A;(P) denotes the acceptance set before moment ¢ in reaction to P; Bv+(C~2pU . ) denotes the
set of consumers who accept at sub-moment v+ in continuation outcome qu e
The total collection of continuation outcomes specified in the agreement must be admissible and

coherent, defined exactly as in Section 3.

Stationary Agreements. A special type of agreements are stationary agreements. In a stationary
agreement, consumers’ behavior is summarized by a Borel reservation-price function R : [0,1] — R:
in each continuation outcome, consumer g buys the product the first time the posted price is weakly
below her reservation, R(q). Given any Borel reservation-price function, the path of consumers’

acceptances in reaction to any cadlag path of prices is guaranteed to be admissible.
Strategies, Promised Values, and Values of Strategies. Defined as in Section 3.

Self-Enforcing Agreements. In this setting, for each sub-moment s € S, HY is the set of cadlag

paths of prices on [0, s). Self-enforcing agreements can be defined as follows.
Definition (Self-Enforcing Agreement). An agreement Q is self-enforcing if both

1. the monopolist’s optimality:

Vse S, VP, e HY, Vo e SM(Qp,), VM(o) <UM(Qp,);

2. the consumers’ optimality:
Vt € [0, +0), VPyy € HY, Vg € [0, 1\Ai(Pyy), Yo € 24(Qp,,), V(o) <UYQp,.)

where Ay(Py4) denotes the acceptance set before moment t in reaction to Py, .

In the above definition, the consumers’ optimality is required only for the consumers who are
supposed to be active at the beginning of a continuation outcome. Also, for each moment ¢ > 0, the
consumers’ optimality is required only in continuation outcomes that start at sub-moment ¢+. One
could rewrite the definition to require the consumers’ optimality for all consumers in all continuation
outcomes. However, doing so would be redundant.

In any self-enforcing agreement, the following usual “skimming property” is a consequence of the

consumers’ optimality:

Vt e [07 +OO)7VPt+ € Hé\—{-v Vq,q, € [07 1]\At(Pt+)a (q < ql) - (T(q|QPt+) < T(q/|QPt+))7

where T(q|@) denotes the time at which consumer ¢ should accept in continuation outcome Q.
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Solution. I now describe self-enforcing agreements of the dynamic-monopoly game.

First, in any agreement, the monopolist can guarantee himself a nonnegative continuation payoff
after any history by not posting prices below the marginal cost. Thus, in any self-enforcing agree-
ment, the monopolist’s promised continuation values must be at least 0. The following proposition

shows that this lower bound is tight and can be attained in stationary agreements:

Proposition 3 (Optimal Penal Code). For any Borel C < [0,1] and any P > 0, the dynamic-
monopoly game that starts with the set active consumers that equals C has a stationary self-enforcing
agreement in which (i) the initially-recommended price is P; (ii) the consumers’ reservation-price

function is R(q) = 0; (iii) the monopolist’s promised value is 0.
Proof. See Appendix A.3 for constructive proof. O

Intuitively, a stationary agreement delivering to the monopolist zero payoff works as follows.
At the beginning, the monopolist offers price P > 0. This price, however, should drop to zero “in
the twinkling of an eye” (c.f. Coase (1972)). That is, so quickly that no consumer would want to
purchase the good before the price is exactly zero. If the monopolist deviates from that path and
offers another price, that price, in its turn, would also be expected by consumers to go down to zero
“in the twinkling of an eye.” The precise lengths of such “twinklings” depend on prices offered by
the monopolist. For smaller deviating prices, the lengths are shorter. Continuous time allows one
to construct the corresponding continuation path no matter how short a “twinkling” is required.

Stationary agreements in which the consumers’ reservation price equals the monopolist’s marginal
cost are self-enforcing even if there is a “gap” between consumers’ valuations and the marginal cost.
This is qualitatively different from the discrete-time version of the model. There, in the unique
sequential equilibrium, the monopolist can sell to everyone immediately at a price just below the
lowest valuation. The difference stems from the following: In discrete time, the monopolist can
commit to a positive posted price for a one-period length of time, which is bounded away from zero.
In continuous time, the monopolist does not have such a commitment device.

Using an optimal penal code for punishing deviations, one can support a plethora of outcomes

in self-enforcing agreements:

Proposition 4 (Characterization). Any admissible path of prices above the monopolist’s marginal

cost can be supported in a self-enforcing agreement of the continuous-time dynamic-monopoly game.

Proof. The proof is similar to the proof of Proposition 2 and is therefore omitted. O

In particular, the static-monopoly outcome can be supported in the following full-commitment
agreement: Along the initial path, the monopolist always posts the static-monopoly price P*; the
consumers with valuations weakly above P* accept at time 0; the other consumers always reject. If
the monopolist ever deviates, the play reverts to an optimal penal code.

There is one more discrepancy between the continuous-time and discrete-time versions of the
model. In the “no gap” case, f(1) = 0, as the periods’ length A — 0, there is a sequence of rep-

utational equilibria of the discrete-time versions whose outcomes converge to the static-monopoly
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outcome (c.f. Ausubel and Deneckere (1989)). Yet, in the “gap” case, f(1) > 0, any discrete-time
version has a unique sequential equilibrium. As A — 0, the limit of these equilibrium outcomes con-
verges to the outcome, in which all consumers buy immediately at price P = f(1). This is drastically
different from the static-monopoly outcome, which can still be supported in the continuous-time
version. A possible interpretation of this qualitative difference is the following: Take a “gap” distri-
bution f of consumers’ valuations. For any € € (0,1), let f¢ = (1—¢)-f+¢€-UJ[0, £(0)] be the mixture
of f and the uniform distribution on [0, f(0)]. Distribution f is the distribution of valuations of the
primary consumers of the monopolist’s product. The uniform distribution represents consumers,
who might come to the market occasionally. The mixed distribution, f€, is the true distribution
the monopolist faces. The “gap” distribution, f, then is the limit of “no gap” true distributions
f€ as the relative measure of occasional consumers becomes negligible. When we are interested in
the limit of equilibrium outcomes of games with frequent price postings in the “gap” case, we are
essentially interested in finding the double limit of equilibrium outcomes as both A — 0 and ¢ — 0.
One order to take these limits is to first take ¢ — 0 and then to take A — 0. This order corresponds
to the frequent-posting limit of equilibria of discrete-time games with the “gap”. Another order is
to first take A — 0 and then to take ¢ — 0. This order produces self-enforcing agreements of the
continuous-time game with the “gap.” The discrepancy then signifies that the result depends on the
order in which the limits are taken. The discrete-time limit corresponds to the situation in which
the relative measure of occasional consumers diminishes more rapidly than the monopolist’s power
to commit to a posted price. The continuous-time model is the limiting case for the situation in

which the monopolist’s commitment power vanishes faster.!’

Comment. In the “gap” case, f(1) > 0, one may be interested in a stationary self-enforcing
agreement in which (i) the consumers’ reservation-price function is P(q) = f(1); (ii) the monopolist
should always post price f(1). However, such an agreement does not formally exist in the proposed
model. The reason is purely technical: given the consumers’ behavior, the monopolist would find it
strictly optimal to post f(1) immediately after any history of play. Yet, price paths of continuation
outcomes are restricted to be right-continuous. So, after a deviation price P > f(1) is posted, there
could be no continuation outcome which the monopolist would want to follow.

One way to deal with this technical issue is to extend the set of admissible continuation outcomes.
If after a deviation at time ¢, an agreement can recommend a continuation outcome that allows the
monopolist to adjust the posted price “immediately after” time ¢, then the required agreement can

be constructed. Section 6.2 develops such a construction in detail.

9Daley and Green (2020) (Section V.A) make a similar point when they compare the “uninformative news” limit,
¢ — 0, of their continuous-time model, and the frequent-offer limit, A — 0, of the discrete-time model of Deneckere
and Liang (2006). They also interpret the difference as the order-dependence of the limit.
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6 Stochastic Applications

In Section 5, I demonstrated how my method can be used in deterministic applications. In this
section, I turn to stochastic applications of my approach. In Section 6.1, I study a game with
an exogenously evolving payoff-relevant state — the leverage-dynamics model of DeMarzo and He
(2021). In Section 6.2, I consider a game with hidden information — the bargaining model of Daley
and Green (2020). There, I show how one can incorporate into agreements instantaneous and
randomized adjustments after deviations. In the proof of the one-stage deviation principle for that
model (Theorem 2), I employ the dense-collection principle established in Section 4. Finally, in
Section 6.3, I treat a game with hidden actions — the collusion model of Panov (2021). There, I
illustrate a simplifying technique applicable to games in which at all times, players’ sets of observable

actions have myopically-optimal ones.

6.1 Example: Leverage Dynamics without Commitment

The construction developed in this example can be adapted to formalize non-stationary equilibria in
the setting of Ortner (2017). Consider the model of a firm choosing its capital structure dynamically
and without commitment as in DeMarzo and He (2021) and Malenko and Tsoy (2020):

Setup. A firm has assets-in-place that generate operating cash flow at the rate of Y;, which is

publicly observable and for v > ¢, evolves according to
dY; = p(Yy)dt + v(Yi)dZ, + C(Yi-)AN,, (2)

where (Y;) and v(Y;) are general functions that satisfy the standard regularity conditions; {Z;}i>0
is a Brownian motion; {/V;};>¢ is a Poisson process with intensity A(Y;) > 0; and ((Y;-) is the jump
size given the Poisson event.

At each time t € [0, +00), equity holders can issue/repurchase debt to competitive debt holders.
Having observed their decision, debt holders determine the price of debt, p;, in Bertrand competition.
The aggregate face value of debt outstanding at time ¢ is denoted F;. Debt takes the form of
exponentially maturing coupon bonds with a constant coupon rate ¢ > 0 and an amortization rate
& > 0. At any time, equity holders can default on their obligations. In case of bankruptcy, investors

recover nothing from the firm’s assets.

Sub-Moments. Fach moment of time ¢ divides into four consecutive sub-moments: t, ty, toy,
and t3,. At sub-moment ¢, operating cash flow Y; is realized. At sub-moment ¢, equity holders
announce new face value of debt F;. At sub-moment to,, price p; is determined by debt holders.

At sub-moment t3., equity holders decide whether to default at time ¢ or not.

Random Paths. The game is played in a filtered probability space P = (Q,F,{Fi}i=0, P).
Space P includes an {F;};>0-adapted cadlag process of operating cash flows, {Y;};>0, which evolves

according to (2). The initial operating cash flow is a nonrandom value Yj. The initial face value of
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debt is F_ = 0.

A random path of play is a quadruple {7‘, Y, F,p}, where 7 is an {F;}¢>o-stopping time; Y =
{Yi}iepo,-] is the process of operating cash flows; I' = {I't};c(0.,) and p = {p}efo,r] are {Fi}i=o0-
adapted cadlag processes. Stopping time 7 can be infinite and corresponds to default time of the
firm. Process I is the process of cumulative issuance/repurchases of debt. Process p is the process
of debt prices. Equity holders can issue/repurchase debt at time 7. In that case, the default takes
place after the debt is sold/repurchased at price p,. Under issuance/repurchase policy {Ft}te[o,T]

the evolution of face values of debt, {F}}c[o,7], is given by
dF, = dT; — £Fydt,

with Fy = T'o+ Fp—. Policy {T't}sc[0,-) must be such that {F}}[o,-] is nonnegative. In the description
of paths of play, processes {I't};c[0,-] and {Fi}e[0,r] Will be used interchangeably.

Payoffs. At each moment ¢ before default, equity holders send to debt holders a flow payment of
(c+ &) Fidt. The firm pays corporate taxes equal to m(Y; — cFy)dt, where 7(-) is a strictly increasing
function. All agents are risk neutral and have a common discount rate r > 0. The equity holders’

payoff from random path H = {T, Y, I‘,p} is

:E[fe—rtptdl“t—f—f Yt—ﬂ' (Y, — cF}) — (C+§)Ft) dt],
0 0

where AI'y :== I'g; and the expectation is under measure P in space P.

Admissible Histories. Admissible histories correspond to realizations of random paths of play.
In this game, at each moment ¢ € [0, +0), there are two non-trivial decision nodes: at sub-moments
t+ and to,.'' For that reason, I will consider only histories before sub-moments of these two types.

An admissible history before sub-moment t2, Hy,, , is a nonrandom triplet {{Yv}ve[o,t], {Fv}ve[o’ﬂ,
{ﬁv}ve[o,t)} such that the path of cash flows, {Yv}ve[o,t]a is cadlag, starts at Yy = Y, and has jumps
AY, = ((Y,-); the path of face values of debt, {F)},e[0,], is nonnegative and cadlag; the path of
debt prices, {ﬁv}ve[o,t)7 is cadlag. Similarly, an admissible history before sub-moment t2, H;, , is
a nonrandom triplet {{Yv}ve[O,t]) {Fv}ve[o,t)v {ﬁv}ve[o,t)} satisfying the same restrictions. The initial
history, {Yp}, is admissible. The set of finite admissible histories is denoted H.

Sufficient Histories. Sufficient histories correspond to realizations of cash flows and face values of
debt along admissible histories. A sufficient history before sub-moment 2., Hf, , is a nonrandom
pair {Yy, Fy}oeo,) such that the path of cash flows, {Yy},e[0,, is cadlag, starts at Yo = Yo, and
has jumps AY, = ((Y,-); the path of face values of debt, {F,},c[04], is nonnegative and cadlag.

Sufficient histories before sub-moment ¢, are defined analogously. The initial sufficient history is

1At ¢, equity holders have the same information as at t+. The only new information that can arrive at tsy is
that equity holders end the game. Hence, we do not need to consider the node immediately after £s..
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{Yo}. The set of finite sufficient histories is denoted HC.
The sufficient part of an admissible history {{f/v}ve[o,t]’ {Fv}ve[o,t]v {ﬁv}ve[o,t)} is the sufficient
history {Y, Fv}ve[()’t]. (Similarly, for histories before ¢ .)

Initial Outcome. An initial outcome is a random path {T, Y, F,p} in space P such that along
that path, the debt prices (i) are deterministic functions of past sufficient histories; (ii) are consistent
with debt holders’ competitive behavior. That is, such that for all ¢ € [0, 7], (i) p is a function of
{Yy, Fu}oeo,; and (ii) Fi-almost surely,

J HOW=0 (¢ + €) du| |,
t

where the expectation is under measure P. Initial outcomes are continuation outcomes that follow

the initial history.

Continuation Outcomes. A continuation outcome, Q, that follows finite admissible history Hips
is a random continuation path for times v > t. Let (f/}, Ft) be the last point in the sufficient part
of My, . Continuation outcome Q is defined in a filtered probability space P = (Q, F, {F,}u=t, P).
Space P is constructed specifically for Q independently from spaces of other outcomes. Space P
includes an {ﬁv}v%—adapted process of future operating cash flows, {fﬁ,}vzt, which evolves according
to (2) and must start with Y; = Y;.

Continuation outcome Q is a quadruple {%, Y, ﬁ‘,ﬁ}. Time 7 is an {F,}y>¢-stopping time, at
which equity holders should default. Process F = {F’U}ve[t,ﬂ is an {fv}@t-adapted nonnegative
cadlag process of recommended face values of debt which must start with F; = F}. Process Y =
{ﬁ,}ve[tﬂ is the process of operating cash flows in P before default time 7. Process p = {Pv}veft,7) 1
an {Fy,}y>¢-adapted cadlag process of future debt prices. Process p must depend deterministically
on past sufficient histories and be consistent with debt holders’ competitive behavior in Q That is,

for all v € (t,7], (i) P, must be a function of {Y,, ﬁ’u}ue[t’v]; and (ii) F,-almost surely,

Py =K [ e~ O (¢ 4 €) du’fv],

S

where the expectation is under measure P. The price of debt at the beginning of ) must be the
;f- ~
nonrandom value p; = E[ § e~ 0=t (¢ 4 ) du], where the expectation is under P.
i
Continuation outcomes that follow an admissible history #H;, are defined analogously. The only

difference is that in them, the starting value of debt, F}, can be an arbitrary nonnegative number.

Supported Histories. Fix a continuation outcome Q that follows a finite admissible history H.
For each @ € Q, denote by Q(JJ) the nonrandom path in Q that corresponds to realization of @.

For all @ € , the concatenation H + Q(&)) is an admissible total history. Say that an admissible
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history H is supported in Q if
(He#) & (300, HoH+Q@).

The set of admissible histories supported in Q is denoted supp(@). For a finite admissible history
H e supp(@), denote by supp(’}:[,Q) the set of admissible histories that are supported in @ and
follow 7. That is, supp(H, Q) = {H’ € supp(Q) | < H'}.

Agreements. Agreements are constructed as follows.

Step 1: An agreement specifies an initial outcome, Q{YO}, that should follow the initial history.

Step 2: The agreement specifies continuation outcomes that should follow all other finite suffi-
cient histories. That is, for each sufficient history H¢ € H\{Y}}, the agreement specifies continuation
outcome Qe that should follow HC.

Along any infinite sufficient history {3, Ft}te[o7+oc), the reaction path of debt prices is given by

the following convolution formula:

e 0.40), o1 ({Fin Fubucion)) = 5(Qps iy ) )

where p; (HC) denotes the price of debt at time ¢ in reaction to sufficient history H¢; ﬁt(QHc)
denotes the nonrandom initial price of debt in continuation outcome Qe that starts at time ¢. The
convolution formula (3) implies a nonrandom reaction function, ®.

The admissibility requirement in this setting is the requirement that ®(H¢) is cadlag for each
infinite sufficient history H¢. The admissible history before sub-moment s which results from the
play of H$ equals to {Hg, <I>s(7-[§)} Thus, continuation outcome QH‘; will follow the admissible
history {H¢S, ®s(HS)}

The total collection of continuation outcomes, @, must be coherent in the following sense:

Definition (Coherency). A collection of continuation outcomes Q = {QHC}HCEHC 1s coherent if it

keeps supporting the same histories in spells of time when equity holders do not actually deviate,

VQ €Q, VH € H, (’H € supp(@)) == <supp(7-l, Q) = supp(QH*)),
where H* denotes the sufficient part of admissible history H.

Coherency implies the following promise keeping property: in each continuation outcome of @,
the path of debt prices recommended along a sufficient history coincides with the reaction path of
debt prices determined by the convolution formula (3).

The above notion of a coherent collection of continuation outcomes generalizes to this stochastic
setting the corresponding notion from the deterministic setting of Section 3. Indeed, in the determin-

istic case, (i) each continuation outcome supports a unique path of play; (ii) relation H € supp(Q)

reduces to ‘H containing the pre-history of Q and being a truncation of the total path corresponding
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to Q; (iii) supp (’H, Q) is singleton and equals the total path corresponding to Q; (iv) supp(QH*)
is singleton and equals the total path corresponding to QH*

The definition of agreements in this stochastic setting is the following:
Definition (Agreement). An agreement is an admissible and coherent collection of continuation
outcomes that recommend random continuation paths of play after all finite sufficient histories.
Strategies. Take a continuation outcome Q that starts at time ¢t. A strategy o of equity holders
in continuation outcome Q prescribes

1. a possibly infinite {fv}v>t—s‘copping time 79 >t at which equity holders default in Q;

2. a nonnegative {F,},>-adapted cadlag process of face values of debt, {7 Yoelt,ro] If Q follows
a sufficient history before sub-moment oy, then FY must be equal to Ft, the face value
announced at sub-moment ¢+, immediately prior to Q. Denote by {T9 boeft,ro], With T =

F, — Fy_, the associated process of debt issuance/repurchase.
The set of equity holders’ strategies in continuation outcome Q is denoted Z(Q)

Promised Continuation Values. The continuation value promised to equity holders in continu-

ation outcome @ that starts at time ¢ is the nonrandom value

Q) =E|

He—

e "5, dr, J — — (Y, — cF,) — (c+ 5)1:1,) dv],
t

where AT, == F, — Ft_; and the expectation is under measure Pin space P associated with Q.

Values of Strategies. Fix an agreement Q. Take a continuation outcome Q € Q that starts at

time ¢ and a strategy o of equity holders in Q. The continuation value of ¢ is the nonrandom value
Vie)=E Ue r@=p, dI'7 + f (Y, — (Y, = ¢FY) — (c+ &) FY) dv],
t t

where the expectation is under measure P in space P associated with Q; and for v € [t,77], Do
denotes the price of debt at the beginning of the continuation outcome that follows {}7“, F Yuelt ]
By promise keeping, the continuation value of the strategy that prescribes to follow @ coincides

with the promised continuation value, W(Q)

Self-Enforcing Agreements. An agreement @ is self-enforcing if there is no strategy for equity

holders that constitutes a profitable deviation from any continuation outcome,

VQ e Q, Vo e X(Q), V(o) <W(Q).
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Smooth Markov Agreements. A smooth Markov agreement with states (Y, Fi_) is determined
by a density of issuance/repurchase policy, G : R x Ry — R, and a closed set D < R x R, which
is the firm’s default region. In the agreement, a continuation outcome that starts in state (Yt, Ft_)
recommends continuation paths that are deterministic functions of realized cash flows. Specifically,
for a nonrandom path of cash flows {ﬁ,}ve[t’Jroo), the recommended path of face values of debt is
the solution to the ODE

= G(Y,, F,) —¢F, (4)

with initial condition F; = F;_. Provided G(Y, F) is continuous in Y and uniformly Lipschitz
continuous in F' on finite time intervals and outside D, the solution to (4) locally exists and is
unique by the Picard-Lindelof theorem. Provided D is well-behaved, the solution to (4) can be
extended until (}7@, Fv) first hits D, at which time the firm defaults. Debt price p; = p(Yy, Fi—) is
determined as the initial price of debt in the continuation outcome that starts in state (Y, Fy_).
Provided G(Y, F') and D are well-behaved, p(Y;, F;—) is continuous in both arguments, which ensures
that the path of debt prices in reaction to any sufficient history is cadlag. That is, the admissibility
requirement is satisfied. Because face values and prices of debt are determined pathwise and uniquely
by an initial state and a path of cash flows, the so-constructed collection of continuation outcomes

is coherent. That is, the collection is an agreement.

Solution. After the model is formalized as above, one can say that DeMarzo and He (2021)
characterize self-enforcing agreements that are smooth Markov with states (Y, F;—). In their turn,
Malenko and Tsoy (2020) use the agreements of DeMarzo and He (2021) as an optimal penal code,
and characterize optimal outcomes among those that are (i) Markov with states (Yz, F;—), (ii) have

a special form, (iii) can be supported in self-enforcing agreements.

Comments. 1. In the above construction, continuation outcomes lie in spaces that are different
from space P, in which the game is played. In a self-enforcing agreement, the only outcome that
will be played actually is the initial outcome, which lies in P. The other continuation outcomes are
counterfactual and describe what would happen only if equity holders deviated.

2. In continuation outcomes of agreements, face values of debt and default times are not re-
stricted to be deterministic functions of past cash flows. This allows for public randomization in
equity holders’ actions. However, this randomization is not needed for self-enforcing agreements
studied in DeMarzo and He (2021) and Malenko and Tsoy (2020).

6.2 Example: Bargaining and News

I now show how one can incorporate into agreements instantaneous and randomized adjustments
after deviations. A similar construction can be used for the deterministic model of Chavez and
Varas (2021). Consider the setting of Daley and Green (2020) (hereafter DG):

Setup. A buyer wants to purchase a non divisible durable asset that belongs to a seller. The asset

can be of either type 6 € {L, H} which is privately observed by the seller. The ex-ante probability
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that the asset is of type H is Py € (0,1). Thus, there are three players: the buyer and the two types
of the seller.

At each moment of time ¢ € [0, +00), the buyer makes a price offer, W;, to the seller.!? Having
observed W4, the seller either accepts or rejects. In case of acceptance, the trade is immediately
executed at price Wy, and the game ends.

The seller’s type is gradually revealed by the evolution of a public-signal process, {X;}:>0, that
satisfies for v > ¢,

X, = pldt + vdBy,

where {B;}+=0 is a Brownian motion; u > p# are constant drifts; and v > 0 is a constant volatility.

Denote by ¢ == (uf — ) /v the signal-to-noise ratio in the public signal.

Sub-Moments. Each moment of time ¢ divides into two consecutive sub-moments, ¢ and ¢t+. At
sub-moment ¢, public signal X; is realized and the buyer makes offer W;. At sub-moment ¢, , the

seller either accepts or rejects the buyer’s offer.

Random Paths. The game is played in a filtered probability space P = (Q, F, {F:}+=0, P). Space P
includes an {F;};>p-adapted process of public signals, {X;};>0, with Xy = 0, such that the process
{%Xt}tzo is a Brownian motion under P. For each realization of the seller’s type 6 € {L, H},
probability measure P is changed to measure P? using Girsanov’s theorem so that the process
{(X; — pft)}i=0 is a Brownian motion under P?.

A random path of play is a quadruple {X, W, S¥ S} where X = {X;}i>0 is the public-signal
process; W = {Wi}i=0 is an {F;}s=o-adapted cadlag process of the buyer’s offers; S = {SF}i=0
and S = {SH},~0 are {F;}i=0-adapted nondecreasing cadlag processes with values in [0,1]. For
0 e {L,H} and t > 0, value S? is the cumulative probability that the type-6 seller accepts an offer

by time ¢ inclusive.

Payoffs. For § € {L, H}, the seller’s cost of parting with the asset is K?, with KT = 0 < K.
The buyer’s value for the asset is V?, with V# > VL. Gains from trade are common knowledge:
V? > K9 for each § € {L, H}. The players are risk-neutral and have a common discount rate r > 0.
The payoffs from a random path H = {X, W, S* S} are as follows.

The payoff of the buyer is

UB(H) = (1- R)- EPL[ Te—”(vL — W) dStL] o EPH[ +foe—”(vH W) dsff],
0 0

where for 0 € {L, H}, ASg = Sg; and Epe denotes the expectation under PY.

12Tp this example, I use the notation of DG when possible. So, W denotes price offers rather than promised values.
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For 0 € {L, H}, the payoff of the type-6 seller is

UY(H) = ]Epe[ Te—“(wt ~ K? dsf].
0

Extended Cadlag Paths. In this game, to ensure existence of a rich class of self-enforcing
agreements, one needs to allow the buyer to adjust her offer immediately after a deviation (See
also the comment at the end of Section 5.2). As a result, the sets of admissible paths of offers and
acceptances need to be extended beyond the set of cadlag paths. I do it as follows.

A path is extended cadlag if it is piecewise cadlag with finitely many adjustment times. That
is, an extended cadlag path, Fjg4, on interval [0,¢], with ¢ € [0,+c0], is a finite ordered set of
adjustment times, {ai,..,a,}, with 0 = a1 < .. < a, < t = any1, and n cadlag paths, F* :
[aj,a;+1] — R for I = 1,..,n. Path Flo,;) can have several consecutive adjustments at the same
moment of time: a; can be equal to a4 for some [ = 1,..,n. Adjustments on Fjg can be trivial:

at some adjustment time a;, with [ = 2, .., n, there can be no adjustment in F'; that is, Ffl;l = Fél.

Extended Cadlag Processes. A process F' = {F,},>; in filtered space {Q; F, {F,}v=t} is extended
cadlag if there exists N € N such that for all @ € Q, the path ﬁ’(d)) is extended cadlag with at most
N adjustment times. An extended cadlag process Fis {fv}y>t—adapted if for all n € {1,.., N}, the
n-th adjustment time of F, a, (%), is an {F,},>-stopping time; and for all v > ¢, random variable

FH@) - Lia, (&)<v<ans1 (@)} 18 Fo-measurable.

Admissible Histories. An admissible history before sub-moment ¢, H;, , is a nonrandom quadru-
ple {{Xv}ve[o,t]’ {Wv}ve[o,t]: {S%}ve[o,t)a {Sz{{}ve[O,t)} SPCh that the public-signal path, {Xv}ve[O,t]a is
continuous and starts at Xg = 0; the offer path, {Wv}ve[o,t]7 is extended cadlag with adjustment
times {ai,..,an}; the acceptance paths, {S%}ve[o,t) and {SH Jvelo,t), are nondecreasing extended
cadlag paths with values in [0,1] and with the same set of adjustment times as on {Wv}fue[w)-
For an adjustment time a;, value S’gl is the cumulative probability that the type-6 seller accepts
offer Wal or an offer before that. Abusing the notation, if {Wv}ve[o,t] has several adjustments at
time ¢, then {S%}ve[o,t) and {S’f Jvelo,t) Tepresent the paths of acceptances in response to all offers
before the offer at the last adjustment, Wan. Similarly, an admissible history before sub-moment ¢,
H;, is a nonrandom quadruple {{XU}UE[O,t), {Wv}ve[o,t)v {S‘f}ve[o,t), {Sﬁ}ve[ovt)} satisfying the same

restrictions. The initial history, ¢, is admissible.

Buyer’s Beliefs. Let H;, be a finite admissible history with last point (Xt, Wa, gf_,gﬂ), such
that S'tL_ < 1 and Sﬁ < 1. As is suggested by DG, it is convenient to represent the buyer’s belief
at the end of H;, with the log-likelihood ratio, ZAt,, defined as

s 50 ¢ (o  p+p” 1- 5/
Zt_._ln<1_PO>+l/<Xt 5 t) +In ) (5)

— S5
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The probability that the seller is of type-H assessed by the buyer before offer W, is rejected is then

Sufficient Histories. A sufficient history before sub-moment ¢, H{ , is a nonrandom pair
{XU,WU}UE[OJ], such that the public-signal path, {XU}UE[O,t]v is continuous and starts at Xy = 0;
the offer path, {Wv}ve[o,t]a is extended cadlag. Sufficient histories before sub-moment ¢ are defined

analogously. The initial history is sufficient.

Initial Outcome. An initial outcome is a random path {X, W, 8% 8%} in space P such that
along that path, the cumulative acceptances are deterministic functions of past sufficient histories.
That is, such that for all ¢ € [0, +00), S¥ and S} are functions of {X,, W} vefo,- Initial outcomes

are continuation outcomes that follow the initial history.

Continuation Outcomes. A continuation outcome, Q, that follows finite admissible history Hy,
is a random continuation path for times v > t. Let (X;, Wy, SF , SH) be the last point in H;, . Con-
tinuation outcome Q is defined in a filtered probability space P = (Q, F , {fv}v>t, 15), constructed
specifically for Q. Space P includes an {F,},>¢-adapted process of future public signals, {X,}y>r,
which must start at X; = Xt, and such that {%Xv}@t is a Brownian motion under P. For each
realization of the seller’s type 6 € {L, H}, probability measure Pis changed to measure p? using
Girsanov’s theorem so that {%(X'v — 1% v)}y>¢ is a Brownian motion under P?.

Continuation outcome @ is a quadruple {X', w,SE, S'H} Process X = {Xv}vgt is the public-
signal process in P. Process W = {VNVU}U% is an {fv}v>t—adapted cadlag process of recommended
offers. For each 0 € {L, H}, S is the type-0 seller’s recommended acceptance behavior in Q.

Continuation outcome Q can be either non-adjustment or adjustment as described below:

e If Q is non-adjustment, then offer 1, must be equal to W;. For 0 € {L,H}, 5% is an {.7:"1,}1,%—
adapted nondecreasing cadlag processes {S’f}vzt, whose values are deterministic functions of

past sufficient histories and must be in [S’f_, 1].

e if Q is adjustment, then the adjusted offer, W;, can be different from the last offer, W,
Offer W; can be randomized. For 6 € {L, H}, 8% is a pair {S?_,{S%},>;}. Nonrandom value
S’f, must be in [S'f,, 1]. Probability (S’f, — S’f,) is the ex-ante probability that the type-0
seller accepts offer W;. Process {S’g Vot is an {F, }o=-adapted nondecreasing cadlag processes,

whose values are deterministic functions of past sufficient histories and must be in [S’f_, 1].

Continuation outcomes that follow admissible history H; are analogous to adjustment continu-

ation outcomes constructed above. Such continuation outcomes are considered non-adjustment.

Supported Histories. Fix a continuation outcome Q that follows a finite admissible history H.
For each @ € , denote by Q((Z;) the nonrandom continuation path in Q that corresponds to w. The

total history of play that corresponds to @ is the concatenation H + Q(JJ) If Q is non-adjustment,
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then H + Q(&) has the same adjustment times as H. If Q is adjustment, then H + Q(&) adds to
the adjustment times of H an additional adjustment at the beginning of Q(&). For each & € Q,
the total history H + @((I)) is admissible. With the above convention, histories supported in Q are

defined exactly as in Section 6.1.

Agreements. An agreement is an admissible and coherent collection of continuation outcomes
that recommend random continuation paths of play after all finite sufficient histories. Agreements
in this setting are constructed similarly to Section 6.1.

Along any infinite sufficient history {Xt, Wt}te[o, +o0), the reaction path of the seller’s acceptances

is given by the following convolution formula:

Vo e {La H}a Vte [07 +OO)7 Ste({Xuv Wu}ue[o,t]> = 51150 <Q{Xu7Wu}ue[o,t]>’ (6)

where S? (HC) denotes the cumulative probability that in reaction to sufficient history H¢, the type-
0 seller accepts offer W; or an offer before that; and Sf (Q’He) denotes the cumulative acceptance
probability recommended to the type-0 seller at the very beginning of continuation outcome Qe.
For each adjustment time of {Xt, Wt}te[0,+oo)a the convolution formula (6) applies separately. The
convolution formula (6) implies a nonrandom reaction function, ®.

The admissibility requirement in this setting is the requirement that for any finite sufficient
history H¢,, the path ®;(H¢,) is nondecreasing extended cadlag with values in [0,1]? and with
adjustment times that are the same as on path Hj, . For each finite sufficient history H{,, QH§+ is
a possible continuation outcome after the finite admissible history {Hf_, @t(”Her)}. (Analogously,
for any finite sufficient history #{.)

The coherency requirement is formulated exactly as in Section 6.1.

Strategies. Given an agreement, consider a continuation outcome Q that follows admissible history
H;, with last point (X1, Wi, SE, SH).13 Players’ strategies in Q are defined as follows. (Players’
strategies is a continuation outcome Q that follows admissible history H; are defined analogously.)

A strategy of the buyer, o, is an {F,},>-adapted extended cadlag process of offers, {W 7}y,
that can start at W7 # W;.

For § € {L,H}, a strategy of the type-8 seller, o, is a pair {S7_,{SJ}y>¢}, where (i) value
(87— 8% ) e [0,1 — 8% ] is the ex-ante probability of acceptance of offer Wy; (i) {S7}ys¢ is an
{]:"U}U;t—adapted nondecreasing cadlag process of cumulative acceptance probabilities with values
in [S7_,1]. If Q is non-adjustment, then it must be that S¢ = Sg_. It Q is adjustment, then it can
be that S7 > SJ_.

For i € {B, L, H}, denote by X/(Q) the set of player i’s strategies in continuation outcome Q.

Promised Continuation Values. Take a continuation outcome @ that follows admissible history
H;, with last point (Xt, Wt, S’tL_, S’ﬁ ). The continuation values promised in Q to the players are

defined as follows. (Analogously for continuation outcomes that follow an admissible history H;.)

13The last point of the initial history is (0, &, 0,0).

34



The promised continuation value of the buyer is the nonrandom value
WH(Q) = (1= Pio) - WPHQ) + P - WPIT(Q),

where P;_ is the buyer’s belief after H;, that the seller is of type H; for 6 € {L, H}, value WBI?(Q))

is the buyer’s promised continuation value conditional on the seller being of type 6, defined as

- . +00 .
~ ~ . qf _ gb N ds?
WEIO(Q) = (VO — W, .t—At—+]E~”e’"<“> VO W ol
(@ = (=18 S B VW)

In the above expression, the first term is the profit the buyer makes on the type 6 seller and offer
W, at the beginning of Q; the second term is the future profits she makes on the type-0 seller.
Symbol Ep, denotes the expectation under P? in space P associated with Q. If Sf_ = 1, then
WEI?(Q) = 0.

For 6 € {L, H}, the promised continuation value of the type- seller is the nonrandom value

400

+Eg| f eI (W, — K°)
t

50 g0
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—— as; ]

W(Q) = (W, — K7) - v
(@ = (Wi~ K") -~
Values of Strategies. Given an agreement @), consider a continuation outcome Q € Q that follows
admissible history H;, with last point (X;, Wy, S&, S ). (Analogously for continuation outcomes

that follow an admissible history #;.)

The continuation value of the buyer’s strategy o € £5(Q) is the nonrandom value

VB(o)=(1—-P_) - VP (o) + P,_ . VBIH (o),

where P;_ is the buyer’s belief after #;, that the seller is of type H; for 6 € {L, H}, value V5I?(o)

is the continuation value of ¢ conditional on the seller being of type @, defined as

dSy(a) ]

0 — g0 I
VH ) = (V! = W) - S+ B[ [ e 00— 2 5t
) :

180
where S?(o) denotes the type-6 seller’s cumulative acceptance by time v inclusive in reaction to o.
The continuation value of the type-0 seller’s strategy o € ZG(Q) is the nonrandom value

+00
+E g J D (17, — K7

t

~ R So 73'0
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Self-Enforcing Agreements. An agreement Q is self-enforcing if

VQe Q, Yie {B,L,H}, Yo e ¥(Q), Vi) <WI(Q).

Smooth Markov Agreements. A smooth Markov agreement with parameters {ﬁ, q(+), R()} has
the buyer’s belief, Z,_, as a state, and is determined by a belief threshold, 5 € R; a hazard rate of the
type-L seller’s acceptance, q : (—o0, 3] — (0, +00), which is Lipschitz continuous on finite intervals;
and an offer function, R : R — R, which is continuous on R, strictly increasing on (—c0,3), and
constant on [, +00]. In the agreement, the play continues until the first time, 7, when the state is
weakly above threshold 3. At 7, the buyer should offer W, = R(f), which both types of the seller
should accept with probability 1. The type-H seller should reject all offers before 7. At any moment
t € [0,7), the buyer should offer W, = R(Z,_). The type-L seller should accept W; according to the

hazard rate q(Zt_). Appendix B.1 provides the formal construction of smooth Markov agreements.

Solution for smooth Markov Agreements. The characterization of all self-enforcing agreements
in this setting is beyond the scope of the current paper. Instead, I focus here on smooth Markov
agreements for the case when the Static Lemons Condition of DG holds; that is, when K# > VL.

Fix a smooth Markov agreement Q. Let Q € Q be a continuation outcome that starts at
time ¢ > 0. In Q, the players can choose among complicated deviating strategies. To simplify the
analysis, [ select a tractable collection of strategies, which I call the one-shot deviations. Specifically,
for the buyer, consider one-shot deviations of the following two types: (i) to immediately make an
offer W € R and after that, to follow the recommendations of the ensuing continuation outcome;
(ii) to make unacceptable offers of R(—o0) until an {F,},>¢-stopping time 7 > t and starting
from 7, to follow the recommendations of the ensuing continuation outcome. For the type-0 seller,
0 € {L,H}, a one-shot deviation is a strategy given by an {F,},>stopping time 7 > t at which
the seller accepts the buyer’s offer: before 7, the seller rejects all offers and then, he accepts offer
W, with probability 1. Denote by Ell(@), i € {B,L,H}, the set of one-shot deviations of player i

in continuation outcome Q. The following is one of the main results of the paper:

Theorem 2 (One-Shot Deviation Principle). A smooth Markov agreement Q is self-enforcing if

and only if in the agreement, neither player has a profitable one-shot deviation,

Vie {B,L,H},YQ e Q, Voe(Q), V() <W(Q).

Proof. See Appendix B.4. O

The proof of Theorem 2 employs the dense-collection principle (Theorem 1): for the buyer’s
deviations, the principle is combined with backwards induction; for the seller’s deviations, the prin-
ciple is used directly. The restriction to Markov agreements is essential: in non-Markov agreements,
players’ reactions may depend on fine details of the past history of play. Thus, checking one-shot

deviations may be insufficient for verifying that a non-Markov agreement is self-enforcing.
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Let Q. € Q be a continuation outcome that starts when the state is z € (—c0, 8), and the buyer
has just offered R(z). Denote by F(z) the buyer’s promised continuation value in Q,. Let 75 be
the stopping time in Q. at which the state first hits threshold 3. Denote by D¥(z) the continuation
value of the type-L seller’s strategy that prescribes to delay acceptance until 73. In Appendix B.3,
I show that values D¥(z) and F(z) depend on state z, but not on a particular choice of Q.€Q.

For z € R, let p, == e*/(1 + €*) be the probability the buyer assigns in state z to the seller
being of type H; let V(z) = p,VH + (1 — pz)VL be the expected value of the asset in state z. For
z€ (-, ), let I'(2) == (1 —p.) (V¥ — R(2) — F(2)) + F'(z) be the net benefit of screening for the
buyer in state z.

Recall the due diligence game studied in DG: the buyer observes the public-signal process and
decides when to optimally stop and make the pooling offer of K, which will be accepted by
both types of the seller. DG prove that in the due diligence game, the optimal strategy for the
buyer is to stop whenever her belief is weakly above some optimal threshold, 84; moreover, they
provide an explicit expression for Bg. Similarly, for W e [KH, V) let B43(W) be the optimal
belief threshold in the due diligence game in which the pooling offer is W. By DG’s Proposition 1,
Ba(W) = V-HW) + ln(uf,f—il), where u* == (1 + /1 + 8r/¢?).

My next step is to apply Theorem 2 to establish the following useful characterizations of players’

incentive constraints in smooth Markov agreements:

Proposition 5 (Buyer’s Incentive Constraints). The buyer does not have profitable deviations in a

smooth Markov agreement with parameters {B, q(+), R()} if and only if simultaneously

1. the instantaneous incentive compatibility constraints of the buyer are satisfied,

Vze (—w,8), T'(z)=0;
2. the individual rationality constraint of the buyer is satisfied at threshold (3,
R(B) < V(B);
3. threshold B coincides with the optimal threshold of the corresponding due diligence game,
B = Ba(R(B))-

Proof. See Appendix B.5. O

Proposition 6 (Seller’s Incentive Constraints). Neither seller’s type has profitable deviations in a

smooth Markov agreement with parameters {8,q(-), R(-)} if and only if simultaneously

1. the instantaneous incentive compatibility constraints of the type-L seller are satisfied,
Vze (—»,8), R(z)=D"(z2);
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2. the individual rationality constraint of the type-H seller is satisfied,

R(B) = K.

Proof. See Appendix B.6. O

Comparatively to DG, Proposition 5 is an “if and only if”-directional strengthening of their “only
if”-directional Lemma 1. Appendices B.5 and B.6 contain complete and formal proofs that close a
few gaps in the original treatment.

For the considered game, DG propose a unique equilibrium, in which the highest recommended
offer is K. For each W e [KH V) let T'(W) be the game obtained from the considered game
when K is replaced with W. (Naturally, I'(K*) is the considered game.) Let Q(W) be the smooth
Markov agreement in the considered game whose parameters coincide with the parameters of the

Daley-Green equilibrium of T'(W). The following proposition characterizes self-enforcing smooth

Markov agreements in the considered game:

Proposition 7 (Characterization). In the considered game: for each W e [Kf VH) agreement

Q (W) is the unique self-enforcing smooth Markov agreement in which the highest recommended offer

is W ; there are no other self-enforcing smooth Markov agreements.

Proof. For W e [KH, V) applying Proposition 5 and Proposition 6 and following the procedure
proposed by DG (Section III.B), one can pin down Q(W) as the unique self-enforcing smooth
Markov agreement in which the highest recommended offer is W. For W < K there are no
self-enforcing smooth Markov agreements by the type-H seller’s individual rationality constraint.
For W > K there are no self-enforcing smooth Markov agreements by the buyer’s individual

rationality constraint. O

The Daley-Green equilibrium corresponds to the self-enforcing smooth Markov agreement with
the highest offer K. Yet, the considered game has a continuum of other self-enforcing smooth
Markov agreements. In DG, other equilibria are dismissed by the assumption that in any equilib-
rium, both types of the seller would immediately accept any offer weakly above K. While this
property holds in the discrete-time version of the model, it no longer follows from the sellers’ opti-
mality in continuous time. The reason is similar to the one discussed in Section 5.2: unlike trading
in discrete time, in continuous time, the buyer can not commit to a posted offer for a positive-length

period of time.

Other Self-Enforcing Agreements. The considered game has the following self-enforcing agree-
ment: the buyer should always offer V; both types of the seller should accept the first time the
buyer offers at least V. In that agreement, the buyer’s promised continuation value is 0 at any
time. Thus, the outcomes of the agreement constitute an optimal penal code. If one proceeds

similarly to DG and restricts that in any self-enforcing agreement, both types of the seller should
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accept immediately any offer weakly above K| then the outcomes of the Daley-Green equilib-
rium will constitute an optimal penal code. In both cases, any path supportable in a self-enforcing
agreement can be supported in an agreement that uses an optimal penal code for punishing the
buyer’s deviations. I leave for future research to complete the characterization of paths supportable

in self-enforcing agreements in the considered game.

Comparison with DG. My treatment of this game has several important differences from the
original treatment of DG.

First, DG construct their equilibrium objects taking as a primitive the process of the buyer’s
beliefs. In contrast, I take as primitives paths of public signals and players’ actions, and only then
derive the corresponding path of the buyer’s beliefs (Appendix B.1). Unlike DG, I formally construct
the probability measure, PB | that corresponds to the buyer’s perspective when she plays a strategy
in a smooth Markov agreement (Appendix B.2). Measure P5 s crucial for establishing properties
of the buyer’s value function. In particular, measure PB is used to prove the one-shot deviation
principle (Theorem 2), and the fact that the buyer’s value function satisfies the DG’s ODE (10)
(Lemma 6 in Appendix B.3).

Second, as their equilibrium restrictions, DG impose that players do not have profitable one-shot
deviations. They do not consider other deviations that players’ might choose. That is, DG’s notion
of equilibrium effectively assumes that the one-shot deviation principle applies for the collection of
one-shot deviations they consider. In contrast, I start by allowing players to deviate with arbitrary
measurable action paths, and only then establish that for checking that a smooth Markov agreement
is self-enforcing, one can indeed without loss restrict attention to the one-shot deviations proposed
by DG. Also, in my treatment, the restriction that an agreement is self-enforcing implies all the
restrictions DG impose on their equilibrium concept except the restriction that both types of the
seller should always accept any offer weakly above K.

Finally, DG’s notion of an S-candidate has similarities with my notion of an agreement. One of
the differences, however, is that an S-candidate requires the seller’s optimality, but not the buyer’s
optimality. In my treatment, both the seller’s and the buyer’s optimality are required only in

agreements that are self-enforcing.

6.3 Example: Collusion with Costly Transfers

In some games, paths of optimal self-enforcing agreements are expressed as solutions to SDEs rather
than ODEs. In such games, it is not possible to use the pathwise definition of coherency proposed in
Section 6.1. One way to deal with this issue may be to extend the notion of coherency appropriately,
which would complicate the model. I now illustrate an alternative, simplifying technique applicable
to games in which at all times, players’ sets of observable actions have myopically-optimal ones. To
solve such games, one can proceed in the following steps: (i) suitably discretize players’ deviations
by imposing an artificial restriction; (ii) find self-enforcing agreements of the restricted game; (iii)

verify that the set of outcomes supportable in self-enforcing agreements remains the same after the
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restriction is dropped. Consider the collusion game of Panov (2021):

Setup. Two players interact on the time interval [0, +00). At each moment ¢t € [0,+0), each
player i € {1, 2} takes a productive action, A, from a finite set A*. Productive actions are imperfectly

observable by their effect on the evolution of a public-signal process, {X;};>0, that satisfies for ¢t > 0,
t
X; = JM(A}),AE)dv + Zy,
0

where {Z;}i~0 is a d-dimensional Brownian motion; and u : A' x A%2 — RY is a drift function.
Besides taking productive actions, the players can publicly transfer money to each other. There is
a retention parameter, k € [0,1). If at time ¢, player i sends the opponent amount dI'i > 0, the
opponent receives only k - dI'}, with the remaining (1 — k) - dI'} being permanently lost. Cumulative

transfers until time ¢ inclusive are denoted '} and I'?. At each moment, all actions are simultaneous.

Random Paths. The game is played in a filtered space P = (Q, F,{F;}+=0). Space P includes an
{Fi}+=0-adapted process of public signals, {X;};>0, which has continuous sample paths and starts
at Xg = 0.

A random path of play, H = {X, A,T'}, is the public-signal process, X = {X;}i>0; an {F;}i>0-
progressively measurable process of productive actions, A = {A}, A?};>0; and an {F;};>o-adapted
cadlag process of cumulative transfers, I' = {I'},T'?};>0, which is nondecreasing and nonnegative.

Given random path H, space P is completed with a probability measure, P, such that the process

t
{X¢ — S (A}, A2) dv} />0 18 & d-dimensional Brownian motion under P.
) >

Payoffs. The payoff of player i € {1,2} from a random path H = {X, A T} is

e B 1 [ et apya -t ),
0

where for i € {1,2}, AT} = T%; g (A}, A?) = ¢'(AL) + b'(AY) u(A}, A?) for some arbitrary functions

d: A - Rand b : A" — R?% and the expectation is under the measure corresponding to H.
Initial Outcome. An initial outcome is a random path constructed in space P.

Continuation Outcomes. A continuation outcome, Q, that starts at time ¢ > 0, recommends a
continuation play for times v € [t, +00). Continuation outcome Q is a random continuation path
that is defined in a filtered space P = (Q, F, {F,}v=¢). Space P is constructed specifically for Q
independently from spaces of other outcomes. Space P includes a process of future public signals,
{XU}U%, which has continuous sample paths and starts at X; = 0.

Continuation outcome Q = {X' ,A,f‘} contains the process of public signals, X = {Xv}v>t;

{]:"v}vzt—progressively measurable processes of recommended productive actions, A = {fl}), fl%}@t;
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and {F,},>-adapted cadlag processes of recommended future cumulative transfers, {T'}, T2},

which must be nondecreasing and nonnegative. Given Q, space P is completed with a probability
v

measure, P, such that {XU — ( (AL, A2) du}v> , is a d-dimensional Brownian motion under p.
) >

Agreements. An agreement is a collection of outcomes constructed in steps as follows.

Step 1: The agreement specifies an initial outcome.

Step 2: The agreement specifies continuation outcomes of level 1. That is, continuation outcomes
that should follow any money-transfer deviation from the initial outcome made by either player.
Step 3: For each level-1 continuation outcome, the agreement specifies continuation outcomes of
level 2. That is, continuation outcomes that should follow any money-transfer deviation from the
level-1 continuation outcome made by either player.

Steps 4 and further: and so on.

Strategies. In the original game, players can choose any admissible paths of hidden productive
actions and observable money transfers. To simplify the analysis, I first impose an artificial inertia
restriction on players’ observable actions. I then solve for self-enforcing agreements of the restricted
game. After the solution is found, we will see that the inertia restriction can be dropped without
affecting the results.

The restriction works as follows. During the play of an agreement, there is only one observable
deviation available to the players: a player can publicly refuse to send money. Moreover, a player is
allowed to publicly deviate only if he is not restricted by the inertia of his past observable deviation.
Call a player unrestricted after a history of play if he can make a public deviation then; otherwise,
call him restricted. In the initial outcome, both players are unrestricted. Fix an inertia parameter

€ > 0. The following is the restriction imposed on players’ observable deviations:

Inertia Restriction. During the play of an agreement, an unrestricted player, i, can publicly
deviate at time t and announce that he will send zero. In the ensuing continuation outcome, Q,
player i is restricted until stopping time 7 == (t + €) A min{v > t|| X, — X;| = €}. Until 7, player i

is forced to send zero, T:_ = 0. The other player, —i, is unrestricted in Q.

The inertia restricts continuation outcomes: a continuation outcome that follows a public devi-
ation must recommend to the deviator to send zero transfers until he becomes unrestricted.

Players’ strategies in an agreement are defined as follows.

Definition (Strategy). Given an agreement Q, a strategy o for player i is a rule that specifies for

each continuation outcome Q € Q that starts at time t

1. a potentially infinite {]-:U}vgtfstoppmg time T at which player i publicly deviates from Q;

stopping time T must respect the inertia restriction;

2. a progressively measurable process {A%}Ue[tﬁ] of player i’s hidden actions in Q.

The set of player i’s strategies in agreement Q is denoted X(Q).
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During the play of an agreement, there is always exactly one effective outcome. At the beginning,
the initial outcome is effective. The outcome remains effective until the first time either player
publicly deviates from it. A public deviation causes instantaneous hold on money transfers. The

play immediately switches to the corresponding continuation outcome specified in the agreement.

Self-Enforcing Agreements. Denote by WZ(Q) the continuation value promised to player ¢ in
continuation outcome Q € Q. For o* € ¥¥(Q), denote by V*(¢?|Q) the continuation value of strategy
o' from the beginning of Q. See Panov (2021) for the detailed definitions of W#(Q) and Vi(c|Q).

Definition (Self-Enforcing Agreement). An agreement Q is self-enforcing if

Vi=1,2,YQeQ, Vo' e $Y(Q), V'(0'|Q) < W'(Q).

Solution. In Panov (2021), under additional assumptions on the game structure, for a sufficiently
small inertia parameter € > 0, I construct an optimal penal code in the restricted game. The code
delivers to players their stage-game minmax payoffs. Using the code for punishments, I characterize
the dynamics and the payoffs attainable in optimal self-enforcing agreements of the restricted game.

To solve the original game, notice that if the inertia restriction is dropped, the set of self-
enforcing outcomes in the original game remains exactly the same as in the restricted game. Indeed,
the restricted penal code delivers to players their worst individually-rational payoffs in the original
game. Yet, the restricted code is self-enforcing even without the inertia: one can implement the code
by ignoring positive transfers that deviators make during “quiet” inertia phases; doing so will not
change players’ incentives in hidden actions. As the code recommends myopically-optimal transfers
in “quiet” phases, players can not deviate and get more than what they are promised in the code.
As the inertia does not apply to initial outcomes, supportable outcomes are indeed the same as in

the restricted game.
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A Proofs of Propositions 1-3.

A.1 Proof of Proposition 1 (Optimal Penal Code)

The proof proceeds in two stages: first, I construct a triplet of self-enforcing agreements delivering
the worst self-enforcing payoffs; second, I modify the constructed agreements to make them adapted.

Construction of Agreements. For each moment ¢ € [0, 1), let Qtl be the path of actions at times
[t,1) along which, worker 1 keeps putting effort %; worker 2 keeps putting effort 0; the manager
does not send money, I'y— = I'y_. The path Q% is obtained from Q% by renaming the workers.
Let Q;" be the path of actions at times [¢,1) described as follows. Along Q{”, the manager does
not send transfers until time %, Lipy1)o— = Ti—. At time 41 he sends both workers transfers

2
Ar%tﬂ)/z = AT} = %. After that, he sends zero until the game ends. Both workers are

(t+1)/2

on strike and supply zero eﬂ’or:c at Eimes [t, terl], after that, both supply effort %~unti~l the game
ends. Continuation outcomes Q;} 4 Q? +, and Q7% are obtained as the (t+)-tails of Qi, Q?, and Q"
correspondingly.

Using the above paths as punishments for deviations of the corresponding player, one can con-
struct self-enforcing agreements that deliver to the players their worst self-enforcing payoffs. For
instance, the following agreement, @Q}}, delivers to the manager zero continuation payoff starting
from sub-moment t+:

Step 1: Q7 specifies Q?}r as the initial outcome.

Step 2: Qy specifies continuation outcomes that should follow any sufficient history in which
exactly one player unilaterally deviates from the initial outcome. Consider the following two cases:

Case 1: the deviator is a worker, say, worker i. Let &ét’l) be the action path recommended to

her in Q. Suppose she plays a measurable path aft 1) instead. Let t = inf{s € (t,1)]al # @'} be

the first moment when worker i deviates from Q?}r This deviation is detected at any sub-moment

after 4. The continuation outcomes recommended along aét 1) are as follows. Before the first

deviation, for each sub-moment s € [t+,%), continuation outcome QaE : is the s-tail of Qﬁ At
t+,s

t+, continuation outcome Qaf . is the (£4)-tail of Q?}r if a¢ = al; and Qaf = Q;’i otherwise.
t+,i+

. b i) -
After the first deviation, for each s € (t+, 1), continuation outcome QaE | is the s-tail of Q:}r This
t+,s
collection of continuation outcomes is admissible and coherent.
Case 2: the deviator is the manager. Denote by I'; ;) the action path recommended to him

in Qﬁ Suppose he plays a nondecreasing cadlag path I'(; ;) instead. Continuation outcomes
recommended along T'(, 1) will be as follows. For each sub-moment s € [t+,1), there will be a well-
defined sub-moment v(s), the sub-moment immediately after the last deviation by the manager
observed before 5. Sub-moment v(s) will depend only on I'¢, ), the manager’s actions before s. For
each sub-moment s € [+, 1), the recommended continuation outcome after I'; ;) will be the s-tail

of continuation outcome QT(S), the punishment continuation outcome for the manager which has
started immediately after his last observed deviation.

I now show how to define such v(s) for all sub-moments s € [t+,1). Set the starting point:
to = t+ and v(t+) = t. At t+, the effective continuation outcome is Q?}r, which recommends the
strike until % Let ¢ be the first moment after ¢ at which the manager successfully ends the strike.
That is, ¢ = inf {u € [Z1 1)] (ATw = (3% 45%))&(Tu— = Tay—1)} if the infimum exists, and
t :== 1 otherwise. Note that in the definition of ¢, the infimum can be replaced with the minimum.

Now, define v(-) on all sub-moments in (t+,%). At any sub-moment s € (t4,%), it is observed

that the manager has not ended the strike before s. Thus, he was recommended to send zero at
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all times in (¢4, s). Let po(s) be the last sub-moment before s when the manager has sent positive
transfers. That is, po(s) = inf {s’ € [t~|—,s]’I‘sr = Iy}, where for a moment u, I'yy = T',. By
right-continuity of I', the infimum in the definition of pg(s) can be replaced with the minimum.
Sub-moment pg(s) is determined by the manager’s actions before s. As the manager did not end
the strike, he has deviated at po(s). In case po(s) = s, set v(s) = s. In case uo(s) < s, at

sub-moment o(s), the effective continuation outcome switched to Qu (s)° In Q , the manager
is supposed to send positive transfers at moment puq(s) = % > po(s) (Where for a moment
u, (“+2)+1 = 1) If py(s) < s, the manager has deviated at p1(s). At pq(s), the continuation

outcome switched to Q;TZ(S)‘ And so on. For n € N, define recursively p,(s) = ””17(8)“ Let p*(s)

be the last element of that sequence that is less than s. Set v(s) == p*(s).
Now, in case £ < 1, define v/(-) on all sub-moments in [£,1). As f < 1, uo(f) = 2t — 1. Set v(t) =

2t — 1. At t, the effective continuation outcome is Q2 Y in which the manager is recommended to

send zero after £. For sub-moments s € [f+, 1), define v/(-) as follows. Let t; be the first moment
after ¢ at which the manager sends positive transfers. That is, ¢ = inf{t’ € ({,1)|Ty > I';} if the
infimum exists, and t; = 1 otherwise. For s € [t+,11], set v(s) = 2t — 1. Set v(t;+) = 2t — 1 in
case I'y, = I'y; and v(t1+) = t1+ otherwise. To define v(-) for sub-moments s > t;+, move the
starting point from ty to ¢1, and set the effective continuation outcome to be QZL 4. Repeat the
whole procedure of defining v(-) for (t1+,1). Ast; > t0+1 , after countably many repetitions of the
procedure, v(-) will be defined on the whole [t+,1).

Having defined v(-) along path I'j4, 1), specify the following continuation outcomes: for each

sub-moment s € [t+,1), Qr[t L I8 the s-tail of QZ}S). Naturally, this collection of continuation
outcomes is admissible. By construction, v(s) remains constant whenever the manager does not
actually deviate. Thus, this collection of continuation outcomes is coherent.

Step 3 and further: analogous to step 2.

Agreements Q} , and Q? . are constructed similarly to Q. By construction, these agreements
promise the appropriate payoffs to the players. It remains to show that the agreements are self-
enforcing. Indeed, in these agreements, in any continuation outcome after her deviation, a worker
can not do better than to keep putting the recommended myopically-optimal effort % because her
opponents will always respond with the same actions. Also, in any continuation outcome following
his deviation, the manager can not get positive profits because to do so would require him to put
an end to the strike, which requires him to forgo all of his profits. Thus, he may as well follow the
recommended action path. As in all other continuation outcomes, the players’ promised continuation
payoffs are always weakly above their continuation payoffs in their specific punishments, no player
will find it profitable to deviate from a continuation outcome that punishes another player.

Adapted Modification. I now modify agreements Q; 4 Q? +, and Q) so as to make them
adapted to observed information. The main idea behind this modification is that whenever a player
is deviating from an agreement, her identity can be signaled to the observed history by actions of
her opponents. Here is one way how the opponents can signal the identity of a deviator without
affecting their incentives in these agreements:

For s € S and i € {1,2}, the modified continuation outcome Q%* is obtained from Q' by the
following change: in Qu*, the manager keeps sending to the non-deviating Worker —i, a small
idiosyncratic flow of money, say, dI'; i =1 7 dt; worker —i exerts zero effort, a;* = 0, at each
irrational moment of time ¢, and an 1dlosyncratlc effort, say, a; * = 3, at each rational moment of
time ¢. For s € S, the modified continuation outcome Q7"* is obtained from Qm by the following
change: each worker exerts the effort recommended in Q;” at each irrational moment of time; at each
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rational moment of time, each worker exerts an idiosyncratic effort, say, 5. With these idiosyncratic
actions, non-deviating players are constantly signaling the identity of the current deviator. Because
this game has more than two players, this signaling ensures that deviators’ identities will always be
revealed in observed histories. To finish the modification, notice that in construction of agreements,
we can restrict attention to sufficient histories, in which switches of deviators happen only when
a new player deviates actually. Together with the signaling described above, this will ensure that
the so-constructed modifications are adapted. As signaling is cheap, the modified agreements are
self-enforcing.

A.2 Proof of Proposition 2 (Characterization)

“If” Direction. By Lemma 1, if an outcome @ is supportable in a self-enforcing agreement, it
must satisfy the conditions of Proposition 2.

“Only If” Direction. Suppose that @ satisfies the conditions of Proposition 2. Consider the fol-
lowing agreement Q. First, Q proposes () as the initial outcome. Next, for any unilateral deviation
of any player, @ switches to the optimal self-enforcing punishment of that player immediately after
her deviation is detected. Specifically, suppose player ¢ plays a path of actions afo,l) instead of the
path &’ml) recommended to her in outcome Q. Let = inf{t € [0,1)|al # @} be the moment of
her first active deviation from (). The continuation outcomes along afog) are as follows. For each

sub-moment s € [0, ﬂ, continuation outcome Q“fo ) is the s-tail of Q. At {4, continuation outcome

@ai is the (f+)-tail of Q if ai = ai; otherwise the play reverts to Q. ., the optimal self-enforcing
[0,i4)

i+’
agreement for punishing player i. After ¢+, the play reverts to Q; + Naturally, the so-constructed
collection @ is admissible, coherent, and self-enforcing. Q.E.D.

A.3 Proof of Proposition 3 (Optimal Penal Code)

For P > 0 and t € [0, +0), let Q(P t) be the continuation outcome from sub-moment ¢ in which
(i) the monopolist posts price P at times [t,t + m(P)), after which, he posts 0; where m(P) = 1

if P> £(0), and m(P) = Lin( 7 (J;()O_) 15) otherwise; (ii) all active consumers buy the product at time

v 4+ m(P) at price 0. For P < 0, let Q(P,t) be the continuation outcome from sub-moment ¢ in
which (i) the monopolist posts price P always; (ii) all active consumers buy the product immediately
at sub-moment ¢+. The consumers’ optimality is satisfied in all such Q(P,?).

Construct the required agreement as follows. The initial outcome is ~Q(P, 0). Consider first any
cadlag path of prices before sub-moment t+, Pjo4. If P, <0, then set Qp,,, to be the ({+)-tail of
Q(0,t). If P, > 0, let v == min {v e [0,t]| Py is constant}. At time v, punishment Q(P;,v) began.
If t —v = m(FP,), then the next punishment began at time v + m(F;). And so on. Let k = {m(;)J
The last punishment before ¢ began at time v(t) == v + km(P;). Set QP[(M] to be the (t+)-tail of
Q(Pt, v(t)). Now, consider a cadlag path before sub-moment ¢, Pg4). Let P, == lim P,. If P, <0

u—t—

then set Qp[o,t) = Q(0,t). If P, > 0, define v(t) for Plo,y exactly as above. If v(t) <, set Qp[o’t) to
be the t-tail of Q(Py,v(t)). If u(t) = ¢, then set QP[OJ) = Q(0,1).

The collection of continuation outcomes constructed above is admissible and coherent. Hence,
it forms an agreement. The monopolist is promised zero continuation payoff in all the continuation
outcomes of this agreement. Yet, he can not do better: consumers’ would never buy at prices higher
than his marginal cost. Hence, the proposed agreement is self-enforcing. Q.E.D.
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B Further Details for Section 6.2 (Bargaining and News)

B.1 Construction of Smooth Markov Agreements

A smooth Markov agreement is determined by a belief threshold, 5 € R; a hazard rate of the type-L
seller’s acceptance, ¢ : (—o0, 3] — (0,4m); and an offer function, R : R — R. Hazard rate q(-)
must be Lipschitz continuous on finite intervals in (—oo, 8]. Offer function R(-) must be bounded
and continuous on R, strictly increasing on (—o0, 3), and constant on [3, +]. Below, I focus on
continuation outcomes that start at sub-moments ¢+, with ¢ € [0, +00). Continuation outcomes
that start at sub-moments ¢, with ¢ € [0, +00), are constructed analogously. A smooth Markov
agreement with parameters { B,q(+), R()} is constructed as follows.

Step 1. Under the agreement, the play continues until the first time, 7, at which the buyer
offers W; > R(8). At moment 7, both types of the seller should accept the offer with probability 1.
Before 7, the type-H seller’s cumulative probability of acceptance should be 0. Thus, prior to each
sub-moment ¢, < 7, the position in the game is summarized by the time, the value of the public
signal, the last buyer’s offer, and the type-L seller’s cumulative probability of acceptance. That is,
for each t € [0, 7], a position before sub-moment ¢+ is a quadruple (¢, Xt, Wt, S’tL,), with X; € R if
t>0and X; = 0if t = 0; W; € R; and S € [0,1]. The initial position is pgs = (0,0,0,0).

Step 2. For each position p = (¢, Xt, Wt, S ~ ), continuation outcome Q( ), that should be played
in the agreement after position p, is constructed as follows.

Case 1: SL — 1. At all times v > ¢, the buyer should offer W, = R(8), which both types of the
seller should accept immediately, SL = SH# = 1.

Case 2: S’tL_ <1and W; > R(B). Both types of the seller should accept immediately, S'tL =
SH = 1. At times s > t, the buyer should offer W, = R(3).

Case 3: StL_ < 1and W, < R(B). The buyer’s belief at position p, Z,_, is computed using
the formula (5) for values Xy, SF, and S/ = 0. If W, < R(Z;_), then Q(p) is an adjustment
continuation outcome. Both types of the seller should reject W;. After that, the buyer’s belief
remains Z; == Z;_; and she should immediately offer W, = R(Z;). Then, the smooth part of Q(p)
ensues. If W, € [R(Zt_),R(ﬂ)), then Q(p) is non-adjustment. Offer W; is accepted only by the
type-L seller. The probability of the type-L seller’s acceptance is chosen such that after Wt is
rejected, the buyer’s belief jumps up to the value, Z;, which is the unique solution to W, = R(Zy).
After that, the smooth part of Q(p) ensues.

The smooth part of Q( ) is constructed as follows. Let Z; be the buyer’s belief and SL be the
type-L seller’s cumulative acceptance probability at the beginning of the smooth part. For each
realized path of public signals, {X bost, with X, = X, the path of the type-L seller’s acceptances,
{SEY =, is the solution to the ODE

djfl = (1 - SUL) ’ q<Zv(Xv7‘§’5)> (7)

with the initial value S, where the state Z,(X,, S¥) is computed as
~ ~ ~ ~ ~ ~ A~ H H ~
Zo(Xy, 8L = %XU —In(1— 8L + (Zt . %(Xt + % (v — t)) +in(1 - Sf)) . (8)

Because (i) {X,}v=0 is continuous in v; (i) Z,(X,, SE) is continuous in v, X,, and SZ; (iii) ¢(-)
is Lipschitz continuous on finite intervals; the solution to (7) locally exists and is unique by the
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Picard-Lindel6f theorem. Because g(-) is positive, the solution to (7) can be extended until the
possibly infinite time, 73 > ¢, when the state first hits threshold 5. At each time v € [t,73), the
buyer should offer W, = R(ZU); the type-H seller should reject that offer, 5’5{ = 0. At time 73, the
buyer should offer WTB = R(B); both types of the seller should accept that offer, S’TLﬁ = S’TLﬁ =1. At

times v > 73, the buyer should offer W, = R(B).

Step 3. For each finite sufficient history H{, = (X, Wv}ve[o,t]a the position that is reached
in agreement {8, ¢, R} at the end of H{,, p(Hi,) = (tp, Xp, Wy, S}f), is as follows. First, position
p(H7,) must correspond to the last point of Hf : t, = t, X, = X;, and W, = W,. Second,
Slf is defined as follows. If for some v € [0,t), W, > R(3), then Sg = 1. Otherwise, for each
v € [0,t), denote by §5 the minimal cumulative prqbability of acceptance of the type-L sel}er which
is possible in the agreement after the buyer offers W, at time s when the public signal is X,,. Value
SL is computed as follows. Let Z, = In (1 yx ) Sy “ (Xv - “H;“H s) be the belief the buyer
would have at time s if she thought that both types of the seller had rejected all past offers with

probability 1. If W, < R(Z,), then set SL == 0. If W, € (R(Z,), R(B)), then set S& to be the
unique solution to

RYW,) =2, —In(1-S%).

Value Sg is the supremum of all such minimal acceptance probabilities for all times before ¢,

SpL = sup ST
ve[0,t)

Step 4. The collection of continuation outcomes for the agreement, Q = {QHC}HceHC, is as
follows. The initial outcome is Q(pg), the continuation outcome that follows the initial position,
pg. For each finite sufficient history #§, € H\{Xy}, continuation outcome QH§+ is Q(p(?-l&r)), the
continuation outcome that follows p(#{, ), the position at the end of H{, .

Step 5. Take an infinite sufficient history H¢ = {X;, W;};>0. Let 7* = min {t=0] W; > R(B)}.
(The minimum is obtained as {W;};=¢ is extended cadlag.) Time 7* can be infinite and represents
the time at which along H¢, both types of the seller should accept with probability 1. For all times

€ [0,7%), let §tL be the minimal cumulative probability of acceptance of the type-L seller at time ¢
as defined in Step 3. For t € [0,7*), the convolution formula is

{StL(HC);Sf{(HC)} = { sup 55;0}. (9)

ve[0,t]
For t > 7%, SF(H®) =1 and SH (H) = 1.

For any finite sufficient history, the reaction path of the seller’s acceptances is non-decreasing
extended cadlag, has values in [0,1]?, and has adjustment times that are the adjustment times of
the buyer’s offer path. Thus, collection Q is admissible.

In continuation outcomes of collection @, supported histories are determined pathwise by each
realization of a public-signal path via the equation (7). The position at the end of any finite history
supported in a continuation outcome of @ coincides with the position computed in Step 3. As (7)
is the same in all continuation outcomes, collection @ is coherent. That is, the collection is an
agreement.
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B.2 Construction of the Buyer’s Measure

In this section, I construct the probability measure, pPB , that corresponds to the buyer’s perspective
when she plays a strategy in a smooth Markov agreement. A similar technique can be used to
construct the buyer’s measures for strategies in general agreements.

In what follows, I fix a smooth Markov agreement @ with parameters {ﬁ, q(), R()} I denote
by Q a typical continuation outcome in @ and by (t, Xt, Wt, S”tL_) the position before Q. T restrict
attention to nontrivial continuation outcomes, in which S’t, < 1. The buyer’s belief at the beginning
of Q is denoted Z;_. T use P = (Q, F {Folosts ) to denote the filtered probability space associated
with Q. Unless otherwise specified, all processes and stopping times are with respect to {]:U}vgt.

For 6 € {L, H}, the measure for the type-6 seller, P? is constructed as follows. For v > ¢, define

) 072
~ ~ v—t
M? = exp{'%(Xv ~X) - (“)Q(ﬂ)} (10)
By construction of @, for v > ¢, X, = X; + vB,, where {B }ust is a standard Brownian motion

under P. For each fixed T > t, define measure P on Fr by dP9 = My 0.dp. By Girsanov’s
theorem, PT is a probability measure; and for v € [t, T, dX, = pif dv + v dB,, where {BU Yoelt,1] 18
a standard Brownian motion under 15%. Below, I use symbol E 4 to denote the limit of expectations
under measures PT as T — 4o0.1

Suppose the buyer plays a strategy o € £5(Q). Let 7* be the first time at which under o, the
buyer offers at least R(f3). Let {Sf }ve[t’T*) be the extended cadlag process of the type-L seller’s
acceptances in reaction to o. Let S := S’tL_ Let {Zy}yeft,~+) be the induced extended cadlag
process of states. That is, for v € [t,7*), Z, denotes the state after the buyer’s offer at time v has
been rejected.

Let p, == €*/(1 + e*) be the probability the buyer assigns in state z to the seller being of type H.
Let . = p ' + (1 — pz)uH be the expected drift of the public signal as assessed by the buyer in
state z. Similarly, let V(z) = p,VH + (1 — pz) VL be the expected value of the asset in state z

For v € [t,7*), denote p, = p(Z,). Denote p;_ = p(Zt_). Consider the extended cadlad process
Y = {Yy}ye[t,r+) defined as

v
1 _
Y, = Jl_ng dSL
i
Intuitively, Y, is the negative of the sum of predicted-by-the-buyer masses of trade in Q by time s
inclusive if she plays o. Let S(Y) be the stochastic exponential of Y. That is, for v € [t,7%),

L
(A—py_)ASy

Y _ (=P )ASEY T
E(Y), = &Y H]<1 L=p )

_ QL
u€g(t,v 1 S“_

Intuitively, £ (Y), is the assessed-by-the-buyer fraction of the seller’s population at the beginning
of @ that does not trade by time v inclusive. For v € [t,7*), define

AL‘— 1_55
- 1-SE

v

(5(Y)U)_1 and A .— (S(Y)U)_l.

14 A5 the players’ profits from trades are uniformly bounded and r > 0, the limit is well-defined and finite.
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For 0 € {L, H}, define A%, = lim A% whenever 7* is finite.!® For v > t, define

v—>TH* —

M7 = (1 =p ) AL MY + i AL e M s (11)

v VATH VA VATH ATH

Set MP := 1. The following lemma establishes a version of the innovation theorem for the current
setting (cf. Harrison (2013), Theorem 1.12):

Lemma 2 (Bl}yer’s Probability Measure). For each fized T > t, measure ﬁ? defined on Fr by
dPE = ME dP is a probability measure. Moreover, for v e [t,T],

X@ = X; + J ,U(Zu) du—l—yév,
t

where {Bv}ve[t,T] is a standard Brownian motion under 15?

Proof. 1 first show that process { M}, is continuous. Indeed, jumps of {A%},>; and {A},>; can
happen only at times of jumps of {SZ},>;. Thus, all jumps of {M},~; happen at times of jumps
of {SL},=. For v e [t,7*), using (5), (10) and the fact that AZ/A7 = (1—-SE)/(1— S, ), we have,

po - Do Ay My (12)
Y (I —pn) AL ME 4 p, AH MET
Suppose that ASL > 0 for some v € [t,7%). Using (12), we obtain

My (L—p ) AY My +pe AT M

MP (1 —p) Al ME+ pe AL MY
_SL

AL an o (1 — Do) gt + Po-
= pe) G P g = T T apase b

1-S

v—

Thus, AMJP = 0. Hence, {MP},>; is continuous. ~
Next, I derive an expression for dM under P. Using the integration-by-parts formula for
semimartingales (He et al. (1992), Theorem 9.33), we have for v € [¢,7%),
dMPB = d [(1 ~ e )AL ME +pt,A{fo] -
— | (1= peo)paFaal + ol dall| + (- po) AL dME 4 AT adl] (13)
By the Doléans-Dade exponential formula (He et al. (1992), Theorem 9.39), we have for v € [¢,7%),
dE(Y )y = E(Y),— dY,.
Then, by It6’s formula for semimartingales (He et al. (1992),Theorem 9.35), we have for v € [¢,7%),

Al = d[e(Y);1] = 522)2 =

(2
v—

1- v— .
Al . gL dSE + jumps. (14)

+ jumps =

I5Tf 7* is finite, then S% < 1, and so the limit is well-defined and finite.
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Using the integration-by-parts formula for semimartingales and (14), we obtain for v € [, 7),

= LN

L 1— Sk
n 45y C dAH]:Af_

v— - —— dSE + jumps. 15
1-8F  1-8F 1-SE JHp (15)

dAL = d[

Combining (14) and (15) and using (12), we get for v € [¢,7%),

—Pvu 1- v .
(1=pe— ) My d Ay +pe- M AT = [(l—pt—)MvLAf—% MEAH ZL ] dSy +jumps =
— SE
MEB :
=1 of [— (1 = py—)po— + (1 —pv_)pv_] dSE + jumps = 0, (16)

where the last equality is by continuity of {MP},~;. For 0 € {L, H}, we have for v > t,
p’ .
dM? = = M? dB,. (17)
v
Using (17) together with (12), we obtain for v € [t,7*),

po)AY MY -+ p AT M

1%

1
(1= pr) AL dME + pro AT antf? = [

1—p, H _ H ~ VA _

el e I Ly VY I Y #Z0) dB,, (18)
v v

where the last equality is by continuity of {By}v>¢. Plugging (16) and (18) into (13), we obtain that

under P, for v > t,

dMP =

M(Zv)fve[t,‘r*) MUB dBv.
1%

Values ,u,(Zv) are uniformly bounded between pf and p’. Thus, the Novikov condition is satisﬁed
for {MPB},; for any fixed time T" > t. Therefore, by Girsanov’s theorem, for any fixed T' >
equation dPB = MF B P defines a probability measure on Fr such that under PB , process {B }v>t

)
is a Brownian motion with drift {W}w ;- That is, for v = ¢,
dXy = 1(Zy) Leps -y dv + v dB,,

where {Bv}@t is a standard Brownian motion under 15? O

Below, I use symbol Epg to denote the limit of expectations under P? as T — +o00. The
following lemma provides an expression for the continuation value of a strategy of the buyer in
terms of the corresponding measure P5:

Lemma 3 (Continuation Value of the Buyer’s Strategy). The continuation value of strateqy o of
the buyer in continuation outcome Q is given by

TF—

) dsT
VB(O‘) = EIBB[ J KRy— (VL — W,U)(l —pv,) @ + Kpx_ (V(ZT*,) — WT*)],
t v
where ky_ = e "WDE(Y),_ is the stochastic discount factor.

o1



Proof. By definition, the continuation value of ¢ is

L
V20) = (1-p)Ea| | et wyark B
+(1- E~[ —r(r¥*—t) (/L _ L 1= Sk E[e—r* =t (yvH _ H
pe-)Eple (VV = W) My ar | -l (V7 — W) Mfx |

- St

(19)

For v € [t,7*], we have (1 — SF )/(1— SF) = AL /AP | Using this together with (11) and (12),
we can rewrite (19) as follows:

TF

~ AL dSEk
B _ - —r(v—t)(y/L - v— asL v
V20 =Bl [ er 0wt - w0 —po) Gt 15 ]

t

AL
+ Ep e 0 (VE = W) (1= pio) 5= ME + (VF = Woa ) ML) | =

AR
e (r )
—r(v—t L —r(T*—t
€ L B dSU e B
=Ep[f AT (V7 =Wo)(1 = pp) M, —sr tan (V(ZT*,)—WT*)MT*].

t

B.3 Promised Continuation Values in Smooth Markov Agreements

Let Q. € Q be a continuation outcome that starts at time ¢ when the state is z € (—o0, 3) and the
buyer has just offered R(z). By construction, QZ is non-adjustment and smooth. For 6 € {L, H},
denote by DY(z) the continuation value of the type-6 seller’s strategy in Q. that prescribes to delay
acceptance until threshold g is reached. Denote by F(z) the buyer’s continuation value promised
in Q., F(z) = W?(Q.). In this section, I derive properties of D?(z) and F(z).

Below, I use the following It6 diffusions: Take a standard Brownian motion {B,},>o. For
€ {L,H}, denote by Z? the Ito diffusion given by

dz? = [% (,ﬁ - “H"Q“‘H) + q(Zz)] du + ¢ dB,.

Denote by Z? the Ito diffusion given by

2
az8 = |2 (20(28) ~ 1) + a(z)] dv + dB.,
2
where ¢(z) = q() for z > £.'6 Finally, denote by Z° the It6 diffusion given by

2
4z = % (2p(Z?) - 1) du + ¢ dB,. (20)

5Note that g(z) may fail to satisfy the linear growth condition on R. Nevertheless, diffusion ZZ can be defined
on any finite time interval because ¢(z) is Lipschitz continuous and lower bounded. Due to discounting and bounded
payoffs, in the analysis of this game, one can without loss restrict attention to arbitrary long but finite time intervals.
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For x € {B,L,H,0} and z € R, denote by EX the expectation operator with respect to the law of
diffusion ZX with initial value Z = z; denote by AX the characteristic operator of diffusion ZX.
The following lemmata represent D?(z) and F(z) as functions of It6 diffusions Z? and ZP:

Lemma 4. For 6 e {L,H} and Vz € (—0, (),
DY(2) = (R(8) — K*) EZ[e~].
where T3 1s the stopping time at which the diffusion hits threshold 3.

Proof. From (8), it follows that in Q.. the state evolves according to

¢

v

(ax, - B dv) +q(Zy) dv. (21)

dZ,
2

Under P?, for v > t, dX, = p dv + vdBE, where {BF},>; in a Brownian motion. Thus, under
P,
H  H
- + -
dZ, = [% (;ﬁ - %) + q(sz)] dv + ¢pdB?.

That is, under measure P in Q.. the state evolves as diffusion Z? with initial value Zf = z. This
implies the statement of the lemma. O

Lemma 5. For all z € (—0, 3),

T8

F(:) = B[ [ kun(28)du t bry (V(3) - B(S) | (22)

0

where
o 73 is the stopping time at which the diffusion hits threshold (3;
o m(z) = (VI = R(2))(1 — p-)q(2) is the buyer’s flow profit in state z;

o V(B)=p(B)VH + (1 —p(B))VE is the expected value of the asset in state f3;

v

o ky = exp{ - § [r+ (1—p(20))q(ZP)] dv} is the stochastic discount factor.
0

Proof. Consider the buyer’s strategy that prescribes to follow the recommendations of Q. Under

that strategy, for u € [t, 73], E(Y )y = exp{ — §(1 — p(ZU))q(Zv) dv}, where £(Y), is the term
t

defined in Section B.2. By Lemma 3, the buyer’s continuation value in Q. is then
F(z) = Eps f Fum(Zy) du+ ey (V(B) ~ R(D))|

where k, = exp{—§[r+ (1 —p(Zv))q(Zv)] dv}. To finish the proof, notice that Lemma 2 and (21)
t

imply that under P5, {Zy}ust has the same law as diffusion Z? with initial value ZF = 2. O
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The following lemma shows that the buyer’s value function, indeed, is a bounded solution to the
ODE suggested by DG (their equation (10)):

Lemma 6. On (—o0, 3), the buyer’s value function, F(z), is in C*> and is a bounded solution to
ABF(z) — [7« +(1- pz)q(z)]F(z) +(z) =0 (23)

with boundary condition F(3) = V(B) — R(3), where AP = %Qj—; + [%2 (2p(2) — 1) + q(2)]| L.

Proof. Take any Z € (—o0, ). Consider the Dirichlet problem on interval D(2) = (2, 3) given by
AB(2) = [r+ (1= p:)a()] £(2) + 7(2) = 0

and boundary conditions f(2) = F(2) and f(8) = V(B8) — R(3). Note that on D(2), (i) AP is
uniformly elliptic as ¢?/2 is a positive constant; (ii) coefficients ¢, [%2(2]9(2) — 1) + q(z)], [7“ + (1 —
p-)q(2)], and 7(z) are Lipschitz (hence, Hélder) continuous in z; (iii) D(Z) satisfies the exterior
sphere property. Therefore, by Remark 7.5 and Proposition 7.2 from Karatzas and Shreve (1991),
the above Dirichlet problem has a unique solution, f:, which is given by

TD(2)
f:(2) = EZ| f k(27 du+ Koy, (VB) = RB)) - Lz, oy + FO) - Lizg, )]s (20)
0

u
where k,, = exp( - [7‘ +(1— p(Zf))q(Zf)] dv> and Tp(z) is the first exit time from D(2).
0
Comparing (22) to (24) and using the strong Markov property of Ito diffusion Z?, we obtain

that F(z) coincides with f:(z) on interval D(2). In particular, on D(2), function F(2) is in C? and
solves the ODE (23). As Z is arbitrary, F'(z) solves (23) on (—o0, ). As the buyer’s profits from
trades are uniformly bounded, F(z) is bounded on (—o0, ). O

B.4 Proof of Theorem 2 (One-Shot Deviation Principle)
B.4.1 “Only if” Direction

If the players do not have profitable deviations in @, then, a fortiori, they do not have profitable
one-shot deviations.

B.4.2 “If” Direction for the Buyer

Suppose the buyer does not have profitable one-shot deviations in Q. To show that she then does
not have profitable deviations in @, I proceed as follows. First, I construct a collection of strategies,
25 , which is dense in 5. Second, I use backwards induction to show that there must be no
profitable deviations in 263 . Finally, I invoke the dense-collection principle for 32, which finishes
the proof.

Construction of EOB . A simple strategy for the buyer in continuation outcome Q is given by
a finite nondecreasing sequence of {}:U}Uzt—stopping times, t < 74 < ™ < .. < T,, and for each
stopping time 7, [ € {1,2,..,n}, an le—measurable serious offer W, € [R(—),+00). Under the
strategy, for [ € {1,2,..,n}, the buyer offers W, at stopping time 7;; at all other times v € [¢,7;,), the
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buyer makes unacceptable offers, W,, = R(—0); after 7, the buyer follows the recommendations of
the ensuing continuation outcome.

Denote by ZOB (Q) the set of simple strategies for the buyer in continuation outcome ). Denote
by 25} the total collection of simple strategies in agreement Q.

Lemma 7. Collection 2(1]3 is dense in 28,

Proof. Take any strategy o = {W,}o=: € X5(Q). Tt suffices to construct simple strategies in $F(Q),
whose continuation values approximate V(o) arbitrary closely. I do it as follows.

Step 1. Ironing. Let 7* = min{v >t | W, = R(f)} be the first time the buyer offers at least R([)
under o. Let {SF Juelt,*) be the type-L seller’s cumulative acceptance until time 7* in reaction to
o. For v e [t,7*), let Z, be the buyer’s belief after her offer W), is rejected, that is,

H H
2= 2+ 2 (S K= o) —in(-sh (1= 8E). (2

Define W, :== R(Z,). The ironing of o is the strategy, &, that before 7*, prescribes offers {Wv}ve[t’T*),
and starting from 7%, coincides with o. From (9), we have that o and & induce the same reactions

of the seller, and, moreover, 3 .
VB(o) = VB(5). (26)

Step 2. Constructing approximating simple strategies. Take a parameter § € (0,1). Con-
struct simple strategy o as follows.

Set a random deadline T5 = 7% Amin{v > ¢| S > 1 -6} A (t + 3). Let {Tn}nen be the
nondecreasing sequence of stopping times defined recursively as follows: 71 = t; for n > 2, 7, =
(Tn—1 + 6) Amin{v > t| [W, — Wy,_,| = 6} A T5. I now prove that

VoeQ,IneN, 7,(w)=Ts(w). (27)

Indeed, suppose on the contrary that there exists @ € €, such that Vn € N, Tn(w) < Ts(w).
Then, on the one hand, there exists infinitely many n € N such that |W,, (&) — W, _, (@) = 6.
Hence, {W,, ( )}nen does not converge. On the other hand, Vn € N, SZ (@) < (1 — 5) Hence,
{ln(l — SL )} oy converges to a finite limit. Also, by continuity of the public-signal process,

lim X, (@) = X;(@), where { = hrfoo Tn(@) < (t+3). Then, from (25) and continuity of R(-), it

n—+00
follows that {W, (©)}nen converges. Contradiction.

Let N5 := min {n € N’ max { P (7, < T5); P (1, < T5)} < 5}. By (27), such Nj exists. Under
os, the buyer makes serious offers at 2Ns stopping times. Specifically, at time 7 = ¢, the buyer
makes her first serious offer, I/Vt‘S = W;. For n = 2,.., N§, the buyer makes two consecutive serious

offers at sub-moments (7,—) and 7,. At (7,—), the offer is W2 _ = lim W,. At 7,, the offer
S—Tn—
is VV‘S = W, . Finally, the last serious offer is at time 7* and coincides with the offer under o,

WT* = W «. After 7, the buyer keeps offering R(f).
Note that for n = 2, .., N5, offers W2 _ and an induce acceptances SLn

o and SE correspond-
ingly; also, by the definition of 7,,

Vs € (Th—1,Tn), max {’W‘Sn_ - W,

i (T — s)} < 0. (28)

Step 3. Showing that |1~/B(J) - VB(O'(;)| — 0 as § — 0. By (26), it is sufficient to show that
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‘VB(ﬁ) — VB(05)| — 0 as 6 — 0. Notice that ¢ and o5 induce the same prices and times of trades

with the type-H seller. Thus, the difference between V5(7, Q) and VB(O'(;, Q) comes solely from
the type-L seller’s trades. Then, cancelling equal terms, we have

. Ny
VB(G) - VB(o5) = T%’Z}t__) : ( Z:JQ Tn + j*>, (29)

where for n = 2, .., Ng,

T =Kz f e (V1) dSE — et (VE 1, ) (S5~ st )|

Tn—1+

and

T*

T = EI_’;L ( J e—r(v—t) (VL _ Wv) de — e_T(T*—t) (VL — R(ﬁ)) (Sf*_ — S£N5)> . I{TN5 <%}

TN5+

Let M = max {|V* — R(—)|;[VZ — R(8)|}. For n =2,..,N(4),

TIn = ]ElsL[ Tj &v dSyL]a
i1t

where &, = e T O(VL —W,) — e "D (VE — W, ) for v € (7,_1,7n). For v € (Th_1,7n), we
have

|6l = ‘e‘“v—“ (1= e NWVE W) + e "W, - — W) < M(L—e ") +6,

where the last inequality follows from (28). Therefore,
Tul < (M(1—e7%) +8) Epo [sE_—sE_]. (30)

To bound J, notice that event {7n, < 7*} is the union of events {ry, < T5}, {SfN5 >1- 6}, and
{t + % < 7'*}. Thus,
T < 2M(5(1 ~SEY 46+ e—”/é). (31)

Substituting (30) and (31) into (29), we obtain

VEB(5) - VB(os)| <

— (% ) » ) ) A B
<1lf(gtL_)<(M(1—e 6)+5>-(1—Sf_)+2M(6(1—5}_)+5+6 /5))5)0.

O

Backwards Induction. I now show that if the buyer does not have profitable one-shot deviations,
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then she does not have profitable deviations among simple strategies.

Consider the backwards induction operator, B : EOB — 2(])3, which operates on simple strategies of
the buyer as follows. Let o € E(lf (Q) be a simple strategy given by stopping times 71 < » < .. < 7,
and serious offers {W;,};;. Then, B(o) € EE(Q) is the simple strategy given by stopping times
71 < 72 < .. < 71 and serious offers {W, }fz_l. That is, B cuts aways the last serious offer
from a simple strategy, moving backwards the time when the buyer starts following the agreement’s

recommendations.

Lemma 8 (Induction Step). If the buyers does not have profitable one-shot deviations, then
VQ e Q Vo eS¢ (Q), VF(o) <VP(B(0)).

Proof. Take any simple strategy o € Eg(@) given by stopping times t < 7 < 70 < .. < 7, and
serious offers W, [ € {1,2,..,n}. Assume without loss that 7,,_; comes strictly before 7*, where 7*
is the first time the buyer offers R(3) under o.

Consider the simple strategy, &, which coincides with o € 269 (Q) before time 7,, and which
prescribes to follow the agreement’s recommendations starting from 7,, without offering W, . I
prove that VB(o) < VB (B(0)) in two steps: first, I show that VB(0) < VB(6); then, I show that
VEB(6) < VB (B(o)).

Step 1. Proving that VZ(s) < VB(6). Following DG, denote by J(z,2') the continuation
value from the first-type one-shot deviation in which the buyer offers W = R(2’) in state z and then
follows the agreement’s recommendations. As there are no profitable one-shot deviations,

YW € [R(-w), R(B)],Vz e R, J(z, R (W)) < F(2).

By Lemma 3, Lemma 5, and the strong Markov property of It6 diffusion Z” for stopping time 7,,

e T(Tn—1)

VE(o)-VFP(6) =Ep, T

(J(ZW,R*(WT“)) - F(ZT,L>)] <0,

where Z, _ is the state under o before offer W, is made.

Step 2. Proving that VP(5) < VP (B(0)). Because there are no profitable one-shot devia-
tions of the second type, we have

VreT, F(z) = E] [e—”nzg)], (32)

where {Z9};>¢ is the Ito diffusion Z°, defined by (20), with initial value Z = z; and T is the set of
all stopping times with respect to the natural filtration of {Z};~0. (To prove (32), one can adapt
the proofs of Lemma 3 and Lemma 5 and use the strong Markov property of Ito diffusion Z? for
stopping time 7.)

Let {Zy}ye[1,7+) be the process of states induced by . Consider process {G}y>¢ defined by

e~ TTn-1 5 e TS e TS 0
Go=Ep | = F(Zn )| Fs | Lvsrsy + 57— F(Z0) Iimyycvermy + 57— F(Z)) Tppornys
B ATnfl ATn—l ATn*1

where under Pp, {Z0Y =, is Tto diffusion Z° with initial value Zgn = Z;,—. By Lemma 2, under
= Z,, ,. Together with (32),

n

P, process {Zv}velrn_1,m) 1s Tt0 diffusion Z° with initial value z
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this implies that under Pg, {Gy}v>t is a super-martingale. As Aghl > 1, {Gy}y>t is bounded.
Then, by Doob’s optional sampling theorem,

Es [Gr] = Ep, [Gr]-

By Lemma 3, Lemma 5, the strong Markov property of Ito diffusion Z” for stopping times 7,1
and 7,, and the fact that Agl =AY under 4,

Tn—

78(6) — V2 (B(0)) = E MF(Z )_MF(Z )]:
Pp A{_{_ Tn— A{:{l_l Tn—1

Lemma 9 (Backwards Induction). If the buyer does not have profitable one-shot deviations, then
she does not have profitable deviations in Zgg.

Proof. Take any simple strategy o € ZOB (Q) for the buyer in continuation outcome Q. Let N be
the number of stopping times in o, at which the buyer makes serious offers before reverting to
the agreement’s recommendations. Denote by ¢* the buyer’s strategy that prescribes to follow
the recommendations of Q. Then, of = BN (o). Applying N times Lemma 8, we obtain that
VE() < VE(BY(0)) = V7 (0*) = WE(Q). 0

Dense-Collection Principle. Suppose the buyer does not have profitable one-shot deviations.
By Lemma 9, she does not have profitable deviations in collection ZOB , which is dense in X8 by
Lemma 7. By the dense-collection principle (Theorem 1), the buyer then does not have profitable
deviations in X5.

B.4.3 “If” Direction for the Seller

Suppose that the type-0 seller, § € {L, B}, does not have profitable one-shot deviations in Q. We
need to prove that he does not have profitable deviations in Q.

Take a continuation outcome Q € @ that starts at time ¢. Let S be the cumulative acceptance
of the type-0 seller before Q. A simple strategy for the type-0 seller in Q is a simple lottery over
one-shot deviations in Q. That is, a simple strategy o is given by a simple probability distribution
X e A" and {F,},>-stopping times {n}],. Under o, for times v > ¢, the type-0 seller’s cumulative
acceptance is given by

§ =1 (1=50) (1= Y Mlpn<sy)-
=1

Naturally, the continuation value of ¢ is the weighed average of the continuation values of the
one-shot deviations that comprise o; that is,

= i NV (a(1)), (33)
=1

where for [ = 1,..,n, o(l) is the one-shot deviation that prescribes to accept at 7.
Denote by Zg the collection of simple strategies for the type-0 seller in agreement Q.
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Lemma 10. Collection 28 is dense in 2.

Proof. Take any strategy o = {S%},>; € EG(Q). For n € N, construct simple strategy o,, as follows.
For ¢ = 1,..,n, let 7; == min {v >t | Sg =>1-— %(1 — Sf_)} Strategy o, is the simple lottery that
for ¢ = 1,..,n, selects the one-shot deviation corresponding to 7; with probability % Because in Q,
the buyer’s offers are uniformly bounded and continuous for s > t, V?(0) = nlilfoo V(o). O

To finish the proof, notice that if the type-0 seller does not have profitable one-shot deviations
in Q, then, by (33), he does not have profitable deviations among strategies in 28. By the dense-
collection principle (Theorem 1), he does not have profitable deviations in Q. Q.E.D.

B.5 Proof of Proposition 5 (Buyer’s Incentive Constraints)

The following proof is partially based on the proof of DG’s Lemma 1:

“Only if” Direction. Suppose the buyer’s incentive constraints are violated. We need to show
that the buyer has a profitable deviation.

Case 1: the IC constraints are violated. Suppose 3z € (—0,3),I'(2) # 0. Consider a
continuation outcome Q: that start in state 2 with offer R(2). I show that in Q: the buyer has a
profitable deviation.

Suppose first that I'(2) < 0. By continuity of I'(-), Je € (0,5 — 2), Vz e [2 — ¢, 2+ €¢],T'(2) < 0.
Consider the buyer’s one-shot deviation of the second type, o, that prescribes to make unacceptable
offers until the stopping time, 7, at which the state first hits the boundary of [2 — ¢, 2 + €]. By
Lemma 2, before 7, the state evolves as It6 diffusion Z°. Adapting the proofs of Lemma 3 and
Lemma 5 and using the strong Markov property of Ité diffusion Z”, we can then express the
continuation value of o as

VB(0) = El[e " F(29)]. (34)

By Lemma 6, on [2—e¢,2+¢], F(+) is in C? and satisfies AP F(2) — [7"4— (1 —pz)q(z)]F(z) +m(z) = 0.
Rewriting the ODE in terms of A" and T'(2), we obtain that on [2 — ¢, 2 + €],

(.AO — T)F(Z) +q(2)['(2) = 0. (35)

Applying Dynkin’s formula (Oksendal (2013), Theorem 7.4.1) for (34) and using (35), we have

VB(o) — F(2) = EOUT (A° — r)F(zg)du] - E‘;[ (- q(zg)r(zg))du] > 0.
0

S

Hence, o constitutes a profitable deviation for the buyer.

Suppose now that I'(2) > 0. Following DG, denote by J(z,2’) the continuation value from the
first-type one-shot deviation in which the buyer offers W = R(2’) in state z and then follows the
agreement’s recommendations. DG observe that

Vz e (—w,p), Jay(z,2) =T'(z2), (36)

where Jo, (-, -) is the partial right-derivative of J(-,-) with respect to the second argument.'” Then,

""Take any z € (—0, 8). By Lemma 3, Ve € (0,8 — 2), J(2,2 +€) = p° (V' — R(z + €)) + (1 — p°) F(z + €), where
€ Pz4e—Pz

== is the buyer’s interim probability that offer R(z + €) will be accepted at the beginning of Q*. As

Z+e
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for small enough € > 0, the one-shot deviation of the first-type in which the buyer offers R(Z + €)
at the beginning of QZ constitutes a profitable deviation.

Case 2. the IR constraint is violated. If R(5) > V(5), then the buyer’s promised con-
tinuation value in a continuation outcome that starts in state § with an offer below R([) is negative.
The continuation value of the strategy that prescribes to keep making unacceptable offers is zero.
Thus, that strategy constitutes a profitable deviation.

Case 3: the threshold is different. Suppose R(5) < V(f) and Vz < ,T'(2) = 0; but
B # B4(R(8)). Then, (35) implies that on (—o0,3), the buyer’s value function, F(-), satisfies
(A” — r)F(z) = 0. Also, for z = 3, F(z) = V(2) — R(8). Thus, F(-) coincides on R with the
value of the strategy that prescribes to stop at 5 in the due diligence game with pooling offer R(/3).
Let Fj;(-) be the value function of the optimal strategy in that game. As 8 # 4 (R(ﬁ)), 1z e R,
F(z) < Fy(2). Let Q be a continuation outcome that starts in state z with an offer less than R(j3).
Then, the buyer’s promised continuation value in Q is F(z). In Q, consider the buyer’s strategy,
o, that prescribes to make unacceptable offers until the first time at which the state is at least
Ba (R(ﬁ)); and then, to offer R(f). By Lemma 2, the continuation value of o equals to Fy(z). Thus,
o constitutes a profitable deviation.

“If” Direction. Suppose the buyer’s incentive constraints are satisfied. We need to show that the

buyer does not have profitable deviations. By Theorem 2, it suffices to show that the buyer does
not have profitable one-shot deviations. Take a continuation outcome @ that starts in state z with
offer W < R(f).

Show first that in Q, the buyer does not have profitable one-shot deviations of the first type.
Indeed. If z > 3, then the continuation value of any first-type one-shot deviation coincides with
the promised continuation value. That is, such deviations are not profitable. Consider the case
z < B. Assume without loss that W = R(z) (otherwise, set z == R~1(W)). To find profitable
deviations, we can without loss restrict attention to deviations in which the buyer does not offer
more than R(f). Any one-shot deviation in which the buyer offers less than R(z) yields exactly
the promised continuation value. Thus, it is not a profitable deviation. Now, consider any one-shot
deviation in which the buyer offers R(Z) for some z € (z,5). We need to show that J(z,Zz) <
F(z) = J(z,2z). To do so, it suffices to show that VZ € (z,0), Ja(z,2) < 0. But, V2 € (z,0),
Jo(2,2) = =p R'(2) + J2+(%,2), where p = PE27E= is the buyer’s interim probability that offer R(2)
will be accepted at the beginning of Q. By (36), Joy (%,2) = 0. Hence, Ja(z,2) = —pR'(2) < 0.
Thus, any one-shot deviation in which the buyer offers less than R(f) is not profitable. Finally, by
continuity of F'(-) and R(-), function J(z,-) is left-continuous at 3. Hence, the one-shot deviation
in which the buyer offers exactly R(/) is not profitable either.

Show now that in @, the buyer does not have profitable one-shot deviations of the second type.
Indeed, (35) implies that on (—c0, 8), the buyer’s value function, F(-), satisfies (A% —r)F(z) = 0.
Also, for z = 3, F(z) = V(2) = R(B). As 8 = B4(R(B)), the buyer’s value function then coincides on
R with the value function, Fy(-), of the optimal strategy in the due diligence game with pooling offer
R(p). Counsider any second-type one shot deviation, o, in Q that prescribes to make unacceptable
offers until stopping time 7. By (34), the continuation value of o equals to E(Z) [e‘”F(ZB)]. As
F(-) = Fy(+), the continuation value of o does not exceed the value of the optimal strategy in the
due diligence game, which equals to Fj(z) = F(z). Hence, o is not a profitable deviation. Q.E.D.

o EyE . A . J(z,246)=F(z) _
pz = €”/(e* + 1), we have 613& = p-. Then, elir& FRETEE = T(2).
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B.6 Proof of Proposition 6 (Seller’s Incentive Constraints)

In what follows, Q: denotes a continuation outcome in a smooth Markov agreement that starts at
time ¢ in state Z with offer R(2). Also, 7g denotes the stopping time in (); at which the state first
hits 8. Finally, {SZ},; denotes the recommended path of the type-L seller’s acceptances in Q.

“Only if” Direction. Suppose that a smooth Markov agreement is self-enforcing. Then, R(3) >
KH _ for otherwise the type-H seller could profitably deviate by never agreeing to a trade. We need
to show that Vz € (—o0, ), R(2) = D¥(z). I prove this by contradiction.

First, suppose that 32 € (—c0, B), R(2) < D¥(2). By continuity of R(-) and D¥(-), 3e € (0, 3—2),
Vze[t—e 2+¢€|,R(z) < DX(2). Let 7. be the stopping time in Q; at which the state first hits the
boundary of [2 — ¢, Z 4+ €]|. By the definition of €, 7. < 73. Consider the deviating strategy, o, which
takes all acceptances that should happen in Q: before time 7. and delays them until time 7. That
is, Yv € [t,7), o prescribes to reject all offers, SE(o) == SF; Yo e [Te,78), o prescribes to accept
offers at the rate recommended in Q:, SE(o) = S’L SL finally, o recommends to accept at 73
with probability 1, S%Lﬁ (o) ==1. By Lemma 4, the deﬁnltlon of 7, and the strong Markov property

of Tto diffusion Z%, o constitutes a profitable deviation. Contradiction.

Second, suppose that 32 € (-, ), R(2) > D¥(2). For any 6§ € (0,1), let 75 = min {v >
t[1- Sk <6(1-8,)}. By definition, 75 > t and (75 < 75) = (S = 1-6(1—5;)). Let Ws be the
portion of the type-L seller’s continuation value that accrues from “the last” 6(1 — gt) probability
of acceptances,

78

—r(v— T ds% —r(tg—
Ws=Ez, (fe =W, — k) N §L> Mpy<igy + 0 (e (Ts=t)(R(B) — KL)) Tiry—7,)
Mt

7s

Note that S’%ﬂ _ < 1 whenever 73 is finite. Hence, for each @ e Q, with finite 75(w), for all sufficiently
small § > 0, 75(@) = 7g(w). Then, by Lebesgue’s dominated convergence theorem, W5 — D¥(2)

A~

as 0 — 0. Hence, there exists § > 0 such that W; < SR(,%) Consider the deviating strategy,

o, which moves “the last” 5(1 — S't) probability of acceptance recommended in QZ to the very
beginning of Qz That is, o prescribes to accept the first offer with ex-ante probability ) (1-— St)
Sk(o) = SE+6(1—S,); after that, o prescribes to accept offers at the rate recommended in Q; until
the cumulative probability reaches 1, S (o) == min{SL + §(1 — S;);1}. Then, V(o) - WEQ:) =
SR(2) — W; > 0. Thus, o constitutes a profitable deviation. Contradiction.

“If” Direction. Suppose that Vz € (-0, 8), R(z) = D¥(2) and R(3) = K. Prove that neither
seller’s type has profitable deviations. By Theorem 2, it suffices to show that neither seller has a
profitable one-shot deviation. Take any continuation outcome Q. Let 7g be the stopping time at
which the state reaches 8 in Q.

By Lemma 4 and the strong Markov property of Ito diffusion Z*, the type-L seller obtains
precisely his promised continuation value in Q from any one-shot deviation that prescribes to accept
weakly before 73. As the buyer would never offer more than R(f), the type-L seller can not do
better by postponing acceptance beyond 73. Thus, the type-L seller does not have profitable one-
shot deviations in Q.

By Lemma 4, Vz € (— ), (A¥ = r)R(z) = (AF —r)D¥(2) = 0. Then, Vz € (-, f),
(AH —r)R(2) = (AT — AL) ( ) = %(,u — 1 )dgiz) > 0, where the last inequality follows from
the fact that R(-) is increasing on (—o0, ). Then, by Lemma 4, any one-shot deviation for the
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type-H seller that prescribes to accept before 73 has the continuation value that is smaller than the
promised continuation value. As the buyer would never offer more than R((), the type-H seller
can not do better by postponing acceptance beyond 73. Hence, the type-H seller does not have
profitable one-shot deviations in Q. Q.E.D.
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