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Abstract

A recent literature considers causal inference using noisy proxies for unobserved
confounding factors. The proxies are divided into two groups that are independent
conditional on the confounders. One set of proxies are ‘negative control treatments’
and the other are ‘negative control outcomes’. Existing work applies to low-dimensional
settings with a fixed number of proxies and confounders. In this paper we consider high-
dimensional linear models with many proxies and possibly many confounders. A key
insight is that if each group of proxies is strictly larger than the number of confounding
factors this implies rank restrictions on matrices of nuisance parameters. We can
exploit the rank-restriction to reduce the number of free parameters to be estimated.
The number of unobserved confounders is not known a priori but we show that it is
identified, and we apply penalization methods to adapt to this quantity. We develop
doubly-robust estimation and inference methods. We provide asymptotic analysis and
provide simulation evidence that our methods are effective.

Introduction and Related Literature

The key challenge for causal inference is the presence of confounding factors: variables that
cause both treatments and outcomes. In observational studies some important confounders
may be absent from the available covariates or subject to substantial measurement error.
For example, suppose we wish to assess the effects of some intervention on a student’s
educational attainment. The pupil’s academic ability is a potential confounding factor, and
even the best measurements of ability (test scores, grades etc.) are likely subject to error.
If some confounders are unmeasured or mismeasured then standard methods that adjust for
observed covariates do not recover a causal effect.

Miao et al. (2018b) sparked a recent literature that considers identification and estima-
tion of causal effects when a researcher observes noisy proxies for unobserved confounding
factors. For example, one may observe test scores which are proxies for academic abil-
ity. ‘Proxy’ here refers simply to a covariate that is informative about, but mismeasures,
some variable of interest. Two groups of proxies are required and these two sets must be
uncorrelated conditional on confounders. One group of proxies is a set of negative con-
trol treatments: variables that have no direct causal effect on outcomes. The other group
of proxies are negative control outcomes: variables that are not directly affected by the
treatments. We refer to these proxies for the unobserved confounders as ‘proxy controls’.



Compared to standard factor-analytic methods, the proxy control approach has the
advantage that the factor structure itself need not be identified. More precisely, one need
not identify the distribution of unobserved confounders nor their causal effects. Thus proxy
control methods may be applied even when the assumptions required for identification of
the factor structure do not hold.

The proxy control approach is particularly apt for causal inference with high-dimensional
data, that is, data that contain many covariates. In these settings one may hope to use these
covariates to adjust for confounding. But the availability of many covariates is no guarantee
that standard methods recover a causal effect. Despite their numbers, the covariates may still
provide only a noisy signal for the underlying confounders. However, the high-dimensional
covariates are a rich source of potential proxies.

Miao et al. (2018b) provides conditions under which the average structural function
is nonparametrically identified using proxy controls. Additional identification results are
provided in Deaner (2021) and Tchetgen et al. (2020) among others.

Nonparametric estimation with proxy controls was considered in Deaner (2019), and
later by Tchetgen et al. (2020), Singh (2020), Cui et al. (2020), Kallus et al. (2021) and
others. Miao et al. (2018a) consider estimation in parametric models when a ‘confounding
bridge’ function is identified. Existing work applies to low-dimensional settings in which the
number of proxies and confounding factors is small and treated as fixed.

In this work we consider identification, estimation, and inference in linear models when
the set of proxy controls and the set of confounding factors are high-dimensional. In high-
dimensional settings standard asymptotic approximations based on a fixed number of proxies
and confounders may be misleading. Thus our asymptotic analysis allows the number of
proxies and confounders to grow with the sample size.

A key insight in this work is that if there are strictly fewer unobserved confounders than
there are proxies in each group, then two matrices of nuisance parameters have a low-rank
structure. We exploit this low-rank structure to reduce the number of free parameters to
be estimated. This allows for more efficient estimation, particularly when the number of
proxies is large. The number of confounders is generally unknown, and so we propose model
selection methods that allow us to adapt to this quantity. The model selection methods
are based on techniques from the literature on reduced-rank regression, particularly Bunea
et al. (2011).

A pleasing feature of our analysis is that the sparsity (in the form of rank restrictions)
follows from the structure of the model, and the degree of sparsity is tied directly to an
interpretable feature of the model, namely the number of unobserved confounders. This
contrasts with standard high-dimensional regression methods which typically assume some
form of sparsity on the nuisance parameters a priori.

Our proposed procedure is an example of a Double Machine Learning 2 (DML2) esti-
mator of the kind analyzed in section 3.2 of Chernozhukov et al. (2018). Chernozhukov
et al. (2018) shows that DML2 estimators are root-n consistent, asymptotically unbiased,
and asymptotically Gaussian, under relatively weak conditions on the nuisance parame-
ter estimates. Our estimator is based on a doubly-robust score function. The estimator
and corresponding confidence intervals have a closed-form, which ensures they are easy to
compute.

The use of a linear model allows us to weaken the identifying assumptions in nonpara-
metric proxy control analysis. We need only assume variables are uncorrelated rather than
independent, we can replace statistical completeness with more intuitive full-rank assump-
tions, and we avoid the need for regularity conditions like Assumption A3 in Miao et al.



(2018a).

Linear proxy control models have a long history in economics, dating back to work by
Zvi Griliches in the 1970s (Griliches & Mason (1972) and Griliches (1977), see also Gary
Chamberlain’s unpublished PhD dissertation). Griliches (1977) considers two scalar proxies
for a single confounding factor in a model that can be understood as a special case of the
one we present here. To the best of our knowledge no existing work exploits the dimension
reduction when there are fewer confounders than proxies, nor does any existing work allow
for a growing number of proxies or confounders.

In sum, our contributions are as follows. We provide a set of identifying assumptions
in the linear proxy control model. We present novel estimation methods that allow us to
exploit the low-rank structure in the nuisance parameters when the number of unobserved
confounders is less than the number of proxies in each group. We develop asymptotic theory
for the estimator and an associated inference method, and we provide simulation evidence
of the efficacy of our methods.

1 Model and Identification

Let Y; be an outcome of interest and X; a vector of treatments. Let W; be a vector of
unobserved confounding factors. We assume the researcher has access to two sets of proxies
V; and Z; for the unobserved confounders W;.

The assumptions on the proxies V; differ from those on the proxies Z;. V; is a vector of
‘negative control outcomes’; which means that treatment has no direct effect on V;. Z; is a
vector of ‘negative control treatments’ which means that Z; has no direct causal effect on
the outcome Y;.

In addition the researcher may have access to a vector of observable confounders which
we denote by D;. Table 1 lists the relevant variables.

Table 1: List of Variables

Variable Dimension Description
Y; 1 Outcome of interest.
X; dx Vector of treatments.
W dw Vector of unobserved confounding factors.
D; dp Vector of observed confounding factors.
V; dy Vector of proxies for W (negative control outcomes).
Z; dy Vector of proxies for W (negative control treatments).

We assume the following linear models for the scalar outcome Y; and the vector of
negative control outcome proxies V;. Our interest is in [y, the vector of coefficients on the
treatments X; in (1), which we assume has some causal interpretation. In order to avoid
the need to include intercepts we assume D, contains a constant.

Y; = By X + AgWi + LoD; + ¢ (1)
Vi = BoW; + RoD; + v; (2)

Assumption 1.1 (Model and Exclusion restrictions). i. Equations (1) and (2) hold.
i Bles(X!, 7, DY) = 0 and Elui(X,, 2, DY) = 0.

(2



Assumption 1.1 places conditions on the residuals from equations (1) and (2). In order
to justify Assumption 1.1 we suggest applied researchers specify a complete linear causal
model for Y;, V;, Z;, X;, W;, and D;, and check whether the exclusion restrictions in that
model imply Assumption 1.1. This task is made easier with the use a causal diagrams.
Some examples of models in which Assumption 1.1 holds are given in Figure 1.1.

Figure 1.1: Causal Structure of Proxy Controls
(a) Linear Causal Model

o Vi=3(X; + a1V; + acW; + asD; + Uy
o Xi=a4Z; + asW; + agD; + Ux ;
o Vi=arW; +agD; + Uy,
o Zi=agW; + a10D; +Uz;
D; e Wi=a11D; + Uw,
e Di=Up,
X, ¢ Y, e Uy, Ux,i, Uv,i, Uzi, Uw,i, Up,; all uncorrelated.
i i

(b) Additional Models

W, Wi Wi W,
Z; Vi Z; Vi Z Vi Z; Vi
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L] o *—— 0 \.—>.l
Xi Y; Xi Y; Xi Y; Xi Y;

The causal diagram in Subfigure 1.1.(a) is associated with the linear causal model to the
right of this sub-figure. If there is an arrow pointing from a variable A to a variable B in
the diagram, then A is said to be a ‘parent’ of B. In the corresponding linear causal model,
each variable is a linear function of all of its parents. The coefficients on each variable are
non-random and the error terms Uy ;, Ux ;, etc. are all uncorrelated with each other.

The diagram is ‘causal’ in that there is an arrow from A to B if and only if A has a
direct causal effect on B (by ‘direct’ we mean that the effect is not mediated by any included
variables), and there are no omitted variables that jointly cause (or ‘confound’) any of those
variables included in the diagram. Thus if a A is excluded from the equation for B, this
should be taken to mean that A does not directly cause B. The coefficients 5y, a1, as,...,a11
are understood to measure average causal effects. The absence of omitted confounders
justifies the lack of correlation in the error terms. If Uy; and Ux,; were correlated this
would suggest there exists an omitted joint cause of Y; and X;.

The linear causal model in Subfigure 1.1.(a) implies that Assumption 1.1 holds with S
the average causal effect of X; on Y;. This is not the only linear causal model that implies
Assumption 1.1. All of the causal diagrams in Subfigure 1.1.(b) imply Assumption 1.1 with
Bo the causal effect of X; on Y;. These examples are not exhaustive. For a given causal
diagram one can apply the tools in Pearl (2009) to determine whether Assumption 1.1 holds
with By a causal effect. In the rightmost diagram the dashed arrows indicate there are
additional variables that jointly cause both Z; and X;, and also additional variables that
jointly cause both Y; and V;.



Some of the causal diagrams in Figure 1.1 are also featured in Miao et al. (2018b), Deaner
(2021), and elsewhere.

Before we state our first result let us introduce some additional notation. We will define
variables with the observed confounders D; and treatments X; partialled out. Define the
following objects for H=W, V, Z, Y, X:

YH,0 = E[Dz'Dg]JrE[Din{]
wro = E[(X}, D)) (X, D))" BI(X], D})' H]]
Hi(y) = H; —+'D;
Hi(w) = H; — ' (X[, D})’
The notation M+ denotes the Moore-Penrose pseudo-inverse of the matrix M. For
notational convenience we sometimes write H; = H,;(ymo) and H; = H;(wm,). So for
example, X; is X; with D; partialled out and Z; is Z; with both D; and X; partialled out.
It will also be useful to define the matrices Cy, G, which are of dimensions dy X dz
and dw X dx respectively and are given below.
(Co, Go) = EIWi(Z], XD E((Z], X)) (Z], X))

?

Note that (Co, Go) is a block matrix consisting of Cy concatenated horizontally with G.
We use this notation thoughout.

Theorem 1. Under Assumption 1.1 the following moment conditions hold:

v; BoCy BoGyo\ ([ Z; - -,
E % .|~ - ZL. XD =
|:( <Yz - 56X1> (A()CO AgG X; (Zi, X3) 0 (3)
Theorem 1 states that under Assumption 1.1 a matrix of moment conditions hold. As-

sumptions 1.2-1.4 below ensure that the moment conditions in Theorem 1 identify 5y as
well as the number of confounding factors dyy .

Assumption 1.2 (V; is sufficiently informative about W;). By has full column rank.
Assumption 1.3 (Z; is sufficiently informative about W;). Cj has full row rank.
Assumption 1.4 (Full support). The matrix E[(X], Z{, D)) (X}, Z{, D})] is non-singular.

Assumption 1.2 requires that the vector V; is a sufficiently informative proxy for the con-
founders W;. The assumption replaces the statistical completeness condition on V; required
in the nonparametric setting. If E[v;W;] = 0 and Assumption 1.4 holds, this assumption is
equivalent to full row rank of E[W;V/]. This is precisely the rank condition for identifica-
tion in linear instrumental variables (IV) estimation: W; takes the role of the endogenous
regressors, D; and X; take the role of the exogenous regressors, and V; acts as a vector of
instruments.

Similarly, Assumption 1.3 requires that after accounting for the treatments and observed
controls, Z; is sufficiently informative about the confounders. Under Assumption 1.4 the
condition is equivalent to full row rank of E[W;Z!]. Again, this is the same condition
required for identification in a linear IV model in which Z; is a vector of instruments for
W;, and the variables X; and D; are exogenous regressors.

Note that Assumptions 1.2 and 1.3 imply an order condition: Z; and V; must each have
weakly larger dimension than W;.



Assumption 1.4 is a very mild condition that none of the components of X;, Z;, and D;
are perfectly co-linear.

Theorem 2. Under Assumptions 1.1-1.4, By and dw are identified. More precisely, suppose
that for some r, f € R4X, A c R1*", B € RW*" C € R"™¥%  and G € R™¥ satisfy the
moment conditions below and B has full column rank:

(5w - (36 58) (2) o] =0 @

Then B = By, dw = rank(BC) = rank(B(C,G)) = rank((B',A’)'C). Moreover,
BC = B()Co, BG = B()Go, AC = A()C(), and AG = A()Go.

Theorem 2 shows that under Assumptions 1.1-1.4 the object of interest 5, and the
number of confounders dyy are identified from the moment conditions in Theorem 1. In
addition, the nuisance parameters ByCy, BoGo, AgCoh, and AgGy are also identified. Note
that it is only these products that are identified: Ay, By, Cy, and Gy are not themselves
identified.!

The theorem shows that the number of confounding factors dyy determines the rank of
some matrices of nuisance parameters in the moment condition. If dy is small then this
constraint on the rank constitutes a substantial dimension reduction in the nuisance param-
eters, which is useful for estimation. The number of unobserved confounders is generally
unknown, but since it is identified this suggests we can adapt to this quantity using model
selection methods.

A subtle point in the theorem is the condition that B, like By, has full column rank.
There could be a 8, A, B, C, and G that satisfy (4) so that 8 # 5y, but then B must not
have full column rank. It would also be sufficient to impose that C has full row rank.

Under Assumptions 1.1-1.4, 5y could be estimated directly from the moment conditions
in Theorem 1 using the Generalized Method of Moments (GMM) (Hansen (1982)). However,
this presents some computational difficulty. Suppose that dy were known and we apply
GMM enforcing one of more of the rank constraints, for example rank(ByCy) = dy. If
dw < min{dy,dz} then the GMM minimization problem does not have a closed-form
solution and the problem is non-convex.

In order to avoid this computational problem we suggest a method to estimate [y by
sequential method of moments. The sequential method also allows us to use existing penal-
ized reduced-rank regression methods to estimate and adapt to the number of unobserved
confounders. In a first-stage one estimates the relevant nuisance parameters and then in a
second-stage estimates By by inverting a moment condition with the nuisance parameter es-
timates plugged in. The sequential method allows for estimates with a closed-form solution,
even in the case with dy, unknown.

Corollary 1 states the moment conditions that we use for the sequential estimator. The
corollary first provides an alternative set of moment conditions that identify 3y. We prove
in Lemma 1 that this characterization of 3j is in fact equivalent to that in Theorem 2. The
alternative moment conditions depend on two nuisance parameters M, and &;. The corollary
then states that these nuisance parameters can be identified from moment conditions that
do not involve By and which are linear in parameters.

L Ag, Bog, Co, and Gg are only identified up to non-singular transformations. More precisely, if A, B, C,
and G satisfy (4) then so do matrices A, B, C, and G of the same dimensions where (B, A’) = (B’, A’)'Q
and (C,G) = Q71(C, G) for any non-singular matrix €.



Corollary 1. Under Assumptions 1.1-1.4 By is identified from the moment conditions below:

(5)
(6)

My = By(Co, Gyp) is the unique solution to (5) and rank(My) = dw. (6) is satisfied by
any & that solves o BoCo = AgCy, and there exists a solution with ||o]lo < dw. BoCo and

AoCy (and thus the set of solutions &) are identified by the moment conditions below, which
have unique solution Qo = (BY, Aj)' Co and rank(Qo) = dw:

E[((V/,Y!) = QuZi)Z;] =0 (7)

Corollary 1 suggest three different means of adapting to the number of confounding
factors dyy. Firstly, dy is the rank of My. Secondly, dy is the rank of Q9. Thirdly, there
is a & that satisfies the moment conditions with dy non-zero entries.

E[(Vi— Mo(Z], X)) (2}, X)) =

K2

0
E[(Yi = BoXi — &V{)(Z,X])] =0

1.1 Comparison to Existing Results

Our results are related to those of Miao et al. (2018a) and Griliches (1977). However, our
results differ in important respects. We link the rank of the nuisance parameter matrices
to the number of unobserved confounders dy, which we show is identified, and we provide
additional moment conditions that help identify 5y when dy is smaller than dy or dz. The
rank restrictions can result in a substantial dimension reduction which can greatly reduce
estimation error, particularly when there are many available proxies.

First let us compare with Miao et al. (2018a). For simplicity let us assume there are no
observed confounders D;. Miao et al. (2018a) assume the existence of a function that they
call a ‘confounding bridge’ which then plays a key role in their analysis. This is a function
b with the property that for each x in the support of X;, with probability 1:

EY;|W;, X; = x] = E[b(V;, x)|W;, X; = ]

Suppose our Assumptions 1.1-1.4 hold and ¢; and v; are mean independent of W; (rather
than just uncorrelated with W;), then our model admits a confounding bridge of the form
b(v,z) = Bz + v, where & is any solution to &, ByCo = AgCy (just as in Corollary 1).

Miao et al. (2018a) impose assumptions that imply the confounding bridge is unique
and point identified. In our model it may be neither unique nor point identified. In fact,
under Assumptions 1.1-1.4 the confounding bridge is generally not unique unless dy = dyy,
otherwise it is generically true that there are multiple solutions to & ByCy = ACy.? Even if
the confounding bridge is unique, in order to identify the bridge, Z; must be a vector relevant
instruments for V; after controlling for X; (see Assumption 5 in Miao et al. (2018a)). Again,
under our assumptions this is only possible when dy = dy . Thus the analysis of Miao et al.
(2018a) can only apply in our model when there are the same number of negative outcome
proxies as instruments.

Applying the methods of Miao et al. (2018a) in our model amounts to using GMM to esti-
mate solutions Sy and &y to the moment condition (6) without any of the constraints related

2Under Assumptions 1.1-1.4 Cy has full row rank and so there is a unique solution if and only if Ag is
in the row space of By. Since the row space of By is of dimension dy and Ag is a row vector of length dy,
this is generically false.



to dy . Griliches (1977) suggests estimation using instrumental variables that amounts to
the use of the moment condition (6) but the analysis of Griliches (1977) is limited to scalar
proxies and unobserved confounders. Corollary 1 imposes an additional moment condition
(5) which is important when dy is smaller than the number of proxies. For some intuition
note that (5) and (6) together imply the following moment condition:
E[(Y; = BoXi — &oMo(Z], X)))(Z], X])] =0

In the moment condition above &) can be replaced by its projection onto the dy -dimensional
column space of My, and thus &, is effectively of dimension dy rather than dy. This is
related to the result in Corollary 1 that there exists a sparse solution &, which has no more
than dy non-zero entries. The additional moment conditions in Corollary 1 suggest multiple
means of estimating, and thus adapting to dyy .

In sum, our analysis, unlike existing results, applies to cases in which the number of
proxies in V; is strictly greater than the number of unobserved confounders. Moreover, our
results show how one can adapt to the unknown number of confounders dy, and thus reduce
the number of free nuisance parameters to be estimated when dyy is smaller than dy or dy.

2 Estimation and Inference

We now present an estimator motivated by the results in Corollary 1. In a first stage one
estimates nuisance parameters My, &y, the parameters involved in partialling out D;, and
an additional matrix g which we introduce in Subsection 3.1. pg is used to orthoganize
the moment conditions (5) and (6) to the nuisance parameters so that the resulting moment
condition is doubly robust. In a second stage we plug the nuisance parameter estimates into
an empirical doubly robust moment condition and solve for an estimate of .

The estimator is an example of a DML 2 (Double Machine Learning 2) estimator as
developed in Chernozhukov et al. (2018). Following Chernozhukov et al. (2018) we use
sample-splitting to reduce bias.

In order to adapt to the number of latent confounding factors dy,, we estimate My
by penalized reduced-rank regression and likewise for )y, which we then use to obtain
an estimate of £;. These procedures produce an estimate of dy as a byproduct. In the
appendix we also specify an alternative method for estimating £y which uses the fact (stated
in Corollary 1) that there is a sparse solution & with at most dy non-zero entries.

The estimator has a closed-form. In Subsection 3.1 we specify the doubly-robust moment
condition and our second stage estimator. In Subsection 3.2 we present estimates of the
nuisance parameters. Subsection 3.3 specifies confidence intervals ans standard errors.

Let us introduce some additional notation. We assume we have access to a sample of
size n, {Yi, Xi, Zi, Vi, D; }P_,. We let X be the matrix whose it row is X! and similarly for
Z,V,Y,and D. For a matrix M we let M{,.; ..q) be the sub-matrix of M consisting of the
entries in rows a to b and columns ¢ to d. M[, . is the sub-matrix of M consisting of rows
a to b and M, ..q) is the sub-matrix of columns ¢ to d. M4 ¢ is shorthand for M|, ...] and
similarly for M4 c.q) = Mg.q,c:d)-

3Miao et al. (2018a) allow the instruments (Z!, X]) to be replaced with any vector of transformations
q(Z;, X;) with finite variance. However, in our model if ¢ is nonlinear then the resulting moment condi-
tions are valid only when the zero correlation conditions in Assumption 1.1.ii are strengthened to mean
independence.



2.1 Doubly-Robust Score and Second-Stage Estimator

We now define an estimator of Sy which uses nuisance parameter estimates obtained in
a first stage. We develop methods for obtaining the nuisance parameter estimates in the
subsequent subsection. The estimator is a DML 2 estimator of the kind in Chernozhukov
et al. (2018). The estimator solves an empirical moment condition with a doubly robust
score function. The score function is motivated by the moment conditions (5) and (6) in
Corollary 1.

For notational convenience let us collect the parameters involved in partialling out D;
into a single parameter v = (Y0,x, 70,2, 70,X 70,2, Y0,v Yo,y ). Note that we duplicate v x
and o, z. This is because vy, x and vp,z appear in the moment conditions in two places and
it is useful for analytical purposes to treat these instances as different parameters.

To define the doubly robust score, let us define the vector-valued random function g; to
be the score function from the moment condition (6):

(o) = (507

In the above v = (vx.1,72.1,7x,2: 72,2, Vv, Yy ). We can then rewrite (6) as follows:

E[g:(Bo; €0.70)] = 0

The moment condition above is not doubly robust. If &, is replaced by some choices of
& # & the condition no longer holds.

However, the moment conditions are robust to each component of 9. For example
suppose we replace vo by v = (vx,1,%,2,%,x,7,2,%.,v,Y,y) for some yx 1 # 70,x, the
moment conditions still hold, that is E[g;(80; Mo, &,7)] = 0.

Estimation of fj is based on a moment condition with a doubly robust score function
1); of the form below:

) (ﬁ(’yy) — B'Xi(vx,2) — ff/i(’YV)/)

¥i(Bo; €05 Y05 t0) = 10gi(Bo; €05 Y0) (8)

If the moment conditions in Corollary 1 hold then E[q/}i(ﬂo; €0, 70, #0)} = (0. The doubly
robust score depends on an additional matrix of nuisance parameters pg of dimension dx x
(dz 4+ dx). To define i let us first define a matrix G,,.

Gy = —B(Z], X])(Z], X)) Mg

Note that G, is the matrix of derivatives of E[g;(8o;&o,70)] with respect to &.
Let Gg be some (dz + dx) X dx matrix and Q a non-singular (dz + dx) x (dz + dx)
matrix. We then define pg by:

po =GR = GROTIGY (GG TG QT (9)
With po defined in this way the score function (8) is doubly robust. We take ) to be

the variance-covariance matrix of g;(8o; Mo, o,v0) and set Gg as follows:

K2 K2

Gy = —B[(Z, X}y X]]

With uo defined as above, the score (8) is efficient in the sense that it yields a GMM
estimate that has smallest asymptotic variance out of all GMM estimators based on a linear



combination of the components of g; (see e.g., subsection 2.2.2 of Chernozhukov et al. (2018)
for discussion).

An estimate of (3 is obtained by solving the empirical analogue of the moment condition
E[z/;,;(ﬂm £0, 70, #0)} = 0. Recent work including Chernozhukov et al. (2016) and Cher-
nozhukov et al. (2018) shows that there are advantages to sample-splitting in doubly robust
and locally robust estimators. Before we specify the estimator that employs sample-splitting
it may be helpful to first describe an estimate that does not use sample splitting.

Let é, 4, and [ be estimates of &y, vy, and pg. ¥ can be further decomposed into yx, Jz,
Av, and 4y, which estimate vo.x, 70,2, 70,v, and yoy. We let X, = X;(9x) and similarly
for Z-, \A/i, and YZ

An estimate of By that does not employ sample-splitting solves the empirical moment
condition Y7, ¥;(5; é, 4, ft) = 0. This estimate $ has the following formula:

b= (" Xz, X)L, X)) (1 - €V
P =1

The estimator with sample splitting is similar to the above. We partition the data into
J sub-samples. Let {Z;}7_, be a partition of {1,...,n} and let n; be the number of entries
in Z;. Thus each index ¢ = 1, ...,n is a member of precisely one subset Z; and Z;’:l n; =n.
We will use the shorthand Z_; to denote all the elements of {1, ...,n} that are not in Z; (i.e.,
the complement of Z;).

For each j = 1, ..., J the researcher evaluates each of the nuisance parameter estimates
using only the observations with indices in Z_;, that is, the data outside of the 4t subsample.
Thus, for each j, one obtains estimates éj, ftj, and ; of &, po, and vo. The estimate B
with sample-splitting solves the equation below:

J

SN GilBi €A i) = 0

j=14i€1;

In the formula for B, which is given below, XM =X, (%;,x) where 4; x is the component
of 4; that estimates vy, x, and similarly for Z;;, Vj;, and Y ;.

J J
B= (D" X2 X5 0i) TS (254, X5, (Vi — €V) (10)
=

j=14i€eZ; j=14i€cT;

2.2 Nuisance Parameter Estimates

We now present estimates of the nuisance parameters &y, pg, and 9 which can then be
plugged into the second stage estimator (10). The doubly-robust estimator with sample-
splitting requires that for each j = 1,..., J we estimate the nuisance parameters using only
data outside the j** sub-sample i.e., with indices in Z_;. Here we describe estimators that
use the whole sample but these can easily adapted to the sample-splitting case by dropping
the data with indices in Z;.

First let us consider estimators for vy which is composed of vo x, 70,2, Y0,v, and o,y . If
the vector of additional covariates D; is relatively low-dimensional then we can use ordinary

10



least-squares. For H =V, Z, Y, X we estimate 7o x as follows:

g = (D/D)JrDlH (11)
H; = H;,(n)

In some cases D; may be high-dimensional. In addition, we may believe that only a
subset of these covariates are linearly predictive of V;, Z;, X;, and Y;. In this case yp o may
be sparse or approximately sparse for some H € {V,Z, X, Y }.

To exploit this sparsity or approximate sparsity we suggest Lasso regression (Tibshirani
(1996)) instead of ordinary least squares. For H =V, Z, X, Y let Ay 5, be a scalar penalty
parameter and define the Lasso estimate 4y as follows:

n

Ay = argmin Z(Hl — ’YDi)Q + Al
YERID T

Where || - ||; is the £;-norm. A number of methods exist for choosing the penalty
parameters in Lasso regression, for example cross-validation.

We also define variables with both D; and X; partialled out in the sample. For H =
Z, V, 'Y we define the following.

on = ((X,D)(X,D))"(X,D)H
H; = Hy(®)
Again, if D; is high-dimensional we could use Lasso to estimate @wy:

n
Wy = argmin Z(Hz — (X!, DH)w)? + Agmwlw| 1

weRdD
Corollary 1 states that My and Qg are the unique solutions to the moment conditions (5)
and (7). These are standard least-squares moment conditions and so My and Qo minimize
sum-of-squares objectives. The corollary also states that My and Qg are each of rank dyy .
Thus if » > dy then the matrices My and Qg are the solutions to the constrained least-

squares problems below.

My = argmin E[||V; — M(Z},X])'||*]
rank(M)<r

Qo = argmin E[H(f/zl,ﬁ)/ - QZ‘HQ}
rank(Q)<r

To estimate My and Qg given a value of » > dy we can minimize empirical analogues
of the above. Instead of an expected sum of squares we use the sample expectation and we
partial out D; and X; using the data. An estimate M, of My and Q,. of Qg are given below.

M, = argmin ||V —(Z,X)M'||% (12)
rank(M)<r

Q, = argmin I(V,Y) - ZQ'||% (13)
rank(Q)<r

11



Where || - ||% is the squared Frobenius norm (the sum of the squared entries of the matrix).
M, and Q, are reduced-rank regression estimates and thus have closed-form solutions
(Reinsel & Velu (1998), Izenman (1975)). The formulas are as follows. Let ZZX =

(Z,X)(Z,X)/n and 5 = Z'Z/n and define Ey; and Eg by:
Ey = ezgen(V (Z,X)
Eq = eigen((V,Y) 2%
Then we have:
M, = EEX(Zv X)/VE]V[,[:,I:T]E;\/[7[;71;r]
QT = EEZ/(Va Y)EQ,[lzr,:]E,Q,[lzr,:]
Note that r determines the number of free parameters in the minimization problem. If
r is small compared to min{dy,dz} then the constraint imparts a considerable dimension
reduction. Ideally we would set » = dy,. However, dyy is generally not known a priori, but
since it is identified we can adapt to this quantity.
In order to adapt to the unknown number of confounders dy, we replace the constrained

least-squares problems (12) and (13) with unconstrained penalized least-squares problems
as follows:

M= argmin ||V — (Z, X)M'||[% + Asnrank(M), (14)
rank(M)<dz

Q= argmin [|(V,Y) = ZQ'||% + Aonrank(Q) (15)
rank(Q)<dy

A, and Ag, are positive scalars that control the degree of regularization.

One could replace the rank penalties with some other penalty that induces a low-rank
structure. For example, instead of rank(M) in (14) we could instead use the nuclear norm
of M, commonly denoted ||M]||,.* Penalizing the rank has the advantage that the solution
has a closed-form.

Bunea et al. (2011) provide the formula for the solution to a penalized reduced-rank
regression problem like (14) and (15). Their results show M = M;,, and Q = QTQ, where
7y and 7 are estimators of the number of unobserved confounders dy . In particular, 7/ is
whichever is smaller: dz or the number of eigenvalues of the matrix V'(Z, X)i;X(ZA, X)v
that exceed Apr,,. Similarly g is the minumum of dy and the number of eigenvalues of
(V,Y)'Z%LZ'(V,Y) that exceed Ag,n.

The penalty parameters Ajas,, and Ag, can be chosen in a number of ways. Bunea
et al. (2011) suggest plug-in formulas that are motivated by the assumption that the regres-
sion residuals are independent and normally distributed. In our simulations we choose the
penalty parameters by cross-validation.

Corollary 1 states that & solves £y BgCo = AgCy. BoCy and AgCy sub-matrices of Qg. If
we replace BoCy and AgCy with the corresponding sub-matrices of Q the resulting equation
is 50@[1;@,;] = Q[dvﬂ);]. Our estimate é is the solution with smallest Euclidean norm and
has the following formula:

4See Chen et al. (2013) for some analysis of nuclear norm penalization in reduced-rank regression.
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é: Q[dv+1 :]Qﬁdv -](Q Lidy ] Q 1:dv ] )

For the estimate of ug we replace the objects in (9) with their sample analogues. An
estimate G, is given below:

R 1< o -
Gy = —— (2L X)) (
i=1

P
7

i) ;)M,
The estimate of pg is then given by:
(=GR — GG (GG TGO
G and ) are estimates of G and Q. Gg can be estimated by its sample analogue below:

. A
Gp=——> (2, X)'X]
i=1

The efficient choice of 2 is the variance matrix of ¢;(5o; €0,70). Let /3 be an initial estimate
of 3 that uses the identity in place of 2. We can then estimate the efficient (2 by letting
be the sample variance-covariance matrix of g;(3;¢&,9).

2.3 Inference

Chernozhukov et al. (2018) suggests a variance estimator for DML2 estimators. In the case
of our estimator 3 the variance estimate is as follows:

J
c= ZZﬁ Rl
j=14€I;

The matrix S is defined below:

CI)>

Il
S|
™
g

E>
>
:;Qi

Note that the above is estimate of Sy = uoE[(Z!, X!)'X!]. For each j € 1,...,.J and i € Z,
we define v; = ¢;(8; &5, 95, i) X

If the variance estimator is consistent and S is asymptotically Gaussian centered at Sy,
then a confidence interval for I’Sy (where [ is some vector) can be obtained as follows:

CI=[IB£d7'(1-a/2)\/I'5%/n]

The formula above is suggested in Chernozhukov et al. (2018). @ is the cumulative distri-
bution function of a standard Gaussian random variable.
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3 Consistency and Asymptotic Normality

The methods in the previous section estimate a parameter of interest 3y in the presence of
possibly high-dimensional nuisance parameters. We take the standard approach to asymp-
totic analysis in such settings which is to find conditions under which the estimates are
root-n consistent and admit an asymptotic Gaussian approximation.

The doubly-robust estimator is a Double-Machine Learning 2 (DML2) estimator of the
kind analyzed in section 2 in Chernozhukov et al. (2018). DML2 estimators (along with the
DML1 estimators in Chernozhukov et al. (2018)) have the advantage that they are root-n
consistent and asymptotically normal centered at the true parameter under relatively weak
conditions on the rates at which the nuisance parameters converge.

We now present high-level assumptions for root-n consistency and asymptotic normality
of the doubly-robust estimator with sample splitting as defined in (??). Note that our results
apply for any choice of estimators for the nuisance parameters not just those specified in
Section 2.

Our asymptotic analysis is based on Theorems 3.1 and 3.2 in Chernozhukov et al. (2018).
The Assumptions 1.1-1.4 and 3.1-3.2 (stated below) act as primitive conditions for the
assumptions in that paper.

In order to derive results that are uniform over some parameter space, we suppose that
for each sample size n, the data generating process, denoted by P, belongs to some set P,,.
The Assumptions below then restrict P,.

It is helpful to introduce some additional notation. For any random column vector H;
we let ¥ = E[H;H!], however in the case of H; = (Z!, X})’ we write ¥;¢. If b is a vector
then [|b]| is the Euclidean norm of b. If A is a matrix then ||Al| = sup,epa,)jpj=1 || Ab]. For
sequences a, and b, the notation a, = b, means that there exists a constant C' so that
an < Cby, for all n. a, < b, means that a, 3 b, but not b, = a,. Finally, we define €; as
follows:

& =Y, — X|By — V/&,

Assumption 3.1 (Convergence rates of the nuisance parameter estimates). There
is a sequence «,, with o, — 0 so that if P € 73 then with probability at least 1 — an the

following hold for j = 1,...,J. i. ||(3; — )z~ 22 0 il [[2Y2(E — €0)l| < . iii. For
H=X,V, HZ;/Q(’YHJ - ’YH,O)21D/2H J 041 and in addition:

S92 2002 + 6, .x

1/2 N
||EZ)/( (Vzj — V20 Vx.5 — Vx.0)'Z
1/2
1252 (v = Y0.v) = (W = 70,0)€ — (rx = %0,x)B0) || 5 5.

Assumption 3.2 (Restrictions on the DGP). If P € P, the following holNd i. B[e?] 21,
|X¢|| Z 1. ii. There is a constant ¢ > 2 so that for each H; € {X;,V;, (Z}, X})', Di, &}

B[Sy 2 EDs, 1Y 3 Vdwdp

Where ¥y = E[H; H]] and dj is the length of H;. Similarly:

B[S0 V2L, X5 219 3 Vdy (dx + dz)

iii. There is a constant ¢ so that for each H; € {V;, (Z}, X!)'}, || B[~ 1/2H HY 1/2|D I <ec,
and for each H; € {V;, &}, | B[S, H,H/S | Z;, sz < c. In both cases Xy = E[H;H!).
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Z v
and below away from zero. v. E[||t:(8o; €0.70, 110)]4] " 2 1, E[|lmo(Z4, X1y X2)j9] M < 1.

iv. 9280l IR, (10X 2]l and ||} 2 0% 2| are all uniformly bounded above

Assumption 3.1 imposes convergence rates for each of the nuisance parameter estimates.
Note that the convergence rates are required to hold uniformly over sequences of DGPs in
{(Pa}e,.

Assumption 3.2 imposes bounds on the rates at which the magnitudes of some popu-
lation objects grow with the sample size. Note that Assumption 3.2.ii requires that some
higher-order moments exist. Existence of higher-order moments is a standard assumption
in problems with growing dimension as an assumption of this kind is generally required for
an application of a multivariate central limit theorem. Assumption 3.2.iii states that some
conditional moments are almost surely bounded by a fixed constant.

To motivate the rates in Assumption 3.2.ii note that:

Bl 21D, 10 <\ Bl 211 - 1552 D))

The term ||EI_1,1/2H1- [12| \251/2Di| |2 can be written as a sum of dpdy scalar random variables.
Thus the RHS above is the square-root of the L, norm of the sum of dpdy random scalars.
This is bounded by the square root of the sum of the L, norms of the dpdy random variables.
Thus, if the norms of each of these scalars is uniformly bounded we get a rate \/dpdy -

Theorem 3. Suppose that for each n, P € P, so that Assumptions 1.1-1.4, 3.1, and 3.2
hold. In addition, suppose that the singular values of Sy are bounded uniformly below and
away from zero, and the eigenvalues of E[i;;] are bounded uniformly above and below away
from zero.

Moreover, suppose that the following conditions hold, 6, 3 d;(l/Q(dX +dy)" 12, de 3

(dx +dz)~Y2d;" 2, 6, 5 3 dx2dp'?, and:

51,5 Ox.e: v e 3 (dx + dz) 2d! 2
Moreover, suppose that §,,6¢ < n~"/2 (8, x +0,,7)(0,e+0,10) < min{n=/2 d;'} and:

Gyus B Oy e Oy 0, 0y 2, 0y, x = dg

Then uniformly over all P € P, B s root-n consistent and asymptotically normal:
Vo (o = B) ~ N(0,1)

Where the asymptotic variance o is given by: o = Sy 'E[Wi!](Sg") . Moreover, the
variance estimator ¢ is consistent for o and the confidence described earlier in this section
have asymptotically correct coverage.

Theorem 3 establishes uniform root-n consistency of the estimator and asymptotic valid-
ity of the confidence intervals. In addition to Assumptions 1.1-1.4, 3.1, and 3.2, the theorem
requires a number of conditions on the rates at which the nuisance parameters converge. In
effect, these additional conditions restrict the rate at which the dimensions of the variables
can grow with the sample size.

The condition that the singular values of Sy are bounded uniformly below and that
E[;9}] has eigenvalues bounded uniformly above, ensures that the asymptotic variance of
the estimator is uniformly bounded.
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4 Simulation Study

In order to assess the efficacy of the methods we present in Section 2 we carry out a Monte
Carlo simulation. We implement our methods on a number of simulated datasets. For each
simulation, we draw observations independently and identically from the following model:

Vi = BoW; +v;

X =ToW;+¢€

Zi = CoW; + GoX; + 1

Y; = X;Bo + FoWi + xoVi + e

The residuals v;, €;, 1;, and e; are drawn independently of each other from zero mean
Gaussian distributions: W; ~ N(0,1), v; ~ N(0,2y), ¢, ~ N(0,Xx), n; ~ N(0,Xz), and
e; ~ N(0,Xy). Note that we do not include additional controls D; in our simulations
however in estimation we include an intercept (i.e, we treat D, as a constant).

In each simulation we must choose parameters By, By, Co, Go, To, Fo, X0, 2y, Zv,
Y. x, and X z. Rather than use a fixed value of each parameter in all of our simulations, we
draw the parameters at random in each simulation. Thus our simulation results show the
weighted average performance of our estimators over a parameter space.

We draw the parameters as follows. The elements of the coefficient matrices 3y, Go,
To, Fp, and xgo are all independently mean-zero normal with variance equal to the square
root of the number of columns of the matrix. For example, the elements of Fy are all
independent with distribution N(0,1/v/dy ). This choice of the variances of the normal
distributions ensures that the ratio of the variance in each variable to the residual variance
remains roughly constant as the dimension changes.

The matrices By and Cj are generated so that their non-zero singular values are equal
to s. Let N7 be a dy x dy matrix of independent random normals and Ns be a dy X dy
matrix of random normals. We set By ~ s(NjNy)~ /2N, (I,0)' Ny (N4N3)~'/? and similarly
for Co.

The covariance matrices have a re-scaled inverse Wishart distribution, for example
deE‘_,l ~ Wa, (I,dyp). The natural number p is a hyper-parameter that determines the
degrees of freedom of the Wishart distribution.

We are left with hyperparameters s, p, dy, dx, dy, dz, and the sample size n. In all of
our simulations we let dx = 1 so that there is a single treatment of interest. We set p = 2
which means the covariance matrices are concentrated around the identity. In all of our
simulations dz = dy so there are the same number of proxies in Z; as in V;. We carry out
simulations for a range of choices for the remaining hyperparameters s, dy, dy, and n.

Figure 4.1 shows the median-squared errors of alternative estimators for a variety of
different hyperparameters. In all cases in Figure 4.1 we set s = 1. The estimators that
are compared are: (in blue) a naive least-squares estimator that simply treats V; as a
set of controls, (in red) the proxy control estimator with no rank restriction, (in yellow) an
infeasible estimator that imposes the rank restriction dy, and (in purple) our doubly-robust
estimator.’

Keeping the number of confounders fixed but increasing the number of proxies leads
to remarkably little loss in performance for the doubly robust estimator (in purple). The

5For the infeasible estimator we perform ordinary least-squares regression of ¥; on X; and ]\7[(2{, X{)’,
where M is a reduced-rank regression estimate of My that imposes the rank dyy on the estimate.

16



d,=6, d, =6, d,=6 d,=6, d,=9,d,=9 d, =6, d, =30, d,=30

e V as controls e e

o -2 No rank restriction o 2 o 2r

E 4 Known rank E 4l E 4

g Doubly-Robust: split sample [ g i — g == —_—

8 g 8

H j S 5 e = s N

5 8 S 5 8 — 5 8 e m——————

@ @ @

= -10 = -10 = -10

g g g

L s < =2

0.5 1 15 2 25 0.5 1 15 2 25 0.5 1 15 2 25
n x10* n x10* n x10*
(a) dW =6
5 d,,=12,d, =12, d,=12 5 d,=12,d, =18, d,=18 5 d,,=12, d, =60, d,=60

g g g

g -2 g -2 g 2

o o o

L 4 Q4P L 4 =

S e 8 S e =

& 6 9 & 6 5 s \\\

c " c M c S~

T g K S 8 e T g T —

o o ey o E—

@ @ @

= -10 = -10 = -10

g g g

=12 =12 =12

0.5 1 15 2 25 0.5 1 15 2 25 0.5 1 15 2 25
n x10* n x10* n x10*
(b) dy = 12

Figure 4.1: Simulated Median Squared Errors, s =1
Median Squared Errors on the y-axes are the medians of ||,(§ — Bol|? over 1000 simulated datasets for various
estimators [9 The different figures correspond to different choices for the number of confounding factors dw, and

the numbers of proxies dy and dz.

doubly robust estimator achieves a performance that is near indistinguishable in all but the
smallest samples from that of the infeasible estimator (in yellow). As we move from left
to right in Figure 4.1 we see that the median squared error of this estimator stays roughly
constant, with the only apparent exception occurring in the smallest sample size in the the
rightmost sub-figures.

The proxy control estimator with no rank restriction (in red) is equivalent to the two-
stage least squares strategy of Griliches (1977) in which V; is a vector of endogenous re-
gressors, X; is a vector of exogenous regressors, and Z; is a vector of instruments. When
the number of proxies in each group is equal to the number of confounders (the leftmost
sub-figures) this estimator has nearly identical performance to our doubly robust procedure.
This is to be expected as in these sub-figures there is no rank restriction for our estimator to
exploit. However, unlike the doubly robust estimator, this procedure exhibits substantially
worse performance as the number of proxies increases. This loss is apparent even in large
samples.

The naive estimator (in blue) is inconsistent in this model, and this is clear from Figure
4.1 which shows that the median squared error of this estimator does not fall as the sample
size grows. Nonetheless, in the setting with 12 confounders and 60 proxies in each group,
the naive estimator outperforms the proxy estimator with no rank restrictions. The doubly-
robust estimator has a lower median-squared error than the naive estimator in nearly all
cases, the exceptions occurring in the leftmost sub-figures where the estimators have almost
identical performance.

Figure 4.2 contains the same results for the case in which s = 0.5. Recall that s is
the level of the singular values of By and Cj, and thus controls the informativeness of the
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proxies relative to noise levels. A smaller value of s is thus likely to be less favorable for
our analysis. Indeed, all of the estimators perform worse in this setting (including the
naive estimator) and the proxy estimators perform worse relative to the naive estimator.
Nonetheless, our estimator still outperforms the naive estimator apart from in the smaller
samples, and attains a level of performance that is close to that of the naive estimator,
particularly with large sample sizes.

As in the case of s = 1, the estimator that does not impose a rank restriction performs
substantially worse when there are many proxies compared to the number of unobserved
confounders.

d,=6, d, =6, d,=6 d,=6, d,=9,d,=9 d, =6, d, =30, d,=30
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Figure 4.2: Simulated Median Squared Errors, s = 0.5
Median Squared Errors on the y-axes are the medians of ||,[§ — Bol|? over 1000 simulated datasets for various
estimators é The different figures correspond to different choices for the number of confounding factors dw, and

the numbers of proxies dy and dz.

Figure 4.3 shows the percentage of simulations in which 99%, 95%, and 90% confidence
intervals cover the true parameter By (recall By is drawn at random in each simulation).
The confidence intervals are those based on a Gaussian approximation for the doubly-robust
estimator as described in Section 3. In all cases the coverage is close to nominal level in
large samples. In small samples the coverage is close to nominal apart from in the case with
a very large number of proxies (dy = dz = 60 in the bottom right sub-figure).

Figure 4.4 shows the coverage in the less favorable setting with s = 0.5. There is
substantial undercoverage in the rightmost sub-figures with many proxies, although this
appears to improve with the sample size. The middle subfigures show that with a moderate
number of proxies compared to unobserved confounders the confidence intervals severely
undercover in small samples and moderately undercover in larger samples.

In Table 1 we give the proportion of simulations in which the rank of the estimated
nuisance parameter M , is equal to the number of confounders dy, (which is the rank of
the matrix Mp). The estimate M is attained using the full sample. The figures in Table 1
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Figure 4.3: Simulated Confidence Interval Coverage, s = 1
Confidence interval coverage of the treatment parameter. on the y-axes are percentages of 1000 simulated datasets

in which confidence intervals contain 8g. The different figures correspond to different choices for the number of

confounding factors dw, and the numbers of proxies dy and dz.

correspond to the favorable s = 1 case, whereas those in Table 2 are for the less favorable
s = 0.5 setting.

In each case the proportion is generally increasing with the sample size. In Table 1 we
see that in small samples (n = 1000) the rank selection is less accurate when the ratio of
the number of proxies to the number of unobserved confounders is larger. Curiously, for
n > 1000 the worst performance occurs for dy /dy = 1.5. When s = 0.5 there is a similar
trend in the case of dy = 6 although worse performance when dy /dy = 1.5 only occurs
for the largest samples. One possible explanation is that this nonlinearity reflects a change
in the balance between two opposing effects. On the one hand many proxies provide many
signals regarding the latent factors, which increases accuracy, but on the other hand the
presence of many proxies increases the risk that sample correlation between the components
of Z; and V; creates the illusion of additional factors.

5 Conclusion

We present novel identification results for the linear model with proxy controls. Our iden-
tification results suggest method of moments estimators that can take advantage of the
dimension reduction when the number of unobserved confounding factors is smaller than
the number of proxies. We present model selection methods that adapt to the unknown
number of confounding factors. We provide conditions for uniform root-n consistency of our
estimates and asymptotic validity of an inference procedure. Our simulation results suggest
that our estimators are more effective than proxy control methods that do not exploit the
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Figure 4.4: Simulated Confidence Interval Coverage, s = 1
Confidence interval coverage of the treatment parameter. on the y-axes are percentages of 1000 simulated datasets

in which confidence intervals contain 8g. The different figures correspond to different choices for the number of

confounding factors dw, and the numbers of proxies dy and dz.

dimension reduction, particularly when the the number of proxies substantially exceeds the
number of unobserved confounders. In the latter case inference based on our doubly-robust
adaptive proxy control method performs well.
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Table 2: Frequency of Correct Rank Selection, s = 1

Sample Size
dw dy =dz 1000 5000 10000 25000

6 6 0.994 1 1 1
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12 60 0.033 1 1 1
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12 60 0 0 0.041 | 0.907

Figures are the proportion of the 1000 simulated datasets in which the estimated rank of My is equal to the number
of unobserved confounders dy . Rows corresponds to different choices of dw, dv, and dz, columns correspond to

different choices of the sample size n.
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A An alternative estimate of &,

In Section 2 we develop an estimator of &, that is a simple function of the reduced-rank
estimators of My and Qg. However, one can also estimate & directly. In this case, instead of
using the rank restrictions on My and Qg for dimension reduction we instead take advantage
of the sparsity result in Corollary 1.
To motivate the estimator, note that the moment conditions in Corollary 1 imply the
following condition.
E[Mo [ 1:a,1Zi(Yi — §6Mo [: 1:0,)2:)] = 0

&o satisfies the condition above if and only if it minimizes the following least squares
criterion:

E[(Y; — &Mo ;1507 Z:)%)

Recall that Corollary 1 states there is a solution £y to the moment conditions which has at
most dy non-zero entries. To estimate £y, we minimize a penalized empirical analogue of
the criterion above. The penalization induces sparsity in the estimate of . In particular,
our estimate of & is the vector ¢ that minimizes the empirical objective below:

¥ — ZNL] y.0,)€1% + Sall€]: (16)

Where || - is the £; norm and §, is a penalty parameter. M is the matrix of regression
estimates from multiple linear regression of V; on (Z/, X})'.

Minimization of (16) is an ¢1-penalized least squares problem and can be solved using
any standard Lasso algorithm. A number of methods are available for selecting the penalty

parameter in Lasso regression. For example, §,, could be chosen using cross-validation.

B Proofs

Proof Theorem 1. By Assumption 1.1. 11~E[ e:(Z!, X})] = 0 and E[g; D}] = 0 and so Ele;(Z}, X})] =
0 and by the same reasoning E[v;(Z! )] =0
Partialling out D; from both s1des of (1) and (2) and using that Ele;D;] = 0 and
E[v;D}] = 0 we get:
‘N/ OW + u;
= 50Xi + AW + €
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And so:
E[(V; — BoW:)(Z,,
E[(Yi = BXi — AoWi)(Z],
Recall the definition of Cy and Gy:
(Co, Go) = E[Wi(2}, X)) E[(2}, X)) (2}, X})] "

K2

The rows of E[W;(Z/, X!)] must all be in the row space of E[(Z/, X!)'(Z!,X})], and so
by elementary prioperties of the pseudo-inverse:

Using the above to substitute out E[W;(Z/, X/)] from (17) and (18) we get:

E[(Vz - BO(COv GO)(Zzlv X{)/)(Zz/’ Xz/)]

0
E[(Y: — B)X: — Ao(Co, Go)(Z], X)) (Z],X])] =0

Stacking the condition above into a block matrix we get the result.
O

Proof Theorem 2. Step 1: Prove the rank conditions on the nuisance parameters

Under Assumption 1.4 C) = E[Z;Z]]"'E[Z;W!] and so by Assumption 1.3 C; has
full row rank. By Assumption 1.1 E[D;v}] = 0 and E[W;v}] = 0 and so E[W;v;] = 0.
Since V; = BoW; 4 v; we then have By = E[V;W/|E[W;W/]~!. Also by Assumption 1.1,
E[X;v}]] = 0 and E[D;v}] = 0, which implies E[X;v}] = 0 and thus V; = V; and thus
By = E[V;W/!|E[W;W/]~'. So by Assumption 1.2 By has full column rank.

Since By has rank dy and Cy full row rank, the product BoCy has rank dy,. Moreover,
(Co, Gp) must have row rank of at least dy and so By(Cp, Go) has rank dy, and since
(B{, Aj)’ has column rank of at least dy, (B{, Aj) Co has rank dyy.

Step 2:

From Theorem 1 we have:

Vi \_ (BoCo BoGo\ (Z\\,5 wn]_
E[( (Y - 50)@) (AOC’O A0G0> <X> )(Zi,Xi)] =0
Suppose the following holds:
Vi BC BG\ (Z\\ 5 on] _
EK (Y —5&) - (AC AG) <X> )(ZmXi)] =0

Under Assumption 1.4, E[(Z}, X])'(Z/, X!)] is non-singular, and so we get the following
four equalities:

ByCy = BC (19)
ByGo = BG (20)
AoCo = AC (21)
AoGo — By = AG — ' (22)
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It follows immediately from the above and the rank restrictions on ByCy, Bo(Co, Go),
and (B, A})'Cy that BC, B(C,G), and (B’, A’)'C each have rank dy .

Recall that Cj has full row rank and thus CoC}, is non-singular. Define M = C{(CoC}) 1 Go.
Post-multiplying both sides of (21) by M we get AgGy = ACM and substituting this into
(22) gives:

ACM — B, = AG -3 (23)

Now, post-multiplying both sides of (19) by M we get BoGy = BC M. Substituting into
(20) BG = BCM. Premultiplying both sides by A(B’'B)~!B’ (recall B has full column
rank and so B’B is non-singular) we get AG = ACM. Substituting into (23) we get 8 = So,
as required.

O

Lemma 1. There exist matrices A, B, C, and G with so that B has full column rank and
B, A, B, C, and G satisfy (4) if and only if there exists a matriz M and a vector £ so that:
B[(Vi - M(Z],X})')(Z],X)] =0

K2

E[(Y; - B'X; — ¢ M(Z,,X)))(Z],X})] =0

K2

Proof of Lemma 1. First let us prove the ‘if’. B has full column rank and so B’B is non-
singular, so letting ¢ = A(B’B)"!B’ we have AC = ¢BC and AG = ¢BG. Substituting
into (??) we get:

B[( (5. "5) - (eneo) (5) )z x| =0

Let M = B(C,G), then we get the result. Now the ‘only if’. Any matrix M of can
be written as the product M = M;Ms where M; has full column rank. So let B = My,
(C,G) = Ms, and A = ¢'B and we are done. O

Proof of Corollary 1. Theorem 2 and Lemma 1 together show that (5) and (6) identify Sp.

By Theorem 1 (5) is satisfied by My = By(Co, Go). By Assumption 1.4 E[(Z!, X})(Z!, X})']
is non-singular and so this My is the unique solution. By Theorem 2 we then have rank(My) =
dw. Next we show that &, satisfies (6) if and only if £ ByCy = ApCy. Substituting
My = By(Cop, Gy) and combining (5) and (6) we get:

€0Bo(Co. Go)El(Z], X{)(Z;, X])'] = Ao(Co, Go) EI(Z}, X{)(Z], X})']

3 3

Again, using that E[(Z!, X!)(Z!, X!)'] is non-singular we get & By (Co, Go) = Ag(Co, Go)
and thus £, ByCy = AgCy which proves the ‘if’. For the ‘only if’, Theorem 2 states that
Cy has full row rank and so £, BoCo = AgCy implies {gBy = Ap and thus £, By (Co, Go) =
Ao(Co, Go) Using Mo = BO(CQ, Go) we get €0MO = AQ(C(), Go), substituting into (3) gives
the result.

Next we will show that there exists a §, with ||&]| < dw. By Theorem 2, rank(ByCyp) =
dw . Since ByCy has rank dy, for any vector £, there is a & with at most dy non-zero
entries so that {oBoCy = £ByCy. Since there exists at least one £ so that £ByCy = ApCy it
follows that there is at least one £y with at most dy non-zero entries and £y ByCy = AyCy.

Finally we show that Qo = (A, B()'Co (which is of rank dy by Theorem 2) is identified
from (7). First note that Z; is a linear combination of Z; and X; and so (3) implies:

e[((n he) - (0 260 (2))2] =0
Y; — Bo X, AgCo  ApGo) \ X; B
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By the properties of partialling out, E[Z;Z!] = E[Z;Z!], E[V:Z}] = E[V;Z!], etc. and

X; =0, and so the above is equivalent to the following:

V; BoCo  BoGo\ (Zi |
e[((7)-(ha 6) (5))z] =0
ByCy BoG()) (Zz

ApCy ApGo) \ 0
Qo is the unique solution to (7) because E[Z;Z!] is non-singular by Assumption 1.4.

Multiplying out ( ) and substituting Qo = (A, Bj) Co we get (7).

O
Lemma 2. Under Assumptions 1.1-1.4 1;(Bo; Mo, &0, Yo, tto) s doubly robust.
Proof of Lemma 2. Recall that v;(8,&,v, 1) = 1gi(8,€,7) where g; is given by:

(5,62) = (L0720 (i) - 9 %i(rxa) — €hlrxa))

Step 1: Show the score is robust to .
Corollary 1 immediately implies that E[g;(80; £,70)] = 0 and so for any su:

E[4i(Bo; €0, 70, )| = 1E[g:(Bo; €0,70)] =0

And so the score function is doubly robust with respect to pp.

Step 2: Show the score is robust to &.

Consider the derivatives of E[z/Ji(B; &, ,u)} with respect to £ with the other arguments
set to their true values. With a little work one can show the derivatives are as follows:

0 .
%E[wl(607Ma§770aM0)] = _/’[’OE[(Z;DXZ/)/‘/’L/]

The derivatives does not depend on &. Therefore, if the derivative with respect to £ is
zero at & then it is zero for all £&. As in the main text, define G,, by:

0
G, = %E[gi(ﬁo;fﬁo)] ‘5:&0

Substituting the above we get:

0
%E[%(ﬂo;ﬁﬂmﬂo)] |5:§0 = oGy

Substituting the definition of py the RHS becomes:

Gy = (G — G076, (G716, TG G,

The final equality follows by the elementary property of the Moore-Penrose pseudo-
inverse that for any matrix A, A(A’A)TA’A = AATA = A, even if A is nonsingular.
So %E[%(ﬂo;fﬁo,uo)”g:go = 0 and thus %sz‘(ﬁo;fﬁmuo)] = 0 for all £&. Since

E[4i(Bo; €0, 70, to)] = 0 it follows that, E [;(50; 0,70, po)] = 0 for all €.
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Step 3: Show the score is robust to the components of .
Suppose « differs from ~y, only in that vy # vo,y. By the properties of partialling out,
for any y:

vy only enters E[%‘(ﬂo;M, 50,7,;%)} = 0, through the expression above, so we are

robust to the vy component of vy. By the same reasoning;:
E[(Z], X))Vi(w)'] = Bl(Z}, X))V]]

And so we are robust to yy,. We can follow similar steps to show we are robust to 1 x,
Y2,x> N,z, and 72 z.

Note this is why we treat 7, x as two different parameters in the two places it enters
the score function and likewise for v, z. If vx # 70, x when in general E[X,;(vx)X;(vx)'] #
E[XZXZ/] but E[Xi(’YX,l)Xi('yO,X)/] = E[X,LX{] regardless of YX,1-

O

Proof of Theorem 2. To prove the result we confirm that the conditions for Theorems 3.1
and 3.2 in Chernozhukov et al. (2018) hold. The result follows immediately from those
theorems.

Theorems 3.1 and 3.2 in Chernozhukov et al. (2018) require Assumptions 3.1 and 3.2
in that paper. Let us begin with Assumption 3.1. This states that a) the true parameter
(Bo in our case) satisfies the moment condition. b) That the moment condition is linear
in this parameter. ¢) That the map from the parameters to the moment is twice continu-
ously Gateux differentiable, and d) that the score is Neyman orthogonal (or ‘near Neyman
orthogonal’) e) Sp has eigenvalues bounded above and below away from zero. By Lemma
2 the moment condition is valid so a) hold. By Lemma 2 the score is doubly-robust and
therefore Neyman-orthogonal so d) holds. The score is linear in Sy and it is linear in each
of its arguments and is thus continuously twice Gauteax differentiable, so b) and c) hold.
Condition (e) holds by supposition. Thus Assumption 3.1 of Chernozhukov et al. (2018) is
satisfied.

We now show that Assumption 3.2 of Chernozhukov et al. (2018) holds. this constitutes
the bulk of the proof. Below we restate this assumption as it applies in our setting. It will
be convenient to collect all the nuisance parameters into one single parameter. In particular,
let my contain the true values of all the nuisance parameters so that:

no = (Ko, €05 Y0)

In the above, the parentheses indicate an ordered set rather than horizontal concatenation
of matrices. Similarly, let 7; be the collection of all the nuisance parameter estimates for
the ;" subsample: )
i = (05,855 95)

Moreover, for some n = (u,§,~y) we define ¥;(8,n) = ¥;(8;€,~, 1) and use ; as shorthand
for 4;(Bo, o).

Assumption 3.2 of Chernozhukov et al. (2018) states that there are sequences «a,, — 0
and 6, — 0, constants ¢g and ¢1, and a sequence of sets 7, so that for each n if P € P, the
conditions below all hold.
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1. With probability at least 1 — v, ; € Tp forall j =1,..., J.
, q|1/a
2. super, Bl[vi(Bo,m[7] " < ¢

3 SUPer, E“l“E[(Z('VZ)/vXi(W’X)/)/Xi(’YX)']Hq]I/q <c

4. sup,er. |lnoE((Z], X} X]] = pE[(Z:(v2)', Xi(vx)") Xi(vx) || < 6n
5. supyer, E|[vi(Bo,m0) — 11)1'(50,77)”2}1/2 <,

2
6. SUD,.c(0,1).neT, |12z B |%i (Bo, 0 +7(n— o)) ||| < 6n/v/n0

7. The eigenvalues of E[v;(Bo,n0)w:i(Bo,m0)’] are bounded below by a constant cg.

Note that condition 7 holds by supposition. For conditions 4, 5, and 6 we derive the following
three rates:

nsélﬁ o E((Z), X)) X]] — nE[(Zi(vz)', Xi(vx)") Xi(vx)']l]

J0u + (04,2 + 04,x) 0+, x

sup  E[|[v(Bo.m0) — 1/%(50777)”2]1/2

re(0,1),neT,

SVAdx (0 4+ 0c + 0yc +04,v0¢ + 04,2 + 0+, x)
+dD(§%X + 5%2)(5%6 + 5%V5£)

2

0
sup ||WE[wi(ﬂ07770+T(77_770))M|
re(0,1),neT,, 9T

j(sué& + (5%X + 5%2)(5%6 + 6%V5£>

This implies that conditions 4, 5, and 6 hold with:

5 5 /0,0
+ V dX((sy, + 55 + 5’)/,5 + 6’}/,\/&5 + 67’Z + 57,X)
+ (Vn+dp)(dy,x +0y,2)(0y,c + 04,v0¢)

Which is o(1) under the conditions in the Theorem.
We will consider conditions 1-6 in turn. In order to reduce the complexity of some of
the expressions in the arguments below, we use the following notation: vr = (7,7x)’s

Yo = (V1Y) Rilve) = (Zi(vz), Xi(vx)')'s Hilve) = (Yi(yy), Vilw)', Xi(vx)')'
and ¢ = (1,-&,—4}). In addition let vgo = (7%70,7}{,0)’, YHO = (7{,7077(,70,73(70)’, let
R; = Ri(yro) and H; = Hi(ym,0)- Define § = ||Z¥2ﬁo|\a £= HZ}/Q%H’ f= HMOEIZ/?{H, and
- 1/2 ~1/2

M = |22 mpm ).
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Condition 1
Under Assumption 3.1, the set 7,, defined as follows satisfies Condition 1 for some «;,, —
0. n € Ty if and only if ||(1n — o) 2 51| < 8, [1£/%(6 — &)'|| < J, and:

1512w = W) S5 < b,y

1522 (vx —1x,0)=8 1 < 6,.x

19582 (V% = Voo Vs = Vx0) BB 711 < 8y.2 + 8y x

(v = v0) — (rx — 7x,0)80 — (W — W,0)&) 1/2||§57,e

In our discussion of the remaining conditions we take 7, to be this set.
Condition 2
We show that:

sup B[||vi(Bo, )] 21

NETn

Using notation introduced above we have:

Bl[s(Bo; &7, w)]|7]
B B 5 B 1/q
=E|||luRi(vr) (Yilyy) = Vilw)'€ = Xi(vx) Bo) ||

Using the triangle inequality and the definition of the operator norm:

1/q
E|||uRi(vr) (Yi(vy) = Vilw)'€ = Xi(vx)'Bo) ||

<E[|I¢: (8o, mo)1] 4 + 11 — o) ZY2NEIIS, Y 2 Reel|]

HIBEY21 1125 2 (i = 1m0 S E[IS5 /2 Dic 9]

ISR B[S, RV, 211 s € - &)l

HIESY21155 L (r — vr0)SPIE IS5 2DV 219 V1 SY2 (€ - &)l

Y2 (B RO 1 + 125 0n — o) SY BN DD )
X <||E}3/2(('yy—’yo,y)—(7 —70,v)& — (vx —Y0,x)50) |

FIEY2 0w — 20w 852 1226 - §>|)

For n € T,, we have:
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1/q
E||[uRi(vr) (Yi(yy) = Vilw)'€ = Xi(vx)'Bo) ||

SB[ Bosno)l1] 7+ 11(n — o) SL2 B[S V2 Ric 1]

+(8 + 1) (0. x + 8y.2) E[|[Sp"* D] *
(8 + MBS, V2RV 2|

(8 + 1) (0 x + 6,2 B[S DV s 2 ) 6

+o+ 1) (BN RO 7 4 6, + 0,2 B (125 Dais )
X (Oy,e + 04,v0¢)

Using Assumption 3.2:

- B B ~ 1/q
E [mRi(vR)(Yi(w) Vi )E - le(m'ﬂo)w]
214 6u(dx +dz) 2 + (5, + 1)(8y,x +6,,2)dy)”
+(8 + 1)0e(dx +dz)' A/ + (8, + 1) (0 x + 6y,2)d 1) *dy/ 6

(6, + ) <(dX L)Y 4 (5 x + 5%Z>dD) (Bye + 8, 0)

Under the conditions of the theorem the right-hand side is O(1).
Condition 3
We now show that:

sup B[nE(Zir2) X))V Kl I ]t
<1

Given our notation we have:

E[IEl(Zi(v2)', Xi(vx)') Xs(rx)]]19]
1/q
=E|||uRi(vr) Xi(vx)'||9

Using the triangle inequality and definition of the operator norm:
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N ~ 1/q
E[mRZ-wR)Xin)ww]
o 1/q
SE[WORMHQ]
2 1/2 & 1/
HI (= po) S L2 IN(EIS 5 R X1
1/2 —1/2 1/2 —1/2 lnd 1/
HIpS L2 (r — Tro)SE B2 DiX )]
1/2 —1/2 5 —1/2 1/ —1/2 1/2 —1/2 —1/2 1/
+H|ux Y, ||( 1155 2R D 21 Y+ 11252 (vr — vr0) S5 I E (1152 D DS 219 )
1/2 —1/2 1/2
< |I=52(rx — 0.0 = 2711 I1E2))
For n € 7, we have:

1/q
B 1t om) X o 1]
- 5 =ilg /e 1/2 1/q
SE|lmoRX)17| + 8, E[I125RiX/|1]
i+ 8,082 + 6, ) B[22 DX ] 1

+(ﬁ+5u>5mx( (15,2 RaDj %9 + <WZ+57,X>E[||25”2Dm;z;”2|Q]”q)

Using Assumption 3.2 we then get:

5l K1 .

1+ 0,(dy +dx) 2y
(1 + 6,)(8y,2 + 8y,x)dy "

i+ 0,)8,.x ((dz +dx)"2dy? + (3,2 +6 ’X)dD)

Under the conditions of the theorem the right-hand side is O(1).
Condition 4
Next we show that:

nSé?H/ioE[(Z X)) X)) = nE(Zi(vz)', Xa(vx)) Xa(vx)]l|

J0u + (04,2 + 04,x) 0+ x

By the triangle inequality and definition of the matrix norm:

o E[(Z, X' X! — nE[(Zi(vz) s Xs(vx)") Xi(vx )]l
<o — w=Y2|1 - IS5 Y220 Xy X)) - 122

+(1(1o — WS L2 + oS Y2 IDNES (20, X X)) - B[S, (Zi(vz), Xiltvx)') Zi(vx) |
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Using the properties of partialling out:

B[, Y21, X)) X)) - B3, (Zi(vz), Xi(vx)) Xi(vx)']
=B[22 ((Z, X)) - Zi(vz) Xi(vx)) (Xi(yx) — X))

—1/2
=32 (Vn0 = Vo Vx0 — V%) Ep(rx.0 — 7x)

And so:
B[S, Y22 XY X)) - B2, (Zivz)  Xi(vx ) Xi(yx) |
<252 (Vo = Vo vx0 = Vi) SN IISE 2 (rxo — 1) S5 I - 1127

Combining we get:

InoBI(Z4 Xy %) = pBI(2i12) il Y X))
<[|(uo — WS Y2l - I1ES, (20 Xy X2 1=
+(lI(1o — WY1 + oY)

<1254 (020 = 72 Yo = 7% =871 - I1£5% (rx.0 = 1) B 21 - 127

Note that: )
B[S, 220 Xy X2 <1

And so, if n € T, and Assumption 3.2 holds we get:

o E(Z], X])' X{] = pE[(Zi(vz)', Xi(vx)') Xi(vx)
j(su + (6u + ﬂ)(émZ + 5%)()67,)(

Under the conditions of the Theorem we then have:

o E(Z], X])' X{] = pE[(Zi(vz)', Xi(vx)') Xi(yx)
ﬁ(su + (5%Z + 5%X)5%X

Condition 5
We will show that:

sup E[|[v:(Bo, m0) — ©1(Bo, m)|2] />

776 n
IV dx (0 4 0 4 0y.c + 05, v0e + 04,2 + 0 x)
+dp(0y,x + 0+,2) (04, + 65,v0¢)
In the notation introduced earlier in the proof:

1/2

E[le(ﬂ(hno) - wl(ﬁo»n)HQ}
—E[||noRiH}Co — pRi(yr) Hi(vu <))

Using the triangle inequality and definition of the operator norm:
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1/2

E[I1%:(Bo,n0) — ¥i(Bo, )I?]

5 B 1/2
<F ||<u—uo><zg,xg>’|2€$]

r 5 5 5 1/2
B ||lu( ;X{)’HHW@@)H?}

r B B o 1/2
B[R B () — B ;)cﬂ (24)
Under Assumption 3.2.iii, the first term on the RHS is bounded by:
_ B 1/2
E[Il(u )2, XD’H?&?}
B B B B 1/2
=E[Il(u ~ w)(ZL XYY |PER) 2 Xi]]

B B 1/2
ScE[II(u - uo><z;,X;>’||2]

<Vxel|(u — o) 22|

j\/ dxduc

Where the final inequality above assumes n € 7,. For the second term on the RHS of
(24), if n € Ty, then:

r B B B 1/2
E |u(Z;Xg)’H?Hv;'(f—§o>||2]

r o e o 1/2
=B |||\w(Z}, X)) |PIES 2V Vi V2 Z,, X 2sy2 (e - @W]

_ 1/2
ad it —1/2571 —-1/2, 5 it 1/2
<B[|ln(z, Xy N B2 v |zi,xi1||} Y2~ &)

5 5 1/2
zafE[Wg,Xz)'H?]

20/ dx||us 2]
JoeVdx (0, + 1)

Next we will show that:
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1/2

B ||n(Ri(v) Hi(vm)' — RiH])C|?
j\/@(ﬂ +04)(0y,e + 5%V6£)025(|D
+2/dx (7L + 6,)(8y,2 + 0y, x) (02 p + 60 p)
+(0p + 11)(0y,x + 04,2) (0,6 + 65,v0¢)0a,0 (25)

To see this, we first apply the triangle inequality and Young’s inequality to get:
) i o 1/2
E|||p(Ri(yr)Hi(vn) — RiH))C|P?

~ 1/2
<E[||uRil 21Dl (vr0 — v)'C|2] Y

+2B[||n(vr0 — 1) Dil[2E2]
+2EH|N(7R,O —yr)Di| PV (€ - §o)|2]
+E[|lu(vr0 — 7R)DiD(vi0 — va ) CIP] (26)

To bound the above first note that under Assumption 3.2:

1/2

ElllpRilP|Di] < dx||p2 )2 B[S, RRiS, % D) 2P
< dx|luS YRR - 1B, Reftis, 2 D
j dx (ﬂ + 5#)
Where the final inequality above assumes 7 € 7,,. Similarly:

Elllu(vro — vr) D514 < dx|lu(vao — vr)SH 22

< dx ISP 1252 (ro — vR)SE P
j dX(ﬂ + 5#) (5%Z + 5%X)2

And moreover, if Assumption 3.2 holds and n € T,:

B[V} (& — &)PIDi] < [122(6 — &)1 |BIS, 2 Vv s 2 Dil|
= 62

If n € T, then the using the definition of ¢, vg, and v o:

E[ID}(ve0 — va)ClI?]*
=12 (a0 — )<l
<y = v,0) = (rx — 7x,0)80 — (W — W,0)&)
HIZE 2 (w0 — W) S5 21 ISP € - &)
Z0q.c + 04,76

D
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If Assumption 3.2 holds, then using the law of iterated expectations and the above we
get from (26):

B B o 1/2
E||ln(Ri(vr)Hi(vm) — R:H])C|)?
j V dX (ﬂ + 6#)(5v,e + 5%\/55)
+v dX(ﬁ + 5#)(5%2 + 5%)()(1 + 5&)
+E[|u(vao — v8)DiDi(vm0 — vu) 2] (27)

Finally, with repeated application of the properties of the matrix norm:

Elllu(vro — Yr)DiDj(y,0 — vu)'¢II°]
<E[|lu(vro — vR)E 212 125" 2D D85 112 1128 (vro — ) ¢
<NeEL2IP 1= (ro — vr) EL2IP - 1E12 (o — va) P BN, > DDz 2]
Sdp(d, + /j‘)Q((S%X + 5%2)2(5%6 + 5%V5€)2

Where the last line assumes 7 € 7,, and uses E[||251/2DiD§El_)1/2H2] 2 dp from As-

sumption 3.2.
Combining we get (25) and in all:

Ell4(Bo, m0) — wi(Bo, mI[2]
3Vdxd, + 8ev/dx (8, + 1)
+\/@<ﬂ + 5;1)@%6 + 5%V5£)
HVdx (i + 6,) (84,2 + 05,.x) (1 + d¢)
JFdD(l_L + 5#)(5’)’7)( + 5%2)(5%6 + (S%V‘Sé)

Under the conditions of the theorem we get:

1/2
E[||4(Bo,m0) — ¥i(Bo, n)||*] /
SVAdx (0 4 0c + 0yc +04,v0¢ + 04,2 + 0y, x)
+dp (04, x + 04,2)(05,e + 04,V 0¢)

Condition 6
Next we show that

62
sup ||WE[wi(ﬂ07770+T(77_770))M|
re(0,1),neT,, 9T
j(su(sﬁ + (5%X + 6%2)(5%6 + 5%V(5£>

Twice differentiating we get:
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ﬁE[%‘ (Bosmo +7(n—m0))]

=2(p — po) X 7 x M (€0 — &)’
+200(Yz = V2,00 Yx — Vx,0)'ED

X (v —70,y) = (W —70,v)'& — (vx —70,x)"Bo)
+6r110(7Z — Vz,0:Yx — Vx.0) Zp(Ww —70,v) (b0 — &)
+67 (1 — 110)(Vz = Vz,0:Vx — Vx.0) XD

X ((vy —0,v) — (v —0.v)'& — (vx —70,x)"Bo)
+12r% (1 — p0) (Vg — V2,00 Yx — Vx.0)' Ep(w —0.v) (€0 — €)'

Where we have used that E[(Z/, X!)'V!] = Y ;¢ M{. Applying the triangle inequality
and the definition of the operator norm:

32
HﬁEWi(ﬂoﬂb+7"(77*770))]||
<9||(1 — po)SY 2l 155 2 M 2] - 122 (6 — €)'

1/2 1/2 1/2
+2/lmoSY 2l 1552V = Vo0 Ve = Vx0)' S5l

x IS (o = v0.v) = (0 = 20,v)€h — (vx = 70,%) o)l
+orlluo= 21 1557 (V% = Vo vk — Vo) SB7 1 158 (v = 90.0) S5 - 11526 — 9l
+67(| (1 — o) SY 21 11572 (V% — Vion Ve — Vx0)' S5

< 122 (= 70.v) = (0 = 70, — (4 — 70.x)50)
+12r| (1 = po) Y211 - 1257 (Ve = Vo007 — Vo) S8 1 IIZ5 2 (v = 20.0)Z 211 11252 (& — 9]

The expression above is maximized over r € [0,1] by » = 1. If n € T,, then we get:

2

0
||ﬁE[¢i(ﬁoﬂ70 +r(n—m0))]l|
<8,6¢ M
+(0y,x + 04,2)(0y,¢ + 64,v0¢) (0, + 1)

The conditions in the theorem then give the result.
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