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Abstract

We introduce the leave-cluster-out (LCO) machinery for clustered samples, a gener-
alization of leave-one-out methods that prove useful for independent data. We use
LCO to construct an estimator of the asymptotic variance of the OLS estimator in a
linear regression characterized by possibly numerous regressors and arbitrary within-
cluster heteroskedasticity. We show consistency of the LCO variance estimator when
regressors may be many, regression errors may be heteroskedastic, clusters may be
unbalanced and heterogeneous, and cluster sizes may be moderately large. Simula-
tions reveal amazing robustness of the LCO estimator to regressor numerosity and

heteroskedasticity.
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1 Introduction

Given the clustered nature of many microeconomic data sets, as opposed to random samples
and hence independent data, modern econometric methods have adapted the regression the-
ory to such structures. This primarily concerns the construction of so called “cluster-robust”
asymptotic (co)variance estimates compatible with the block-diagonal structure of the error
variance matrix. It is pretty straightforward to obtain consistent estimates also robust to het-
eroskedasticity (Liang and Zeger, 1986) that generalize White’s (1980) “heteroskedasticity-
robust” variance estimation. The practical issues in cluster-robust variance estimation (or
standard error construction) are described in the surveys by see Cameron and Miller (2015)
and Imbens and Kolesdr (2016). There has been an effort to improve finite-sample behav-
ior of these estimates in the spirit of HCK modifications (MacKinnon, 2012; Imbens and
Kolesdr, 2016) to obtain “almost unbiased” variance estimates, in the sense that they are
exactly unbiased under homoskedasticity, though not in general.

The formal asymptotic theory for clustered samples is presented in Hansen and Lee
(2019) who laid out the conditions under which the large sample theory, including the cen-
tral limit theorem and consistency of the Liang and Zeger (1986) variance estimates, takes
place. In particular, they consider unbalanced clusters and allow the size of the biggest
cluster to asymptotically increase with a moderate rate, as the number of observations and
the number of clusters go to infinity. Hansen and Lee (2019) also work out several leading
econometric models, including the regression setting. Earlier, White (1984) developed as-
ymptotic theory for the case of balanced homogeneous clusters of fixed size, Hansen (2007)
derived asymptotics for the case of balanced clusters with asymptotically increasing clus-
ter size, and Carter, Schnepel, and Steigerwald (2017) allowed unbalanced heterogeneous
clusters of different size.

In its own right, the regression theory has been moving toward tolerance to the pres-
ence of many regressors (or covariates, or controls). Because the classical tools are, in their
majority, not robust to regressor numerosity, various modifications have been proposed to

robustify the classical estimation and especially inference in a linear regression. For example,



Calhoun (2011) and Anatolyev (2012) provided modifications of the exact F and classical trio
of asymptotic tests, respectively, so that the modified tests are valid within the asymptotic
framework where the number of regressors and possibly restrictions is proportional to the
sample size, though in a conditionally homoskedastic setup. Under heteroskedasticity, Cat-
taneo, Jansson, and Newey (2018), Kline, Saggio, and Sglvsten (2020) and Jochmans (2021)
provided tools for valid inference with a finite number of restrictions, but allowing for condi-
tional heteroskedasticity. Anatolyev and Sglvsten (2021) consider testing of asymptotically
many restrictions in a heteroskedastic environment.

One notable idea exploited in construction of some variance matrix estimates compati-
ble with heteroskedasticity is utilization of leave-out estimation — repeated estimation of the
same model when some, usually one, observations are removed from the sample. Although
the very idea of leave-out estimation has been around in the statistics and econometric liter-
atures for long (for example, in cross-validation methods, in jackknife bias reduction), only
recently has it been discovered to be useful in estimation of conditional variances of individual
observations in unbiased way. These simple but attractive estimates are due to Kline, Sag-
gio, and Sglvsten (2020), and they have been found their way into variance estimation under
heteroskedasticity and many covariates (Kline, Saggio, and Sglvsten, 2020; Jochmans, 2021),
valid inference under heteroskedasticity and many restrictions (Anatolyev and Sglvsten,
2021) and model selection (and potentially model averaging) under heteroskedasticity and
many predictors (Anatolyev, 2021).

In this paper, we introduce an analog of leave-out estimation for clustered samples,
which we call leave-cluster-out (LCO). As the name suggests, it entails estimation with the
current cluster’s observations removed from computations, which yields the LCO parameter
estimator. The LCO residuals are related to the regular OLS residuals by a relationship
that involves blocks of the orthogonal projection matrix, which neatly generalizes an analo-
gous celebrated relationship for leave-one-out estimates. On the basis of LCO residuals, we
construct unbiased estimates of cluster-wise variance matrices, which are cluster analogues

of unbiased individual variance estimates from Kline, Saggio, and Sglvsten (2020) for in-



dependent data, and eventually develop an improved asymptotic variance estimator. This
LCO wvariance estimator is thus robust to clustering, to conditional heteroskedasticity, and
to many regressors. Like Hansen and Lee (2019), we allow unbalanced clustered sampling,
and allow the number of observations in the maximal cluster to slowly grow with the sample
size. The inference about linear combinations of parameters are carried out in the usual way,
relying on quantiles of the standard normal distribution. In simulations, the LCO estimator
exhibits great performance and amazing robustness to regressor numerosity.

The paper is organized as follows. Section 2 describes the setup and introduces the LCO
technology. Some important properties of the LCO estimates are derived. In Section 3,
we construct the cluster-robust LCO variance estimator and show its consistency. Section 4
discusses the results of simulation experiments, and Section 5 concludes. Proofs of theoretical
results are collected in the Appendix. Some notes on notation not explicitly introduced in
the body of the paper: Apin (A) and Apax (A) denote the minimal and maximal eigenvalues of
square symmetric matrix A; dg {Ag}f:1 denote a square block-diagonal matrix with square

blocks Ag; ||d||;, denotes the LP-norm of vector d.

2 Regression model and LCO estimation

Consider a linear regression model where the n observations belong to G clusters, ¢ cluster
having n, observations:

Yg,i = I2715 +egi, B [egyi‘Xg] =0,

where 3 is m x 1 regression parameter vector and X, = (%,1, . xgvng)l is ny X m matrix of
cluster g’s regressors. Define, for each g = 1,...,G, ny x 1 vectors [y], = (Yg1, -, Ygn,) and
le], = (eg,1, s €g.n,)- The same notation for clusterized vectors will be sustained throughout.
The collections {[y],, X ¢}5, are assumed to be independent across g. The dimension m of
the regressors may be large and comparable to sample size with m < n—max;<,<gng4. One

can rewrite the model in the matrix form

y=XB+e FElyX]=0,



and also in terms of cluster-wise data:

s [ [
[y]z Xo [6]2
- B+ ,
b, X, €,
i [Z/}G i i Xa | | [e]G ]

where E [[y]g |Xg] = 0 for each ¢ = 1,...,G. Denote Q, = var (e,|X,), so that Q(X) =
var (e|] X) = dg {Qg}ngl . No structure on any €, is imposed, beyond requiring all of them
being finite, symmetric and positive semidefinite, nor is any functional form of dependence
on X,. In turn, the dependence structure within any X, is not restricted either, beyond
invertibility of cluster-wise submatrices of the orthogonal projection matrix (see below).

Let P = X (X’X)_1 X', and let P,, be the n, x n, matrix corresponding to the g™
diagonal block of P. Define My, = I,,, — Py,. The vector of OLS residuals is ¢ = My, and
€] , Is an ng x 1 vector corresponding to its ¢g'" cluster. Further, let X_, be matrix X with
the rows corresponding to the g** cluster removed, and [y] , be vector y with the elements
corresponding to the ¢g** cluster removed.

Denote by Bfg the leave-cluster-out (LCO) estimator
By = (XL, X)X, Iyl

and the leave-cluster-out (LCO) residuals for g'" cluster

65l = ], = X5y

These LCO objects are an extension of leave-one-out estimator and leave-one-out residuals

when there is no clustering, i.e. whenn, =1forallg=1,...,G and G = n.
Assumption 1. For all g = 1,2, ..., G, the matrix M, is non-singular.

As we will see later from Lemma 2, Assumption 1 makes sure that the LCO estimates

and residuals exist for all the clusters. This is a condition on sufficiently non-atomic structure



of the distribution of regressors within each cluster. On the one extreme, if all regressors are
continuously distributed, Assumption 1 must be satisfied provided that the biggest cluster
is of size no larger than n — m, which we have already imposed. On the other extreme, if
group dummies for the same groups are used as regressors, all matrices M, are singular.
As long as the configuration in the presence of discrete regressors is not that unreasonable,

Assumption 1 is expected to hold.

Lemma 1. Under Assumption 1, the product [y], [é_g]; is conditionally unbiased for

Q,,0=12,...,G.

Lemma 1 extends the idea of constructing unbiased estimates of individual variance
components of Kline, Saggio, and Sglvsten (2020) to a regression on clustered data. Lemma
2 below is an analog of a celebrated relation between the OLS residuals and leave-one-out

residuals, é_; = é;/M;;, i =1,...,n.

Lemma 2. Under Assumption 1, we have for all ¢ = 1,2, ..., G,

The result in Lemma 2, in particular, allows one to compute the LCO residuals for all
clusters without running G LCO regressions, and instead compute all of them from one set of
OLS estimates. This requires though additional GG square matrix inversions of submatrices
of the orthogonal projection matrix. In addition, this relation greatly helps with proving

theoretical results.

3 Cluster-robust variance estimation

On the basis of LCO residuals, we can construct an unbiased cluster-wise variance estimate
for each Q, (X,), g =1,2,...,G, based on LCO residuals:

azco _ Wlaldl, e, 1, )




We have used the machinery of symmetrization in order for the variance matrix estimate to
be symmetric, as the product in Lemma 1 need not be symmetric by construction.
Having been equipped with the unbiased cluster-wise variance estimates (1), we construct

the OLS variance estimate as
G
~ -1 A -1
VO = (X'X) (§ jxgﬁgwoxg) (X'X)". (2)
g=1

This is an analog of the variance estimate for independent data that is robust to condi-
tional heteroskedasticity and many regressors (or covariates) proposed in Kline, Saggio, and
Selvsten (2020) and implemented in Jochmans (2021).! Because Qgco is conditionally un-
biased, VLCO s too. This unbiasedness holds for arbitrary within-cluster heteroskedasticity
and for any number of regressors, in contrast to the members of a class of HCK variance
estimators (see, e.g., Bell and McCaffrey, 2002; Imbens and Kolesér, 2016) — those that are

adjusted to be exactly unbiased in the special circumstance of conditional homoskedasticity.

Assumption 2. Asn — oo, we have G — 0o and max;<,<g ng = o (n'/?).

Assumption 2 restricts asymptotic growth of maximally sized cluster and allows moder-

ately large clusters.

Take ¢ to be an m x 1 constant vector with ||c|;. = O (1), and take the parameter of
interest to be ¢/, so that the restriction being tested involves an asymptotically finite subset
of parameters.

Assumption 3 below lists various technical regularity conditions.

! Jochmans (2021) follows the setup of Cattaneo, Jansson, and Newey (2018) who consider inference for
a finite number of parameters of interest but allows moderate regressions misspecification due to imperfect
approximation of the true regression by a linear function of many covariates. We stick to the standard setup
of a correctly specified regression. This allows us, in particular, to be a bit more flexible in formulating
the parameter of interest. We conjecture that a moderate amount of misspecification can also be allowed

without jeopardizing consistency of the LCO estimator.



Assumption 3.

(i) There exists Cq > 0 such that A\yax (2 (X)) < Cq, and there exists C,, > 0 such that

4
maXij<g<@ maxlgigng E |:[€]g,i |Xg:| S CH.

(ii) There are cxx > 0 and C'x, > 0 such that Pr{\n, (n7'X'X) > cxx} = 1asn — oo

and Pr {maXlgggg ||ch||i2 > Cx.maxi<y<g ng} — 0 as G — oo.
(iti) The vector of coefficients § is such that | X 3|7, = Op(n) and ||B]|,. = O(1).

(iv) There is ¢y > 0 such that Pr {minj<;<g Amin (Myg) > e} — 1 as n — oo.

The first condition in Assumption 3(i) restricts eigenvalues of the conditional variance
matrix, and automatically restricts eigenvalues of all cluster-wise blocks; its independent-
sample analog would be maxj<;<, E [e?|z;] < Cq. The second condition in Assumption
3(i) restricts individual fourth moments. The first condition in Assumption 3(ii) restrrules
out near-collinearity of the regressors, while the second condition restricts within-cluster
growth of regressors whose coefficients participate in the null restriction. The conditions
in Assumption 3(iii) preclude growth of regressors with the sample size and restrict the
explanatory power in the regression. They are needed because the LCO variance estimator,
or more precisely, the estimates of cluster-wise variances, involve levels of the dependent
variable. On the one extreme, the number of regressors may be finite, then all of these may
have non-zero bounded coefficients; on the other extreme, the number of regressors may be
proportional to the sample size, then the non-zero coefficients may be asymptotically few
but fixed, many but \/Zl/_n—local—to—zero, or take a suitable in-between configuration. The
condition in Assumption 3(iv) strengthens Assumption 1. It is an analog of the condition of
leverages miny<;<,, M;; > c)s typically imposed in many-regressor literature for independent
data.

The main result is Theorem 1 below, which established consistency of the LCO variance

estimator V290 in (2). We presume that /n (c’ B — [3) is asymptotically normal with



mean zero and variance 'V ¢,where

V=(X'X)" (i X;ngg> (X'x)7".

Theorem 1. Suppose Assumptions 2-3 hold. Then, for the LCO variance estimator

VIO we have

n (C’VLCOC — c’Vc) =0,(1),

as n — OoQ.

The significance level ¢ asymptotic two-sided test of the null Hy : ¢f = w, where w is a
precified value, is then performed in the usual way by comparing the value of the t statistic
fpe B
with the right (1 — ¢/2)-quantile z;_4/, of the standard normal distribution, and the confi-
dence level 1—¢ asymptotic confidence interval for ¢/ is constructed as ¢’ B Fri—gpV VLCO,

Remark. As follows from the proof of Theorem 1, the condition ||c||;. = O (1) may be
slightly relaxed as long as it is still consistent with Assumption 3(i), i.e. participation of a
moderately large number of coefficients may be allowed in the combination, at the expense
of a smaller growth rate of max,n, stated in Assumption 1. For example, if max,n, is

asymptotically fixed, one may allow ¢ to grow up to |c[ ;2 = o (n'/?).

4 Simulation evidence
We borrow elements of the simulation setup in Carter, Schnepel, and Steigerwald (2017):
d
Ygi = Bo + Z BiTgij+ Ugi
j=1
where the regressors are generated by

Tgi = Zg + Zg)



with z, and z,, IID standard normal. Note that m = d + 1. The error uy; follows the error
component structure

Ugi = OgEg + TgiMg;

with &, and 7, ; IID standard normal. The conditional standard deviations o, and o, ; are

d 1/2 i 1/2

j=1 j=1

generated by

with v = 5, which induces pretty strong heteroskedasticity. There are n = 2, 500 observations
divided into G = 100 clusters. In the first, ‘balanced’, design, all clusters are equally sized,
with n, = 25. In the second, ‘unbalanced’, design, there is a big dispersion in cluster sizes:
ng=mng =n3 =1, ng =ng =2, ..., Ngg = Ngy = 48. Ngg = ngg = Ny1g0 = 49, so that the
average number is the same as in the balanced design. Note that max;<,<gn, is either 25
or 49, which are a bit higher figures than what can be expected from the order o (nl/ 2) of
Assumption 2.

The true values of parameters are zero, 3, = 8, = ... = ; = 0, except 5, = 1. Then,
15]l;2 = 1. We are looking at the actual sizes for the null Hy : §; = 1, which is its true
value, so that ||c[|;» = 1. Two variance estimators are compared: one is the proposed LCO
estimator V€0

and Zeger, 1986)

, and the other is the benchmark clustered estimator (labeled LZ, for Liang

G
V= (e (Z X, 1, [é]'ng> (XX

Figure 1 shows the actual rejection rates, corresponding to the nominal size of 5%,
obtained from 20,000 simulations, the upper panel for the balanced design, and the lower
panel for the unbalanced design. The graphs are drawn for d running from d = 5 to d = 100
with a step of 5. One can see that the LZ estimator leads to overrejection that is uniformly
higher than that from the LCO estimator, and reaches the value of ‘additional’ 5% for d as
small as 20 <+ 40. The size distortions from the LZ estimator seem to be increasing roughly
linearly with d, and reach 10 + 15% on top of the nominal size when d reaches 100, which

is not that large with n = 2,500. Interestingly, these distortions are consistently higher for

10



the unbalanced design than for the balanced design, by approximately 20%. In contrast,
the LCO estimator leads to uniformly small size distortions, also of the overrejection type,
of no higher than just 1%, some part of which is certainly the simulation noise. The size
distortions do not rise with d at all, for either design, even for the unbalanced design, whose
maxi<y<g Ny is pretty big for the o (n'/?) rule.

Note that in the previous simulation exercise, with n = 2,500, the ratio of regressor
numerosity even with the maximal d is quite small, only ~ 0.04, yet the size distortions
resulted from the use of the LZ estimator, are large. We have also run experiments with
a really big number of non-constant regressors, d = 500 for the unbalanced design and
d = 1,000 for the balanced design, with perceptible dimensionality ratios of 0.2 and 0.4,
respectively. The actual rejection rates from 5,000 simulations turned out to be around
15 + 16% when the LZ variance estimator is used, while with the LCO variance estimation,
they are around 5.1 + 5.3% keeping up with those in Figure 1 in much smaller dimensional

situations.

5 Conclusion

In this paper, we have used the LCO method, an extension of leave-one-out machinery
adapted for clustered data, for constructing an unbiased asymptotic OLS variance estimation
in a linear regression model with many regressors. The proposed LCO technology may turn
to be useful in other regression setups with many regressors and heteroskedasticity — for
example, in adaptation of the Mallows criterion (Anatolyev, 2021) for model selection or
model averaging, or in adaptation of testing for many restrictions (Anatolyev and Sglvsten,
2021), in case the regression errors are clustered. Potentially, it can find its way into other
clustered data situations where cross-validation methods are used — for example, bandwidth

selection in nonparametric models. This is an interesting agenda for future research.
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Appendix: Proofs

Proof of Lemma 1. Observe that the conditional expectation is

£ (0 +10) [£ (-3 + ] 1)

— (x,8E(5-b X)X,
+E (6], 1X) B (8 - 5,IX) X,
+ (X,8) E ([el, 1X)
+E (], el 1X)

- q,

B (Iy), -, 1X)

The first term here is zero as the OLS estimator is conditionally unbiased; in the second
term, expectation of the product factorizes because Bfg does not use data from cluster g;

the third term is zero because of the regression assumption. [

Proof of Lemma 2. Denote also P,, = X (X'X)™"' X;. Let us look at

-1

[e-gl, = [y N XB—QL - [y - X (lengg) Xigy*g]

)
Using the Woodbury matrix identity (Woodbury, 1949),

1

(X, X)) = (XX - xx,)

-1
-1
— (X'X) "+ (XXX ([ng - X, (X’X)‘l)(;) X, (X'X)!
—1 —1 — -1
= (X'X) +(X'X)" X, M, ' X, (X'X) .

Then
ol = [y =X (037 (Lot XM, X, (XX)7) (X' = Xiy) |

Note that

1 -~ 1 _
y = X (XX (I XM, X (X'X)) X'y = My = Pog My, Plyy
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and

X (XX) (I Xg My X, (XX) ™) Xty = Pag (14 Mg Prg) 1y = Pog Moy,

Therefore,
[6—g], = [My — Pog M Poyy + POQMgiylyg]g
= [My), = PoyMg' (Plyy — yy)
= [My], = (In, = Myg) My, [=My],
= [My], — (I, — M) [My],
M te], -
O

Proof of Theorem 1. We will denote by C' a positive generic constant, which may be

different in different instances. Define n, x 1 vector a, = X, (X’X) ™" ¢. First, note that

G G
Slagli. = ¢ (XX)TY XX, (X'X) Te=d (X'X) e
g=1 g=1

< 0 g (07X X) T P < C el P

Second, note that

lagll7. = ¢ (X'X) 7" XX, (X'X) e

< 0 (nUXX) 7 [ X el
hence, using Assumption 3, with probability approaching one,

max ||ag||i2 <n %k - Oxe max ng < Cn™? max n,.

1<g<G 9<G 1<g<G
Similarly,
max ||J\4_1ag||22 < min Amin (M) > max ”%Hiz < Cn™? max n,.
1<g<G 't 99 L* = 1<g<c 1<g<G 1<g<G

Then, also using Assumptions 2 and 3, we have:
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: a 4 2 G 2 2 _
(0 Xy llagllze < (maxigoec llaglzz) gy laglze < Cllel” n™® maxi<g<c ny,
" 2 _

(if) (ap (X,8))" < max, [lagll72 53250, XpXy8 < On?[|X ]| 2 maxicg<c ng.

Let V; be non-symmetrized version of VX0, then

G

Voe— Ve = Za; <[y}g €] M, — Qg> ag = A1 + Ay + As,
g=1
where
€
A = Za; <[e]g [e], — Qg> g,
g=1
€
Ay = Z a; (Xy8) [Me]/g M;glag,
g=1
€ €
A3 = Za; le], Z le]), M}, M, ay.
g=1 h=1,h#g

We now consider each of these three terms.

Take the first term, A;. The expectation is zero by the definition of €2,. Next,

var [A1|X] = war ia’g ([e]g [e], — Qg) ag|X] = ivar [a; <[e]g [e], — Qg) ag\Xg]
< i E [(a; (1el, e, — ) ;) |Xg]

IN

2 g Ao (2| (1, 161) 1) ) Xij a3

< 9. Alell2n=3
< 2-C, max g - [|]"n™ max n,

< O (||c||2n_3 max nz) :

1<g<G 7

also using that

15056 Amax (E {(Mg [6]/9>2 ’XQD 12956

IN

5| (1,)"1%]

F

2
4
< max (/n? max E [[e] i]Xg}
1<g<G 9 1<i<n, 9
< O, max n,.

1<g<G
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For the second term A,, the expectation is zero by the conditional mean zero assumption.

Let ¢4; denote a n x 1 unit vector with unity only in the position corresponding to observation

7 in cluster g. Note that

G
h=1

Then,

var [As| X

where A}, is 1

E :L 1,01 OhE €h€h|X] thg2 i —

G
Ugy in (Z MthhMéh> bgajiz = [(MQM>g1gz]

1112

r G
var Z ay, (X,03) [Me], Mg_glag|X]

Lg=1
G G
/

o [, 000 3 (), 3 B ]

L g=1 i=1 h=1
G G Ng

1

Zvar ZZa’g G, ag)i (L’W-Moheh) |X]
h=1 =1 i=1

MOhE [eheh]X]

Z Z agz Xg2ﬁ

g2=11i2=1

9292 a92) Lg1 i1 Othz 2

Z Z agl Xglﬁ glglagl)
g1=141=1
Z Z a92 926 g2g2a92> [(MQM)gng .
g2=1iz=1 e
G e
Z Gy (X B) D 0y, (X0, 3)
1=1 g2=1
1
Z Z |: MQM 9192] Lis <M9191a91) (Mg2g2ag2)i2
11=11i9=1
G G
Z Z ( 91( B) 9191a91) <MQM)9192 ( g2 (X925) gzgza!J?)
g1=1g2=1
A'MQMQMAMQ,
X 25—1 ng = 1 x n row vector with subvectors af, (X,6) M, 'a, as g runs
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from 1 to G. Note that

G
gl = 37 () (XaB)) [ Mgt
g=1 .
= 300, Y (& (%,0)
g=1 .
< o max gl (6’ ; X;ngf)
2
< o (0n‘2 lrggngng) 1X Bl
< O(n™® 1rélga§xGn§).
Hence,
var [A2|X] < | Anrgll 72 Amax () Amax (M)?
< O(n™® max n?)-Cq - 12

1<g<G Y
O(n™® max n?).
1<g<G Y

Finally, take the third term, A3;. The expectation is zero because [e], and [e], do not

correlate when g # h. Now, going for the variance,

G
var [A3|X] = war [Za’g[e]g Z [e]'h]\/[;h]\/[g—glag\X]

NE
S

&

=

2
>
’u‘

NIER
s}

]y, M, M, a

g1h1*""g1917°91

g1=1 h1=1,h1#g1

G G
S, Y M;mMg;;agm]
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The first term equals to and is bounded by

G
3 dl0ya,d, (Mg_gl (MQM),, M, — Qg) a,
g=1
¢ 2
2
< Z Amax (£ ’agHm H G9HL2 Amax (M)
g=1
< af max Amax (Qg>2 max Amax (Mg>2 max ||%Hiz Z ||ag||i2
< COp(1)?-0p(1)?- Cn~2 max n, - C|lc*n

1<g<G

= 0 <||c||2n_ max ng> :
1<g<G

The second term equals to and is bounded by

¢ «
(ay Qg My M, ay) (a3, Q2 My, M, ag)

g9=1 h=1,h#g

G
Z ||thangHi2 HMh—hlahH2L2
-1

Mm

1h

Q
I

G
[Miztanl|rs S (1Ml 19290013

M=

h=1 g=1
¢ G
2 2 2
< cypmaxanlze Y > I MugQyaq
g=1 h=1
< of m}?XHahHiz m;mx)\max (M, )max)\max Z ||0Lg||L2
< Cn % max n,-Op(1)-Op(1)?- C ||c||*n~

1<g<G

= O (Hc||2n_ max ng) :
<g<@G

because

e G
2 _ I 4 !
E | MpgQgaqll7. = E agQththgangfagQgMggang
h=1

< Amax (Mg) Amax (Qg)g H%Hi2 :

So, var [A3]X] = O (|||’ n~° maxi<g<q ny) -
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To summarize, we have E [c’ Voc — Vel X ] =0 and

var [c'%c - C/VC|X] =Op <||c||2n_3 max n2> ,

1<g<G 7

and hence

n (c’ffoc— c’Vc) =Op (HCH n~Y? max ng) :

1<g<G
which is 0,(1) by Assumption 2. Because ¢'VJc = ¢'Vyc, the same relation will hold with for

the symmetrized version VZCO. [
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Actual rejection rate
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Figure 1. Actual rejection rates corresponding to nominal size of 5%, against number of
non-constant regressors. Upper panel: balanced design, lower panel: unbalanced design



