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Abstract

We analyze optimal fiscal policy in a heterogeneous-agent model with capital accumulation
and aggregate shocks, where the government uses public debt, capital tax and non-linear
labor tax to finance public spending. First, we prove that the existence of a steady-state
equilibrium depends on three conditions, which have different economic interpretations: a
Laffer condition, a Blanchard-Kahn condition and a Straub-Werning condition. We identify
two new results in a simplified version of the model. First, we show that the equilibrium
can feature both a positive level of public debt and a positive capital tax at the steady
state. Second, we prove that optimal public debt increases if persistence of a positive public
spending shock is low, whereas it decreases when the persistence is high. We show that our
results still hold in a quantitative version of the model, where the optimal dynamics of the
whole set of fiscal tools is analyzed. The quantitative model also provides new results on

optimal tax progressivity and on the size of the fiscal multiplier.

Keywords: Heterogeneous agents, optimal fiscal policy, public debt
JEL codes: E21, E44, D91, D31.

*We thank Adrien Auclert, Anmol Bhandari, Edouard Challe, Greg Kaplan, Dirk Krueger, Albert Marcet,
Gianluca Violante for comments and discussions.

TLeGrand: emlyon business school and ETH Zurich; legrand@em-1lyon.com. Ragot: SciencesPo, OFCE, and
CNRS; xavier.ragot@gmail. com.



1 Introduction

What is the optimal level of public debt? Should it increase or decrease when public spending is
increasing? Should the government increase temporarily capital tax or other distorting taxes,
affecting the progressivity of the tax system? These old questions are likely to stay relevant in the
coming years in many countries. Heterogeneous-agent models are a useful laboratory to explore
such questions, as they include both necessary general equilibrium considerations and detailed
redistributive effects, as in the Bewley-Huggett-Imohoroglu-Aiyagari literature (Bewley, 1983;
Imrohoroglu, 1989; Huggett, 1993; Aiyagari, 1994; Krusell and Smith, 1998). We thus study the
optimal time-varying fiscal policy after a public spending shock in an heterogeneous-agent model
with capital and labor tax, public debt and where the tax progressivity can be time-varying.
This analysis first requires some clarifications about optimal fiscal policy in heterogeneous-
agent models, both for the steady state and for the dynamics. Indeed, some contributions,
reviewed below, have questioned the ability of such model to deliver relevant insights regarding
fiscal policies, in the context of Ramsey program with commitment. Hence, we first solve a
tractable model, where optimal policies can be analytically derived, and then we show that the
results are preserved in a quantitative model. The tractable model relies on deterministic income
fluctuations and possibly occasionally-binding credit constraints, in the spirit of Woodford (1990),
and on a utility function exhibiting no wealth effect of labor supply as in Diamond (1998).} The
Ricardian equivalence does not hold when the planner cannot use lump-sum taxes, consistently
with Bhandari et al. (2017), and thus public debt is uniquely determined. We prove three results.
First, we show that a steady state equilibrium exists if three conditions are fulfilled: A Laffer
condition, a Straub-Werning condition, and a Blanchard Kahn condition. These three conditions
have different economic interpretation: The Laffer condition states that public spending should
not be too high, otherwise distorting taxes cannot levy enough resources. The Straub-Werning
condition, elaborating on Straub and Werning (2020) states that the public spending must be
low enough, otherwise the planner wants to deviate from the steady state by decreasing the
capital stock (although it could levy enough resources at the steady state). The Blanchard-Kahn
condition is a stability condition, that requires the planner not to deviate from the steady state
by increasing the capital stock. In addition, we identify two new thresholds. The first one is
a cut-off level of public spending below which both the optimal level of capital tax and public
debt are positive in a stable steady-state equilibrium. This result confirms the claim of Aiyagari
(1995) and Aiyagari and McGrattan (1998) that heterogeneous-agent model can deliver positive
capital tax and public debt as an optimal outcome. Interestingly, this result only depends on
occasionally-binding credit constraints, and not on market incompleteness (as income fluctuations

are deterministic). The second threshold concerns the persistence of the public spending shock.

!This environment allows studying the concavity of the problem and the qualification of the constraints, and
the dynamics stability of the steady state, when it exists.



We show that for when the shock has a low persistence, public debt increases on impact, whereas
it decreases when the persistence is high. Importantly, in both cases, the initial positive shock is
identical. The reason for this result is that when the persistence is low, an increase in public debt
allows the planner to smooth tax. A small increase in taxes finances the public debt reduction
after its initial increase. When the persistence is high, the planner wants to decrease public
debt, and related future interest repayment. This mitigates the long-lasting increase in public
spending.

We then show that these properties remain valid in a quantitative heterogeneous-agents
model with aggregate spending shock, where utility function is general, and where the planner
can use a non-linear labor tax, a capital tax, and public debt to finance a temporary increase
in public debt. We use and improve the methodology developed in LeGrand and Ragot (2022)
to derive the first-order conditions of the planner and simulate the dynamics of the optimal
allocation. We follow Heathcote et al. (2017) representation of the US tax system. In the same
vein as Heathcote and Tsujiyama (2021), we estimate the social welfare function to reproduce a
realistic steady-state fiscal system, calibrated on the US economy. Starting from this economy,
we implement a temporary increase in public spending. Public debt is found to increase when
the low persistence of public spending shock is low, while its increases for higher persistence. We
find that the cut-off value for persistence is approximately 0.81, when the public spending shock
follow a first-order autoregressive process.? In addition, we show that the size of the cumulative
multiplier on public spending depends on the persistence, where higher persistence implies higher
cumulative multiplier.

The paper is related to the recent literature on optimal policies in heterogeneous-agents model.
It is first related to tractable models, allowing to derive optimal policies, (Bilbiie, 2008, Gottardi
et al., 2014 Heathcote et al., 2017, Bilbiie and Ragot, 2020, Acharya et al., 2020, Heathcote and
Tsujiyama, 2021 among many others). In this literature, we find that the framework of Woodford
(1990) is particularly useful to study optimal fiscal policy.

Second, there is a recent, and relatively thin, quantitative literature studying optimal Ramsey
policies in heterogeneous-agents models considering transitions (e.g., Conesa et al., 2009, A¢ikgoz
et al., 2018, Dyrda and Pedroni, 2018, Nuno and Thomas, 2020, Bhandari et al., 2020). In
this literature, we use LeGrand and Ragot (2022) who use a Lagrangian approach (taken from
Marcet and Marimon, 2019) to derive the first-order conditions of the planner. Following, the
literature we assume that the solution is interior and follow a first-order approach. We then use
a truncation procedure to simulate the model. In LeGrand et al. (2021), we consider optimal
monetary-fiscal policy in a nominal framework featuring price rigidities, and show that monetary
tools are redundant when a rich set of fiscal tools are available. In the current paper, we derive

new results on equilibrium properties and on the optimal dynamics of public debt.

2The annual persistence of a standard public spending shock is 0.89 on US data — see Chari et al. (1994) or
Farhi (2010).



Finally, the paper is related to the literature on optimal capital taxation (Chari et al.,
1994, Farhi, 2010, Chari et al., 2016, or Straub and Werning, 2020 among other), optimal tax
redistribution and progressivity (e.g., Bassetto, 2014 or Heathcote et al., 2017), and the size of
the fiscal multiplier in heterogeneous-agent models (Ferriere and Navarro, 2020).

The rest of the paper is organized as follows. In Section 2, we present the general environment.
We solve the tractable model in Section 3. The general model is solved in Section 4. Section 5

concludes.

2 The environment

Time is discrete and indexed by ¢ = 0,1, ... The economy is populated a continuum of mass two
of agents distributed along a set I with measure £. We follow Green (1994) and assume that the
law of large numbers holds. The economy features production and a benevolent government that

raises discretionary taxes to finance exogenous public spending.

2.1 Risks

The economy is plagued by two risks: an aggregate risk and an idiosyncratic risk. The aggregate
shock solely affects public spending, denoted by (G¢)¢>0 and is therefore assimilated to public
spending. Furthermore, we assume that the whole path of public spending (G¢)i>0 becomes
known to all agents in period 0. We will solve for the optimal adjustment of economy after such
a shock, also known as a MIT shock.3

In addition to aggregate risk, agents face an uninsurable productivity risk, denoted by y.
Individual productivity levels follow independent first-order Markov chains, whose state-space
is the finite set {y1,...,yx} and the transition matrix is denoted by II. We assume that the
Markov chain admits a stationary distribution that is denoted by the K-dimensional vector n¥,
verifying n¥ = IIn¥.* When an agent is endowed with productivity y, she will earn a before-tax

labor wage wyl, where [ denotes her labor supply and @ is the before-tax hourly wage.

2.2 Production

The production sector is standard. The unique consumption good of the economy is produced by
a profit-maximizing representative firm. At any date ¢, the firm production function combines
labor L; and capital K;_; — that needs to be installed one period in advance — to produce Y;

units of the consumption good. The production function is assumed to be of the Cobb-Douglas

31t is known that one can derive a first-order approximation of the dynamics of the model in the presence of
aggregate shocks, using the information obtained from MIT shocks (Boppart et al., 2018, Auclert et al., 2019)

“In the quantitative analysis of Section 4, the Markov chain can be shown to be irreducible and aperiodic —
hence nYexists and is unique. In the theoretical investigation of Section 3, the matrix is anti-diagonal.



type featuring constant returns to scale and capital depreciation. The TFP is normalized to one.

Formally, the production is defined as:
Y, = F(Ki-1,Ly) = K{* \L{™® = 6K; 1,

where a € (0, 1) is the capital share and § € (0,1) the capital depreciation rate.
The firm rents labor and capital at respective factor prices w; and 7. The profit maximization

conditions of the firm implies the following expressions for factor prices:

1Z}t = FL(thlaLt) and ft = FK(thlaLt)' (1)

2.3 Assets

In addition to capital, the economy also features public debt, whose size is denoted by B; in
period t. Public debt consists of one-period bonds issued by a benevolent government, that
are assumed default-free. We assume the existence of a risk-neutral financial intermediary that
collects the whole stock of public debt and capital. This intermediary issues shares that are the
sole tradable assets for agents. This market arrangement allows to consider two different asset
classes, without a portfolio choice (e.g., Gornemann et al., 2016, Bhandari et al., 2020). We will
denote by a; the agents’ holdings in fund shares. We assume that agents are prevented from
borrowing more than the exogenous amount a.

Finally, the absence of arbitrage of the fund no-profit condition imply that the fund shares and
public debt must pay the same interest rate as capital. There is therefore a unique (before-tax)

interest rate 7y at date ¢ in the economy.

2.4 Government

A benevolent government has to finance the exogenous stream of public spending (Gt)¢>0, by
levying distortionary taxes on capital and labor and issuing public debt. The tax on capital is
linear, with a rate (7/);>0 and levied on fund shares holdings of agents. There is no distinction
between public debt bonds or capital shares for taxation.® The tax on labor income is assumed
to be non-linear, and possibly time-varying. We denote by T;(wyl) the amount of labor tax
paid by an agent earning the labor income @yl by supplying [ hours at a wage rate @ and a
productivity y. We follow Heathcote et al. (2017) (henceforth, HSV) and consider the following
functional form:

T (wyl) = byl — ke (@yl)' T, (2)

where k captures the level of labor taxation and 7 the progressivity. Both parameters are assumed

to be time-varying and will be planner’s instruments. When 7 = 0, labor tax is linear with rate

®The financial intermediary is not taxed and simply considered as a market arrangement.



1 — k¢. Oppositely, the case 7. = 1 corresponds to full income redistribution, where all agents
earn the same post-tax income k. Functional form (2), combined with the linear capital tax,
allows one to realistically reproduce the actual US system and its progressivity (see Ferriere and
Navarro, 2020).5

Using the public debt description of Section 2.3, the government budget constraint can thus

be written as:
G+ (14 7)Bi1 = /Tt(wtyizg‘)adz’) + 787 (Bi_1 + K1) + By. (3)

To simplify the government budget constraint, we introduce in the spirit of Chamley (1986),
generalized post-tax factor prices, that are denoted without a tilde. We define the gross and net

interest rates r; and Ry, as well as the wage rate w;, as follows:

wy = ﬁt(lbt)l_”, (4)

Ry=1+4mr=1+(1-15). (5)

The model can analytically be expressed using the pair of post-tax rates (R, w;) rather than
pre-tax ones (7, w;). This considerably simplifies the model exposition and its tractability. The
values of the fiscal instruments TtK , k¢, and 73 can then be recovered from the allocation.

With the post-tax notation and taking advantage of the property of homogeneity of the
production function, we deduce that the governmental budget constraint (3) can also be written

as follows:

Gi+ RiBy 1+ (Ry — 1)Ky 1 + wy /(y};z;')lﬁe(di) = F(K;_1, L) + By. (6)

2.5 Agents’ program and resource constraints

At each date t, agents consume a unique good in quantity ¢; and supply labor in quantity l;. They
derive an instantaneous utility from consumption and labor supply denoted by U(ct, ;). The
utility function will be specified later on. Agents are expected utility maximizers with standard
additive intertemporal preferences. The discount factor is constant and denoted 3 € (0, 1). Agents
maximize at date 0 the expected discounted value of future utilities, equal to Eq 372, 8U (ct, 1t)],
where [E( is the unconditional expectation over the aggregate risk and over the agent’s own
idiosyncratic risk.

Agents can save When choosing their plans for consumption (¢;)¢>0, labor supply (l¢):>0, and
savings (in fund shares) (a¢):>0 to maximize their expected utility, agents face two constraints:

(i) a budget constraint, and (ii) a credit constraint. Their budget constraints states that

SThe literature uses either the combination of a linear tax and of a lump-sum transfer (e.g., Dyrda and Pedroni,
2018, Acikgoz et al., 2018) or the HSV structure. Heathcote and Tsujiyama (2021) show that the HSV structure is
quantitatively more relevant. Opting for the HSV tax structure enables us to discuss t he dynamics of optimal tax
progressivity, following a public spending shock.



agents’ consumption and savings should be solely financed out of net labor income and net
capital income. Using the post-tax rate definition (4), the post-tax labor income amounts to
Wyt — Ty (weill) = wy(yili)1=™ for an agent supplying labor [} with productivity yi. The
post-tax capital income is equal to Ryai_; for an agent with beginning-of-period wealth ai_;.

Formally, the program of an agent ¢ can be expressed as:

o0
‘max By Y pU(d, 1), (7)
{ciliait,oe =0
¢ +ai = Riaj_y +wi(yil)' ™, (8)
ai > —a, ci > 0,1 > 0. (9)

Denoting by tvf > 0 the Lagrange multiplier on the agent’s credit constraint, the consumption

Euler equation can be written as:
Ue(ch, 1)) = BB [RiUc(chr, lia)| + v, (10)

where U, and U; denote the derivatives of U with respect to the first and second variables,
respectively. Note that, because of our assumption of MIT shocks, the expectation operator in
(10) as well as in the rest solely concerns idiosyncratic shocks.

The labor Euler equation yields:
—Ui(ci, 1f) = (1 = me)we(yily) " Ue(cf, 1)- (11)

We now express economy-wide constraints. The clearing of financial and labor markets

implies the following relationships:
Ay = K; + By and / yilil(di) = L. (12)

The clearing of the goods market reflects that the sum of aggregate consumption, public

spending and new capital stock balances the output production and past capital:

/C;f(dZ) + G+ Ky =K1+ F(At, K q, Lt). (13)

i
We can now formulate our definition of a sequential equilibrium in this economy.

Definition 1 (Competitive equilibrium) A competitive equilibrium is a collection of individ-
ual variables (i, 1, al)i>0.ic7, of aggregate quantities (K, Ly, Yz)i>0, of price processes (W, 7 )i>0,
of fiscal policy (£, ki, 7, By)i>0 and of public spending (Gy)i>o such that, for an initial distribu-
tion of wealth and productivity (a®,y)icz, and for initial values of the aggregate shock zy and
of capital stock and public debt verifying K_y + B_1 = |, a (0(di), we have:

1. given prices, individual strategies (ci, I, aé)tzo,iez solve the agent’s optimization program in



equations (7)-(9);
2. financial, labor, and goods markets clear: for anyt > 0, equations (12) and (13) hold;
3. the government budget is balanced: equation (3) holds for all t > 0;

4. pre-tax factor prices (W, Tt)i>0 are consistent with the firm’s program (1);

2.6 The Ramsey equilibrium

The Ramsey program consists in characterizing the fiscal policy that corresponds to the com-
petitive equilibrium with the highest aggregate welfare. This problem is difficult. The labor
tax directly affects the labor supply, the capital tax directly affects the saving incentives, public
debt directly affects the capital stock for a given total private saving. All these instruments have
general equilibrium effect on prices and thus on the welfare of heterogeneous agents. As mentioned
in the introduction, the existence of stationary equilibria with strictly positive values for the
instrument is an open question. We first provide a characterization in a simple environment,
before presenting quantitative investigation.

We now turn to the formal expression of the Ramsey program. The first step is thus to define
an aggregate welfare criterion. We assume that the aggregate welfare is the weighted sum of
individual intertemporal utilities. The weight attached to a given agent ¢ at date ¢ is assumed to
depend on their productivity at date ¢: w! := w(y!), as in Heathcote and Tsujiyama (2021). In
consequence, two agents sharing the same productivity will have the same weight. Formally, the

planner’s aggregate welfare criterion can be expressed as:
Wo = Eo [Z Bt / wiU(ct, z;)E(di)] . (14)
t=0 (

The Ramsey problem thus consists in choosing the fiscal instruments (TtK , Kt, Tt, Bt)t>0 (as
a function of the realization of the aggregate shock and of the initial distribution of the state
variables of agents) which correspond to the competitive equilibrium with the highest aggregate

welfare. Formally, the Ramsey program ca, be written as follows:



imax S5t [uwttuteh) — vtyecan (15)

(re;we, B, K, L, (ad,chldvi)i )

t>0t=0
(16)
Gi+ RiBi_1 + (Rt — 1) Ky—1 + wy /(ygz;’)lw(dz‘) =F(K;_1,L4) + By (17)
for all i € Z: al 4 ¢! = Ryal | + we(yi) ™, (18)
ai > —a, vi(al+a)=0, vl >0, (19)
Ue(ch, 1)) = BB [RiUc(cly, lin)| + v, (20)
— Ui}, 1) = (1 = m)wey; (yild) "™ Ue(c, 1), (21)
Ko+ B = [aittai), L= [yitie @i, (22)

Formally, the Ramsey program consists for the planner to maximize aggregate welfare Wy
subject to the governmental budget constraint (16) and to the constraints characterizing the
competitive equilibrium: individual budget constraints (8), individual Euler equations (10) and
(11), individual credit and positivity constraints (9), market clearing conditions (12) and factor
price definitions (1), (4), and (5). We solve this program using a Lagrangian approach, presented
in LeGrand and Ragot (2022).”

We denote as BtAgt the Lagrange multiplier on the period ¢ Euler equation of agents ¢,
equation (20). When the credit constraints of agents i is binding a! = —a, and Aét =0, as the
Euler equation is not a constraint. It is shown in LeGrand and Ragot (2022) that (when the
credit constraint does not bind), the equilibrium can feature either )\éjt >0 or /\27,5 < 0 depending
on whether the agents save too much or too little seen from the planner perspective. Similarly,
we denote by Bt}‘;,w the Lagrange multiplier on the labor supply (21), and by 'u; the Lagrange
multiplier on the government budget constraint (16)

To save some place, we derive the first-order conditions of the planner in Appendix A. Note
that we follow the literature and assume the solution are interiors and first-order conditions of
the planner are sufficient to characterize the optimal allocation, as Straub and Werning (2020)
among many others. We provide some quantitative checks below.

To simplify the interpretation of the first-order conditions of the Ramsey program, we

"In LeGrand and Ragot (2022), we show that this method can be used with occasionally binding credit
constraints, taking limits of penalty functions. See also Agikgoz et al. (2018) to solve for policies with a utilitarian
social welfare function.



introduce the marginal social valuation of liquidity for agent ¢, defined as:

Vi = wiUe(cl, 1) = (M = (L4 TN 1) Uee(c), 1) (23)
+ A (Ucz(Ci,li) — (L= m)we(y) ™ (1) T Ueelc, li)) :

This complex expression has a simple interpretation. It is the net value for the planner of
transferring one unit of resources to agents 4 (if it could). First, the gain for the planner would
be to increase marginal utility, bedighted with the relevant weight wiU.(ct,[¢). Second, one
additional unit of resources to agent ¢ changes the incentive to save from period ¢ — 1 to period t,
captured by the term with )\f:,t_l. Third, it also affects the incentive to save from period ¢ to
period ¢ + 1, captured by the term with )\ét. Fourth, it affects the incentive to work , captured
by the terms in )\f’t. For these last three terms, the effect is multiplied by the marginal change in
the marginal utility of consumption, which is the term Ue.(ct, I%).

From (23), we also define the net social valuation of liquidity than accounts for the opportunity

cost of liquidity, measured by the Lagrange multiplier :
)i =0 — (24)

With this notation, the first order conditions of the planner can be easily interpreted. First, for

an unconstrained agent i, the planner implements a liquidity smoothing condition:
Vi = BE {Rtﬂﬂ}iﬂ} : (25)

Equation (25) is a generalized version of the Euler equation (10) (and it is actually the same
equation, when all Lagrange multipliers are 0), in which the planner internalizes in the definition
of 1% the general equilibrium externalities when setting individual savings.

The first-order condition with respect to labor can be written as:
Uiy = (1= m)wey (yilh) ™0} (26)
+ e Fr gy — N (1= mo)mewey; (yils) "™ U, 1) /1,
where we have defined:

Uiy = —wili(c), 1) — N Uu(e, 1) (27)
+ (AL = RedLoq = A (1= m)we(y) T (1) ™) Ua(c}, 1)
Similarly to ! for consumption, the quantity Q/ijt is the social marginal value of labor supply

by agent i. The Ramsey first-order condition (26) is a generalized version of the labor Euler

equation (11).

10



The first-order condition with respect to public debt can be written as:

pe = B+ Frpr) a1, (28)

without expectation operator thanks to the MIT shock assumption. Equation (28) shows that
the planner aims at smoothing the shadow cost of the government budget constraint through
time.

The other first-order conditions with respect to R, w¢, and 7y can respectively be written as:

0= /] (dlals + NyoaUelel 1) ) (), (29)

0= [ ) (54 M1 = )t ) ) 1), (30)

0= /j(yili)l‘Tt (61 +X,(1 = )], 1) /1) n(yft]) () (31)
+ /J MWl (U 1) /1) 0(dj).

All these equations have a similar interpretation. They involve equalizing the net valuation
of liquidity weighted aggregated over the whole population with the relevant weight (e.g.,
szﬁg al_0(dj) in the case of the interest rate) to the general-equilibrium distortion of the
instrument (e.g., distortion of savings incentives for the interest rate).

The analytical characterization of the dynamics is a first step to determine the optimal policy.
However, standard recursive techniques cannot be used to compute the policy. The problem
of the planner could be written recursively, but in this case the state space would include the
joint distribution of beginning-of-period wealth and Lagrange multipliers on consumption Fuler
equations (i.e., the joint distribution of (aj_;, A, ;);). Indeed, beginning-of-period wealth af_,
and past value of the Lagrange multiplier \i_; both appear in the first-order conditions of the
Ramsey program. To compute the solution, we again follow LeGrand and Ragot (2022) and we
consider a truncated representation of this problem. We provide the details of the computational
implementation — including all the required analytical developments —in Appendix E. This
numerical solution can be of independent interest as the solution of this type of Ramsey problem

is both new and not straightforward.

3 Analytical results

In this section, we derive analytical results regarding the Ramsey equilibrium of Section 2.6.

11



3.1 Model specification

To obtain a tractable framework we specify a number of model aspects. These specifications
are only valid in the analytical analysis of this section and a more general framework will be
considered in the quantitative exercise of Section 4. The first assumption concerns the functional

form of labor taxes that are assumed to be linear.

Assumption A We assume that the labor tax is linear. Formally, we set in (2) 7w = 0 and

denote T := 1 — Ky, such that:
T, (wyl) := tEwyl.
Our second assumption is about the specification utility function.

Assumption B We assume that the instantaneous utility function U is of the GHH-type:

. [1+1/¢
U(e,l):=In{c—x 11/

where @ > 0 is the Frisch elasticity of labor supply, and x > 0 scales labor disutility.

Assumption B simplifies the algebra for the Ramsey program by avoiding wealth effects for the
labor supply. The log function implies that income and substitution effects exactly compensate
each other.

The third assumption is about the productivity process.

Assumption C We assume that there are only two productivity levels, equal to zero and one

respectively: Y = {0, 1}. Furthermore, the transition matriz is anti-diagonal:

0 1
H:[l O], (32)

while the initial distribution is such that: (i) a mass one of agents have productivity 1 with an
identical beginning-of-period wealth; and (ii) a mass one of agents have productivity 0 with an

identical beginning-of-period wealth (but possibly different from the one of employed agents).

The main implication of Assumption C is to simplify the equilibrium wealth distribution.
First, there are only two productivity levels. The first one corresponds to a null productivity, and
hence to a null labor supply. This zero productivity state will be called unemployment. The other
productivity level is normalized to one and will correspond to employment. Second, equation
(32) implies that the transitions to and out of unemployment are deterministic. Currently
unemployed agents become employed in the next period and the other way around. Coupled with

the assumption regarding the initial wealth distribution, Assumption C implies that at any date,

12



the equilibrium only features two types of agents and two wealth levels. Our setup is thus similar
to the one of Woodford (1990), in which 2 agents switch deterministically between employment
and unemployment. For the sake of simplicity, the two types of agents will be called according
to their current employment status: “employed” (subscript e) and unemployed (subscript u).

The fourth and last assumption is about the credit constraint.

Assumption D The credit-constraint is normalized to zero: a = 0.

3.2 The Ramsey program

Taking advantage of Assumptions B-D, we specify further the environment. Using the peculiar

equilibrium structure, the individual budget constraints (8) become:

Ceit + et = Riay 1+ wiley, (33)
Cut + Gyt = Riaey 1, (34)

for employed (subscript e) and unemployed (subscript u), respectively. Note that the definitions
(4) and (5) of the post-tax rates R; and wy are still valid (with 7 = 0 and x; = 1 — 7%). We can

already state a first result regarding employed agents.
Result 1. In any equilibrium, employed agents cannot be credit-constrained at any date.

This is a direct consequence of budget constraint (34) with ¢, > 0. Should we have a.; = 0
at some date t, we would have ¢, 141 = —ay+1 < 0, which would contradict the consumption
positivity constraint. A consequence of Result 1. is that we only have two possible types of
(steady-state) equilibria: one in which unemployed agents are not constrained, and one in which
they are.

Taking advantage of the GHH property of the utility function and of the linearity of labor

taxes, the labor Euler equation (11) for employed agents simplifies into:

leg = (Xwy)?, (35)

which only depends on the hourly wage w;. The labor and financial market clearing conditions
become in this set-up:
Lt = le,t and Bt + Kt = Qeyt + Qo t- (36)

The governmental budget constraint (6) can be simplified using (35) and (36) as follows:

Gt + B+ (Rt — 1)(Get—1 + aut—1) + we(xwe)? = (37)
B, + F(At7 Qet—1+ Qut—1 — B, (thyp)'

13



Finally, using budget constraints (33) and (34) and labor Euler equation (35), we deduce

that Euler equations for consumption (10) can be expressed as:

wi (xwe)?
6 (Rtau’t_l — Qeyt + t(Xt)> = Qe;t — au,t+1/Rt+17 (38)
14+
w w #
Rij1aus — e + t+11(>jr;+1) > BRi1(RiGet—1 — Qut), (39)

where the first Euler equation holds with equality at all dates as a consequence of Result 1..
Expectations have been dropped from Euler equations due to MIT shocks and the deterministic
transition between income levels.

We now investigate the two possible types of Ramsey equilibria: one in which unemployed
agents are not credit-constrained and that will correspond to the first best allocation, the other

one in which unemployed agents are constrained.

3.3 The first-best equilibrium

The first-best allocation is characterized by perfect risk-sharing and no tax. In other words, no
agent is credit-constrained and the Euler equation (39) of unemployed agent holds with equality.
The public debt will be negative and will therefore consist of governmental asset holdings, whose
payoffs will finance the governmental public spending. We will focus here on the steady state
allocation only and we will use a F'B subscript to denote first-best quantities. We already know
that 75, = 7L = 0.

The first observation is that since the unemployed agent is no credit-constrained, her Euler
equation (39) holds with equality. By combining the two Euler equations (38) and (39), we
obtain: (cu,pB)_1 = (BRFB)Q(CU,FB)_l, where (cy rp)~' = Rae pp — ay pp > 0. This implies
that we have:

BRrp =1= (1 +7rp), (40)

where the second inequality comes from TFKB = 0. Since taxes are null, SRpp = 1 first allows us

to compute the public debt from the governmental budget constraint (3):

Brp = —LG < 0, (41)

1-p
reflecting that public debt is always negative. The government actually owns assets that enables it
to finance public spending out of asset holding payoffs — at the gross rate 5. Second, equality (40)
allows us deduce from the definitions (1) of 7 and w; he capital-to-labor ratio kpp := Krp/LFrp,

the post-tax wage rate wppg, and the GDP Ypp := K%BL},{BO‘:

1

1 = o
kpp = (% +0 - 1>‘1>1 wrp = (1— )k, Yep = (x(1—a))Pko0 . (42)

14



Note that in absence of tax, output, capital, and real wage are independent of public spending.
They only depend on production and preference parameters. Combining equations in (42), with

financial market clearing condition and Euler equation (38) allows us to compute agents’ asset

holdings:
B(g1 — 9rB)
u = —Y 5 4
Qy, FB 21- 5) FB (43)
©
Qe,FB = Gy, FB + 1 f_ 3 wFB;X_iUfB) ) (44)
where we have denoted:
_ 1-p « 1-61—«a
= — , 45
N= T3 18+ (6-1) 1+8p+1 (45)
G
= —. 46
JFB Yip ( )

The quantity grp can be interpreted as the public spending-to-GDP ratio. Equation (44) shows
that the gap in asset holdings between employed and unemployed agents is always positive
— reflecting that employed save more than unemployed — and independent of public spending.
Equation (43) implies that the savings of unemployed agents is a share of aggregate output Yrp
and that this share diminishes with public spending. The reason is that higher public spending
implies a more negative public debt — or equivalently a larger public asset holding — which crowds
out private savings. This crowding-out effect has two consequences. First, it harms aggregate

welfare. Indeed, computing individual allocations from asset holdings (43) and (44) yields:

1+<
11 * 1-p 1 wrp(xwrp)?

- — =c = —a -+
X1+é u,F'B 6 u,F'B 1+ﬁ 904_1

Ce , (47)
where perfect risk-sharing is reflected in the equal period utility levels for unemployed and
employed agents. Equation (47) makes it clear that individual allocations — and hence aggregate
welfare — diminishes with public spending, resulting from the crowding-out of private savings.

A second consequence of the crowding-out of private savings by public savings is that when
public spending becomes too large (in particular when grp > 7;), sustaining the first-best
allocation would require unemployed agents to provide private liquidity to the government to
allow it to hold a sufficiently large asset position to finance public spending. However, private
borrowing being prevented by Assumption D, the first-best equilibrium can only exist for not-
too-large levels of public spending. It stops existing when financing public spending requires the
government to borrow from agents.

The following proposition summarizes these results.

Proposition 1 If grp < G;, the Ramsey problem of Section 3.2 admits a first-best steady-state
equilibrium characterized by equations (40)—(47) and that features: (i) zero tazes: TEy = Thy =0,
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and (ii) a perfect risk-sharing between the two agent types.

The proof can be found in Appendix B. A corollary of Proposition 1 is that a necessary
condition for the first-best equilibrium does not exist when g; < 0 — which is for instance always

the case when « sufficiently small.

Corollary 1 When g; < 0, no first-best equilibrium exists, independently of the level of public
spending.

3.4 The equilibrium with binding credit constraints

We now turn to the only other equilibrium that admits a interior steady state.® To rule out the

possibility of a first-best equilibrium, we make the following assumption.

Assumption E We assume:

gre > gi-

This equilibrium features binding credit constraint for unemployed agents. In that case,
unemployed agents hold no asset at any date: a,+ = 0. The Euler equation (38) of employed
agents implies:

oy = B wi(xw)?
14+ B 1409

which is positive whenever w; > 0. Substituting the expression (48) of a. and using a,; = 0,

>0, (48)

the financial market clearing condition becomes:

B wt(th)SO' (49)

Bi+ K, =
t t 1+B 1_{_@

3.4.1 The Ramsey program

We now turn to the expression of the Ramsey program of Section 2.6. The first option would be
to directly use the first-order conditions (25)-(31) that we derived in the general case and use
them with the specifications of Assumptions A—D. One of the difficulty raised with this general
approach is that the solution is subject to a number of caveats — notably because the optimization
program includes non-linear constraints. To circumvent this difficulty, we take another route
that takes advantage of the tractability of our analytical setup. This direct approach allows
us to prove that some constraint qualifications hold, such that the optimum of the Ramsey
program indeed solves the Karush—Kuhn—Tucker conditions — i.e., the FOC of the Lagrangian
(see Section 3.4.2). A second benefit is that we can formally check that the solutions to the

first-order conditions (computed in Section 3.4.3) are an actual maximum, since we can formally

8We explain in Section C.5 below that no other equilibrium with interior steady state exists.
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check the second-order conditions (Section 3.4.4). We show in Appendix C.2 that the first-order
conditions we derive with this new approach are identical to those derived in the general case.
To simplify the Ramsey program of Section 2.6, we proceed in two steps. First, we use
individual budget constraints (33) and (34) and the Euler labor equation (35) to express the
Ramsey program in terms of savings choices and of the three instruments of fiscal policy
(wt, R, Bt)t>0. Second, we use the savings expression (48) of employed agents (that reflects
employed agents’ Euler equation) and a, ; = 0 to express the Ramsey solely as a function of the

fiscal policy (By, wy, Rt)e>0 and with a unique constraint (the government budget constraint):

max Eoiﬁt (log( 1 wt(th)Lp)—{—log(Rt B wt—l(X’U}t—l)w))’ (50)

(Bt,wt,Rt)>0 1+8 ¢+1 1+ 1+
B w1 (xwi—1)¥
st. G+ By_1+ (R;—1 4w (yw)¥ = 51
-1+ (R )1+6 T to ¢ (xwe) (51)
B wi—1(xwi—1)¥
F — Bi_1, (xwy)?) + By,
(1+6 o 1, (xwe)¥) + By

with furthermore the Euler inequality (39) stating than unemployed are actually credit-constrained.
At the steady-state, this condition is equivalent to SR < 1 — which will always hold in this
equilibrium. Two other constraints are implicit in the above program: (i) w; > 0, and (ii) Ry > 0,
which correspond to the positivity of consumption levels for employed and unemployed agents.

Before deriving first-order conditions of the Lagrangian problem, we show that the Karush—
Kuhn—Tucker conditions can apply to our problem. To do so, we verify that the so-called

constraint qualification hold in our set-up

3.4.2 Constraint qualification

In our problem, even though the objective function is concave, the equality constraints are not
linear and the standard Slater (1950)’s conditions do not apply. However, we can check that
the linear independence constraint qualification (LICQ) holds in our problem. This constraint
qualification requires the gradients of equality constraints to be linearly independent at the
optimum (or equivalently that the gradient is locally surjective). At any date ¢, two constraints
matter for the instruments of date . These are the constraints at dates ¢ and t + 1. We can

check that their gradient can be written as:

0 _ _1)¥
L By e
41— 1 %(th)‘pftﬂ — (Riy1 — 1)%% 0

which forms a matrix of rank 2. Indeed, looking at first and third columns of the matrix in (52)
makes it clear that a sufficient condition is (1 + 7441)w;—1 # 0. This condition must hold at the

optimum, since: (i) equation (1) implies 7;y; > 0, and (ii) we must have w;—; > 0.
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3.4.3 First-order conditions

The FOCs associated to the Ramsey program (50)—(51) can be written as (for ¢t > 0):

1 1 - (1-q@ i ¢ 53
A4 A1+9) = (1 1+ Do ), (53)
pe = B(1 4 Fri1) phe1, (54)

_ B w1 (xwi-1)?
V=R 3=, (55)

where we still denote by 8%u; the Lagrange multiplier on the governmental budget constraint

B w_1(xw-1)¥
1+ 1+¢ '

Equation (53) characterizes the labor tax, while (55) characterizes the capital tax. Equation

and also define w_7 as the solution of a_; =

(54) is an Euler-like equation for the Lagrange multiplier on the governmental budget constraint
— and does not feature any expectation operator because of MIT shocks. We show in Appendix
C.2 that the first-order conditions (53)—(55) are implied by those derived in the in the general
case of Section 2.6.

An implication of the above FOCs and of w, Ry > 0 is that we must have at all dates p; > 0,

and 7} < H(l%ﬁ)sﬂ We summarize this in the following result.

Result 2. The equilibrium with a binding credit constraint features the following restrictions:

wy, Ry, piy > 0 and TtL < ?éw, (56)

1
where: Thy = —— < 1. 57
Tsw 1+ (14 B (57)

The restriction on the labor tax implies that the labor tax cannot be too large for the Ramsey
equilibrium with binding credit constraint to exist. This constraint is actually connected to the

positivity of the Lagrange multiplier y;. Indeed, the FOC (53) makes it clear that we have:

1+B8)(1+e)1—15) 7hy
7§W -7 wi(xwe)?’

which becomes negative when 75, < 7/ < 1. As we will make it clearer in later (see the
discussion of Proposition 2), the mechanism when 7/ > ?gw is similar to the one at play
in Straub and Werning (2020). We will therefore refer to the constraint 7/ < 7%, as the
Straub-Werning (henceforth, SW) constraint.

FOC (55) implies that the SW constraint also relates to the positivity of the post-tax gross
rate. Indeed, when the SW constraint does not hold and 7/ > ?gw, the gross interest rate is
negative, which in turns implies a negative consumption for unemployed agents. The intuition
is that when public spending becomes higher than a given threshold, their financing requires a

capital tax that is so high that the gross post-tax interest rate becomes negative.
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Before turning to the steady-state analysis, let us say a word about second-order conditions

and the fact that our first-order conditions are actually picking up a local maximum.

3.4.4 Second-order conditions

In the program (50)—(51), we can use the constraint (51) to substitute for the expression of R;.
We can further use financial market constraint (49) to express the public debt B; as a function of
capital K; and wage post-tax wage w;. The planner’s program (104)—(105) can be equivalently

rewritten as a function of K; and wy:

max Eo Y 8" (log (we(xwt)¥) +log(Ki—1 + F(Ki—1, (xw)?)

(K¢,we)e

t=0
B wi(xwe)? )
K —Q, — ey
+1+,8 14+ ¢ = Ge—wi(xwr)?)

We can further modify this program by defining W; = w;(xw;)? and dropping constants:

max [Eg i Bt <log(Wt) (58)

(Kt wi)¢ =0

1+o+ B

P
+10g (Ktl + F(thla X 1t Wt1+w) - (1 i 6)(1 T (p)

Wi — K, — Gt)> o (59)
_P
The function (W, Ky—1) — F (K1, Xﬁ W,'*¥) is a concave as the the composition of concave

and increasing functions. We thus deduce that the mapping defined by (W, Ky—1, K;) +—

L
log (W3)+ log (Kt—1 + F(K;-q, Xﬁ W, ) — %Wt - K — Gt> is concave. Any interior

optimum characterized by first-order conditions must be a maximum.

3.4.5 Steady-state analysis

Steady-state characterization. We will denote steady-state quantities with no subscript. For

instance, R will be the steady-state gross post-tax interest rate. First, note that the restrictions

of Result 2. still holds at the steady state. In particular, 4 > 0 implies from FOC (54) that:
1-p

T = 5 (60)

as in the first-best equilibrium. We also have, as in the first-best K/L = Krpp/Lrp, as well as
W =wrp, w = (1 —1Hwpp, and Y = (1 — 75)¢Yrp. Using R = 1 + (1 — 75)7 and (60), we
obtain the following expression for the capital tax:
1 L
K +8 T

290@1_7La (61)
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which is an increasing function of the labor tax. Note that the capital tax is positive whenever
the labor tax is and even though the capital tax expression is unbounded from above when the
labor tax approaches 1 (75 —_r_.; 00), the steady-state version of Result 2. actually provides an
upper bound: 7% < ﬁ Reaching the upper bound on the capital tax ??W = ﬁ is equivalent
to reaching the SW upper bound ?gw on the labor tax. Both correspond to the public spending

Ggw, defined by:

1- 1 ®
1+814+¢ 140

g =91+ (1-a) (1+ )-8 (62)

The SW constraint can thus also be expressed as:

9rB < Jsw- (63)

As explained before, a public spending higher than the SW bound would imply a high capital
tax that is so high that the post-tax return on agents’ assets is negative and hence that the

consumption of unemployed agents is negative.

Determining the labor tax. The labor tax is determined as the tax that enables the
government to balance its budget constraint. At the steady state, the governmental budget

constraint (51) implies after some algebra that 77 is a solution of the following equation:

T(rH) =0, (64)

1 grB(1—7)"% -7

where: T :7 € (—o00,1) = 7 —

65
S (65)
The mapping 7 — 7T (7) is akin to a Laffer curve. Indeed, we can check that 7 is continuously
differentiable, strictly concave, with a unique maximum over (—oo,1). In consequence, the
function 7 admits either zero, one, or two solutions. The number of solutions depends on the
level of public spending through grp in (65). When public spending are too high, there is no
level of labor tax that make this public spending sustainable: T'(7) < 0 for all 7 € (—o0, 1).
When the public spending is sustainable, T" typically admits two roots, which correspond to the
typical Laffer trade-off between tax rate and tax base. The smaller root corresponds to a low
tax and a high labor supply, while the higher root corresponds to a high tax and a low labor
supply. There is a third case that is the limit between sustainability and no sustainability. In
this situation, there is a unique tax rate that enables public spending to be financed. We plot
the three possibilities in Figure 1.

The limit case of the Laffer curve happens when the extremum point of the Laffer curve is

the only root of the function. It can be checked that this corresponds to the tax level 7F_ that
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Figure 1: Examples of three Laffer curves 7 — 7T (7) of equation (65), for three different values of
grp. The three cases correspond to: (i) two admissible tax values; (ii) a unique limit tax value;
(iii) no admissible tax. The parametrization is: § = 0.97, « = 0.3, ¢ = 0.5, 6 = 1.0, and grp
takes one of the three values in [0.2,0.3631, 0.6].

verifies T (7%,) = T'(7%,) = 0, or equivalently to:

_ 1 Ly g
L 1
=L _ _ ) 66
Ul l-altels g+ o
This corresponds to a public spending g;,, defined as:
_ 1—« 1-5 1 % ) L 14
= 1+ + 1-7 2. 67

So, any public spending such that grp > g, is not sustainable and cannot be financed by any
tax system. Oppositely, when grp < g;,, two different tax levels enable the government to
finance public spending and the planner will always opt for the lowest tax rate. Indeed, taxes

have an unambiguously negative impact on consumption levels, since they can be written as:

1

— - B (- (1 )70, (68)

C
e 1_{_@

So larger taxes decrease consumption and hence individual welfare.
We will henceforth refer to the restriction grp < g, as the Laffer constraint. Note that
whether the Laffer constraint is more stringent than the SW constraint depends on parameters

and in general both restrictions must be considered.

The steady-state equilibrium existence. The following proposition summarizes our findings

regarding equilibrium existence.
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Proposition 2 When g, < grp, grB < Gsw, and grp < Gr,. there exists a steady-state
equilibrium with binding credit constraint for unemployed agents. The taz rate TV is determined
as:

L' = min{r € (=00,1) : T(7) = 0}, (69)

where T is defined in (65). The equilibrium allocation is then characterized by:
1. positive tazes T and ™™ whose expressions are given in (61) and (64);
2. positive consumption allocations (68);

3. a positive gross interest rate R and a positive long-run multiplier p.

We can verify that §; < ggy and g; < gr,. The former inequality is proved in Appendix C,
while the later is a direct implication of the definition (62). Therefore, the credit-constrained
equilibrium always exists for some values of public spending. It can also be observed that when
grB = Gy, equations (61) and (64) implies 7 = 75 = 0, as in the perfect risk-sharing equilibrium.
In consequence, there is no discontinuity between the first-best and the credit-constraint equilibria
around grp = g;.

We will conclude by two remarks regarding equilibrium existence. The first one is related to
fact that we have only mentioned two equilibria so far: the first-best and the credit-constrained
one. The latter features sizable inequalities. For instance, the inequality in consumption,

measured by the ratio £=, is an increasing function of taxes. Formally:
U

Ce 1 - 1
cw 1=(1=B8 1-1+8)pTr

i

L ?gw. We could thus wonder whether a full

which can become infinitely large when 7
risk-sharing equilibrium with positive labor tax (and hence null capital tax) would not sometimes
exist. The answer is twofold: yes such an equilibrium can exist, but it always dominated (in
terms of aggregate welfare) by the credit-constrained equilibrium of Proposition 2. The intuition
is that the full risk-sharing arrangement imposes a zero capital tax, which means that public
spending should be solely financed out of the labor tax. The distortions implied by this high
labor tax involve a high burden on agents and make the aggregate welfare lower than in an
equilibrium where public spending financing relies on both capital and labor taxes. In other
words, for any level of public spending, financing this public spending through a combination of
capital and labor taxes generates smaller distortions than a financing relying solely on labor tax.
This is proved formally in Appendix C.5.

The second and last remark concerns situations where gqyy < grp < g1, The public
spending level is smaller than the Laffer bound, implying that the public spending can be

financed. However, because the public spending is higher than the SW bound, the financing of
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this public spending implies negative values at the steady state for Lagrange multiplier, gross
interest, and unemployed consumption. As previously explained, such situations cannot be
ruled out and are possible for some parametrization. However, even though a steady-state
equilibrium does not exist in these situations, we can check that there exists a non-stationary
equilibrium, where the Lagrange multiplier on the governmental budget constraint diverges to
infinity: p; —¢ oo and the gross interest rate converges to Ry —; 0. In other words, this situation
is similar to the one in Straub and Werning (2020), where the stationary equilibrium does not
exist but a non-stationary one does. It is noteworthy that a similar pattern emerges despite
the differences between our set-ups. We have time-varying agents’ types (although the switch
deterministic), endogenous credit constraint, distorting tax on endogenous labor supply, and
public debt.

A key difference with Straub and Werning (2020) or with Lansing (1999) is that a steady-state
equilibrium (including a finite Lagrange multiplier) exists for some public spending levels, even
for log utilities and equal weight between agents. Proposition 2 shows that a crucial determinant

for the existence of a steady-state equilibrium is the level of public spending.

Public debt. We now turn to the expression of public debt in the credit-constrained equilibrium.

The financial market clearing condition implies that the steady-state public debt B can be written

e () @

where the labor tax is defined in equation (69) of Proposition 2. We deduce that the equilibrium

as follows:

features a positive public debt is positive iff:

e 2 ) ()
A necessary condition for the public debt to be positive is §; to be negative — which precludes
from Proposition 1 the existence of a first-best equilibrium. An equivalent condition to condition
(71) is that public spending grp is not too large. Indeed, it can be seen from (70) that public
debt decreases with labor tax and hence with public spending. The higher public spending, the
smaller the public debt. We know from equation (41) that in the first-best equilibrium, the
public debt is negative and decreases — becomes more negative — with public spending. A positive
public debt with the credit-constrained equilibrium is thus not compatible with the continuity of
equilibrium around grp = g; since this would require a negative public debt for grp < g; and a
positive one for grp > g;. In consequence, positive public debt imposes the non-existence of the

first-best equilibrium. This is summarized in the following result.
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Result 3. Steady-state public is positive: B > 0 iff gy <0 and grp < Gpos, where:

(1420)(1+8) (<1+2w><l+ﬁ> a ))“". (72)

Tpos = (=01 1-3 l-a  1+80-1

The proof is in Appendix C.4.

In the credit-constrained equilibrium, a positive public debt enables the planner to provide
public liquidity to agents. This enables agents to smooth out the unemployment shock through
private savings. However, when public spending increases, the planner needs to raise higher
taxes.

A positive public debt only exists in our economy when the first-best equilibrium does not
exist. Furthermore, public debt is decreasing with public spending: the higher public spending,
the lower public debt (in absolute value). The reason is that an increase in public spending leads
the planner to increase labor and capital taxes, which are both distortionary. This crowds out

private savings and hence diminishes the room for public debt.

3.4.6 Dynamic analysis

The first-order dynamic system. After the thorough analysis of the steady-state equilibrium,
we investigate the dynamic in this equilibrium. We focus on a special case, with full capital

depreciation: § = 1. We will denote with a hat the relative deviation to the steady-state value:

Ti—T
T

Ty = for generic variable z; with steady-state value x. The public spending shock is assumed

to be defined as follows:

~ € if t =0,
G, {UG Ggo 1 (73)

pgét_l ift >0,
where: g9~ N(0,1),

and og > 0 and pg € (—1,1). The shock only happens at date t = 0 and then persists with
parameter pg — as is consistent with our assumption of MIT shock. The dynamic of the economy
can be summarized by the capital as a unique state variable and the public spending shock. It
can be computed thanks to a first-order development around the steady-state allocation. The

outcome is gathered in the following result.

Result 4. The dynamics of the capital stock and of the shadow cost of the governmental budget

constraint is given by the following system:

f{\t = PKff\tﬂ + O-Kéta (74)
fit = puKi—1 + 0,Gy, (75)
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where the expressions of coefficients are given in Appendix D.2. These coefficients solely depend

on model parameters and not on those of the dynamics of (ét)tzo.

The dynamic system (74)—(75) is stable when the autoregressive coefficient px is smaller than
one in absolute value. In our setup, this is equivalent to verifying Blanchard-Kahn conditions.

The result regarding system stability is summarized in the following proposition.

Proposition 3 The system (74)-(75) is stable — |px| < 1 — iff:

1
a < . 76
STrA-A0+ e (70
We furthermore have:
o, >0> 0. (77)

The dynamic system is stable under the condition (76), which imposes an upper bound on «.
Note that this upper bound is always strictly smaller than one and hence can be binding. This
condition on « always holds when public debt is positive, i.e., when g; < 0. A second result of
Proposition 3 is that o, > 0 > ox. Equation (75) implies thus that at impact, an increase in
public spending increases the shadow cost of governmental budget constraint, while it diminishes
capital. This reflects the fact that the governmental budget constraint becomes more binding,

while it crowds out some resources out of capital.

Role of the persistence of public spending shock pg. The analysis of the role of the
persistence pg is split into three parts: (i) the role at impact on capital and governmental budget
shadow cost, (ii) the role on the dynamics of capital; (iii) the role on public debt. We assume
here that we consider a positive public spending shock: (A;o > 0.
Regarding the first aspect we have the following result.
Result 5. We have:
9o >0 and o > 0.
dpa dpa
In words, a higher persistence of the public spending shock strengthens the variation of fi; at
impact: the higher pg,the more the Lagrange multiplier u; increases at impact. This reflects
that a higher persistence of the public spending shock means greater public funding requirements
in the subsequent periods, and hence raises the shadow cost of governmental budget constraint.
The result is opposite for the capital. A higher persistence dampens the decrease of capital at
impact. This is related to the effect of persistence on public debt described in Proposition 4.
Regarding capital, we can obtain additional results. By induction, we can derive from (73) and

(74) the closed-form expression of the capital IRF:

. Ll
K; = oG E—rC¢ (78)
PK — PG
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Figure 2: Examples of three IRFs t — I/(\'t of equation (78), for three different values of the
persistence pg of the public spending shock. The shock at impact is normalized to —1 (i.e.,
JK@O = —1). The parametrization is the same as in Figure 1: f = 0.97, a = 0.3, ¢ = 0.5,
0 = 1.0, but for gpp set to 0.3. This corresponds to px =~ 0.7290.

which allows us to completely characterize the capital path following a public spending shock.
At impact, the relative variation of capital is negative by a quantity oGy < 0. Then, the
profile is the capital variation is humped-shaped: it starts decreasing further, before increasing
and reverting back to zero. The length of the capital depreciation (during which f(\t diminishes
following the initial shock) can be shown to be an increasing function of the persistence pg:
the higher pg, the longer the recession. The impact on the depth of recessions is in general
ambiguous, but it can be shown that (i) when the persistence is sufficiently high, it increases
recession depth; (ii) the threshold value decreases with pg. This is illustrated on Figure 2.

Finally, regrading public debt, we have the following result.

Proposition 4 Denoting by EO the public debt variation at impact, we have:
0B
dpc
Proposition 4 states that the variation of public debt at impact is dampened for larger persistence
of the public debt shock. The intuition is rather straightforward. A very transitory shock will
be recovered very quickly and can be smoothed out by public debt, whose increase will also be
transitory. Conversely, a very persistent shock will require steady increase in taxes. Diminishing
the variation of public debt (typically, a decrease for very persistent process) enables the planner
to limit the crowding-out of impact and thus the overall impact of the shock on the economy.
In general, the sign of EO is ambiguous and can be positive or negative, depending in particular

on the magnitude of the persistence pg of the public spending shock.
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4 Quantitative analysis

We relax the assumptions of Section 3 to simulate the dynamics of capital and public debt in a
quantitatively relevant environment. The quantitative strategy is as follows. First to calibrate
standard parameters to obtain a realistic steady-state allocation with the actual US fiscal policy.
Second, following the inverse taxation problem (Bourguignon and Amadeo, 2015, Heathcote
and Tsujiyama, 2021, Chang et al., 2018), we identify an “empirically motivated” social welfare
function, such that this steady-state allocation is optimal for the planner. The gain of this
methodology is to observe the dynamics of the tax system, considering a quantitatively realistic
initial (and final) equilibrium. Starting from this allocation, we implement a period-0 shock on

public spending to observe the dynamics of fiscal instruments after the public spending shock.

4.1 Calibration

The period is a quarter.

Preferences. The utility function is now assumed to be separable in labor, which is a quanti-
tatively more relevant option than the GHH utility function for incomplete-market economies
(see Auclert et al., 2021):

Ul(e,l) = u(e) —v(l),

l1—0o

c -1 ZH%

with: u(c) = and v(l) =

1
l1-0 ; 1+ % )
We set the inverse of intertemporal elasticity of substitution to o = 2, which is a standard value
used in the literature. For the disutility of labor, we choose ¢ = 0.5 to match a Frisch elasticity
for labor supply of 0.5, which is the value recommended by Chetty et al. (2011) for the intensive
margin in heterogeneous-agent models. The scaling parameter is set to x = 0.05, which implies
normalizing the aggregate labor supply to 1/3. Finally, the discount factor is 8 = 0.99.

Second, households productivity levels can be arbitrary high, where the transition probabilities
are calibrated to match the actual labor market dynamics in the US. Third, the tax on labor is
non-linear and it has the form used by Heathcote et al. (2017) (henceforth, the HSV tax system)
to reproduce the progressivity of the actual US system.
=71

The period utility function over consumption is u(c) = “—— ,
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Idiosyncratic risk. We calibrate the productivity process to match the actual labor market

dynamics in the US. We focus on a standard AR(1) process:

logy; = pylogyi—1 + €7,

where: f Y N(0, 02).

Following the strategy of Castaeneda et al. (2003), we choose the parameters (py,0y) to target
some key moments.” We choose three targets. The first one is the variance of the logarithm
of consumption, that enables us to capture consumption inequality. Heathcote and Tsujiyama
(2021) report a value of Var(logc) = 0.23 . We also target the log-variance of wages to match
income inequality, which is found to be Var(logw) = 0.47 by Heathcote and Tsujiyama (2021).
The third target is the debt-to-GDP ratio which allows us to replicate a realistic financial market
equilibrium. We target a value of B/Y = 61.5%, which is the mean ratio over the period (Dyrda
and Pedroni, 2018). Calibrating these three moments yields p, = 0.993 and o, = 0.082. These
parameters are close to those from a direct estimation of the productivity process on PSID data,
which corresponds to p, = 0.9923 and o, = 0.0983 (see Boppart et al., 2018 and Krueger et al.,
2018). The data targets and their model counterparts are reported in Table 1. This simple

Data  Model
Variance of log consumption Var(loge)  0.23 0.20
Variance of log income Var(logy) 0.47 0.49
Debt-to-GDP ratio B/Y 61.5% 61.4%

Table 1: Model calibration: targets and model counterparts.

representation is doing a good job in matching the three targeted moments. Furthermore, we
can check that this calibration generates a reasonable wealth distribution, even though we do
not calibrate it explicitly.'? Indeed, the calibrated model implies a Gini coefficient of wealth
equal to 0.66, which is close, even though below, its empirical counterpart of 0.77. It is known
that additional model features must be introduced to match the high wealth inequality in the
US, such as heterogeneous discount rates (see Krusell and Smith, 1998), or entrepreneurship
(Quadrini, 1999), or stochastic financial returns, which are not considered here.

Finally, we discretize the productivity process using the Rouwenhorst (1995) procedure with

7 idiosyncratic states.

9More precisely, we minimize the quadratic difference between the model-generated moments and their empirical
counterpart, following the Simulated Method of Moments. In the current environment, we see this procedure as a
“sophisticated” calibration, rather than an actual SMM — as we equally weight the three moments.

10For the problem under consideration, we consider matching the dispersion of consumption may be more
important than the distribution of wealth, which motivates the exclusion of this moment from our calibration
strategy.
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Technology . The production function is Cobb-Douglas: F(K,L) = K®L'™* — §K. The
capital share is set to o = 36% and the depreciation rate to § = 2.5%, as in Krueger et al. (2018)

among others.

Taxes and government budget constraint. The capital tax is taken from Trabandt and
Uhlig (2011), who use the methodology of Mendoza et al. (1994) on public finance data prior
to 2008. Their estimation for the US in 2007 (before the financial crisis) yields a capital tax
(including both personal and corporate taxes) of 75 = 36%. For the labor we consider the HSV
functional form of equation (2). The progressivity of the labor tax is taken from Heathcote et al.
(2017), who report an estimate 7 = 0.181. We choose ~ to match a public-spending-to-GDP ratio
equal to 19%, as in Heathcote and Tsujiyama (2021).

Summary. Table 2 provides a summary of the model parameters.

Parameter Description Value

Preference and technology

I53 Discount factor 0.99
« Capital share 0.36
) Depreciation rate 0.025
a Credit limit 0
X Scaling param. labor supply 0.05
%) Frisch elasticity labor supply 0.5
Shock process
Py Autocorrelation idio. income  0.993
oy Standard dev. idio. income 0.082
Tax system
K Capital tax 36%
K Sacaling of Labor tax 0.75

Progressivity of tax 0.181

Table 2: Parameter values in the baseline calibration. See text for descriptions and targets.

4.2 Truncation and estimating Pareto weights

Standard recursive techniques cannot be used to compute the optimal Ramsey policy. The
problem of the planner, as derived analytically in Section 2.6, could be written recursively, but
the state space would include the joint distribution of beginning-of-period savings and Lagrange

multipliers on consumption Euler equations (i.e., (a, \;)), as past values of Lagrange multipliers
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(Act—1) appear in the first-order condition of the planner. To compute the solution, we follow
LeGrand and Ragot (2022) and we consider a truncated representation of this problem. We
provide a detailed account of the computational implementation that can be of independent
interest as solving such Ramsey problems is not straightforward.

More precisely, to investigate the optimal dynamics of the instruments after a shock, we start
with providing an exact truncated aggregation of the steady-state model, and we then follow the
dynamics of the truncated representation using perturbation methods. The algebra is provided
in Appendix E.

The truncation length is set to N = 3, which is shown to be provide a good representation
of the dynamics. We have to to estimate the weights of the social welfare function, such that
the first-order conditions of the planner at the steady state are consistent with actual US tax
system (as described in Section 4.1). However, the problem is in general under-identified, since
we have only two constraints (for the capital and labor tax) but seven different weights (one
per productivity level). Following Heathcote and Tsujiyama (2021), we introduce productivity
weights which depend on the productivity level and define a parametric quadratic representation
of weights, as follows:

log wy, := 01 logy + 6 (log y)2 .

As explained in Appendix E, matching capital and labor tax yields 6; = 0.603597 and 6, =
0.325546. In an environment without saving, Heathcote and Tsujiyama (2021) estimate the
relationship logw, = flogy and find 6 = 0.517. Our estimate is pretty close from theirs and the

quantitative difference mostly comes from the additional instruments we use.!!

4.3 Model dynamics

We now simulate the optimal dynamics of the four fiscal tools (7, By, k¢, ) after a public
spending shock occurring in period ¢ = 0. The dynamics of the shock is the same as in equation
(73) of the analytical section. After a initial shock in period 0, public spending reverts back to
equilibrium at a rate pg. We present a first-order approximation of the dynamics, implying that
the initial shock should be considered to be not too large.

We first plot the dynamics of the model for two values of the persistence of the shock pg = 0.99
and pg = 0.90. Figure 3 plots the dynamics of public debt B, labor income tax (level x and
progressivity 7), capital tax 75, output Y, capital K, aggregate labor L, and consumption C' in
both cases.

Panel 1 represents the dynamics of public spending over GDP, it increases by 1% and goes
back to equilibrium at a rate pg = 0.90 (black solid line) or pg = 0.99 (blue dashed line). Panel
2 plots the dynamics of public debt-to-GDP ratio. It can be observed that public debt increases

We cannot strictly reproduce the specification of Heathcote and Tsujiyama (2021) within our framework, as
we need two parameters for matching planner’s first-order conditions.
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Figure 3: Dynamics of selected variables. G/Y, B/Y,k, 7,7 are absolute deviation (%).
Y, K, L,C are proportional deviation (%). The black solid line is for pg = 0.90. The blue dashed
line is for pg = 0.99

for the low value of the persistence pg, whereas it decreases for the high value. Panel 3 plots the
dynamics of the level of labor tax x. It increases in both cases but more when the shock is more
persistent. When the level persistence is high, progressively increase on impact by 0.2% and then
decreases. it is more stable when the persistence is low. Note that the deviation of progressively
is low compared to the deviation of the level of tax k. Overall, as shown below, the overall return
on the tax on labor income fluctuates less than the capital tax. Indeed, Panel 5 show that the
capital tax increase by 30% when persistence is high, and by 10% when persistence is low. The
increase in the resources of the state mainly comes from the change of capital tax, which is
more volatile than labor tax. GDP increases in both cases, but less when the persistence is low.
We discuss below the implications for the multiplier of public spending. When the persistence
is high, capital decreases less and aggregate labor increases more compared to the case where
persistence is low (Panel 7 and 8). This generates the higher output when persistence is high,
which is necessary to finance the increase in G. Finally, the fall in consumption is higher when

persistence is high.
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Dynamics of tax return.  We now plots the overall return on labor tax and capital tax as a

percentage of steady-state GDP to observe how the state finances it spending.

1. Labor tax in GDP 5 2. Capital tax in GDP
T T T T T T T

’ 0 20 40 60 80 100 0 20 40 60 80 100

Figure 4: Overall return on labor tax (Panel 1) and capital tax (Panel 2), as a percentage of
steady-state GDP.

One can observe that the capital tax over GDP (Panel 2) is more volatile than the labor
tax return (Panel 1). The increase in capital tax is used to finance the increase in G but also a

decrease in labor tax return.

Cumulative multipliers. As typically done in the empirical literature (see Ramey and

Zubairy, 2018 for instance), we compute the spending multiplier my, at horizon h as follows:

Y (i —Y)
Yo (G —G)
Note that m; is the impact multiplier. Figure 5 plots the multiplier as a function of the time ¢

after the shock.
One can observe that the multiplier is higher the more persistent the shock. Indeed, the

mp

output is higher when the persistence of the shock is higher because of various effect. First, the
overall tax on labor decreases, which increases labor supply. Second the consumption is lower

when the persistence is higher what generates an increase in labor supply to compensate for the

32



08 2. Cumulative multiplier tax in GDP
. 1 1 T T T 1

0605 —...____‘__‘__ -
———
—_—
_.._..__..____
e
05 B

04 - B

03 - b

0.1

Figure 5: Cumulative multiplier as a function of the time ¢ after the shock.

fall in consumption.

5 Conclusion

We investigate the optimal dynamics of fiscal system after a public spending shock in an
heterogeneous agent model. We first contribute to the clarification of the conditions for relevant
equilibria to exist. The key friction for equilibrium existence is occasionally-binding credit
constraint, which provide a rationale for both positive capital tax and public debt. The second
contribution of this paper is to show that the dynamics of public debt depends on the persistence
of the public spending shock. For low persistence, public debt is pro-cyclical. For high persistence;
the public debt is countercyclical. In addition, we find that capital tax increases, and more so
when persistence is high. We show that these properties are qualitatively robust in a model
where the actual US tax system is implemented at the steady state thanks to an inverse optimal
taxation approach. The simulation of the quantitative model relies on the Lagrangian-Truncation
approach developed in LeGrand and Ragot (2022).
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Appendix

A First-order conditions of the individual Ramsey program

The Ramsey problem can be written as follows:

max Ko [Zﬁt/wiU(ci,li)E(di)],
CHER )')t>0 t=0 i

T
(Tt,wtﬂ“tﬂ} 5Teskot, Be, K, L I (ag,c,l3,07 )4

G+ RiBia+ (R — )K1 +wy / (yil))' "™ e(di) = K Ly — 6Ky—1 + By
for all i € Z: ai + ¢} = Real | + we(yi) ™™,

ai > —a, vi(ai+a) =0, v >0,

Uelch, 1) = B¢ [ResaUelei s lig)| + i

= Ui(ep, 1) = (1= m)we(yy) (1) ™ Uelel, 1),

Ko+ B = / ail(di), Ly = / yiLie (di) .

The Lagrangian can be written as:

L= 8 / U () 1) 0(di)

t= 0

—EOZﬁf [ (i = Rl Ueleltyetan

+Eo Zﬁ / N (Uiled 1) + (U= mo)we(i)' =™ (1)~ Vel 1) ) €(di)

—Eo Zﬂtﬂt (Gt +(1=8)Bi—1+ (R —1+9) /aile(di) + wy /(yili)”tﬁ(d@

t=0 7 7
—( / ai 1 0(di) — By_1)*( / ) Bt).
where:

¢ = —aj + Ryaj_y +wi(ypl)' ™™
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FOC with respect to savings choices. Deriving (87) with respect to a! yields:
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FOC with respect to labor supply. Deriving (87) with respect to I} yields:

/ v azz i
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where we have defined:

¢li,t = _WgUl(Ci, l%) - A;,tUll(CL lvlt) + (Ai,t - Rt)‘i,tfl - )‘?t(l )wt(yt)l Tt(lt) Tt)Ucl(Cia li)

Using (89), we obtain (Bﬁ =(1- Tt)wt(yg)k”(lg)*”lz-:j,which implies:

Uiy = (1= m)wi(yily)
+ Pyt — N (1= ) reweys (yil)) " Ue(ch, 1) /13

FOC with respect to the interest rate. Deriving (87) with respect to R; yields:

/(% +/\ct 1Ue (CJ I )) Udj) —ut/ai_lﬁ(dj)-
J

From (89), we obtain g—g — a]_,, which yields:

:/(¢tat 1+)‘ct 1Ue(dl, l)) (dj).
FOC with respect to the wage rate. Deriving (87) with respect to w; yields:
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From (89), we get g—i = (y]1])=™ and:

0= [t (9 4+ M, (1= m)UL(ch 1) 1) ).

FOC with respect to public debt. Deriving (87) with respect to By yields:

0=pe—p [(1 —0— OéKta—1L%7aMt+1] ;
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or using the definition of 74 1:
pe = B(L+ Feqr) 41

FOC with respect to progressivity. Deriving (87) with respect to 7 yields:
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Summary of FOCs.
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B Proof of Proposition 1

The first-best equilibrium is characterized by optimal consumption smoothing and no inefficient
distortions. As consequence agents are unconstrained and taxes are 75 = 7 = 0. We focus

on the steady state allocation. Since both agents are unconstrained, the combination of Euler
equations (38) and (39) yields v/ (ce — ilﬁf) = (BR)*/ (ce — ilﬁri >, and hence:
® @

BRrpp =1, (91)

while the government budget constraint (37) implies that the public debt verifies:

___B
Brp = 1—5G<O'

The previous condition is necessary but not sufficient to ensure that the first-best allocation
can be implementer. Indeed, the additional constraint is that no agents are constrained. We now
derive this additional condition.

Factor prices definitions (1) with (91) and Lrp = l. = (xwpp)? yield:

1

Krp _ ( a )1_“7 (92)

Lrp %+5—1
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from which we easily deduce:

@
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3t 0—1
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Krp = T < 7 (XU)FB)LP. (95)
5T 0—1
1+4
Furthermore, since agents are unconstrained, Euler equations imply ¢, rp = ce,;FB — % lef £, or
%)

after substituting by budget constraints: Rppay B — Ge FB+ wgoxfl)v’ = Rrpac rp —ay rp. With
(91), this yields:

B wr(xwrp)¥
1+8 p+1

Ge,FB — Qu,FB = ) (96)

s
au,FB + e,;B = Krp — QG’ (97)
where the second equality is the financial market clearing condition. The combination of both

previous equations implies:

1_6au, _
T YFFBB =91 — 9FrB, (98)
. _ 1-p « 1-81—«
th: = — , 99
Wit 9 B 1/8+(06—-1) 1+B8p+1 (99)
G
QFB:E- (100)

Due to the the credit constraint a, pp > 0, if the first-best equilibrium exists, equation (98)
implies that grp < g;. We can then deduce a. rp from (96):

B wre(xwrp)®
1+ 7 p+1

Qe,FB = Qu,FB +

)

which verifies ae rp > ay,rp > 0.
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C Characterizing the steady-state equilibrium with positive cap-

ital taxes

C.1 FOCs derivation

We focus on the case where unemployed agents are credit-constrained. Note that the situation
where both unemployed agents are credit-constrained is not optimal whenever «'(0) = co. Indeed,
when both agents are credit-constrained, deviating and having employed agents to save a small
amount yields an finite increase in unemployed agents utility.

Using individual budget constraints, Euler equations (38) and (39) become:

®
v (W - aeﬂf) = BE; [Rip1t' (Ris1aey)] (101)
w w ®
u/(Rtae,t—l) > BE; Rt+1ul (Hl(XtH) — ae,t+1> .
p+1

Using log preferences, we deduce from Euler equation (101):

B wt(th)w
= > 0. 102
Qet =177 B 1+¢ — (102)

After some simplification, the Ramsey program can then be written as:

s 1 wi(xwy)? B w1 (xwi-1)?
E t (1 ( ! ) + log(R ) , 103
5%, B 2 B (loe (= ) Fleel ) (10)
Wi 1 (XWi41)¥ > B2 Ryp1 Rywy (xwy)?, (104)

B wt—l(th—l)“D
G+ By _ Ry —1 =01 105
+ Bi-1 + (R )1+ﬁ T +o + wi (xwy) t (105)
B wi—1(xwi-—1)¥ o
+F(1+5 1+ By 1, (xwt)?).

Note that the Euler inequality for unemployed agents (104) is equivalent at the steady state to
BR < 1, which will always hold in equilibrium.
The Lagrangian associated to program (103)—(105) can be written (up to some constants

independent of policies):

L=(1+p8)(¢+1)E>_ Blog(wy) +Eo Y _ B log(Ry) + log(ac,—1) (106)
t=0 t=0
+Eo) B (F( 1 f B wt_ll(ﬁw;_l)w — Bi1, (xw)?) + B — Gy — By
t=1
- (e = ) ) ) (107)

+ o (F(K_1, (xwo)?) + Bo — Go — B_1 — (Ry — 1)a_1 — wo(xwop)?) .

43



B w_1(xw-1)¥

Defining by convention w_; as S R = a_1, FOCs associated to the Lagrangian (106)

can be summarized as (for ¢ > 0):

B

0= (1+ B+ Dy + Bvwn)” Ty Bi e (Frcern = Rua + 1] (108
+ xpe(xwr)? (pFp s — (9 + Dwy)
pe = BEL[(1 + Frp1) 1] (109)
- R B w1 (xwi—1)%
=R 1, (110)

We can take advantage of FOCs (109) and (110) to simplify FOC (108) as follows:

AL
pewt (Xxwe)? <1 -1+ 5)801 tTL> =(1+¢)(1+58), (111)

- T
which is a time-t¢ equation only and does not raise convergence issues. The only dynamic FOC is

the forward-looking equation (109). We will check that the system is well-defined and does not

raise convergence issues.

C.2 Checking that FOCs are identical

We check here that the first-order conditions of the Ramsey program derived in the general
case of Section 2.6 exactly simplify to the first-order conditions derived in the specific case of
Section 3.4.3. We start with expressing ¢ and W,t (equations (23) and (27)) in the context of

the GHH utility function. We denote by C = ¢ — x ! lllill;:. Since U(c,l) = In (c —x! lll:;:),

we compute:

1 1 11/0 1
Uele:) = 5 Ueelesl) = =5, Ulle, 1) = —x 7' /505,
—171/p—1 —171/¢ —171/¢
X 1 x X
Ull(cv l) - C (‘P + C ) ) Ucl(cal) - c2

Plugging this into equations (23) and (27) and using the labor Euler equation (11) stating that

Xflli’l/ ¥ = yiwy, we deduce that the expressions of 1} and wli,t become:

i i i 1
GGl =14 (AL, — R,y o (112)
i v i )‘ft i i 1
wl,tCt = Ywy (1 +—+ ()‘c,t - Rt)\c,tl)i) (113)
ol Ci

We now turn to the FOCs. Note that FOC (28) is exactly the same as FOC (54), while FOC
(31) has no equivalent in the simplified version since the progressivity parameter 7; is set to zero.
FOC (26) can also be written with 7, = 0: ¢li,t = wyil + pe(Fry — we)ys. Plugging (112) and
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(113) yields:

P
)‘l,t Yrwy

2t — (Fry — i
oli Ci ,ut( Lt wt)yt

which is equivalent to 0 = 0 for unemployed agents since their productivity is null. For employed
agent with a productivity normalized to one, it becomes:

L
_Te

L

114

)\e,l,t = QDMtle,tCe,t

The three remaining FOCs are equations (25), (29), and (30). Taking advantage of the
deterministic transitions between employment and unemployment, as well as the fact that
unemployed agents are credit-constrained (implying ay+—1 = Ay ct—1 = 0) with null productivity,

these three FOCs can also be written as follows (ae¢—1,let > 0):

Vet — pt = BRi41(Vujir1 — phis1), (115)
Aejet—1
,U'tCu,t = wu,tCu,t + cot s (116)
Qe t—1
o )\e,l,t
1tCet = Ye1Cey + 7, (117)
e,t

while similarly expressions of ¥ in (112) can further be specified as:

)\e c,t
e Ce =1 -, 118
Ve tCeyt + Cov (118)
1
wu,tcu,t =1- RtAe,c,t—lci‘ (119)
u,t

)

Combining (116) and (119) with ac;—1 = C;“Z‘t‘t (which is unemployed agents’ budget constraint
(34)) implies:
/LtCuﬂ: = 1, (120)

with the expression of Cy,; = Rt%% is identical to FOC (55).

Using the consumption Euler equation (38) stating that & = 5Rt+1ﬁm7 the budget con-
straints (33) and (34) implying that Cy,; = BRCe—1, and (120) meaning that 1 = Buy1Ri1Cer,
we deduce from (115) and (118):

Ae,c,t _ 6

= — (1 Coy —1). 121
C.. H_B(Mt t—1) (121)

Finally, we turn to FOC (117). Combined with the expressions of A¢;; in (114), 1) in (118),
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and of A in (121), it becomes:

L

Ce,tfit (1 -1 +6)s01 T L) =1. (122)

— T

Using the budget constraint (33) stating that Ce; = % , equation (122) becomes FOC
(53). This completes the proof that the generic FOCs of Section 2.6 exactly imply the specific

FOCQCs of Section 3.4.3.

C.3 Steady state

Note that because of the FOC (110), 4 = 0 or R = 0 is not possible at the steady state. FOCs
(108)—(110) and governmental budget constraint (105) become at the steady state, where we

denote variable without subscripts:

1_1h8uw(xw)@ =@+ 1+ plxw)?p(Fr —w), (123)
1=03(1+4+ Fk) (124)
_ gy B whaw)”
L= 14y (125)
B wxw)? _ B ww)?

F(m 4o - B, (xw)?) =G+ (R — 1)m Tt + w(xw)? (126)

Using (125) and w = (1 — 7%)Fy,, equation (123) becomes:

L po 8 (F
- R=p (w 1). (127)

Usingw = (1—-75)Fp,and R— 1= (1 — 78)Fy = (1 — 75) (71 — 1), (127) yields:

K= 1+5 Tt )
1-81—-7L

(128)

After several manipulations and using (124) and (128), as well as the properties of F', the

governmental budget constraint (126) implies that 7% is a solution of the following equation:

. grp(1 —ﬂTL)_“D — 0 (129)
_ 15 _1 ’
=o 1+ Shms + o

where §; and grp are defined in (99) and (100) respectively. Equation (129) can admit zero,
one, or two solutions (as the right hand-side is convex). When two solutions are available, the
planner unambiguously chooses the lowest tax (since it is associated to higher post-tax wages

and hence higher consumption).
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Regarding allocation, we have:

1 w(xw)?®
“CTITB 1+ (130)
1—(1-p)rk ¢
¢y = (1+§)T wl(frw; . (131)

Finally, a condition for the 75 > 0-equilibrium to exist is ¢, > 0, or equivalently, using (128)
that the solution of (129) must verify:

(1+ 1+ Bt < 1. (132)

C.4 Characterization of positive public debt

The financial market clearing condition (36) implies using (102) and the definition of w:

I3 l—TLF K)

T — —

B:(wa(l—kﬂl—kgo L

which is positive iff: % 11__:; > %L% Using FOC (190) and the definitions of F' and g;, we can

simplify F%% and obtain that B > 0 iff:

1 1
S +pl+8_

— . 1
I —al_ 691 (133)
Using the expression (129) of 77, we get an equivalent condition to (133):
L—¢ —
gFB(]-_T ) <gpos>
_ 1+p _
where: g5 = m(l +2¢)(—7)- (134)

C.5 Non-existence of the 7 = 0-equilibrium

We prove here that, at the steady state, the equilibrium featuring full risk-sharing and 75 = 0
does not exist. More precisely, we show that it is always dominated by the equilibrium featuring
binding credit constraint and 7% > 0 (Sections C.1 and C.3). We recall that the O-subscript
relates to the equilibrium with 7% = 0, and no subscript to the equilibrium with 7% > 0. The
proof is split into two parts: (i) when the 7, > 0-equilibrium exists, i.e., when condition (132)
holds (Section C.5.2); and (ii) when the 75 > 0-equilibrium does not exist, i.e., when condition
(132) does not holds (Section C.5.3).
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C.5.1 Characterization of the 7 = 0-equilibrium

We focus on the full insurance equilibrium with zero capital tax. We use a 0 subscript to denote

quantities in this case: T({( = 0. With the same steps as in Section B, we have:

woy = (1—TL)U)FB, (135)
Ko=(1—-15%Kpp, (136)
Yo = (1 —75)%Yep, (137)

Governmental budget constraint (37) becomes:

B B
By = 1 ﬁG+ T 57'0L(1 - T()L)‘prB(XwFB)‘p.
1+1
1 "e,0

) and financial market clearing (i.e., Ao = Ko + Bp)

Perfect risk sharing (i.e., ¢y0 = ce0 — Ty
©

imply (as in (96) and (96)), after proper substitution:

B wre(xwrp)¥ Lyotl
_ — 1— ot 138
Ge,0 Gy, 0 1+ 6 90+ 1 ( TO) ) ( )
p
Oy, 0 + Aeo = (1 — TL)C'OKFB — 1 ?/BG + 1= BTOL(l — TOL)(’DUJFB(XZUFB)(’D. (139)
We deduce by combination of the two previous equations:
©
Y00 = (1= )7 K — 2 = L rBOCrB) g gy

1-87 148 p+1

+ T ?/37-011(1 — T(f)“"wFB(XwFB)“".
Dividing by Yp of (137) and using notation (93)—(95) and (45), we obtain:
au,0 g . _ _Ly—p ( 1 1 1 ) L _
Yo—il—ﬁ(gl grB(1—79)"%) + 1—5+1+590+1 Bry (1 —a). (140)

We turn to the computation of a. . Using (138) and (139), we get:

2

e, 0u,0 B 1-a L
) :2 9 2 o
Y vy T peri )

implying that a.o > a0 for all values of T({: < 1. We compute the consumption level ¢, o from

individual budget constraint (34):

G n 2 1—-«
YFB 1+,8<,0+1

Q-8+ 21— )k — by, (141)

Cu,0 _
2u7:(1_70L)<p91 o+ 1

Yrp
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Computing the derivative of 2;;’; with respect to the labor tax 7¥ yields:

1 0 9 Cu0 (1-B)a

— _ _ L
o= o ep ~ 14 BG -1 0 <0 (142)

whenever 7& > 0. We deduce from the last inequality that ¢, o (and hence aggregate welfare

1
1
X 1+
of 7'({4 is chosen as small as possible for credit constraints to hold and hence such that a, o = 0.

From (140), 7& is the solution of:

since ¢y, 0 = Ce,0 — ) is decreasing with Td: . Since ae,p > ay,0 for all values of Td: , the value

L 1 gre(1 —1§)¢ -7,

To = 18 1 _
L e s l1-«a

(143)

In words, the planner chooses the lowest possible labor tax to reduce distortions. Finally,

regarding allocation, we compute:

1+1
-1 lo+ /e 1 wo(xwo)?

1+1/p 148 1+¢

Cu0 = Ce,0 = X (144)
Laffer curve. Equation (143) admits 0, 1 or 2 solutions, and reflects some form of Laffer
curve. The case with zero solution appears when no equilibrium exists: the public spending G is
too high to be financed and no level of labor tax allows the governmental budget to hold. The
case with 2 solutions is the standard case when the equilibrium exists: it features either a low
tax/high labor supply or a high tax/low labor supply combination. The planner (since inequality
(142) holds) unambiguously opts for the lowest tax. Finally the 1-solution case is a limit case

that only occurs for a unique value of public spending.

C.5.2 Case where the 7, > 0-equilibrium exists

We will show that the allocations of the 75 = 0 and 7% > 0 equilibria are the outcomes of two
optimization programs, where the first one is identical to the other one, up to an additional
constraint.

The proof rely on the expression of the problem, for which bot cases 7% > 0 and 7% = 0 can
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be solution. More formally, we consider the following program:

I w (th)@
t t
(B i) ZB (HB 10g<1+6 o +1 )HOg(ﬁRt)) (145)
B wea(ywe)? o
G+ B+ (Rt 1) 143 1+g + wt(xwt) = B; (146)
B wi—1(xwi-1)¥
F — By ®
+ (1+B 1+SD t 17(th) )7
Ri>1+7 (147)

where the interest rate 7 in the constraint (147) is taken as exogenous with 7y = F ;. We now
show that the previous program has the desired properties.

We start with the case 7% = 0. Denoting by 8‘u; the Lagrange multiplier associated to
the constraint (146), the maximization with respect to By yields: py = S(1 + Fi 41)pte+1,0r at
the steady state: S(1 + Fx) = 1.The constraint (146) implies then at the steady state, using
(92)-(95) that the labor tax, denoted 7} verifies:

1-8 1 . 9gFB
(1- )<1+1+51+<p> 0= A4y Iv (148)

which is the equation as (143) for 7&. Since the planner will also choose the lowest solution to
(148), we deduce that 7} = 7. Consumption levels then mechanically verify equation (144),
which proves that the steady-state equilibrium with 7% = 0 is a steady-state solution of the
program (145)-(146) where we impose 7/* = 0 at all dates.

We now turn to the unconstrained case (7% # 0). In that case, the FOCs of the program

(145)—(146), with respect to By, Ry, and wy, respectively are:

pt = 181+ Fre ),

B w1 (xwi—1)¥
1+3 I+

1= Ry

i

W — & ((QO + 1)wt(th)¢ — (,OFLJg(th)(P)
Wy W
+ 'Bl::l (Riy1 —1— FK,t+1)1_|_ﬁﬁwt(th)w-
At the steady-state, we obtain:
1=B(1+ Fk), (149)
_p, B whw)?
1= 1+8 1+¢’ 150
W:(¢+l)w—¢FL+B(R—1—FK) (151)

p(xw)? 1+8"
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With (149) and (150), equation (151) yields, after some manipulation that taxes 7% and 7 verify:

o pitB T
1-p1—7
which is the same relationship as (128) for 75. As we did in the constrained case, the constraint
(146) of the program at the steady state yields for 7! the same definition as equation (129) for 7.
We deduce that 7/ = 7% and #¥ = 75 when 7% satisfies condition (132). Consumption levels
(130) and (131) then easily follow. It is also easy to check that 7/, 7% > 0.
We therefore deduce that the allocation with 75 = 0 is the solution of a constrained program

and is hence dominated by the allocation 7, # 0 — when ever the later exist.!?

C.5.3 Case where the 7; > 0-equilibrium does not exist

For the sake of completeness, we now show that an equilibrium with 7% = 0 does not exist even
when the equilibrium where 75 > 0 does not exist. Assume now that the solution of (129) does
not verify condition (132). We will show that in that case the 7, = 0-equilibrium does not exist
either.

To do so, we focus on the limit case when condition (132) does not hold, implying that the

solution, denoted 7%, to (129) is:
Tl = _ .
14+ (1+B)e

The argument easily extends to any value 7% > 7L (see explanation after equation (154)).

(152)

Equation (129) implies that it corresponds to a public spending grp o verifying:

- 1-p 1 @ _
1-7h)y?=(1-a)(1l L+ 153
grmall =) = (1=a) (1+ 55 o+ 1o ) 4 (153

To show that the 7, = 0-equilibrium does not exist, we show that there is no solution to (143),

and more precisely that, for all T({::

L greo(l—14)"% —7q

7-0 < 1-8 1 .
(1 — Oé) (1 + mm)

Note that the argument we develop would easily extend to any solution 77 to (129), such

(154)

that 77 > 7. Indeed, these cases would imply public spending levels higher than gp B,0- The
equilibrium non-existence would then be implied by inequality (154).

To show that inequality (154), notice that 7o € (—00,1) = grpo(l — &)™ — g, — (1 —

12Note that the argument could not be applied right away from the initial program formulation of Section
3 because with 7, # 0, the constraint a,,; = 0 was binding — which is not present anymore with the modified
program (145)—(146).
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«) (1 + }Jfr—ﬁ#> & is convex admits a global minimum denoted T[)[:min, defined as:

B 1+e

L #9r 50 o

1- T0,min = 1 (155)
(1-a) (1+ 155 15)
To prove inequality (154), we only need to show that:
A >0, (156)
1—7k )¢ _—73

where: A = g0 0 mm) g T&min. (157)

(1-a) (1+ 5 )

Using (155), the expression (157) of A becomes:

1

1 B
A=t +1) ( gogFBf_ﬂ - ) - 91 -1 (158)
(1—04)(14‘@@) (1—a)<1+1+61+¢)
The definition (153) of grp o implies:
PIFB,0
1
(1—a) (1+ 155 15)
)L Tm =1
_ (1 _ TT%-L)LP—H ( (PTLL N 90(1 Oé) T+o 1-7L n Pa17= L ) 7
L=t -a)(1+15)  (-o)(1+1555)

1 %) Sogll L
= (1 — rkyett f
(1=77) <1+6+(1+ﬁ)<1+so)+1—ﬁ+(1—a>(1+1+§1i¢))’

where the second inequality comes from the definition (152) of 7.%. Plugging this value into (158)

yields:
1
1+(14+B)p— e+
_ (1+8)(e+1) 2(1+ (1 +B)y) n s - (159)
L+(1+8)p \L+A+AA+9)+1-8)  (1-a) (1+55.L)
B 91 1
(1-a) (1+ )
: _ I R
n (159), A can be seen as a function of §; = e )(Hlngm) defined on (— 907 T1=5" 00).

It is straightforward to check that this function is concave, admits a unique maximum equal

145 - , —2p(148 -
W > 0 that is reached in §} = 757755, )(((f(+,3)ﬂ)+g0)+1*,3)' Thus, there exist two

(mathematical) bounds denoted §i"f < gi < §"P, such that A(g1) > 0 iff g1 € (31", 57"P). The

~max d

to

rest of the proof consists in finding two economical bounds on §;, denoted by §™™* and g}
to prove that A(g") > 0 and A(g{*) > 0. We can then deduce from the properties of the
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function A that A(g;) > 0 for all economically acceptable g;.

Lower bound on §;. The definition (99) of g, = % 1//3-%5—1 — %;‘T‘i‘ readily implies:
yl _ 1- ﬂ __ ~min
T S () s gy R L

From (159), we deduce:

i (1+58)(1+ ) I =
A(g7 )Z(1+/3)(1+<p)+1—,8<<1+1+(1+ﬁ)80) 1>7

>0,

where the second inequality is a direct implication of 8 € (0,1) and ¢ > 0.

Upper bound on §;. The upper bound on g; is less straightforward. Equation (153) — seen
as an equation in T# for a given grpo — admits one or two roots (since by construction the
no-root case is excluded). To guarantee that the smallest solution is chosen, the derivative of the
T (1—a) (1 + %ﬁ + ﬁ) T+ 91 — grpo(l — 7)7% must be positive in 7% (the function
being concave, it has to intercept 0 before it reaches its maximum). Or equivalently:

(ngBp(l — 7_#1),9071 < (1 — a) (1 + 1-4 1 L4 ) .

1+814+¢ 1+¢

Using the definition (153) of grp,o, we obtain that this condition is equivalent to:
gl < 25 — ginax.
(1—a)(1+1550) - A+AL+e)+1-5
From (159), we obtain, after some manipulations:

# z(1+8)(1+¢) ((1+ 1+(1+so(1+6))) _1> By

whose left-handside can be seen as a function of % (that lies in (0,1)). We denote:

1
Acze(0,1)- (1+8)(p+1) (1 +2)77 1) - bz
Using a second-order Taylor development, we have for x € (0,1):

Al@) o, ¢ 145
r p+1 2

z >0,
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where the second inequality comes from x < 1, 5 < 1, and ¢ > 0. This implies A(g"**) > 0 and

concludes the proof.

C.6 A non-interior steady-state equilibrium

Here we investigate the case when (129) admits a solution, but when this solution does not verify
condition (132). We have:

(1= (1 +9(1+ BN (1= )2 () = (14 B)(1 + ), (160)
Pl 1
pe B+ Frp)'
(1+8)(1+¢)

(161)

(14 (1 = ) From( = 1) e i (xr-1)? = 3 (162)
Equation (160) implies that for all ¢:
L
7 < — .
P T 14014 8)
In particular, 75 = limy_,o 7 < m. From (160), we also understand that there are

possibly non-interior steady states, featuring lim; p; = oo or limy w; = co.

First case: limw; = w* < oo.
— The case w* = 0 is not possible. Otherwise there are no resources to pay G.
— Assume that lim y; = 0o, then equation (160) implies lim; 7 = (1+ (14 8))~!. Equation

(162) then yields lim;(1 + (1 — 7/)Fk ;) = lim; R; = 0.

Second case: lim; w; = oo. We thus have lim; @ = co. We also have from factor price

definitions:

1
~ X(l B a) e 1+a<pcx
e () R

which yields lim K; = oo and lim, (i(;;)lw = oo. We deduce lim; Fix; = —6. We then deduce

limy gy = oo, limy 7 = (1 + (1 + )71, and lim; R; = 0.

These two non-stationary equilibria feature lim; y; = co and lim; R; = 0.
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D Model dynamics in the presence of aggregate shocks

D.1 Model linearization

Defining;:
__1 B
S l+el+p
FOCs (108) and (109) and governmental budget constraint (105) become:

pe = B(1+ OZZtHK?_lX(l_a)(pw&Ia)(p — ) ity 1,
2 (1 — a) K (ewy) P,
®

0=1— ppwi(xw)? (1 —6)+ 1

1
Kf‘,l(xwt)“’(ka) =G+ K —(1-0)Ki—1 + ,17 + (1 = O)we(xwy)?.
t

(163)

(164)
(165)

(166)

We deduce R; from 1 = Ryp@w;—1(xwi—1)¥ (i.e., FOC (110)) and By from B; = Qw;(xwy)? — Ky

(i.e., financial market clearing).

We denote by a hat the proportional deviation to the steady state value. Formally, for

a generic variable x: T = #-%

manipulation:

fit — Eifirgr = (1= B(1 = 0))(Zeg1 + (a — DK, + (1 — ) pByibrs1),
0=—aK; 1+ (A= D+ (g + 1)(A—1) + 1+ pa)iy,

(IAQ - 5_17(1671) —(A- 1)<P1 —

I+

o~

0=+Ge+ [

Yy ' T T (1)
+(A=1)p(1 - a)a,

where 71 is defined in (129) and where:

A:(1+(p ! Y1 —78) > 1,

(1+5)

where the inequality comes from condition (132) for the existence of the equilibrium.

D.2 Public debt spending shock

In the remainder, we will focus on full capital depreciation: § = 1.

Dynamic system. In that case, we can show that, when setting:
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. The linearization of equations (164)—(166) yield after some

(167)
(168)

(169)

(170)



1+@)(A-1)+1+4ap

" (Itap)d

B (1+¢)(A-1)+1
t“—(l—O[) (1+Oé§0)A 5

_1-a © (1+¢)(A-1)
KT8 (A_1)1+<p(1+(1+¢)(A—1)+1+<pa>’
, 1 (14 @a)A

KT B0+ (A-1)+1+¢a’

G

SK _Ctﬂiy’

we obtain from (167)—-(169):

Ey [figy1] = rufie + tuff(\t,
E =T + th/(\t—1 + SKét;

where the dynamics of Gy is given by:

@t = pgét_l + o0Geg.t,
where: g ~1p N(0,1),

and og > 0 and pg € (—1,1).

(171)
(172)
(173)
(174)

(175)

(176)
(177)

(178)

Since A > 1, it can be checked that the coefficients tx, rg,t, are positive, while r, > 1.

Deriving a simplified dynamic system. We look for coefficients coefficients px, ok, pu,

oy, such that:

[/{\t = pKf{\t—l + O'Két
fiy = Puk\t—l + Uuét

Combining (176)—(177) yields:

EiKi1 = (K — te Ky 1 — sxGy) + rict Ki + t Ky + sxpaGh
= —thKf(\t,l — sKr#CA?t + (rty+ry+ tK)f(\t + stgét

~

B Ky — (tK +ry+ TKtu)k\t + TutKKt—l = (SKPG — TMSK)Gt.

Using (179), we obtain that px must verify solve the following equation:
Pk — (tx + ru+rrty)pr +rute =0,
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(179)
(180)

(181)



whose discriminant is:
D = (tK +ry+ TKt#)Q — 47‘#15](. (182)

Since tx,ru, i, ty > 0, we have D > (tx +1,)% — drytx = (tx — ru)? > 0, where the strict

inequality comes from tx = ﬁ > 0. Equation (181) thus admits two distinct roots, which are:

tk +ru+rrty+VD
2

_tK—FTM—i-TKtM—\/E

and pg 2 5

pK,l = (183)

Since (tx + ru+ 7“;(25”)2 > D > 0, we deduce that 0 < pg 2 < pg,1. Furthermore, we can check
that a necessary and sufficient condition for the equilibrium to be stable is:

1
R S Gy

<1, (184)

where the second inequality comes from 5 € (0,1). Note that a sufficient condition for the

stability is g; < 0 — which is equivalent to a < y and hence implies (184).

1
1+(1+8)(1+¢
Let us prove it. The condition px 2 < 1 is equivalent to J :=tx +r, +rgt, —rutx —1>0.

Using equations (171)-(174), we can show that:

:7]0 = (BL+¢)(A—1)+ (1 +ap)(8— A))

1-«
+m((1+gp)(A—1)+1)(2(1+¢)(A_1)+1+S0a)7
p(1—a)(A-1)
B(l+ap)A((L+@)(A—1)+1+¢a)

where: Jy =
Since A > 1, Jy > 0 and the sign of J is the one of:

Bl+)A-1)+ 1 +ap)(f-1-(A-1)+

1-«
——((14+)(A-1)+1)2A+p)(A-1)+ 1+ pa),
Q(H@(( PIA-1)+1) 21+ ¢)(A-1) pa)
which can be seen as a quadratic polynomial in A — 1, that we denote P(:). After some
rearrangement, we obtain:
14 ap
1+

FA-1) (-1= B+ )+ T 2L+ ap) )

P(A-1) =

Q-+ + )

+(A- 1)21?70‘2(1 + ).

A necessary condition for P(A—1) > 0 for all A > 1is P(0) > 0. However, P(0) > 0= P’(0) > 0
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(since 8 € (0,1)). So, since P”(0) > 0, P(0) > 0 is a necessary and sufficient condition for
P(A—1) > 0for A > 1. The condition P(0) > 0 is equivalent to condition (184), which concludes
the proof regarding equilibrium stability.

Stability and characterization of the system (179)—(180). The Blanchard-Kahn condi-
tions involve checking that px < 1.

Since 0 < px 2 < px,1 and pg2pr1 = B~1 > 1, we must have pr,1 > 1, which imposes that
pr = pK,2. The stability Blanchard-Kahn condition requires pg 2 < 1. Note that in the limit
case when the equilibrium does not exist (i.e., condition (132) holds with equality), and which
corresponds to A = 1, it is straightforward to check that px 2 = 1 and that the dynamic system
is not stable.

To characterize further the dynamic system (179)—(180), we deduce from (176)—(177) that p,
is connected through pg with:

(ru = P )Pp = —tupk- (185)

Since r, > 1, t, > 0, and px € (0,1), we deduce that p, < 0.
Regarding parameters o and o, we have from (176)-(177):

OK =TKOyu + 8K, (186)
Tuoy = (pp — tw)oK + oupa. (187)

Equation (187) implies:
(ru = pa)op = (pu — ty)ok- (188)

Using r, > 1 > pg and (185) implying that p, —t, = rupu/pr < 0, we deduce that o, and ox
have opposite signs. Using rx > 0 and sx < 0 in equation (186), we deduce that o, > 0 > ok.

The role of the shock persistence pg. Combining (186) and (187) yields:

(ru+ (tp = pu)r)on = (pu — tu)sk + oupa,

which yields, by the implicit function theorem:

oo
(= 06+ (1 = ) S =,
dpa

since only 0, (and o) depend on pg. Since r, > 1> pg, and o, t,, rx > 0> p,, we deduce

using the previous equation and (186) that:
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Dynamic of the capital stock. By induction we can then prove that the dynamics (178)
and (179) of Gy and K, can be written as:

A t
Gy = PGOGEG,0,

. gl il
K
K =ogog—< £G,0
PG — PK

where by assumption we have Ki1=G_1=0 (no deviation from the steady state).
Let define:

PK—PG

(41 41
oo P —Pa_if pg # pa,
(t+1)pe  if px = pa,
with ¢(0) =1, ¢(c0) = 0, and:

(px — pa)¢' () = n(pr )Pt — n(pe) ol

We have ¢/ (t,,,) = 0 iff:

In(pc)—In(pk)

In(=In(px))-In(=In(pc)) < o it
tm+1:{ lpK?épGa
In(pg)

It is direct to check that ¢'(t) > 0 iff ¢ < t,,,. The capital response is procyclical (it has the sign
of éo). When Go > 0, capital increases until date t,, before decreasing and converging back to
its steady-state value.

We now investigate the impact of pg on t,,. Defining r¢ := —In(pg) and rg = —In(pg),

we obtain:
Otm e — (In(rg) — In(ry))

— if .
Ore o — )2 if px # pa

By Taylor-Lagrange theorem, there exists r € (rx,rqg), such that:

_ o 2
In(ri) — In(rg) = K —"6 _ K —r6)”

ra 272
from which we deduce:
_(rK—;c;)?
gtm: (,,G_Qi;K)g<O if px # pc,
G _% <0 lpr:va

So t,,, decreases with r¢ and increases with pg: the more persistent pg, the longer the impact of
capital dynamics.
We now study the impact of pg on the ¢(t,,), the maximal value of ¢ (which corresponds to

the maximal variation of capital stock following the public spending shock.
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_In(rg)-hn(rg) - _In(rg)—In(rg) |
e TG-TK K_¢ TG-TK G

¢(tm) — eerief'rG lf pK # pG’

’I“C:le*rc(TC_v'l*l) >0 if px = pa,

We focus on the case where px # pg and px < 1. Note that we have:

1
tm) — e
(;5( m) pa—1 1_— oK
and
()7 — (58) 75w
¢(tm) =< -
e"TK —e7TC
(7Z) (72)
B e_T'K(l — e_"'K("'G/TK_l))
We define x := rg/rg — 1, such that :—IC; =1+u, TGT_KTK = rg/rlK—l = %, and TGT_GTK =1+ %,
_1 1,
and we define f(z) := @(t,,) = T UED T guch that:
In(1+x) —TKT —TKT
Tt (1—e ) — xrie
(]‘ + x)z f ('I) - = (1 _ 67”{%)2
Note that: (1 )
Ly n(l+=z
(L4 )= f () ~em ok 1

which is negative whenever x is sufficiently close to —1. In other words, f decreases with

x =rg/rkg — 1, and hence increases with pg.

Dynamic of public debt. Regarding public debt, the financial market clearing implies that
B, = -8 Xx* wtl ¥ _ K, and thus that the dynamics is given by:

T+8 1+¢
Bét = iXQ'DU)I—HD’&)} — Kf(\t
1+
At impact (¢ = 0), we have:
~ B i A-1 )
BBy = - Pt +oxK € 189
0 (1+5X @+ D)(A—1)+1+pa’n " 7KE)oGC0 (189)

As a consequence, if the public debt is positive at the steady state (B > 0 equivalent to g; < 0 —
see Section C.4, then for a positive initial shock, eg g > 0, %’T’; > 0 implies % < 0. The higher
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the shock persistence, the variation of public debt at impact decreases.

Using (188) with (189) and FOC (190) to simplify - Ir; into f— we obtain:

BEO — _O_MO_G(XU))@FL < ﬁ (]- — TL)(A — 1) Tu — PG ﬂa ) o,

148+ 1D)A-1)+1+pa  p,—t,1—a
and finally using the relationship (170) between A and 1 — 7%

=5 ouog(xw)?FLp © A(A = 1)(py — tp) - o
R <1+¢(1+B)(¢+1)(A—1)+1+<pa+(T“ Pa)T—

1
a)qu, (190)

Even if public debt is positive at the steady state (B > 0), the sign of Bg is ambiguous, since
pu — tu < 0. It is the same for the quantity between brackets in (190) that can be positive or
negative, depending in particular on the magnitude of the persistence pg of the public spending

shock. We illustrate it below in a particular tractable case.

E The Ramsey program on the truncated model

E.1 Formulation

We define the set of ({Z}\?)yw such that:

,0
> u(er(y')) = &g ¥ oy,
Y EVH (Wi yyp W)=y Y EVH|(Yl_ oy pryh)=yN

or compactly:

E0u(eryv) = S ulcf).

yN
Similarly, we define (5;}\9) (5“ H, (ET ), and ({y ) such that:

Enollyyn) ==Y o(lp),

N

ul/
fzvu CryN) Zu ),

Ev D (lyyw)' 7T = 2(12)17”7
N

yN

ffsle (lty ) = Ttwté;—N(lt,yNny)Ttéle( (Cty )/lty )-
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The Ramsey problem can then be written as:

max Eo
(7}71Dt7ft,Tf(,Tt,ﬂt,l3t,l{i,llt,IIt,(a§7Ci7l§7Vf)¢)

Z Bt Z St,yNwl%: (ggjeu(ct,yl\’) - gz}gv(lt,yl\’))] )
t=0 yv

t>0

Gy + T+ (1 +7r4)By1 + 71 K1 + wtfzw > (L yvyyn ) (di) = F(Ki_1, Ly, z) + By,
yN

for all y™¥ € V: yCrygN QN = wtfé’]\, Ly yyn )™ + (L +1e)ag v + Tty

at’yN Z _El, Vt,yN (at7yN + &) — 0, Vt,yN Z 0,

E E
5;;]7\] u,(ct’yN) = /BEt |: Z Ht’yNgNgg}v U,(Ct_;’_l’gN)(l + rt+1) + Vt,yN7
gNeyN

71 — 71
fZSN U/(lt,yN) = Ttwtfizv (lt,yNny)TtggN (U/(Ct,yN)/lt,yN)a

_ _ i
Ki+Br=) Syynag,y, Li=) StyN Y ynleyn -
y yN

E.2 Factorization

We now factorize the Ramsey problem of Section E.1. We define:

J =Eq i gy {St,yN ((wyNgg;Su(ct,yN) - g;ﬁy(ztvylv))
t=0

yNey

- 1
— (Ac,t,yN - )‘c,t,yN (1 + Tt)) é-;LN UC(Ctnya lt,yN))’
—1 71
- Al,t,yN (v/at,yN) - Ttwt(yt,yN)TtgzN (lt,yN)Tt gsz u/(ct,yN))] :
The Ramsey program becomes maximizing J subject to the following constraints:

Gt + T;‘/ + (1 + T‘t)Btfl + T‘thfl + U)tf;v Z(Zt7yNny)Tt€(d’L.) = F(thl, Lt, Zt) + Bt
yN

for all y™¥ € : s CoyN + N = wtsz(lt’yNny)Tt + (1 +7)ay v + Tt

agyn > —a, vyn(ag,n +a) =0, v~ >0,

%
Ko+ By =3 Spynargns Li =3 Syym vl
yN yN

E.3 FOCs of the planner

Before expressing the FOCs of the Ramsey program, we define:

~ 0
wt,yN = wnygN u/(cth) - Mt

E X B N —1pu,l
- (Ac,t,yNggN - (1 + Tt)Ac,t,yNSSN - Al,t,yNézN TtWy (yo )Tt lz:tyN §ZN> u//(ct,yN)'
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The two Euler equations can be written as follows:

E E
f:j\, u/(Ctny) = ﬁEt{ Z HtijgN%LN u/(ctﬂ,gzv)(l + 1) |+ vy,
v,1

Nl
5t sNU (lt N N) = Ttwtf;N (lt,le/yN)thZN (ul(ct,yN)/lt,yN)
while the constraints of the Ramsey program become:

By + K& L =G+ T+ (1= 8)By_1 + (1 + 6) Ay 1
+ wy Z St,yNEZN (ny lt,yN)Tt7

yN EyN
A 1 S A Il
t»yN - S N Z tfl’gN t,LgN tvgN»yN’
t,y gNeyN
— Tt ~
Cpyn +ap v = we(ly  ny,n)™ + (1 + rt)at7y1v + T3,

St-1,5

t—
N > 0 and a/t yN = Z Hy yNt S at—l,gN'

NEyN

The FOCs of the Ramsey program can finally be written as follows:

Py v = BBy [(1 tripn) Y. T yvgnthgn

if v,y =0 and A\, v = 0 otherwise,

1 0/ v,1 1
1 (wynE N0 (L) + Ay 8§ R0 (T v )
Ttwtgng (yév)ﬁl;t P A VY Y

1
- )‘l,t,yN (Tt - 1)§;LN( (Ct N )/lt N )
Y
TEwi) N (y(])V)Tt_lltTfyizvlLt’

A N ~ E
0= Z SyN (’(ZJt7yNat7yN + )‘C,t,yNésN U/(Ct7yN)) ,

VeyN =

— (1l —a)

yNey

0= Z SyNg;—N (lt,yNny)Tt (@th,yN + Al,t,yNTtg;Lj\}(u/(ct,yN)/lt,yN)) ’
yNey

0 == Z SyNI&t,yN7
yNey

Y;
e = PE | per1 (1 +Oé;{7+1 - 5)} ;
t

0= E: SQNALanyyN(QyNny)nfgﬁ( (Cty )/Qy )

yNey
+ 30 Syn (Do + Mgy € (W (o) [l ) ) I (L vy ) € (v )™

yNey
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