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Abstract

This paper studies the “common prior” assumption and its implications when agents
have differential information and rational preferences beyond subjective expected utility
(SEU). We characterize the class of consequentialist interim preferences that are dynam-
ically consistent with respect to the same ex-ante preference in terms of common limits
of higher-order expectations. We then relax common dynamic consistency by either al-
lowing for non neutral attitudes towards the timing of resolution of uncertainty or by
letting the agents only share benchmark beliefs with potentially heterogeneous prefer-
ences for uncertainty. Within this framework, we characterize the properties of equilibria
of coordination games (e.g., financial beauty contests) in terms of the agents’ private infor-
mation, coordination motives, and attitudes toward uncertainty. When the agents share
the same benchmark probabilistic model, high-coordination motives completely wash out
their aversion to misspecification, producing outcomes that are indistinguishable from the

ones obtained under SEU.
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1 Introduction

The common prior assumption is one of the most used and debated concepts in economic the-
ory.! It captures the idea of mutual ex-ante agreement about a probabilistic model describing
some aspect of the world. When paired with expected-utility maximization, it gives rise to
correlated equilibrium, that is, arguably the plainest extension of the concept of Bayesian ra-
tionality of de Finetti [16] and Savage [61] from a single decision maker to a group of interacting
agents (cf. Aumann [5] and Nau and McCardle [58]). However, systematic departures from
subjective expected utility (SEU), such as the ones highlighted by the Ellsberg paradox, are at
the same time normatively convincing and robust experimental findings. Notably, these depar-
tures are consistent with the rationality of decision makers that acknowledge their ambiguity
(or “Knightian uncertainty”, see Gilboa and Marinacci [31]) about an objective probabilistic
model and have nonneutral attitudes toward it. Therefore, it is natural to wonder whether the
ex-ante mutual agreement can be expressed independently of agents’ attitudes toward ambi-
guity. More importantly, we wonder what the implications for the agents’ interim preferences
and behavior of this mutual agreement are.

This paper addresses these questions by first formalizing increasing degrees of mutual ex-
ante agreement among agents with differential information and general rational preferences
(cf. Cerreia-Vioglio et al. [11]) such as SEU, maxmin expected utility, Choquet expected
utility (CEU), variational preferences, and, in general, uncertainty averse preferences. More
concretely, we impose restrictions on the agents’ interim preferences that guarantee the existence

2 Next, we show

of a single ex-ante preference that is jointly “consistent” for all the agents.
that, as for the baseline SEU case, all these restrictions can be fully characterized by properties
of the higher-order interim preferences of the agents. In turn, this directly allows us to study
the implications of ex-ante agreement for strategic reasoning and market behavior, which we
address in the second and third leg of the paper, respectively.

Toward this goal, we next embed rational preferences in standard coordination games (e.g.,
beauty contests and price competition). We derive a complete characterization of equilibrium
behavior in the high-coordination limit in terms of the agents’ higher-order preferences without
any ex-ante agreement restriction. However, when we also impose the forms of ex-ante agree-
ment studied before, we find a striking result: the strong desire for coordination combined with
ex-ante agreement considerably tame the nonneutral attitudes toward uncertainty and, in some
critical cases, the limit equilibrium behavior is indistinguishable from the ones obtained under
SEU. Finally, we provide necessary and sufficient conditions for ex-ante agreement in terms of

no trade, highlighting a gap specific to non-SEU preferences.

1See, for example, Morris [56] and Bonanno and Nehring [8] for complete discussions on the foundation and
the role of the common prior assumption in economics.
2The exact definition of “consistent” will specify the degree of the ex-ante agreement among agents.



Common ex-ante preferences and beyond First, we say that there exists a common ez-
ante preference if the conditional preferences of all the agents are dynamically consistent with
respect to the same unconditional preference.® In other words, we weaken the assumption of
mutual agreement about an objective probabilistic model to that of mutual dynamic consis-
tency with respect to a common ex-ante rational preference. The interpretation is that before
observing their private information, the agents share the same perceived ambiguity about the
probabilistic model and the same attitude toward it. Then, in the interim stage, the agents’
preferences may differ, but only insofar the nature of their private information was different.
Therefore, mutual dynamic consistency imposes restrictions between periods for each individ-
ual and restrictions across all individuals. As we show, this has non-trivial implications for the
ambiguity that the agents perceive interim, their ambiguity attitudes, their betting/trading
behavior in markets, or in general, their strategic behavior when interacting in games.

We provide a characterization of the existence of a common ex-ante preference that purely
concerns the interim preferences of the agents. There is a common ex-ante preference if and
only if all the interim higher-order (generalized) expectations of the agents converge to the same
limit, which coincides with the common ex-ante preference. This result greatly generalizes the
characterization of the common prior assumption in Samet [62], also highlighting that it is
the invariance property of dynamic consistency that allows us to characterize mutual ex-ante
agreement in terms of interim higher-order beliefs. Moreover, this characterization gives us a
way to construct the implied common ex-ante preference of the agents.

Next, we altogether remove any pure dynamic-consistency restriction on the interim pref-
erences. In this case, we can still define two extreme ex-ante preferences that are consistent
if we allow for (minimal degrees) of aversion and attraction for later resolution of uncertainty.
Similar to before, these ex-ante preferences are characterized via the extreme limits of higher-
order expectations of the agents. This generalization is essential for applying our results to
well-known updating rules that do not always induce dynamically consistent preferences (e.g.,
full Bayesian updating and proxy updating for maxmin preferences).

Finally, for the case of variational preferences, we consider an intermediate form of mutual
consistency where the agents only share some ex-ante benchmark probabilistic models, but their
interim preferences are otherwise unrelated. The existence of this mild form of ex-ante agree-
ment naturally induces a common ex-ante preference that can be ranked with the unrestricted
extreme ex-ante preferences defined above in terms of comparative uncertainty aversion. This
further generalization allows us to consider coordination and market models where the agents
share a common perception of the uncertain data-generating process(es) they face but have a

heterogeneous level of confidence in it.

3Importantly, the information structures of the agents are fixed throughout the entire analysis. Therefore,
the assumption of dynamic consistency concerning only a fixed information structure is weak enough to include

a much richer set of preferences than SEU.



Coordination and ambiguity We next move to the implications of the assumptions on
ex-ante agreement for variational preferences. We first consider an application of our result
to network beauty contests in asset markets under incomplete information. Here, we show
that, without further restrictions than a full-support assumption on interim preferences and
connectedness of the network structure, the price dispersion in the unique equilibrium van-
ishes as coordination becomes more and more important. Notably, we provide bounds on the
equilibrium price dispersion that only depends on the joint connectivity of the network and
information structure.

Next, we analyze the unique equilibrium price in the limit for strong coordination motives.
In general, this limit is characterized by a worst-case weighted average of the benchmark interim
expectations of the agent. With this result, we can already see that a significant part of the
ambiguity aversion of the agents disappears in the limit equilibrium. Moreover, we can provide
meaningful bounds on the limit evaluation of the asset in terms of the ex-ante preferences
studied before, thereby assessing the price effect of interim information.

Our theorem implies that whenever the agents share the same unique ex-ante benchmark
probability model, the limit equilibrium price collapses to the expectation of the value of an asset
for this unique benchmark. This establishes an important irrelevance result: as coordination
motives prevail, the limit price is unaffected by ambiguity aversion, the information structure,
or the information structure.*

In addition, if a common ex-ante preference exists, then the limit price can lie strictly above
the ex-ante preference, pointing out a key difference with the limit result under SEU of Golub
and Morris [35]. However, this wedge can only obtain if the agents are ambiguous with respect
to each other information structure. Indeed, when agents are unambiguous about the aggregate
information, the standard limit equivalence of the SEU case is restored. Notably, in this case,
agents might still perceive ambiguity about the fundamental, and their full-coordination limit
price decreases in their ambiguity aversion.

The previous results depend only on the best-response structure of the game. In particular,
we can derive the same best-response functions from different games with strong coordination
motives. An example is a coordination game where agents are firms that compete in producing

partially differentiated goods under incomplete information about the demand function.

No-trade implications Finally, we study the relation between the existence of a common ex-
ante preference and no-trade implications, which are usually used to characterize the common-
prior assumption under SEU (cf. Morris [55], Samet [63], Feinberg [25], Gizatulina and Hellman
[33]). There, we start with two interim expectations as primitive objects. We first show that

if two agents with those interim expectations are willing to trade the same asset in any state,

“The irrelevance of the latter two aspects was already established by [35] for a very similar class of beauty

contests.



they cannot be mutually dynamically consistent with respect to the same ex-ante preference.
As already established, the exact converse of this statement does not hold in general (cf. Dow
and Werlang [19]). However, the existence of a common prior is implied by the following
stronger no-trade condition. If there is no endowment economy with two large populations of
agents, each characterized by one of the primitive interim expectations, where trade can create
a Pareto gain in every state, then these interim expectations are consistent with respect to the

same ex-ante preference.

Related literature Our work lies at the intersection of several kinds of literature, including
decision theory, game theory, and information economics. Our first theorem generalizes to ra-
tional preferences the common-prior characterization of Samet [62]. This has been previously
extended to compact spaces of uncertainty in Hellman [42], and to more general payoff-relevant
spaces in Golub and Morris [34]. More generally, both Samet’s (for SEU) and our characteriza-
tion (for rational preferences) can be used to study the implication of mutual ex-ante agreement
of the agents. The support condition in Lipman [50] and the critical-path theorem in Kajii and
Morris [43] are two standard examples of implications of the common prior assumption. Our
work is a first step that provides the framework to obtain similar results in the more general
case of rational preferences. More recently, the existence of a common ex-ante preference for
non-ambiguity-neutral preferences but under both dynamic consistency and consequentialism
has been studied by Ellis [20]. This paper shows that if the agents’ information has a product
structure in addition to the previous properties, then their interim preferences cannot exhibit
violations of Savage’s sure-thing principle for acts that are measurable with respect to the
aggregate information.” The following facts nevertheless limit the implications of this critical
result for our analysis: i) We also consider and characterize weaker versions of common dynamic
consistency which allow for violations of Savage’s sure-thing principle ii) We never impose a
product structure for the information of the agents which in turn would rule out hard evidence
about the interim types of the opponents (e.g., the E-mail game has such hard evidence) iii) For
the class of games we consider in Section 4, even the residual ambiguity about the fundamental
state is relevant for the equilibrium outcomes iv) As we discuss more in detail in Section 6,
many of our results holds even without consequentialism.

Our applications generalize the standard beauty-contest settings in Shin and Williamson
[65], Allen et al. [1], or Golub and Morris [35] by allowing for ambiguity aversion and obtaining
notable equilibrium implications. More in general, our work proposes a viable theory for games
under incomplete information without SEU. For example, Epstein and Wang [23] introduce a

universal type space for a class of preferences very similar to the rational one analyzed in the

5More in detail, the agents’ information has a product structure if each interim type of each player cannot
rule out any interim type of the opponents. In [20], this property is implied by Assumption 3 (Full support)

which, in general, is not implied by our full-support assumption.



current paper. We improve on this work by characterizing, within this universal type space, the
collections of finite type spaces that admit some degree of ex ante mutual agreement. Relatedly,
we improve on the analysis of incomplete-information games under uncertainty of Kajii and
Ui [44] by considering variational preferences and deriving equilibrium properties for a specific
class of coordination games. Moreover, we focus here on simultaneous-move games rather than
analyzing the effect of ambiguity aversion in multistage-games such as Battigalli et al. [7], and
Hanany et al. [39] which in turn provide a very different set of results.

Our results in the last part of the paper are related and complementary to the extended
literature on no-trade results without SEU. On the one hand, Rigotti et al. [60] and Strzalecki
and Werner [69] study efficient allocations under ambiguity with public information, as opposed
to the private-information setting of the current paper. On the other hand, Kajii and Ui [45] and
[46], and Martins-da-Rocha [54] provide no-trade characterizations of the existence of common
ex-ante benchmark beliefs without analyzing the case of full mutual dynamic consistency as we
do in Section 5.

Finally, our work is related to the extended literature on updating non-SEU preferences
under (relaxations of) consequentialism and dynamic consistency as in Ghirardato [27], Pires
[59], Epstein and Schneider [22], Ghirardato et al. [29], Maccheroni et al. [53], Gumen and
Savochkin [37], Faro and Lefort [24], Bastianello et al. [6]. However, rather than deriving or
studying a given updating rule as in the aforementioned works, we take an interim approach
and derive the ex-ante preferences that are consistent with the given interim ones. In turn, this
allows us to connect our results to existing updating rules by comparing the prescribed ex-ante
preferences with the ones we obtain from the interim preferences, and obtain new insights for

their implications in strategic interactions.

2 Nonlinear conditional expectations

In this section, we introduce nonlinear conditional expectations. We do so, as the examples at
the end of this section will clarify, to move from a situation of risk, where probabilities are either
known or trusted by agents, to a situation of uncertainty where agents might entertain several
probability models (ambiguity) and/or might not trust them (misspecification aversion).

We start by recalling the usual notion of (linear) conditional expectation. This will set the
stage for discussing the generalization we consider in this paper and the formalization of our
main theoretical question: when the expectations of different agents can be seen as generated
by a common perception of uncertainty, but different sets of private information. As in Samet

[62], we consider a finite state space © endowed with the power set P (2).” We denote by A

6 Appendix E contains a simple axiomatic preferential foundation for linear and nonlinear conditional expec-
tations.
"Despite the finiteness of our setting, we maintain a more general notation. For instance, we keep the symbol



the set of all probabilities over €2. We let II denote a partition of €2, and for every w € (Q,
we let IT (w) denote the unique element of II that contains w. Finally, we endow R® with the

supnorm.

2.1 The linear case

Consider a probability ¢ € A and denote by E, : R? — R the functional

B, (/)= [ fin v eR.

If IT is a partition of €2, then a map p,, : 2 x P (£2) — [0, 1] is a regular conditional probability of
o given II if and only if: (i) For each w € ©Q the function p, (w,-) € A; (ii) For each F' € P ()
the function p,, (-, F') : 2 — [0, 1] is a version of the conditional probability of F' given II.

Since (2 is finite, any probability 1 on 2 admits a regular conditional probability p,. More-
over, the function V, : Q x R? — R, defined by

V, (w, f) :/fdpu (w,")  VYweQVfeR,
is a regular conditional expectation and has the following properties:

a. For each w € Q the functional V, (w,-) : R? — R is normalized, monotone, and linear;®

b. For each f € R® the function V,, (-, f) : @ — R is [I-measurable and satisfies

EM (f) = Eu (Vu ('7 f)) and VM (w, fln(w) + hln(w)C) = VM (w, f) Yw € Q,Vh € R (1)

In words, (1) contains two properties: the law of iterated expectations and the fact that the
support of the update of ;» must be contained in the cell of the partition which realized. Clearly,
from a preferential viewpoint, the functionals E, and V,, can be axiomatized as the conditional
representation of a subjective expected utility (SEU) decision maker who then satisfies dynamic

consistency and consequentialism.

2.2 The nonlinear case

Mimicking what we discussed above, we consider two functions V : R? — R and V : Q x R® —
R. In terms of interpretation, the functional V (f) is the unconditional expectation of f while

V' (-, f) describes its conditional expectation.

Definition 1. Let V : R® — R. We say that V is an ex-ante (generalized) expectation if and

only if V is normalized and monotone.

of integral in place of the one of sum.
8A functional 7 : R® — R is normalized if and only if T (klg) = k for all k € R.

6



This definition amounts to say that the preference 7~ represented by an ex-ante expectation
V is rational as in [11]. On the one hand, monotonicity is a conceptual (although mild)
requirement implying that the agents prefer larger monetary outcomes. On the other hand,
normalization requires that the representing V is the certainty equivalent for the preference.
Moreover, under normalization, the comparative notion of ambiguity aversion of Ghirardato
and Marinacci [30] is easily characterized: V is more ambiguity averse than V' if and only if
V (f) < V'(f) for all fe R

Definition 2. Let I be a partition of Q and V : Q x R® — R. We say that (V,1I) is an interim
(generalized) expectation if and only if for each w € € the functional V (w,-) : R® — R is
normalized, monotone, and continuous and for each f € R® the function V (-, f) : @ — R is

[I-measurable and satisfies
V (w, flne) + hluwy) =V (w, f)  Vw € QVf, h € R (2)

A generalized conditional expectation is a pair formed by an ex-ante (generalized) expec-
tation (i.e., the functional V) and an interim (generalized) expectation (i.e., the functional V/

paired with a partition IT) that are dynamically consistent.

Definition 3. Let V be an ex-ante expectation and (V,I1) be an interim expectation. We say

that (V, V, H) is a generalized conditional expectation if and only if
V(H=VV(.f) VfeR™ (3)

Compared to the standard notion of expectation, we only removed the assumption of lin-
earity from both V and V. From a preferential viewpoint, this is tantamount to weaken the
assumption of independence, but still retain consequentialism and dynamic consistency (see
also Appendix E). Consequentialism takes care of (2), while dynamic consistency is the main
axiom behind the law of iterated expectations in (3).

A natural question that emerges in this setting is whether the interim preferences of the
agents are consistent with a common ex-ante expectation. More formally, we consider the

following definition.

Definition 4. We say that V is a common ex-ante preference for {(Vi,IL;)}._, if and only if

iel
(V, V, H) 1s a generalized conditional expectation for alli € I.
It is plain that in the case each V; (w,-) is SEU our question amounts to study conditions

which yield the existence of a common prior. Samet [62] addresses this special version of our

question. As [62], we mostly focus on the case of full support which we next discuss.” Given a

9Theorem 1 does not rely on the full-support assumption per se but rather on a regularity condition of
the sequences of higher-order beliefs (cf. Definition 5). Our full-support condition, paired with the absence of
non-trivial public information, implies that the regularity condition holds. However, this can be verified directly

and independently of the full-support assumption (cf. Example 2).

7



state W € ), we say that @ is V-essential (resp., V (w,-)-) if and only if there exists an € > 0
such that for each f € R® and for each § > 0

V(f+6l@y) =V (f) >eb (resp., V (w, [ +61@y) = V (w, f) > £0). (4)

In the linear case, we clearly have that @ belongs to the support of i (resp., p, (w, -)) if and only
if @ is V-essential (resp., V (w, -)-essential).!® For the general case, we use this characterization
to define the notion of support. In particular, we say that V (resp., V (w,-)) has full support
if and only if each @ €  (resp., each @ € II(w)) is V-essential (resp., V (w,-)-essential).
Moreover, we say that an interim expectation (V,II) has full support if and only if V' (w, -) has
full support for all w € 2.

Given a collection of partitions {IL;},_, for the agents, that is, an information structure, we
denote by Ilg,, and II;,¢ respectively the meet and the join of the partitions.!! They respectively
correspond to the public information among agents and the aggregate information collectively
held by the agents. We conclude with few examples of generalized conditional expectations

where we also illustrate the scope of our question.

Example 1 (Maxmin expectations). Our first example considers maxmin expected utility
functionals (see Gilboa and Schmeidler [32]) with full Bayesian updating. Consider a compact

and convex set C' of probabilities over {2 and a partition II and set

Vos) =i [ fan  vf R (5)
and
Ve (w, f) = min /fdp Vw e Q. Vf e RY, (6)
where
Co=A{py(w,"):pelC} Ywe (7)

and p,, is the regular conditional probability of 1 given II. Note that in this case a state w € Q2
is V-essential if and only if p (@) > 0 for all 4 € C. A similar reasoning holds for Vg (w,-)
and C,,. It is well known that if C' is rectangular and V has full support (see Epstein and
Schneider [22]),'? then (VC, Ve, H) is a generalized conditional expectation where both V' and

10As usual, the support of a probability p : P (Q) — [0, 1] is the set

suppp = {w € Q@ : p({w}) > 0}.

U That is, IIgyp is the finest among all partitions that are coarser than each II;, and Il;,¢ is the coarsest among
all partitions that are finer than each II;.
12C is rectangular if and only if

L
C= {me (B, ) (B = s pay s B, € C}
=1

8



(Ve, IT) have full support. Clearly, linear expectations are obtained when C' is a singleton and
rectangularity in that case is trivially satisfied. Next, consider a rectangular full-support set C
as before and assume that each agent has an information partition II; which is coarser than IT
and her conditional interim expectations (V;, II;) depend on the collection of sets of probabilities
(Cu,i)eq,icr that are computed according to (6) and (7). In this case, V is a common ex-ante
preference for {(V;,I1;)}._,, where V is defined as in (5). A

i€l

Example 2 (Multiplier expectations). Our second example considers multiplier preferences
functionals (see Hansen and Sargent [40]). Consider a probability with full support u over

and a partition II and set

B =min{ [ fav ARG} s RS )
and
)= min 4 [itarGln@n)  weavicr® @

where A > 0 and R (+||-) is the relative entropy. Compared to the previous example the agent
has a probability model of reference i, but she does not fully trust it. She is willing to consider
other models v, nevertheless the farther they are in terms of relative entropy from p (resp.,
its update) the less plausible they are, and the smaller role they play in the minimization (8)
(resp., (9)). In this perspective, A is a parameter that captures the decision maker aversion
to the potential misspecification of p: the lower A the more the decision maker considers
other probability models p. It is well known that (V,\,u, Vi H) is a generalized conditional
expectation (see Maccheroni, Marinacci, and Rustichini [53, Section 5.2]). One can show that
linear expectations are obtained as the limit case when A\ T 0o (see Maccheroni, Marinacci, and
Rustichini [51, Proposition 12]). Next, consider a full support probability p and assume that
each agent has an information partition II; and her conditional interim expectations (V;, I1;)
are computed according to (9). In this case, V is a common ex-ante preference for {(V;,IL;)}, .,
where V is defined as in (5). In other words, in this case, a positive answer to our question

amounts to find the existence of a common prior. A

Example 3 (Misspecification and ambiguity). Our third example considers a particular case
of variational preferences recently proposed by Cerreia-Vioglio et al. [12]. Consider a set
O C A(Q) of probabilities with full support over €2 and a partition II. In particular, assume
that pmn = u?n for all pu, ' € O, that is, there is no model uncertainty with respect to the events

where Il = {E4, ..., Er}. In this case, note that
pu(w,) =p, (W,") Vw,w € E,Vlie{l,.. L}, VueC.

With a small abuse of notation, we can thus denote the update on the Ej cell by p, (Ei, ).



that are II-measurable. Next, set

= . . Q
V)\7@(f)—%12{/fdu+)\glelgR(y||u)} VfeR™
Next, assume that each agent has an information partition II; and her conditional interim
expectation (V;,II;) is
Vel )= min { [ a4 amin ROl )} e v e B?
= 1

peA:p(IL;(w

where A > 0 and p,,; (w, ) is the conditional probability of ;1 given II;. For every i € I, if II;
is coarser than II, then (V, Vi, Hi) is a generalized conditional expectation. The interpretation
is that the agents are uncertain about the probabilistic model beyond their aggregate informa-
tion Il;,s. Moreover, the agents are averse to misspecification both about the (unique) model
restricted on II;,; as well as the set of models assigning likelihoods to events that are finer than
g A

3 Existence and implications of a common ex-ante ex-

pectation

3.1 Existence

We consider a finite set of agents [ = {1,...,n}. We assume that each agent is endowed with
an interim expectation (V;, II;). It might be convenient to view V; as an operator from R® to
R?. In this case, the j-th component of this operator is V; (wj, f) for all f € R?. With a small
abuse of notation, we will still denote this operator by V;. This rewriting turns out to be useful
in order to formally discuss higher-order expectations. For instance, given two agents i,j € [
and an act f € R%, the expectation of agent i at state w about the evaluation of act f by
agent j is V; (w,V; (f)). Moreover, if we do not fix a state w € €2, we obtain the second-order
evaluation (of ¢ through j) Vi o V; : R® — R, We next illustrate the relevance of this concept

in a stylized asset-pricing model.

Example 4. [Forecasting the forecaster] Consider a state-contingent asset represented by
an act f € R? in a discrete-time economy with ¢ € N periods. Each index i € I represents a
continuum of agents with interim expectations (V;,II;). Let (i1, ...,i;) € I', with t € N, be a
finite sequence of agents’ classes in I. At period 0, an external agent is endowed with the asset.
At period 1 she has to sell the asset to one of the agents in class 7;. The price is determined by
Bertrand competition among the potential buyers. At period 2, the agent of class i; holding
the asset has to sell it to an agent in class i5 according to the same procedure as above. This
scheme proceeds until period ¢t when the agent of class 7; holding the asset is paid its realized

value.

10



We can easily solve for the unique equilibrium by backward induction. At period ¢, the will-
ingness to pay for the asset of agent in class i;, and therefore the (state-contingent) equilibrium
price, is exactly V;, (f). From the point of view of an agent in class i;,_1, the (state-contingent)
value of the asset is then V;, | oV}, (f). Iterating this backward reasoning up to period 1, the

initial (state-contingent) price of the asset is
VioVyo..oVi, oV (f) €RY.

Observe that the initial price is a random variable that is measurable with respect to the
information of agent ;.

This highlights the importance of the higher-order expectations in economic interactions.
Of course, the model considered is stylized and simple. Most notably, toward pointing out the
direct role of higher-order expectations, we assumed that agents know the class of the potential
buyers (and hence their interim expectations). In Section 4, we characterize the equilibrium of

the related beauty-contest game where the relevant class of buyers is uncertain. A

Following [62], we call a sequence (i), in I an I-sequence if and only if for each individual

1 € I, i = 1; for infinitely many ¢ indexes.

Definition 5. We say that a collection {(V;,11;)},.; of interim expectations exhibits conver-
gence to a deterministic limit if and only if for all I-sequences v = (i), and for all f € R,
there exists ky, € R such that

lim V;, oV, |
t—o0

0..0 ‘/;2 o ‘/;1 (f) = kfvblg'

In this case, for each I-sequence v = (iy),cy € I define ViR SR by V,(f) = ky,.

If there is convergence to a deterministic limit, then the sequences of higher-order expec-
tations of the agents, capturing interactive higher-order reasoning, converge to a limit whose
value is necessarily common knowledge.

Our first result shows that there is convergence to a deterministic limit, provided that all the
interim expectations of the agents have full support and there is no non-trivial public event.!3
Moreover, the rate of convergence is quasi-exponential, that is, it is exponential in the number

of times that all the agents have been repeated in the sequence.

13Note that the interim expectations in Examples 2 and 3 do not satisfy the full support assumption. However,

in both cases, the interim expectation of each i can be written as

Vilw f) = 65" (Vi (w ex ()

where ¢, (z) = —exp (—ﬁ) and Vj is an interim expectation with full support. Since, by taking iterated

expectations, ¢, and (b;l cancel out, the convergence to a deterministic limit of Proposition 1 still holds.

With non-trivial public information the results of this section apply in each cell of Ilgyp.

11



Proposition 1. If {(V;,11;)},., is a collection of full support interim expectations such that
Hewp = {2}, then {(V;,11;)},., exhibits convergence to a deterministic limit. Moreover, there
exist € € (0,1) and C € Ry such that for each I-sequence (i), and for each ,t € N, if i

appears at least T times in (i1, ...,4;) for all i € I, then
IV, (f)la =V ooV (N]| <CIfll.  VfeR

Quasi-exponential convergence provides a bound on the approximation error for computing
the limit higher-order expectation of f given ¢ using the ¢-th order expectation. In particular,
the bound improves in ¢ only if additional expectations of all the agents are involved.

We next illustrate the meaning of quasi-exponential convergence to a deterministic limit in

the asset-pricing example.

(Forecasting the forecaster continued). Assume that the collection {(V;,II;)}, ., of interim
expectations has full support and that IIg,, = {Q2}. Then, rather than looking at a fixed-length

sequence, we consider an infinite sequence of classes (i) We can focus on [-sequences

teN *
as, if the identity of classes are iid draws with full support on I, then with probability 1 an I-
sequence is realized. With this, Proposition 1 guarantees that, for truncation (i1, ..., ) of (4;),cy
such that each agent appears sufficiently many times, the dependence of the initial equilibrium
price on the realized state of the world is arbitrarily (and exponentially) small. Intuitively, the
willingness to pay of an agent in class ¢; does not significantly depend on the state as she knows
that the selling value depends on a large number of subsequent transactions. More specifically,
this and the assumption Ily,, = {2} imply that many of the subsequent buyers will care about

the value of the asset also in states that are ruled out by the information of ;. A

We are now ready for the main result of the paper. If there is convergence to a deterministic
limit, then there exists a common ex-ante expectation if and only if the deterministic limit of

all the [-sequences of higher-order expectations is the same.

Theorem 1. Let {(Vi,ﬂi)}ig

to a deterministic limit. The following statements are equivalent:

be a collection of interim expectations that exhibits convergence

(i) There ezists a common ez-ante preference V' for {(V;,I1;)},,;

(it) For each f € R there exists ky € R such that for each I-sequence (iy),cy

lim V;, o V;

t—o00

©...0 ‘/;;2 e} ‘/;1 (f) = kflg

t—1

In this case, for each f € R®, we have V (f) = k;.

Observe that as an immediate corollary of Proposition 1 and Theorem 1, we get that our
characterization of common ex-ante preference holds provided that agents’ interim preferences
have full support and there is no public information. Next example first illustrates the (asset-

pricing) equilibrium implications of the existence of a common ex-ante preference.
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(Forecasting the forecaster continued). First, assume that the agents have a common
reny the

initial equilibrium price is approximately state-independent and equal to the common ex-ante

ex-ante preference V : R® — R. For a sufficiently long truncation (iy,...,i7) of (i)

evaluation V (f) of the asset. In words, under a common ex-ante preference, the particular
order of trades does not affect the initial price. Conversely, for any two arbitrary [-sequences
truncated at ¢ € N, we can falsify the existence of a common ex-ante preference by checking

whether the corresponding equilibrium prices are sufficiently different.'* A

3.2 Beyond dynamic consistency

In this section, we relax dynamic consistency between the ex-ante and the interim expecta-
tions. First, we observe that even if we restrict attention only to the subset of acts that are
IT;,;-measurable, then the equivalence of Theorem 1 continues to hold. This class of acts is
particularly relevant in strategic interactions where the payoff functions of the agents depend
on their opponents’ actions and on a payoff-relevant parameter. In this case, this weaker notion
requires dynamic consistency with respect to acts that depend only on the agents’ actions, since
those are measurable with respect to the aggregate information Il;,¢, while it does not impose

it for acts that also depend on the payoff-relevant parameter.

Remark 1. Consider the following weaker notion of common ex-ante expectation. As before,

let {(‘/27 Hi)}iel
IL;s. We say that the agents have a II'-common ex-ante preference if there exists an ex-ante

be a profile of interim expectations. Fix any partition I1' that is finer that

expectation V that satisfies
V() =V Vil /)
for alli € I and for all f € R that are II'-measurable. By inspection of the proof of Theorem

1, it is easy to see that, if {(V;,11;)},.; exhibits convergence to a deterministic limit, then the

existence of this weaker form of common ex-ante expectation is equivalent to the following:
(i’) For each II'-measurable f € R there exists ky € R such that for each I-sequence (iy),cy

tlim ViioVi, yo..oVy, oV (f) =krla.

Moreover, as in Theorem 1, this common limit coincides with the common ex-ante evaluation
for every II'-measurable act f, that is, V (f) = k;.

Y Formally, consider two I-sequences with truncations (i, ...,4z) and (i1, ..., %) in which each i € I appears at
least T times. By inspection of the proof of Proposition 1, we have explicit expressions for the constant C' € R

and ¢ € (0, 1) of Definition 3. With this, we can say that a common rational preference does not exist if

Vi 00 Vi, (f) = Vg0 0 Vi, (S]] > 20<7.
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Next, define the ex-ante preference V; = V o'V; for every i € I."> One can show that, for
every i € I, the functional V; is the unique ex-ante preference that coincides with V. on the

IT'-measurable acts and is individually dynamically consistent in the sense that
Vilg) =Vi(Vi(-,9))  VgeR%
Moreover, for each I-sequence (i;),cy,

lim V;, o V;

t—o00

o...oV;20VZ-1(g):Vi (9) 1q VgERQ,

t—1

that is, the ex-ante expectation of i, corresponds to the limit for the higher order expectations

of every I-sequence where the first-order expectation is the one of i;. A

3.2.1 Common preferences on resolution of uncertainty

We next consider a more conceptual relaxation of dynamic consistency. Indeed, it is well known
that full-fledged dynamic consistency is restrictive outside the realm of subjective expected
utility, especially with uncertainty averse preferences (see for example [2], [7], [21], [27], and
[66]). Therefore, we consider the existence of a common ex-ante preference that is consistent
with the interim expectations of all the agents yet possibly exhibiting a strict preference for

earlier or later resolution of uncertainty.

Definition 6. We say that an ex-ante expectation V, is a lower common ex-ante expecta-
tion for {(V;,1L;)},.; if and only if

Vo(f) <Ve(Vi(f))  VfeR%Viel (10)

We say that an ex-ante expectation V° is a upper common ex-ante expectation for {(V;,IL;)}, .,
if and only if
V()= VeVi(f)  YfeR%Viel. (11)

Let V., and V° denote respectively the collections of lower and upper common ex-ante expecta-
tions for {(Vi,IL;) },c;-

Both relaxations have meaningful interpretations. Whenever the agents share a lower com-
mon ex-ante expectation, their interim preferences can be rationalized by the same ex-ante
expectation provided that they exhibit preferences for earlier resolution of uncertainty (cf. Dil-
lenberger [17] and Strzalecki [68]). Condition (10) is also equivalent to require that each agent
i € I attaches a positive value to her information II;.'® Moreover, such condition is satisfied by

existing updating rules for preferences under uncertainty as we next show.

15Observe that each V; is well defined since, for every g € R, V; (g) is II'-measurable, hence we can evaluate

through V.
6 Formally, condition (10) is equivalent to assume that, for each finite set of acts A C R® and for each i € I,

v, (r;lé%‘/i <-,f>) > max Vo (f).

feA

14



Example 5 (Choquet expected utility with proxy updating). We analyze the class of prefer-
ences and updating rule recently proposed by Gul and Pesendorfer [36]. Formally, they consider
161'17 In the ex-
ante stage, all the agents evaluate every act f € R® with the Choquet integral of f with respect
to v, denoted as V; (f). Recall that the core of v is defined as

a totally monotone capacity v : 2 — [0, 1] and a collection of partitions {II;}

core (v) ={peA(Q):VE€2? u(E)>v(E)}

and that, in this case, V5 (f) = min,coore) Ep [f]. We let p, € A(§2) denote the Shapley value
corresponding to v. With this, the interim preferences of agent i at state w are:

Vilw,f)= min B, .[f] Vf € R®

pueEcore; (v)

where p,,; (w, -) is the conditional probability of ;1 given II, and
core; (V) ={p € core (v) :VE € II;, u (E) = p, (E)}.

In words, each agent updates her preferences with full Bayesian updating but starting from the
restricted set core; (v). In this case, the results in [36, Axiom C.4 and Theorem 1] imply that V5

is a lower common ex-ante expectation for {(V;,II;)}._; but not a common ex-ante expectation

iel
in general. A

Instead, an upper common ex-ante expectation rationalizes the interim expectations of the
agents provided that they exhibit preferences for later resolution of uncertainty. Notably, if the
interim preferences {(V;,11;)},.; are maxmin obtained by full Bayesian updating starting from
the same maxmin ex-ante preference V°, then V° is a upper common ex-ante expectation for
{(V;,1L;)},.;-'® This observation also holds for the class of divergence preferences introduced in
[51] that generalizes Example 2 by allowing for other statistical distances beyond the relative
entropy.

We next show that both V, and V° are nonempty and always admit respectively a maximal
and a minimal element that we denote:

Vo(f) = sup Va(f) and V*(f)= inf V°(f)  VfeR%
Vo€Vs veeve

Lemma 1. The sets V, and V° are nonempty and both V, and V* are well defined lower and

upper common ex-ante expectations for {(Vi, 11;)},.,-

ITA capacity v is totally monotone if and only, for all £ > 2 and all E1, ..., By € 29,

v (Ui B) 2 > ()" w (e 45) .
(J0£IC{L,....k}}

18Recall from Example 1 that condition (11) is satisfied with equality if and only if each triple (V°,V;, II;)

satisfies rectangularity.
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By construction, the lower (resp. upper) common ex-ante expectation V, (resp. V*) has the
minimal attraction (resp. aversion) for earlier resolution of uncertainty among the elements in
V, (resp. V°). In Online Appendix G, we provide an algorithm to compute V, and V* starting
from the interim preferences of the agents, which are, in principle, observable.

We now provide a characterization of the extreme common ex-ante expectations in terms
of the higher-order expectations of the agents. Notably, such characterization holds regardless

of the existence of a common ex-ante preference.

Proposition 2. If {(V;,11;)},., is a collection of full support interim expectations such that
g = {Q}, then, for every f € R?,

V.f)=  imf V() and V(= s V).
1€IN:1 is an I-sequence V€IV is an I-sequence
The interpretation is that by looking at the lowest (resp. highest) limit of the iterated
expectations, we exactly identify the minimal attraction (resp. aversion) to earlier resolution
of uncertainty needed to jointly rationalize the interim preferences of the agents. Moreover,
observe that the previous proposition implies that V, (f) < V* (f) for all f € R, that is, the

ex-ante preferences V, and V* are ranked in terms of their uncertainty aversion.

(Forecasting the forecaster continued). Consider our running example under all the pre-
vious assumptions with the exception of the existence of a common ex-ante preference. In
particular, fix an I-sequence ¢ = (i), .y and recall that the equilibrium initial price of asset f,

for the game with length ¢, is equal to the random variable
Vi,oVi,_ 0.0V, oV, (f).

In this case, by Proposition 1, as we let ¢ go to infinity, the limit price is deterministic and

equal to V, (f). Moreover, by Lemma 1 and Proposition 2, the limit initial price satisfies

Vo (f) V() V() (12)

for all upper and lower common ex-ante expectations V, € V, and V° € V°, and, more accu-

rately,
V.(f) e Va(f), V()]

Equation (12) has direct implications for the equilibrium price with preferences that do not
satisfy dynamic consistency. For example, if the traders are maxmin agents and share the same
set of ex-ante probabilistic models C' C A (Q2), then, under full Bayesian updating, the limit
initial price with private information V; (f) is smaller than the common ex-ante evaluation
Ve (f) = minyec [ fdp. Indeed, the initial equilibrium price is the result of a compounded
pessimistic evaluation due to full Bayesian updating and iterated minimization across all the

updated probabilistic models. A
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Proposition 2 has also important implications for the characterization of the existence of a

common ex-ante preference, even in the SEU case.

Corollary 1. Let {(Vi,Hi)}ieI

ey = {Q}. The following statements are equivalent:

be a collection of full support interim expectations such that

(i) There exists a common ex-ante preference V. for {(V;, 1) },c;;

(ii) For each f € R, we have V, (f) = V*(f).

Moreover, V (f) = V. (f) = V*(f) =V, (f) for all f € R® and all I-sequences 1 € IV,

The previous corollary provides an alternative characterization of the existence of a common
ex-ante preference in terms of the weakenings of the common ex-ante expectations that we have

proposed.

Corollary 2. Let {(V;,1L;)},.,
ey = {2} and such that V; is SEU for alli € I. The following statements are equivalent:

be a collection of full support interim expectations such that

(i) There exists a common prior p € A (Q2) for {(Vi,11;)},c:

(i) Both Vi and V* are SEU.

Moreover, B, (f) = V.. (f) = V*(f) for all f € R,

This second corollary provides a new characterization of the common prior assumption in
the setting of Samet [62]. In particular, there exists a common prior if and only if both the
extreme ex-ante preferences of the agents are neutral with respect to the timing of resolution
of uncertainty.

We close this section with a result bounding the difference between the iterated expectations
along two different /-sequences without assuming the existence of a common ex-ante preference.
This bound is the sum of the wedge between the two extreme ex-ante evaluations V, and V*

and a quasi-exponentially vanishing term due to Proposition 1.

Corollary 3. Let {(V;,1L;)},.; be a collection of full support interim expectations such that
ey = {Q}. There exist ¢ € (0,1) and C € Ry such that for every pair of I-sequence v =
(im)men and V' = (i7,),,cn, and for each 7,t € N, if every i € I appears at least T times in both

(11, ..., 1) and (i, ...,1}), then

VI = VoDl S IV () =V (Dl + CeTNIfll - VF €R®.

Observe that, in the two-agent case, when there exists a common ex-ante preference, the
previous result gives a bound on the higher-order disagreement between agents, by getting rid
of the first term on the right-hand side.
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3.2.2 Dynamic consistency of local subjective beliefs

In this section, we consider a minimal notion of mutual dynamic consistency that only involves
the most trusted probabilistic models. We show below that it strictly linked to the concept
of subjective beliefs at an act introduced by Rigotti et al. [60, Definition 1 and Proposition
3] to study Pareto optimal allocations under ambiguity. To formalize this concept we need to

restrict ourselves to the class of variational preferences (cf. [51]).

Definition 7. A collection of interim expectations {(V;,11;)},., is variational if and only if
and for every it € I and w € €2, there exists a lower semicontinuous, grounded, and convex cost
function ¢;, : A(2) — [0, 00] such that

Vil )= min (B, [f] + e () (13)

for all f € R%.1

Variational interim expectations exhibit violations of subjective expected utility due to aver-
sion to ambiguity, a widely documented trait. The interpretation is that each agent considers
the evaluation of the act under many probabilistic models and c¢;, penalizes more the mod-
els (subjectively) deemed less plausible. In particular, the probabilistic models p for which
Ciw (p) = 0 represent the ones that ¢ trusts the most in state w. All the examples of preferences
we have introduced are variational.?® For instance, in the case of maxmin preferences, ¢;, is
the support function of the set of probabilistic models C; .

Define the following set which captures a minimal extent of mutual dynamic consistency
among the agents:

O = ﬂco{p €eA():Jwe ¢, (p) =0}.
iel
In words, © contains all the ex-ante probabilistic models that, when updated, are among the
most trusted by every agent in every state, that is, those that minimize the interim cost function.
Following Ghirardato and Marinacci [30], we call these probability measures as benchmark
models.?’ Incidentally, © also coincides with the set of ex-ante probabilistic models that are
consistent with a selection from the subjective beliefs at any constant act (cf. [60, Definition 1

and Proposition 3], [46], [54]) of the interim preferences of the agents.

19 A cost function c is grounded if and only min,ea () ¢ (p) = 0.
20TImposing the representation in equation (13) is equivalent to assume that each V; (w,-) is concave and

translation invariant, that is,

Vilw, f+ke) =Vi(w, f) +k

for all f € R? and k € R. From a preferential viewpoint, these functional properties are equivalent to two

axioms: uncertainty aversion and weak c-independence (cf. [51]).
21 These probability measures correspond to SEU preferences that are less ambiguity averse than the interim

preference of the agent as formally showed in [51].

18



Definition 8. We say that a variational collection of interim expectations {(V;,11;)},., has a
common local subjective belief if and only if © # 0. In this case, we define VO : R® — R as

Ve (f) =minE, [f].

HEO

In words, V© is a caution evaluation of acts that only relies on the benchmark ex-ante prob-
abilistic models. In the next result, we relate these intermediate notions of common preferences

with the ones we have already studied.

Proposition 3. Let {(V;,11;)},.,; be a variational collection of interim expectations. The fol-

lowing facts are true:

1. If {(V;,1L;)},c; has a common local subjective belief, then V© is a upper common ex-ante
expectation for {(Vi,11;)},.,, hence Ve >y,

2. If there exists a common ez-ante preference V- for {(Vi,1L;)},.;, then {(Vi,IL)},.; has a

common local subjective belief, hence VO > V.

Not surprisingly, the new notion of ex-ante expectation introduced V® is less ambiguity
averse than the previous ones. The reason is that each ;1 € © is obtained by mixing the interim

beliefs of the agents that correspond to SEU preferences that are less ambiguity averse.

4 Equilibrium and (un-)common ex-ante preferences

In this section, we consider the equilibrium implications of our previous analysis. To do so, we
maintain the assumption that the interim preferences have full support and belong to the class
of variational preferences (cf. Definition 7):

Assumption 1 The collection of interim expectations {(V;,II;)},.; has full support, is

such that I, = {Q}, and is variational.

Under this assumption, Proposition 1 guarantees that {(V;,II;)},_, exhibits quasi-exponential
convergence to a deterministic limit.
In each of the following applications, the equilibrium outcomes o = (Uf > € (]R{Q)n of
iel

the agents will always be described by the following fixed-point condition:

af(w):V;(w,(l—ﬁ)ijﬁZwijaf) Yw e Q, Vi € 1. (14)
j€I
Here, f € R% is a payoff-relevant fundamental, 3 € (0, 1) parametrizes the relative importance
of coordination with other agents over adaptation to the fundamental, and W = {w;;}, jer €

R™" is a stochastic matrix where each w;; captures the relative importance of agent j for 7.2

22 A matrix W = (w;;)

i€ 1.

ijer € RI*!1 is stochastic if and only if w;; > 0 for all 4,5 € I and > jer wij = 1 for all
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The interpretation is that the equilibrium outcome for agent i coincides with her (gener-
alized) expectation of a combination of the fundamental and the equilibrium outcomes of the
other players. These kind of fixed-point conditions are ubiquitous in models of asset pricing
with beauty-contests (cf. Morris and Shin [57]), networks of financial institutions (cf. Jackson
and Pernoud [49]), and price competition (cf. Angeletos and Pavan [3]) as we show below. In
particular, in all these cases, the high-coordination limit (f — 1) of the equilibrium outcomes
is used to select an equilibrium of the pure-coordination games (cf. Shin and Williamson [65]

and Golub and Morris [35]). Therefore, this will be the main focus of our analysis.

4.1 Beauty contests: coordination and equilibrium

As aleading application, we consider a beauty-contest model with random matching and private
information (as in [35]) that generalizes the leading example of Section 3.

Each i € I represents a continuum of agents sharing the same information partition II;.
Time is discrete t € {1,...,T,...} and there is a random variable f € R denoting the only asset
in this economy which is sequentially traded with random matching. Let 5 € (0,1). At every
period ¢, if an agent in class i holds the asset, with probability (1 — ) she has to liquidate the
asset and obtain its fundamental (uncertain) value f . With complementary probability 3, she
privately has to sell the asset to an agent from a randomly selected class and then leaves the
game. The matching probabilities, conditional on not liquidating the asset, are described by a
stochastic and strongly connected matrix W, where w;; is the probability with which an agent
in class 7 is matched to class j. In particular, the random matching is independent of the state
w € Q and plays the role of objective lotteries a la Anscombe and Aumann in our setting.??

After the realization of the matched class j, the agents in class j compete a la Bertrand
offering a price to asset holder in ¢ who decides to whom to sell the asset. This mechanism
implies that in equilibrium the offered price is equal to the (common) willingness to pay for the
asset of the agents in class j. If an agent in class j acquires the asset, then the game continues
to period t + 1. Observe that there is no relevant learning over time since the past owners of
the asset have left the game. Moreover, conditional on non liquidation, even if the asset holder
would learn something about the state w € ) from the offers of the agents in j, accepting the
highest offer is still a dominant strategy given the absence of outside options.

A strategy for an agent in class i € I is a random variable o; € R® that is measurable with
respect to the information structure II;.?* In particular, from the point of view of agents in i,
the strategies o; € R of agents in any class j are state-dependent offers that can be evaluated

through their interim preferences V; as standard acts. Let 3; and ¥ denote respectively the set

231n other words, the matching probabilities are used to take convex linear combinations of acts of the form
h € R
24For this application, we are implicitly restricting our attention to Markov strategies where all the agents

condition their actions only on their private information.
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of strategies for agents in class ¢ and the set of profiles of strategies for n agents, one for each
class. With this, for every 5 € (0,1), if we fix a profile ¢ = (Oj)jel € X of strategies for al}
the agents in all classes j, the corresponding (state-dependent) willingness to pay for asset f
of any agent in class ¢ € [ is:

Sﬁﬂ',w (0’) =V (w,(l—ﬂ)f—{—ﬂZwijaj) Yw € Q.
jel
The equilibria of this game correspond to the fixed points of the map Ss(-) : ¥ — X, that is,
o? € ¥ is a equilibrium if and only if it satisfies equation (14).

Proposition 4. There exists C € Ry such that, for every 5 € (0,1), the operator Sz : ¥ — 3
is a contraction with respect to the supnorm and it admits a unique equilibrium o® € ¥ that
satisfies

max |0} (w) — o} (&) < (1—)C max |f (w) — f ()] (15)

7€l ww €N w,w' €N

The inequality in equation (15) gives a bound on the maximum level of disagreement among
the equilibrium asset evaluations. First, we observe that the right hand side is monotonically
decreasing in 5 and vanishes as we let coordination become more important, that is 5 — 1.
This implies that the price of the asset becomes constant across states and agents in the limit.
Second, the speed of this convergence is disciplined by C' which can be linked back to the

preferences, information, and network primitives, as we explain in the next remark.

Remark 2. In [10], we further elaborate on the estimate on the range of the fized points of
equations like (14) and find an explicit expression for the estimate in Proposition 4 in terms
of the properties of Sg. In the current setting, this translates in the following way. Define the
adjacency matriz A € {0, 1} op0n (T 5 Q) by letting, for all i,j € I and w',w € Q,
QG Gw) = 1 if and only if w;; > 0 andw € 1I; (W'). Also, foralli € I, w' € Q, andw € II; ('),
let €, > 0 denote the € satisfying the full-support equation (4) for agent i at state w' with
respect the essential state w. Next, let

E= min Eiw,w Wij
zJEI,w,w’EQ:a(iw,)(j’w):1

d—1 1 2d—T
C - (1 . -)

T

and with this define the bound

where d is the diameter of the graph corresponding to A. The number of connections in A
depends on both the number of connections in the network among agents W as well as on the
dependence of their information structures. In turn, increasing the number of connections in A
has two contrasting effects: first it reduces the diameter of the graph, making C' smaller, second

it reduces the mazimal possible magnitude of €, making C' larger. For example, the diameter
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1s low when all the agents are connected and the information structure has a product form,
i.e., whenever I1; (w) NIL; (') # O for alli,j € I and w',w € 2, and is high under a circular
information structure, i.e., whenever for every i and w € Q, II; (w) has nonempty intersection

only with two partition cells of the coplayers. A

4.2 Beauty contests: high coordination and misspecification neu-

trality

In this section, we characterize the unique equilibrium ¢” as coordination becomes more and
more important, i.e. § — 1. To do so, we need to introduce some ancillary objects. First, for
alli € I and w € Q, let 9V; (w, 0) denote the superdifferential of V; (w, -) at 0 which is nonempty

since the latter is concave. It is easy to see that our assumption guarantees that
OV; (w,0) ={p € A(Q) : i (p) = 0}, (16)

that is, each OV (w,0) consists of the benchmark probability models by agent i at state w (cf.
[51, Theorem 18]). With this, define the set of interim benchmark beliefs

AV (0) = {q e AV (i,w) € T X Q, g € IV (W,O)}.

With a slight abuse of notation, for every ¢ € 0V (0), we let E, [ f] € R denote the vector

B,... |f]) .
< i f (1,w)eIxQ

Each ¢ € 9V (0) can be combined with the network structure W to obtain an interaction
structure W49 € RS{XQ)X([XQ) among agent-state pairs capturing both the interim beliefs of the

agents as well as the strength of their links. Formally, we let
w?i,w)(jw) = W;j Qi (W) Vi,j € I,Vw,w' € Q. (17)

Under SEU interim preferences, there is a unique interaction structure pinned down by the
network W and the posterior beliefs of the agents. In the SEU case, the interaction structure was
introduced by Golub and Morris [35] and used to characterize the limit equilibrium of a similar
coordination game. In the present setting, model uncertainty translates into a multiplicity
of interim relevant beliefs, hence into a multiplicity of interaction structures. However, this
multiplicity is disciplined by both the information and the interim preferences of the agents.

For example, if w’ & II; (w), then we immediately have that wy; . . =0 for all ¢ € OV (0).

Lemma 2. For each ¢ € 0V (0), there exists a unique probability vector v € A (I x Q) such
that v4 = y4W49,

This is a consequence of the connectedness properties of each W7 implied by Il = {Q},
full support of {V;,IL;},.,, and that W is strongly connected. We are now ready to state the

main result of this section.
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Theorem 2. For alli € I and w € (),

L) spmete)= a3 b spm ] 09

Moreover, if there exists a common ex-ante preference V' for {(Vi,1;)}..;, then, for all i € I

and w € 2,

i€l

ot < [7 (7). ()]

B—1

First, we observe that, in the limit where the coordination motive prevails, the equilibrium
price is independent on the realized state and the identity of the agent. In particular, the limit
selects an equilibrium of the pure coordination game where the asset is payoff irrelevant. This
generalizes a well-known fact for subjective expected utility (cf. [35] and [65]).

Second, the constant limit price is equal to the most cautious average of the benchmark
evaluations of f that are consistent with the network structure. Notably, the cautious selection
of the benchmark models ¢ from 9V (0) induced by the market interaction has two roles. While
selecting beliefs that evaluate the asset in a cautious way (i.e., to keep the first-order evaluations
By, .. [ f] low), it also determines how the heterogeneous evaluations are aggregated through the
eigenvector centrality 77 of the interactions structure.

Third, our formula for the limit equilibrium points out that the strong coordination mo-
tives in the market attenuates the ambiguity concern exhibited by the equilibrium evaluation.
Intuitively, the asymmetric information of the traders combined with their coordination mo-
tive imply that the equilibrium prices are less variable across states than the fundamental
itself. Therefore, the uncertainty averse traders evaluate the asset more favorably than the
fundamental. More formally, we have

%Eriaﬁ (W) >V, <w,f> Viel VweQ,
since each collection of beliefs ¢ € 0V (0) satisty ¢; ., (gi) = 0 for all i € I and w € Q. In turn,
this immediately yields the lower bound in equation (18) and, when there exists a common
ex-ante evaluation, we actually have V, < f) =V ( f) (cf. Corollary 1), implying that the
equilibrium price is higher than the shared ex-ante evaluation. This is a sharp difference with
respect to the case of SEU interim preferences where, under a common prior, the equilibrium
price coincides with the prior expectation.

Fourth, the equilibrium price cannot be higher than the evaluation of the fundamental under
any ex-ante probabilistic model that is consistently trusted by all the agents in all the states.
Importantly, while the specific value of the limit equilibrium price depends on the network
structure, the two bounds we have just described are robust in the sense that they hold across
all the strongly connected network structures. Moreover, as we next show, the upper bound is

actually attained in several important cases.
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Corollary 4. Assume that, for all i € I and w € Q, it holds argmin,ea(q) Giw = {q;‘w} For
alli eI and w € €,
lim o” (w) = = Gy {A}
et (w) (i’w;XQ’Y, 4., f
Moreover, if {(V;,11;)},.; has a common local subjective belief, then © = {;*} and
llgliriaf (w) =B, [f] .

This results characterizes an extreme form of ambiguity reduction. Indeed, whenever each
interim preference has a unique benchmark model (e.g., all the agents have divergence prefer-
ences in the interim), the equilibrium price is equal to a SEU evaluation of the asset, implying
that only the interim benchmark models matter as the importance of coordination grows. This
reduction assumes a particularly stark form whenever the agents share a common local subjec-
tive belief p*. In this case, the ex-ante evaluation of the asset according to this probabilistic
model is the limit price equilibrium and this limit is the same regardless of the ambiguity at-
titudes and the network structure. In the next example, we illustrate this phenomenon within
the class of multiplier preferences with Bayesian updating from a common ex-ante probabilistic

model.

Example 6. Suppose that, in the ex-ante stage, the agents share the same unique benchmark
model p* € A () but they are adverse to misspecification with possibly different attitudes:

each ¢ € [ evaluates f as
min {B, [f] + AR (pll") }

pe
where (X;),c; € R%, is a profile of misspecification fear indexes. After having observed their
own private information, the agents update the benchmark model to p,-; (w, -). Therefore, the

interim evaluation of ¢ at w is
Vi ) = i (B, 1)+ MR (bllpwes ()} VS € R
In this case, Corollary 4 implies that
lim 07 () = B [f] Vi e I,Yw € Q.
That is, the ambiguity is completely washed out in the limit and the price converges to the
expected evaluation of the asset, independently of the attitudes towards misspecification. If

these attitudes are homogeneous, i.e., \; = A for all © € I, there exists a common ex-ante

expectation
V() =min (B, [f]+ AR (pllw)}  ¥S € R

and a wedge between V/ < f > and limg_,; Jf (w) arises whenever the asset pays a different amount
B

in each state. More generally, this wedge remains present between V, and limg_,; 0} (w) even

when the misspecification attitudes are heterogeneous. A
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The simple Example 9 in the Online Appendix illustrate how the ambiguity-attenuating
effect of the market interaction becomes relevant already at intermediate levels of coordination,
i.e., for g far from 1.

Even beyond the case of interim preferences with single benchmark models, Theorem 2 has
important implications for games with incomplete information with existing updating rules. For
example, it implies that if all the trades share the same set C' C A (2) of ex-ante benchmark
probability models, are maxmin, and update with full Bayesian updating, then equation (18)
tells us that the equilibrium price is lower than min,cc E, [ f], which is the common ex-ante
willingness to pay for the asset, hence the price of the asset in absence of information. When
the upper bound is actually attained, this effect can be interpreted as contagion of ambiguity

as the next example illustrates.

Example 7 (Contagion of ambiguity). Consider two traders I = {1,2} that are uncertain
about an asset f € R? with Q = {I,m,h} and f (1) < f (m) < f (h). The agents are endowed
with the following information structures

I, = {{l}a{ma h}} and Iy = {{lam}7{h}}'

Fix v € (0,1) and € € (0,1/2), and assume that the agents have a common set of ex-ante

probabilistic models
C={{ad+(1—-—a)(yom+(1—=7)b) :a€le, 1 —¢|}.

In the interim stage, conditional on each w, each agent ¢ has maxmin preferences with respect

to C;,, obtained via full Bayesian updating. In particular, we have
Cry= {0} and Chm = Crp = {70m + (1 =) 6},

and

5 (1—¢)
= = 1 — N = .
0271 Cg}m {0451 -+ ( Oé) (Sm S et (1 — 8)’ (1 — 8) n 7€:| } and Cg,h {5h}

In particular, in the interim stage, only agent 2 conditional on w € {l, m} perceives ambiguity.

For every (3, it is easy to guess and verify that the equilibrium strategy satisfies

Therefore, conditional on w € {l,m}, agent 2 behaves as if her probabilistic model assigns
(1—¢)
(1—e)+ve’
observation allows us to compute the equilibrium in closed form and obtain the limit equilibrium

the highest possible probability to [, that is, a = With some tedious algebra, this

lim o/ (w) = minB, || = (1=2) f () +evf (m) + (1 =) f (n).

B—1 peC
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In words, the ambiguity aversion of agent 2 conditional on w € {l,m} is strong enough to
infect both types of agent 1 as well as her own type when she observes h. This effect leads
to full coordination on the ex-ante ambiguity averse evaluation. This is particularly sharp as
we increase the ex-ante ambiguity of the players by letting ¢ — 0. In this case, in the high-
coordination limit, the unique price will converge to the lowest evaluation possible f (1) at every
state of the world. A

The previous two examples may suggest that, whenever limg_; 0¥ (w) is well defined and
© is nonempty, we have limg_,; aiﬂ (w) = min,eo E, [f] = V©, that is, the upper bound in
Theorem 2 is always achieved even beyond the scope of Corollary 4. However, the next simple

example shows that this is not always the case under these assumptions.

Example 8. Let I = {1,2}, f € R2, and endow the two traders with no information, that
is, II; = II; = {Q}. In the ex-ante stage, both the agents have maxmin preferences with
corresponding sets of probabilistic models C1, Co C A () such that C; # Cy and C; N Cy # (.
In this case, we have © = C; N (5 given that both agents have no information. Moreover, for

every 3 € (0,1), the unique equilibrium o* is given by

S CA | O 3T

With this, the high-coordination limit price is given by

lim 0! (w) = e {Ep [ﬂ } e, {EP [f]} < min E, [ﬂ ,

B—1 2 ~ peCinCa

and, in general, the previous inequality may be strict.? A

The previous example with maxmin preferences and full Bayesian updating crucially relies
on the non existence of a common ex-ante expectation V. Indeed, the next corollary of Theorem
2 shows that, in this setting, if V exists, then the lower and upper bound collapses and are

equal to the limit price, regardless of the network structure.

Corollary 5. Let {(V;,1;)},;

If there exists a common ex-ante preference V' for {(V;, 11;)}

be a collection of maxmin (cf. Example 1) interim preferences.
.crs then, V is a mazmin ex-ante
expectation and, for all i € I and w € €2,

V() =timof @) =v(f).

To see this concretely, let Q = {L,H}, Ci = {peA(Q):p(H)e[1/4,1/2]}, Cy =
{pe A :p(H) € [1/3,1/2)}, and (L) = 1 - f () =0.
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In stark contrast with Corollary 4 and Example 6, under maxmin preferences the perception
and aversion of ambiguity is still present in the high-coordination limit. Moreover, the higher the
ex-ante ambiguity about the underlying fundamental (i.e., a lower V') the lower the equilibrium
price. However, the fact that all the ex-ante ambiguity is preserved in the limit is driven by the
fact that full Bayesian updating is an overly cautious updating rule under maxmin preferences.?
We next illustrate our results in the less cautious proxy updating of [36] already introduced in
Example 5. In particular, recall that a lower common ex-ante expectation Vo, = mingccore() By
describes the ex-ante preferences of the agents. Moreover, by Theorem 2, we have, for every

network structure, the equilibrium price in the high-coordination limit belongs to

min [ [A} , min E [A}
|:;L€core(1/) P f HEN;ercore; (v) a f
as Nyercore; (1) is included in © and this intersection is always nonempty since it contains the
Shapley value p,,. Importantly, whenever the probabilities in core (v) agree on the events that
are II;,;-measurable, the two bounds collapse as, in this case, each core; (v) = core (v). In the

next section, we generalize this result to the whole class of variational models.

4.3 Beauty contests: unambiguous information structure

Here, we consider an important particular case: the agents are unambiguous with respect to the
information structure while still possibly perceiving ambiguity about the fundamental f , i.e.,
there is no strategic ambiguity. In this case, the first-order expectations of the agents exhibits
perceived ambiguity and ambiguity aversion whereas the higher-order expectations do not, that
is, they are SEU. Formally, we say that the information structure is unambiguous if and only
if for every ¢ € I, V; is Il;¢-affine, that is

Vilw, (1 =a)h+ag) = (1 - a)Vi(w,h) +aV;(w,9)

for all o € (0, 1), for all w € Q, and for all g, h € R® where g is IIy,;-measurable. This implies
that Vj is linear over the vector space of elements ¢ € R® that are II,;-measurable. This
restriction is reasonable, for instance, in games where the agents repeatedly interact and have
the ability to observe the actions of the coplayers after each interaction. In this case, if the

agents are correctly specified, then their beliefs will converge to the true distribution on ITj.

Proposition 5. For alli € I and w € Q,

lim o” (w) € [V; <f> vV (f)} .

B—1

26The existence of a common ex-ante expectation implies that each V; is obtained via full Bayesian updating
from V (cf. [22]).
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Moreover, if there exists a common ex-ante preference V' for {(Vi,I1;)} then, for alli € 1

and w € 2,

i€l

lim o? (w) =V (f) .

p—1

Whenever the traders are not ambiguous regarding events in their information structure,
the extreme ex-ante preferences give both an upper and lower bound for any possible equilib-
rium selection. In particular, observe that the upper bound given by the previous proposition
improves on the one of Theorem 2 since V® is a common upper ex-ante preference. Next,
observe that, whenever a common ex-ante preference exists, the identity V = V, = V* implies
that the limit equilibrium limg_; 0 is well defined and equal to the ex-ante evaluation. This
is an implication of the common prior assumption under SEU (cf. [35]) that we extend to the
unambiguous-partition case. Finally, comparing the second parts of Theorem 2 and of Propo-
sition 5, we observe that the only ambiguity that can be tamed by the market interaction is

the one about the information structures of the agents.

4.4 Additional application: price competition

Next, we consider an alternative foundation for the equilibrium equation (14) that is the starting
point of the equilibrium characterization given in all the results in this section. Concretely,
there are n firms competing on prices. We fix a random variable f € R® representing the state
of the economy and we let y € R denote its realization. The interpretation is that there is
aggregate uncertainty about the state y. Each firm ¢ chooses the price x; € R for its good, has
0 production costs, and its payoff function u; : R’ x R — R depends on the state y as well as

the entire profile of prices x € R’:

where D, : Rf x R — R is the demand function faced by firm i and is defined as

Di(a.y) =B wyr; + (1= Fy— 73
jeI
for some 5 € (0,1) and a stochastic and strongly connected matrix W with w;; = 0 for all
j € I. The demand faced by firm i negatively depends on its own price and positively depends
on the state of the economy and on the prices of the other firms respectively with coefficients
(1 —p) and 8. As usual, the interpretation is that the firms compete on the same market
with partially differentiated products and w;; captures the similarity of products ¢ and j. For
the rest of this section we strengthen Assumption 1 by letting {(V;,1I;)},.; be a collection of
maxmin (cf. 1) interim preferences. In particular, let C;,, C A (£2) denote the set of interim

probabilistic models of agent ¢ at state w.
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As before, a strategy o; € X; of agent i is measurable with respect to II;. Given a strategy

profile o_; € [] i 2j for the co-players of 7, the problem faced by ¢ given state w € €2 is

((1 —ﬁ)f—FﬁZwijaj) T; — %12] .

Jjel

max min [,
z; ER pECi,w

With this, the first-order condition characterizing the equilibrium o for every 8 € (0,1) is

o) (w) = min B,
i,w

(1—5)]?‘{—52’(1}”0'38] VWEQ,VZGI, (19)

jeI

which is just a particular case of equation (14).

5 No trade and betting implications

In this section, we give both necessary and sufficient conditions, in terms of interim trade and
betting behavior, for the existence of a common ex-ante expectation.?” For simplicity, we let
I = {1,2} and we suppose that the only feasible acts are f € F = [—k:,k‘]g, k € R,. The
additional restriction we impose with respect to Section 3 is translation invariance of the interim
preferences. The class of variational preferences, considered in Section 4 and in all the examples
of the paper, satisfies this property.

First, we show that if there exist an asset f € F' and a price r € R such that in each state
w € QQ, if endowed with the asset player 2 would like to sell it, while player 1 would like to buy
it, then there is no common ex-ante preference. Formally, we say that there exists an interim
Pareto improving transaction if there exists f € F' and r € R such that, for all w € €2, we have
Vi(w,[)>r>Va(w, [)

Proposition 6. Let {(V;,I1;)},c(, 9y be a collection of full support and translation invariant
interim expectations such that Ilg,, = {Q}. If there is an interim Pareto improving transaction,

then there is no common ex-ante expectation V for {(V;, L) e oy

This result clarifies that common dynamic consistency, even without purely probabilistic
beliefs, already implies the absence of trade between the agents. This does not come as a
surprise since, as showed by Kajii and Ui [46] for maxmin preferences and by Martins-da-Rocha
[54] for more general preferences, the absence of interim trade is equivalent to the existence of
a common local subjective belief © # (), which is always implied by the existence of a common

ex-ante expectation V (cf. Proposition 3). However, the latter property is in general much

2"Here, we do not consider the interim no-trade characterizations of the existence of the extreme common
ex-ante expectations V, and V*, as well as the existence of a common local subjective belief, i.e., © # (). Indeed,
the former always exist as shown in Proposition 2, whereas the no-trade implications of the latter have been
extensively studied in [46] and [54].
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stronger than the former, thereby establishing an important difference with the SEU case,
where common dynamic consistency is equivalent to the absence of interim Pareto improving
transaction (cf. [63]).

The sufficient conditions for the existence of an ex-ante expectation can instead be ex-
pressed in terms of the existence of an interim Pareto gain in a large economy with a unit
mass of agents endowed with the interim expectation (V;,1I;) and a unit mass of agents en-
dowed with the interim expectation (V5,1ly). Formally, a two-population endowment economy
{(xi Vi, i)} 1.9y 18 composed by a pair of functions with finite range (x1, x2) € FO 5 plod]
and a pair of interim expectations {(V;,IL;)},c(; 5. Here x; (z) is the initial asset position of
agent = of population ¢. We say that an endowment economy is interim Pareto improvable if
there exists (X}, x4) € FI%U x F01 such that

1. Market clearing:

/[071] x1 () (w) dx+/ X2 (2) (w) do = /[071] X1 (z) (w) dx+/ Xs (@) (w)dz  Vw e Q;

[0,1] [0,1]
2. Interim Pareto improvement:

Vi (w, xi (2)) < Vi (w, X} (x)) Vie {1,2},Vz €[0,1],Vw € Q.

Theorem 3. Let {(V;,11;)},. (12} be a set of full support translation invariant interim expecta-
tions such that Is,, = {Q2}. If there is no two-population endowment economy {(x:, Vi, Hi)}ie{1,2}
that s interim Pareto improvable, then there exists a translation invariant common ex-ante
preference V' for {(Vi, 1) bier1.0)-

There are two reasons behind the gap between the necessary and sufficient conditions for
the existence of a common ex-ante preference. First, for non SEU agent the value of shortening
a position, V; (w, —f), is in general different from the negative of the value of the position,
—Vi (w, —f). Therefore, to guarantee the existence of a common prior the absence of profitable
trade must be verified at every initial asset position, and it is not enough to look at neutral
initial positions. Moreover, the non additivity of V; over the different assets implies that ruling
out bilateral improvements is not enough, and instead joint transfers between multiple agents
must be considered.

6 Discussion and conclusion

The results of this paper can be also used as a stepping stone for further analysis of games with
non subjective expected utility. Here we highlight some open questions and future research

avenues.
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First, as already stressed, despite our analysis follows an interim approach, our results can
be used in games of incomplete information with general preferences under uncertainty and a
giwen set of updating rules. Indeed, the disagreement bound in Proposition 4 and the limit
characterization in Theorem 2 did not put any intertemporal restriction on the agents’ prefer-
ences. So, for example, if all the agents are maxmin, share the same ex ante set of probability
models, and update their beliefs with full Bayesian updating, then our results give tools to
study how the equilibrium outcomes changes with respect to the agents’ private information.
Therefore, our results can be seen as a stepping stone toward a model of information design in
beauty contests under non SEU preferences.

Second, our framework enables us to revisit some classical results for SEU agents on incom-
plete information games to understand whether they carry on with more general preferences.
An example is the result established in [26] that if a stochastically monotone function (often
interpreted as the price of an asset) of the beliefs is common knowledge across the players, their
beliefs actually coincide. The result extends if the information structure is unambiguous, but
may fail more generally.

Finally, our framework and results can be used to obtain sharper equilibrium refinements in
complete information games. Indeed, in the SEU world, Monderer and Samet [52] and Kajii and
Morris [43] pioneered a robust approach that selects only the subset of equilibria that are limit
points of every sequence of incomplete information games that is approximating the original
complete information game. An even sharper refinement would only select equilibria that are

limit points including elaborations under incomplete information and non-SEU preferences.

A  Appendix: Mathematical preliminaries

Recall that we have a finite state space 2 and a finite set of individuals I = {1,...,n}. Since
(2 is finite, we can enumerate its elements 2 = {wy, ...,w;} with 7 € N. With a small abuse of
notation, we equivalently view the state space as either the set 2 = {wy,...,ws} or as the set
J ={1,...,n}. In this way, R® is isomorphic to the set of vectors R, where both are endowed
with the supnorm. For this reason, we still denote the elements of R™ by f. We also denote the
elements of the canonical basis of R” by e/ for all j € J. Finally, we denote the vector whose
components are all 1s by e: it corresponds to the function 1q in R®.

In this section, we focus our attention on operators 7' : R” — R™. In what follows any
such operator will be assumed to be normalized, monotone, and continuous with the exception

of Definition 9 and Lemma 3.2% Clearly, a normalized, monotone, and continuous operator

28That is, T is normalized if and only if T (ke) = ke for all k£ € R. Obviously, T is monotone if and only if
for each f,g € R"
fz9g=T()=T(g).
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T : R"™ — R" is linear if and only if there exists a stochastic 7 x 7 matrix M such that
T(f) = Mf for all f € R".? The composition of normalized, monotone, and continuous
operators is an operator which shares the same properties. In this work, all products of n x 7o
matrices are to be intended backward/left, that is, HfjllMl = MkJrle:lMl = My 1...M; for all
k € N. Define I; to be the nn x n identity matrix. Given T': R® — R", we define by T} the
j-th component of T, that is, T; (f) is the j-th component of the vector 7' (f) for all f € R".
Given j,j" € J we say that j is strongly monotone with respect to j' (under T') if and only if
there exists ¢;;; € (0,1) such that for each f € R and for each § > 0

T (f+0e") =Ty (f) > 33 (20)

We also say that j is constant with respect to j' if and only if for each f € R and for each
0>0

T (f 406 ) = T3 () =0. (21)
Given T and j, j' € J, observe that it might be the case that neither j is strongly monotone with
respect to 7' nor j is constant with respect to j'. In light of this, we say that T is dichotomic if
and only if for each j, j’ € J, j is either strongly monotone with respect to j’ or constant. Our
operators 1" are typically nondifferentiable, when they are though, condition (20) (resp., (21))
amounts to require that the partial derivative of 7, with respect to j’ is uniformly bounded
away from zero (resp., is zero) at each f.

We next define the notion of indicator matrix for an operator 7'

Definition 9. Let T' be a monotone operator. We say that A (T) is the indicator matrix of T
if and only if its jj'-th entry is such that

vy, € J

1 j is strongly monotone wrt j’
Ai;r =
0 otherwise

The above notion of indicator matrix generalizes the notion of indicator matrix for positive
matrices. In fact, the indicator matrix A (M) of an 7 X 7 nonnegative matrix M is defined to
be such that a;; = 1 if and only if m;; > 0 and a;; = 0 if and only if m;;; = 0.*° We say
that A (T') is nontrivial if and only if for each j € J there exists j/ € J such that a;; = 1. The
indicator matrix A (T") of a monotone operator 7' induces a natural partition of J, associated
to T'. Recall that given a nonnegative n X n matrix A with nonnull rows, we can partition the
set J = {1,...,@} with the partition {.J; (4)}/"4*" of essential and inessential indexes of A. The
first m,4 sets consist of the essential classes while J,,, 1 (A) consists of all inessential indexes

and it might be empty. This is the case if A is symmetric, that is, a;; = aj; for all j,j" € J.

29 As usual, a stochastic matrix is a square matrix whose entries are nonnegative and the entries of each row

sum up to 1.
30To see this, define T : R® — R™ by T'(f) = Mf for all f € R™. It is then immediate to see that

A(T) = A(M).
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Instead, there always exists at least a nonempty class of essential indexes J; (A).3! We call
I (A) = {J; (A)}'4™ the partition of A. When A = A(T) where T is normalized, monotone,
and continuous and A (7') is nontrivial, we denote by II (7) the partition II (A (T)).

Lemma 3. Let {Bk}ke{le} be a finite collection of n X n monnegative matrices such that
brjj > 0 for all k € {1,..., K} and for all j € J. If A(By) is symmetric for all k € {1,..., K},
then A(Bk...By) > A(By) for all k € {1,..., K} and I1 (A (Bg...By)) is coarser than 11 (By)
forallk e {1,..,K}.

We already observed that a normalized, monotone, and continuous operator 7' is linear if
and only if T (f) = M f for all f € R™ where M is an 7 X 7 stochastic matrix. Intuitively, the
next two results show that dropping the linearity assumption allows M to depend on f. The
first result will not impose much discipline on the replicating matrices M (f) while the second
one will connect the indicator matrix of M (f) to the one of T. As usual, we denote by Aj; the

collection of all vectors in R”} whose entries sum up to 1.

Lemma 4. If T : R® — R" is normalized, monotone, and continuous, then there exists a
compact and convex set M (T) of n x f stochastic matrices such that for each f € R™ there
ezists M (f) € M (T) such that

T(f)=M(f) [
Moreover, if j is constant with respect to j', then m;j =0 for all M € M (T').

The next result builds on [9, Proposition 8].

Proposition 7. If T : R" — R" is normalized, monotone, continuous, and such that A (T) is
nontrivial, then there exists a compact and convexr set M (T') of i x i stochastic matrices such
that A (M) > A(T) for all M € M (T) and for each f € R"™ there exists M (f) € M (T) such
that

T(f)=M(f) [
Moreover, if T is dichotomic, then M (T) can be chosen to be such that A (M) = A(T) for all
M e M(T).

(t)
5 > O fOI'

some t € N. It is immediate to see that if j 4 j" and j' 4 4", then j 4 7. We also write j A, 4" if and only

31'We follow Seneta [64]. Denote by ag?/ the jj’-th entry of A*. We write j 4 j' if and only if a

if § A j' and j' 4 7. In this case, clearly, we have that j A 7, that is, ag-tj) > 0 for some t € N. Next, we classify

each index j € J as essential or inessential. An index j € J is essential if and only if for each j' € J
Ay . A -/
J—=) = 17~

If instead there exists j° € J such that j 4 j', but 5’ 72 j, we say that j is inessential. In other words, j is
inessential if and only if it is not essential. Note that there always exists at least one essential index (see Seneta
[64, Lemma 1.1]). For each essential j € J, define [j] = {j’ eJ:j R j’}. Note that given two essential
indexes j and j' in J we have that either [j] = [j'] or [j] N [j’] = 0. In particular, j” € [j] if and only if j” is

essential and j A, j". Moreover, given j,j’ € J such that j A, 4, j is essential if and only if 5 is.
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Proof. For each j,j' € J if j is strongly monotone with respect to j’, consider ¢;; € (0,1) as
in (20) otherwise let €;; = 1/2. Define M to be such that 7, = a,;,; for all j, j' € J where
a;j; is the jj'-th entry of A (7). Since each row of A (T') is not null, for each j € J there exists
j' € J such that a;; = 1 and, in particular, 7, > 0. This implies that ZL m;; > 0 for all
j € J. Define also ¢ = min {minje; >, M, 1/2} € (0,1). Define the stochastic matrix M to
be such that m;; = m,j/ Z?:l m;; for all j,j' € J. Clearly, we have that for each j, j' € J

mjj/>0 <~ fnjj/>0 < ajj/:1.

This yields that A (]\_4) = A(T). Next, consider f,g € R" such that f > g. Define ¢° = g. For
each j' € {1,...,72 — 1} define ¢’ € R" to be such that gjl = f; for all j < j" and gj:l = g, for
all j > j' + 1. Define g" = f. Note that f = ¢g" > ... > ¢g* > ¢° = ¢. It follows that

Tj(f)—Y}(QFZﬁ:[@ () =1 ()] 2 Z v (o -97)

7'=

= ijj’ (fj/ (Z mﬂ> (Z ijjm l (f, _ gj’)>

jl:]- =1

= (Z mjl) <Z myjr (fir — gj’))
1=1 j'=1
> Eimjj/ (fj’ - gj’) VJ e J

This implies that

f>9g = T(f)-T(g)>eM(f —g)=c(Mf— Myg). (22)
Define S : R™ — R" by
S(f) = T(fl)_ng Vf € R™.

By definition of S and (22) and since M is a stochastic matrix and 7" is normalized, monotone,
and continuous, it is immediate to see that S is normalized, monotone, and continuous. We can
rewrite T" to be such that

T(f)=eMf+(1—¢)S(f) VfeR" (23)

Consider the set M (S) of Lemma 4. Define M (T) = eM + (1 — &) M (S). Since M (S)
is compact and convex, A( )= A (]\7[ ), and € € (0,1), it follows that M (T) is compact
and convex and A (M A(M) = ) for all M € M (T). By (23) and since for each
f € R™ there exists M( ) M (S) such that S (f) = M (f) f, for each f € R™ we have that
T (f) = M (f) f where M (f) = £l + (1 — &) I (f) € M(T).
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Finally, consider j, ;' € J. Since A (M) > A(T), if the jj"-entry of A(T) is 1 so is the one
of A(M) for all M € M (T). Assume that the jj-entry of A (T) is 0. Since A (T) = A (M),
the jj’-entry of A (]\_4 ) is 0 too. Since T is dichotomic, it follows that for each f € R™ and for
each 6 > 0

gimﬂﬁ =98 (1 +0) = 5;:% (fitoe ) +1-2)8; (1 +0e)
(f+5ej>: —€Zm]lfl (1—¢)S; (f).

Since £ € (0,1), we can conclude that S; (f + de/’) = S; (f) for all f € R™ and for all § > 0,
that is, j is constant with respect to j* under S. By Lemma 4, we have that m;; = 0 for all
M € M(S). Since M(T) = eM + (1 —e) M (S) and m;;; = 0, we can conclude that the
jj-entry of A(M) is 0 for all M € M (T). Since j and j' were arbitrarily chosen, we can
conclude that A (M) = A(T) for all M € M (T). [ |

The next lemma is an extension to our framework of Lemma 2 of Samet [62]. In order to
discuss it, we need to introduce some notation. Given a stochastic matrix M, we denote by

) (M) = minj,j/e];mjj»o mgg and d (M) = mianJ mgj.

Lemma 5. Let M and M be two i x 7 stochastic matrices. If A (M ) 15 symmetric and
0<d (M), then we have that A(MM) > A (M) and

1. 6 (MM)

v

6 (M), provided A (MM) = A (M).
2.6 (MM) >6(M)6 (M), provided A (MM) > A(M).

Moreover, if { My}~ is a sequence of . X i stochastic matrices such that A (My) is symmetric,

0(Mg)>6>0, and d (M) >0 for all k € N, then

) <HMk> >6"  VmeN. (24)
k=1

Define

Theorem 4. Let {T;}

chotomic operators. If

.1 be a finite collection of normalized, monotone, and continuous di-

1. A(T;) is symmetric for all i € I,
2. a;j; =1 forallic I and for all j € J,

3. the meet of the partitions {11 (T;)},., is {2},
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then for each I-sequence (in,),,y and for each f € R™ we have that
lim 7T; o..oT; (f)

exists and is a constant vector. Moreover, for each I-sequence (i), and for each 7,t € N,

if i appears at least T times in (i, ...,4;) for alli € I, then

|

where 6 = inf;cr prepm(r) 6 (M) > 0.

_ﬁz

a2 o\ T2 -1
lim T;, o..oT; (f) =T, 0..0T} (f)HOOS (1—52n”) fll

Proof. Define { = 27°. By Proposition 7, we have that I, < A (T}) = A (M) for all M € M (T})
and for all ¢ € I. Since M (T;) is compact for all i € I and I is finite, this implies that
8 = inficr premer) 0 (M) > 0. Define § = " > 0. Consider f € R and an I-sequence () yen-
Define f; =T;, 0...0T;, (f) € R" for all t € N and set fy = f. By Proposition 7, there exists a
sequence {M,;},  of 7 X 7 stochastic matrices such that M; € M (T;,) and T;, (fi—1) = My fi

for all t € N. Set tg = 0. Define recursively the following subsequence
th+1 :mln{m>th . {ith+17"'aim} 2[} VhZO

We next proceed by steps.

Step 1: A (Hig;HMt) > I and 11 (A (Hi’;iﬂMt)) = {Q} for all h € Ny.

Proof of the Step. Fix h € Ny. Since I, < A(T;,) = A(M,) forall t € {t, + 1, ..., tp41}, we have
that A (M;) has a strictly positive diagonal and it is symmetric for all t € {t;, + 1,...,t,11}. By
Lemma 3 and since {t, +1,...,t441} 2 I and the meet of the partitions {II(T;)},., is {€2}, so
is the meet of the partitions {II (M;) ig;+17 yielding that IT (A (M,,,,...M;, 1)) = {Q}. By
Lemma 3, we also have that A (Hih:Jg;HMt) > A(My) > I forall t € {t, + 1, ..., th1} O

Step 2: 6 (H?;t;HMt) > 6" for all h € No.

Proof of the Step. Fix h € Ny. By Lemma 5 and since A (M;) = A(T;,) is symmetric,

0 (M) >d>0,and d(M,;) >0 for all ¢t € N, the statement follows. O
Define M), = H?jt; 1M, for all h € Ny. By Steps 1 and 2 and [64, Lemma 4.8 and Theorem

4.19], we have that II7" M, converges to a stochastic matrix M whose rows coincide to each

other and, in particular, that

T

[0 —mzbn)|, < (1-6)7 wren.

This implies that II[ | M; — M and, in particular, that for each 7,¢ € N, if ¢+ appears at least
7 times in (iy, ..., 4;) for all ¢ € I, then

_ N\ F1
(16 =T i0| < || =TG50, < (1-6)7
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Finally, it follows that

lim T,

im
m—0o0

o..0oT, (f) = lim I, Mf = Mf,

and, in particular, that for each 7,¢ € N, if i appears at least 7 times in (i1, ...,4;) for all i € I,
then

T

lim Ty, 0..0Ty (f) =T 0.0 Ty, (f)HOO = ||Mf = (T, M) f]] < (1—5)5_1\\]‘"\\00

=2
ﬁ2ﬁ2 727" —1
= (1= 1l

proving the statement. |

B Appendix: Existence and implications

In this section, we use the results previously discussed. For such a reason, we equivalently refer

to R and R”, since they are isomorphic.
Lemma 6. IfV : R® — R is an ex-ante expectation, then it is continuous at constant functions.

Lemma 7. Let (V,II) be an interim expectation with full support. The following statements

are equivalent:

(1) aj =1;
(i) 11 (w;) = IT (wyr).
In particular, A(V') is symmetric, a;; =1 for all j € J, I1(V) =11, and V is dichotomic.

Proof of Proposition 1. By Lemma 7 and since {(V;,11;)},., is a finite set of full support
interim expectations, we have that A (V;) is symmetric, II (V;) = II;, and V; is dichotomic for all
i+ € 1. Moreover, we have that a; j; = 1 for all j € J and for all ¢ € /. By Theorem 4 and since
the meet of {II(V;)},.; is {2}, we can conclude that for each I-sequence ¢ = (i;),.y and for
each f € R we have that lim,, . Vi ©...o Vi (f) = k, 1lq for some k, ; € R. Moreover, there
exist & = (infiELMeM(Ti) ) (M))2n2ﬁ2 € (0,1) and t = 27" ¢ N such that for each I-sequence
(im)men and for each 7,¢ € N, if ¢ appears at least 7 times in (i1, ..., ) for all 7 € I, then

T

A\ 71
lkpile = Vioo o Vi (DI < (1=8)" 117

Finally, the last part of the statement follows from the previous claim by setting C' = 1%8 and
1

e=(1-9)". u
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Denote by P the set of permutations of agents, that is, bijections p : {1,...,n} — {1,...,n}.
Given p € P, we denote by V, : R? — R the operator defined by

Vo, = Vo o Vo) © .. 0 V.- (25)

As usual, we also denote by V;f the composition V,0...oV, for all £ € N and for all p € P.
————

t-times

Proof of Theorem 1. (i) implies (ii). By assumption, for each /-sequence ¢ = (i;),.y and for
each f € R® we have that lim,, .o, V;,, o ... oV, (f) = k, s1q for some k, ; € R. By Lemma 6
and since V is an ex-ante expectation and (V, Vi, Hi) is a generalized conditional expectation,
we have that

Fup =V (kuglo) =V (lim Vi, 0.0 Vi, () = Tim V (Vi, 0.0V, (f)

m—00

= lim V/(V,,_, 0..0Vi, (f)) =... = lim V/(V; () =V (f),

proving the implication.

(ii) implies (i). Fix a permutation p € P. Define the I-sequence (i), by ix = p (kmodn)
for all £ € N such that kmodn # 0 and i, = p(n) for all ¥ € N such that kmodn = 0.3
Define V : R? — R? by V (f) = lim, .o VI (f) for all f € R%. By assumption, we have that
V is well defined and V (f) is a constant function for all f € R®. Since V; is the composition
of normalized, monotone, and continuous operators, so is V for all 7 € N and, by passing to
the limit, V is normalized and monotone. By assumption, we also have that

V(f)=1lm V] (f) VfeR%VpeP.

T—00

Since V is normalized and monotone and V (f) is a constant function for all f € R®, we also
have that V/ (\7 (f)) =V (f) for all f € R®, thatis, VoV = V. Define also V : R? — R by

V(f) = Vi (f) for all f € R Since VoV =V, it is immediate to see that V is an ex-ante
expectation such that V o V = V. This implies that for each f € R? and for each p € P

V=V (V) =V (tim vy v, (1) =V (lim v+ () =7 (V) =V ().

(26)
Consider i € I. Consider any permutation such that p (1) = i. By (26), we have that VoV;oV; =
V o V;. Consider the permutation p such that p (i) = p(i' +1) for all # € {1,...,n— 1}
and p(n) = i. Define also V = V o V;. It follows that V is an ex-ante expectation. Since
VoV;0V; =V oV, we can conclude that

VO%ZVO%O%IVO%O%:VO%:V_

32This is the sequence
5 (1)5(2) ()5 (1)5(2) () 5 (1)5(2) () .
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By induction, this implies that V o Vi= VoV;=V forall 7 € N. By (26) and Lemma 6 and
since V is an ex-ante expectation, VoV =V, and V o Vi = VoV,=V forall 7 € N, we can
conclude that

~

V=V (V) =V (v (V) =7 (V) =7 (1m v ()
) =

= lim V (V7 (f V(Vi(f)) VfeR?
yielding that V o V; = V. Since i was arbitrarily chosen, the statement follows. |

Proof of Lemma 1. Define

Vo (f) =min f (w) and V°(f)=maxf(w) Vf € R

weN we

It is immediate to see that both V, and V° are ex-ante expectations. Next, fix f € R?, and

observe that given

Vi(w, f) € |min f (), max f (') Yw e Q, Vi e,

w'eN w'eN

we have that
Vo (Vi(f) = minVi (w, f) 2 min f (/) = Vo () Viel

W' €Q
and

Ve(Vi(f)) = maxVi (w, f) Smax f () =V (f)  Viel,

This proves that V, and V° are respectively lower and upper common ex-ante expectations
for {(Vi,IL;)},.;, hence that V, and V° are nonempty. We next show that V, and V* are well

defined lower and upper common ex-ante expectations for {(V;,I1;)}._,. First, observe that

iel”

Vi (ke) = sup V, (ke) = sup k =k Vk € R

VO e VO VO e VO

and that, for all f, g € R® with f > g, we have

Vi (f) = sup Vo (f) = sup Vs (g9) = Vi (9),
VoEVo VoeVe

where the inequality follows from monotonicity of each V, € V,. With this, V, is an ex-ante
expectation. With exactly the same steps we can show that VV* is also an ex-ante expectation.
Next, fix f € R and V, € V.. For each i € I, we have

Vo) S Ve Vi) < sup VI(Vi(H) = Ve (Vi ().

Given that V, € V), was arbitrarily chosen, it follows that

Vi(f) = sup Vo (f) < Vi (Vi(f))

Vo€Vo
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proving that V, is a lower common ex-ante expectation. With exactly the same steps we can

show that V* is also an upper common ex-ante expectation.
Before proving Proposition 2, we define V, : R® — R and V* : R® — R by

Vi (f) = inf V. (f) and V*(f) = sup V,(f) VfeR™

N., 3 .
t€lN:e is an I-sequence 1€IN: is an I-sequence

Clearly, we have that V, < V™.

Proof of Proposition 2. Since V, (resp. V*) is a pointwise infimum (resp. supremum) of

normalized and monotone functionals, so is V, (resp. V*). Fix f € R® and i € I. Consider

also an I-sequence (. Note that, by Proposition 1, we have

kvpale = lim Vi oVy  o..oVy oVy (Vi(f))
— hm ‘/;;/ o ‘/;;/71 O...0 ‘/;/2/ @) ‘/lel (f) — kf,L”lﬂ

t—o00

where (" is the I-sequence such that ] = ¢ and ¢} = ¢;_; for all t € N. This implies that

kV}(f)w' = kﬂLn 2 inf ka = inf ‘/L (f) = V; (f) .

. I .
1€IN: is an I-sequence 1€IN: is an I-sequence

Since ¢/ was arbitrarily chosen, this implies that

V.(Vi(f)) = inf V.(Vi(f) = inf kv = Vi (f) s

1€IN: is an I-sequence t€IN: is an I-sequence

proving that V, € V,. Next, consider V' € V, and suppose by contradiction that V' (¢) > V; (g)

for some g € R, Since V' (g) > Vi (g), there exists an I sequence ¢’ such that
V' (g)1q > tlir?o ViioVy_ o..oVyoVi(g)=ky.la.
Since V' is normalized and continuous at k,,1q by Lemma 6,
Vi(g) =V'(V'(9) 1a)
>V (kg lg) = V' (tlim Vi oVy o..0VyoVy (g))
= lim V, e} V;; e} ‘/1471 0...0 ‘/;/2 e} ‘/:Lll (g)

t—o0

>V'(g)

obtaining a contradiction. This proves that V, = V,. A completely symmetric argument shows

that V* = V™.

Proof of Corollary 2. (i) = (ii) By Proposition 1, Theorem 1, and Corollary 1, we have
that B, (f) = V. (f) = V*(f) for all f € R®. This immediately implies (ii) via Proposition
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2. (ii) = (i) Given that both V. and V* are SEU, there exist p.p* € A(Q) such that
Vi (f) =E,, (f) and V*(f) = E, (f) for all f € R®. By Proposition 2, it follows that

Ey. (f) =V (/) SV (f) =By (f) VfeR™

Therefore, we have that p, = p*, implying that V, = V*. By Corollary 1, it follows that there
exists an ex-ante expectation V such that (V Vi, H<) is a generalized conditional expectation
for all i € I and such that V = E,, = E,-, proving (i). [ |

Proof of Proposition 3. 1. It is immediate to see that V© is monotone and normalized
provided that © # . Fixi € I, f € R®, and p € ©. For every w € Q, we have
By [f] = min{E, [f] + ¢iw ()} = Vi (w, f) -

pEA

In particular, we have E,, [f] > E, [V; (f)]. Given that ;1 was arbitrarily chosen, it follows that

VO (f) = minE, [f] > minE, [V; (f)] =V (Vi ().

HEO HEO

Given that i and f were arbitrarily chosen, it follows that V© € V°.

2. We first prove an ancillary claim.

Claim 1. If there exists a common ex-ante preference V. for {(Vi, I1;)}
RL . and (f;),e; € (RQ)I such that

ier- there is mo (k;),c; €

min _{k; + f; (w)} > 0,

1€l,we
d filw=0 VYweq,
il
min {V; (w, kie + f;) — Vi (w, k;e)} > 0.

iel,we

Proof. Suppose by contradiction that there exist (k;),.; € R., and (f;),c; € (RQ)I as in the

statement. Observe that

DRI WD o) EE WAL

iel el icl iel

:—Zv (ke + £3))

el

v
SN
g
<
/\

(EI}%% Vi (w, kje + f3) = Vi (w, &y 6)}) e)

el
1
=~ | D VVilko)| + min {V;(w ke + f;) = V; (w, kje)}
i€l T
1
:E;ki—l—ﬁr}lgéﬂ{‘/(wke—l—f]) i (w, ke)} > — ;k
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yielding a contradiction. U

We are now ready to prove the statement. By the previous claim, [54, Theorem 6.2], and

[15, Corollary 5] if there exists a common ex-ante preference V for {(V;,II;)},_;, then
ﬂco{p EA(Q):FweQpedV;(w,e)} #£0.
iel
Finally, by [51, Lemma 32], we have that © # 0. [ |

C Appendix: Equilibrium

We consider the vector space (Rﬂ)n The elements of (Rﬂ)n are vectors of m components,
f, where each component i, f;, is an element of R®. We endow (R?)" with the norm || ||, :
(R?)" — [0, 00) defined by
I£]l, = supsup |f; (W)| = sup | fill, ~ VEe (RY)".
il we iel

We say that an interim expectation V; is nonexpansive if and only if

Vi(f) = Vil < If = 9l

for all f,g € R®. Recall that variational preferences V; (w,-) as in equation (13) are concave
and translation invariant, hence V; (w, -) is concave and translation invariant. Therefore, by [14,
p. 346], this assumption implies that each V; (w, ) is nonexpansive.

Fix f € R? and let W be an n x n stochastic matrix and assume that || > 2. Recall that,
for each 5 € (0,1}, we define Sg : (]Rﬂ)n — (Rﬂ)n by

5. (F) = Vi ((1 -0 f+ 5Zwizfz> vf € (R?)",Vie I, (27)
=1

where Sg; () is the i-th component of S (f) for all £ € (R®)". Also, define fe (R?)" as fi=Ff
for all 7 € I. In addition, observe that S; is normalized, monotone, translation invariant, and

concave.

Lemma 8. If § € (0,1] and V; is nonexpansive for all i € I, then Ss is a B-contraction. In
particular, for each 3 € (0,1), there exists a unique o” € (Rﬂ)n such that

S (f) Ll b, S (aﬁ) = 0", and HUBH* < HfHOO

Lemma 9. Let W be strongly connected, {(V;,11;)}

n

expectations such that Ilg,, = {Q}, and f € (]RQ) )

e1 be a collection of full support interim

The following statements are equivalent:
(1) Si(f) =f;
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(i1) There exists m € R such that f; = fy = mlq for alli,i' € 1.

Recall that 7 = |{2|. For every monotone operator R : (RQ)n — (Rﬂ)n define the adjacency
matrices A (R), A (R) € {0,1}™™*"™™) 45 follows. For every i,j € I and w,w’ € Q, we set
A ) jwn () = 1 if and only if there exists €(;w)(jw) > 0 such that for each f € (]RQ)n and
5 >0,

Ri,w <f + (5€j’w/) — R@w (f) > 5(i,w)(j,w’)5:

and we set G(;w)(jw) (R) = 1 if and only if there exist f € (]R’Q)n and 6 > 0 such that
Ri,w (f + 5€j’UJ/> — Ri,w (f) > 0.

Moreover, we say that a class of indices Z, 0 # Z C I x §, is closed and strongly connected
with respect to an adjacency matrix A € {0, 13> if and only if (i) for each z,2/ € Z
there exists a path {z}/, C Z such that Uzzyy, = Lforalll € {1,...,K -1}, zy = z and

zg = 2'; (ii) for each z € Z, a,,» = 1 implies 2’ € Z.

Lemma 10. There exists a unique class of indices Z, ) # Z C I xQ, that is closed and strongly

connected with respect to A (Sy) and, in addition, every row of A(Sy) is not null.

Proof of Proposition 4. By Lemma 8, it follows that, for every 5 € (0,1), Sz is a contraction
with respect to the supnorm and it admits a unique fixed point ¢? € ¥. With this, the result
follows by Lemma 10 and applying [10, Proposition ?] with T' = S;. [ |

Next, let W C Rfm)x("m) denote the set of stochastic matrices over I x ) and define
a5, (0) = {W EW Y (i,w) €1 x Qwi, €ISy, (0)} ,

where 051, (0) € A (I x Q) is the superdifferential of the concave functional S;;, at 0.
In particular, the fact that 957 (0) C W easily follows from the fact that S; is normalized,

monotone, and translation invariant.

Lemma 11. We have
051 (0) ={W?leW:qedV(0)}.

Lemma 12. Let {(V;,11;)},.; be a collection of full support interim expectations such that
ey = {Q}. The following facts are true

1. If V; is concave for all i € I, then V, is concave. If in addition V; is positive homogeneous

for alli € I, then V, is positive homogeneous.
2. If V; is liu¢-affine for all i € I, then
Vi(T=X)h+Ag) = (1= A) Vi (h) +AVi(g)
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and

V(I =XNh+Ag) <(1-=XNV*(h)+ AV (g)

for all A € (0,1) and for all g,h € R® where g is Ili,s-measurable.

Lemma 13. Let {(V;,1L;)},., be a collection of full support interim expectations such that
gy = {Q}. If V; is concave for all i € I, then for each B € (0,1)

V. (ngi <f>> >V, (f) Vie I,Vr €N,
where f € (Rﬂ)n 18 such that fl = ffor all v € I. Moreover, if V; is nonexpansive for all i € I,
then V, (Uf) >V, (f) for alli € I and for all € (0,1).

Lemma 14. If the collection of interim expectations {(V;,11;)}._; has full support, is such that

e = {2}, is variational and © # (0, then © C int (A (£2)).

el

Proof of Lemma 2. Fix ¢ € 9V (0) and observe that, by Lemma 11, we have W7 € 95; (0).
By Lemma 10, there exists a unique class of indices 7, ) # Z C I x€Q, that is closed and strongly
connected with respect to A (S7) and, in addition, every row of A (S;) is not null. Given that

Sy is concave, it follows easily from the definition of 9S; (0) that, for each W e 95, (0), Z

3

is the unique closed and strongly connected with respect to A (W) 33 In particular, Z is

the unique closed and strongly connected with respect to A (WW?). Next, observe that, for

each v € A (I x ), we have v = « (Izﬂ) if and only if v = yW49. In addition, given that

A(HE) > A(W9), it follows by [48, Corollaries 8.1 and 8.2] and [67, Theorem 2.2.5] that

I+Wwe
2

also the unique probability vector such that v¢ = 444, Given that ¢ € OV (0) was arbitrarily

there exists a unique 77 € A (I x Q) such that v¢ = ~4 ( ) By the previous claim, 77 is

chosen, the statement follows. [ |

Let s € int(A(I)) denote the unique probability vector that satisfies s = sW, where

uniqueness and strict positivity follow from the fact that W is strongly connected.

Proof of Theorem 2. First, recall that S; is normalized, monotone, translation invariant,
concave and, by Lemma 9, Sy (f) = f if and only if there exists m € R such that f; = fi = mlg
for all 4,7 € I. With this, by [10, Corollary 7|, we have that

lim 0! (w) = min Z 77i7wf(w)a

B—1 {r]EA(IXQ):HWG@Sl(0),77:77W} (i) eI X0

for all (i,w) € I x §2. By Lemmas 11 and 2, it follows that

lim o” (w) = mi 1 fw).
limof (@)= min >, S
(1,w)eIxQ

33Here, with an abuse of notation we identify the linear operator induced by the matrix W with W itself.
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Next, fix ¢ € OV (0) and observe that

S el [f]= X o qwlzwwf] S| Y @

(i,w)eIxQ (i,w)eIxQ (i,w)eIxQ (Jw')eIxQ
Z Viw Z Wiy W) | = Z Viwl (@)
(4,w)eIxQ (Jw")eIx2 (i,w)eIxQ

where the third equality follows from the definition of W? and the last equality follows from
the fact that v? = 47W%. This proves the equality in (18).

We now prove the left inequality in (18). Fix 7 € I. By the previous part, we know that
there exists m € R such that limg_; 0 (w) = m for all (i,w) € I x Q. By contradiction, assume
that V, ( f) > m. By Lemma 13 and since V, is a nonexpansive ex-ante expectation, we can

conclude that

m = V(mlg)—hmv< )>V<f>>m

yielding a contradiction.

Next, we prove the right inequality in (18). First, observe that, if ® = (), then inf,,co E,, [ f} =
oo and the right inequality in (18) trivially holds. Next, assume that © # () and fix 4 € ©. In
particular, we have p € int (A (Q2)) by Lemma 14, hence p,,; (w, ) is uniquely defined for all
(t,w) € I x Q. By definition of © and equation (16), we have that p,; (w, ) € 9V; (w,0) for
all (i,w) € I x Q. With this, define ¢* € A (Q)"" as G = Pui (w, ) for all (i,w) € I x Q
and observe that ¢* € 9V (0) by construction. With this, by Lemma 2 there exists a unique
probability vector 44" € A (I x Q) such that 74" = 49" W, Now, define v* € A (I x Q) as
Vi = Sipt (w) for all (i,w) € I x Q. Observe that, for all (i,w) € I x Q, we have

Z 7] w’w (J,w") zw) Z SjH (w/) wj’iq;'fw ZSJwﬂ Z H pMJ w' W)

(Jw)eIxQ (Jw")EIXQ jeI w'eN

§ :Sjwﬂ = 710.)

jel

This show that v* = y*W4?", proving that v* = 44", This in turn yields the right inequality in
(18).

The second part of the statement directly follows by the first part and by Corollary 1 (left
inequality) and Proposition 3 (right inequality). [ |

Proof of Corollary 4. The first part of the statement follows from Theorem 2 and from
the fact that, by assumption, 9V (0) = {¢*}. Next, assume that © # (). Observe that,
for each y € ©, we have that, by Lemma 14, p,; (w, ) = ¢j, is uniquely defined for all
(1,w) € I x Q. Assume by contradiction that there exist p, /' € © with p # p/ and consider the

collection {(Eq;, Hi) }ie ; of interim expectations. This collection has full support by Lemma
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14. Therefore, { (Eq;, HZ-) }ie ; exhibits convergence to a deterministic limit by Proposition 1. In
particular, both [E,, and E,, are common ex-ante expectations for { (Eq;, Hi) }Z.e ; by construction,
yielding a contradiction with Theorem 1. Therefore, we obtain © = {u*} for some p* € A (Q).
Moreover, by Lemma 2, there exists a unique probability vector v € A (I x Q) such that
Y = AT W. Now, for each (i,w) € I x Q, define v** € A (I x Q) as %“w = s;u* (w) and
observe that

D Al i = D Sl W) wiig) (W) =) sjw >t (W) s (W w)

(Jw"eIxQ (Jw"eIxQ jel w'eQ
— g x — M
= pu*(w) E sjwj; = p* (w) 8; = Vi we
jel

This show that v** = v*" W', proving that v = v#". Finally, we have

Y o []= X B [f]= X s @B [f] =B 1],

(1,w)eIxQ (1,w)eIxQ (i,w)eIxQ

proving the second part of the statement. |

Proof of Corollary 5. By Lemma 12, we have that V, is a maxmin ex-ante expectation.
By Corollary 1, it follows that V is a maxmin ex-ante expectation as well. Let C C A ()
denote the set of probabilities such that V (f) = min,csE,[f] for all f € R% Fix p € C,
i €I, and w € Q. Since V and V; satisfy dynamic consistency, it follows by [22] that C' is II;-
rectangular. With this, we have that p,; (v, ) € C;,, where C;, is the set of probabilities such
that V; (w, f) = minyec, , B, [f] for all f € R®. With this, it follows that ¢, (pu; (w,-)) = 0.
Given that i € I and w € §2 were arbitrarily chosen, it follows that p© € ©. This in turn proves
that C' C ©, hence that V ( f) < Ve ( f) Finally, the result follows by the second part of
Theorem 2. |

Proof of Proposition 5. Fix 3 € (0,1). By Lemma 8, we have that o’ = Sj, (0f) =
Vi (( B f+5 > 1wzlal> for all i € I. This implies that ¢ is II-measurable and, in

particular, IT;,;-measurable for all 7 € I. Since Vj is Il s-affine, this implies that

of =V, ((1 - 8) [+ 5iwﬂa,ﬁ> — (-8 (/) +8Y wa; (o7) vier ()
=1 =1
By Lemma 12, since V; is Ilj¢-affine for every i € I, we have that V, is such that
V(I —a)h+ag) =2 (1 —a)V, (h) +aV. (g) (29)
and V* is such that
Vi ((1l—a)h+ag) <(1—a)V*(h)+aV*(g) (30)

46



for all a € (0,1) and for all g, h € R® where g is II;,;-measurable. By (28), (29), (30) and since

each V; < f > is II;-measurable, hence II;,-measurable, we have that, for each ¢ € I,

()1 (021 0) 3w o)
> (1-B)V. (f) —i—ﬁzn:wuv* (of) ,
and

v (o) = v ((1 -9V (f)+s lzl waV; (o—f)>
<(1-p)Vv* (f) +ﬁ§n:wi,v* (o—f) .

Define z, € R™ to be such that z.; = V. (af) — Vi (f) for all 7 € I. We can conclude that z, >
BWz,. Assume by contradiction that x,; = min;c; z,; < 0. Since W is a stochastic matrix, we
have z,; < (W=x,),. Since § € (0,1) was arbitrarily chosen, it follows that z., < 8 (Wuz,),,
yielding the contradiction

Taip < BWxi)y < .

Therefore, we must have V, (Uf ) >V ( f ) foralli € I and for all 5 € (0,1). By taking the limit

for f — 1 in the previous inequality and by Lemma 6 and Theorem 2, we get limg_,; Jf (w) >
V. <f) for all w € 2 and for all ¢ € I. Analogous steps yield that limg_,; af (w) < V* <f> for
all w € Q and for all 7 € I. The second part of the statement follows from the first part and

Corollary 1. [ |

C.1 Table of bounds

Preferences Lower bound Upper bound

SEU CP 4 E, |f E, | f

MEU, FBU, RECT C min,cc B, | f min,cc B, | f

MEU, FBU, (C}),, v. (f) inf e, By | f
MEU, PROXY, v MiNeore(v) By | f Minen,_jeores) B |

~

+ minies AR (pll)} | B, |

>

HS, CP pu, ()‘i)z’el ming,ea (o) {Ep

s>
>

CHMM, FBU, RECT, C, \ | minyeao) {E,

+ Amin,ec R (p| |,u)} min,cc B,
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D Appendix: No trade

Let M (F) denote the set of countably additive measures over F', and as M, (F") the subset of
measures in M (F) with finite support, and let Ay (F) € M (F) be the set of finite support

probability measures. Define
V= {‘_/ € C (F) : V is normalized, monotone, translation invariant} .

Given that F is compact and each V' € V is 1-Lipschitz continuous, (see, [14, p. 346]) it follows
by Arzela-Ascoli Theorem that V is compact in the topology of uniform convergence.

Consider the interim expectations {(V;,IL;)},.; and, for every i € I, define
Vi={VeV:¥fe FV(f)=VVi(N)}.

Proof of Proposition 6. Suppose there exists V € V; NV,. But then

V) =Vi()>r>V(1a()=V(f)

yields a contradiction. [ |

Lemma 15. Let {(V;,1L;)},. (1,2y be a set of full support translation invariant interim expecta-
tions such that s, = {Q}. If there is no v € Mg (F') such that

/Fvlw,f)du(f)>0>/Fv2<w,f>du<f> V€ 9,

then there exists a translation invariant ex-ante expectation V such that (\7, Vi, Hi) s a gener-

alized conditional expectation for all i € {1,2}.

Proof of Theorem 3. We show that if there is v € M, (F) such that

/Fv1<w,f>dv<f>>o>/Fv2<w,f)dv<f> Vo € 9, (31)

then there exists a two populations endowment economy {(x;, Vi,IL)};c (1) that is interim
Pareto improvable. By Lemma 15, this proves the statement. We define the endowment
economy in the following way. Let v+ and v~ be the positive and negative components of v,
and enumerate their respective finite supports as ST = (f1, ..., fx) and S~ = (g1, ..., g1). Observe
that at least one between v+ (F) and v~ (F') is strictly larger than 0. We prove the case in
which v~ (F) > 0, the proof of the other case being analogous. We construct the endowment

economy in the following way. There are two cases Ztgg <1 and Zigg > 1. In the first case,

define (¢q,...,¢-1) as

v~ (gir1)
~(F)

and ¢4 1 = ¢; + for alli € {2,....,1 — 1}
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and (dy,...,dx_1) as

v (g v (F)

R

and d; = d; +

v (gip1) v (F) .
for all 2., k—1}.
o (F) orallie{2,...k—1}
Let
X1 (aj) = Gi YIS [Ciflaci)ai € {17 7l}
and

) fi o meldiiidy),ie{l, ..k}
X2<x)_{ 0 x€ld,1)

We know show that the two populations endowment economy {(x;, Vi, IL;) },. (1,2} 18 interim
Pareto improvable. Indeed, if let (x4, x5) € FI®U x FI0U be given by

~

Xi () =x2(x) +Vi(oxa () = Vi( xa (@) + £ ()

where

; v(f) v(f)
fw = [viwnath- [vien 2
P v (F) F v (F)
Notice that by construction (x, x5) satisfies market clearing, and it is an interim Pareto im-
provement if f (w) > 0 for all w € . But by equation (31), this is indeed the case. [ |

E Appendix: An axiomatic foundation

In this section, we consider a single decision maker with preferences over monetary acts or
utility profiles, that is, R®. We model the decision maker preferences via a binary relation -

on R®. We next list four important properties:
A 1 (Weak order). The binary relation 7 is complete and transitive.
A 2 (Certainty equivalent). For each f € R there exists k € R such that f ~ klq.
A 3 (Continuity). For each f,g,h € R the sets

{Ae0,1]: Af+(Q—=XNgrmh} and {A€[0,1]:hZAf+(1—X)g}
are closed.

A 4 (Monotonicity). For each f,g € R® and for each h,k € R

29 = fZy
and

h>k = hlg > klq.
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On the one hand, transitivity and monotonicity are common assumptions of rationality
while completeness reflects the burden of choice the decision maker faces. On the other hand,
continuity is a technical assumption which will allow us to represent preferences through a
continuous utility function. The assumption of certainty equivalent shares both features. It
allows us to show that preferences admit a utility function, possibly not continuous, yet it
takes a clear behavioral interpretation: the decision maker for each random variable admits an
equivalent amount which received with certainty makes her indifferent to the random prospect.

The above axioms define the following two nested class of preferences.

Definition 10. Let = be a binary relation on R®. We say that = is a rational preference
if and only if it satisfies weak order, certainty equivalent, and monotonicity. We say that
>~ is a continuous rational preference if and only if it satisfies weak order, continuity, and

monotonicity.

It is easy to show that continuous rational preferences are rational preferences. Continuous
rational preferences were studied by Cerreia-Vioglio, Ghirardato, Maccheroni, Marinacci, and

Siniscalchi [11]. The next result is a version of their Proposition 1.

Proposition 8. Let =~ be a binary relation on R®. The following statements are equivalent:

(i) 7 is a rational preference;

(ii) There exists a normalized and monotone functional V : R® — R such that

frzg <= V(H)=Vi(). (32)

~Y

Moreover, we have that:

1. The functional V is continuous if and only if > is a continuous rational preference.

2. The functional V is the unique normalized functional satisfying (32).

Proof. (ii) implies (i). It is routine.

(i) implies (ii). Since 7 satisfies certainty equivalent, for each f € R? define k; to be such
that k;1g ~ f. Since 7 satisfies weak order and monotonicity, we have that k; is unique. Define
V:R® = Rby V(f) = ks for all f € R?. Since 7 satisfies weak order and monotonicity, we
have that

frg <= kilg kg <= k; >k, < V(f) >V (g),

proving (32). Clearly, if f = klg for some k € R, we have that V (klg) = V (f) = k; = k,
proving that V is normalized. Finally, since = satisfies monotonicity, if f > g, then f = ¢ and
V (f) >V (g), proving that V is monotone.
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1. The “Only if” is routine. “If”. Since 7~ satisfies weak order, continuity, and monotonicity,
we have that = satisfies certainty equivalent. It follows that V as defined above represents .
Since 7 satisfies continuity, it follows that for each f, g € R®? and for each ¢ € R

{)\ €l0,1:VOf+(1-Ng) < c} - {)\ cl0,1: VOF+(1-Ng) < V(C1Q)}
={ e 0,1]:clgz Af+(1—=)N) g}
where the latter set is closed. By [13, Lemma 42], we have that V is lower semicontinuous. By

[13, Appendix A.3], upper semicontinuity follows similarly.
2. Assume that V is normalized and satisfies (32). We have that for each f € R®

A

V=V (V(Ha) = [~V (Nla = V(N=V (V1) =V(f),

proving that V=V. |

We can now discuss conditional preferences. We assume that there are two periods 0 and
1. At 0, the decision maker has no information and has also preferences over R?. At time 1,
the decision maker observes an event E from a partition II of €2 and updates her preferences.
We model this by a pair (z, {iw}weﬂ)- Given w € Q, as before, we denote by II (w) the only

element of II which contains w. We consider the following assumptions.

A 5 (Rationality). The binary relation 7 is a rational preference and 7, is a continuous

rational preference for all w € ).
A 6 (Conditional preferences). For each w,w’ € Q
Iw)=IW) = =,=7Zu.

We thus assume that original and updated preferences are rational, where the latter are also
assumed to be continuous. At the same time, we assume that if two states belong to the same
event, then the corresponding updated preferences must be the same, incorporating exactly

nothing more than the information embedded in II.
A 7 (Consequentialism). For each f € R® and for each w €
flnw) + Moy ~o f VR e R™
A 8 (Dynamic consistency). For each f,g € R
fZwg Vwel = fzg.

On the one hand, consequentialism imposes that updated preferences over are only influ-
enced by the states that are still relevant/possible. On the other hand, dynamic consistency is
a form of monotonicity and it states that if interim f is weakly better than g, no matter which

event realized in II, then f is weakly better than g also at time 0.
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Definition 11. Let (?\:,{?\:w}weg) be a collection of binary relations on R®. We say that
(z, {=w }weﬂ) 1s a dynamic rational preference if and only if it satisfies the properties of ratio-

nality, conditional preferences, consequentialism, and dynamic consistency.
The next result provides a behavioral foundation for generalized conditional expectations.

Proposition 9. Let (?\‘J, {tW}wGQ) be a collection of binary relations on R®. The following

statements are equivalent:

(i) (,ﬁ, {iW}weQ) is a dynamic rational preference;

(it) There exists two functions V : R® — R and V : Q x R® — R such that (V,V,1I) is a

generalized conditional expectation and for each w € 2

fZwg <= V(w ) 2V(wg) and f 7 g <= V(f) =V (g).

Proof. (ii) implies (i). It is routine.

(i) implies (ii). By Proposition 8 and since (7, {Zw},cq) satisfies rationality, we have that
there exists a normalized and monotone function V : R?® — R and a collection of normalized,
monotone, and continuous functions {V,,} ., from R? to R such that V represents - and V,
represents =, for all w € Q. Define V : QxR? — Rby V (w, f) = V,, (f) for all (w, f) € QxR?,
It follows that V and V satisfy the first two properties of generalized conditional expectation.
By point 2 of Proposition 8 and since (i, {iW}wEQ) satisfies conditional preferences, we have
that for each w,w’ € Q

~ow

Mw) =) = Zo=Zw = Vv, )=V(),

proving that V (-, f) is Il-measurable for all f € R®. Since (7, {Zw},cq) satisfies consequen-
tialism, we have that for each w € Q and for each f,h € R?

fll'l(w) + hln(w)c ~w f = V (w, fln(w) + hln(w)C) =V (w, f) .

Finally, for each f € R define f € R® by f(w) = V (w, f) for all w € Q. It follows that
[~ fliw) ~o f for all w € Q and for all f € R%. Since (2, {Zw},cq) satisfies dynamic
consistency, we can conclude that f ~ f and, in particular, V (f) =V (f) =V (V (-, f)) for all

f eRY [ |
Clearly, in Proposition 9, linear conditional expectations are obtained by requiring in (i) 7

and each 7~ to satisfy the axiom of independence. Similarly, maxmin conditional expectations,

as in Example 1, are obtained by imposing c-independence.
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F  Online appendix: Omitted proofs

Here, we collect the proofs omitted from the main appendix. We start with an ancillary result
that elaborates on how the indicator matrix of the composition of a finite collection of operators
{Th}heqi, . is related to the product of their indicator matrices.

Lemma 16. Let S,T : R — R" be monotone and define A = A(ToS), A = A(S), and
A= A(T). If there exists k € J such that a;;, > 0 and ayjr > 0, then a;; > 0. In particular,
we have that:

1. If {Th}he{l,...,H} is a collection of H monotone operators from R™ to R™ and the jj'-
th entry of WH_| A(Ty,) is strictly positive, then the jj'-th of A(Ty o ...oTy) is strictly
positive.

2. If t € N and the jj'-th entry of A(T)" is strictly positive, then the jj'-th of A(T?) is
strictly positive.

Proof. By assumption, there exists k € {1,...,n} such that aj,ax; > 0, that is, there exist
Ejk,Ekjr € (0,1) such that for each f € R" and for each § > 0

S (f+ 067 ) = i (f) > enyd and Ty ( +8¢) = T, (f) > 58,

Since S is monotone, this implies that S (f -+ 5ej') > S (f) + exjde* for all f € R™ and for all
0 > 0. Since T' is monotone, this yields that for each f € R™ and for each 6 > 0

Ty (S (f+0")) = T3 (S () + enyede’) = T (S () + jpenrd.

Since ejieg; € (0,1), this proves that, under 7' o S, j is strongly monotone with respect to j’,
proving that a;;; > 0 and the main part of the statement.

1. Consider a collection of H monotone operators from R" to R™: {T,},, ., . We prove

by finite induction the statement that, for each [ € {1, ..., H}, if the jj'-th entry of II! _, A (T},)
is strictly positive, then the jj’-th of A (7} 0 ...0T}) is strictly positive.
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Initial step. Assume [ = 1. In this case, we have that A (T}) = IT! _, A (T},). This proves that if
the jj’-th entry of II!_, A (T},) is strictly positive, so is the jj’-th entry of the indicator matrix
of the composition.

Inductive step. Assume the statement is true for [. We prove it is true for [4+1. Define S = Tjo...0
Ty and T = Tj41. As before, set A= A(S), A=A(T),and A= A(To0S)=A(Ti410..0T)).

(1) (1)

Finally, define by a;.lj), (resp., a;;; and aj;

A(Ty41) and TILT A (T},)). Observe that

) the generic jj’-th entry of I\ _, A (T}) (resp.,

(+1) _ 1 @
i = W Q-
k=1
If the jj/-th entry of 115" A (T},) is strictly positive, then IS 0, yielding that aﬁ)ag, >0

3y’
for some k € J, that is, aﬁ), a,(f;, > 0 for some k£ € J. By inductive hypothesis, we have that
a,(fl}, > 0 implies that ag;; > 0 as well as a;; > 0. By the main part of the statement, we can
conclude that a;;; > 0, proving the inductive step.
The statement follows by finite induction.

2. By point 1, the statement trivially follows by considering the collection {Th}hH:1 where
H=tand T, =T forall h e {1,...., H}. [ |

Proof of Lemma 3. Define B = IIX  B;. By induction, we prove that A (17, By) >
A(By) > I for all k € {1,...,m} and for all m € {1, ..., K'}. By definition and since b, j; > 0
for all j € J, if m = 1, then A(II,_,By) = A(By) > I;. By point 1 of Lemma 16 and
inductive hypothesis and since by ;; > 0 for all & € {1,...,K} and for all j € J, if m,m +
1e {]., ...,K}, then A (Bm+1) A(Hznlek) > I;A (Bk) and A (HZL:JEIB]C) =A (Bm+1H?:13k) >
A(A(Bpy1) A By)) > A(IzA(Bg)) = A(By) > Iy for all k € {1,...,m}. By point 1 of
Lemma 16 and inductive hypothesis, we also have that A (B, +1) A (I} Bx) > A (Bpn+1) I and
A(IHBL) = A (Bl By) > A(A(Byan) AU, B) > A(A(Byy) In) = A (Byen) >
I;. The statement follows by finite induction. In particular, this yields that

A(Bg..By)) > A(By)>1; Vke{l,.,K}.
Consider k € {1, ..., K'}. Since A (By) is symmetric, any index j € J is essential under By. Let
le{l,..,mp.} and j € J,(By). We have two cases:
1. j € Jy (A(B))forsomel’ € {1,...,macp }. Consider j' € J; (By). It follows that j LN J
Since A (B) > A (By), we have that j 4% J', yielding that j' € Jy (A (B)). This implies
that Jl (Bk) Q Jl/ (A (B))
2. j € Jy, 11 (A(B)). Consider j/ € J; (By). It follows that j <2 j'. Since A (B) > A(By),

we have that j &8 J', yielding that j' € Jp,,,, (A(B)). Otherwise, since j &3 g', if
J' & Jmp,, (B), then j' would be essential under A (B) and so would be j, a contradiction.
This implies that J; (By) C Jyy+1 (A(B)). [

Proof of Lemma 4. Before starting, we denote by ( , ) the inner product of R". Let j € J.
Define the binary relation 2% on R% by

frig <= TyO0f+1—-Nh)>T;(\g+(1—M\h) YAe(0,1],Vh e R"
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By [3] and since T; is normalized, monotone, and continuous, we have that there exists a
compact and convex set C; of Az such that

fzig <= (f,p)>{9,p) VpeC( (33)
and i
T (f) = o (f) min(f,p) + (1 — o; (f)) max(f,p) VfER" (34)

where «; : R" — [0, 1]. Observe also that if j is constant with respect to j’, then el ~7 0. By
(33), it follows that

Since C; is compact, for each f € R" define puin,f, Pmax,r € C; such that (f, pmins) =
minyeco; (f,p) and (f, Pmax,y) = Maxpec; (f,p). By (34) and since Cj is convex, it follows
that pj; = a; (f) Pmins + (1 — @ () Pmax,s € C; such that Tj (f) = (f,p;y) for all f € R".
Fix f € R". Since j was arbitrarily chosen, define M (f) to be the matrix whose j-th row
entries correspond to the entries of p; . It follows that 7' (f) = M (f) f. Moreover, M (f)
belongs to the set M (T") of matrices M whose j-th row belongs to C;. Since each of these sets
is compact and convex, so is M (T'). Since f was arbitrarily chosen, the statement follows. By
construction of M (T) and (35), it follows that if j is constant with respect to j', then m;;; =0
for all M € M (T). [ |

Proof of Lemma 5. Since d (M ) > 0, it follows that m;; > 0 for all j € J. This implies that
the jj-th entry of A (]\_4) is 1 for all j € J, and, in particular, if the jj’-th entry of A (M) is
strictly positive, so is the one of A (M ) A (M). By point 1 of Lemma 16, we can conclude that
A(MM) > A(M). We have two cases:

1. A(MM) = A(M). Set M = MM and consider 7i2;;; > 0. We next prove that for each
le{l,..,n}

myy = 0 = mﬂ =0. (36)

By contradiction, assume that there exists [ e {1,...,n} such that mg; =0 and m,r > 0.

Since A (M) = A(MM) = A(M) and 7 ; > 0 and my; = 0, we would have that

myy > 0 and 7y, = 0. Since A (M ) is symmetric, we would also have that m;; > 0,
yielding that 72;; > my;mj; > 0, a contradiction with 72;;; = 0. By (36), we can conclude
that mj; = > 0 myumyy > >0 mud (M) = 6 (M), proving the statement.

2. A(MM) > A(M). Set M = MM. In this case, if 1y > 0, then mjmy; > 0 for some
[ €{1,..,n} and, in particular, m;;, mg;; > 0. It follows that my; = Yoy My >
mymiy > 6 (M) 8 (M), proving the statement.

Consider a sequence { My}~ of i X @ stochastic matrices such that A (M) is symmetric,
0 (M) >0 >0, and d(Mg) > 0 for all £ € N. By induction and the previous part, we have

m+1 m m
that A (HMk) = A (MmHHMk) > A (HMk> for all m € N. Define f : N — {0,1} by
k=1 k=1

k=1
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f(1)=1 and

m+1 m
1 if A <HMk> > A (HMk>
f(m+1)= Koaric kol vm € N.
0 if A <HMk> = A <HMk>
k=1 k=1

By induction, we prove that

B (HMk> > oxi= /) vy e N (37)

Initial step. Assume m = 1. Since f (1) =1, 4 <HM’“> =0 (M) > 6 = §2k=1/(k),

Inductive step. Assume the statement is true for m € N. We prove it is true for m + 1. Since

m+1
(HMk) > A (HMk>’ we have two cases:

m—+1
1. (HM") > A (HMk> In this case, we have that f(m + 1) = 1. By the first part

of the statement and inductive hypothesis, we have that

m+1

k=1 k=1

m+1 m
2. A (HMk) =A (HMk> In this case, we have that f(m + 1) = 0. By the first part

of the statement and inductive hypothesis, we have that

m+1
(Hm) J( m+1HMk) = (HMk:> > §TRm ) — §EI B,

k=1 k=1

Thus, (37) follows by induction. Since {A (HMk) } is an increasing sequence with

meN
upper bound the 7 X 7 square matrix whose entries are all 1s, we observe that f (k) =1 for at
most 7% indices, yielding that >~ f (k) < n? for all m € N, proving (24) . [ ]

Proof of Lemma 6. Consider # € R and a sequence of functions {f,,}, .y C R? such
that f,, — klg. Since f,, — klg and € is finite, we have that lim,, . min,cq fn (W) = k =
lim,, oo MaxX,cq fm (W). Since V is normalized and monotone, we also have that min,cq f,, (w) <
V (fm) < max,eq fm (w) for all m € N. By passing to the limit and since V' is normalized, we
have that

lim V (fn) =k =V (klg),

m—00
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proving continuity at klg. |

Proof of Lemma 7. (i) implies (ii). Let j, ;' € J. Since a;; = 1, we have that j is strongly
monotone with respect to j’. By contradiction, assume that II (w;) # II(wj;). Since IT is a
partition, it follows that II (w;) N II (w;) = 0. Since (V,II) is an interim expectation and j is
strongly monotone with respect to j’, we thus have that there exists ¢;; € (0,1) such that

0=V (w],()ln 1,y ) ) —V (w;,0)
=V (wj’ Lrg, ) + 1{wj,}1n<w]->ﬂ) =V (w;,0)
=V (wj, 1{w/}) -V (Wj,O) > Ejj > 0,
a contradiction.
(ii) implies (i). Note that II (w;) = II(wj;) only if wy € II(w;). Since (V,II) is an in-
terim expectation with full support, we have that each w € II (w;) is V (wj, -)-essential and, in
particular, so is wjs, yielding that a;;; = 1.

By the previous part of the proof and since II (w;) = II(w;) for all j € J and A (V) is
{0, 1}-valued, we thus have that

ajjr = 1 «— H(Wj) = H(CUj’) <~ H(CL)J") = H(wj) — aji; = 1,
proving that A (V) is symmetric, a;; = 1 for all j € J, and II (V') = II. Finally, for all j, j' € J,
if j is not strongly monotone with respect to j’, we can conclude that a;;; = 0 and w; & II (w;).
Since V (w, ) + hln(w)c) =V (w, f) for all w € Q and for all f, h € R®, this implies that
4 (wja f+ 51{wj,}) =V (%v Fln, + 01y, ylne,) + 01n<wj>0>
=V (wj’ Fligy) + Oln(wg‘)c) =V (wj, f)

for all f € R® and for all § > 0, yielding that j is constant with respect to j’. This implies that
V' is dichotomic. |

Proof of Lemma 8. Since each V; is nonexpansive, we have that

195, (£) — Sg.i (8)llo = ||Vi <(1 -8)f+ 5Zwilfz) -V ((1 -B)f+ 52%191)

=1 =1

o0

IA

(1_ﬁ)f+ﬁzwilfl_(1_6)f_62wilgl

= 52”% fi=a1) <5Zwu||fl 91l

< ﬁzwu If —gll, <BIf-gl, VielVfge (R?)",

proving that || (£) — S5 (8). = supes 1S5 () — Sa (@) < BIIf — g, forall £, € (R?)".

By the Banach contraction principle, for each 3 € (0,1) we have that S} (f‘) L o? as well
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as Sg (05) = o where ¢” is the unique fixed point of Ss for all 3 € (0, 1). Finally, since V; is
nonexpansive and normalized, observe that

v; ((1 —ﬁ>f+ﬁzwﬂfl>
=1
<(1-p) HfHoo +8) walfille VielVEe (RY)".
=1

S5 (f) . < HfHoo for all 7 € N. By passing to the limit, the

statement follows. [ ]

158, (F)ll o =

(1- 5)f+52wilfl
=1

o0 o0

By induction, this implies that ‘

Proof of Lemma 9. (i) implies (ii). Before starting, since € is finite, we enumerate its
elements Q0 = {wy,...,wn} and set as before J = {1,...,n}. By assumption, we have that f; =
Vi (0o wafy) for all i € I. By Proposition 7 and Lemma 7, for each ¢ € I there exists an . x 71
stochastic matrix M, whose diagonal is strictly positive and it is such that: 1) A(V;) = A (M;)
is symmetric, 2) I (M;) = IL;, and 3) V; O, wafi) = M; Qo wafi) = > wal; f;:3* Tt
follows that f is also a fixed point of the operator S : (Rg)n — (Rﬂ)n where

=1

We next show that S (f) = f only if there exists m € R such that f; = fy = mlq for all
i,7 € I. By contradiction, assume that there exists 7,7’ € I and w;,w; € € such that f; (wj) =
max;e; Mmaxjey f; (wj) > mine;minjey fi (w) = fo (wjl). We begin with an observation. For
each t € N denote by I* the set of (finite) sequences in I with ¢ elements, that is, i € I' if and
only if i = (i1, ...,4;) with 4, € I for all [ € {1,...,¢}. By induction, note that for each t € N

gf (g) = Z wi1i2”'witit+1Mi1"’ ie Jiry1 \V/g S (RQ)n

ielt+ly,=¢

and

Wiyig - Wigiy 2 0 for all i € ]H—l such that il =1 and Z Wigig - Wigiyy g = 1.

iclttly=¢

Since W is strongly connected, there exists a sequence of agents (71, ...,77,1) such that ¢ € N,
{t,...., %} 2 I, and & = %541 = 7 with wy;,, > 0 for all [ € {1,...,¢}. By Lemma 3 and since
{2, ...,7} 2 I, we have that II (A (M, ...Ms,)) is coarser than I (M;) = II; for all i € I. Since
s, = {2}, we can conclude that II (A (M, ...M3,)) = {Q}, yielding that M;,...M;, is strongly
connected. By Lemma 3 and since the diagonal of each MAf; is strictly positive, we also have
that M;, ... M;; has a strictly positive diagonal. This implies that A, ...M; is primitive, that
is, there exists 7 € N such that each entry of (M;,...M;,)" is strictly positive. Since W is
strongly connected there exists a sequence of agents (il, s +1) such that t € N, i, = 7, and

34Given an 7 x 7 stochastic matrix M and h,h' € R, we write b’ = Mh when b/ (w;) = Z?’,:l mjjh (W)
for all j € J.
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iy = U with wy;,,, > 0foralll € {1, ...,f}. Next, recall that by Euclid’s algorithm for each
l€{1,...,7t + 1} there exists unique ¢, € Ny and r] € {0, ....,¢ — 1} such that

[ = qﬂ?—i‘ T;.

We define r, = r] if rj € {1,....,t — 1} and r, = ¢ if r; = 0. Finally, consider the sequence
of agents (71,...,7,7,74,) where 3 = 7, for all [ € {1,...., 7T+ 1} and 4 = &_.¢ for all | €
{rt+1,.,7t+1+ f}. By construction, we have that wy;,,, > 0 foralll € {1,..., 7+ 1+ f}.
Since f is a fixed point of S, note that S7 (f) = f for all 7 € N and

- Gt ) 2 / - o , : .
=S (f) = Wiriy Wi g oo My Mi_ fiy o
ielmiit1g, =7

Define fi = M,,...M; for all i € I"™+1 such that i, = 7. We have that

Lritd firt’+{+1

fi = Z Wiyig-- 'wirf+firt’+£+1 fi. (38)

iel i+l =7

Since each M; is an n X 7 stochastic matrix and max;ec; f; (wj) < fi (w;) for all 7+ € I, we have

that max;e;s f' (w;) < fz (w;) for all i € ™1 such that i; = 7. We focus on the summand

Wiy --- Wy = Wiy, Wy

M, .. M; f; : i
IR ACE N ] 7‘Tf+ffl7'f+f+1 7‘{+fl‘rf+f+1f.

By construction, we have that wy,s,. > 0 and

: .wFin-‘rszf-&-tA-ﬁ—l

M, ... M; = (Myy..My)" My M i,

Tf+ff~7'f+f+1
Set g = Mil...MiffiM = M;,...M;_ f». Since each M;, is an n X 1 stochastic matrix with strictly
positive diagonal, so is M;,...M;.. Since maxjes fr (w;) < fi (w;) and fy (wgl) < fi (w;), this
implies that minje; g (w) < g (wj) < f; (w;) and maxy,eq g (w) < f; (w;). Since each entry of
(Ms,...M;,)" is strictly positive and f? = (M;,...M;,)" g, we can conclude that f* (w) < f; (wj)
for all w € Q. By (38) and since wy,z,. > 0 and maxje; ! (w;) < f; (w;) for all

i e I+ this implies that

0= Z Wiyig Wi g iyiiy [fl (wj) —fi (wiﬂ

il Tt =7

< Wiyag Wi g 47 5 04 [fi (w5> —fi (wj)] <0,

' 'wiq—t‘+£i7—f+f+1

a contradiction.

(ii) implies (i). Since each V; is normalized and W is a stochastic matrix, the statement is
trivial. |

Lemma 17. Fizi,j € I and w,w’ € Q. The following are equivalent:
(i) wi; >0 and W' € 1II; (w);
(ii) Qe w) (5w (S1)=1;
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(111) d(i,w)(j,w/) (Sl) =1.

Proof. (i) implies (ii). By Lemma 7, there exists € > 0 such that for each f € R? and for each
§>0

Vi (w, fat 5ew’) Vi (w, f) > <.

Next, fix f = (f;),_, € (R?)" and § > 0, and observe that

Sl,i,w <f + 5€j’w,> - Sl,i,w (f) =V (% sz‘zfl + wijde”/) -V (wv Zwilfl) > Ewij5
=1 =1

proving the statement by setting €(; .)(jw) = ew;;.

(ii) implies (iii). Immediate.

(iii) implies (i). We prove the statement by contradiction. Fix f = (f;)._; € (R?)" and
6 > 0 and observe that

Stiw (f + 5€j’w/> — SLiw (f) =Vi (wa iwﬂfl + ’wij5€wl> -V <W, i wilfl) .
=1 =1

Therefore, if either w;; = 0 or w’ € II; (w), then Sy ;, (f + 56””’) = S1iw (f). Given that f and
0 were arbitrarily chosen, we obtain a contradiction. |

Proof of Lemma 10. We have that Sz (f) = S; ((1 —ﬁ)f'—l—ﬁf) for all 5 € (0,1) and

recall that S; is normalized, monotone, and translation invariant. Fix A € (0,1) and define
S} = Al + (1 —)) S;. Clearly, we have that, for each f € (R?)",

SME)=f «— S, (f) =f.

Therefore, by Lemma 9, S (f) = f if and only if there exists m € R such that f; = fy = mlq
for all 7,7/ € I. By [2, Corollary 1 and part 2 of Proposition 2], it follows that there exists a
unique class of indices Z', ) # Z' C I x €, that is closed and strongly connected with respect
to A (Sf‘) It is easy to see that every row of A (S;) is not null and that Z’ is also closed and
strongly connected with respect to A (S;). In addition, by Lemma 17, every row of A (S;) is
not null and Z’ is closed and strongly connected with respect to A (S;). Finally, the statement
follows by setting Z = Z'. [ |

Proof of Lemma 11. For every (i,w) € I x €, by Theorem [4, Theorem 2.3.9], we have that
0814 (0) = {wiGi, € A(I X Q) : Giy € OV; (w,0)}.

With this, the statement follows by the definitions of 95; (0) and of each W7 in equation (17).
|

Proof of Lemma 12. 1. Consider an I-sequence ¢ = (ix),y € I"'. Consider f,g € R® and
A € (0,1). Since each V; is concave, we have that

Vi Af+ (=X g) = AV, (f) + (1 =A) Vi, (9).
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By induction, assume that

VigoViy_y0..0VipoViy (Af + (1 = A) g) 2 AVi,oVi 0.0V, 0V, (f)+(1 = M) VipoVy, _ 0...0V;,0V (g) .-
Since V;, ., is a concave interim expectation, we have that
Vi o Vi o Vi 0o Vig o Viy A+ (1= A) g) = Vi, (Viy 0 Vi 00 Vi o Viy (Af + (1= X) g))

> Vie (W, OVékl w0V o Vi () + (1= NV oV 0.0V, 0V (g))
2 AW oVigoVi ooV oVi () + (1= A) Vi, 0 Vi oV o0V, 0V, (9).

By passing to the limit, we obtain that
V.Af+ (1 =X g)1la > AV, (f) 1o+ (1 =NV, (9) 1o,

proving that V, is concave. Since ¢ was arbitrarily chosen, we have that V, is concave for every
I-sequence ¢. Finally, given that, by Proposition 2, we have

Vi(f) = inf V.(f)  VfeR"

t€IN:1 is an I-sequence

it follows that V, is concave. With similar steps we can prove the second part of the first item.
2. Consider an I-sequence ¢ = (iy), .y € I". Consider f,g € R® where g is II;,;-measurable,
and A € (0,1). Since each V; is II;,s-affine, we have that

Vi Af+ (=N g) =V, (f) + (1 =N Vi, (9).
By induction, assume that
Vi, oVi,_0..0V,oVi (Af+ (1= X)g) = AV, 0V, o...oV;,0V; (f)+(1 — )V, 0oV, _,o..0V,0oV; (g).
Since V;

ies 18 Iige-affine and V;, o Vj, | o...0V;, oV}, (g) is Iljn-measurable, we have that

V,’kHOV O‘/;kl Ovi2ovil(/\f+<1_/\)g):v:ik+1(v O‘/Zkl 'OVZ'QOVZ'1()‘f+(1_/\)g))
_Vik+1<)‘v o‘/;kl Ovi2ovil(f) ( )‘)V Ovlk1 o‘/;zo‘/il(g))
_/\VZkHOV o‘/;kl '0%20‘/1'1(]6) (1_)‘)‘/ik+1ov o‘/;kl ..0%20‘/;1(9).

By passing to the limit, we obtain that
V.Af+ (1 =N g)la =V, (f)la+ (1 =)V, (9)la,

proving that V, is ITj,s-affine. Since ¢ was arbitrarily chosen, we have that V, is ITj,¢-affine for
every [-sequence ¢. Finally, given that, by Proposition 2, we have

Vi(f) = inf V.(f)  VfeRY

t€IN:1 is an I-sequence

it follows that

Vi(1 =X h+Xg) = inf V.(1=X)h+ \g)
1€IN:1 is an I-sequence
= inf AV, 1-\)V,
1€V is :alurrlll—scqucncc { (f) + ( ) (g)}
>\ inf v, 11—\ inf V,
T weMNuis zirrlll—sequence (f) + ( ) €N is ;rIllI-sequence <g)

= (1 =X Vi(h) + AVi(g)
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for all A € (0,1) and for all g, h € R® where g is II;,;-measurable. The statement for V* follows
from completely symmetric steps. |

Proof of Lemma 13. Fix 5 € (0,1). By Lemma 12, V, is concave. This implies that

Vi (S (£)) = Vi (w ((1 —6)f+52wﬂfl>) >V, ((1 —ﬁ)wawﬂfl)

=1 I=1
> (=P (f) +BY waVi(f) VielVfe (RY)".
=1

We now prove the statement for 7 = 1. We have that

Vo (s (B)) = va (850 () = 1= pyva () e (f)=v(f) vier

Assume that the statement is true for 7 € N. Observe that for each 7 € 1

V(552 (1)) = Ve (5 (55 (1)) 2 e (7) w0 3w (35 (1) 2 2 (7).

The statement follows by induction. Next, assume that V; is also nonexpansive for all i € I. By
Propositions 1 and 2 and since each V; is nonexpansive, we have that V, is nonexpansive.?® By
Lemma 8 and the previous part of the proof and since V, is a continuous ex-ante expectation,
we have that

Vi (of) = Vi (tim 83, () =va (85 (F)) = e (/) viervBe ),
proving the statement. |

Proof of Lemma 14. Assume that © # ) and fix p € ©. We next show that u € int (A (Q)).
First, observe that the full-support assumption on {(V;,II;)},.; implies that, for all i € I,
w' € Q,well;(w), and p € argmingea(q) ¢iw (P), we have p (w) > 0.% Second, let suppyu = E
and assume by contradiction that £ # Q. Since Ils,, = {Q}, we have that there exists w € Q\ E,
i€ 1l,and W' € E such that w € II; ('). Given that x(w) = 0 and p (w') > 0, we obtain

Pui (wla w) = 07
yielding a contradiction with the fact that p,; (W', -) € argminsea () i (P)- [ |

Proof of Lemma 15. We first prove an ancillary claim.

35Recall that for any collection of functionals that are nonexpansive, their pointwise infimum is also nonex-

pansive.
36Indeed, for every i € I, the operator V; : R® — R® is monotone and such that its indicator matrix A (V;)

(cf. Definition 9) satisfies
well; (W) = apw=1 Vw,w' € Q.

In particular, this implies that

arg Hii(%) Ciw (D) = OV (w,0) C int (A (IL; (w))) ,

PE
where the first equality follows from [5, Lemma 32]. The inclusion follows from concavity and the definition of

the superdifferential.

65



Claim 2. For every i € N, V; C C(F) is convex and compact in the topology of uniform
convergence.

Proof. Fix i € N and consider V, V' € V; as well as A € [0,1]. Fix f € F and note that

AW+ @A =NV () =2V () + T =NV'(f)
=AWV (Vi(f)+ 1=V (Vi(f) = (AW + (1 =2 V) Vi(f),

showing that AV + (1—=2X) V' € V;. Next, consider a sequence {Vn}n oy & V; such that V,, — V.
Given that uniform convergence implies pointwise convergence, it is standard to show that V is
normalized, monotone, translation invariant and such that, for every f € F, V (f) =V (Vi (f)).
Therefore, V; is closed, hence compact, in the topology of uniform convergence. O

Suppose that there exists no ex-ante expectation V such that (V, Vi, Hi) is a generalized
conditional expectation for all 7 € {1, 2}, that is,

ViNVy =0.

By the Hahn-Banach separation theorem, there exists a linear continuous functional L : C' (F') —
R and ¢ € R, such that B B
L (Vi) >c>L(Vh)

for all V; € V; and V, € V,. By the Riesz representation theorem, there exists v € M (F) such
that

L(V):/FV(f)dy(f) vfeP.
Therefore,

[ =e> [V

F

for all V; € V) and V, € V,. Fix a € [k, k] such that a # 0 and define the measure v, € M (F)
as
c
c— V= -0 ae
1% 14 a {ae}

where ae € F' is the constant act assigning a to all states and dy,; is the Dirac measure on ae.
For every V; € V; and V;, € V,, it follows that

/F\_/l(f)duc(f)z/Vl(f)dV(f)—EVl(ae)Z/Ff/l(f)dV(f)—C>0-

r a

Symmetrically, we also have

/F ¥ (f) dve (f) < 0.

Therefore,

/Fvl(fmucm>o>/sz<f>duc<f>,

for all Vi € V; and Vi € V,. Given that for every i € I and w € §)

‘/; (wa ) € Vi?
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we obtain
/mw)duc(f)>0>/vz<w,f>dvc<f> Vo € O,
F F

as desired. Moreover, by [1, Corollary 5.108] M, (F') is dense in M (F') endowed with the
weak*-topology, and since () is finite and V; (w, ) is continuous for all i € {1,2} and for all
w € (), the implication follows. |

G Online appendix: algorithm to construct extreme ex-
ante expectations

In this section, we propose an algorithm to compute V.. Consider any ex-ante expectation
V : R? — R such that V > V,. For example, one can choose

\A/(f):magch(w) Vf € R,
Define recursively the sequence {VT} . of real-valued functionals over R by V1=V and
TE
VL) =min VT (Vi(f))  VfEeR%VTEN.

By induction, we have that each V7 is an ex-ante expectation. Fix f € R®. Since each V; is an
interim expectation, if 7 > 2, then we have that

VIHL(f) = min V7 (V; () = minmin V71 (Vy (V; () < min V71 (V; (Vi (1))

el el el

=min V" (Vi (f)) = V7 (f).

iel
Since f was arbitrarily chosen, this implies that VT < V7 for all 7 € N\ {1}. Define V> :
R® — R by V (f) = lim, V7 (f) for all f € R®.

Proposition 10. For every ez-ante expectation V i R? — R such that V > Ve, we have

Ve =V,.

Proof of Proposition 10. Since {VT ( f)} is an eventually decreasing sequence bounded
TEN

from below by mingcq f (w), V™ is a well defined ex-ante expectation. By construction, we
have that A )
V() SVT(Vi(f)  VfERLViEL

By passing to the limit, we obtain that Vo (f) < Ve (Vi (f)) for all f € R? and for all i € I,
which in turn yields that V> <V, by definition of V,. Conversely, note that

1. Since V! =V > V,, if 7 = 1, then V7! (f) = minye; V™ (V; (f)) > minge; Vi (V; (f)) >
V. (f) for all f € R®

2. By induction assume that V7™ > V.. It follows that
VL) = min VT (Vi (f) 2 min Vi (Vi () 2V (f) VS € R,
proving the inductive step.

By induction, we conclude that VT >V, for all T € N, yielding that Ve > V, and, in
particular, V> = V,. |

67



H Online appendix: Omitted examples

Example 9 (Extreme information asymmetry). Consider two traders I = {1,2} that are
uncertain about an asset f € R and are endowed respectively with full-information IT; = 2%
and no-information Il = {Q2}. In this case, the interim expectation of an act f by agent 1 in
each state w € € must coincide with f (w). As Agent 2 does not receive any information, both
her ex-ante and interim expectations are variational and given by
V = min {E c .
2 (F) = min (B, 7]+ ()
With this, the interim preferences of the agents admit a common ex-ante expectation which

must coincide with the preference of agent 2, that is V = V.37 Next, for all 5 € (0, 1), the
equilibrium strategy of player 2 does not depend on the realized state

of = min {B,[(1-5)f+pol| +ct)},

PEA(Q)
while the equilibrium strategy of player 1 is adapted to the realized state
o) (W) =(1—B)f (W) +Bo]  VweQ.

By simple substitution, we get

" 1 _ /oA
B .
0, = min E[]—i——c >V(>,

2 pEA(Q){ P f (1—[32) (p)}— f
that is, the equilibrium willingness to pay of player 2 coincides with a less ambiguity-averse
version of the ex-ante common expectation. In the high-coordination limit, the ambiguity of
the agents is restricted only among the least penalized probabilistic models:

. B _ 1 8 o Ay (A)
él_)nr}oQ %}Eial(w) rglelgEu[f}_V f Yw € Q,

where © = argmin,caq)c (p).*® In words, the equilibrium price is converging to a cautious

evaluation consistent with the most trusted probabilistic models, i.e., p € A(Q2) such that
¢(p) = 0. In the maxmin model, where ¢ is the (convex-analysis) indicator function of a set
C' C A(Q), this cautious evaluation coincides with the common ex-ante expectation, so that

limg_y o) (W) =V (f) A
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