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This paper studies optimal redistributive capital taxation in a model where taxation affects
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Abstract

We study optimal capital taxation in a model with financial frictions, where the
distribution of wealth across entrepreneurs of different productivity levels affects how
efficiently capital is used in the economy. The planner chooses linear taxes on wealth,
capital and labor income to maximize the steady state utility of a newborn agent. Most
agents in the model are workers who are relatively poor, leading to a redistributive
motive for capital income and wealth taxation. In our setting, optimal tax rates can
be written as a closed-form function of the size of the tax bases of taxes and the
elasticities of the tax base with respect to tax rates. We find that it is optimal to tax
capital income at a positive rate, because general equilibrium effects on the distribution
of capital across entrepreneurs attenuate the negative effects of these taxes on output.
Optimal wealth taxes are close to zero, since such taxes strongly discourage capital
accumulation. The tighter financial frictions are, the lower the optimal tax rate on
capital income, as the planner lowers this tax in order to counteract the negative

effects of financial frictions on the level and allocation of the capital stock.
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taxation in general equilibrium has typically analyzed models in which all physical capital is
the same and the principal deadweight loss associated with capital taxation is its negative
effect on aggregate saving. However, critics of high rates of capital taxation have long
expressed concerns that it has harmful effects not only on the total level of investment in
the economy, but also on the allocation of investment. For instance, Hayek (1960, chap. 20)
argues that the taxation of profits hinders the accumulation of wealth by entrepreneurs who
manage “successful new ventures”, preventing these entrepreneurs from investing further.
As such, he argues that “the taxation of... profits, at [high] rates, amounts to a heavy
tax on that turnover of capital [between entrepreneurs| which is part of the driving force
of a progressive society.” Relatedly, it is often argued that taxation may affect incentives
for entrepreneurs to take risks, implying that taxation may affect the allocation of capital
between more and less risky uses.

We analyze optimal linear capital taxation in a model which incorporates these issues.
In the model, there are overlapping generations of two types of households: workers and
entrepreneurs. Newborn households decide whether to become workers or entrepreneurs,
and retain the same job for their entire life. A utilitarian planner sets tax rates to maxi-
mize expected utility of newborn households in the steady state and has some motivation
to tax capital to redistribute from rich entrepreneurs to the poor workers. In the model,
entrepreneurs choose how much capital to allocate to a risky technology and how much to
allocate to a risk-free technology. Furthermore, entrepreneurs are heterogeneous in their
productivity levels and lend to one another through financial markets, but these markets are
frictional due to an asymmetric information problem which we model explicitly. In partic-
ular, it is assumed that financial contracts must be written to encourage entrepreneurs to
truthfully report the value of their idiosyncratic shocks to productivity, rather than to lie
and divert funds to themselves (in a similar vein to e.g. Bernanke, Gertler and Gilchrist,
1999). The effect of the financial friction is that entrepreneurs are limited in their ability
to borrow and are unable to fully diversify idiosyncratic risks. This discourages them from
allocating capital to the risky technology, which consequently has a higher expected return
than the risk-free technology in equilibrium.

Together, these modeling assumptions imply that taxes on capital affect how efficiently
capital is allocated in the economy. Taxes affect how much capital entrepreneurs allocate to
the risky and risk-free technologies. Furthermore, the financial friction limits entrepreneurs’
abilities to borrow, implying that the amount of capital used by an entrepreneur is tied to
her individual wealth. Since taxes affect the distribution of wealth, they therefore affect how
far capital is allocated to high productivity and low productivity entrepreneurs.

In our model, the planner chooses linear tax rates on capital income, wealth and labor

1See Cuullen and Gordon (2007) and Devereux (2009) and the citations therein.



income. Capital income taxes (i.e. taxes on the return to capital) are not equivalent to
wealth taxes (i.e. taxes on the stock of capital) in our setting, unlike in traditional models.
This is because entrepreneurs with different productivity levels differ in their rates of return
to capital. As such, our model speaks to recent debates about whether wealth should be
taxed in addition to capital income (e.g. Saez and Zucman, 2019, Smith, Zidar and Zwick,
2020). Our model is highly tractable and we can characterize the steady state values of
aggregate variables as closed form functions of prices, taxes and parameters.

We study comparative statics of the model in partial and general equilibrium. In par-
tial equilibrium, for given prices, parameters and level of aggregate capital stock, we show
that the degree to which capital is allocated to the high return risky technology is strictly
decreasing in the rate of tax on capital income. As such, an increase in this tax leads to
lower output for a given stock of capital and labor. Higher capital income taxes lead to a
more inefficient allocation of capital because these taxes fall most heavily on entrepreneurs
who have a high rate of return to capital. As such, capital income taxes tend to reduce
the share of wealth of high productivity entrepreneurs, which also shifts the allocation of
productive capital away from these entrepreneurs (due to financial frictions).” Additionally,
higher taxes on capital income reduce the post-tax excess return to the risky technology, and
so encourage entrepreneurs to shift capital towards the lower return risk-free technology. As
such, capital income taxes shift capital away from high productivity entrepreneurs, and away
from the high return risky technology, and so lead to a more inefficient allocation of capital
in the steady state.

In general equilibrium, however, we find that this effect is substantially weakened. This
is because, while an increase in capital income taxes leads to a reallocation of capital away
from the high return risky technology, this reallocation in turn increases the pre-tax rate of
return to the risky technology, which benefits the most high productivity entrepreneurs and
induces them to allocate capital to the risky technology. Thus, the general equilibrium effect
substantially mitigates the partial equilibrium effect.

Furthermore, we find that the steady state capital stock is typically lower when taxes on
capital income and wealth are higher. This is primarily a consequence of the usual mechanism
that taxes on capital discourage saving and capital accumulation. However, for capital
income taxes, there are two additional effects on capital accumulation. First, higher taxes
reduce the efficiency of capital allocation, as mentioned above, which reduces the average
return to capital and discourages capital accumulation. Second, higher capital income taxes
discourage newborn households from becoming entrepreneurs. Since entrepreneurs have
decreasing returns to scale in our model, this reduces the rate of return to capital and also

discourages capital accumulation. In general equilibrium, the effect of capital income taxes

2These effects are also operative in Guvenen et al. (2019).



on total capital accumulation is typically more moderate than the effect of wealth taxes,
because the reallocative effects of capital income taxes increase the pre-tax return to the
risky technology.

We show that optimal tax rates in the model can be written as a closed form function
of the size of the tax base for the various taxes, the degree to which each tax is born by
workers and entrepreneurs, and the elasticity of the tax bases with respect to each tax. This
result is in the same vein as the literature on the “sufficient statistics” approach to optimal
taxation (e.g. Piketty and Saez, 2013). Our optimal tax formula does not itself depend on
many details of the model, such as functional form assumptions, or the specific details of
the financial friction. However, our specific modelling assumptions allow us to determine the
value of the elasticities of the tax bases with respect to tax rates.

We calibrate the model and study how optimal taxes depend on the degree of financial
frictions. We find that, regardless of the severity of financial frictions, the optimal capital
income tax is positive (albeit less than the optimal labor income tax) and the optimal wealth
tax is negative but close to zero. In our benchmark calibration, the optimal capital income
tax is 11.14% , the optimal labor income tax is 20.7%, and the optimal wealth tax is -0.44%.
Optimal capital income taxes are positive, in contrast to well-known earlier results in the
literature (Chamley, 1986; Judd, 1985), because of the general equilibrium effects of capital
income taxes on the allocation of capital. Since capital income taxes increase the relative
return of the risky technology, this substantially mitigates the negative effects of these taxes
on capital accumulation, leading to a positive optimal capital income tax. Nevertheless, the
planner optimally sets a slightly negative tax on wealth in order to counteract the negative
effects of capital income tax on capital accumulation. Since the capital stock is very elastic
with respect to wealth taxes, a slightly negative wealth tax significantly increases capital
accumulation while costing little tax revenue.

We find that our allowing for endogenous entry into entrepreneurship tends to reduce
the optimal capital income tax. If we shut down this channel by making the percentage of
entrepreneurs exogenous, the optimal tax on capital income rises to 57.1%. Such high capital
income taxes, however, make becoming an entrepreneur relatively undesirable. As such, with
endogenous entry into entrepreneurship, the optimal tax on capital income is reduced (to
11.14%) as higher taxes would reduce the number of entrepreneurs and therefore output and
capital accumulation.

Our results suggest that, in a setting with endogenous entry and financial frictions,
optimal tax rates on capital income, wealth and labor income may not be so far from current
practice in the United States, where wealth taxes are zero and labor and capital income
tax rates are similar. We find that it is optimal to tax wealth at a rate close to zero

and to tax capital income at a positive rate, albeit lower than the labor income tax rate.



Our model is quite general in a number of respects, which argues for the relevance of our
results. In particular, our optimal tax formulae hold under weak assumptions about the
production function, utility functions and the details of the financial frictions entrepreneurs
face. Nevertheless, to maintain analytical tractability and simplicity of exposition, our model
is restrictive on a number of important dimensions. We abstract away from many complex
details of national tax codes and restrict attention to linear tax rates. We assume that
workers do not vary in their ability levels and do not choose their labor effort, and we do not
consider bequests, aging or transition dynamics. Finally, we do not consider the possibility
of entrepreneurs declaring income as either capital or labor income in order to reduce tax
liability. Relaxing these assumptions is left to future work. While these many considerations
will doubtlessly affect the value of optimal taxes, the channels through which taxes affect
the allocation of capital in this paper will presumably continue to operate.

The remainder of this paper is structured as follows. The next subsection reviews the
recent related literature. Section 2 outlines the model assumptions. Section 3 derives prop-
erties of the model equilibrium and steady state and shows how the steady state is affected
by tax rates. Section 4 derives formulae for the optimal tax rates and shows the values of

optimal taxes in the numerical calibration. Section 5 concludes.

Related literature.  This paper studies optimal taxation in an environment in which
output depends on the allocation of capital across heterogeneous entrepreneurs, which is af-
fected by taxation. In that sense, our paper is related to the work of Evans (2015), Shourideh
(2014), Itskhoki and Moll (2019), Guvenen et al. (2019), Boar and Midrigan (2020), Basseto
and Cui (2020). We differ from these papers by allowing for a wider range of tax instruments
and studying the distinct effects of wealth and capital income taxes on the allocation of cap-
ital, by characterizing optimal taxes in closed form depending on “sufficient statistics” that
not only enable us to carefully inspect the equity-efficiency tradeoff theoretically but also
to provide a bridge between theory and empirics, and/or by micro-founding the financial
friction thus allowing for changes in taxes to lead to changes in the tightness of financial
frictions. Our numerical results for optimal taxes are closer to Boar and Midrigan (2020)
than to Guvenen et al. (2019), in that we find that the optimal capital income tax rate is
positive and the optimal wealth tax is approximately zero, whereas Guvenen et al. (2019)
find large efficiency gains from shifting to wealth taxation due to reduced misallocation.
Our roughly zero optimal wealth tax arises because the output losses from misallocation are
relatively small in our model (consistent with results in a several related models, such as
Midrigan and Xu (2014)) and so the potential efficiency gains from wealth taxation through
this channel are also small.

Our paper is also related to the work that studies the effects of changing taxes numerically

in models with entrepreneurs with heterogeneous productivity levels. Examples are Cagetti



and De Nardi (2009), Kitao (2008), Rotberg and Steinberg (2019) who study the effect
of changing estate, capital income and wealth taxes in related settings. We differ from
this literature in several ways. First, our model is analytically tractable and we focus on
analytical rather than numerical results, with the aim of making the intuition behind the key
mechanisms as transparent as possible and exploring the effects of a wider range of tax policy
changes. Second, our financial friction arises endogenously as a consequence of asymmetric
information between entrepreneurs and financial intermediaries and, as such, our results
highlight that the degree to which financial markets are frictional may itself be affected by
changes in taxes and that this is of importance when considering optimal taxation.

Our paper also relates to Panousi and Reis (2014), Panousi and Reis (2019) and Phelan
(2019), who study optimal taxation in the presence of idiosyncratic investment risk. In these
papers, unlike our setting, entrepreneurs do not differ in their expected productivity levels
and there is only one production technology, so the allocation of capital does not itself affect
aggregate output.

Lastly, our paper contributes to the wider literature on optimal capital taxation, which
generally focuses on the effect of capital taxation on aggregate capital accumulation, as
in the work of Chamley (1986), Judd (1985), Straub and Werning (2014), Benhabib and
Sz6ke (2019), Chen, Chen and Yang (2019), among others.? Related to our paper, Abo-Zaid
(2014), Biljanovska (2019) and Biljanovska and Vardoulakis (2019) have explored how the
results in this line of work are affected in settings with reduced-form financial frictions while
maintaining the assumptions of Chamely and Judd that capital is homogeneous and there
is no idiosyncratic risk.

The rest of the paper is organized as follows. Section 2 outlines the assumptions of the
model. Section 3 discusses properties of the equilibrium of this model. Section 4 presents the

planner‘’s optimization problem and the optimal tax policy that results. Section 5 concludes.

2 Model

In this section we describe our model economy and define an equilibrium. As we discuss in
Section 4, our main result for optimal taxes does not depend on a number of the details of
the model, but these details determine the numerical values of the optimal taxes that we

obtain.

Environment We consider a discrete time, infinite-horizon economy populated by a
continuum of measure one of households. In addition there is a continuum of competitive

financial intermediaries, which we refer to as banks. Households are born identical and with

3See Chari and Kehoe (1999) for a survey.



no wealth. At birth each household chooses whether to be an entrepreneur or a worker and
retains this occupation for their entire life. Entrepreneurs manage firms, while workers supply
labor. Entrepreneurs use their capital to produce intermediate goods. In particular, each
entrepreneur is the owner of two different investment projects: a risky project which produces
‘risky’ intermediate goods denoted by yg, and a risk-free project, which produces ‘risk-free’
intermediate goods denoted by yp.* After making intermediate goods, entrepreneurs sell
these goods among themselves and use labor in combination with intermediate goods to
make a final good. The government levies (possibly negative) taxes on households and funds

the fixed (exogenously given) level of government spending G.

Timing  Each period ¢ is divided into three sub-periods: morning, afternoon and evening.
In the morning, entrepreneurs buy and sell capital amongst themselves and each entrepreneur
freely divides her capital between her risky and her risk-free investment projects. In the
afternoon, each entrepreneur draws an idiosyncratic shock which affects the quantity of
capital in her risky project and her two projects produce intermediate goods. Entrepreneurs
sell the intermediate goods they produce to one another. In the evening, entrepreneurs
use intermediate goods and labor to produce the final good, which is sold to households.
Households divide their resources between consumption and saving for the next period. At
the end of the period, a fraction v € (0,1) of households die and new households are born.

Newborn households choose an occupation. Capital depreciates at rate 6 € (0,1).

Technology of Entrepreneurs At the beginning of each period ¢, each entrepreneur ¢
is endowed with wealth a;;. In the morning, before capital is traded, newborn entrepreneurs

draw a 6, from the ergodic discrete distribution g (6) given by

1l—7 if60=0
g0) =< n if0=1
otherwise.

We refer to 6 as the entrepreneur’s ‘type’. At the start of each period, each continuing
entrepreneur has the same 6 as in the previous period with probability 1 — A\g and draws a
new 6 from the distribution g (6) with probability As.

After allocating capital between her risky and risk-free projects in the morning, the
entrepreneur draws a idiosyncratic shock ¢;; in the afternoon, which is independent across

time and across entrepreneurs. The shock ¢, , affects the stock of capital in the entrepreneur’s

4The device of having two separate types of intermediate goods is a simple way to allow entrepreneurs
to choose between allocating capital in a risky way or risk-free way. This is designed to capture the idea
that some investment projects are more risky than others and that capital owners must take into account
the risks associated with different projects when making investment decisions.



risky project, so that an entrepreneur who allocates kg ;; to her risky project in the morning
of period ¢, and draws the shock ¢;;, has € kg ;; units of capital in her risky project in
the afternoon. As such, the quantity of capital in this project changes stochastically over
time, rendering the project risky. We assume that each entrepreneur’s ¢;, is drawn from a

lognormal distribution H. In particular, we assume that

2

€t =€+ (1 —¢)exp (%,t - %) :
where & ~ N(0,1), ¢ € (0,1) and ¢ is a parameter determining the variance of e. This
assumption implies that E[e; ;] = 1 and Var(log(e;;—¢)) = ¢*. The lowest possible realization
of € is €.

Each unit of capital in the risky project produces risky intermediate goods equal to the
entrepreneur’s ¢;,. Therefore, if an entrepreneur with type 6;, allocates kg, to her risky
project in the morning of period ¢, then in the afternoon the risky project has €; kg ;+
units of capital, and produces 0; ;€; kg ;; units of risky intermediate goods. After allocating
capital to her risky project, the entrepreneur allocates any remaining capital kp;; to her
risk-free project. In the afternoon, this project produces an output of yp;; = kg, risk-free
intermediate goods.

In addition to producing intermediate goods, entrepreneurs are able to hide capital kp ;
in their risky project after observing their shock €;; and convert it directly into units of
consumption.” In particular, instead of using units of capital in the risky project to produce
intermediate goods, an entrepreneur can convert one unit of capital in the risky project into
¢ € (0,1) units of consumption. It will be shown that, when taxes are set optimally, en-
trepreneurs will not choose to hide any units of capital. However, the ability of entrepreneurs
to hide units of capital affects allocations and optimal taxes by creating frictions in financial

markets.

Technology of Final Good Production We assume that entrepreneurs trade risky
intermediate goods among themselves at price rg; per unit and risk-free intermediate goods
at price rp; per unit. Since an entrepreneur’s output of the risk-free intermediate good is
Yrit = krit, a consequence of this is that rp; is the market rate of return to capital in
risk-free projects per period. Each entrepreneur ¢ hires n;, workers at wage rate w; and
uses y%mt and y}i’i’t units of risky and risk-free intermediate goods to make y;, final goods

according to the production function

d d
Yir = f (yE,i,t7 Yrit ni,t) :

®As we subsequently discuss, the realization of €; ; is private information to the entrepreneurs, so they
are able to hide capital.



We assume that f is concave and strictly increasing in all arguments, exhibits strictly de-

creasing returns to scale and satisfies the Inada conditions.

Preferences Each worker has a constant labor endowment n = 1 which he supplies
inelastically. Entrepreneurs do not supply labor. The consumption of an entrepreneur ¢ is
denoted ¢;; and that of a worker 7 is denoted by cf\i Households have period utility function

U(c) = log(c) and maximize expected lifetime utility.

Occupational choice Newborn households choose their occupation to maximize ex-
pected lifetime utility. Since newborn households are identical, the number of entrepreneurs
and workers in equilibrium will adjust until newborn households at each ¢ are indifferent

between the two occupations:

D A =p) T (=Y M og(efy) =B | Y (1= p) 7 (1=~ M og(eing) |
.

Jj=1

where the expectation is with respect to the future realizations of 8;; and ¢;,. Without loss
of generality, we assume that if ¢ < N; the household is a worker and ¢ > NV; the household

is an entrepreneur.

Government The government levies four different types of tax: a consumption tax 7¢,
a labor income tax 7y, a capital income tax 7x,; and a wealth tax 7y, and has to finance
exogenous expenditure G, while balancing its budget every period. Taxes are paid in the
evening and government spending also takes place in the evening. The government is not
allowed to trade in financial assets at any time. The government’s budget constraint each

period is

G = 7mnwNy + 1 (I — 0KL) + T K + 104 (Cr — 0K e ), (1)

where N, is the total measure of workers, K, is the aggregate capital stock at the start of the
period and IT; — d K; is the total reported profits of entrepreneurs net of capital depreciation.
C is aggregate consumption and ¢Kp, is the total consumption entrepreneurs generate by
hiding capital, which cannot be taxed. We show below that K ; is always zero in the steady

state if the tax policy is set optimally.

Financial Markets Entrepreneurs may fund capital purchases each morning by writing
one-period state-contingent financial contracts with banks. We assume that banks are risk
neutral and perfectly competitive and live for only one period each, so they have no interest
in multi-period financial contracts. New banks are created at the start of each period. The

financial market opens immediately after each entrepreneur’s ability 6;, is revealed. If she



writes a financial contract with the bank, the entrepreneur receives from the bank some
quantity b;+ (possibly negative) in the morning and in exchange she agrees to return to the
bank the quantity IA)M (possibly negative) at the end of the period, where lA)Z-,t may depend
on the realization of the entrepreneur’s shock ¢;,. In this way, financial contracts function
as a within-period loan for entrepreneurs, and entrepreneurs can also use them to insure
themselves against the idiosyncratic risk associated with the shock ¢;,. We refer to an
entrepreneur as a borrower if she chooses b;; > 0 and a saver if she chooses b;; < 0.

It is convenient to write the entrepreneur’s choices of b;; and l;i,t as policy functions of
the relevant state variables. In general, an entrepreneur’s choice of b;; will depend on her
ability 6;,, her start of period capital k;; and the aggregate state of the economy, which we
label X;. Therefore, abusing notation slightly, we write b;; = b(a, 6, X). Likewise, we write
I;i,t = I;(a, 0,¢, X), since I;i,t will depend on the entrepreneur’s individual states a, @, ¢ and the
aggregate state X.

Since banks are risk-neutral, perfectly competitive and profit maximizing, a bank will
agree to a financial contract written by an entrepreneur if and only if the financial contract
delivers it non-negative profits in expectation at the end of the period. As such, banks will
only lend to entrepreneurs in the morning if the expected return on the loan in the evening

is equal to the market risk-free rate. This implies the following constraint
/13 (a,0,¢,X)dH (¢) > Rpb(a,0,X),

where Rp; denotes the gross market risk-free rate of interest within the period. Since en-
trepreneurs have no desire to pay the banks more than is necessary or accept an interest rate
less than Rp, if they are lending to the banks, this inequality will be satisfied with equality.
The consequence is that banks make zero profits in equilibrium.®

Workers can also borrow or lend to banks within the period at the risk free rate Rp;.

Annuities At the end of the period households may trade among themselves in financial
annuities, which insure against the risk of death. A household may exchange 1 unit of the
good at the end of the period for ﬁ units of the good at the start of the next period if the
household is still alive (or the converse). Entrepreneurs place all their capital in a common

fund at the end of the period, exchanging it for annuities.”

6Since banks make zero profits, it makes no difference to the equilibrium behavior of the economy who
owns the banks. We may assume that they are owned either by workers or by entrepreneurs.

If we allowed entrepreneurs to hold capital rather than placing in the common fund, they would prefer
to place in the common fund.
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Budget Constraints  Let a worker ¢’s start of period assets be denoted af\ft. The worker’s

asset position evolves according to:®

c%(l +704) + (1 — ’y)OL%Jrl = w1l —7ny) + RFJCLQ;.

In the morning of each period the entrepreneur may buy and sell capital, divide her
capital between a risky and risk-free project and write a financial contract with a bank. Her

choices in the morning must satisfy the budget constraint
kpit+krit = kit = a;s + by

After receiving the €;; shock, the entrepreneur chooses how many units (if any) of capital
in the risky project to hide. We let kg ;; denote the quantity of capital the entrepreneur
hides in the afternoon. In the evening, the entrepreneur chooses how much to consume,
which we denote by ¢;;, and how many annuities to buy, (1 — y)a;s4+1. Capital hidden in
the afternoon is transformed into cp;; units of consumption. Finally, in the evening the
entrepreneur repays the bank l;i,t (or is paid by the bank if ZA)M < 0) and pays her taxes to

the government. Consequently, in the evening the entrepreneur’s budget constraint is
Cit = Crip + (1 =) +biy = mig— Ty + (1= 0)kiy,

where 7;; is the entrepreneur’s period profits given by

— d d
Tt = STE,tyE,i,t + TF,tyF,i,tZ + (yi,t — Wit — TEtYE it — TF,tyF,z',t)
A g
~
profit from intermediate goods profit fror;lrﬁnal good
+ (1=0)((eip = D) kg — krit),

N J

TV
reported capital gains

T, is the entrepreneur’s period tax payments given by

Tiv =710 (Cip — crap) + T — T 0k + Twikiy,

8This budget constraint indicates that workers do not pay capital income or wealth taxes, which may
seem strange. For analytical convenience, we assume that wealth and capital income taxes are levied on
physical assets and entrepreneurial profits only, rather than on financial assets. As such, workers do not pay
capital income and wealth taxes. This assumption is without loss of generality. If linear tax rates were also
imposed on individual’s net financial positions and net financial wealth, these taxes would simply lead to an
adjustment of pre-tax interest rates, and leave the post-tax rate of interest and allocations unaffected, as in
the classic discussion in Varian (2014), p. 307.
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and where ¢, Ygit, Yris satisfy

CHit = ¢k?H,z',t
YEit = Hz‘,tﬁi,tk?E,z‘,t
Yrit = kF,i,t-

Agency Friction During the period, an entrepreneur’s realization of €, the quantity of
capital in the risky sector she hides and the consumption she obtains from converting hidden
capital are all private information. In particular, after observing the shock €, an entrepreneur
can choose to honestly report the amount of capital she has in the risky sector, but she can
also lie by under-reporting the amount of capital she has and hiding more capital than she
admits to. However, the quantity of capital allocated to the entrepreneur’s projects initially,
and the quantity of intermediate goods she produces are assumed to be public information.”

When an entrepreneur writes a financial contract in the morning, the market will expect
the entrepreneur to repay l;(a, 0,¢,X) in the evening, given her realization of €. In equilib-
rium, the market must be correct in expecting this, and so it is without loss of generality to
restrict attention to incentive compatible contracts where the entrepreneur honestly reports
her €, and pays the promised amount l;(a, 6,¢e,X). The entrepreneur will be tempted to lie
about € only if doing so increases her available resources for consumption and/or her next

period capital. This gives rise to the following incentive compatibility constraint

~

(1—7x)(re+(1—=9)) kg Ob(a,0,e, X) 1
>
1+ 7¢ = Pk + Oe 147’

The left-hand-side of this constraint represents the cost of under-reporting e expressed in
units of consumption and the right-hand-side represents the benefit of under-reporting e.
Specifically, by under-reporting € by some small amount de the entrepreneur will find herself
with kgde fewer units of capital and loses the after-tax return on those. At the same time
she transforms the kgde hidden units of capital into ¢kgde units of consumption and also

repays less to the bank according to the optimal financial contract.

Worker’s Optimization Problem The worker’s problem is to choose a level of con-
sumption each period to maximize present discounted utility. The worker’s state variables
are his assets a”¥ and the aggregate state X. As such, the worker’s consumption and next

period assets are given by the policy functions ¢™(a”, X) and a™¥'(a”, X) that solve the

9In the extreme case ¢ = 0 there would be no informational friction, since the entrepreneur has no
incentive to hide capital.
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following Bellman equation:
V¥ (a", X) = max log (cN) +(1=p) (1= V¥ (aN/’X/)

subject to the worker’s budget constraint.

Entrepreneur’s Optimization Problem The entrepreneur’s optimization problem is

~

to choose functions kg(-) > 0, kp(-) > 0, kg(-) >0, b(-), b(-), ¢(-) >0, cg(-) >0, yr(-) >0,
yr(-) 20, yE(:) > 0, yi() = 0, n(-) = 0, y(-) > 0 and /(") to solve

V(a,0,X) = sup /€>0(log(c(a,9,e,X))

+ (1-p(1—-9)E {V(a’(a, 0,¢,X),0', X"

o] Jaro),

subject to the budget constraints in the morning and in the evening, the production functions
for cy, yg, yr and y, the incentive compatibility constraint and the break-even condition for
the banks.

Here, by having the entrepreneur choose the functions b(-) and b(-) subject to the incentive
compatibility constraint and break-even condition for the bank, we are assuming that the
entrepreneur designs a financial contract and proposes it to a bank. The bank accepts

provided that the contract is incentive compatible and the bank breaks even in expectation.

Aggregation and Market Clearing The aggregate level of consumption C; and of
Ch, satisty

Ct = / Cﬁd@"‘/ Ci7td7;
i<N i>N¢

CH,t = / CH,i,tdi < (.
>Ny

The aggregate levels of capital devoted to each use and the aggregate level of final good

output sold are given by
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Kg: = / kgiqedi
>Nt

Kpy = / kp;di
>Ny
Ky = Kgi+ Kpy

Ko — / -
>Ny

Y, = / yi,tdi-
i> Nt

Total reported period profits of entrepreneurs are
Iy =Y, —w Ny — (1 - 5) KH,ta

where — (1 — §) Ky, is the average reported capital gain. In each period, the asset market
must clear. This requires that the total capital stock equals the wealth of entrepreneurs and

workers

/ aldi + / aidi = K,
1<N¢ >Ny

The market for intermediate goods of each type must clear each period

d . .
/ Ypidi = / YE,idi
>Ny >Ny

d di = di

yF,Z’,t = nyL:t L.
>Ny >Ny

The labor market must clear each period

/ nidi = N
>Nt

The final goods market clearing condition then follows by Walras’ law

G+Ct+Kt+1 = }/;+(1_5)Kt_(1_5)KH,t+CH,t

Equilibrium  We are now in the position to define an equilibrium for our model economy.

Definition 1. Given a sequence of tax rates {Twy, Tk, Tot, TNt g, 00 equilibrium € is a
sequence of prices {Rp4,"gt, TF1, wt}:io, policy functions giving entrepreneurs’ and workers’

decisions and a sequence of aggregate variables {Cy, Cr s, K¢, K1, Kpy, Ky, Yi, Ne}i2o such

14



that:
1. The government’s budget constraint is balanced every period.
2. Workers’ decision rules solve the worker’s optimization problem.
3. Entrepreneurs’ decision rules are given by the solution to the entrepreneur’s problem.

4. {Ct, Crp, Koy Ky, Kpy, Ky, Y1152, represent the aggregate of household’s decisions
defined above.

5. Newborn agents are indifferent between being entrepreneurs and workers.

6. The asset, intermediate goods and labor markets clear.

3 Properties of the Model Equilibrium

In this section, we characterize the equilibrium of the economy. We do so by characterizing
the optimal decisions of households and the aggregate steady state of the model. We derive
comparative static results for how aggregate steady state variables change in response to

changes in taxes which we then use in characterizing optimal taxes.

3.1 Worker’s Optimal Decisions

We first solve the worker’s optimization problem. Let P denote the discounted value of a

worker’s lifetime income. The expression for P} is given by

J
Hk:ORF,tJrk

-

EN

b (1 — N1 — ~)
PY=a)+Y Werj (1= Tvey) (1 =)
7=0

Note that the worker’s problem can be reformulated as one in which the worker decides
between today’s consumption ¢ and tomorrow’s lifetime wealth Pﬁl, based on today’s
lifetime wealth P and the aggregate state X.'° In Appendix A.1, we show that the solution
is given by

RF,t N

Civz[l—(l—p)(l—v)]HTCt Al

Pt]—\if-l = (1 - P) RF,tPtNa

10T his follows from a” and PV being deterministically linked through the expression for P}Y.
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and that the associated value function is

1
1=(1=p)(1=7)

VNPY X)) =V, X) + log PV
The worker hence devotes fraction 1 — (1 — p) (1 —~) of her discounted lifetime income
(evaluated at the end of the period after she has accrued interest Rp) to consumption

expenditure.

3.2 Entrepreneur’s Optimal Decisions

We now solve the entrepreneur’s optimization problem. To simplify the problem, note first
that all the entrepreneur ultimately cares about this period is her level of consumption ¢
and her level of wealth for the next period, a’. These are the only variables over which she
has influence that enter directly into the entrepreneurs’ Bellman equation. The levels of ¢
and o’ that the entrepreneur can afford at the end of the period depend solely on her total
resources and the end of the period. That is, her within-period choices of how much capital
to put into each project, how much to borrow and how much capital to hide only depend on
the level of ¢ and a’ she can afford insofar as they affect the resources she will have at the
end of the period. Therefore, we can split the entrepreneur’s problem into a within-period
choice of trying to achieve a high value of end-of-period resources, and a between period
choice of how to divide her resources between consumption and next-period wealth.

To this end, consider first the entrepreneur’s optimal production of final goods. This is a
static problem in which the entrepreneur chooses intermediate inputs y%; ,, ¥%;, and labor

n;; to maximize profits

d d d d
f (yE,i,ta Yrit ni,t) —TEtYE it — TFIYpse — Wilkig.

Since f () exhibits decreasing returns to scale, at the optimal choice of y%’m, y%ﬂ-,t, n;¢, the
entrepreneur makes profits m; per period from final goods production, which is the same
across entrepreneurs.

Let P;; denote the present value of lifetime resources that an entrepreneur ¢ could obtain
if she never produces intermediate goods and lends lends her endowment to banks at the

risk-free rate Rpy; P is equal to

Po—at i T (L= Trasg) (1 =)
2,0 1, . HiZORF,H_k

-~

F

J=0
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Then, the entrepreneur’s evening budget constraint can be re-written as

1—9) P
Ci,t + w — wi,t7
(1 +7—C,t)

where w;; satisfies

~

s — (L4 7c4) cmie — bie + (L — i) T + (T t0 — Twie) kie + (1 — 0)kie + (1 — v) Fiq
ut (1 + TC’,t) .

We refer to w;; as end-of-period lifetime resources.

To split the entrepreneur’s problem into a within and a between-period choice, let V(w, X)
denote the value in the evening of a period of an entrepreneur with lifetime resources w, who
is yet to divide her resources between ¢ and P’. Then, abusing notation, we can write the

entrepreneur’s between period problem recursively as:'!

V(w, X) = sup (log(c) +(1=p)(1=y)EV(P, 9’,X’)), (2)
A-mr _
st. ¢+ T w. (3)

The entrepreneur’s recursive within-period problem is to choose non-negative functions
kg(P,0,X), kp(P,0,X), ky(P,0,X), w(P,0,¢, X) and functions b(P, 0, X), I;(P,G, e, X) to
solve:

V(P,0,X)= sup/ V(w, X)dH (e),

e>0

subject to the constraints:

kp+kr = a+b=P+b—F (
/ bdH (¢) = Rpb (5)

(I+710)w = (1+Tc)¢]€H—[;+(1—TK)W+(TK5—TW)]{?+(1—5)k5+(1—’y)F/(6)
™ (1 —7k) 1—7

F = i +F i (7)
Ow

= >

% = okg, (8)

where the last constraint is the incentive compatibility constraint obtained after subsituting
in the definition of w in (6).
The constant returns to scale assumptions on the entrepreneur’s technology for producing

intermediate goods means that the value function must take a particular form, as shown in

"'We can relabel V (a,0, X) as V (P,0, X) since P = a+ F and F depends only on the aggregate state X.
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the following lemma. This considerably simplifies the solution to the entrepreneur’s problem.
Lemma 1. There exists a function V (0, X) such that, for any P, 6 and X,

log(P)

V(P,0,X)=V(0,X)+ G T—

where V (0, X) =V (1,0, X).
Proof. See Appendix A.2. n

Using Lemma 1, the solution to the between period problem can be found immediately

by taking the first order condition

1 1—p 1

(el = (T=) P~ 1= (= p)(T =) P"

and combining it with equation (3) to conclude that the entrepreneur chooses

¢c = 1=(0=-p@A-7)w
P = (1+7)(1-)pw.

Substituting these choices into the Bellman equation (2), we have that

. B log (w)
VX = 0 =)

+ log(1—(1-p)(1=7))
(1—p)(1—7)log((1+7c)(1—p))
1—(1=p)(1=7)
+ (1=p)1-NE[V(E.X)].

This completes the solution of the between period problem.

To solve the within period problem, we note first note that, since the entrepreneur is risk
averse and the bank is risk neutral, she will want to choose a contract that minimizes the
variance of w while observing the incentive compatibility constraint (8). Hence, this con-
straint must bind with equality. Integrating the resulting incentive compatibility constraint

with respect to €, it follows that there must exist some function w(P, 6, X') such that:
w(P,0,e,X) =w(P,0,X)+ ¢kp(P,0, X)e. 9)

In the absence of agency frictions, the entrepreneur and the bank would prefer a contract
in which the bank took all the risk and the entrepreneur’s w was independent of e. The
agency friction prevents this, leading the entrepreneur to face the level of risk implied by the

equation (9).
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To simplify the within period problem further, note that during the period ¢ the en-
trepreneur can borrow risk-free capital at the bank at gross interest rate of Rp. This stems
from the lack of informational asymmetry in the risk-free project and the bank’s zero profit
condition. Moreover, the entrepreneur may sell the output from the risk-free project to other
entrepreneurs to be used in the production of the final good. Hence, to rule out the presence

of arbitrage, the two returns have to be equalized:
RF:1+[(1_7—K)(7"F_5)_7—W]- (10)

The consequence is that in equilibrium, the entrepreneur will weakly prefer to lend to the
bank over investing in the risk-free project.

Similarly, the entrepreneur has two different risky activities she can undertake: producing
risky intermediate goods, or hiding capital after observing her € shock. In equilibrium, it
must be the case that the post-tax return to producing risky intermediate goods is weakly
higher than the return to hiding capital. If not, all entrepreneurs would hide all their capital
kg and produce no risky intermediate goods and the Inada conditions on the final goods
production function would drive the return rg to infinity. Therefore entrepreneurs weakly
prefer to use their capital to produce risky intermediate goods rather than hiding it.

Given that the entrepreneur weakly prefers to lend to the bank to producing risk-free
intermediate goods and weakly prefers to produce risky intermediate goods rather than
hiding capital, we can solve her optimization problem under the assumption that she chooses
kr = kg = 0, with the understanding that in equilibrium some entrepreneurs may choose
kr > 0 or kg > 0, to the extent needed to clear markets. Combining the rewritten incentive
compatibility constraint (9) with the definition of w, F', profits 7, integrating with respect
to € and using that kg + kr = k, kr = kg = ¢y = 0 and E[¢] = 1, reveals that w(-) must
satisfy

(1 + Tc)(o._}—i- ¢kE) = (1 — 5(1 — TK) — Tw)kE —+ (1 — TK)TEekE — /i)() dH (6) -+ RFF

€

Combining this with the bank zero profit condition (5) and the budget constraint (4) and

rearranging gives
(I+70)w=(1-0(1-7x) —Tw — ¢(1 +7¢))kp + (1 — 7x)rbkp + Rp(P — kg).

Using the above together with the no-arbitrage condition for risk-free returns (10), we

can rewrite the entrepreneur’s within-period problem more compactly. The entrepreneur
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seeks to choose functions kg(P,0, X) > 0 and w(P,0, X) to solve:

sup/log(g + ¢ekp)dH (¢),

€

subject to the constraints:

1—7'[( 1
— (- 6 — k p
- (¢+(TE TF)1+TO> E+(1+TCRF)
w+ ¢ekp > 0.

Here, we used that the only part of V which depends on the entrepreneur’s decisions is

log(w)
1-(1-p)(1—y)
the expected value of this term. The second constraint arises because the minimum value

the term . Therefore, maximizing the expected value of V amounts to maximizing
of € is ¢ > 0 and the entrepreneur can be sure of non-negative consumption if and only if
w + pekp > 0.

The entrepreneur’s within-period optimization problem amounts to determining the op-
timal choice of kg. This is simply a problem of a trade-off between risk and return. Choosing
higher kg increases the variance of w, since w = w + ¢ekg, but higher kg may carry a higher
expected return.

These results imply that the optimal financial contract between the entrepreneur and
bank takes an easily interpretable form as an equity and debt contract, as discussed in the

following Lemma.

Lemma 2. The optimal financial contract is equivalent to a contract in which the en-
trepreneur takes a loan equal to fraction Rn' of the end of period value her risky project
under the worst possible realization of €, and sells fraction 1 — % of the value of her
risky project as equity, retaining the remaining equity herself.

Proof. See Appendix A.3 H

The reason that the entrepreneur is unable to sell all the equity in her project is that
she needs to have a large enough ‘skin in the game’ in order to encourage her not to hide
capital in her project. An important consequence of the endogenous modelling of financial
constraints here is that the fraction of the value of the entrepreneur’s project that she must
retain as ‘skin in the game’ is itself dependent on taxes. Higher levels of capital income
tax reduce the fraction of equity in her project that she is able to sell, thus tightening
the financial frictions the entrepreneur faces. This creates a stronger motive against taxing
capital than would occur if the fraction of ‘skin in the game’ the entrepreneur needed was

fixed as an exogenous parameter.
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Now, we note that, in an equilibrium of this economy, it must be that the price of risky
intermediate goods is sufficiently low that entrepreneurs do not wish to produce and sell
infinite quantities of risky intermediate goods. This condition is contained in the following

lemma.

Lemma 3. In an equilibrium of the economy, it must be the case every period that:

1—TK
14+ 7¢

—¢+ (rg —7r) (11)

Proof. See Appendix A .4. m

3.3 Continuous Time Limit

To describe the environment, the equilibrium conditions and to simplify the contracting
problem between the entrepreneurs and banks it was natural to make the assumption of
discrete time. In the remainder of the paper, which is devoted to characterizing the steady
state of the economy and solving for the optimal taxes, it is more convenient to work in
continuous time. We formally derive a continuous-time version of our discrete-time model in
Appendix B. There, we assume that each period is of length A and obtain solutions to the
entrepreneur’s problem and characterize the steady state of the economy. We then take the
limit as A goes to zero. This leads to the following optimal decision rule for the entrepreneur
and worker in the continuous-time version of the model.

To simplify the optimal decision rules, let Ry denotes the net risk-free rate of return:
RF = RF -1

Proposition 1. In equilibrium, the unique solution of the worker’s problem is:

N PN
¢’ = @+w1+m (12)
aP¥ = {|Rp 4] PY = (14 7)Y} a, (13)

The unique solution of the entrepreneur’s problem is:

A . k_E: 1 A - min (QTE—TF)(l—TK).
R (= rer Al L e rrr i D
¢ = () (15)
dP = {[RF—F’Y}P+[kE(9TE—TF)(1—TK)—(I—I—Tc)c]}dt
+ kpd (1+7¢) (1 =€) pdW, (16)
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where dW is the difference of a standard Brownian motion.
Proof. See Appendix B.2 and Appendix B.3. m

As such, the solution to the entrepreneur’s optimization problem implies that if the after-
tax expected return on the risky project 0rg(l — 7x) is lower than the after-tax risk-free
net return on the risk-free project rp(1 — 7), then it is optimal for the entrepreneur to
set kg = 0 and to allocate all her capital to her risk-free project, or sell it and use the
revenue to lend to a bank. If the after-tax excess return from investing the risky project
is positive, i.e. (Org — rp)(1 — 7x) > 0, then the entrepreneur allocates an amount of
capital to her risky project which is proportional to her initial lifetime resources P. As in
many other models with financial market frictions, it therefore follows that the allocation
of capital in the economy depends on the wealth distribution across entrepreneurs — capital
is not necessarily allocated to its most productive uses. If the after-tax excess return from
investing the risky project is sufficiently high, the entrepreneur will choose the largest kg
that guarantees non-negative consumption under the lowest possible realization of e.

All else equal, a richer entrepreneur invests more in her risky project. Furthermore,
entrepreneurs invest more in risky projects and less in risk-free projects when: (i) the after-
tax return to risky projects is relatively higher, (ii) the after-tax return to risk-free projects

is relatively lower or (i) the agency friction is less severe (i.e. lower ¢).

Occupational Choice As discussed above, newborn households will be indifferent be-
tween becoming entrepreneurs and workers in equilibrium. The lifetime resources of a new-
born worker are equal to 'V and the lifetime resources of a newborn entrepreneur are equal

to F'. Therefore, the occupational indifference condition can be written as:
VN(FN X)) =EyV(F,0,X).

This condition pins down the value of N in equilibrium: if /V is very large, then a high supply
of labor reduces the steady state wage, thereby increasing profits. Lower wages reduce F¥
and higher profits increase F'. N adjusts until the value of a newborn worker equals the

value of a newborn entrepreneur.

3.4 Aggregate Steady State

Having characterized worker and entrepreneur’s choices, we next formally characterize a

steady state of the model.
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3.4.1 Post-tax Prices

First, we note that in any equilibrium, entrepreneurs’ optimal production of final goods

implies that:

1-N"  1-N
f(KE K — KE N

T N)
)

Kr K- KE N
re = fl ) _N

re =

Kgp K — KE N
w = f3 1-N' 1—-N
Y—?"EKE—T'F(K KE

Tp = )

1-N

where f; ( K’fv, Kl IKIE, - N) denotes the derivative of f (llfffv, Kf_l]f,E, liVN) with respect to its
h argument.

Since the planner has four tax instruments, 75, 7w, 7v and 7¢ he can set these four tax
instruments to target the values of four post-tax prices (subject to its budget constraint).
As a consequence of this, it will be useful in the discussion of optimal taxation below to
characterize the entire steady state of the model in terms of only resource allocations and

four post-tax prices. This can be done using the following definitions of post-tax prices:

~ ’LU(1 — TN)
_ 17
v 1+7¢ (17)
Rr = Rp—1 (18)
(1 — TK)’/TF
_ 19
mF 1+ 70 (19)
_ 1—
iy = —re—re)l = 7x) (20)
1 +R<KE7KF7N77TO)
where R(-) denotes the function R : RY | — R U {oo}, which satisfies:
1-N K
R(Kp, K. N.m) = 1+ Lo m R (21)

A-N)fO)=fi(O)Kp—fo( (K=Kg)—f3()N ’
( f1()=f2() ) +Kp

where, abusing notation, f(-) denotes f (fiﬁ,, Kf_}fvE , 1iVN

Throughout, we will use R as a shorthand to denote R(Kg, K, N, 7). Below, when dis-

cussing comparative statics, we typically set my such that R = 0 in some initial steady

) and 7y is an arbitrary constant.

state.
Intuitively, @, Rp, 7p and (14 R)Tx represent, respectively, the post-tax wage rate, the

post tax risk-free rate, the entrepreneur’s post-tax profit from selling final goods, and the
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post-tax excess return to high productivity entrepreneurs from using the risky technology. It
is useful to define the latter as (1 + R)7x rather than simply 7x because theplanner’s ability
to control all post-tax returns is limited due to only having four tax instruments. As such,
it will be convenient to think of 7y intuitively as the part of the excess return from the risky
technology that the planner can choose by varying taxes, and 1+ R as the part of the excess
return to risky capital that the planner does not choose, and instead varies endogenously
due to variation in pre-tax prices. Pre-tax prices in turn depend on Kg, K and N, and so R
depends on Kg, K and N. At R = 0, as we typically assume, it can readily be shown that
R is decreasing in Kg, holding constant K and N, which corresponds to the intuition that
a higher level of capital in the risky technology reduces the excess return to this technology.

To interpret R, we combine (20) with the definition of 7 above and use (19) to obtain

. Tx RKE
T = o — .
Fo 17\ 1N

The aggregate post-tax profits of entrepreneurs can therefore be written:

where A" is the aggregate wealth of workers and K — A" is the aggregate wealth of en-
trepreneurs.

This equation reveals that an increase in R does not, by itself directly affect entrepreneurs
profits at all. Rather, it raises the excess return to capital, 7x(1 + R) and reduces en-
trepreneurs’ profits from selling final goods, 7p. Thus, R represents the degree to which
entrepreneurs’ profts reflect risky investments, rather than simply the rents 7 which all en-
trepreneurs earn equally from selling final goods. As such, an increase in R does not directly
affect the income of entrepreneurs in total, but it increases the income of wealthy high abil-
ity entrepreneurs (who choose high levels of k) at the expense of low ability entrepreneurs.
Since R does not reflect total entrepreneurial profits, then, but simply the allocation of en-
trepreneurial profits, it is not directly affected by the planner’s tax instruments, but changes
endogenously as a consequence of changes in pre-tax prices when the levels of K, K and

N change.

3.4.2 Steady State Characterization

Having defined post-tax prices, we now formally characterize the steady state of the model.

We define a steady state as follows:

Definition 2. A steady state . of the economy is a set of values of tax rates {Ty,, T, 7& Th }s

prices {ry, ., w*}, aggregate variables {K*, Ky, C*, N*, F*,FN*} ,IP and an equilibrium &
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i which all tax rates, prices and aggregate variables are equal to these steady state values in

every period.

We focus on steady states in which no capital is hidden because, as argued below, the
planner will never design a tax policy to select a steady state in which this happens. The

full set of conditions that must be satisfied in a steady state are summarized in Proposition
2 below.

Proposition 2. There exists a steady state . which is consistent with the particular values
of aggregate variables {K*, K},,C*, N*, R*,Y*}, post-tax prices {f},é},zﬁ*,fr}} and con-
sumption tax rate 75 and in which no entrepreneurs hide capital or intermediate goods, if

and only if the following conditions hold:

R} + 1+ 7'(*;« 1+ 7
o Sk 1 * K* ~>|< K*
Y*—6K*~G = C*"= N+ (1 - N)7h+ P 1175*) E o+ ﬁ - (23)
C C
~ % _ ~ % g<1> N\~ 71 _ 1 — ) ?
o) = los(rp) + L0 |1+ R rk(n) - § (661 - 91 + k(1)) 2
~ * YA+7C) (2 (1 AT
Ky — Fx(1+R)Kg + Y+ Rp (7p(1 =N >)1%E(1)u(1) (25)
p+~— Rr
y et + O (1 - X)) P -
u(l) = = — ; 26
Xo+p+7— Ry — (1 4+ R kp(1)
. P RK}
= — 2
F (1+rg;> <7T° 1—N*) (27)

where R* = R(K%, K*, N*,m0), Y* = f ( Kp KK N ) (1—N*) and where K% < K,

1-N*? 1—-N* 7 1-N*
d(1+75)

Lo > 227 > 0 and kg(0) is given by equation (14).
X

=1
Proof. See Appendix B.4. O

Note that none of the equations in Proposition 2 make any reference to pre-tax prices or
to tax rates, apart from 7¢; they make reference only to post-tax prices, 7 and R. Therefore,
as long as the inequality conditions in the proposition are satisfied, changes in pre-tax prices
have no effect on steady state allocations, conditional on the value of post-tax prices and

R. R matters for the steady state allocation because, as discussed above, a higher level of

25



R entails a redistribution of profits from low ability entrepreneurs, to entrepreneurs that
choose high levels of capital in the risky technology.
The interpretation of the equilibrium conditions in Proposition 2 is intuitive. The first

equilibrium condition is the consumption function for the economy. Each agents’ marginal

propensity to consume out of earnings is M PC = ﬁ
F

on preferences and the risk-free rate. Agents consume based on their net resources after tax

in the steady state, which depends

and depreciation, Y* — 6 K* — G. Additionally, entrepreneurs do not consume out of their
risky capital income, since a higher risky capital income means a higher return to saving.

Log utility implies that all this extra capital income is saved. Finally, agents consume out

of the after-tax resources they earn from annuities each period, 11[;' Equation (23) states
that output net of investment and government spending equals consumption, which also
must equal the sum of post-tax resources of all agents in the economy, since saving (net
of depreciation) must equal zero in the steady state. Equation (24) is the condition under
which agents are indifferent about their occupation in the steady state and equations (26)
and (25) arise from the stationary wealth distribution that is induced by entrepreneurs’

policy choices. Lastly, equation (27) was derived in the previous section.

3.5 The Effect of Taxes on Equilibrium Allocations

In Section 4.2 we will show that optimal steady state tax rates can be written in terms
of estimatable “sufficient statistics”. These sufficient statistics are elasticities of aggregate
variables with respect to tax changes. In doing that, our approach provides a bridge between
theory and empirics in the spirit of Chetty (2008), Piketty and Saez (2013), Piketty, Saez
and Stantcheva (2014) and Saez and Stantcheva (2018), where the sufficient statistics are
behavioral elasticities that capture the response of aggregate outcomes to small changes in
taxes. To that end, in this section, we formally define the elasticities that shape the optimal
taxes and use them to gain intuition about the effect of the various tax instruments on key
aggregate variables in the economy.

As changes in taxes in this economy have a wide range of general equilibrium effects,
to maximize the clarity of exposition, we proceed in two steps. In the next two sections,
we characterize the partial equilibrium elasticity with respect to tax changes of aggregate
output Y, total capital stock K and the capital invested in the entrepreneurial sector Kg,
holding pre-tax prices constant. In Section 3.5.2 we consider the general equilibrium effects

of tax changes.
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3.5.1 Partial Equilibrium Effects of Taxes on Equilibrium Allocations

To study the partial equilibrium effect of changes in tax rates on aggregate output Y, total
capital stock K and the capital invested in the entrepreneurial sector K, we consider the
long run effect on the steady state of a small change in tax rates holding constant pre-tax
prices and the fraction N of agents who choose to become workers. By holding pre-tax
prices completely constant, we will hold R(K, Kg, N, my) constant, since the latter captures
the effects of varying pre-tax prices on profits and allocations. In the next section, we will
discuss the additional general equilibrium effects that arise when N and R(K, Kg, N, 1) can
vary as the values of K, K and N change in response to changes in taxes. To emphasize
the effect that financial frictions have on the determination of optimal taxes, we assume
throughout that the planner chooses the levels of 7x, 7y and adjusts the labor income tax
Ty to ensure that its budget balances in the steady state, while 7o remains unchanged. For
ease of interpretation, we fix R = 0 by setting the arbitrary constant m, so that R* =
R(K*, K}, N*,my) = 0 in the initial steady state, before any tax changes take effect.'?

We formally define long-run elasticities as follows.

Definition 3. The partial equilibrium elasticities of Y, K and Kg with respect to the tax

rate T are defined as:
€ = e =

—_{ —_‘ eKE_(l—TK>aKE’
TK Y 0Tk R=0,N TK K Ot R=0,N TK Kg 0T R=0,N"

The partial equilibrium (semi-)elasticities of Y, K and Kg with respect to the tax rate

Tw are defined as:

y 1oy

™w — ?87‘{/{/ ‘R:O,N

el Kg — L&KE
w — K Omy |R=0,N =

¢ = | o
™ KE 87’W R=0,N

e e

That is, efK is the elasticity of aggregate steady state output with respect to the tax rate
Tk, holding constant pre-tax prices (including the value of R(K, Kg, N)) and the fraction
N of agents who choose to become workers, and assuming that 7y adjusts to balance the
government’s budget, and efw is the corresponding (semi-)elasticities of aggregate output
with respect to 7. The elasticities of aggregate and risky capital are defined in a similar
fashion.

By considering small perturbations in tax rates around the conditions that characterize a

12Using the definition of R above and noting the each factor is paid its marginal product in equilibrium,

it follows that this will be true if: o = Tffr* . Holding R fixed at zero makes intepretation easier, since
E

it means that we can interpret changes in 7x as corresponding to changes in 7, holding pre-tax prices
constant. R = 0 is necessary for this interpretation, since R = 0 ensures that, 7p = ’{jﬁ:g . Then, a decrease

in 7x leads to a proportional decrease in 7, which is the same effect as an increase in 7x holding pre-tax
prices constant.
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steady state of the economy, all the elasticities defined above can be characterized in closed
form, as functions of structural parameters and aggregate variables. We relegate the details
of this derivation to Appendix B.5 and directly provide the characterization of the elasticities

of Y, K and K with respect to taxes in Proposition 3 below.

Proposition 3. The elasticity of aggregate output Y with respect to the tax rates T and Ty,
holding constant pre-tax prices and the fraction N of agents who choose to become workers,

and assuming that Tn adjusts to balance the government’s budget is, respectively:

K
Yy E _Kg K
&5, = (re—rrp) v et TRy e
e = (rp—rp)—ZeX 4rp—eX
™w o E F Yy W FY' W "

Proof. The result follows from partially differentiating equation (23) with respect to 7x, Rp

and 7¢, combining this with Definition 3 and rearranging. O

The expression for efK reveals that a change in tax rates affects aggregate output via

K
TK

its effect on aggregate capital accumulation (e;' ) and also by affecting how far capital is
allocated to the risky technology (eﬁi{E). An increase in the fraction of capital allocated to the
risky technology increases aggregate output, because rg — rp > 0 must hold in equilibrium,
since entrepreneurs must receive a higher return to the risky technology to compensate for
risk. A decrease in capital income taxes (with a compensating rise in 7y) will typically
raise aggregate steady state output, holding constant N and pre-tax prices. This is because
a decrease in capital income taxes tends to increase aggregate capital accumulation (so
eg{ < 0) and encourages a larger quantity of capital in the risky technology (so eﬁif < 0).
We verify that eX < 0 and e£F < 0 in Propositions 4 and 5, which characterize the partial

equilibrium effects of tax changes on Kg and K, respectively.

Proposition 4. The elasticity of the risky capital stock Kg with respect to the tax rates Tx
and Ty, holding constant pre-tax prices and the fraction N of agents who choose to become

workers, and assuming that Ty adjusts to balance the government’s budget is, respectively:

eﬁif = (efl’f +et. — )My, — (1 —7x)(rp — 6)Mp,,
enf = (ehE 4 el )My, — Mg,
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where

Ke (1+7¢)(1 — N)ipy
—1 M
My, = . Ko
YthRp pty—Rr
ekE _ 1 — TK 8I<:E(1)
™ kp(l) Otk
et — 1—7'[( a,u(l)’
" p(l)  Ork

; +q ];E I Kg
with analogous definitions of €72 and el . Moreover, e F < 0.

Proof. The expressions for egf and efvf follow from partially differentiating equation (25)
with respect to 7y and Rp, combining this with Definition 3 and rearranging. To show that
efE < 0 suppose otherwise, that Kp is (weakly) increasing in 7x. Note that e’jﬁ < 0 from

the characteriation of kg in (14). Furthermore, if K is increasing in 7k, the equation (26)

for p(1) implies that p(1) is decreasing in 7x so that e < 0. Then, since —1 — ngF <0,

it follows that eﬁi{E < 0, which is the required contradiction. O

Proposition 5. The elasticity of the aggregate capital stock K with respect to the tax rates
Tk and Ty, holding constant pre-taz prices and the fraction N of agents who choose to become
workers, and assuming that Ty adjusts to balance the government’s budget is, respectively:

(58) er” [(TE —rp) (1= MPC) + (lj—ic)MPC} + eSsus

Tj

)

— (1 = 8) (1= MPC) + (7% ) MPC

14+1¢

for j € {K; W}, where

Ssup  — _ ﬂ MPC — g MPC
(K(l +TC>) Ko
C
and MPC = % s the marginal propensity to consume out of aggregate resources and
F
where
i MPO a’fj

MPC ~ - K
Furthermore, ez 7~ > 0. If the M PC' is sufficiently close to 1, then e; < 0.

Proof. The expression for eﬁj follows from partially differentiating the steady state aggregate

resource constraint (23) with respect to 7x and Rp, combining this with Definition 3, using
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the consumption function (22) to substitute for the changes in aggregate consumption and
rearranging. Taking the derivative 8]8\/[:; ¢ immediately reveals that eM Pe — R +7 > 0. To
show that an MPC close enough to 1 implies that X" < 0, note that eX? < 0 from
Proposition 4. Additionally, 7x > 0 must hold in the steady state or no entrepreneur would
put capital into the risky technology. Then, for an M PC' close enough to 1, the numerator

K

in the expression for ey, must be negative. Equally, for an M PC' close enough to 1, the

denominator of the expressmn for e - must be positive. O

Above we established that the effect of a capital income tax on aggregate output depends
Y on its effect on K and Kpg. The results in Propositions 4 and 5 allow us to inspect this
effect in more detail. Focusing first on Proposition 4, we see that a tax change has four
effects on aggregate K. First, it affects /%E, that is, the fraction of each entrepreneur’s
resources that they choose to put in the risky technology. Second, it affects p(1) — the
fraction of resources held by high ability entrepreneurs, which affects K since low ability
entrepreneurs do not use the risky technology. These first two effects are captured by the
terms eﬁf +ef for each j € {K;W}. Third, a change in capital tax rate 7x directly reduces
the post-tax profits of entrepreneurs, which reduces the resources they have to allocate to the
risky technology — this effect is captured by the “-1” term in the expression for eﬁif. These
first three effects have an impact on Kg which is multiplied by the term Mg,. Mg, > 1
represents the effect that, as entrepreneurs devote more resources to the risky technology,
this in turn increases their incomes, allowing them to devote even larger amounts of resources
to the risky technology. The fourth effect is that changes in capital income and wealth taxes

affect the total post-tax return Rp to the risk-free technology. This effect is captured by the

terms mutliplying Mz . Mg in turn has two components: a term capturmg the fact
that a fall in Ry causes a substitution effect hat increases Kp, and a term multiplying Mg,
which captures the effect that a change in Rr changes entrepreneurs’ total resources, which
in turn affects the aggregate level of K.

Now, considering Proposition 5, the numerator in the expression for e - shows the degree
to which an increase in taxes raises aggregate saving, holding constant K , and the denomi-
nator shows how rapidly aggregate saving decreases as K rises. The terms multiplying egE
in the numerator show that a major effect of a change in taxes on aggregate saving is the
effect of the tax change on Kg. An increase in Ky tends to increase aggregate savings
through two channels. First, it increases output by an amount in proportion to (rg — rg),
which increase saving in proportion to (rg — rr)(1 — M PC). Second, when entrepreneurs

hold higher higher levels of Kg, this implies their marginal return to saving is higher, which

rep(l— TK
(1+T

also affects saving via substitution effects, since taxes directly affect the post-tax return to

further increases their saving in proportion to =-—".M PC'. Finally, a change in taxes

saving. The size of this substiution effect is given by eijU B, For realistic parameter values,
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the M PC' is relatively close to 1 (since this is the marginal propensity to consume out of
steady state income), which implies that the denominator is small and positive, indicating
that a change in the aggregate capital stock has a relatively small effect on aggregate saving.
Therefore, increases in capital income taxes have the potential to cause substantial decreases

in steady state aggregate capital K.

3.5.2 General Equilibrium Effects of Taxes on Equilibrium Allocations

Tax changes in the model have a wide range of general equilibrium effects on aggregate
variables, which are naturally more complicated to analyze than the partial equilibrium
effects. Fortunately, most of these general equilibrium effects can be ignored when finding
optimal tax rates. Recall that the equations of Proposition 2 imply that, conditional on
post-tax prices, pre-tax prices only affect steady state allocations via R, with R affecting the
return to capital and profits. Then, since the planner can set tax rates to target particular
values of post-tax prices (subject to its budget constraint), it emerges that the only way
changes in pre-tax prices matter for the optimal allocation and, therefore, optimal tax rates,
is via the function R. That is, optimal taxes can be correctly calculated as if tax changes
had no effect on pre-tax prices except via the effect of R on the return to capital and profits.
This is shown in Section 4.2.'% Since R reflects the distribution of profits between different
entrepreneurs, it emerges that the only way changes in pre-tax prices matter for optimal
taxation is via their effect on the distribution of profits across entrepreneurs. As such, in
this section, we study the effects of tax changes when tax changes also affect N, as well as
the pre-tax return to capital and profits via R, but we ignore all other effects of tax changes
on pre-tax prices. Thus, we let EZK denote the elasticity of Y with respect to 7 when R
and N may change, but pre-tax prices are otherwise held fixed. As a shorthand, we call this,
the general equilibrium elasticity of Y with respect to 7x. Analogously with Definition 3,

we define €} according to:
€, = —
TK Y 87’ K

We may then characterize EZK following the same procedure used to characterize efK. We

obtain .
e = (re = 1) P ORE HrpEn + (w—Tp)e,

where Eg{ , ég{E and Eﬁ; are defined analogously to the partial equilibrium elasticities; that

o, o8, = 1 I o O g o — Lo A

This equation indicates that the effect of a small change in 75 on aggregate output is

ambiguous once changes in N are allowed for: a small cut in 75 with a corresponding rise in

13Gimilar findings that general equilibrium effects can be ignored in optimal tax formulae also hold and
are discussed in earlier related work in the litererature, such as Piketty and Saez (2013).
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7y will tend to increase capital accumulation, but will also tend to discourage agents from
becoming workers, which could reduce output if w > 7p.
Defining the general equilibrium elasticity with respect to 7y in the obvious analogous

Y

way, and repeating the same steps that were used to characterize € _, we obtain:

K K
e, = (re—rp)SEehE +rp el

W Y y T + (UJ - WF)EiV

W

Repeating the same approach to characterize the general equilibrium elasticities Eﬁf_ ,

and EﬁfE, for for each j € {K;W}, reveals that these are also very similar to the partial
equilibrium elasticities, but with additional terms reflecting the change in R and change in

N after a change in taxes. Specifically, for each j € {K; W}

éKE — eKE‘ _ N EN + <(MKE _Nl)RF> (R/< )—KE _|_R/( )—K + R/( )—]\]/)

T 1=NTE v+ Rr
and
ﬁ sKEg _ Kg o o TX
N S (K ) (eTj €r; ) |:<TE re) (1 — MPC)+ e MPC’}

—(rp —8) (1 — MPC) + ( )MPC

[(w—m)(1 - MPC)| e + [ X2
—(rr = 8) (1= MPC) + (2

£ | BEMPC(R](Jele + Ry(Jekk + Ry()e)

1+7¢

9

14+1¢

) MPC

where M, is as defined in Proposition 4, and R(-) denotes the derivative of R(Kg, K, N, m)
with respect to its ith argument, where 7y is set such that R = 0 in the initial steady state.

KE shows that tax changes affect Kz through two additional general

The equation for €
equilibrium effects, in addition to the partial equilibrium effects noted above. First, a tax
change affects the number of agents who choose to become workers, which affects Kz becomes
workers do not use the risky technology. Second, a tax change affects pre-tax prices via R.
The change in R after the tax change is equal to R/ (-)er? + R5(-)es + Rj(-)el). A higher
R encourages capital accumulation because a higher R raises the excess return to capital
in the risky technology (which is 7x(1 + R)), providing more resources and incentive for
entrepreneurs to accumulate higher levels of Kg. The equation for e -~ shows that this is
equal to e - plus three additional terms that reflect, first, that in general equilibrium, Kg
changes after tax changes by the additional amount (eTj — eﬁjE); second, that a tax change
affects NV in proportion to EJTZ , which affects aggregate income and therefore saving insofar as
the income of workers and entrepreneurs differs, and, third, that tax changes affect pre-tax

prices via R, with a higher R representing an increase in the excess return to capital in the
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risky technology, which encourages saving.

4 Optimal Taxes

In this section, we formulate and solve the planner’s problem of choosing optimal taxes in
order to maximize the steady-state welfare of a newborn agent. In solving for the optimal
taxes we use a calculus of variations approach, which requires that we first characterize the
the effects of changes in tax rate on welfare. It is then straightforward to use the effects
of tax changes on welfare to deduce optimal tax rates, since the first order conditions for
optimal tax rates are simply that the marginal effects of 7 and 7y on welfare are all equal

to zero.

4.1 Effects of Tax Changes on Welfare

The measure of welfare we consider is the lifetime present discounted utility of a newborn
agent in the steady state, which we denote by W. Since newborn agents are indifferent in
equilibrium between becoming entrepreneurs and workers, this is the same as the lifetime

present discounted utility of a newborn worker in the steady state. In discrete time, this is

o0
W= (1-p)(1-7)log(c).
s=0
We can derive a simple formula of the change in welfare that results from a marginal
change in tax rates. As is common in the literature, we focus on the consumption equivalent
welfare change. Considering a small change in tax rates that changes steady state worker
consumption by de? in each period s of a newborn worker’s life, the consumption equivalent

change in welfare AV satisfies:

D (1=p) (=) log (e (1+AN)) = (1= p)*(1 —7)u(c) +dcb).

Envelope theorem arguments, which we formalize in Appendix B.6, allow us to obtain a

simple formula for AY. In particular, AV satisfies:

.AN
1—|—7‘C’

WAN = dw + dRp
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where dw and dRF are the change in w and ﬁip as a result of the tax change and
0 1—v s N
Es:O <1+RF> s
o] 1—v 5
Zs:O <1+RF>

is the average value of the worker’s discounted lifetime assets.

AN =

It is possible to extend this argument to the continuous time case, as the following lemma

shows.

Lemma 4. The consumption equivalent change in steady state welfare AN from a marginal

change in taxes satisfies:

N4 5
BAY = dip + 208
1+ 7¢
where
AV = (v + RF)/ e_(WRF)SaéVdS
s=0
Proof. See Appendix B.6 n

Intuitively, the consumption equivalent change in welfare is simply equal to the change in
worker income on the margin due to changes in @ and Rp, divided by the worker’s average
lifetime earnings w.

Having established a formula for the consumption equivalent change in welfare, we may
study the effects of tax changes on welfare using the same approach we took in the previous

section.

Partial Equilibrium Effect of Tax Changes on Welfare

To build intuition, we first provide a heuristic derivation of the marginal effect of a change
in 7 on welfare in partial equilibrium. We assume that the planner changes 75 by some
amount d7g, and changes 7y by some amount dry to balance the budget. Using the def-
initions of post-tax prices in Section 3.4.1 (and keeping pre-tax prices fixed for a partial

equilibrium analysis) and using Lemma 4, the resulting consumption equivalent change in

_ N
AN: dTN . ((TF (S)A )dTK.

11—y (1—7y)w

welfare satisfies:

We use the government’s budget constraint to infer d7y as a function of d7x. To that
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end, it is convenient to write the government’s budget constraint as

G = TNBTN + TKBTK + TWBTW + TCBTC7

where B, is the tax base for the tax 7;, so that B, = wN, B, = (1 — N)rnp + (rg —
rp)Kg + (rp —0)K, B, = K and B, = C.
Differentiating the government’s budget constraint with respect to drg, holding constant

pre-tax prices, R and N (for a partial equilibrium analysis) we obtain that

0B,
0= BTNdTN + BTKdTK + Z TjE’R:O,NdTK'
J
Substituting this into our expression for AY above, multiplying both sides by % and

rearranging, we obtain:

N
(1-— TN)IUN%

0B,
Ok |R:0,N = B + Z Tj—J|R:0,N - Bi\;]\h

or
JE{IW:C5NY K

where Bﬁ; = (rp—6)AY denotes the lifetime average additional tax payments an individual
worker would have to make, all else equal, after a unit rise in 7.

Intuitively, this equation states that the change in a worker’s welfare from an increase
in 7 is proportional to revenue gained from the rise in 7x (since the revenue gain funds
decreases in 7y) minus the component of the 75 tax rise that is paid for on average by
workers over their lifetime. The revenue gain per unit rise in 7x is the tax base B;,, plus
a (negative) term representing the loss in revenue that arises from the behavioural changes
caused by the rise in 7.

Following the same approach for changes in 7y, we obtain a formula for the partial

equilibrium effect of any tax change on welfare.

Proposition 6. The partial equilibrium effect of a change in tax rate 7; on welfare, for

Jj € {K; W} satisfies:

N
(1 —TN)U)N£

OB,
or; S R D DR |R=0 = Bry -
J

me{K;W;C;N} aTj ’
where BY = (rp — 0)AN, BY = A and BY, = w(1 — 7y).

Proof. Differentiate the aggregate resource constraint in Proposition 2 with respect to Rp
and 7y, fixing R = 0 and holding constant N. Substitute in the definitions of B; above, the

equation for AV in Lemma 4 and rearrange. O
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General Equilibrium Effect of Tax Changes on Welfare

As before, we consider the general equilibrium change allowing R and N to vary, but
otherwise assuming pre-tax prices are fixed. It is straightforward to extend the results of
Proposition 6 to the general equilibrium case: the general equilibrium welfare change has the
same formula as the partial equilibrium effects, except with general equilibrium derivatives
replacing partial equilibrium ones. That is, the general equilibrium effect of a change in tax

rate 7; on welfare, for j € {K; W} satisfies:

OAN 0B,
(1_TN)wN8~ =B, + Z Tm(‘?»m_Bg'
7j me{K;W;C;N} 75
9B.,,

Using the definitions of the B, above, it is straightforward to write =5™ as a function
J

of the elasticities of the variables K, K and N with respect to taxes. For instance:

9B,

(1 - TK) P = ’wNEj_\;
TK

0B, N K x
(1—7k) o —nmpNe,, + (rg —rp)Kgel P + (rp — 0)(Ke;, )

0B
1-— W= K_K
( TK) aTK 67’K

9B, ) . OB, OB,,
(1 — TK) aTK == (1 TK)a(Y 5K G) = (1 TK) 87']( —+ (1 TK) 87'}( .

7J

The expressions, for each j, for are identical to these, except that the elasticities on the

ar
right hand side are all replaced b;/ elasticities with respect to Ty .

In the next section, we show that the optimal tax rates can be written as functions of
these derivatives of the B, terms. Therefore, the results above allow the derivatives of the
B, to be calculated, given the elasticities of K, K and N with respect to taxes, which can

be used to calculate the optimal tax rates.

4.2 Characterizing Optimal Taxes

We next characterize the optimal taxes chosen by the planner. We focus on an optimal
steady state tax policy. In particular, we assume that the planner chooses steady state tax
rates {7}, 7/, Th }, and an aggregate steady state . of the economy consistent with these
tax rates, in order to maximize our welfare measure — the present discounted utility of a
newborn agent in the steady state.

Since we have already established the marginal effects of tax changes on welfare, it is
relatively straightforward to derive the optimal tax rates. The first order conditions for the

optimal choice of 7k and 7y is simply that % = 0 for these three tax rates. The optimal
J
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choice of 7y can then be inferred from government budget balance. Specifically, the first

order condition for each 7; is

OAN _
0= (14 Ay ) (1= Tn)wN—>— = (1+ A;7;)(B, — BN+ > tuBerm,
J me{K;W;C;N}
where €27 denotes the general equilibrium elasticity of B,,, with respect to 7;, and A, = —1
J

and A;, = 0.
Using the government budget constraint we can eliminate 7 from the first order condition

for 7; and obtain:

— B, _ _B.
0=(1+A47) (B, —BY)+Ger™ + Y 1.B,, (el —en ™).
me{K;W;C}
Since B,, = wN it follows that égw = ég , since the elasticities are calculated holding w
constant.

The first order conditions can be compactly written in matrix form as follows:
0= (B—-BY)1+AB-B"T +Ge" + BT + B,,7ce®<c —e"1" BT,

where 1 denotes the column vector (1,1)", € denotes the column vector (el ,eX )T, T

denotes the column vector (7, 7w)T, €7c denotes the column vector (éfgc,éfvgc)T and A,
B, BN and & are defined as follows:

~1
a 0 p_ (B 0
0 0 0 B,

—BT —BT
BN _ Bf_\}[( 0 £ — e;KK eTBKw .
0 BN’ Tl T
Rearranging the first order condition, we therefore obtain the solution for the optimal tax

vector:
T=—(A(B-B")+€&B-e"1"B)"' ((B— B")1+Ge" + B, ,rge®<).  (28)

Thus, optimal taxes are entirely a function of three components — the size of the tax
base of each tax B, the elasticity of each tax base with respect to tax rates (£ and &),
and the degree to which each tax falls upon workers, BY. The latter is relevant because

the utilitarian planner has a motive to redistribute to workers if they have lower average
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consumption than entrepreneurs in the steady state. Since the elasticities £ shows up in the
inverse term in equation (28), higher values of the elasticities will tend to make the right
hand side of the equation smaller, and drive optimal taxes on capital and wealth towards
zero. This is consistent with standard optimal tax principles, that it is optimal to set lower a
lower tax rate on a particular activity if the associated tax base is more elastic with respect
to the tax rate.

The derivation of the optimal tax formula here did not rely on most of the specific
assumptions of the model. The optimal tax formula above would be identical if different
functional forms were chosen for utility, or the distribution of entrepreneurial ability or
entrepreneurial shocks, or if the endogenous financial friction that we model were replaced
by an exogenous constraint on entrepreneur’s ability to issue equity and debt. However, an
advantage of the specific model assumptions is that they allow the elasticities in equation
(28) to be computed relatively easily, using the comparative static results in the previous
section. In the next section, we use these elasticities to calculate optimal taxes for specific

values of the parameters.

4.3 A Numerical Calibration

To interpret the magnitudes of these optimal taxes in practice, we undertake a numerical
calibration. To that end, we construct a benchmark economy that has the same primitives
as the economy outlined in Section 2 and in which we set taxes at their current levels in the
United States. We calibrate the benchmark economy at annual frequency and summarize

parameter values in Table 1.

Demographics ~ We set the mortality rate v to 1%, corresponding to a life expectancy of
100 years. We choose the discount rate p so that in the steady state the average return to
capital, weighted by capital shares and net of depreciation, is 4% (McGrattan and Prescott,
2001).

Technology ~ We set the depreciation rate § to 7%, approximately the average depreciation
rate in the US fixed asset tables, and the autocorrelation of the productivity shock 1 — Ay to
0.885, as in Cooper and Haltiwanger (2006). Following Panousi (2012), we calibrate ¢ to 0.15,
to match the variance of entrepreneurial capital. We choose the lowest possible realization
of the idiosyncratic productivity shock, €, to match a debt-to-asset ratio for entrepreneurs
of 0.35 (Mehrotra and Crouzet, 2017, Boar and Midrigan, 2019). Lastly, we assume that the
final output production technology is Cobb-Douglas Y = YoPYSF N'=e~ and calibrate ag,
ap, ay and 7, the probability of a high type (i.e. § = 1), to match a labor share of 2/3,
the share of households who are entrepreneurs, the return to risky capital and the risk-free

interest rate. We target an average return to capital in risky projects gross of depreciation
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of 15% so that the return net of depreciation is 8%, approximately the annual rate of return
to equities in the US over the twentieth century (Mehra and Prescott, 2003). We calibrate
to a risk-free return gross of depreciation of 8%, consistent with a risk-free interest rate of
1% which is close to the average return of relatively riskless securities in the US over the
twentieth century (Mehra and Prescott, 2003). Finally, we target a share of entrepreneurs
of 11.7%, as reported by Boar and Midrigan (2020) using data from the Survey of Consumer

Finances.

Financial friction ~ Since the entrepreneur’s optimal contract is equivalent to an equity and
debt contract, we calibrate the parameter ¢, indicating the severity of the agency friction,
to 0.76 so as to match the equity share of business owners in the US data. We use the
Survey of Consumer Finances (National) Survey of Small Business Finances to document

that entrepreneurs own, on average, 84% of their firm’s equity.'*

Taz system We set the consumption tax 7¢ to 11%, following Altig et al. (2001) and
Cagetti and Nardi (2009). We set 75 to 20%, in line with the US corporate tax rate for
small businesses reported in the OECD Tax Database, and 7y to zero, in line with the
current practice in the US." We choose G, so that the share of government spending is 20%

of GDP, the historical average in the US over the past four decades.

Optimal Taxes. To quantify the various mechanisms, we consider separately how optimal
taxes depend on partial and general equilibrium effects in this calibrated model. The results
are shown in Table 2 below. The fourth row of the table shows the correct optimal taxes in
the calibrated model. The first three rows show the optimal taxes that arise when various
factors are held constant. We discuss each row in turn.

The first row calculates optimal taxes when the fraction of workers N is held fixed at the
initial steady state value and general equilibrium effects are ignored. These optimal taxes are
inferred by calculating the terms in the optimal tax equation (28) above in the initial steady

i

state, but using the partial equilibrium elasticities efj instead of the general equilibrium
elasticities éfj” and setting EJTZ = 0. We see that, in this case, optimal taxes on capital income
are slightly negative and optimal wealth taxes essentially zero. The reason for this is that the
tax base for both capital income and wealth taxes is highly elastic with respect to tax rates,
since, as discussed in the previous section, the capital stock is highly elastic with respect to
tax changes. As a consequence of this high elasticity, tax revenue is maximized at tax rates

close to zero (since raising the tax seriously reduces the size of the tax base). The optimal

1Gee Appendix C for a detailed discussion of our treatment of the data.
15The calibrated value of Tx is an average of the tax rate between 2000 and 2016 and includes both federal
and state taxes.
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Table 1: Parameter Values

Parameter Value used Target moment
¥ 0.010 Lifespan 100 Years
p 0.009 Average net return to capital 4%
) 0.070 Depreciation
by 0.115 Profitability autocor. (Cooper and Haltiwanger, 2006)
© 0.150 Small Bus. Risk (Panousi, 2012)
€ 0.350 Debt-to-asset ratio (Boar and Midrigan, 2019)
ag 0.193 Labor share 2/3
arp 0.137 Risk-free rate
an 0.593 Fraction of entrepreneurs (Boar and Midrigan, 2020)
s 0.015 Return to Equity
T 0.110 Consumption tax rate (Cagetti and Nardi, 2009)
TK 0.200 Corp. tax rate small businesses (OECD Tax Database)
W 0 Current US level
G 0.200 Govt. spending/GDP
o) 0.757 Small Bus. Owner Equity Share (SSBF)

capital income tax is actually slightly negative, since negative capital income taxes increase
K. That is, negative capital income taxes not only increase aggregate capital accumulation,
but also increase the fraction of capital in the risky technology, by raising the relative return
to the risky technology and redistributing resources to high ability entrepreneurs, who earn
a higher rate of return to capital and therefore disproportionally benefit from lower capital
income taxes. Through these channels, negative capital income taxes increase steady state
output and therefore the revenue earned by the government from labor income taxes, making
them desirable.

The second row of Table 2 shows optimal taxes allowing for general equilibrium effects
on prices, but holding fixed N and all elasticities. These optimal taxes are calculated as in
the first row of the table, except that general equilibrium elasticities are used, but with Ei\;

16" Here, we see very different optimal taxes from the partial equilibrium case.

set to zero.
As explained above, the only effect of a general equilibrium price changes that is relevant
for optimal taxes is the effect of changes in R. Higher rates of capital taxation are much
more desirable in the general equilibrium case because they increase R. To understand this

mechanism, recall that R reflects the degree to which entrepreneurs’ profits represent returns

16 A5 such, all other general equilibrium elasticities are also slightly different from the full general equilib-
rium model, because we ignore all changes in K, K and other aggregate variables that are due to changes
on N, since N is held constant.
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on investing in the risky technology, rather than economic rent from selling final goods. As
discussed above, R is decreasing in K (near the steady state, where R = 0), because higher
K g reduces the pre-tax rate of return on the risky technology. Consequently, a higher value
of capital income taxes reduces Kg (by reducing the post-tax return to the risky technology)
but this in turn raises R. The rise in R redistributes profits to those who invest in the risky
technology, and so increases the return to that technology, which is 7x(1 + R). The rise in
the return to the risky technology substantially mitigates the fall in Kz due to rising capital
income taxes. Consequently, allowing for these general equilibrium effects, the elasticity of
capital income to the tax rate is substantially lower than it was in partial equilibrium, and
so the optimal capital income tax is higher. The high value of optimal capital income taxes
encourages a slightly negative tax on wealth, since this encourages capital accumulation and
raises the revenue earned by the capital income taxes.

The third row of Table 2 repeats the same analysis, but fully allows for the variation of N
in response to changes in tax rates. As such, optimal taxes are calculated using the optimal
tax equation (28) above and using the correct general equilibrium elasticities calculated in
the initial steady state. Allowing for variation in N reduces the optimal tax rate on capital
income significantly, because high capital income taxes reduce entry into entrepreneurship,
which reduces output and therefore the government’s tax revenue.

The optimal taxes on the third row are not quite numerically correct, because changing
tax rates in turn affects the elasticities in the optimal tax equation (28). Therefore, to
correctly calculate optimal tax rates, it is necessary to repeatedly resolve the equation in
an iterative process — the equation is first used to calculate conjectured optimal tax rates,
then the elasticities are recalculated at the new tax rates, and the equation is solved again
yielding a new set of tax rates and so on. Comparing row 4 and row 3 of the table reveals
that this iterative process produces optimal taxes that are very close to those obtained
by just applying equation (28) once. This reveals that a very good approximation to the
optimal taxes is obtained, even if we only know the elasticities in the initial steady state.

An advantage of this is that elasticities in the initial steady state are more easily estimated

empirically.
Table 2: Optimal Taxes in Partial and General Equilibrium
Tr Tw ™~
Partial Equilibrium, Fixed N —0.9% 0% 23.4%
General Equilibrium, Fixed N 57.1% —2% 14.1%
General Equilibrium 9.6% —0.4% 21.8%
General Equilibrium, Iterative 11.1% —0.4% 20.7%
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The Importance of Financial Frictions. We next analyze the implications of financial
frictions for optimal taxes. To that end, Figure 1 shows how optimal taxes vary with the
severity of financial frictions, governed by the parameter ¢. To facilitate the interpretation
of the units on the horizontal axis, we note that varying ¢ from 0.3 (mild financial friction)
to 1 (severe financial friction) implies that the share of equity that entrepreneurs own in
their business increases from 33% to 110%. The dashed vertical line marks the value of
¢ in our calibration. At the calibrated ¢ the optimal tax rates on capital income, wealth
and labor income are 11.14%, -0.44% and 20.7%, respectively. That is, it is optimal to tax
capital income and subsidize wealth accumulation. Three features are immediately evident
from the figure. First, that optimal wealth taxes are always close to zero for all values of
¢ we consider. Second, that optimal capital income taxes are positive for all values of ¢,
and third, optimal capital income taxes are decreasing in the value of ¢. We discuss each of

these three in turn.

Figure 1: Optimal Taxes and Financial Frictions
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First, the optimal wealth tax is close to zero, regardless of the value of ¢. This arises from
our optimal taxation formula because the elasticity of all aggregate variables with respect to
the wealth tax is very large, as was also discussed above in Section 3.4.2. As a consequence
of this, the elasticities of all tax bases with respect to the wealth tax rate are large, leading
to an optimal wealth tax close to zero. The optimal wealth tax is generally found to be
slightly negative, because a negative wealth tax increases capital accumulation, which raises
the government’s revenue from the capital income tax.

Second, the optimal capital income tax rate is positive for most values of ¢. As discussed

on page 41, this is because positive capital income taxes raise R, which redistributes resources
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to the most efficient entrepreneurs and raises the return to capital. As such the increase in R
tends to increase K and Kg, which therefore mitigates the negative effects of capital income
taxes on capital accumulation and on the allocation of capital.

Finally, it is evident from Figure 1 that the optimal capital income tax is decreasing in ¢.
This is because, when ¢ is lower, financial frictions are tighter and so less capital is allocated
to the risky technology in the initial steady state. Therefore, with lower ¢, the return on
capital in the risky technology is relatively higher. This means that a cut in capital income
taxes will increase the size of the tax bases by relatively more, encouraging the planner to

set a lower level of capital income tax to increase tax revenue.

Sensitivity analysis. Lastly, we explore how our results depend on values of other relevant
parameters. First, as is well known in the public finance literature, optimal taxes depend
on the underlying distribution of ability. In our case, however, variation in the dynamic
process governing entrepreneurial ability appears to matter little to results. To illustrate, we
consider two alternative calibrations of the autocorrelation of entrepreneurial ability, which
is governed by the parameter \g. In the first calibration we reduce Ay from 0.115 to 0.05,
corresponding to a more persistent process for entrepreneurial ability. In the second one,
we increase this parameter to 0.2, indicative of a more persistent process for entrepreneurial
ability. In the first case, we find that optimal taxes on capital income, wealth and labor
income are equal to 13.9%, -0.41% and 18.7%, respectively. In the second case, these are
equal to 9.05%, -0.39% and 22.5%, respectively.

On the other hand, we find that results are more sensitive to the parameters governing
the returns to scale — optimal taxes on capital income decrease as parameter values move
towards constant returns to scale. Again, we consider two alternative calibrations of the
model. In the first calibration, we set ay = 0.5, implying that an elasticity of returns to
scale of 0.83, which is lower than the benchmark calibration’s 0.92 (where 1 denotes constant
returns). We find that, with ay = 0.5, optimal taxes on capital income, wealth and labor
income are equal to 21.27%, -0.41% and 27%, respectively. In the second calibration, we set
ay = 0.65, implying an elasticity of returns to scale of 0.99 — almost constant returns. In this
case, we find that the optimal tax on capital income, wealth and labor income are —4.14%,
—0.21% and 14.86%. Thus, moving towards constant returns strongly reduces optimal taxes
on capital income, and slightly reduces optimal taxes on labor income. This is because,
as discussed above, a major force influencing optimal taxes is the effect of capital income
taxes on R, which governs how far entrepreneurial profits are due to sales of the final good,
and how far they are due to the returns on risky capital. When parameters move towards
constant returns, entrepreneurs’ profits from selling the final good fall to zero, regardless of

the level of taxation, and so the mechanism through changes in R disappears. Consequently,
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optimal taxes on capital income become similar to those in the partial equilibrium case in
Table 2, because the general equilibrium effect through R disappears. As explained above,
in the partial equilibrium (or close to constant returns) case optimal taxes on capital income
are slightly negative, because this increases capital accumulation and improves the efficiency

of the allocation of capital, which raises output and therefore government tax revenue.

5 Conclusion

We examine optimal linear taxation in a setting with endogenous entry and financial frictions.
Financial frictions imply that the distribution of wealth across entrepreneurs with different
productivity levels affects how efficiently capital is allocated in the economy — a force missing
from models without financial frictions. The planner chooses taxes on capital income, wealth
and labor income to maximize the steady state welfare of a newborn agent. In the model,
newborn agents decide whether to become workers or entrepreneurs. Workers supply labor
inelastically, while entrepreneurs operate a production technology that uses capital and are
subject to a financial constraint that stems from informational frictions. As in the data,
entrepreneurs are relatively richer, leading to a redistributive motive for capital income and
wealth taxation.

Our model is analytically tractable and we characterize optimal steady state taxes as
closed-form functions of the size of tax bases and the elasticity of tax bases with respect to
taxes, in the tradition of the “sufficient statistics” approach to optimal taxation. Evaluated
at empirically plausible parameters, we that it is optimal to tax wealth at a rate close to zero
and to tax capital income at a positive rate, albeit lower than the labor income tax rate.
This result reflects a large elasticity of the wealth tax base with respect to the wealth tax and
a somewhat smaller elasticity of the capital income tax base to the capital income tax. The
latter is smaller because capital income taxes lead to price changes in general equilibrium
that raise the return to risky investment and redistribute resources from low ability to high
ability entrepreneurs, which partially counteracts the otherwise negative effects of capital
income taxes on capital accumulation.

Our optimal tax formula is general and does not depend on many of the details of the
model, such as functional form assumptions or the specific details of the financial friction.
However, to maintain analytical tractability and for simplicity of exposition, we restrict our
analysis to linear taxes and abstract from features of potential relevance such as worker
heterogeneity, elastic labor supply, bequests or aging. Relaxing these assumptions is left for
future work and while these considerations will doubtlessly affect the value of optimal taxes,

the channels we emphasize in this paper remain operative.
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Appendices

A Discrete Time Model

A.1 Worker’s Optimization Problem

We derive the solution to the worker’s problem. As a first step, we rewrite the worker’s
problem, replacing the state variable a’¥ by PV.

Observe that the worker’s budget constraint may be rewritten as:

Rpy (1—9) Pt]«VH _ Rpy pN
1 + Tet RFﬂj 1 + TCt L

civ—i-

Hence, abusing notation, the worker problem may be written as:

N(pN _ N _ _ N ( pN' 51
V(P ,X)—Czré}%;cz[)(log(c J+(1—p 1=V <P ,X))
1+ TC 1+ TC

We shall solve the problem by guess and verify. We guess:

st. N+

V(PN X) = Qi+ log (P)

1
(1—=p)(1—7)

Taking first order conditions, we get:

1—|—TC OPN'

Ry v 1—=7v_ ) '1—7 VN (PN X
pN — P =(1—p)(1—
(1+TC 1+TC ( p)( P)/)

Using the guess and simplifying, we obtain the worker’s policy functions:

Rp

PN/:(l—p)(l—v)l_VPN
N == (=) (=) P

To verify the guess, we plug the policy function conjectures back into the conjectured



value function:

VAP X) =ma (1o (11 = (1= ) (L= )] P

+(1=p)(1=7) (Q/ 1o —1/))(1 —) 8 ((1 —t =) 1}EF7PN>))

V(PN X) =log ((1 —(=p)(1 - 7»1?70)

H1-00-2) (@4 gy (- pa =)
1
TS a- -7
— VVPY X)=VN(1,X)+
\?6_/

log PV

T O C ey R

A.2 Proof of Lemma 1

Note that the technology associated with an entrepreneur’s risky and risk-free projects dis-
plays constant returns to scale. Consider an entrepreneur Alice, who at some period ¢ has
q > 0 times as much lifetime resources P as an entrepreneur Bob. The constant returns to
scale properties imply that Alice can produce ¢ times as much of each intermediate good
as Bob, for each € and 6 and consume ¢ times as much each period. Since, for any c,
log(gc) = log(q) + log(c), Alice’s present discounted utility from these choices would then

be the same as Bob’s plus an additional Y 7 (1 — p)?(1 — )’ log(q) = 17(113+()q()177)' Since

these choices are possible for Alice, it must be that V(¢P, 6, X) > % +V(P,0,X).

However, on the other hand, Bob can choose to do everything that Alice does only %

times as much. By the same logic as before, doing so would yield Bob a present dis-

counted utility equal to Alice’s minus %.

V(P,0,X)>V(qP0,X)— 1_(113+()q()1_7). Comparing these two inequalities that V' must ful-

fil, it is immediate that it cannot satisfy both unless V' (¢P, 60, X) = l_log—(Q)) +V(P0,X).

Therefore, it must be the case that

(1=p)(1—7)
In that case, it must be that V(P,0,X) = % + V(1,0,X). Let V(0,X) denote
V(1,6,X). Then it follows that V(P,6, X) = V(6, X) + 21— O

A.3 Proof of Lemma 2

Suppose that the entrepreneur is sells fraction 1 — 0 de) equity in her risky project, at a

T—7x)(1-0)
price of 1 per unit of kg invested in the project, retaining the rest herself. Suppose further,

that she issues b so that Rpb is equal to the total end of period value of her risky project

2



€ = ¢, including the profits earned from this project. Then,
Rrb=(((e—=1)(1 —=0) 4+ 0rg)(1 — 1) — 7w )kEg

and
o1+ 7¢)

) € ke

Substituting these into the entrepreneur’s budget constraints, and using the definitions of

B:pr+(1—

w, and w, reveals that, in every state of the world, this contract would give the entrepreneur

the same end of period resources w as the optimal contract.

O
A.4 Proof of Lemma 3
In an equilibrium of the economy, it must be the case every period that:
b+ (rp —rr) (A1)
— rp—T :
b r 1477

If this were not the case, then equations (9) and the expression for w

1—171 1
w = (—¢+(TE—TF)1+TI;> kg + (1+TCRF)P

imply that w is strictly increasing in kg for all € > 0 for entrepreneurs with § = 1. Then,

by choosing an arbitrarily high kg, such entrepreneurs will be able to achieve arbitrarily
high consumption and therefore utility. Therefore, if this condition held, some entrepreneurs
would desire to allocate an infinite amount of capital to their risky projects, which cannot

be an equilibrium, since the capital stock is finite each period. O

B Continuous Time Model

B.1 Environment and Equilibrium with Period Length A

Let A € (0,1] denote the length of a period. Over a period of length A, agents value
future consumption at rate (1 — pA), die with probability yA, capital depreciates at rate
0A, entrepreneurs draw a new productivity 6 with probability A\gA and shocks e satisfy

e=c+(1—¢€)exp (@ﬂ.R—¢ZA>, (B.1)



where R ~ N(0,1) and ¢ is a parameter determining the variance of e. This assumption
implies that Fle] = 1 and Var(log(e—¢)) = »*A. Risky projects produce fekgA and risk-free
projects produce krA.

An entrepreneur values her expected future consumption stream according to
B |72 (1= pAY (1 —~yAY log (¢ivrin) A} . We define the lifetime income of an entrepreneur
who does not produce any intermediate goods and lends all of his endowment to the bank
at riskfree rate 1+ (Rp — 1)A = 1+ RpA as,

Poi= ag, + i miay A0 = Tierg)(1 = yAY (B.2)
i, i, pars Hi:ol + RF,H-];A

-~

:ZFt

A worker’s preferences are described by the lifetime utility function
Z;io (1-— pA)j (1-— fyA)j log (cﬁjA) A. The government sets taxes 7¢, Ty, T and Ty A per
period, and has to finance exogenous expenditure GA.

First, consider the worker’s problem for a given period length A:
V¥ (", X) = max (log (™) A+ (1= pA) (1 —yA) V¥ ("', X)) (B.3)
subject to:
NAL+70) + (1 —7A)a™ = wA(1 — 7x) + (1 + (Rp — 1)A)a®,

and non-negativity constraints on ¢, aV'.

Second, the entrepreneur’s problem is to solve:

V(P 6,X) = sup/ ) <log(c)A + (1= pA)(1 —~A)

x E[V(P’,@’,X’)

GDdH(e), (B.4)

subject to:

1—~A
1 + TC
(1470 )w=(1+7)cgA —b+ (1 — 76) TA + (T 0A — T A) ki + (1 — 6A)k + (1 — yA) F,

A = (relAyg + relAyr) + (YA — wAn — rEAy% — TFAy}i;) + (1 =0A)((e = Vkg — kg),

cA + P =w,

the production functions cyg = ¢kg, yp = Ockp, yr = kr, y = f(y%,y%,n), the incentive



compatibility constraint:

(1 —7x) (reA + (1 — 6A)) kg Ob(P,0,e, X) 1
>
1+ 7¢ = ki + Oe 1+7¢’

the break-even condition for the banks:

/ b(a,0,¢, X)) dH () = (1 + (Rp — 1)A)b(a,60, X,).

€

and non-negativity constraints on kg, kr, kg, ¢, ¢y, Y, yr, w and P’.

The equilibrium conditions of the model with period length A are summarized below.

Definition 4. Given a sequence of tax rates {Twy, Tii, Tow Tt Frog, 01 equilibrium Ea
of the economy with period length A is a sequence of prices {Rpys, g, Trg, Weliey, policy
functions giving entrepreneurs’ and workers’ decisions and a sequence of aggregate variables
{C, Cry, Ky,

Kgt, Kpi, Ky, Ye, Ni}52 such that:

1. The government’s budget constraint is balanced every period:

EA = TN7tthNt+TK7t(}/;A—'lUTANt—5AKt)+TWtAKt+TC,t(CtA_gbKH,tA)‘ (B5)

2. Workers’ decision rules solve the worker’s optimization problem B.S5.

3. Entrepreneurs’ decision rules are given by the solution to the entrepreneur’s problem
B.4.

4. {Ct,Crp, Koy Kpty, Kpy, Ky, Y1152, represent the aggregate of household’s decisions.
5. Newborn agents are indifferent between being entrepreneurs and workers:
Z (1 —pA)Y (1 —~AY log (cfjn) A =E, Z (1= pAY (1 —~yA)Y log (cigsjn) A
Jj= =0
(B.6)

6. The asset, intermediate goods and labor markets clear.

The final goods market clearing condition then follows by Walras’ law:

atA + OtA + Kt-i—A == }/;A ‘I— (1 - 5A) (KE,t + KF,t - KH,t) + CH,tA' (B?)



B.2 Solution to the Worker’s and Entrepreneur’s Problem with
Period Length A

Following the same derivation as in the main text, where A = 1, it can readily be shown

that the solution to the worker’s problem is given by

1+ RpA 1+ RpA
A = L= (1= pA) (1= 98 = PY = (34 p = 9p8) AP, (BY)
TC 1 + T
PN = (1-pA)(1+ RpA)PY. (B.9)
Where
> (1— 1 —yA)
= al t+z Wi A - TN +5) (1 — vA) _ (B.10)
=0 I_o1 + Rpr
—F
The entrepreneur’s between period problem is given by
cA = (1-(1=pA)(l=7A)w = (y+p+7pA) Aw, (B.11)
1
P = (1470)(1—pA)w= — " (w—eA). (B.12)
-7

The entrepreneur’s within period problem is to choose functions kg (P, 6, X ) and w (P, 0, X)

to solve:
sup /log(g + ¢pekp)dH (e), (B.13)

subject to the constraints:

1 — ~
w = (—Cb + 1 _|_:IC( (rgf — TF)A> kg + (1 n TC(l + RFA)) P (B.14)
e =0 (B.15)

w+ ¢ekp > 0, (B.16)

v

where Rp is defined as in the main text. The following proposition summarizes the en-

trepreneur’s optimal decisions.

Proposition 7. In equilibrium, the entrepreneur’s problem has a unique solution for c¢(P,0,¢e, X),
P'(P,0,¢,X), w(P,0,¢e,X) and kg(P,0,X) which depends continuously on the parameters.

The entrepreneur’s optimal choice of kg is:

4 e [ EO—rAG—T) . -
S (maX{O,mln{ N }})P(1+RFA)

ke = ¢ — (rpf=rr)A(=Tk) g1 (max{o;min{(me rr)A(l—Tr) S*}}>7 (B.17)

14+1¢ ¢(1+TC




where S* = S (%) For any equilibrium values of rg,rr, the entrepreneur’s choices

entail
w = (qb(e —1)+ 1 :L:I(j (rgf — TF)A) kg + <1 %—170(1 + RFA)) P (B.13)
c = (v+p+ypA)w (B.19)
P = (1+70)(1—pA)w, (B.20)
where B
fe (1 + z(e — 1)) eh (€) de
S(z)=1- — : (B.21)
fg (1 + x(e — 1)) h(€) de
and
S*:s(li). (B.22)

Here S : [0, 2] — [0, 5%] is a differentiable and strictly increasing (and therefore invertible)

function.

Proof. The derivative of the entrepreneur’s objective function with respect to kg is:

% /€log (w+ ¢ekg) dH (¢)

- /(g—l— pekp) ! <8%; + aﬁe) dH (e)

€

— /(c_u + pekg) ! <¢<e -+

€

1—TK
1+ 77

(rif — TF)A) dH (e)

= (w + okp) ™" / (w fgbk +— fkgk e) B (gb(e —1)+ 1 1:’( (rgd — rF)A) dH (e)
e \X E w E C
~ (w+ okp) ! /6(1 ot o)t (¢(e S+ 1 T (s - rF)A) dH (e),
where ok
x = T (B.23)

Here we used that w + ¢kg > 0 at any feasible kr. This holds because the constraint (B.16)
implies that
0 <w+ ¢ekp <w+ ¢E[elkp = w + dkp

Since kg > 0, equation (B.23) in turn implies that > 0 at any feasible choice. Furthermore,

r < 1%6 To show this, note that it was shown above that the entrepreneur’s end of period



consumption is proportional to
w=w+ ¢k = (1 — x + ze)(w + Pkg)

Since w + ¢kr > 0, it follows that 1 — x 4+ xe > 0, or the entrepreneur’s consumption would

be negative with positive probabilty. Rearranging this condition, we obtain that x < i, as

desired. 7
Now we shall show that x is monotonically increasing in kg. Using the definition of w in

equation (B.16) and the definition of x in equation (B.23), we obtain that

ox 1 -
8I<:E X (1 T Tc(l + RFA)> P.

Since the entrepreneur can convert units of capital into consumption at rate ¢ and the

risk free rate of return is ﬁ(l + RpA), there can only be an equilibrium in which some

entrepreneurs put a positive amount of capital in the risk-free sector if ﬁ(l +RFA) > ¢ >

0. Moreover, by definition P > 0, leading us to conclude that 3‘1—‘2 > (. So x is monotonically

increasing in kg, and x = 0 when kg = 0, while x = ﬁ corresponds to the highest possible
kg the entrepreneur can choose while ensuring that consumption is non-negative.
Using that = € [0, ﬁ], the expression for the derivative of the entrepreneur’s objective

function can be further rearranged to:

O [atem vy (-1 L BUE T gy

w+ okg J. o(1+71¢)

9 4 [ (14 z(e—1))" edH(e) (refd — 1) A1 — 7x)
W+t Pkp /6(1 tale=1) T dA(d) ( [ (1+z(e—1))""dH(e) b o(1+7¢)

. ¢ -1 (repf —re)A(l — 7x)

- /6(1 +a(e— 1) dH(e) ( P S(m)) ,

where

I (1 4+ ofe— 1)) e a (@

S(z)=1- - .
/. (1 + x(e — 1)> dH (e)

Since w + ¢kg > 0 and x7' +¢—1 > 0 for x € (0, ﬁ], with strict inequality for € > ¢, it
follows that the sign of this derivative of the entrepreneur’s within period objective function

is given by the sign of:
(’I“Ee — TF)A(l — TK)

o1+ 7¢)

— S(x) (B.24)
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In the case of an interior solution, the first order condition for the optimal choice of kg is:

(T'Ee — T’F)A(l — TK)
o(1 +70)

—S(x)=0 (B.25)

We now show that S(xz) is strictly increasing over € (0, 1=]. To this end, we rewrite

S(z) as follows:

S)=1-+ - (1”(6_”)_1”6@1‘1(6)

f (1 (e — 1)) Cam

)

Since all the terms in S(x) are differentiable with respect to z, for x € (0
that S(x) is itself differentiable over € (0, ]. The derivative is:

S'(z)y=z2[-1+ </ (z‘l +e— 1)1dH (e)) 2/ﬁ<x_1 +e— 1) 72dH (e) ] . (B.26)

Using Jensen’s inequality,

(rem1) | - (()) Lk

Substituting this into (B.26):

1

’ 1—¢

], it follows

E

(o) T

2

S'(x)>a 2 [ -1+ (/ (xl +e— 1>_1dH (e)> R (/ (xl +e— 1) _1dH (e)> =0,

where we used that z7'+e—1 > 0 for z € (0, i], with strict inequality for € > 0. Therefore,
S(z) is strictly increasing over x € (0, 1], as desired. Equation (B.21) immediately implies
] and so S(z) is also strictly increasing over z € [0, 1].

Recall that the sign of the derivative of the entrepreneur’s within-period objective func-

that S is continuous over z € [0,

tion with respect to kg is given by (B.24) and that z is monotonically increasing in kg, with

1

1— corresponding to the highest possible kg the entrepreneur

z =0 when kg =0 and x =

can choose.
1

Since S(x) is strictly increasing over x € [0, =], it follows that there are three cases.



If (ref—rr)A(1—7K)

< S5(0), then the entrepreneur optimally chooses the corner solution

o(1+70)
kp = x = 0. If (TEG;HES)_TK) > S (ﬁ), then the entrepreneur optimally chooses
the corner solution x = ﬁ, which corresponds to the highest possible choice of kg. If
S(0) < (TEQ;ZJ&S_TK) < S (i), then, by the intermediate value theorem, there is a

unique z satisfying the first order condition (B.25). In that case, since the entrepreneur’s
within-period objective function is strictly concave with respect to kg, it follows that the
first order condition (B.25) characterizes the unique optimal choice of kg.

For the case where the first order condition holds, we may use the fact that S is monotone

and differentiable (and therefore invertible) to rearrange the first order contion as follows:

s ()

Let S* = S (ﬁ) Then, S~!(S*) = =. Furthermore, S(0) = 0 (by equation (B.21))
and so S*(0) = 0. Since S is monotonically increasing on [0, =], S~! is monotonically
increasing on [0, 5™].

As such, we may group the three cases above as follows:

_ cp (rgb—rp)A(l—T1
50 gt <
_ -1 ( (ref—rr)A(l—7Kk) e (rpf—rr)A(l-7k) *
T=95 ( 1+ ) it iy € (0.57)
—1 * . (’I‘EQ—TF)A(I—TK) *
S7(5%) s ]

Combining this with (B.23) to solve for kg, and simplifying, we have:

S-1 (max {0; min { (rgb—rr)Al=1i), S*}}) P <1 + RFA>

o(1+7c)
b — (rp0-rr)A(1-TK) g—1 <max {O,min{(TEGfrF)A(lfTK),S*}}>

14+1¢ ¢(1+7'C)

kp =

From equations (9) and (B.14), we have that

1—TK

w = (ng (e—1)+ (rgd — w)A) kg + ( (1+ RFA)) P.

1+7’C 1+7‘C

Combining these results with equations (B.11) and (B.12) yields all the results of the propo-

sition. u

B.3 Proof of Proposition 1

This proof makes use of the following two lemmas.

10



Lemma 5. The following holds, for any x € [0; L] :

1—¢

lim @

lim = (1 —¢)*¢x. (B.27)

Proof. To prove this, note first that

S(x) 1 (1_ [ 4a(e—1)7" edH(e)> o (few(f;l) (1—|—x(€—1))_1dH(e)>
A A '

B Jo(1+ (e 1)) dH (e) Joo(L+ z(e — 1))"1dH (e)

Then, it remains to show that, for any x in the domain of S,

. f6>0 ( N ) (1+z(e —1))"'dH (¢) _
A0 Joo(I 4 2(e = 1))~1dH (¢)

—z(1 — €)% (B.28)

To prove this, we prove the following results, from which equation (B.28) follows trivially:

limaso [0y (52) (L4 x(e — 1) 7HdH (6) = —a(1 — ¢)*¢? (B.29)
limayo [ (14 2(e = 1))7'dH (e) =1 (B.30)

To prove these, recall that the ¢, is given by:

2A
€t = € +(1_€)exp<9@\/_th 902 )

where R;; ~ N(0,1). This implies that

2
cu=1=(1-9) (o (oVBR, - £2) -1)).

Therefore, the left hand side of (B.29) is

lim 2(1—5) o <WZ71_ ) (1 +a(l—e (exp <WZR _ 9022A> _ 1>)1 4% (R),

where ®(-) is the standard normal cdf. Likewise, the left hand side of (B.30) is

lim Oo<1+:r,(1—§) <eXp (90\/_72 90?)—1»_1(1@(73).

Now, we consider a first order approximation of exp (gox/_ R — —) in units of VA,

11



around the point VA = 0:
| PPA I~

Similarly, in the neighborhood of VA = 0:

(1 L a(l—e) (exp <g0\/ZR - 9”22A> - 1))_1 ~1—2(l—eVAR.  (B32)

Multiplying the term in the limit on the left hand side of (B.29) by A, and ignoring

terms of order greater than A, we therefore can write it as:

/_OO (1-epvVA-R (1 ~ (1 - g)goJZR) 4 (R)

o0

= /OO (1—)pVA-R —z(1—€)??AR*Ad (R)

= (1 - gpVAE[R] — 2(1 - ¢)’¢* AE[R?]
= —z(1 — €)?p*A.

since R is normally distributed. Hence (B.29) follows immediately.

Likewise, considering the term on the left hand side of (B.30), we have:

/Oo 1—2(1 — &) pVARAD (R)

=1 _ 2(1 — €)pVAE[R]
=1.

This proves (B.30). O

Lemma 6. For any z € (—o00,00), it holds that

1
ii{ﬂ)o S™Hmax{0; min{Az; $*}}) = max {0; min { a _;2@2; - E}} : (B.33)
Proof. To prove (B.33), we first note that

lim —- = (1— ). (B.34)

This follows immediately from the definition of S* in (B.22) and from Lemma 5.

12



Now, we show that

z

J— 2 1 _1 = —
Vz €0, (1 —¢)¢), ilinoS (Az) 21— (B.35)
To prove (B.35) , define the function % (x) according to:
F(x) = SXC) (B.36)

where x € <0, ﬁ) Given that S is continuous and strictly increasing, it follows that
function .# (-) is continuous and strictly increasing, and therefore invertible. We now show

that, for any z in the range of %,
F2)=5"1(A2). (B.37)

To show this let * = .#7!(z). Then z = F(z) = %, so S(r) = Az and z = S71(Az2),
giving us (B.37).
Define the function .7 () = (1 — €)%@?z. It follows from simple rearrangement that its

inverse 1s:
—1 T

W=

We know from Lemma 5 that, as A — 0, .% (x) converges to .7 (z). Since . is continuous,

|

(B.38)

this convergence is uniform, and the inverse .Z~1(z) converges to Z (z). Then, using
equations (B.37) and (B.38), we obtain (B.35) for values of z in the relevant domain.

Note that, for A > 0, the domain of S7!(+) is [0, S*]. Therefore, the result (B.35) must
hold for all z € (0,lima_o %) = (0, (1—€)¢?) since, for any such z, Az will be in will be in the
domain of S~! for sufficiently small A > 0. Equally, it must be true that lima_,0.S71(0) = 0,
since S71(0) = 0 for any value of A > 0. Therefore, (B.35) follows for z € [0, (1 — €)p?).

Now, using (B.34) and (B.35), we prove (B.33) for z € (—00,00). We proceed in cases.
First, consider the case z < 0. Then, for sufficiently small A > 0, equation (B.34) implies

that Az <0 < S*. Then,

Jim S~ Hmax{0; min{Az; S*}}) = Jim S7H0) = 0, (B.39)

Now, suppose that z € (0, i

implies that 0 < Az < §*. Then,

where the second equality used (B.35).
). Then, for sufficiently small A > 0, equation (B.34)

z

—(1 EATHY (B.40)

ol o LR — iy Q-1 _
ELI%)S (max{0; min{Az; S*}}) = ELI%)S (Az) =

13



where the second equality used (B.35).
Now, suppose that z > i Then, for sufficiently small A > 0, equation (B.34) implies
that Az > S* > 0. Then,

1 1
. -1 . . L Ox 1 -1 *\ 1% _
ilian (max{0; min{Az; S*}}) = ilir%)S (%) = ilirh 1 ¢ (B.41)

where the second equality used that, for any A > 0, S7*(S*) = =, since S* = S (ﬁ), by
definition. ) )
Comparing equation (B.33) with equations (B.39),(B.40) and (B.41), we see that we have
proven (B.33) for any z € (—oc0,00) except for z = . In particular, (B.33) must hold for
all z # & in the neighborhood of . Now, note that the left hand side of (B.33) is
continuous and weakly increasing in z for any A > 0. Equally, the right hand side of (B.33)
is continuous and weakly increasing in z. Continuity arguments then imply that (B.33) also

holds at z = ﬁ O

Proof of the Propositon
First, derive the worker’s continuous time solution. Consider the discrete time solution
with period length A.

14+ RpA
14+ 7¢
PN = (1—pA)(1+ RpA)PY, (B.43)

NA = (y+p—7pA) APY, (B.42)

Taking the limit of equation (B.42) as A — 0, we obtain equation (12).

Now consider
PN’ o PN
A
Taking the limit of this as A — 0, we get

= [(1 — pA)Rp — p} PN,

dPN = { [RF . p] PN} dt.

Using the solution for ¢, given by equation (12), we obtain (13).

Now derive the entrepreneur’s continuous time solution. Taking the limit of equation
(B.17) as A — 0, and using Lemma 6, we obtain (14). Combining (B.18) and (B.19), we
get:

= — A
c=(p+7=pA) T o

P <@> . <¢ (e—1)+ (10 —rF)A>

Taking the limit of this as A — 0 and noting that, as A — 0, ¢ — 1 in probability, we obtain

14



(15). Finally, we note that Proposition 7 implies that:

; 1"‘7’0 1—|—RFA 1—7‘K

— CA) ,
so that

PP—P l+1¢ Rp+7 e—1\ 11—k
A _1—7A<P<1+TC>+kE[¢<A)+1+TC<TE0 TF)] 0)- (B.44)

Now, for sufficiently small A, =L ~ (1 — g)gp\/zRM. Furthermore, ?/Kt corresponds to

A
the difference of a standard Brownian motion, since 3% ~ N(0,A). Therefore, as A — 0,
equation (B.44) simplifies to (16). O

B.4 Proof of Proposition 2

As a first step, we characterize a steady state equilibrium in Proposition 8, as per Definitions
1 and 2. As a second step, we show that the aggregate variables { K*, K3,, C*, N*, R* ) Y*},
post-tax prices {7’}, }?}, w*, %}} and consumption tax rate 775 constitute an equilibrium ac-
cording to Proposition 2 if and only if the aggregate variables {K*, K3, C*, N* F* FN* P* },
prices {1}, 75, Ry, w*, 75} and taxes {my, T, 7&, Ta } constitute an equilibrium according to

Proposition 8.

B.4.1 Alternative characterization of the steady state equilibrium

Proposition 8. There exists a steady state . which is consistent with the particular values
of aggregate variables aggregate variables {K*, K3, C*, N* F* FN* IP’*}, prices {ry, ri, Ry, w*, m5}
and tazes {Tyy, Tj, 75, Th } and in which no entrepreneurs hide capital or intermediate goods,

if and only if the following conditions hold:

1. The government’s budget constraint is balanced every period:

G=1myw'N*" + 7} (mp(1 =N+ (rg —rp) K+ (rp — 0)K*) + 1, K* + 75C* (B.45)
This comes directly from the governement budget constraint of an economy with period
length A given by equation (B.5).

2. Aggregate consumption respects the solution to the worker’s and entrepreneur’s opti-

mization problem:

=20 (k4 NTFNT £ (1 NY)FY), (B.46)
1+75

15



We derive aggregate steady state consumption (B.46) by integrationg over the con-

sumption policy function of workers and entrepreneurs, given by equations (12) and

(15):

cr = ’””,ﬁ(/ BN*di+/ Prdi),
L+ 76 Ji<ne i>N*

C* = p+7*(/ (agv*+FN*)di+/ (aF + F*)di),
L+75" Jicn- i>N*

1+7’C

Where FN* and F* are obtained by evaluating (B.2) and (B.10) at steady state prices
and steady state tazx rates and taking the limit as A — 0:

*1_7_*)

N s N B.4

T+ (R~ 1) (A0
(1 —7%)

= Ko B.4
T+ (R 1) (A

3. Aggregate risky capital respects the solution to the entrepreneur’s optimization problem:

Kp= [ hel0)Prdi- LT V[ Prai= Y ke )
i>N* 0

i>N*,0,=0

— Ph(1)(1), (5.49)
where kg(1) is given by the continuous time policy function (14), and we directly use
that optimally kg(0) = 0.

4. No-Arbitrage condition: entrepreneurs are indifferent between investing in the produc-

tion of the risk-free intermediate good and lending capital to the bank:
Ryp=1+[1=75)(rp—0) —1y]- (B.50)
5. The stationary distribution of entrepreneurial wealth respects transition probabilites and

entrepreneur’s policy functions:

(a) Total entrepreneurial wealth, P*, is given by:

1
P = i v(1— N*)F*  (B.51)

T+p+ (Bp = 1) = (g —rp) (1 = mi)kp(1)p* (1)

16



(b) The fraction of entrepreneurial wealth owned by entrepreneurs of type 0, p* (0),
18 given by:
Mog(1) + v9(1) =525
Y+t do = (B = 1) +ke(1) (7 = ) (1= 73)
pi(0) =1 —p7(1)

pt (1) = (B.52)

The details of the derivation of the above characterizations of steady state wealth can
be found in Appendiz B././.

6. Optimality in the production of the final good.'” Moreover the intermediate goods mar-

kets and the labor market clear:

g K K*—K; - . K* — K ., N*

e = —7r — —

F 1—N*" 1—N* 1 El—N* Fl— Nx 1— N*’
(B.53)

i} K K*—Kj

. K; K*—Kj

TF:fZ (1_?\[*7 l—N* 9 ) (B55)

Ki K*—Kj; N
. . B.
v f3(1—N*’ 1—N*’1—N*) (B:56)

7. Newborn agents are indifferent between being entrepreneurs and workers:

1

og") = tog() + 24|y — )01 = riohtr) - 5

P+ (¢<1 _9)(1+Tc)’5(1)<p>2]-

(B.57)
This condition follows from substituting the steady state expressions for V¥ (F N X *)
and V (F*,0,X*) (derived in Appendiz B.J.5 and B.}.0) into the indifference condition
of a newborn:

VN (FM*, X*) = EgV (F*,0,X*).
8. The final goods market clears:

C* + 0K +G—f(1_N*, 1—N*’1—N*)(1 NY),  (B5S)

which is obtained by evaluating the goods market clearing condition at steady state

1"Note that this leads to equalized output f and profits 7% from final good production across all en-
trepreneurs.
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values.

9. Lastly, the following inequality conditions are satisfied:

rp >rp, K <K' 15> -1, (B.59)
1 _ *

o< K with strict inequality if v, < 0. (B.60)
1475

Note that the asset market clearing condition holds by Walras’ law.

B.4.2 Showing equivalence

Proposition 9. The aggregate variables { K*, K}, C*, N*, R*, Y*}, post-tax prices {f}, R}}, w*, 7?}}
and consumption tax rate 15 constitute a steady state according to Proposition 2 if and only if
the aggregate variables {K*, K3, C*, N* F*, FN*,IP’*}, prices {ry, ri, Ry, w*, 75} and tazes

{m, T, TE TR} constitute a steady state according to Proposition 8.

Proof. <=: Suppose that aggregate variables {K*, K}, C*, N*, F*, FN*,IP)*}, prices {1, 15, Ry, w*, w5}
and taxes {7}, 7}, &, Th} satisfy the equilibrium conditions in Proposition 8, (B.45) -
(B.58), and the inequalities (B.59) - (B.60). Define post-tax prices as in equations (17)-
~ 1—7 ~ 1—71)m D ~ rg—rr)(1—T
(20): w = —w(1+TCN), Fp = Uomome 14:% L Rrp = Rp — 1 and 7x = 1+(75(K§,)z(<F,NI§30>7 where R(-)
satisfies equation (21).

Replace any occurance of pre-tax prices in the equilibrium conditions with their post-tax
price counterpart, noting that we may replace {r},, 75} with 7% because the two prices only
appear as differences. The new set of inequality conditions follows directly. By eliminat-
ing the variables {F N *,IP’*} and rearranging, we may arrive at the set of equilibrium
conditions of Proposition 2, (22)-(27).

=: Suppose that aggregate variables { K*, K},, C*, N*, R*, Y*}, pre-tax prices {f}, é}, w*, 7?}'3}
and consumption tax 75 satisfy the equilibrium conditions of Proposition 2, (22)-(27). Then
there exists an appropriate choice for {F * FN *,]P’*}, prices {ry, 5, Ry, w*, 75} and taxes
{7, T/, Th } such that the full set of equilibrium variables satisfies the conditions of Propo-
sition 8. O

B.4.3 Derivation of the inequalities in Proposition 8 (equations B.59 - B.60)

We claim that the following conditions are necessary for an equilibrium: r}, > r}., K5 < K*,

76> —1land ¢ < i?c{ with strict inequality if r}, < 9.

1. 3 > ri: By contradiction, suppose 73, < r5.. Then entrepreneurs will strictly prefer
to set kg = 0. By the Inada conditions of the final good production function, r}, goes

to infinity.

18



2. K}, < K*: Otherwise K} <0, and so 75(1 — 75) is either infinity or undefined.

3. 75 > —1: Otherwise, consumption will be unbounded, violating feasibility.

17
1+78°

4. ¢ < YTk with strict inequality if (1 — 75) < 6

T+rg
e The equivalent of this condition for an economy with period length A is r}(1 —

A+ (1= 6A) Tk > ¢,

1+74

e This condition is necessary to rule out the hiding of capital by entrepreneurs

investing in the risky technology.'®

e Taking the limit as A — 0, we obtain the required result.

B.4.4 Derivation of P* and pn*(f) (equations B.51 andb B.52)

Derivation of P*. Note that every period a fraction YA of entrepreneurs die and a fraction
(1 — N) of the YA newborn agents choose to become entrepreneurs, each with initial wealth

F'. This gives rise to the following law of motion for IP:

P =(1- »yA)/ Pdi +yA(1 — N)F (B.61)

i>N

P = (1 —vA)(1 — pA) [(rg — AN = m)kp(D)pt + (1 + ReA) | P+ 4A(1 — N)F,

Note that we evaluate the integral [,_, Pidi by combining the expression w (equation B.18)
and the entrepreneur’s policy function for P* (equation B.20) and the entrepreneur’s policy
function for kg (equation B.17).
Using that in steady state P’ = P = P* and taking the limit as A — 0, we obtain equation
B.51, as required:
% 1 * *
P* = — - v(1 — N*)F~.
v+ R = (g =) (1= mi)kp(1)p* (1)

Derivation of p*(f). Recall that we define u*(0) as the fraction of total entrepreneur

wealth, P*, held by entrepreneurs of type 6 in the steady state.

o Prdi
15 (0) == Jion ’eﬁ;f (B.62)

18To be precise, this condition only applies when the entrepreneur does not engage with the bank. When-
ever the entrepreneur borrows from or lends to the bank, they will agree on an incentive compatible contract.
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The law of motion for p/(#) iin an economy of length A is given by:

1 (O =XoAg(0)(F' — yA(L — N)F) +7Ag(6)(1 — N)F

(1 = YA (1 — AgA)u(6)P / P'(8, )dH (e) (B.63)

At the end of each period, entrepreneurs die with probability vA. Out of the (1 —vA)
entrepreneurs that survive, they keep the same 6 with probability (1 — M\gA) and draw a
new 6 with probability A\pA. The left hand side corresponds to the total capital held by
entrepreneurs of type € in the next period. The three right hand terms are derived as

follows:

1. The first term indicates the capital held in the next period by surviving entrepeneurs
who draw a new ability level that period and happen to draw 6. In total, surviving
entrepreneurs hold P’ —yA(1 — N)F of capital. Since the probability of drawing a new
ability level is orthogonal to ability type, the fraction of entrepreneurs drawing theta

as their new type is equal to the fraction of wealth these entrepreneurs own.

2. The second term is given by the wealth owned by newborns, (1 — N)F, scaled by the

fraction of newborns who happen to draw 6.

3. Fraction (1 — yA)(1 — MA) of entrepreneurs of type 6 surive and retain their type
in the next period. Due to the linearity of the policy function in P, the cumulative
wealth of these entrepreneurs in the next period is equal to the expected wealth of an
entrepreneur who owns their cumulative wealth, (1 —yA)(1 — M\gA)u(6)P. Note that

we have defined P'(6,€) := %.

In a steady state, /' = p = p* and P’ = P = P*. In that case, equation (B.63) simplifies

to: .
gy = AA0) £ AL = N EG(0)1 - dod) o
1 —(1—=~7A)(1—NA) [ P'(0,e)dH (¢)

To find the expression for [ P (0, €)dH (¢), we plug the expression for w given by equation
(B.18) into the entrepreneur’s policy function (B.20). We then use the fact that kg is linear
in P and that E[¢] = 1.

/ﬁf(e, OdH(€) = (14 70)(1 — pA) /w(@, e 1)dH e)

€ €

= (1 4+ 70)(1— pA) / (6= 1)+ 15080~ re)A ) (6) + LS ape)

= (1= p2) ((rs0 = rr)(1 = 75) Ak (0) + (1 + ) )
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Taking the limit as A — 0, we obtain equation (B.52), as required:

i Mg (6) +79(6) =525
po0) = i '
Y4 p+ Ao — ((R; — 1)+ k(1) (rp —r5) (1 T}‘})>

(B.65)

B.4.5 Derivation of the worker’s steady state value function

In this section, we show that that the worker’s steady state value function is given by:

oy TP oy, A+ 70)(Fr—p) —p
+ )V (FN* X*) =1 FNY 4+ B.66
(v + o)V ( ) Og(1—|—7'c ) popp (B.66)

We shall this continuous time Bellman equation by taking the limit of the Bellman

equation of the problem for a given period length A:

VN (P, X*) = max <log(cN)A + (1= pA) (1 —yA) VY (PN X7) )
VN (PN/,X*) o VN(P, X*)
A )

(p+75 = pPyAVY (P, X*) = max (log(c¥) + (1= pA) (1= 74)

Hence, taking the limit as A — 0, and using equation (12) to substitute in for the
continuous time policy function for ¢V, we obtain
Pt

N *\ N :
(p+1V (P,X)—log(—HTCP )+\gg})

(VN (PN/*,X*) _ VN(P, X*)> (B‘67)

A
A

As the next step, we compute the term A. Asin Appendix A.1, we can write the worker’s

steady state value function in an economy with period length A as:

1
1—(1-=pA)(1—-~A)

VNP, X*) = Q(A) + log(PM)A. (B.68)

Using the policy function for P’ for the economy of period length A, given by equation
(B.9), and 'Hopital’s rule we obtain:

A—0

. 1
A= lim (1 Ay ((1 — pA)(1 + (Rp — 1)A)>)

= lim ! —p(1+ (Rp — 1)A) + (1 — pA)(Rp — 1)
S As0\pty—20mA (1= pA)(1+ (Rp — 1)A)
_fr—1-p

P+
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B.4.6 Derivation of the entrepreneur’s steady state value function

In this section we show that the entrepreneur’s steady state value function is given by:

+ Rp —
(’y—i-p)V(F,@,X*):log(] pF)—l— r-r

+7c YEp
L 7y +p+Ng(0) : 1 N2
TR0 (15— o)1 = )k0) - 5 (600 - 1+ 7)) )
20D (e ) 1)1 = k(1 = ) = 5 (601 - 91+ k(1 - 0)¢) ).

(B.69)

We shall derive this continuous time Bellman equation by taking the limit of the Bellman
equation of the problem for a given period length A. We evaluate equation B.4 at X = X' =

X* and substitute in the policy functions for ¢ and P’

V(P,0,X") = / ) (log(c(P,G,e,X*)))A + (1 = pA)(1 —~vA)

X

E [V(Pfua, 0,¢, X)), 0, X")

6} > dH (e) (B.70)
Now using the process for 6, we may write out the conditional expectation as

E [V(P’, 0, X"

9} =[1 = NA(L — ()| V(P', 0, X*)
+ AL — g0V (P, (1—6), X7)

As in Lemma 1, we may write the entrepreneur’s value function in an economy with

period length A as:

1
1—(1-pA)(1—-74)

V(P,0,X)=V(0,X,A)+ log(P)A. (B.71)

Hence, as A — 0, we obtain the continuous time entrepreneur value function:

* : [/ * 1
V(P,0, X*) = ilino V(0, X", A)+ e log(P). (B.72)
What is left to do is to derive V(6, X,A) and take the limit as A — 0. Since we
have already derived the solutions for ¢, P’ and kg, deriving V (6, X, A) is simply a matter

of substituting these expressions into the value function and rearranging. To simplify the

algebra, define aa := (1 — pA)(1 —vA).
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_ _ 1 —7g ; 1+ RpA
w=w + QGI{ZE (BAI8RB.17) \(((b(E - 1) + P (T’Ee - rF)A)k’E(G) + W) P (B?S)
:D?Gr,e A)
¢ (Rzll)(p+7+mA)w = (p+7+p7A)D(0,e,A)P, (B.74)
P = (1+70)(1—=pA)w=1+70)(1—pA)D(0,e,A)P (B.75)

(B.12)

Combining the closed form solution for the value function (B.71) with the Bellman equa-

tion (B.70), and substituting in for ¢ and P’ with the expressions above, we obtain

V(0, X" A)+ 1

- 1og(P)A:/ <10g((p+7+p7A)D(0,e,A)P)A+OzA
- QA e>0

x{[l — MA((1 - g(0))] <‘_/(9,X*, A) + . log((1 + 7¢)(1 — pA)D(0, ¢, A)P)A)

log((1+ 7¢)(1 — pA)D(1 — 0,€, A)P)A) })dH(e).
(B.76)

+XA(1 — g(0)) (V(l —0, X" A) + ; _1%

This simplifies to the following expression for V (6, X* A):

L I e Espr O L AR R

Faall ~ AA(L— g(6))]-—

log((1+ 7¢)(1 — pA)D(0, ¢, A))

FaahA(l — g(6)) (V(1 _o Xt AL : log((1 + 70)(1 — pA)YD(1 — 8, ¢, A)) })dH(e).

A — OA
(B.77)
The above equation (B.77) allows us the write the following system of equations:
V0, X*A)=FE0,A)+FO,A)V(1—-6,X*A) (B.78)
V(I-0,X*A)=E(1-0,A)+F(1-0,A)V(9,X*A), (B.79)
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where

A
H&A*:Lgl—aﬁr—MAu—mmn
Faall — XA~ g(8)]-——log((1 + 70)(1 — pA)D(6.¢,))

{ log((p + v+ pyA)D(0, ¢, A))

log((1 4 7¢)(1 — pA)D(1 — 0, ¢, A)}dH(e),

+aaA(l = g(0))7— -

O = = A = g0)) (50
Hence, we obtain
V(6,X"A) = — F(@,A)lm i (E(@,A) + F(6,A)E(1 _e,A)) (B.81)
Using I’'Hopital’s rule:
. _ M(1—g(9))
A F6,8) = p++Ao(l—g() (B.82)

Hence, we obtain the following limit expression:

1 1

T : - X090 Ao(lg(10)
L= limaso F(6, A)limao F(L =0, A) 1 — s e oty

(p+7+ (1 —9(9)) (p+v+ (1 —g(1-10)))
(p+7)(p+7+ )

Now, we consider the following limit:

lim %log((l—i—TC)D(G,e,A))dH(e)

A—0 >0

— lim %log ([qb(e )L+ 7e) + (rf — re) AL — )]k (0) + (1 + RFA)) dH (e)

A—0 >0

~

— lim %/ﬁlog ( [gb(l — (1 +7¢) (exp (go\/Kﬁ - 90%) - 1) + (rpf — rp)A(L — TK>} i (0)

A—0 2

+ (1 +RF))d<I>(§)

We now take the Taylor expansion of the integrand in units of v/A around the point
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VA = 0. To do this let:
=¢(1—e)(1+ 1)k
b= ¢
c=

2
d:(T’EQ—TF)(l—TK)]%‘FRF

Then, we can write the integrand as f(v/A), where

F(VA) =log(a(exp(bA — cA) — 1) + dA + 1)

, _a(b— 2cvV/A) exp(bVA — ¢A) + 2dvVA
fva) = a(exp(bV/A — ¢A) — 1) +dA + 1
F"(VA) = (alexp(bVA — cA) — 1) + dA +1)72

{ a(exp(bVA — cA) — 1) + dA + 1) exp(bVA — ¢A)(=2ac + a(b — 2¢vV/A)? + 2d)
— (a(b— 2cVA) exp(bVA — cA) + 2d\/Z)2}
Then, the Taylor expansion of the integrand above around vVA = 0 is as follows:
pep(1— ) (1 +10)kVA + = (5 — 1)o(1 = )(1 + 70)kg” + Alrgb — rp)(1 — 7i)k
4 ARy — % (¢(1 o1+ TC)/ﬂpg)

Integrating this over ¢ and using that E[¢] = 0 and E[£%] = 1, we therefore conclude
that:

) 1
i{ﬂ}o A log (1 + 7¢)D(0,¢,A))dH (¢)

= lim % (A(TEQ —rp)(1 — 75 )k + ARp — % (¢(1 —e)(1+ Tc)/%g0>2 + R)
= (rgb —rr)(1 — TK)/;Z + Rp — % (gb(l -1+ Tc)lzigp)z

where R are some terms of higher order in A.
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Now, rearranging our expression for F (6, A) above:

A
EW@A):(l_aAu—Aﬂwl—gwm>

x {log (mﬂ) +A (/6>0%10g((1 +70)D(0, e, A))dH(e))

TC

+aall = MA(1 - g(0))5 _A% (log“A_ ) | / . % log((1 + 70)D(6, €, A))dH(e))

1_A% (log(lA_ pA) /€>0%10g((1 +10)D(1— 8¢, A))dH(e)) }

Evaluating the limit as A goes to zero for each right hand side term in turn, we obtain:

1, 50.8)= (=) { o () 0

T ( pt lim [ Clos((1+7e)D(0, e, A))AH e )) +0}

p+ A—0 0

:<7+p+kil—ﬂﬁ0{ (fj%>
)+

d L —-Tr — T,
i s (= ok

+ OéA)\gA(l — g(@))

-5 (s0-9a+okey)) |

Taking the limit as A — 0 in equation (B.81) and substituting in for lima_,o £'(6, A) and

lima_,o F(0,A) derived above, we obtain:

. 1

_(pty+A(l— (9)))(p—i—’y—|—)\g(1— (1_9>)){<10g(p+7) +RF_p>

( hm E0,A) + hm F(0,A) hm E(1-6 A)>

(p+7) (p+7+X) 1+ 7¢ D+
X( 1 Ao(1 = g(0)) 1 )
ptY+X(1—g(0)  p+v+A(l—9g(0) p+ 7+ Al —g(l—-0))
1 1 R 1 . 2
b (8= = mk0) - 5 (001 - 91+ )k 0)) )
Xo(1—g(0)) 1 1

P+l =90) pty+ro(l—g(l=0) p+ry
x ((rEu —0) — ) (1 — i )h(1 — 0) — % (61 = 91 + 7)1 - 0)¢) ) }
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Then,

o v Ay v+p\  Re—p
(7+p)§gn0V(9,X,A)—log<1+m)+ -
I v+p+Xg(0) ( . 1 . 2>
0 —re)(1— mi)k(0) — = (6(1 — &)(1 + )k (0
s ety (el TR mkE) 2(¢< Q<+”ﬁ()¢>

L Agg(1—0)
YHpYEL+ A

<(7“E(1 —0) —rp)(1 — mx)k(1 - 0) — % <¢(1 ~ 91+ To)k(1 - Q)SOY)

Substituting the above expression for V (6, X*, A) into equation (B.72), we obtain the
the continuous time entrepreneur value function as stated in equation B.69, concluding the

derivation.
RF - p
Y+p

Ome—mﬂl—ﬁaaﬁ_%(Wl_gu+ﬂﬁa®¢$>

* VP
V(PO X")=1 P
4 VP8, X7) =tog (52 P) 4

L y+p+Xg(0)
Y+p vEp+ N

L Agg(1—0) <
Y+py+p+A

(ro(1 = 6) = re)(1 = )L~ ) (6001 = 1+ 7)1~ 0)p) )

B.5 Characterizing Partial Equilibrium Elasticities of Tax Changes

To obtain a characterization, it is necessary to precisely define and compute the derivative

g_g’R:o,N for each H € {K; Kg; N} and j € {K;W;C}, since this appears in Definition 3.

To fix ideas, we first discuss how to compute that is the marginal effect of 75 on

oY
%|R=0,N’
the steady state value of Y, holding fixed pre-tax prices and N. Other partial elasticities
can then be defined in a similar fashion.

We may formally define using Proposition 2 and equations (18) and (20). First,

o |
Otk IR=0,N
we use equations (18) and (20), which defined post-tax prices in terms of pre-tax prices and
tax rates. Since we are seeking partial equilibrium effects, we differentiate these equations

with repect to 7k, holding constant pre-tax prices to obtain:

%‘ _TF_TE_(T — )
aTK R=0,N 1+R —VE F
ORFp B 5
OTK ‘R:O,N =Tr—

Then, we make use of Proposition 2 which characterized a steady state using 8 equations,
with 11 variables (as well as some strict inequality constraints). Invoking the implicit function
theorem, it follows that in the neighborhood of some initial steady state ., we can write

the steady state values of eight of the variables as continuously differentiable functions of
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the three variables 7y, Ry and 7¢.'Y Therefore, we may treat K, Y, Ky and C as functions

of 7x, Rp and 7¢, and use the equations of Proposition 2 to compute the partial derivatives

oY Y |
OFx OF x R=0,N ’

by using Proposition 2 in this way, except that we ignore that R = R(Kg, K, N, m) and

and a%;. We compute the partial equilibrium partial derivatives, such as

instead fix R = 0, and we ignore the condition for agents’ optimal occupational choice (24)

and instead hold N fixed at the initial steady state value. Combining these partial derivatives

with the values of g% and ?)rif: found above, we may write:
)4 B aYy 5 oYy
%‘R:O,N = —(rg - TF)%‘R:O,N — (rr - )(9RF ‘R:O,N’

and so
oY

1—7 oYy
Yo K
e Gl (LR SRR A

The same logic can be used to define i—? for any aggregate steady state variable H, and
for j € {K;W;C}. In particular, equations (18) and (20) imply that for any such H:

OH OH 0H

Dm0 =~ 8 =) gl on = (0 = )| (B.83)

oOH OH

O ’R:O,N = Ry |R=0,N’ (B.84)
and the derivatives gTZ|R=o N ;% ‘R:O v and g% oy Can all be defined using Proposition

2 and the implicit function theorem, as described above.
Using this approach, we now provide a characterization of the elasticities of Y, K and

K with respect to taxes.

B.6 Effects of Tax Changes on Welfare

aév+1

14+71¢

may calculate the resulting change in welfare as if workers continue to choose the same level of
N

fj—f each period irrespective of the tax change. Then, the worker’s budget constraint implies

C

that the tax change has an effect on welfare equivalent to increasing worker consumption by

Since workers choose optimally each period, envelope theorem arguments imply that we

dc in each period s, where dc? satisfies:

CLN

deN = dw + dRp—=2
s W F1+TC

where d and dRp are the change in @ and Rp as a result of the tax change.

19This holds, provided the relevant Jacobian is invertible, which will be the case outside of knife-edge
situations.
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In such a case, the tax change increases the present value of the worker’s lifetime resources

by:
00 1 — s 00 1 — s ~ N
Z( Y)dcgvz Z( 7) (dw+dRFA >
s=0 1‘l’FiF 5—0 1+RF 1+TC

S () @

5=0 \ 1+Rp s
(%)
s=0 1+Rp

is the average value of the worker’s discounted lifetime assets. Applying envelope theorem

where

AN =

arguments further, the change in welfare from a small tax change must then be equivalent to

S
the change in worker utility if the worker consumed all the extra resources » - <1;§7 ) de
P

in the first period of their life, since on the margin, workers are indifferent about which period

they consume each extra unit of lifetime resources they receive. That is, the change in welfare

VIS (2= (g0 ap AN )
aw = — . di + dR ,
e (;(HRF))( Tt

where CLN is the worker’s marginal utility of consumption in the first year of her life.
0

To calculate the consumption equivalent welfare change A, note that multiplying worker

satisfies:

consumption by 1+A% each period increases the present value of a newborn worker’s lifetime

consumption stream by:

Z( 1‘7) C;VAN:Z< 1_7) WAV,
1+ Ry 1+ Rp

s=0 s=0

where we used that the budget constraint implies that the lifetime present value of a worker’s
consumption must equal the lifetime present value of his earnings.
Applying envelope theorem arguments once more, a multiplication of worker consumption

by 1+ A" each period must have the same effect on worker welfare as increasing a worker’s

1—y
1+Rp
constant thereafter. Then, the change AV that results in a welfare change dWW must satisfy:

Z( 1_7) GAN L~ aw
=0 1+ Rp Co

Combining this with the equation for dWW above, we obtain a simple formula for AV:

consumption by "2, ( ) WAN in the first period of life and leaving his consumption

~ N
wAN = dw + dRp A .
1—|—TC
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B.7 Proof of Lemma 7?7

Formally, we define the government’s optimization problem as seeking taxes 75, 75, Th, Tiy
and an allocation to achieve the supremum of worker steady state utility subject to the
constraint that all aggregate variables must be consistent with the equations and inequalities
in Proposition 2 — i.e. the allocation must be a steady state.

Since we are seeking a supremum to the government’s problem, all the strict inequalities
in Proposition 2 can be replaced with weak inequalities, since all the inequalities are contin-
uous functions of the aggregate variables. After this replacement, all the constraints of the
government’s problem are either equalities or weak inequalities.

Consider a compact neighborhood of combinations of feasible taxes and allocations
around the optimal taxes 7%, 75, Ty, 7. Such a compact set exists, since all the constraints
of the government’s problem are equalities and weak inequalities. Since the government’s
objective function is continuous over this compact set, it follows that, within this compact
set, the maxium of the government’s objective function must be attained at the tax rates
Tres Ten, Tar, Ty, Dy the Weierstrass theorem.

At the optimal tax rates 75, 75, 75, T and optimal allocation, it must be the case that
r}, > r}, since, by the Inada conditions on the production function, r}, = oo, if K = 0, and
if K > 0 then equation (?7?) implies that it must be the case that r}, > r}, since 7% < 1.
Since r > rp, it must also be the case that K7 > 0, since the Inada conditions imply
r}. = 00 otherwise.

Then, the only inequality constraints on the government’s problem that may bind at
the optimal allocation are that Rp = (1 + 75)(7% — p*) > r and ﬁ > ¢. Since all the
relevant functions are continuously differentiable, we may apply the Kuhn-Tucker theorem to
deduce that the optimum must satisfy the Kuhn-Tucker first order conditions, with Lagrange
multipliers on these latter two inequality constraints that may bind. Combining the steady
state conditions in Proposition 2 to get an expression for worker’s post tax utility as a
function of K and K and differentiating yields the first order conditions in the Lemma.

O

C Data

To calibrate the entrepreneur’s stake in the business, we use data from two sources: the
Survey of Consumer Finances (SCF) and the (National) Survey of Small Business Finances
(SSBF). Both surveys contain information regarding business ownership, with the difference
that the first is a household survey, while the second is a survey of small businesses. We

can identify in each of them groups of respondents that are in line with our notion of
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entrepreneurship. We use both sources as validation for our results.

The Survey of Consumer Finances is a a triennial cross-sectional survey of U.S. families
which provides information on individual household portfolio composition, including invest-
ment in private firms. While the SCF was initially administered in 1983, it was not until
1989 that questions about business ownership were introduced. Therefore, we use all survey
waves from 1989 until 2013. We restrict the sample to households who report owning a busi-
ness in which they have an active management interest, and are between 25 and 65 years
old. This represents, on average, 14.3% of the sample. If a household is an active participant
in multiple businesses, we examine the average share across businesses.?

The (National) Survey of Small Business Finances collects information on private, non-
financial, non-agricultural businesses in the U.S., with fewer than 500 employees. There
are four surveys to date, but only the last three (1993, 1998 and 2003) collect ownership
share information and are useful for our purposes. The surveys detail the demographic and
financial characteristics of the firms and their principal sharcholder.?! Approximately 90% of
these firms are managed by the principal shareholder. We apply the same sample restrictions
as in the SCF.

Figure 2 displays the evolution of the ownership share over time. Both surveys indicate
that ownership is highly concentrated, entrepreneurs holding, on average, 84% of their firm’s
equity. In particular, the average share is 85% in SCF and 83% in (N)SSBF. Ownership rates
are very stable not only across surveys, but also across the time horizon we consider. For

this reason, for our calibration exercise we work with their average over time and surveys,
which is 84%.

20We obtain similar results if we only focus on the business in which the household has the largest invest-
ment.

21Tn 2003 information was collected for up to three owners. We only focus on the main owner, i.e. the one
with the largest ownership in the business.
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Figure 2: Ownership Share in the U.S.
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Notes: The orange bars show the average share that entrepreneurs in SCF own in their business. The black
bars show the average share of small businesses in the (N)SSBF that is owned by the principal shareholder.
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