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Abstract

We consider a group of receivers who share a common prior on a finite state space
and who observe private correlated messages that are contingent on the true state of
the world. We focus on the beliefs of receivers that are induced via the signal chosen
by the sender and we provide a comprehensive analysis of inducible distributions of
posterior beliefs. We classify signals as minimal, direct, and language independent,
and we show that any inducible distribution can be induced by a language indepen-
dent signal. We investigate the role of the different classes of signals for the amount
of higher order information that is revealed to receivers. Finally, we show that the
least informative signal which induces a fixed distribution over posterior belief pro-
files lies in the relative interior of the set of all language independent signals which
induce that distribution.

Keywords: Information Design, Inducible Distributions, Informativeness.
JEL codes: D82, DS83.

1 Introduction

In any economic model which involves a group of agents and has a payoff structure that
depends on the posterior beliefs of the agents, one of the essential questions is “Which
distributions over posterior beliefs of agents can be induced?” In their seminal paper,
Kamenica and Gentzkow (2011) consider communication between a sender and a receiver
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who share a common prior and show that the only restriction on the set of inducible
distributions over posterior belief profiles is Bayes plausibility: the expected posterior
belief is equal to the prior.! It follows from their insight that Bayes plausibility and
identical beliefs are necessary and sufficient in the case of multiple receivers and public
communication, that is, when messages are perfectly correlated. Yet, in this case the set
of inducible distributions over posteriors is very limited since all receivers have the same
ex-post belief. In the present paper we are interested in private communication, which,
in contrast, enables the sender to achieve a richer belief space. It is straightforward to
verify that Bayes plausibility is not sufficient to ensure inducibility in such setups; this
raises the first question we tackle in the paper: providing a characterization of the set of
inducible posterior beliefs under private communication.

Another aspect which is important for both the sender and receivers is the informa-
tiveness of a signal. In the original information design setup introduced by Aumann,
Machler and Stearns (1995), the authors were interested in communication that reveals
as little private information as possible. In our paper, a signal realization does not only
reveal information about the true state of the world: as there are multiple receivers who
each obtain a private message, it also induces information partitions that determine what
any receiver knows about another receiver’s knowledge of the true state and the signal
realization. Thus, we compare the informativeness of signals in terms of “knowledge” in
the sense of Hintikka (1962). To be more precise, we compare information sets induced by
a signal, which are similar to elements of information partitions in Aumann (1976). The
second main question we answer is: what types of signals are the least informative? In
particular, we first find which distributions of posterior beliefs are feasible for the sender,
and then provide a characterization for least informative signals that induce a posterior
distribution.

We consider a sender who commits to a signal that sends private correlated messages
to the receivers. Receivers know the joint distribution of message profiles, but they only
observe their own private message from the message profile realization. We first show
that there are posterior belief profiles, which the sender cannot achieve with positive
probability. More precisely, for a given posterior belief profile, there exists a signal that
induces a distribution which puts positive weight on it if and only if there exists a state
which is deemed possible by all receivers according to this belief profile. As an example,
consider an operative who follows Machiavelli’s advice divide et impera and, thus, wants
to create political unrest in a foreign country by implementing a very heterogeneous belief
profile. Suppose that there are only two states, say blue and red. Then it is impossible for
the operative to implement a distribution that puts positive weight on a posterior belief
profile in which one receiver believes the state is blue with probability 1 and another
receiver believes that the state is red with probability 1. At the same time, a posterior
belief profile in which the first receiver’s belief that the state is blue is equal to 1, and the

IThis is also known as the martingale property.
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second receiver’s belief is arbitrarily close to 0 can be achieved with positive probability.

We next define particular classes of signals. We first consider minimal signals under
which distinct message profiles lead to distinct posterior belief profiles. While this ensures
that no two message profiles implement the same posterior belief profile, there might still
be individual receivers for whom different messages lead to the same posterior. If for each
receiver every posterior is induced by a unique message, the signal is called direct. If,
additionally, the sent messages are themselves posteriors such that each message induces
itself, we call the signals language independent (LIS). Here, a sender simply tells the
receivers what belief they should have, and the messages are sent with probabilities such
that receivers will believe the message. We show that restricting attention to language
independent signals is without loss of generality, that is, if a posterior distribution can be
induced, it can be induced by an LIS.

As mentioned before, in the presence of multiple receivers Bayes plausibility is nec-
essary but not sufficient for a distribution to be inducible. We characterize the set of
inducible distributions of posteriors by showing that a Bayes plausible distribution is in-
ducible if and only if there exists a non-negative matrix p with dimensions equal to the
number of states and the number of posterior belief profiles, respectively, which satisfies a
particular system of linear equations. In particular, the set of matrices that satisfy these
equations is a convex polytope, which implies that the set of language independent signals
that induce a given distribution over posterior belief profiles is a convex polytope as well.

We next explore the informativeness of different signals which induce the same distri-
bution of posterior beliefs: the message a receiver obtains reveals not only information
about the true state of the world, but also about the information that other receivers
have. Let’s return to our operative who wants to create chaos in a foreign country. If one
receiver knew (i.e., believes with probability 1) that another receiver knew whether the
true state is red or blue, he might decide not to engage in an argument at all. Thus, our
operative might want to reveal as little information as possible to any receiver about what
other receivers know. As an example suppose that before the operative engages, two re-
ceivers believe that either state might be true with probability 1/2. Suppose the operative
engages in private communication with both and sends message profiles as follows.

© | (m,r) (mb) (z,2)
Red | 3 0
Blue 0

N
D= N[

In this case receiver 2 knows that the true state is red if he observes r, he knows the true
state is blue if he observes b, and he learns nothing if he observes . Agent 1 never learns
anything about the true state. If he observes m, however, he knows that receiver 2 knows
the true state. If the sender would replace m by x, receiver 1 would not learn anything
at all.
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This example illustrates that a receiver’s knowledge about the true state and the
message profile realization can differ among signals, even if the latter induce identical
distributions over posterior belief profiles. In particular, a receiver may have different
knowledge about another receiver’s knowledge about the true state and the message profile
realization. It is then natural to ask what types of signals that induce the same distribution
restrict this knowledge the most. In the example above, different messages might lead to
the same posterior belief but to different higher order knowledge. By employing direct
or even language independent signals we could avoid this issue. But even then: not
all language independent signals reveal the same amount of information. To make this
more precise, we define information correspondences that describe what receivers know
about the true state and the true posterior belief profile (instead of the message profile
realization), where we call a tuple of a state and a posterior belief profile a posterior
history. A signal is more informative than another if for every receiver, every state, and
every message profile that can occur in this state, the set of posterior histories that the
receiver deems possible is smaller under the former than under the latter. We prove that
for any inducible distribution over posterior belief profiles the least informative signals
that induce it lie in the relative interior of the set of all language independent signals that
induce it.

The rest of the paper is organized as follows. In Section 2 we discuss related litera-
ture. In Section 3 we provide preliminary definitions and results. We then characterize
sets of belief profiles that can be a subset of the support of an inducible distribution
over posterior belief profiles in Section 4. In Section 5 we introduce minimal and direct
signals, and in Section 6 we turn to language independent signals. In Section 7 we char-
acterize inducible distributions of posteriors and provide several implications. Section 8
introduces information and posterior correspondences, and in Section 9 we explore the
informativeness of signals.

2 Related Literature

Regarding the part of the paper where we focus on inducible distributions of posteriors,
one close study to ours is Arieli, Babichenko, Sandomirskiy and Tamuz (2021). They
consider multiple receivers who share a common prior belief on a binary state space and
study joint posterior belief distributions. They first show that for the case of two receivers
a quantitative version of the Agreement Theorem of Aumann (1976) holds; beliefs of re-
ceivers are approximately equal when they are approximately common knowledge. For
more than two receivers, they relate the feasibility condition to the No Trade Theorem
of Milgrom and Stokey (1982) and provide a characterization of feasible joint posteriors.
These characterizations are then applied to study independent joint posterior belief distri-
butions. While we pose the same question as Arieli et al. (2021), we obtain a completely
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different characterization while allowing for an arbitrary finite state space. Another re-
lated paper is Ziegler (2020), which follows a similar approach to Arieli et al. (2021).
While the author also provides a characterization of feasible joint posteriors, Arieli et al.
(2021) show that the necessary and sufficient condition provided by Ziegler (2020) be-
comes insufficient if the support of the marginal distributions contains more than two
points.

Levy, Moreno de Barreda and Razin (2021) also study the question which joint dis-
tributions of posterior belief profiles are feasible. They provide a necessary condition for
such to be the case. They also show that the convex combination of a symmetric joint
distribution and a fully correlated distribution with the same marginal distribution is
inducible when the weight on the fully correlated distribution is sufficiently high. Finally,
they demonstrate that a joint distribution satisfying their necessary condition becomes
feasible when each belief profile in the support is moved sufficiently far in the direction
of the prior.

There is a literature in mathematics which studies the extent of difference in opinions
of agents. Burdzy and Pal (2019) consider two experts who have access to different
information and show that they can give radically different estimates of the probability
of an event. In a related study, Burdzy and Pitman (2020) show that the opinion of
two agents who share the same initial view can substantially differ if they have different
sources of information; whereas Cichomski and Osekowski (2021) provide a bound for this
difference in opinions. Related to these studies, we consider an economic interpretation
of such situations, where there is an agent with the goal of driving a wedge between the
beliefs of other agents and we provide a characterization for maximal polarization.

Like Arieli et al. (2021), Ziegler (2020), and Levy et al. (2021) we provide a char-
acterization of inducible distributions over posterior belief profiles.? Mathevet, Perego
and Taneva (2020) focus instead on inducible distributions over belief hierarchies. Their
characterization requires Bayes plausibility at the level of the sender and formulates two
equations to obtain the correct belief hierarchies of the receivers. A central concept in
their characterization is sender’s belief about the state given the entire hierarchy profile.
Our central tool is in terms of a matrix with dimensions given by the number of states
and the number of posterior belief profiles.

While we focus on inducible distributions of posterior belief profiles, Bergemann and
Morris (2016) consider a game-theoretic set-up and study the distributions of receivers’
actions that sender can induce, more precisely they characterize the set of Bayes corre-
lated equilibria of the game. An advantage of their approach is that there is no need
to make explicit use of information structures. They also develop an extension of the
classic sufficiency condition of Blackwell (1953) for the multi-player set-up and show that
more information according to that criterion results in a smaller set of Bayes correlated

2All papers were developed independent from each other and written roughly around the same time.
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equilibria. A similar set-up is studied by Taneva (2019), who derives sender’s optimal
information structure.

In the single receiver case, introducing heterogeneity may render Bayes plausibility
insufficient for a distribution to be inducible. Alonso and Camara (2016) consider a
single receiver who does not share a common prior with the sender and show that an
additional condition is required on top of Bayes plausibility. Beauchéne, Li and Li (2019)
also consider a single receiver, who is ambiguity averse, and a sender who may use an
ambiguous communication device. In that case they are able to show that a modified
version of Bayes plausibility holds. When there are multiple receivers, if information is
perfectly correlated, then Bayes plausibility is still the only condition for inducibility since
in this case all receivers have the same ex-post belief. The first part of Wang (2013) and
Alonso and Camara (2016) both consider public communication and are examples of such
a situation.

There is a wide literature that focuses on informativeness in the sense of Blackwell
(1953).% Rick (2013) considers an informed sender and an uninformed receiver and shows
that miscommunication expands the set of distributions of beliefs the sender expects to
induce. Gentzkow and Kamenica (2016) consider multiple senders and a single receiver
and show that the amount of revealed information increases with the number of senders.
Ichihashi (2019) considers a model of a single sender and receiver in which a designer
can restrict the most informative message profile that the sender can generate, and he
characterizes the information restriction that maximizes the receiver’s payoff. While these
papers compare the informativeness of different information structures by investigating
the induced distributions of posteriors, we analyze informativeness according to the higher
order knowledge a receiver has about the posterior history.

3 Preliminaries and Notation

Let N = {1,...,n} be the set of receivers and 2 be a finite set of states of the world. For
any set X denote by A(X) the set of probability distributions over X with finite support.
We assume that sender and receivers share a common prior belief \° € A(Q).

Let S; be a non-empty set of messages sender can send to receiver ¢ € N, and let
S = [liey Si- The elements of S are called message profiles. A signal is a function
7 :Q — A(S) that maps each w € €2 to a finite probability distribution over S. The set
of possible message profile realizations is denoted by S™ = {s € S| Jw € Q : 7(s|lw) > 0}.
Note that receiver ¢ € N knows the joint distributions 7 (-|w) for all w € €, but only
observes his private message s; when message profile s realizes. Denote the set of all

3Li (2017) considers a different criterion and measures informativeness in the sense of Ganuza and
Penalva (2010), where more informative message profiles lead to greater variability of conditional expec-
tations.
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signals by II. For each w € I1, s; € S;, and w € §2, let

m(silw) = Y w(tlw),

teS:t;=s;

which is the probability that receiver ¢« € N observes s; given that the true state is w.
For each i € N, define ST = {s; € S;| Jw € Q : m;(s;|w) > 0}, which is the set of messages
receiver ¢ observes with positive probability under .

Given a signal 7 € II, a message profile s € ST generates the posterior belief profile

A € A(Q)™ defined by

mi(8i]w) A (w)
Y wren Tilsilw)A (W)

So, Af(w) is ¢’s posterior belief that the true state is w upon receiving message s;.

A(w) = i €N, we (1)

A signal 7 € II induces the distribution o € A(A(Q2)") over posterior belief profiles if
for all A € A(Q)™ it holds that

o= Y > w(slw)X(w (2)

SEST A=A weld

In words, o()\) is the probability of posterior belief profile \. The distribution over
posterior belief profiles induced by 7 is denoted by ¢™. We define the set of inducible
distributions over posterior belief profiles by

Y ={o € A(A(Q)")| Ir € II such that c" =0} .

Observe that Y depends on the set S of message profiles that the sender can use: a
distribution o might only be inducible if S is sufficiently rich. This becomes relevant
in situations where the sender’s message profile space is a priori limited, be it in case
of schools who are bound to reveal information about students’ qualities within a grad-
ing framework (Boleslavsky and Cotton, 2015), or in case of a regulator who can reveal
information about a bank’s financial situation only by a simple pass/fail stress test (In-
ostrozosa and Pavan, 2020). Thus, we will provide necessary and sufficient conditions on
the size of S whenever appropriate.

We denote the support of o € A (A (Q)") by supp(c). By our assumptions made so
far, the support of ¢ is a finite set. For each i € N and \; € A(Q2), define

o (N) = > e (3)

X esupp(o):N;=X;
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That is, o; (\;) is the probability that receiver i has posterior belief \;.* We denote the
support of g; by supp(o;).

Let 0,0’ € A(A(Q2)") be two distributions over posterior belief profiles and let a €
[0, 1]. The convex combination 6 = ao + (1 — a)o’ is defined by

d(A)=ac(A\)+ (1 —a)d'(N), AeAQ)".

Even in the case with a single receiver, ¥ need not be convex. For instance, if S consists of
two messages, then it is possible to induce o, ¢’ € ¥ with disjoint supports of cardinality
2. If ¢ is a strict convex combination of ¢ and ¢’, then |supp (¢)| = 4, so that & cannot
be induced with two messages only. The next result shows that ¥ is convex when the
message profile space is sufficiently rich.

Proposition 3.1. Let 0,0’ € ¥ and a € (0,1). Then ac + (1 — a)o’ € ¥ if and only if
|S;| > [supp(o;) U supp(a?)| for alli € N.

Proof. Let 6 = ao + (1 — a)0’.

If there is ¢ € N such that |S;| < [supp(o;) Usupp(c})|, then there are not sufficient
messages to implement all of i’s possible beliefs in supp (d;).

For the other direction, let |S;| > |supp(o;) Usupp(o})| for all i € N. Let m,n" € II
be such that ¢™ = ¢ and o™ = ¢’. Since |S;| > |supp(o;) Usupp(c’)|, we can assume
without loss of generality that there is s € S with s; € ST N ST if and only if there are
A € supp(o) and X € supp (¢’) such that \; = X, = A7.

Let # = ar+ (1 —a)n’. Let s € S™ and i € N. Without loss of generality let s; € ST.
Assume first that s; ¢ ST. It holds that, for every w € €,

75 (85|w) A (w) _ am;(s;|w) A (w)
Dwea Tilsilw)AN W) adZ,cqmi(si|w) A (W)

Assume next that s; € ST and observe that in this case

i) = = X().

mi(siw\(w)  m(siw)A(w)
Dwea Milsilw)AUW) 3 eq m(silw)A (W)

Thus,

S\SW) _ am;(s;|w) A (w) + (1 — @) 7}(si|w) A (w)
' ) eqMi(Silw)AN (W) + (1 = a) 3 eq mi(silw) A (w)

4Recall that A is defined for distributions with finite support and note that if \ is such that there is
no s with A = A*, then the right hand side of (3) is 0.

= X().




270

271

272

NN
=
ENRN)

275

276

277

278

279

280

281

282

283

284

285

286

287

289

290

291

292

293

294

295

298

299

300

We have shown that supp (6) = supp(o) Usupp (¢/). We now have, for every A € A (Q)"

s = D ) A(s|w)A(w

sESTAs=) WEN
=a Y D> AN +l-a) > > 7 (slw)A(w)
SESTIAS=A weN sEST™ A=A WEN

=ac(A) + (1 —a)d'(N).
Hence, 7 induces &. |

Most of the literature considers S; an arbitrary set that contains all messages that are
necessary. The previous proposition implies that in this case the set of inducible posteriors
is convex.

A distribution over posterior belief profiles ¢ € A (A (Q)") is Bayes plausible if

Y Xiw)oi (\) =N(w), €N, weQ (4)

i €supp(o;)

That is, for each receiver the expected posterior belief equals his prior belief. Kamenica
and Gentzkow (2011) show that ¥ is the set of Bayes plausible posterior distributions in
the single receiver case, given that S' is sufficiently rich. It now follows for the multiple re-
ceiver case that every o € ¥ satisfies Bayes plausibility. We therefore obtain the following
result, which is stated for later reference and without proof.

Proposition 3.2. Fvery o € X is Bayes plausible.

4 Implementing belief profiles

When a sender is interacting with a single receiver who has no private information, Bayes
plausibility of a distribution o € A(A(€2)™) is necessary and sufficient for o to belong to
Y when S is sufficiently rich. In particular, for any A € A(Q2) there is 0 € ¥ such that
o(A) > 0. In contrast, in the multiple receiver case it is not true that any single posterior
belief profile A € A(Q)™ can occur with positive probability for a suitably chosen signal.
Our first proposition shows that A € A(Q)" can belong to the support of some o € X
if and only if there is at least one state which, according to A, is deemed possible by all
receivers.

Proposition 4.1. For every i € N, let S; contain at least two messages. Let A € A(2)".
There exists 0 € ¥ with o(X) > 0 if and only if there is w € Q such that [[,. 5 Ai(w) > 0.

Proof. Assume m € II is such that 0™ = o with o(A) > 0. Suppose that [[,_y Ai(w) =0
for all w € Q, that is, for all w € Q) there exists i, € N such that \; (w) = 0. Let s € ST

9
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be such that A* = A\. Then it holds that, for all w € Q, 7(s|w) < m;_ (s, |w) = 0. We find
by (2) that o(A) = 0, leading to a contradiction. Consequently, there exists w € € such
that J],c v Ai(w) > 0.

For the converse, assume there exists w € 2 such that [[,.y Ai(w) > 0. Let i € N and
B; = max,eq(Ai(w)/A%(w)) be the highest ratio across states of posterior belief to prior
belief for receiver i. Let x;,y; € S; be two distinct messages. We define, for every w € €,

(o) = L)
peko) = 5 5oy
pi(yilw) =1 — pi(xi|w),
pi(silw) = 0, s; € S \{xs, v}

Notice that p;(z;|w) < 1. We define 7 : Q@ — A (S) by

m(s|lw) = Hpi(si|w), s€eS,we.

1EN

It holds that 7 is a signal with m;(s;|w) = p;(s;|w) for every receiver i € N.
Let i € N. For every s € S™ with s; = x; it holds that

Ai(w) y0
(2:]w) A0 7N (@) A
M) = k) BV A wea
2weaTi(@ilW)ANW) 30 o FEANW)  2wreq i)
We have that A* = A, where T = (21, ..., 2,).
Let w € Q be such that A\;(w) > 0. Then
o (N) > 7 (zw) X () = A° (w) [ ] pil@ilw) >0,
iEN
which implies that A € R(c™). [

Let there be two receivers and a binary state space, say Q2 = {X,Y'}, as in our example
in the introduction. It follows from Proposition 4.1 that a posterior belief profile A with
A(X) = (0,1) cannot result with positive probability under any signal since A\ (X)A2(X) =
0 and A (Y)A2(Y) = 0. At the same time, for each € > 0, the posterior belief profile A
with A (X) = (¢,1) can be obtained with positive probability.

We now generalize Proposition 4.1 from a single posterior belief profile to finite sets
of posterior belief profiles.

Proposition 4.2. Let R C A(Q)" be finite. For every i € N, let S; contain at least
|R;| +1 messages, where R; = {\; € A(Q) | A € R}. There exists 0 € ¥ with R C supp(o)
if and only if for each A € R there exists w € 0 such that [],.y Xi(w) > 0.

10
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Proof. Proposition 4.1 implies necessity. For the other direction, let R; = {\}, ..., A"},
let {z},..., 27", y;} € S; be such that z¥ # zf,y; for all k # ¢ and all i € N. Let R =
{1, ..., 2™} and define 7!, ... 7™ as in the proof of Proposition 4.1, where, for all i € N
and all Kk = 1,...,m one has \* € Supp(aﬂk) and ka C {xf,yz} Let of,...,a™ > 0

with 37 o = 1, and let 0 = Y7, afo™ . Since |S;| > m; +1 = |}, supp (afk> |,

iterative application of Proposition 3.1 implies that o € ». Moreover, by construction,
o” ()\k) = oo™ ()\k) > 0. [

Observe that Proposition 4.2 sharpens an earlier result in Sobel (2014). There the author
showed that collections of strictly positive posterior belief profiles can be implemented.
Our proposition characterizes the set of posterior belief profiles that can be implemented:
in particular, we allow belief profiles that assign zero probability to some states as long
as there is no such disagreement as in Proposition 4.1, i.e., as long as for each posterior
belief profile there exists at least one state that is deemed possible by all receivers.

At this point we have identified sets that can be subsets of the support of an inducible
distribution over posterior belief profiles. In Section 7 we characterize all inducible dis-
tributions over posterior belief profiles and the sets that can be the support of such
distributions.

5 Minimal and Direct Signals

A large part of the literature is interested in “straightforward” signals (Kamenica and
Gentzkow, 2011) that send recommendations to receivers about what action to take. In
the present paper, we do not specify sets of feasible actions for receivers, so that sending
recommendations has no meaning. Nevertheless, some signals are easier to handle than
others and this and the next section will introduce some important classes.

Given a signal 7 € IT and s, s’ € S™ with s # &', it is possible that A\* = A*". That is,
two distinct message profiles can generate the same posterior belief profile. This motivates
the following definition.

Definition 5.1. A signal = € II is minimal if |S™| = |supp(c™)|. The set of minimal
signals is denoted by I1™.

Under a minimal signal, different message profiles lead to different posterior belief profiles.
We give an illustration of a minimal signal in the following example.

Example 5.2. Let N = {1,2}, Q = {X,Y}, S; = {v,w}, and Sy = {w, z,y}. Assume
that agents have a common prior A\°(X) = 1/2. Let 7 be given as follows:

T () (vy) (ww)
X 0

Y

(el ST
N N[

N =
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We have S™ = {(v,x), (v,y), (w,w)}. Irrespective of the message received, receiver 1
gathers no information about the state: he has posterior beliefs A" (X) = Al"Y(X) =
AW (X) = 1/2. For receiver 2, we have AY"(X) = 1, AVY(X) = 0, and A""(X) =
1/2. Tt follows that

supp(o”) = {((1/2,1/2),(1,0)), ((1/2,1/2),(0, 1)), ((1/2,1/2),(1/2,1/2))} .
Since |S™| = [supp(¢™)|, 7 is minimal. A

In case of a single receiver, it is sufficient to have a bijection between S™ and supp(o)
to ensure that each message leads to a different posterior, that is, to ensure that the
signal employs a minimal number of messages. If there are multiple receivers, however,
the existence of such a bijection does not guarantee that the number of messages for each
receiver is indeed minimal. For instance, the two messages v, w in Example 5.1 both lead
to the posterior belief A;(X) = 1/2 for receiver 1.

Definition 5.3. A signal 7 € Il is direct if for all i € N it holds that |ST| = |supp(c7)|.
The set of direct signals is denoted by II¢.

Under a direct signal any two different messages must lead to two different posterior
beliefs. Hence, the number of different posterior beliefs a receiver can have equals the
cardinality of ST.

Example 5.4. Recall the minimal signal 7 in Example 5.2. Receiver 1 has the same
posterior belief after observing v and observing w, i.e., )\gv’x) (X) = Ag““”) (X). Thus, 7 is
not direct. Consider the signal 7’ defined by:

T (wa) (wy (ww)
0

<
O ol
N N+

D=

We have S™ = {(w, z), (w,y), (w, w)} and accordingly we can write the support of o™ as

supp(o™) = {((1/2.1/2), (1,0)), ((1/2,1/2).(0,1)), ((1/2,1/2),(1/2,1/2))} .

Note that supp(c™) = supp(c™ ). Since for all s, € S™ and each i € N we have \* = \!
if and only if s; = ¢;, 7’ is direct. A

For any signal = € II, |ST| = [supp(o7)| guarantees that a minimal number of messages
is employed and implies that the number of employed message profiles is minimal as well.
Thus, the following lemma does not come as a surprise.

Lemma 5.5. It holds that 19 C ™.
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Proof. Let m € 114, For each i € N there exists a bijection ¢; : ST — supp (o) since
7 is direct. In particular, for every s € S™, we have A\* = (¢; (s;));cy S0 that there is a
bijection between S™ and supp (¢™). Hence, |S™| = |supp(c™)|, that is, 7 is minimal. 1

We close this section by claiming that any distribution in ¥ can be induced by a direct
signal. We do not provide a proof of Theorem 5.6 here, as it will follow easily from later
results. The proof can be found after Corollary 7.3.

Theorem 5.6. If o € X, then there exists # € 1Y such that 0™ = 0.

6 Language Independent Signals

The same distribution over posterior belief profiles can be induced by various signals
with potentially disjoint message profile spaces. We now proceed to show that there is
a canonical way to describe signals. The principal idea is that the sender sends to each
receiver the belief that he should have after observing the message.

Definition 6.1. A signal m € Il is a language independent signal (LIS) if S™ C A(Q)"
and, for all s € S™, A\* = 5. The set of language independent signals is denoted by IT.

Example 6.2. Let N = {1,2}, Q = {X, Y}, and \°(X) = 1/3. The signal = € II is
defined as follows:

T | (z,2) (z,y) (W,2) (y.y)

Y I T T T
4 4 4 4
1 1 1 5

Y| 3 8 8 8

For any i € N, we have A" (X) = 1/2 and A"¥(X) = 1/4. Hence, 7 is in fact direct.
The support of o™ is equal to

supp(o {,\WC) @) \(w2) )\(yy)}
_{ (3:3): (5:3)((5:2): (1), (5 D (5:9), (5 D) (G D)} -

It holds that o™ (A®®)) = o™ (A@¥)) = o™ (A®)) = 1/6 and o™ (AWY)) = 1/2.
The signal 7" € II is obtained by switching messages x and ¥, so

0o
%Iw

»kl»—t

T (x,2) (vy) (y.7) (4,9)

X 1 I I I
4 4 4 4
5 1 1 1

Y 3 s 8 8

It is immediate that ™ = o™ .
Next, consider the signal 7 that corresponds to the convex combination of 7 and 7’
with equal weights: 7 = 1/27 + 1/27’. We have that

13
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| (z,2) (vy) (=) (v,9)
X I T T T
4 4 4 4
3 1 1 3
Y o3 3 3 3

Perhaps surprisingly, it holds that o™ # o™ = o™ .5 It is easily verified that o™ is the
distribution that assigns probability 1 to the posterior belief profile (A% \%). Tt follows
that the set of signals which induce a particular distribution is not convex. Observe that
# is not direct, which implies that II¢ is also not convex.

The signals 7, 7, and 7 are obtained by relabeling the message profiles sent by 7, 7,
and 7, respectively, with the posterior belief profiles they lead to. We have that 7 = 7’*.

Both are equal to

(DG (DG GG (DG
X i : : ;
v % : : :

Each receiver has posterior belief (1/2,1/2) upon observing message (1/2,1/2) and has
posterior belief (1/4,3/4) upon observing message (1/4,3/4). Thus, 7* and 7’* are lan-
guage independent.

Finally, 7¢ sends A° to both players with probability 1. In particular, ¢ is not a convex
combination of 7* and 7. A

The next result states that an LIS is direct.
Lemma 6.3. It holds that 11¢ C T14.

Proof. Let m € I, s € S™, and i € N. It holds that \{ = s; by definition of an LIS. This
defines an identity between ST and supp(o7). It follows that |ST| = |[supp(c7)|. [

By Lemma 6.3 we know that an LIS is direct and by Lemma 5.5 directness implies
minimality. Thus, there is a chain of inclusions between I1¢, I1¢, and II™.

Corollary 6.4. It holds that TI* C I14 C IT™ C II.

Since we can transform any given direct signal into an LIS by relabeling each message
with the posterior belief that message leads to, an immediate consequence of Theorem 5.6
is that any element of ¥ can be induced by an LIS if A(2)" C S, a result also obtained
by Arieli et al. (2021) for a binary state space. One advantage of language independent
signals is that for each o € ¥ the set of all language independent signals that induce o,
denoted by II(), is convex. The proof of this statement, however, is postponed as it
follows easily from later results. The proof can be found after Corollary 7.3.

5Observe that this is no contradiction to the proof of Proposition 3.1: there we used that any fixed
message induces under every signal where it is sent with positive probability the same posterior. Here,
message « induces posterior (1/2,1/2) under = but (1/4,3/4) under 7’.
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Proposition 6.5. Let A(Q)" C S and o € . Then I1(0) is non-empty and convez.

Proposition 6.5 contrasts Example 6.2 where we showed that both the set of all signals
and the set of all direct signals that induce a given o are typically not convex. This makes
language independent signals particularly attractive.

Recall that given a direct signal, we can obtain an LIS by simply replacing messages
with the posterior beliefs they lead to. More generally, given a signal = € II, one can
define 7’ € II by a one-to-one change in the names of messages in ST for each i € N.
In this case, we typically have S™ = ST, though we intuitively think of both signals as
equivalent. More formally, we have the following definition.

Definition 6.6. Two signals 7 : Q — A(S) and @ : Q — A(S) are equivalent (& ~ #) if

for every i € N there is a bijection v; : ST — S” such that, for every w € €, for every
s € ST, 7 (Y(s)|lw) = 7w(s|w).

We can interpret equivalent signals as providing the same information in different lan-
guages. Indeed, let s; € ST and 8; € ST be such that v;(s;) = §;. It holds that

m(silw) = > wltw) = Y AWM = Y #(flw) =m(Ew), we

teES™:t;=s; teS™it;=s; feS*:f¢:§i
Now consider s € S™ and § € S such that § = ¥(s). For every i € N, we have that

s mi(8iw) A% (w) i (8i|w)A° (w) 23
Ai (w> - . . 12 0 / - ~ (4. / 0 12 = Al ((A}) (5)
Dwea Tilsilw)A (W) Y req Ti(Silw) A (W)
It follows from (5) that sending message profile s under signal m and sending message
profile § under signal 7 results in the same posterior belief profile. It is also immediate
from Definition 6.6 that ST = 1 (S™).

The next proposition, stating that equivalent signals induce the same distribution over
posterior belief profiles, now follows easily.

Proposition 6.7. Let 7 : Q — A(S) and 7 : Q — A(S) be such that w ~ #. It holds that

O.ﬂ'

=o".

Proof. For every ¢ € N there is a bijection 9; : ST — Sﬁ such that, for every w € Q
for every s € S™, 7 (¢(s)|w) = 7(s|lw). Let s € S™ and § € ST be such that ¢(s) =

It follows from (5) that A* = A®. Since S = (S™), we have that supp(c™) = supp(o )
Moreover, it holds that, for every A € supp(c™),

TN = > Y AN w) = Y D F((s)|w) A (w)

SESTAS=\ we SEST A=\ weN

= > D w3 (W) =" (\).

€87 \3=) weR
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Note that the converse of Proposition 6.7 is not true: as we will see in Example 7.6 there
are signals that induce the same distribution over posterior belief profiles but that are not
equivalent.

The next proposition makes clear that each set of equivalent signals contains at most
one LIS.
Proposition 6.8. Let 7w, 7' € II* with 7 ~ 7'. It holds that 7 = 7'.

Proof. By Proposition 6.7 it holds that o™ = o™, so S™ = supp (¢™) = supp (a’r') =9,
As m ~ 7', for every i € N there is a bijection ¢; : ST — ST such that, for every w € ,
for every s € S™, 7 (¢(s)|w) = 7(s|w). In particular, since 7, 7" € II*, we have, for every
i € N, for every A € S,

i (P (Ai) [w) A° (w) _ T (Aiw) A% (w)
Yowea i (Ui (M) [W) A0 (W) Y eqmi (Ailw’) A° (o)

¥i (i) (w) = =\ (W), we,

(6)

where the first and third equality follow since 7, 7" € II, and the second equality uses
(5). It follows that m = 7'. [

Observe that a signal that is not direct cannot be equivalent to an LIS as the required
bijection between message spaces cannot exist. Nevertheless for every signal there is a
canonical way to find an LIS that induces the same posterior. The construction heavily
lies on the following lemma, which is straightforward and therefore stated without proof.%

Lemma 6.9. Let m € Il be a signal. It holds that

Zsiesg:,\gzxi m; (silw) A% (w)

Zw’GQ Zsies;f:,\f:,\i 7 (silw’) A ()

Lemma 6.9 extends the formula for Bayesian updating and applies it to all messages
simultaneously that lead to a particular posterior belief. According to the lemma, distinct
messages that lead to the same posterior can be replaced by the same message. Thus, the
following result is immediate and we present it without proof.

=\ (w), we, i€ N, \ €supp(o]).

Theorem 6.10. Let A(Q)* C S. For w € 11 define n°: Q — A(S) as

mt (MNw) = Z T (slw), weQ, \esupp(a™). (7)
SESTAS=)

Then o™ = o™. Moreover, if 1 € I1? then ° is equivalent to .

6Tt is implied by the proof of Lemma 3.4 in Kerman et al. (2020).
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7 Inducible Distributions

Unlike the single receiver case, when dealing with multiple receivers Bayes plausibility
alone is not sufficient to ensure that a distribution over posterior belief profiles belongs
to 2.

Example 7.1. Let N = {1,2,3}, Q = {X,Y}, and S = A(Q)?. Assume the agents
have common prior \°(X) = 1/6. Let \}(X) = (1/2,1/2,0), \*(X) = (1/2,0,1/2),
A(X) = (0,1/2,1/2), and X*(X) = (0,0,0) and let o € A (A (Q)*) be given by o (\!) =
o (\?) =0 (M) =1/6 and o (A\*) = 1/2. Then, for each i € N, we have o; (1/2,1/2) = 1/3
and 0;(0,1) = 2/3.

First note that o is Bayes plausible:

S AXK)e () = 5 0u(1/2,1/2) 4 0-03(0,1) =

Ai€supp(o;)

Suppose that signal 7 € II induces o. By Corollary 6.10 it is without loss of generality to
assume that 7 € 1% In this case, for any receiver, observing (1/2,1/2) leads to posterior
belief (1/2,1/2), and observing (0,1) leads to posterior belief (0,1). This implies that
receivers cannot observe (0, 1) in state X, i.e., m;((0,1)|X) = 0 for all i € N. It follows that
7 (MX) =7 (N|X) =7 (A3 X) =7 (M| X) = 0, which obviously leads to a contradiction.
A

To guarantee that a distribution over posterior belief profiles belongs to 3, additional
conditions need to be imposed on top of Bayes plausibility. In Theorem 7.2, we provide
necessary and sufficient conditions for a distribution over posterior belief profiles to belong
to 2.

Theorem 7.2. Let o € A(A()") be such that, for every i € N, |S;| > |supp(c;)|. Then
o € X if and only if o is Bayes plausible and there exists p € Rixm)p(a) such that

() DeaP(w, ) =0 (A), A € supp(o),
(1) Dvesuporn=n, P, ) = Ai(w)os (X)), weQ, i €N, A € supp(oy).

If o € X, then the signal m: Q — A(A(Q)") defined by

T (Aw) = weQ, e supp(o), (8)

1s an LIS such that o™ = o.

Proof. Assume that o is Bayes plausible and there exists p € R ™7 guch that (i) and
(71) are satisfied. Let 7 be defined as in (8). We first show that 7 is a signal.
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Let w € Q. Obviously, it holds that, for every A € A(2)",

m(Aw) > 0. In formula (9)

that follows next, ¢ € N is an arbitrarily chosen receiver. It holds that

dopwh)= )

AeS™

D

Xi€supp(o;) N esupp(o):N;=X;

@) _

plw, X) X (w),

2.

Xi€supp(o)

Ai(w)ai (Ai) 9)

where the last equality is true as o is Bayes plausible. We find that

Z ANw) =

AeS™

which proves that m is a signal.

>R s

AES™

Next, we show that 7 is an LIS. Let w € Q, i € N, and \; € R(o;). It holds that

71'1()\7, |W>)\O(W)

Zz\’esupp(a) A= 7T(>\/|CU) ((U)

2 wrea Ti(Aiw)A?

@)

Zw 'eq Z)\’Esupp(a) A= ﬂ-()\ | ))‘0( )

p(w,\)
©) Z)\’Esupp(o) A= )\0 )\0( )
- w’' N
Zw’eQ Z)\’Gsupp( ):AL=N p/go(w )) A0 ( )

Z)\’Esupp(a):)\;:,\i p (w7 )\/)
/ )\/)

Zw/GQ Z)\’Esupp(a):/\;:)\i p (w
Ai(w)oi (A)
Z)\’Gsupp(o):)\;:)\i Zw’eﬁp (w,
Ai(w)oi (A)
Z)\’esupp(a):/\;:)\i g (A/)
_ Ai(w)ai (M)
B 0 (/\z)

(i)

, )

0

As message \; leads to posterior \;, 7 is an LIS.
We show next that o™ = 0. Let A € supp(c). It holds that

a"(A)

weN

> m(Mw)X(w) =

p(w,)\) 0 W
A0(w) Aw)

=S pw Y

weN

a(A).

weN

At this point we have shown that o is inducible if supp(o;) € S;. Recall that |S;| >
supp(o;). For every i € N, let T; be a subset of S; with cardinality equal to |supp(o;)|
and take a bijection v; : supp(o;) — T;. Define the signal 7’ : Q@ — A(S) by

T (WYN)|w) = m(Alw),

w € Q, \esupp(o).
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Then 7 ~ 7/, so by Proposition 6.7 we have that 0™ = o™ = o. It follows that o € %.
Now assume that o € X. It follows from Proposition 3.2 that ¢ is Bayes plausible. Let
7 € II be such that ¢™ = o. For every w € (), for every A € supp(o), define

plw )= Y w(slw)X(w). (10)

SEST:AS =\
We first show that (7) holds. We have that
o) = Z Z s|lw) A (w = Zp , A€ supp(o).
SEST A=A weld weN

Next, we show (i) holds. Let w € ©, i € N, and \; € supp(o;). We have that

ZsieS{":Af:)\i mi(si|w) A" (w)

(@) (A) = 0 >, W)
DRPS SR s B N
_ Zs €STAS=N; Ti(8iw) A (w) Z Z Z s|w') )\0
o 7\ \0
Zw reQ) ZS,LES’T AT=N 7T2(81|w ))\ ( ) /\’ESupp(O)')\,—)\' SESTAS=)N w'€Q
ZS esﬂ' )\s )\ 7TZ(SZ|(,<J 0 CU)
= i (55]w’) A° (W)
Zw req) Zsl STAI=N\; 7rl(81|w ))\0 %s GS’Z;S
= Z 7TZ<Sz|W)>\O<W)
SZ'ESZT:)\,L‘-S:AZ'
= > > w(slw) X (w)
N esupp(o):\j=X; SESTAT=N
= > pw),
N esupp(o):\;=X;
where the first equality follows from Lemma 6.9. |

Theorem 7.2 makes explicit what is needed in addition to Bayes plausibility to ensure
that a distribution over posterior belief profiles belongs to ¥. Observe that any p €

RixsuPp(a) which satisfies Condition (i) is a finite probability distribution, that is, p €

A (2 x supp(0)).

Note that while we pose a similar question to Arieli et al. (2021) and Ziegler (2020),
we obtain a completely different characterization. To obtain a characterization for more
than three players and a binary state space, Arieli et al. (2021) utilize the No Trade
Theorem of Milgrom and Stokey (1982) and for this purpose, introduce a mediator who
trades with the agents and provide an interval for the mediator’s expected payoft for a
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distribution to be inducible.” Ziegler (2020) generalizes Kamenica and Gentzkow (2011)
to two players and makes use of “belief-dependence bounds” to provide a characterization
for inducible distributions, which are defined over the CDF's associated with distributions
of beliefs. On the other hand, we allow for both a finite state space and a finite number of
receivers, and provide a characterization by solving a system of equations, i.e. by showing
the existence of a non-negative matrix, which represents the properties of marginal beliefs
agents should hold for a distribution to be inducible.

Condition (i) can be interpreted as “posterior marginality” as it states that the prob-
ability of a posterior belief profile A is the marginal of p(w, A). The right-hand side of
condition (i¢) is the probability that w is the true state according to i’s belief \; multi-
plied with the probability that ¢ has belief A;. Thus, the sum on the left-hand side is the
probability that ¢ has belief \; and w is the true state.

Observe that by Equation (8) and (9) p is a common prior over € x supp(c). Thus,
Theorem 7.2 bears some resemblance to Proposition 1 in Mathevet et al. (2020). Yet,
while they impose conditions on the common prior over belief hierarchies from which
the posterior distribution emerges, our condition is formulated as separate marginality
conditions for all players.

While Theorem 7.2 is useful in determining whether a distribution of beliefs is in-
ducible, it also provides an LIS that induces the desired distribution. In Example 7.4, we
first use Theorem 7.2 to show that a given distribution of beliefs is not inducible. Then,
in Example 7.6, we provide two signals that induce the same distribution via distinct
solutions to conditions (7) and (i7).

For any o € ¥, define
P(o) = {p c ]szsupp(a)] p satisfies (i) and (ii) of Theorem 7.2} .

As P(o) is defined as the set of non-negative matrix solutions to a system of linear
equalities, where the system is such that the components of any solution matrix sum up
to one, we immediately have the following result.

Corollary 7.3. For every o € X, P(0) is a non-empty, compact, and convex polytope.
We are now ready to provide the remaining proofs of Sections 5 and 6.

Proof of Theorem 5.6. Let o € ¥. Then it holds that, for every ¢ € N, |S;| > supp(o;).
Theorem 7.2 implies that there is an LIS 7 : Q — A(A(£2)") which induces o. For every
i € N, let T; be a subset of S; with cardinality equal to |supp(c;)| and take a bijection
Y : supp(o;) — T;. Let the signal 7’ : Q@ — A(S) be defined by

T (P(N)|w) =7(\w), w € Q, X\ € supp(o).

"Morris (2020) provides an alternative proof for the no trade result that also applies to a finite state
space.
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22 Then m ~ 7, so by Proposition 6.7 we have that 6™ = ¢™ = ¢. As the LIS 7 is direct, it
e follows that 7' € II¢. |

e3¢ Proof of Proposition 6.5. As P(o) is a non-empty, compact, and convex polytope by
e Corollary 7.3 and IT° (¢) is a linear transformation of P(c) by (8), IT* (¢) is a non-empty,
63 compact, and convex polytope as well. |

637 In the next example, we use Theorem 7.2 to determine whether a given distribution over
es posterior belief profiles belongs to X.

s Example 7.4. Recall the distribution over posterior belief profiles o in Example 7.1 with
640 Supp {)\1 )\2 )\3 )\4}
o0 ={((3:9):(5,3):(0,1)) ,((5,2).(0,1),(3,5)) , ((0, 1), (3, 3): (5, 3)) » ((0,1), (0, 1), (0, 1)) } .

s Moreover, we have o(A) = 0(A\?) = 0(\3) = 1/6 and o(\?) = 1/2.
644 Suppose o € 3. Then, by Theorem 7.2 there exists p € P(o) such that

1
645 p(X A +p (X, A) =p(X,A) +p(X,N) =p(X,N) +p (X, N) = G
18 p(X,A) +p (XA =p(X,N) +p (XA =p (X, X)) +p (X, A1) =0,
ess  where we make use of Condition (ii) for w = X. From the first line we obtain p (X, \!) =
s0 p(X,A\?) =p (X, ) =1/12. Combining this with the second, we find p (X, \?) = —1/12
o Thus, p fails to be non-negative and o ¢ X. A

1 Proposition 4.2 gives a necessary and sufficient condition for a finite set R C A ()" to
2 be a subset of supp(o) for some o € ¥. We will now provide a necessary and sufficient
es3 condition for the opposite inclusion, i.e., we characterize those sets R C A (Q)" such that
e« there is some inducible ¢ € 3 whose support is restricted to R. We also characterize
ess those sets R such that R = supp(o) for some o € X.

s Proposition 7.5. Let the non-empty and finite R C A(Q2)"™ be such that, for everyi € N,
o7 |Si| > |Ri|. There exists o € % with supp(c) C R if and only if there is p € R such
ess  that

o (2) YverPw,A) = A(w), w e Q, |
oo (1) Z)\’GR:)\;:)\ip(w7)\/) = Ai(w) Xuen Z,\'eRz,\;:,\z-p(W/aX)a well, 1eN, A\ € R

s If such p exists, then the signal m: Q2 — A(R) defined by

~ plw, A)
zzz ) = o)

s 15 an LIS such that supp(c™) C R. Moreover, if p is such that, for allX € R, Y _qp (A, w) >
s 0, then supp(c™) = R.

weN NER, (11)
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Proof. Assume that there is p € R¥*% such (i) and (ii) hold. Let m : Q@ — A(R) be as
defined in (11). We have that

3wV w) ”Zp (: 8:1, we Q.

NeR NeR

Moreover, for every w € Q, 7 € N, and \; € ST, it holds that

Z)«eRz,\;:)\i T(N[w)A’(w) (11) Exemgz,\i p(w, \)
D wen Z)\’ER:)\;:/\Z- T(Nw)A(w) Dwren Z,\'GR;,\;:,\Z. p(w', X)
(i4) Ai(w) Zw’eﬂ Z)\’eR:/\;:)\i p(w', \)

D wren Z,\/eRz,\;z,\i p(w', )

= \i(w).

Thus, 7 is an LIS and supp(¢™) = S™ C R.

In order to account for message sets S; that do not allow for language independent
messages, note that, for all ¢ € N, |supp (o) | < |R;| < |S;|. For every i € N let T; be
a subset of S; with |T;| = |supp (¢7) | and take a bijection v; : supp (¢7) — T;. Let the
signal 7’ : © — A(S) be defined by

T (P(N)|w) = 7(ANw), weQ, X\ €supp(c7).

It holds that m ~ 7', so by Proposition 6.7 we have that ¢™ = ¢™ and supp(c™) =
supp(c™) C R.

Now assume that o € ¥ is such that supp(c) C R. Then, by Theorem 7.2, there is an
LIS 7 : Q@ — A(R) that induces o. Let

p(w,\) =7 (\w) X (W), weNER. (12)

By construction, S™ = supp(c) C R and p(w,A) = 0 for all A € R\ S™ and all w € Q.
So, (7) is satisfied since

3w N) E ST AV w) = Xw) Y a(Vw) = N(w), we .

NeER MNeR Aes™

Further, for every w € 2, i € N, and \; € R;, it holds that

S peM YT aWWW) = m () X (@)

NERN =) NERN, =)
CN) Ym0 W)y Z V[N (o)
w'eN WEQNERN,=

Z Z plw', \).

W EQNERN=);
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Hence, (i) is satisfied.
Lastly, let p be such that, for all A € R, > P (A,w) > 0. Then for each X\ € R,
there is w € Q such that 7 (Aw) > 0. Thus, supp (¢7) = S™ = R. [

As 7 is defined by (11), (7) ensures that 7 (-|w) € A(Q)" for all w € Q and 7 is, hence, a
signal. Condition (i) ensures correct belief updating: as before, the left-hand side is the
probability that ¢ has belief A; and the true state is w; the right-hand side is the product
of the probability that the state is w conditional on i’s having belief \; and the probability
that ¢ has belief ;.

In our discussion of Proposition 6.7, stating that equivalent signals induce the same
distribution, we announced that the converse need not be true. We can now easily provide
the required counterexample.

Example 7.6. Let N = {1,2}, Q = {X, Y}, \%(X) = 1/3, and S = A(Q)". Consider the
distribution o defined by

R(o™) = {\1, 22, X3, 31}
={((3:3), (G 5): (G 3), D (5D, G5 (D (53T
oA = o(A\?) = o(X®) = 1/6 and o(\') = 1/2. One can easily verify that p,p’ €
RPP) defined by

plw, A) | AL A2 X X Pllw,A) [ AN X2 A3\
1 1 1 1 1 1

X |15 7 11 1 X s 0 0 3§

1 1 1 5 1 1 1

Y |5 5 11 1 Y 0§ & 3

are both solutions to the system of equations in Theorem 7.2. We define 7,7’ € II¢ by
applying (8) to p and p/, respectively, that is,

7(Aw) ‘ ALz a3 M ' (A|w) ‘ A2 NN
1 1 1 1 1 1

X i 01 1 1 X ; 0 0 3

1 1 1 5 1 1 1

Y § s 8 8 Y 0 3 1 3

Both 7 and 7’ induce o. Yet, as w # «’, Proposition 6.8 implies that w and 7’ are not
equivalent. A

8 The Information and Posterior Correspondences

Our objective in this section is to provide a framework in which we can analyze what
receivers know about each other’s messages, so that we can later answer the question of
how a sender can make sure that receivers know “as little as possible”. We follow the
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standard approach as based on information correspondences, see for instance Osborne
and Rubinstein (1994).

Given a signal m € II, we refer to an element (w,s) € Q x S™ such that 7(s|w) > 0
as a history and to an element (w, A) € € X supp(c™) such that there exists s € S™ with
7(s|w) > 0 and A\* = X as a posterior history. We denote the sets of histories and posterior
histories, respectively, by

H™ ={(w,s) € Q x S™| 7(s|w) > 0},
A" = {(w,\) € Q2 x A(Q)"|Fs € ST such that m(s|w) > 0 and \* = A}.
Note that if 7 € II¢, then H™ = A™.

Example 8.1. Recall 7 and #n’ from Example 7.6. The sets of possible histories are:

H7 = (X)L (X,02) L (XN0) (X)L (VA1) (V2 00) L (1), (¥4}
HY = {(X.0) (X X)L (V.A2), (.47 (VLX) )

As both signals are language independent, we have A™ = H™ and A™ = H™ . A

We next introduce the standard notion of an information correspondence.

Definition 8.2. Let m € II. The information correspondence P : H™ = H™ of i € N is
defined as

Pl(w,s)={(,s') € H"| s. = s;}, (w,s) € H".

That is, P[(w, s) is the set of histories receiver ¢ considers possible when the true history is
(w,s). As we call P™ an information correspondence, it seems appropriate to briefly show
that this name is deserved, i.e., consistent with the common definition of an information
correspondence.

Lemma 8.3. Let m € Il and ¢« € N. The information correspondence P[ satisfies the
following two conditions:

C1 Forall (w,s) € H™, (w,s) € PF(w,s).
C2 If (W', s') € P (w,s), then PF(Ww',s") = PF(w,s).

Proof. Let (w,s) € H™. Suppose (w,s) ¢ PF(w,s). Then, s; # s;, a contradiction. Thus,
C1 is satisfied.

Next, let (W', s") € Pf(w,s) and (w”,s”) € Pff(w',s"). Then, s/ = s, = s;, so (w”,s") €
Pr(w,s), and consequently, P (w',s') C PF(w,s). Since s; = s;, it holds that (w,s) €
Pr(w', s") as well, and the same arguments imply P7(w,s) C P (', s'). So, C2 is satisfied.

|
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s Information correspondences have the property that they partition sets of histories into
750 information sets. In our case we can use P to define a partition of the set H™ as

7 Pl ={F(w,s)| (w,s) € H"}.

w2 'This partition reflects i’s knowledge about the true history: whenever the true history is
763 (w, s), @ knows that the true history lies in P/ (w, s).

s  Example 8.4. Recall 7 in Example 5.2. The information correspondence partitions the
75 set of histories as follows:

766 PI(X, (v,2)) = PT(Y, (0,y)) = {(X, (v,2)), (Y, (v,9))},

761 Pfr(X> ('LU,’LU)) = Pfr(}/v (w’ w)) = {(X’ (w’ w))’ (K (w’ w))} )

769 P27T<X7 (U,%)) = {(Xv (U,Q})},

0 PE(Y, (v, ) ={(Y. (v,9))},

m PI(X, (w,w)) = PF(Y, (w,w)) = {(X, (w,w)), (Y, (w,w))}.

773 Now consider 7’ in Example 5.4. The information correspondence partitions the set
7 of histories as follows:

s Plﬂl(Xa (wux)) = Plﬂl(Ya (w,y)) = PlTr/(X> (w>w)) = Plﬂl(Ya (waw))

776 = {(X7 (’LU, JZ)), (YV, (wa y))7 (Xv (w’ w))a (K (’LU, w))} )

778 P27rl(Xa (wvx)) = {(X> (’LU,:L‘)},

779 P;/(K (way)) = {(K (way )}7
0 P27rl(X’ (w’w)) - P27r/(Ya (waw)) = {(X7 (’LU,’LU)), (Y7 (w>w))}'

72 It is easy to verify that both C1 and C2 are satisfied. In particular, the information

73 partitions of PF and, respectively, P7 are given by

84 ,PT = {{<X7 (U7 I))v (Y7 (Uv y>>} ) {(X, (w7 w))? (Y7 (wv w))}} )
785 P; = {{<X7 (U> .CE))} ) {(K (U, y))} ) {(X’ (w7 ’LU)), (}/7 (w’ w))}} )

786

87 ,P{rl = {{<X7 (w7 .73)), (Yv (w7 y))? <X7 (w7 w))v (Y7 (w7 w))}} )
e P5 = {{(X, (w,2)} {(Y; (w,9)}  {(X, (w,w)), (Y, (w,w))}}.
790 A

1 Even though 7 and 7’ in Example 8.4 induce the same distribution, it is not possible
72 to compare their information partitions since they employ different messages and thus
73 have distinct sets of histories. Still, we can compare such signals via the sets of possible
7a  posterior histories of receivers.
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75 Definition 8.5. Let m € II. The posterior correspondence QF : H™ == A™ of i € N is
6 defined as

0 QT (w,s) ={(W,\) e A"| (W,§') € PT(w,s)}, (w,s)€ H".

790 The set QT (w,s) contains all posterior histories i deems possible if the true history is
800 (w,s).

s Example 8.6. Recall the information correspondences in Example 8.4. The posterior
s2 correspondences related to m are as follows.

803 Q71T(X7 (U,l‘)) = QT(Y’ (Uay» = {(Xv (%’ 1)) ) (}/7 (%70))} )
804 QT(Xv (wvw)) - QT(YV: <w7w>) = {(X7 (%’ %)) ’ (Y’ (%7 %))} )
806 72r<X7 U7x)):{(X’ (%’1))}’

807 QQ(Y7 Uay)) = {(Y7 (%’ 0))} ’

35 Q5 (X, (w,w)) = Q3(Y, (w,w)) = {(X,(5,3)) (¥ (5:3)) }

s The posterior correspondences related to n’ are as follows.

811 QTI(Xv (w7 SL‘)) = QTI(Y; (wvy)) = QT(X7 (wvw)) = QTI(Y; (w7w))
={(*.(5:1)). (:(3.0), (X, (3.2) . (V2 (3:3)) }
814 Qg/(Xv (wvx)):{(X7 (%’1>)}’

815 QQI(Y, (way)) - {(}/7 (%’0))} ’

gle Q;(Xv (wvw)) = le<Y7 (w,w)) = {(X7 (%’ %)) ’ (}/’ (%’ %))} :

sis One can easily see that there is a bijection between the set of histories and the set of
s10  posterior histories for both 7w and 7. A

s20 Form eIl and i € N, define OF = {QF (w, s)| (w,s) € H™}. Note that in Example 8.6
21 both QF and QF are partitions for any i« € N. However, this is not always true.

22 Example 8.7. Let N = {1,2}, Q = {X, Y}, and \°(X) = 1/3. Let signal 7 € II be given
g3 as follows:

Tl (x2) (xy) @2 @y (ea) (ab) (ba) (b))

T T T T T T
824 X 6 0 0 6 6 6 6 6
1 1 1 1 1 1 5

Y 0 12 12 6 12 12 12 12
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For the posterior correspondence we find

QT(X, (z,2)) = {(X, (3,3))» (V- (3:3) } »
QT(X, (a,a) = {(X.(5,3) . (X. (3.9)» (V. (5:3)) , (Y2 (3. 9)) } -

Since QT (X, (z, 7)) # QT(X, (a,a)) and (X, (1/2,1/2)) € QT(X, (z,2)) N QT(X, (a,a)),

Q7 is not a partition. A

The reason why @7 in Example 8.7 is not a partition is that message profiles (x,z) and
(a,a) lead to the same posterior belief profile, yet (z,x) realizes only in state X whereas
(a,a) realizes in both states. This situation, of course, can happen only as long as the
signal is not minimal. Thus, 7 € II"™ is sufficient for Q7 to be a partition for all 7 € V.
In order to prove this we define, for 7 € II, the function ¢ : H™ — A™ by

O(w,s) = (w,A%), (w,s)e€ H". (13)

Proposition 8.8. Let m € [I™. Then ¢ is a bijection and, for every (w,s),(w',s") € HT
and every i € N, it holds that (w,s) € P (w',s") if and only if ¢(w,s) € QF(w', ). In
particular, QF is a partition.

Proof. First note that since 7 € II™, for any (w, s), (', ") € H™ with s # ¢, it holds that
(w, \%) # (w’ , )\S'). That is, no two distinct histories are mapped to the same posterior
history. Thus, ¢ is a bijection.

Let (w,s),(w',s") € H" and i € N. If (w,s) € P («',s'), then ¢ (w,s) = (w,\*) €
QT (W', §') by the definition of QT (w', ). If (w, \*) = ¢(w,s) € QF (', '), then (w,s) €
Pr(w', s"). Therefore, (w,s) € Pf(w',s") if and only if ¢p(w, s) € QT (W', ).

Suppose QF (w,s) N QT (W', s") # 0. Tt follows that P (w,s) N P (', s") # 0, so
Pr (w7 S) =P (wlv 5/)' Therefore, Q)F (w7 S) =¢ (Pf (wv 5)) =¢ (Pz7r (w/7 S/)) = Q7 (wlv 5l> )
so QT is a partition. |

The converse of Proposition 8.8 is not true. That is, even if the map ¢ in (13) is a bijection
with the required properties, it is still possible that 7 is not minimal.

Example 8.9. Let N = {1,2}, Q@ = {X,Y}, and \°(X) = 1/3. Let the signal 7 € II be
defined by

7 | (a,a) (b,0) (a,¢) (c,a) (bd) (d,b) (ee)
X 5 0 0 0 : 5 >
Y 0 3 5 : 0 0 3

Then, for receiver 1 we have A*®(X) = A\"?(x) = 1/3, A*(x) = 0, A*P(X) = 1,
and A% (X) = 5/13. For receiver 2 we have AY"(X) = APY(X) = 1/4, A\{*9(X) = 0,
APD (XY =1, and A9 (X) = 5/13. Note that message profiles (a,a) and (b,b) lead to
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Figure 1 Commuting Diagram for 7 € I1¢, see Corollary 8.10.

the same posterior belief profile, (1/3,1/4). Thus, 7 is not minimal. For the support of
the induced distribution o we find

supp(9) = {(5:3) - (5:0) (0.:2) . (5: 1) (1. 4) - (35 45) } -
The sets PT and Q7 defined by the information and posterior correspondences of receiver 1
are as follows:

={(X,(a,a)), (Y, (a,0))}, {(Y, (¢, a)) } ., {(X; (b, d)), (Y, (b,0)) } , {(X, (d, b)) } ,

{(X, (e,€)), (Y, (e,€))}

=HX G1) (Y G0) A 0.0))) ARG D) (G, 2) 1A (L))
{(X (50 53)) - (Y (55, 53)) 3 -

Similar calculations can be made for receiver 2. It is easily checked that not only are OF
and QF partitions, but ¢ is a bijection as well. The reason QT and QF are partitions,
even though 7 ¢ TI™ is that the message profiles which lead to the same posterior, (a, a)
and (b, b), never realize in the same state. A

Observe that if 7 € II¢, then ¢ is the identity. Hence, the proposition implies that the
partitions PF and QF are identical. For all = € I1¢, let 7* € II° be defined as in (7), i.e.,
7* denotes the LIS obtained by replacing the messages of m by the posteriors they lead
to. Then the posterior history partition of 7 is equal to the history partition of 7¢. Thus,
we have the following corollary which is depicted in the diagram in Figure 1.

Corollary 8.10. Let m € 11 and ©° € TI* be defined as in (7). Then, for alli € N,
Qr =Qr =P

9 Informativeness of Signals

Example 8.6 derives the posterior correspondences of the receivers under 7 and 7’ from
Examples 5.2 and 5.4. Observe that receiver 1 has more precise information about re-
ceiver 2’s knowledge of the true state under 7: while he only observes w under #’ and,
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thus, never learns what message receiver 2 has observed, under m upon observing v he
knows that receiver 2 knows the true state. In this sense 7 is “more informative”: a
notion that depends on the posterior correspondence and which we will make more for-
mal soon. Beforehand, we make the brief observation that the posterior correspondence
itself is invariant under equivalence or, put differently, that the posterior correspondence
is language independent.

Lemma 9.1. Let 7,7’ € I1 with © ~ «'. Then, for everyi € N, QF = QF .

Proof. Since ™ ~ 7', for every i € N there is a bijection v; : ST — ST such that, for
every w € (Q, for every s € S™, 7' (¢(s)|w) = 7(s|w).

Let (w,s) € H™ and i € N.

We have that (&', s") € P[(w, s) if and only if (&',s") € H™ and s, = s; if and only if
(W, (s") € H™ and 1;(s}) = 9;(s;) if and only if (', 1(s")) € PF (w,(s)).

Let (', \N) € QF (w,v (s)). Then, by the definition of QT there is (w',¢ (")) €
P (w, 1 (s)) with X Z V. As shown in the previous paragraph, this implies (v, ') €
PF (w,s). Since by construction \* = pUR N, it follows that (w', ') € Q™ (w, s) and
therefore Q7 (w, 1 (s)) C QT (w, s).

Since ~ is reflexive, we also have that QT (w, s) C QT (w,v (s)). |

We argued in Example 8.6 that the signal 7 is “more informative” for receiver 1 than
signal 7’. We now give a precise definition of being more informative.

Definition 9.2. Let ¢ € ¥ and 7, 7" € II(0). The signal 7’ is at least as informative as
7 if for all ¢ € N it holds that

(i) for all Q" € QF there exists Q € QF such that Q' C Q,
(ii) for all Q € QF, Q" € QF with Q N Q' # it holds that Q' C Q.

Moreover, m and 7’ are equally informative if w is at least as informative as «’ and vice
versa; 7' is more informative than 7 if 7' is at least as informative as 7 and not equally
informative.

Our notion of informativeness depends only on the posterior correspondences that are
induced by a signal, which are similar to the elements of information partitions in the
seminal work of Aumann (1976). To conclude that a signal is more informative, however,
Definition 9.2 does not require QF and QF to be partitions: condition (i) ensures that
we are able to compare them even if they are not. When they are partitions, which is the
case if m, 7" € TI™ by Proposition 8.8, then Definition 9.2 reduces to condition (i).

It is easily verified that the notion of being at least as informative is transitive. Our
second observation serves as a sanity check: two signals should be equally informative if
and only if they induce the same posterior history. And this is true.
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Lemma 9.3. Let 0 € ¥ and w,n" € ll(0). Then m and 7" are equally informative if and
only if QF = Qf/.

Proof. Clearly, if O = QF then 7 and 7’ are equally informative. For the other direction,
assume that 7 and 7’ are equally informative. As 7’ is as informative as 7, for all Q" € QF
there is Q € QT such that @' C Q. As @' NQ # 0 and as 7 is as informative as 7', it
must hold that Q C @', i.e., @ = Q. Thus, QF C Q7. Using the same arguments one
finds QF C QF . u

Two further observations on informativeness are worth mentioning here. First, if 7’ is
at least as informative as m, then A™ C A™. Second, and an immediate consequence
of Lemmas 9.1 and 9.3, equivalent signals are equally informative. This is in line with
our interpretation of equivalent signals as using different languages: if the same messages
were conveyed in different languages, one would not expect them to become more or less
informative.

Example 9.4. Recall the signals 7 and 7’ from Examples 5.2 and 5.4. The posterior
history correspondences of 7 and 7’ were derived in Example 8.6. Note that A™ = A™
and that 7, 7" € II"™. Thus, Proposition 8.8 implies that, for every i € N, QT and Qf/ are
partitions of the same set. More precisely, they are given as

={xGD) (VG ARK G3) (V(5:3)) 1
= {X GO AT GO AR G2) (V(5:3)) 1

T={EGD), (G0), (X (5:3). (V: (5:3) )
QZ{{( D) AT G 0) A G2) s (Y (53) 1y

It holds that Q7 is a finer partition than QT and that QF = le. Thus, 7 is more
informative than 7. A

wl»—‘

Note that we do not require QF and Q7 to be partitions in order to compare 7 and 7.
Nevertheless, if they are partitions, then #’ is more informative than 7 if the restriction
of QT to A™ is coarser than QF .

Proposition 9.5. Let 0 € ¥, m, 7’ € II(0), and A™ C A™. If © € 1%, then 7' is at least
as informative as .

Proof. By Corollary 8.10 and Lemma 9.1 we can assume without loss of generality that
7 € I1°, so that QF = PF for all i € N.

Let i € N. Assume Q € QF and Q' € QF are such that Q N Q" # (. We first
show Condition (ii) of Definition 9.2, i.e., @ C Q. Let (w*,\*) € Q@ N Q. There is
(w,\) € H™ such that @ = QF (w,\) = P (w,\). Thus, by Lemma 8.3, we have that
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Q = Pr (w*, \*). Consider ((IJ, 5\) € @' There is («',s') € H™ such that Q' = QF (', ')
and there is (w”,s") € PT (W', ') with N =X In particular, since s = s}, we have
N\ = )\f” = )\f, = X\ Since A™ C A™, we have ((D, 5\) € A", and since \; = A}, we have
(@, A) € PF(w*,\*) = Q. We have shown that Q' C Q.

In order to prove Condition (i) of Definition 9.2 it is now sufficient to show that for
cach Q' € QF there is Q € QF with Q N Q" # 0. Let (',s') € H™ be such that
Q = QF (). It holds that (&', ) € Q' € A™ C A™. Thus, there is Q € OF with
W, \) € Q. n

Proposition 9.5 reveals that among those signals that induce the same distribution over
posterior belief profiles, those that are direct and have the largest number of posterior
histories are the least informative. We can interpret the condition A™ C A™ as @’ pro-
viding additional information about what posterior histories are impossible. It is worth
mentioning that this condition together with the directness of 7 implies that Q7 contains
at least the same number of elements as Qf and that these elements are smaller in the
sense of set inclusion.

Consider 7, 7’ € I19 that satisfy the conditions of Proposition 9.5. In this case A™ C A™
would prevent 7w from being at least as informative as 7’. Thus the following corollary is
immediate.

Corollary 9.6. Let 0 € ¥ and 7, 7' € I1%(0). If A™ = A", then 7 and 7' are equally
informative. If A™ C A™, then 7' is more informative than .

In Corollary 6.10 a signal is transformed into an LIS that induces the same distribution
over posterior vectors. Although they are not equivalent if 7 is not direct, they have the
same set of posterior histories as the next lemma shows.

Lemma 9.7. Let A(Q)" C S and w € II. For «’ as defined in (7) it holds that A™ = A™.

Proof. Observe that (w,A) € A™ if and only if there is s € S™ such that A = A\* and
7 (slw) > 0. This, however, is equivalent to 7 (Aw) = > ooy 7 (s|w) > 0, which
holds if and only if (w, \) € H™ = A™. |

Proposition 9.5 and Lemma 9.7 immediately imply the following result.

Corollary 9.8. Let A(Q)" C S, w € 11, and 7* € 11 as defined in (7). Then 7 is at least

as informative as 7'

Corollary 9.8 suggests that using language independent signals reveals as little information
as possible. The following example demonstrates that this is, in general, not true.
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Example 9.9. Recall 7 and 7’ from Example 7.6. Both signals are language independent
and, hence, direct. However, as shown in Example 8.1, A™ = H™ C H™ = A™. Thus,
by Proposition 9.5, «’ is more informative than 7. Observe that it is not relevant that
7 is an LIS: when translating each message sent under 7 in two different languages and
sending both with equal probability, we obtain a signal that is not even minimal, but
equally informative as . A

Our final result identifies those signals that are least informative. Let o € ¥ and recall
that the set P(o) is convex. The relative interior of P(o) is defined as

relint (P(c)) = {p € P(0)|Vp' € P(0), Ja> 1, ap+ (1 —a)p' € P(o)}.

Proposition 9.10. Let A(Q)" C S, o0 € 3, and w € ll(0). For every p € P(o), define
the signal 7w € I by

™ (ANw) = weQ, \e supp(o).

If p € relint (P(0)), then 7 is at least as informative as mP.

Proof. First observe that for every p € relint (P(o)) it holds that p (w, A) > 0 whenever
there is p’ € P (o) with p’ (w, A) > 0. Thus, for any such p,p’ it holds that

A = {(w,) € Q x supp(0)[p/(w, A) > 0} € {(w, ) € © x supp(a)[p(w, A) > 0} = A™

So, by Corollary 9.6, it holds that 7 is at least as informative as 7P.
Let 7° € T be as defined in (7) and define p’ € P(c) by

P (w, ) = (W)’ (\w), weQ, \csupp(o).
¢

/ . . .
Then 7t = 77", Thus, as seen before, ¢ is at least as informative as 7?. Moreover, b
) ) )

Corollary 9.8, 7 is at least as information as m¢. Hence, 7 is at least as informative as
7P, |

In other words, given a distribution o € X, if p is in the relative interior of P(o), then
7P is a least informative signal. The proof consists of two steps. First, 7 is at least
as informative as the signal 7° that relates to m as described in (7). It follows from
Corollary 9.6 that for any p’ € P(0), n” is at least as informative as 77, so in particular
7 is at least as informative as 7P.

Recall signals 7 and 7" from Example 7.6. We concluded in Example 9.9 that 7’ is
more informative than 7. The result also follows from Proposition 9.10 since it implies

that 7 is a least informative signal as we have p € relint(P(0)).
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10 Conclusion

This paper considers an information design framework with multiple receivers and inves-
tigates (i) the inducible distributions of posterior belief profiles and (i¢) informativeness
of signals. The sender can restrict attention to particular classes of signals without loss
of generality. In particular, any distribution over posterior belief profiles can be induced
by a language independent signal. Moreover, any direct signal can be transformed into
an equivalent LIS.

Extending Kamenica and Gentzkow (2011) by assuming multiple receivers and private
communication imposes further constraints on inducible distributions over posterior belief
profiles; so that Bayes plausibility is no longer a sufficient condition. We formulate the
additional conditions in the form of a linear system of equations that needs to have a
non-negative solution. These conditions, together with Bayes plausibility, are necessary
and sufficient.

We define informativeness in terms of knowledge about the true posterior history.
For every signal there is language independent signal that is not more informative. Any
element in the relative interior of the set of all language independent signals which induce
a particular distribution belongs to the set of least informative signals.
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