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Abstract

We analyze the infinite repetition with imperfect feedback of a simultaneous or sequential game,
assuming that players are strategically sophisticated (but possibly impatient) expected-utility max-
imizers. Players correctly frame the repetition of the one-period game as a grand repeated game.
Sophisticated strategic reasoning in the repeated game is combined with belief updating, or revision,
to provide a foundation for a refinement of self-confirming equilibrium. In particular, we provide
an epistemic analysis of rationality and common strong belief in rationality, extending some existing
results to our context. Then, we combine beliefs updating and sophisticated reasoning to provide
sufficient conditions for a kind of learning—that is, the ability, in the limit, to exactly forecast the
sequence of future observations—thus showing that impatient agents end up playing a sequence of
self-confirming equilibria with strongly rationalizable beliefs of the one-period game. Moreover, any
such sequence is the possible outcome of a repeated interaction among sophisticated, impatient players
that satisfy the sufficient conditions for learning. Irrespective of whether individuals value the future,
if they are able to learn then they will play in the limit a self-confirming equilibrium with strongly

rationalizable beliefs of the continuation game.



1. Introduction

In this paper we analyze the limits of learning dynamics in the infinite repetition with imperfect mon-
itoring of a one-period game played by strategically sophisticated agents. The one-period game may
be sequential or with simultaneous moves. Focusing on the case of impatient agents who maximize
their subjective expected one-period payoff, we relate such limits to solutions of the one-period game,
that is, self-confirming equilibrium and rationalizability.

In a self-confirming equilibrium (SCE), players best reply to confirmed beliefs about co-
players’ behavior, where “confirmed” means that each player, given her beliefs, correctly predicts her
observations about play. The SCE concept characterizes the limits of learning dynamics in games
played recurrently given the possibly imperfect feedback about play obtained by each player at the
end of each period (e.g., Fudenberg & Kreps 1995 and Gilli 1999). Note that the SCE term was
coined by Fudenberg & Levine (1993), but the concept was also previously or simultaneously called
“conjectural equilibrium” (Battigalli 1987, Battigalli & Guaitoli 1988, Rubinstein & Wolinsky 1994)
and “subjective equilibrium” (Kalai & Lehrer 1993, 1995). Here we stick to the more explicative SCE
terminology (see the discussion in Battigalli et al 2015). In an SCE, beliefs about others may be
incompatible with strategic reasoning based on what is commonly known about the game. Indeed, in
an environment with possibly incomplete information and private values,' the SCE set is independent
of players’ interactive knowledge of the profile of payoff functions. It is then natural to ask how one
can characterize the limits of learning dynamics when beliefs are shaped by sophisticated strategic
reasoning, which we take to mean some form of common belief in rationality.

The literature offers two kinds of answers that directly focus on refinements of SCE, neglecting
an explicit analysis of learning dynamics. The simplest one can be found in the works that first put
forward a version of the SCE concept (Battigalli 1987, and Battigalli & Guaitoli 1988): SCE should be
refined by requiring that players’ beliefs about co-players’ behavior assign probability 1 to co-players’
rationalizable strategies, a condition that follows from common belief in rationality. Yet, such SCE in
rationalizable beliefs allows for the possibility that confirmation of beliefs is not commonly believed,
which may be thought to jeopardize the stability of the equilibrium. Intuitively, if confirmed beliefs
is a pre-requisite to play again the same strategies, why should a sophisticated player who is unsure
whether her co-players’ beliefs are confirmed expect that they behave in the future as in the current
period? And if they don’t, why should she? Motivated by such informal considerations, Rubinstein &
Wolinsky (1994) proposed an even more refined notion of SCE: while an SCE in rationalizable beliefs
obtains if there is common belief in rationality and beliefs are confirmed, in a rationalizable SCE?
players beliefs about behavior are compatible with common belief of both rationality and confirmation
of beliefs. Rationalizable SCE is elegant and intuitive, but—unlike the mere SCE concept, to the best
of our knowledge—there is no formal result relating it to learning in recurrent interaction. Instead,
here we obtain a kind of learning foundation for SCE in rationalizable beliefs.

To formally represent rationality and strategic sophistication, we adopt the approach of dynamic
epistemic game theory® extended to infinitely repeated games as in Battigalli & Tebaldi (2019). To

ease notation, we assume complete information: the rules of the game and players’ expected-utility

'Knowledge of one’s own payoff function.
2In their words, “rationalizable conjectural equilibrium.”
3See the survey of Dekel & Siniscalchi (2015).



preferences over streams of stochastic outcomes are commonly known. Since the one-period game
being repeated may have a sequential (multistage) structure, we need to distinguish between strate-
gies of the one-period game and strategies of the repeated game; we call the latter superstrategies.
Players are endowed with conditional probability systems (CPSs), which specify subjective be-
liefs about the behavior and beliefs of co-players in the infinitely repeated game conditional on every
personal history (roughly, information set) so as to satisfy the chain rule. We assume that players are
rational, that is, they carry out strategies that maximize their subjective expected utility conditional
on every personal history, including those that they did not expect to observe according to earlier be-
liefs specified by their CPSs. Of course, assumptions about intertemporal preferences are crucial. We
mostly focus on the extreme case of impatient players who do not value future payoffs, as in much of
the literature on learning in games, but we also consider the more general case of a positive discount
factor. To model strategic sophistication, we assume common strong belief in rationality (Battigalli
& Siniscalchi 2002): each player strongly believes in the co-players’ rationality, i.e., she assigns
probability 1 to it conditional on every personal history that does not contradict it; furthermore, she
strongly believes that, on top of being rational, her co-players also strongly believe in the rational-
ity of others; analogous assumptions hold for higher and higher levels of beliefs about beliefs. With
this, in every period impatient agents play (strongly) rationalizable strategies, and assign probability
1to the (strongly) rationalizable strategies of others even if they are surprised.* The reason is that,
on a rationalizable path, unexpected observations cannot be due to deviations from rationalizability;
therefore, common strong belief in rationality implies that even surprised players keep believing in
rationalizability. To obtain convergence to SCE play, we assume that the profile of superstrategies
and CPSs satisfy an “observational grain of truth” condition (cf. Kalai & Lehrer 1993, 1995):
after some date T, each player assigns positive probability to what she is actually going to observe
in the continuation (infinitely repeated) game.® This implies that in the long-run limit players assign
probability 1 to what they observe, i.e., their beliefs are confirmed. Since impatient players maxi-
mize their one-period subjective expected utility, there must be convergence to playing an SCE in
rationalizable beliefs in each period. However, the SCFE played in the limit may change from period to
period, because convergence of beliefs about co-players’ superstrategies does not imply convergence of
marginal one-period beliefs about co-players’ strategies. We also show a converse: for every sequence
of one-period SCEs in rationalizable beliefs there is a profile of superstrategies and CPS satisfying the
aforementioned conditions that yields such sequence in the limit. We also extend our results to allow
for a positive discount factor: under rationality, common strong belief in rationality and observational
grain of truth, players’ behavior and beliefs converge to an SCE in rationalizable beliefs of the repeated
game, that is, in the long-run limit players best respond to confirmed beliefs assigning probability 1
to co-players’ rationalizable superstrategies, and the appropriate version of the converse mentioned
above also holds.

The rest of the paper is organized as follows. Section 2 contains some mathematical preliminaries.
Section 3 describes one-period multistage games with imperfectly observable actions and their infinite

repetition. Section 4 analyzes rationality for the one-period game and its repetition, and characterizes

4strong rationalizability is akin to the notion of rationalizability for sequential games put forward by Pearce (1984);
thus, it coincides with the usual rationalizability concept in games with simultaneous moves. Since it is the only version
of the rationalizability idea considered here, we sometimes simplify our language and omit the adjective “strong.”

5Absent randomization, which we exclude because expected utility maximizers have no need to randomize, our
assumption is a generalization of the “grain of truth condition of Kalai & Lehrer (1993).



the behavioral and first-order-beliefs implications of rationality and common strong belief in ratio-
nality. Section 5 analyzes convergence of beliefs. Section 6 contains the main result of the paper,
i.e., convergence to SCE with strongly rationalizable beliefs. Section 7 discusses in detail the related

literature and some possible extensions of our work.

2. Preliminaries

2.1 Mathematical notation

We denote with [n] = {1,...,n} the set of the first n natural numbers. Given a finite set X, we denote
by X[ the set of functions from [t] to X, i.e., the sequences of length ¢ of elements of X, by X the
set of infinite sequences of elements of X, by X% = {&} the singleton containing the empty sequence
@, by X<No = Uy, X the set of finite sequences of elements of X, and by X=<No = X <No y XN the
set of finite and infinite sequences of elements of X.6 To make the elements of the sequence explicit,

we write zlfl = (zF)! _| for any ¢t € NU {cc}.

We endow every finite set X with the discrete topology and the corresponding Borel g-algebra
B(X), which coincides with its power set 2%. We endow any Cartesian product of sets with the
product topology and the corresponding Borel o-algebra. Then, given a countable sequence of finite
sets (Xt),en, the o-algebra B(X) on their product X = [],.X: is the one generated by all the
cylinders of the form {x1} x ... x {2} x X1 x ..., with ¢ € N.” Given any topological space Y
endowed with its Borel o-algebra B(Y'), we denote by A(Y") the space of probability measures defined
over (Y,B(Y)), which we endow with the topology of weak convergence.

On the space of sequences we can define a natural partial order, the “prefix of” relation, denoted
by =<, in the following way: for all £ € N, t € NU {oc}, ¥yt ¢ x=No,

2l <yl e (£ 2 0) A (3470 € X0, il = (3l 0-1))

where (2!, 2lt=1) is the concatenation of 2 and 2I'=¥ (for t =1, 2l = & is the empty sequence and

(29, 2[00y = 2[1). Given a sequence zl!! € X!, we define its length as £(z) = ¢.

2.2 Dbeliefs representation and properties

In this subsection we introduce conditional probability systems, representing players beliefs and hier-

archies of beliefs, and give the definition of strong belief.

Definition 1: Let Y be a Polish space and C C B(Y') be a countable collection of Borel subsets
of Y. A conditional probability system (CPS) on (Y,C) is an array of probability measures
k= (u(1C))oee € [AY)E such that:

(i) for allC €C, p(CIC) =1;

That is, we regard such sequences as functions with domain [n] or N and codomain X.
"See, for example, Aliprantis & Border, Infinite Dimensional Analysis



(ii) for all E € B(Y) and C,D € C such that EC D C C,

W(E|C) = p(EID)u(D|C).

We denote with AC(Y) the set of all CPSs on (Y,C). CPSs will be used to represent the beliefs of a
player about opponents’ behavior and beliefs, compactly modeling the way in which, upon observing
some sequence of messages (from which a conditioning event can be inferred), the player updates
her beliefs. The interpretations are: (i) upon observing a certain sequence of messages, a player is
certain about it; (ii) beliefs comply with the chain rule of conditional probabilities, which connects
two beliefs conditioned on two different events, when one event is contained in the other (i.e. one
sequence of messages is a possible continuation of the other) and belief conditioned on the larger event

gives positive probability to the smaller event.

Definition 2: (Battigalli and Siniscalchi (2002)) Fiz an event E € B(Y) and a CPS € AC(Y). We
say that u strongly believes E if, for every C € C,

ENC#0= wE|C) =1.

Take a decreasing sequence of events &, then u strongly believes & if it strongly believes every element

of €.

3. Set up

3.1 Omne-period game

A finite multistage game with feedback is a game that may last for more than one stage, where at each
stage every player chooses an action and then observes a message about the play. We represent the
information accruing to agents as the play unfolds with a formalism that is similar to the one used to
represent information (monitoring) in repeated games.® Stages are indexed by natural numbers: stage
k starts after the end of stage k — 1 and ends with the realization of the action and message profiles
(a¥)ier and (mF);er (of messages). At a stage in which a player 4 is inactive, we adopt the convention
that her set of available actions is the singleton {w}, where w is interpreted as the action “wait”. A
finite multistage game has necessarily a finite horizon, that is, a maximum number of stages L € N
after which the game ends. In order to simplify the formal representation of the infinite repetition of
the game, we adopt the convention that, each time the one-period interaction is played, the play lasts
L stages. If at some history shorter than L the game ends, then players are assumed to play the action
“wait” for all the following stages, until the L-th. The rules of a multistage game are represented by

the primitive elements

<Ia (Alv Mi; Ai: Fi)i61>7

where:

8See Battigalli & Generoso (2021).



I is the finite set of players;
e A, is the finite set of all actions player i may ever take at any point in the game;

e M is the finite set of all messages player ¢ may ever observe at any point in the game, including

the “message” observed at the beginning of the game;

o A, = (Aig M, = Ai)£:1 is a sequence of constraint correspondences: for every k and for
every possible message mf_l observed at the end of stage k — 1, .A,’f (mf_1> specifies the set
of i’s feasible actions at stage k. The set of actions feasible for a player at a given stage must
depend solely on what the player has just observed. With this representational assumption, any

informative effect of available actions is internalized in the messages;

o [, =( ff AR Mi)ﬁzo is the incremental feedback function, representing the informational
flow structure of the game. For every k and every conceivable sequence of action profiles al¥l,
fik (a[k]) is message observed by player i at the end of stage k after a/¥l. Then, the sequence of
such feedbacks up to the current stage, which is the incremental feedback function, determines
the information potentially available to a player, besides the sequence of her own actions, that
are automatically observed as soon as they are irreversibly chosen. The initial message f(@)

informs i of her feasible actions in the first stage.”

The primitives allow the derivation of the sets of one-period histories and personal histories, that
is, the objective and the subjective trees (see Appendix B) generated by the one-period game form.
Recalling the notation for sequences, we label the sequence of messages received until the end of stage

k by player i, when the sequence of action profiles al*! has been played, as fi[k] (a[k]). The corresponding
(%]

sequence of actions played by 4 is instead written as a; (a[k]). Then, we can define the following sets:

e H is the set of histories, that is, the feasible sequences of action profiles including the empty

sequence al¥ = & (root):

= {o}u {(a%ﬂ S LYk E ] a € HAi-“(fi’“‘l(a[’“‘”))} ;

iel

Z ={z€ H:{(z) = L} is the set of terminal histories;

e H = H \ Z is the set of non-terminal histories;

the set of personal histories is

H = {(f22))}u{(a;,m)¥ € AM x M . 1 < 1,3™ € & 1y, (7 (alM ally = My,

—17 K3 —1 1
a;

and it is paritioned into Z; and H; (terminal and non-terminal personal histories).lo

Personal histories represent what a player is able to observe at each stage given that a certain

history has occurred. Whether every player knows her set of personal histories prior to the game

9We abuse notation by letting f?(2) = .
1Oﬁa[k] is the section of H at aEk].

1



depends on whether she knows action sets and sequences of constraint correspondences of everybody
and incremental feedback function of herself. Whether at a certain stage she is able to use the sequence
of own actions and messages she has observed as information depends on her memory. The assumption
of perfect recall consists thus in saying that, at every stage t, each player ¢ knows her personal
history. Given such assumption, personal histories of actions and messages yield a representation of
information equivalent to information partitions. To simplify notation, we let O; : H; = H be the
correspondence that assigns to every personal history of ¢ the corresponding information set, i.e., for
every h; = (agk],myﬁ]) € H;:
Oi(hi) ={g € H: £(g) = k.o (9) =a”, £ (¥ (9)) = m]"T}.

Note that we consider players’ information also when they are inactive and at the end of the game. The
latter information is used at the beginning of the new one-period game when it is repeated. Therefore,
there are terminal and non-terminal information sets. Notice that O, V. H — H, is a well-defined
function assigning to every history the unique corresponding personal history of player .

We now define strategies. We think of a strategy as the plan in the mind of a player, who can

think about the actions she intends to choose at each of her non-terminal personal histories. Formally,
E(hi)Jrl

she forms a plan s; = (s;(hi))n,eH, € Si = XneH,A; (h;), where for the sake of simplicity we are

abusing notation by letting

AL ) = AL (D))

K3 K3 (2

From this, it is straightforward to define the induced objective strategy by s;, based on objective

histories: ; = 8;00; ' € Xpe HAf(h)H(OZ»_ (h)). From these elements we can derive the path function

¢ : S — Z mapping strategies to terminal histories: for every s € S = x;¢15;, ((s) = (ak)£:1 € Z,
a' = (5;(9))ier and, for every [ > 2, a' = ((si(Oi_l(a[l_l])))iej).
It is also useful to define, for each player ¢ € I, the sets of profiles that induce, and strategies that

allow, some personal history h; € H;:

o S(hy) ={s€S:3x e 0;ihi),x = ((s)} is the set of strategy profiles that induce h;;

o Si(h;) ={si € S;:3s_; € S_;,3x € 0j(hi),x = ((s—i,si)} = projs,S(h;) is the set of strategies of i
that allow h;;

o S_i(hi) = {s—i € S_;:3s; € Si,3x € 0;(hi),x = ((s—i,8:)} = projs_,;S(h;) is the set of strategy
profiles of opponents that allow h;.

Informally, common knowledge of the rules of the game implies that these correspondences are

commonly understood. Analogous definitions holds for “objective” histories h € H:

o S(h)={se€S:h=((s)}
o Si(h)={s; €S;:3s_; € S_i,h 2 ({(5—i,si)} = projs,S(h);

o S_i(h) ={s—i € S_i:3s; € Si,h < ((s=4,8)} = projs_,S(h).



Intuitively, S_;(h;) represents the information that h; reveals to i (assuming that she has perfect

recall) concerning the strategies that the co-players are carrying out. Hence, for every i,
CZ' = {S_Z(hz) : hi < Hz}

is the collection of observable events concerning the co-players’ behavior that will be used to define

the set of conditional probability systems (CPSs) of i.

We now define two other useful objects: the set of personal histories consistent with a given

strategy, that is, for any 7 € I and s; € .5;,
HZ(SZ) = {hz S ﬁl 18 € Sl(hl)}

(again, its partition in H;(s;) and Z;(s;) is straightforward); the set of continuation strategies of i at

any given personal history h; € H;,

=h; £(g:)+1
Si_ = xgiGHi,githiAi ’ (gl)

Defining a set of outcomes Y, an outcome function v : Z — Y and von Neuman-Morgenstern
utility functions (v; : Y — R);cr, we construct pay-off functions (u; = v; 0y : Z — R);er attached
to terminal histories. From this, we can also conveniently define strategic form utilities U; : S — R
such that U; = u; o {, where the strategic form utility of ¢ is defined over strategies acting on personal
histories of 1.

Then, a multistage game I" with informational structure F' = (F;);cs is defined as
I'= <Ia (Ala Mi7 Aia Fi7 ui)i€I>'

To conclude the subsection, we define the notion of observationally equivalent strategies, which

plays a fundamental role in our analysis.

Definition 3: Fizxi € I, s; € S;, and s_; € S_;. We say that a profile of strategies s_; € S_; is
observationally equivalent, given s;, to the profile of strategies 5_;, if s_; € S_i(O;7*(¢(si,5-4))).

[

In words, s_; is observationally equivalent to 5_;, given s;, if these two profiles, when played along
with s;, induce the same sequence of messages observed by player i, who thus is unable to distinguish
between the two profiles. Indeed, we obtain the following formal characterization: for any given

s; € S;, two pairs of opponents’ strategy profiles s_; and §_; are observationally equivalent if and only

it 07" (¢(s1,5-4)) = 071 (C(s0,5-4))-

Example: Consider the following multistage game, which we will adopt as “running example”. Payoffs

and actions of player 1 are in bold, payoffs and actions of player 2 are in italic.



U
1\2‘ l ‘ c ‘ r 1\2‘ l ‘ c ‘ r
u 1,11(0,2 , u 2,0 1(1,1]3,-1
m |1, 0o, 1 m | 1,3[22]02
d 12 1 d |-1,8]1,1|-1,3

We do not assume that terminal information fully reveals the realized payoffs. In particular,
actions are ex post observable up to the following restrictions: first, independently of initial move by
player 2, when playing middle player 1 can not distinguish between feft and center, while player 2,
when playing ¢ or ¢, can not distinguish between m and u. Moreover, Down has an observational
drawback for player 2: after D, she loses the informativeness of r, which delivers the same message
independently of the action chosen by 1.

The restrictions on feedback imposed can be formally expressed as:
fil(z, (m,0)) = fi((z,(m,c),  f3((x, (m,0)) = f3((z, (u,0))),

Vo € {UvD}v fg((xv (m7c))) :f,g((l” (u’c)))7
F2((D, (w,r))) = f3((D, (m,r))) = f3((D, (d,r))).

3.2 Infinitely repeated interaction

The infinite repetition of the game is itself a multistage game, whose elements are clearly characterized
by the elements of the one-period game. For example, the set of feasible actions for player ¢ after

personal history (a[ﬂ ml[t]) c Agt] % Mz'[t] s

7

)

AF(ml)  1>0
AP (@) 1=0

where [ = ¢ mod L. For the sake of brevity, we abuse notation using A! to denote also the feasibility
correspondence assigning to sequences of ¢’s actions and messages of length ¢, with ¢ potentially greater
than L, the possible actions she might take at that personal history of the infinite game. Similarly,

the message observed by i after history all is

)

fil((ak)zlz;:t_g_l_l) (>0
2 =0

where again [ = ¢ mod L and we abuse notation denoting & the message of player i signaling the

empty history. For the sake of the analysis, we denote with f! the feedback function mapping from



sequences of action profiles of length ¢ to the corresponding message observed by 1.
Starting from these primitive elements, we can define the sets of histories and personal histories

of the infinitely repeated game. First, we extend the definition of the informational correspondences
0, : (AZ X Mi)SN = ASN

such that
Oi((ai,mi)[t]) = {a[t] ol = projA_gNam, fi[t](a[t]) = my]} )

S

Again, 0;1 is a well-defined function. Then, we define the various sets of histories as done for the

one-period game:

e H is the set of all histories;

e Z =HnN AN is the set of terminal histories;

H = H\ Z is the set of non-terminal histories;

e H; = O '(H) is the set of i’s personal histories;

)

1(Z) is the set of i’s terminal personal histories;

Z; = 0;

)

e H =0

7 1(H) is the set of i’s non-terminal personal histories.

Remark 1: Z= 2", Z; = Z, H = Uy,>0 (Z" x H) and H; = U,,>0 (Z* x H;).

In this context, we still call “strategy” the description of the information-dependent behavior of
a player in a single period. We instead call “superstrategy” the description of the information-

dependent behavior of a player in the repeated game; a superstrategy of player i is denoted with

S; €8, = XhiGHz’Af(hi)"Fl(hi). Then, one can define the path function:
¢:' S = Z
s <C <H S¢|Hi> G <H Si|{0{1(C(Hi€, projm, Si))}xHZ) ,) ,
= i€l

where, for every subset of non-terminal personal histories I?Iz CH,, is the restriction of s; to

the desired subset ﬁ,

Sl|ﬁz

Let the following sets of superstrategies be as usual:

e S(hy) ={s€S:3x e 0(hy), x <¢(s)};
e S;(h;) = projs,S(h;);

e S_i(h;) = projs_,S(h;);

e Sthy={seS:h=<((s)}

e S;(h) = projs,S(h);



e S_ij(h) = projs_,S(h).

Let H;(s;) = {h; : s; € S;(h;)}, and S?hi be the set of continuation superstrategies of 7 at personal
history h;.

Under the assumption of perfect recall, the collection of conditioning events for the CPSs of player
1 is

¢ = {S_Z‘(hi) :h; € Hz} .
In particular, beliefs of player i are represented by elements of A% (S_;).

Definition 4: Fizxi e l,s; €S;, ands_; € S_;. We say that a profile of superstrategies s_; € S_; is

observationally equivalent, given s;, to the profile of superstrategies S_;, if s_; € S_i(Oi_l(((si,E_i))).

Alternatively, s_; and 5_; are observationally equivalent, given s;, if O;* ((s;,5-;)) = O; ' ({(si,5-1))-
Every period an outcome from the finite set Y (of the one-period game I') is generated. Recall from
Section 3.1 that outcomes are determined by a function g : Z — Y, and, for every player i, we define a
von Neumann-Morgenstern utility function v; : ¥ — R. Then, we construct the profile of one-period
payoff functions (u; : Z — R);cr and one-period normal-form payoff functions (U; = u;0( : S — R);e;.
As we have seen in Remark 1, a terminal history of the repeated game can be seen as a sequence of
terminal histories of the one-period game, i.e. z = (2%(z)){2,, where 2'(z) = (al(z))g(til)LH, and
2 = (2*(z))L_,. Along the path z, a sequence of outcomes (y');eny = (9(2'(2)))ien is generated.
Hence, starting from the one-period payoff functions, we define the intertemporal payoff function of
player ¢ over histories as the summation of the discounted accrued one-period payoffs. We endow every
individual with a discount factor ¢; € [0, 1) representing his intertemporal preferences. We define the

payoff function on terminal histories as

z +— uz):= Zéflui(zt(z)).
t=1

Hence, we can also define the normal-form payoff function of i:

s = ui(¢(s)).

When players are impatient, meaning they have zero discount factor, no payoff can be attached
to infinite terminal histories. As we will see, to cope with this issue and generalize over any possible
0; € [0,1), we directly rely on a form of sequential rationality based on continuation values, that
is, we require players to take, at every personal history, choices that maximize the discounted expected
utility computed at that point in time. As we show in Appendix A, the behavioral implications of this
computation are equivalent to the ones of a computation from an ex ante perspective whenever the
discount factor is strictly positive.

We have given all the elements to construct the infinite repetition of the multistage game T,

where the informational structure is given by F' = (F;);cr, and players have intertemporal preferences

10



represented by & = (0;)ier:
T(I,0) = (I, (Ai, M, Ay, ui, By, i)ier)-

4. Rationality and sophisticated reasoning

We begin this section defining continuation values, that is, current discounted expected utilities com-
puted at any personal history, on the basis of the beliefs about the continuation of the game. We
define these objects both for the one-period game and for the infinitely repeated interaction. Such
continuation values drive the decisions of the players, and thus we will use them to give our repre-
sentation of Rationality. We connect rationality and one-period rationality, and we characterize and
connect the behavioral and first-order belief implications of rationality and common strong belief in

rationality (RCSBR) and one-period rationality and common strong belief in rationality.

Definition 5: Take a player ¢ € I and a personal history h; € H;. The continuation value of
superstrateqy s; € S; at h;, given CPS p* € A%(S_;), is the expected value at h; of future payoffs,

assuming that s; is played and ' is believed from there onward, i.e.

o0

sztllll (Sz) = Z 5:_(€(hi) mod L)—1 / Ui(Zt(C(SZ"hZ’, S—i)))ﬂi(ds—i‘s_i(hi)),
t=(£(h;) mod L)+1 S_i(h;)

where s;|h; is the superstrategy allowing h; and playing like s; at each personal history that does not
(strictly) precede h;. Similarly, taking a one-period personal history h; € H;, the continuation value

of strategy s; at h;, given one-period CPS ~* € A%(S_;), is

Vi (s = > Ui(silhiys—i)7 (s—ilS=i(hi)).
SfiGS,i(hi)

Continuation values have well known continuity properties (see Appendix A), which prove useful

to define rationality and carry out the epistemic analysis of sophisticated strategic reasoning.

4.1 Rational planning

Player 7 is rational if she play a strategy that satisfies one-step optimality given her CPS. This definition

of rationality can be seen as a generalization of folding-back optimality to the infinite horizon case.

Definition 6: We say that a superstrateqy s; is one-step optimal in the repeated game given a CPS
pt € A%(S_;)—written s; € BR; (,ui) —if, for all h; € H;,

si(h;) €arg  max V.“}i_ (si|n, ;)
aiEAf(hi)H(hi) i,h; i),
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where si|n,a; is the superstrategy that allows h;, plays a; at h; and behaves like s; at any other personal
history that does not precede h;. Similarly, a strategy s; is one-step optimal in the one-period game
given a one-period CPS v € A% (S_;)—written s; € OR; (Wi) —if, for all h; € H;,

si(h;) € arg  max Vﬁ_(sﬂh.ai).
aiE.Af(hi)+1(hi) i,h; i

If players only care about the present, it follows intuitively that, in every one-period game, they
should act so as to maximize their current one-period expected utility. Proposition 1 formalizes this
fact.

Proposition 1: When player i is impatient, a superstrateqy s; is one-step optimal given CPS u' €
A% (S_;) if and only if, for every period t and path 21 the strategy induced in the corresponding

one-period game is one-step optimal given the induced one-period CPS.

The following remark clarifies that a repeated-game CPS induces in each period a one-period CPS.

Remark 2: Fiz a CPS p' € A%(S_;), a period t € N, and a path 2= Then, for each personal
history of the form h; = (Ofl(z[t_l]), hi) with h; € H;, the marginal of on the co-players’ strategies

]

played in the t-th repetition of the one-period game is a CPS of the one-period game.
In appendix A we show the following existence result.

Corollary of Proposition A.1 and Proposition A.2: For every player and every possible (one-

period) CPS, there always exists a one-step optimal superstrategy (strategy).

4.2 Strategic thinking and strong rationalizability

Battigalli & Tebaldi (2019, BT) extend the analysis of rationality and common strong belief in ra-
tionality of Battigalli & Siniscalchi (2002) to a class of infinite sequential games, which includes the
infinite repetition of finite one-period games (simultaneous or sequential). To provide perspective
for our results, it is useful to relate to their work. Events about behavior and interactive strategic
thinking can be defined within the canonical type structure (ﬁi : Ty — AH (S x T_i))i < based
on the given multistage game, in our case, the infinitely repeated game: T; is the space of epis-
temic types of player ¢, that is, infinite hierarchies of conditional probability systems based on the
countable collection {S_; (h;) x T_;};, ., of conditioning events corresponding to personal histories;
Bi (t:) = (Bim, (ti))p, cpr, (With Bin, (ti) € A(S—; (h;) x T—;) for each h; € H;) is the CPS over super-
strategies and types of the co-players associated with type (infinite hierarchy) t;, and function f; is a

homeomorphism.'t With this,

e an event about player ¢ is a measurable subset of S; x T;;

e R;is event “i is rational,” that is, the set of i-states (s;, t;) such that s; is one-step/sequentially

optimal given the first-order CPS in hierarchy t;, which is obtained from the marginal of each

1What really matters is that the type structure & la Battigalli & Siniscalchi features continuous and onto belief maps.
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conditional belief 3; p, (t;) on S_; (h;);

e SB; (E_;) is the event that i strongly believes FE_;, that is, CPS f; (t;) assigns probability 1
to E_; whenever E_; N (S_; (h;) x T_;) # 0;

° R;’”l = R" N SB; (RT{l), with R} = R;; for example, RZ? is the event that ¢ is rational and

strongly believes in the co-players’ rationality;

e rationality and common strong belief in rationality (RCSBR) is event X;c; R = X;crN_;
R

e finally note that N7°_,SB; (RTZ-_I) = SB; (R‘j"i); thus, (s;,t;) € R implies that f; n, (t;) assigns
probability 1 to R*, whenever R_; N (S_; (h;) x T_;) # 0.

Of course, a similar analysis applies to all finite games (see Battigalli & Siniscalchi 2002), including
the one-period games considered here. We are interested in the implications of RCSBR for strategic
behavior and beliefs about co-players’ behavior (first-order beliefs). Building on BT and adapting
their results, one can show that such implications are characterized by the strong rationalizability

solution concept defined below.
Definition 7: For every player i € I, let Z? =S, Z? =5,
211 = {(Si,ui) €S; x AQZ’(S_Z-) 1 8; € BRZ(,U/l)},

Ezl = {(Si,’yi) S Sl X Aci(S_i) 18 € (’)RZ(’y’)},

and recursively define, for each k € N,
S = {(s;, 1) €8s x A%(S_y) :'s; € BRi(p'), Vm <k,

Vh; € H;, projs_, X", NS_;(h;) #0 = ui(pTojsiiETi]S_i(hi)) =1},

and
S = {(s5,7") € S; x A%(S_;) : s; € ORi(7Y),Vm <k,

Vh; € Hi,pTOjs_iETi N S_z(hz) 7'5 0= ’}/i(pTOjs_iZT_nAS_i(hi)) = 1},

where X7 = [, ;27" and X7 =[], ,, X7". Then let 33° = Mren2F and ° = NpenXF. We say
that superstrategy s; (strategy s;) is k-strongly rationalizable if s; € projs, =¥ (s; € ¥¥), and that belief
ut (one-period belief v') is k-strongly rationalizable if ' € projae, (Sﬂ_)Ef ' € projAci(S_i)Ef). If
Ef and E? are substituted with ¥X° and 33° in the definitions above, we say that the belonging objects

are strongly rationalizable.

We can use this characterization result to study the implications of RCSBR in the case of impa-
tient players. The intuition is that the behavior of players satisfies one-period strong rationalizability
at every history, because rationality for impatient players is equivalent to one-period rationality, and
thus players at the beginning of the game should expect with probability 1 the behavioral implica-

tions of one-period rationality and common strong belief in rationality. As long as players carry out
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strongly rationalizable strategies, common strong belief in rationality implies that they keep assigning
probability 1 to the strongly rationalizable strategies of the co-players even if they observe personal
histories to which their earlier beliefs assigned probability 0. In other words, players should expect
to observe, in the first period, a message consistent with one-period strong rationalizability. Then, as
this expectation is confirmed in every period, that is it is not contradicted by the play, it remains the
highest possible level of sophistication that can be ascribed to others, and—by the best rationalization
principle embedded in RCSBR—players continue to believe in one-period strong rationalizability in

the following periods. Theorem 1 formalizes this intuition.

Theorem 1: When players are impatient, rationality and common strong belief in rationality induce

strongly rationalizable strategies and one-period CPSs in every period.

Evidently, one-period RCSBR is not implied after deviations from RCBSR, which are rationalized

ascribing to co-players lower levels of sophisticated reasoning.

5. Learning

We now focus on convergence of beliefs. In particular, we start characterizing profiles of superstrategies
and CPSs where beliefs have already converged. For this section, let ((s;, u*))ser be the true state,
that is, the profile of superstrategies played and beliefs actually held by players—equivalently, the true
state indicates a profile of superstrategies and types (s;,t;);c; in the canonical type structure. To
simplify notation, for every ¢ € N, we denote with h! the personal history of i at the beginning of
period ¢ induced by the true state, i.e. such that ht < O; '(¢(s;,s-;)) and £(hl) = L(t — 1).

Definition 8: A CPS on superstrategies for i, u* € A%(S_;), has converged from period T, if for
every t,k > T,
' (-S—i(hf)) = p'(-1S—i(hf)).

Suppose, without loss of generality, that k > t. For every E_; C S_;(h¥), the chain rule implies
p(E_i|S_i(h})) = p'(E_;|S_s(h})) - p*(S_i(hf)|S_;(h})).

Hence, convergence requires that 1*(S_;(h¥)|S_;(h!)) = 1. Since this must hold for every k,t > T, we

get the following characterization.

Remark 3: p' has converged from period T if and only if the belief conditional on the observed
personal history at T, p'(-|S_;(h})), assigns probability one to the set of opponents’ superstrategies

observationally equivalent, given i’s own superstrategy, to the true ones.

Hence, belief convergence completely characterizes learning, intended as the ability to perfectly
forecast the future messages one will observe. Intuitively, a player that is certain, and correct, about
the message she will observe at every period, has no reason to change her beliefs about others’ behavior.

Now, we are interested in understanding when learning takes place.
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Comment: Since beliefs are updated according to the chain rule, a sufficient condition for asymp-
totic convergence is the well known requirement that beliefs assign, at a certain point (finite history)
during the game, positive probability to the “true state of the world”. In our setting, the “true state
of the world” on which a player gradually gains information is the set of opponents’ superstrategies
observationally equivalent to the true ones, given the player’s feedback and her own superstrategy. We
call this property “observational grain of truth”. Assigning positive probability to the true sequence
of messages one’s is going to receive may be seen as a strong requirement, or as a weak one, depending
on the specific case. Our results are clearly similar to the ones of Kalai & Lehrer (1993), extending
them to the case of imperfect monitoring and multistage one-period games. Indeed, restricting beliefs
to the o-algebra generated by the collection (S—z‘(gi»hijgijo;l(c(s)), whenever player i, at some per-
sonal history h;, assigns positive probability to S_;(O; 1(¢(s))), then #’s belief is absolutely continuous
with respect to the objective distribution (the objective distribution is deterministic). Then, as Kalai
and Lehrer have shown, beliefs strongly converge to the objective distribution, asymptotically. In
the short/medium run, for every ¢ > 0, there exists a time starting from which beliefs are “c-close”
to the objective distribution. In our case, “c-closeness” means that the belief assigns probability at
least 1 — e to the set of superstrategies observationally equivalent to the true ones. We will thus show
that, by finiteness of the strategy space, from a certain period onward these “e-close” beliefs cause
impatient players to play “e-versions” of the one-period equilibrium concept attained in the long run,
that is, induced strategies are part of such equilibrium, while induced one-period CPSs are e-close to
the corresponding equilibrium ones. Our setting is much less convoluted than the one of Kalai and
Lehrer, due mainly to the fact that we do not allow players to adopt behavioral superstrategies (nor

strategies). Hence, we can provide a very simple proof of learning.

Definition 9: Fiz a player i, a profile of superstrategies (s;,s_;), and a CPS u'; we say that p'

contains an “observational grain of truth” given (s;,s_;) if there exists a T € N such that

' (S-i(0;(¢(si8-4)))[S—i(h])) > 0.

Observe that, while in our definitions we focus for simplicity on the beliefs held at the beginning
of periods, both Definition 8 and Definition 9 can be given equivalently in terms of personal histories,

induced by the true state, of general length.

Proposition 2: If CPS p® contains an “observational grain of truth” given (s;,s_;), then

limgsoop' (S—i(O;  (¢(si,5-4)))|S—i(h})) = 1.

Thus, if a player’s belief contains an observational grain of truth, the player will asymptotically
learn to perfectly forecast the future messages she will observe. In the short/medium run, learning

has “e-closeness” implications.

Corollary of Proposition 2: If CPS p' contains an “observational grain of truth” given (s;,s_;),,
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then, for every e > 0, there exists a time T such that, for all t > T

p(S—i(0; 1 (¢(sir5-4)))[S—i(h})) > 1 —e.

Obviously, observational grain of truth in the present context is a characterization of learning, as

its necessity is immediate.

6. Strong rationalizability, learning, and equilibrium

Let us start this section by defining the concepts of SCE and SCE with strongly rationalizable
beliefs, both for the one-period game and its infinite repetition. In the latter case, it is useful to
define also a variation of these two concepts, which we label as “eventual.” This simply requires the
characterizing conditions to hold only from a certain period on. Subsequently, we remark that e-
confirmation of a CPS implies e-confirmation of the induced one-period CPSs which, among other

things, helps us connect the concepts of SCE and one-period SCE (and refinements).

Definition 10: A one-period SCE is a profile of strategies and CPSs pairs ((s;,7"))ier € [Lic; Si x

A% (S_;) such that, for every i, 4* is confirmed by s and s; one-step optimal given ', i.e.:

(i) (confirmation of beliefs) v* (S—_;(0; '(¢(s)))[S—i) = 1;

(ii) (rationality) s; € OR;(7%).

((5:,7"))ier € [Lic; s a one-period SCE with strongly rationalizable beliefs if, for every i, A is

confirmed by s and (s;,~") are strongly rationalizable, i.e.:

(©) 7 (S=ilo; M (C(s))IS=i) = 15

(ii) (5i77i) SPVas

Definition 11: An SCE is a profile of superstrategies and CPSs pairs ((si, pi*))icr € [L;e; Six A% (S_;)

such that, for every i:

(i) (confirmation of beliefs) (S_i(o_l(C(s)))|S_i) =1

)

(i) (rationality) s; € BR;(u?).

A profile ((si, 11*))ier € [Lics Si x A%(S_;) is an SCE with strongly rationalizable beliefs if it is an
SCE of the infinitely repeated game Y(T,8) such that, for every i € I, (s;, u*) € X5°.

As anticipated, in case condition (i) of Definition 11 is substituted by “(i’) there exists some T' € N
such that g’ (S_Z-(O-_l(C(s)))|S_i(hiT)) = 17, we call the corresponding profile ((s;, u%))icr an eventual

7

SCE (with strongly rationalizable beliefs).
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Remark 4: For every player i € I and CPS u' € A%(S_;), for every ¢ >0 and T € N such that, for
allt > T,

1 (S—_i(0; 1 (¢(si,5-4)))[S—i(h})) > 1 —¢,

all one-period CPSs (ufg)tZT, induced by i at every period t > T starting at the true personal history
hl, satisfy
pe(S-i (071 (C(sN)) [5-i) = 1 — e,

Remark 4 allows us to draw many of the conclusions listed in the remainder of this section. To
start, we use it to derive the implications of confirmation of beliefs, about the infinite interaction,
on confirmation of beliefs about the one-period games induced by the true state, when players are

impatient.

Corollary of Proposition 1 and Remark 4: If players are impatient, every Self-Confirming

Equilibrium of the infinite repetition induces a sequence of one-period Self-Confirming Equilibria.

Corollary of Theorem 1 and Remark 4: If players are impatient, every Self-Confirming Equi-
librium with strongly rationalizable beliefs induces a sequence of one-period Self-Confirming Equilibria

with strongly rationalizable beliefs.

6.1 Equilibrium implications of learning and RCSBR “after” beliefs conver-
gence

In this subsection, we explicit the implications on plays that we are able to derive from the analysis
up to this point, in terms of the equilibrium concepts previously defined, considering the case in which
players’ beliefs have already converged.

As shown in Remark 3, convergence of beliefs is equivalent to learning the exact sequence of future
messages one will observe, which is in turn equivalent to confirmation of beliefs of the individual.
Think of a state of the game, either as a profile of superstrategis and epistemic types (s;,t;);c;
in the canonical type structure, or—equivalently for our purposes—a “first-order state” comprising
a profile (si, ,ui)i cI of superstrategies and beliefs (CPSs) about the co-players’ superstrategies. With

this, from the aforementioned equivalence, we can make sense of the following statements.

Remark 5: A profile ((si, p?))icr is an eventual Self-Confirming Equilibrium if and only if there exists

a period T starting from which all players beliefs have converged (and players are rational).

Corollary of Remark 4 and Remark 5: If players satisfy the assumptions of rationality and
common strong belief in rationality, and their beliefs converge, then the true state of the game must

feature an eventual Self-Confirming Equilibrium with strongly rationalizable beliefs.

Corollary of Remark 3, Remark 4, Remark 5 and Theorem 1: If players are impatient, satisfy
the assumptions of rationality and common strong belief in rationality, and their beliefs converge from
period T', then the true state of the game must induce, from period T onward, a sequence of one-period

Self-Confirming FEquilibria with strongly rationalizable beliefs.
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So far, we have fully characterize learning with eventual SCE (Remark 5). Thanks to the following
remark, we can provide an equivalent characterization with one-period SCEs, whenever individuals

are impatient.

Remark 6: If at a state, from a certain time T onward (that is, for every t > T), all induced

one-period CPSs of player i are confirmed, then her CPS on superstrategies ji* has converged from T .
Remark 6 is, roughly speaking, the inverse of a part of Remark 4.

Corollary of Remark 4, Remark 6, and Proposition 1: When players are impatient, a profile
((si, u))ier induces, starting from some period T, a sequence of one-period Self-Confirming Equilibria,
if and only if there exists a period T starting from which all players beliefs have converged and players

are rational.

Example: We report the game graphic representation:

2
U
1\2‘ 14 ‘ c ‘ T 1\2‘ 14 ‘ c ‘ r
u |1,1]02]2, u | 2,0 1,13 -1
m , , 0 , 1 m 1,32 (2, 20,2
d 12 1 d |-1,3|1,1]-1,3

Given the informational structure we defined, the only strategy profiles part of an RSCE are

Uxe{um}{(m.x, Ul.c)},

and thus the only terminal history consistent with an RSCE is (U, (m, ¢)), which is the SPE outcome.
The strategy profiles part of an SCE with strongly rationalizable beliefs instead are, besides the one
above,

Usefumii(m.x,U.c.c), (ux,Ul.c)},

Ux,z)e{um,dyx{te,ri 1 (xm, D.x.0), (x.u, D.x.l)},
and
Ux,z)e{um,d}x{t,r} € {(x.m, D.z.c)},

which implies that all terminal histories in

UXE{U,D}{(Xv (uv 6))’ (Xv (m’ E))v (X7 (mv C))}

can be induced by one-period SCEs with strongly rationalizable beliefs. Moreover, the game has an
SCE outcome in (D, (u,r)).

Assume individuals are impatient. Instead of completely defining a superstrategy, we focus on
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paths, that is sequences of actions, induced by a superstrategy. For any fixed path, there is an infinite
number of superstrategies inducing it. We say that a path is optimal given a certain “partially defined”
CPS (specified only at the personal histories allowed by the path), in the sense of one-step optimality.
If a path is optimal, then there exists, as shown in the proof of Proposition A.2, a superstrategy,
inducing that path, that is one-step optimal given a CPS whose projection is the above mentioned
“partially defined” CPS. Hence, if a certain path is consistent with strong rationalizability then there
exists a strongly rationalizable strategy inducing it. To assess whether a path is consistent with strong
rationalizability, we take advantage of the “circular property” of strong rationalizablity, derived by
the underlying algorithmic procedure: if some path (a',a?,a3,...) is one-step optimal given a CPS
strongly believing in (some generic strategies inducing) a path that, itself, is one-step optimal given a
CPS strongly believing in a path that, itself,... in a path that, itself, is one-step optimal given a CPS
strongly believing in (a',a?,a3,...), then all paths listed are consistent with strong rationalizability.
Let s] be the superstrategy played by player 1, and suppose that player 1’'s CPS on 2’s super-

strategies is ! such that

Y projasC(si,ss) = (ULULUL,..)
Ml(SQ(C(Si;SQ)NSZ(@)) = 2%% pTOjAIEC(ST’SQ) e {(U,c), (U, 7q)}t X (U0} x ...

Then, it can be seen that sj taken such that sj(hi) = u, for every h; allowed by sj and any
superstrategy in the support of u!(-|S2(@)), at which 1 is active, is one-step optimal given p!. Indeed,

at every such personal history,

marga it (S2(h))(0) = 5, marga,ut(182(b))() = marga. it (182(b)() = .

and thus u is always optimal. Now we check that the paths in the “support” of p!(:|[S2(2)) are
consistent with strong rationalizability. There exists a superstrategy sz inducing (U, ¢, U, ¢, U, ¥, .. .)
that is one-step optimal given a CPS strongly believing s inducing (m,m,m,...) in the subgame
after U, which itself satisfies one-step optimality given a CPS strongly believing in sy inducing
(U,0,U,L,U,¢,...). Thus these paths are consistent with strong rationalizability. As for the su-
perstrategies sz’s inducing paths in {(U, ¢), (U,7)}* x {(U,£)} x ..., the ones involving an initial chain
of (U, c)’s followed by (U, £)’s satisfy one-step optimality given a CPS strongly believing in an initial
chain of u’s followed by m’s in the subgame at U. Then this latter path satisfies one-step optimality
given a CPS strongly believing in (U, ¢, U,¢,U,¢,...). Since this last path has already been shown
to be consistent with strong rationalizability, so are the two preceding paths. With regards to the
paths inducing an initial chain of (U,r)’s followed by (U, ¢)’s, they are justified by an initial chain of
d’s followed by m’s, which is justified by an initial chain of (U, ¢)’s followed by (U,¢)’s. Since this
latter is consistent with strong rationalizability, so are the preceding two paths. As for superstrategies
s2’s that induce an initial mixed chain of (U, ¢)’s and (U, r)’s, they can be seen to be consistent with
strong rationalizability with an analogous iterated procedure of justification. Letting the support of
pt(-|S2(@)) be included in the set of strongly rationalizable superstrategies, s can be built to be
strongly rationalizable (while inducing path (u,u,...)).

Analogously, let s} be the superstrategy played by player 2. Suppose that the CPS over 1’s
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superstrategies held by player 2, ©?, is such that

? ({51 projagC(sn.sy) = (), (m.m,.. )} |81(2)) = 1,

i.e., it assigns, at the beginning of the game, probability 1 to superstrategies inducing a path of an
initial chain of u’s of length n € N, followed by m’s. We have already seen that such path is consistent
with strong rationalizability. Hence, sj, can be made strongly rationalizable, and in particular such
that, at every personal history allowed by s5 and any superstrategy in the support of ©w?, sy plays
(U, ¢) in all periods until n, and (U, £) after. Profile (s}, #?), may be interpreted as a belief of player 2
that player 1 starts the game playing u, and upon repeatedly observing fZ((U, (u,c))), will eventually
be convinced (or “believe to have learned”) that 2 is playing the constant superstrategy c. Hence
1 will deviate to m, knowing that player 2 can not observe such deviation when playing (U, ¢) (nor
(U,2)). In particular, 2 believes that 1 will need exactly n observations to change his behavior.

In conclusion, a state of the world satisfying rationality and common strong belief in rationality
can be constituted by such s}, ul, s}, and p?. Notice that both p!(-|S2(@)) and p?(-|S1(2)) contain

a grain of truth. In particular, u® has already converged, since

0,'(¢(s1,8%)) = (((U7 )" (U, 0N, ([(F30), F3(U )L [(F3U), F3((U, uaﬁ)))]w)) =

= (., 0,08, (3O, S N, (AW, (0 m, 0)])) = 05" (Clsr,53)
for every s1 € suppp®(-|S1(@)). With regards to player 1,
1t (S2(01 1 (C(s1,85))[82(2)) = ut ({s2 : projay¢(si,sz) = (U.0)™), (U, L, U, L,...)}[S2(2))

1

= 571 > 0.

Let h® be the personal history of player 1 of length 2¢ preceding OIl(C (s*)). Notice that

11 (S2(h1)[S2(2)) = p'({s1 : projag¢(s1,s3) € {(U,0)}' x Az x .. }|@) =

. 1 1 1
_ k—t _ k_
- 22 22k+1 T ot+ Z = 92t+1 2(5)
k=t k=t k=0

for every t < n, and thus

1(S2(0; ' (¢(s1,85))[S2(9)) 1
1 S Ofl * % S ht — 19 ( 2 1 1,92 2 _ )
K ( 2( 1 (C(Sl7s2))‘ 2( 1)) Ml(SQ(haﬂs,@(@)) 22(n7t)+1
Clearly, upon observing the first ¢, i.e. from h;’lLH onward, for every t > n + 1,

p*(Sz(hy'(C(s1.5%))[S2(hy)) = 1,

and complete convergence is achieved in discrete time. Hence, the grain of truth leads to learning and,

in the end, the play converges to the one-period SCE with rationalizable conjectures (U, (u,{)).

Alternation between different one-period SCEs with strongly rationalizable beliefs can clearly be
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achieved. For simplicity, we know assume that players’ beliefs have converged from the beginning. In
particular, player 1 strongly believes in 2’s superstrategies that induce path (U, ¢, U, ¢, U, ¢, U, ¢, .. .),
while 2’s strongly believes in opponent’s superstrategies that induce the constant path (m,m,...) in
the subgame starting at U. Then, 1 adopts a superstrategy that, along path, induces (m,u, m,u,...)
in the subgame starting at U, while 2 plays the constant path (U.¢,U.4,...). Both beliefs are strongly

rationalizable, and both are confirmed by the sequence of observed messages. N

Battle of the Sexes: As mentioned, the sufficient conditions for learning can be seen as very demand-
ing. Players must assign a positive probability to the set of opponents’ superstrategies observationally
equivalent to the true ones. Moreover, the definition of beliefs over superstrategies, while formally
making sense of individuals’ sophistication, can in fact lead to very unlikely situations, as we show

here with the Battle of the Sexes. Consider as one-period game the following BoS:

1\2| B | S
B |21]0,0
s |o0,0]12

Player 1 prefers B to S, and player 2 viceversa. Suppose there are observable actions, or equivalently
fi = u; for each i € {1,2}. Thus, the set of one-period Self-Confirming Equilibira ({(B, B), (S,5)})
coincides with the set of one-period SCEs with rationalizable conjectures, the set of one-period RSCEs,
and the set of one-period Nash Equilibria. Clearly, there exist superstrategies s; and so inducing the
alternated path ((B, B), (S, S), (B, B), (S, S),...) that are strongly rationalizable, as each of them is a
sequential best replies to a CPS strongly believing in the other. Such CPS is clearly confirmed, which
means that has converged. Consequently, the above path is consistent with learning and RCSBR.
Now, suppose that player 1 firmly believes that player 2 wants to “cooperate” and play the al-
ternated sequence of equilibria. In particular, 1 is sure that 2 will start playing B. Upon observing
S, she then is sure that 2 decided to start with S, but will now play B. Upon observing S again, 1
thinks that 2 was hoping that 1 would have come along, but now has understood 1’s intention and will
play B. Upon observing S for the fourth time, she makes the same identical reasoning. If 1 goes on
with this thinking, then her CPS is such that, at any time along a sequence of (B, S)’s, 1’s one-period
belief assigns probability 1 to 2 playing B. This indeed is a completely acceptable feature, given the
definition of CPS. As a result, 1’s conjectures have converged along such path. However, they are
clearly not confirmed. Observe that, if 2 follows an analogous reasoning, with S in place of B, then
the actual play is exactly an infinite sequence of (B, S)’s, so that beliefs over superstrategies that have

not converged, but one-period beliefs that have. N

6.2 Sufficient equilibrium conditions for learning and RCSBR

We have shown that playing a sequence of one-period Self-Confirming Equilibria with strongly ratio-
nalizable beliefs is a necessary implication of learning, impatience, and RCSBR. Now we show the
converse idea, that is, every sequence of one-period Self-Confirming Equilibria with strongly rational-
izable beliefs can be the implication of those behavioral assumptions. This fact, stated in Theorem 2,
stems from the equivalence of learning and confirmations of beliefs (Remark 4, Remark 5, and Remark

6), and from the next proposition, which formally shows something that might be already intuitively
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understood from the examples at the end of Section 6.1.

Proposition 3: Let players be impatient. If a terminal history coincides with a sequence of one-period
terminal histories consistent with one-period rationality and common strong belief in rationality, then

there exists a profile of strongly rationalizable superstrategies that induces it.

Proposition 3 tells us that every sequence of one-period terminal histories consistent with one-
period strong rationalizability is consistent with strong rationalizability (of the infinite interaction).
Then this connection between histories can be translated into a connection between beliefs and between

behaviors, and implies the following theorem.

Theorem 2: Let players be impatient. Fvery sequence of one-period SCEs with strongly rationalizable

beliefs can be induced at some state that features learning and RCSBR.

The same sufficiency results of course holds also, obviously, for any SCE with strongly rationalizable

beliefs of the infinite repetition and possibly patient players.

6.3 Equilibrium implications of learning and RCSBR “during” belief conver-

gence

Proposition 2 provides sufficient conditions for asymptotic learning. As a consequence, if players
satisfy the assumptions of RCSBR and impatience, and their beliefs contain an observational grain of
truth, then asymptotically they end up playing one-period Self-Confirming Equilibria with strongly
rationalizable beliefs. Moreover, Remark 4 tells us that, from certain finite periods onward, beliefs must
be at least arbitrarily close to exactly forecasting the future messages. Hence, as the next proposition
shows, the fact that the strategy space is finite allows to characterize the behavior of such players, after
a finite number of periods, as consistent with one-period SCEs with strongly rationalizable beliefs,
where their beliefs are “almost confirmed”. Before stating the proposition, we define this concept

reflecting an “almost” one-period SCE with strongly rationalizable beliefs.

Definition 12: A one-period e-Self-Confirming Equilibrium with strongly rationalizable beliefs is a
profile of pairs ((si,¥"))ier € [Lic; Si x A% (S_;) such that, for some (V')ier € [[;c; A% (S-s),

(i) ((ss,v%))ier is a one-period Self-Confirming Equilibrium with strongly rationalizable beliefs;

(ii) for everyi € I, there exists 0 < § < & such that v*(S—_;(0; 1(¢(s)))|S—i) = 1-6, and (s;,7") € L.

)

As anticipated, the concept of one-period e-Self-Confirming Equilibrium with rationalizable beliefs
indicates a profile of strategies that is part of a one-period Self-Confirming Equilibrium with rational-

izable beliefs, and is paired with a profile of beliefs e-close to the ones part of said equilibrium.
Proposition 4: Fizi € I, v € A%(S_;), s; € OR;(Y), and z; € Z;. Suppose that, for some & > 0

arbitrarily chosen,

Y (S-i(z)|S-i) > 1 —e.
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Then, there exist & and v' € A% (S_;), where
VZ(S_Z(ZZ)|S_1(hZ)) =1 \V/hl = Ziy

suppv' ([S-i(hy)) € suppy'(-1S-i(h:)) Vhi € Hi,
such that, if ¢ <&, then s; € OR; (V).

Proposition 4 allows us to say that, when players are impatient, one-period e-Self-Confirming
Equilibria are repeatedly played from a certain time on, since being a one-period best reply to the
e-close belief actually held implies being a one-period best reply to the corresponding confirmed belief.

Putting the pieces together, we can state the following as a corollary.

Corollary of Proposition 1 (Theorem 1), Proposition 2, Remark 4, and Proposition 4:
If the belief of every player contains an observational grain of truth, and players satisfy RCSBR
and are impatient, then there exists a period T starting from which only one-period e-Self-Confirming
Equilibria with strongly rationalizable beliefs are played, and in the long run one-period beliefs converge

to confirmed ones.

Sketch of the proof: Let € = min;crg; as defined in Proposition 4, and take any € < €. By the corollary
of Proposition 2, if all players beliefs contain a grain of truth, there exists (7;);er such that, for all
t > T;, the belief along path of ¢ a time ¢ assigns probability at least 1 — ¢ to the set of superstrategies
observationally equivalent, given ¢’s own, to the true ones. Thus, by Remark 4, ¢’s induced one-period
beliefs assign probability at least 1—¢ to strategies observationally equivalent to the truly induced ones.
Then, by Proposition 1 the strategy played by i at each period after T; satisfies is one-step optimal
given such induced one-period belief. By Proposition 4, such strategy one-step optimal also given a
one-period belief that is confirmed by the true play. Since, for every one-period personal history, the
support of such confirmed belief is contained in the support of the truly induced belief, the confirmed
belief strongly believes in everything the true one does. Thus, by Theorem 1, both one-period CPSs
are strongly rationalizable. When ¢ > T = max;c;T;, this holds for every player. Consequently, for
every such ¢t we have a one-period e-Self-Confirming Equilibrium with strongly rationalizable beliefs.

By Proposition 2, in the long-run beliefs strongly converge to the fully confirmed ones.

We can ask ourselves what learning and RCSBR entail in the medium run when players are not
impatient. Intuitively, since the space of superstrategies is not finite, what results is a notion of eventual
“almost” Self Confirming Equilibrium with strongly rationalizable beliefs of the infinite interaction,
where not only beliefs are “almost confirmed”, but also superstrategies are “almost optimal” given the
equilibrium (confirmed) beliefs. In Remark A.1 we show that optimization at a given personal history
with respect to own superstrategies is equivalent to optimization with respect to own continuation
superstrategies. Similarly, it should be noticed that, if one were to consider a form of optimality
starting only at a certain personal history, only the beliefs held from that personal history onward
would matter. Hence, we are able to express the connotation of “eventual”, which requires properties
to hold from a certain period onward, as requiring the properties to hold only for the continuation

superstrategies, and the beliefs about them, at every personal history starting from a particular one.
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Now we define these “continuation objects” of interest. Given a player ¢ and a personal history h;, let
h;
¢ ={S_i(g) €S_i:gi = h}

be the set of conditional events that are induced by the sub-tree of H; with root h;, and denote by
Ac?i(S,i) the corresponding set of CPSs. Once h; is reached, “optimality from there on” depends
only on these “sub-CPSs”. In other words, once h; is reached, optimality starting at h; should be
intended as optimality in the “subjective sub-game with root h;”. To substantiate Remark A.1 and
the other claim made above, given a continuation superstrategy sith" and a CPS v/ € Ae?i (S_;), the

continuation values of the continuation game can be defined without changes. For every g; > h;,

o0

Vll:gll (Sithi) — Z 5;—(6(&') mod L)—l/ ui(zt(C(S?h"lgi, Sfi)))lfi(dsfﬂsfi(gi)) _
t=(¢(g;) mod L)+1 S_i(g:)
- Z 5;?7(6(&) med L)l/s ( )Ui(zt(C(Sﬂgu s_i))pt(ds_4|S_i(gi)) = Vi/fg: (1),
—i\8i

t=(f(g:) mod L)+1

h;

where ¢ (S?hi |gi,s—;) is the terminal history induced by playing continuation superstrategy sit after

g; and superstrategies s_;, while s; and p’ are any superstrategy and any belief such that
=h; i i

07 'S; = ST A 07 n ="
p Jsizhz i i p ][A(S_i)]e? 1%

For fixed superstrategy s; and CPS pf, denote with s?hi the continuation strategy induced by s;,
. . h; . . .
and by i, the projection of CPS p' over the set of CPSs A% (S_;). Then, s; is optimal starting at
h;, with respect to p, if s?hi is one-step optimal given /‘izhi’ that is, for every g; = h;,

g;) € arg max s g, ai),

e 1 i’gi
alE.Ai (gi)+

where Viéhl (sith2 |g;a;) denotes, in the usual way, the continuation value at g; of playing continuation
like superstrategy sithi after g; and a;. With an abuse of notation, we denote such optimality property

as
>h; ]
s; ' € BRi(pin,)-

An obvious remark is worth stating.

Remark 7: If a superstrateqy is one-step optimal given a certain CPS, then the superstrategy is
optimal starting at any personal history given the same CPS.
Formally, Remark 7 says that, given s;, s-éhi, u’, and Mihi as above, for every h;,

7

s; € BRi(,ui) = S?hi € BRi(Méhi)-

Definition 13: Fix a personal history h; € H;. We say that a continuation superstrategy S;hi € S;hi
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. =h; . ) . )
is an e-best reply to a OPS v' € A% '(S_;), where € > 0, if, for any §?h’ € Siihl such that §Z¢hl €
BRi(v'), and for every g; = h;,

i >h; i >h;
‘/'Ll,jgz(sz_ l)_vi’,/gi(si_ ’

) <
written

st e BRS(VY).

Definition 14: An eventual e, e-Self Confirming Equilibrium with strongly rationalizable beliefs is a
o; ')

state (si, ')icr € [Ties Six A% (S—;) such that, for some h < ¢(s) and some (v')icr € [[;c; A% (S—i),
for every i € 1,

=0, ' (h)

%

-1 -1 )

S S?Oi ™ such that (§?Oi (h), v)ier is a Self-Confirming Equilibrium of
1 .

570 (M ¢ BR;(V') and, for every O;*(h) < h; < O;({(s)),

(i) there exists s

the sub-game with root h, i.e., S,

v (S_(0;(¢(5))IS—i (b)) = 1,

“(h L . . . . ;
and s?o’ ( ), which is the continuation strateqy induced by s;, is an e-best reply to v*;

(ii) for every O;'(h) <h; < O;'(¢(s)) and E_; CS_,,

p(EL]Si(hi)) l—e

V(E_i|S_i(h;)) > 0= Vi(E_;|S_i(h;)) ~

and (s;, pt) € X,

Proposition 5: Fizi € I, u' € A%(S_;), s; € BR;(1), and z; € Z;. If for every & > 0 there exists
h? < z; such that
p(S—i(2i)[S-i(h5)) > 1 - ¢,

then, for every € > 0, there exists hi and V' € Aczﬁ (S—;) such that
V' (S—i(z)|S—i(h;)) =1 Vh$ <h; <z,
and projs?hf s; € BRS(VY).
We can now put together the pieces and state the following corollary.

Corollary of Proposition 2 and Proposition 5: Whenever the belief of every player contains an
observational grain of truth, and players satisfy RCSBR, the true state must be an eventual €, e-Self-
Confirming Equilibrium with strongly rationalizable beliefs, for every e > 0 and € > 0. In the long-run,

beliefs converge to full confirmation and continuation strategies to “full” sequential best replies.

In other words, in the medium run individuals play, at every point along path, an “e,e-Self-
Confirming Equilibrium with strongly rationalizable beliefs” of the continuation game. For every pair

(€,€), there exists a discrete time from which the conditions of e—confirmed and e—best reply begin
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to be satisfied, After beliefs have converged, the play becomes a Self-Confirming Equilibrium with

strongly rationalizable beliefs.

7. Literature review and discussion

In this paper we analyze the limit behavior of strategically sophisticated rational players in infinitely
repeated games with imperfect feedback. We model sophisticated strategic thinking by assuming com-
mon strong belief in rationality and prove that, under an “observational grain of truth” assumption,
players’ behavior and first-order beliefs converge to a self-confirming equilibrium (SCE) with strongly
rationalizable beliefs of the repeated game. If players are impatient, in the long run they play SCEs
with strongly rationalizable beliefs of the one-period game, but the one-period equilibrium may change
over time. We also show that our assumptions are tight. We are now in a position to discuss the
related literature in detail. While doing this, we consider the limitations and possible extensions of

our work.

Drawing on Battigalli (1987), Battigalli & Guaitoli (1988) use the notion of SCE in (strongly)
rationalizable beliefs to analyze economic policy in a macroeconomic game with incomplete infor-
mation. This equilibrium concept is adapted and used by Schipper (2021) to analyze discovery and
equilibrium in games with unawareness (lack of conception of some features of the game). Here we
provide both an epistemic and a learning foundation to the equilibrium concept. Although we assume
complete information, we can easily extend our results to environments with incomplete information
about payoff functions, as in the epistemic analysis of Battigalli & Siniscalchi (2002) and Battigalli
& Tebaldi (2019). We conjecture that our approach can be extended to analyze processes of learning
and discovery as (impatient) agents repeatedly play a game with unawareness, but this is well beyond

the scope of this paper.!?

As mentioned in the Introduction, Fudenberg & Levine (1993) coined the term “self-confirming
equilibrium.” They put forward a notion of randomized SCE motivated by a population-game scenario
whereby agents are drawn from large populations and randomly matched in every period to play
a sequential game, so that randomized strategies of the one-period game are interpreted as stable
statistical distributions of pure strategies within populations. In this case, belief-confirmation means
that each agent assigns probability 1 to the set of co-players’ randomized strategies inducing the
actual frequency distribution of observations given her (pure) strategy. The large-population scenario
also justifies one-period expected payoff maximization despite a positive discount factor, as agents
understand that they cannot affect the behavior of future co-players, who are almost certainly different
from their current co-players, and—in the long run—they also have no incentive to experiment. We do
not consider a population-game scenario for two reasons. First, many recurrent interactions feature a
fixed set of players. Second, the analysis would be technically more difficult. We relate to one-period
game equilibria by assuming impatient players, while with patient players we obtain convergence to
repeated-game SCE (cf. Kalai & Lehrer 1993, 1995). We conjecture that we could cover the case
of large but finite populations allowing for chance moves and analyzing the population game as a

grand game with (finitely) many agents partitioned according to their role. Another difference with

123ee the discussion in Schipper (2021), pages 3-4.
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Fudenberg & Levine (1993) is that, unlike us, they assume perfect feedback about chosen actions
at the end of the one-period game. When the latter is a sequential game, co-players’ one-period
strategies are nonetheless imperfectly observable, which is what makes their SCE concept different
from Nash equilibrium. Note, however, that under perfect feedback pure SCEs in two-person games
are realization-equivalent to Nash equilibria.'® Fudenberg & Kamada (2015, 2018) remove the perfect

feedback assumption, positing a terminal information partition for each player.'*

We explained in the Introduction the main conceptual difference between SCE with rationalizable
beliefs and the rationalizable SCE concept of Rubinstein & Wolinsky (1994): unlike the former, the
latter postulates common certainty of the confirmation of beliefs. This is argued informally in their
paper, and it is formally proved in the epistemic analysis of Esponda (2013), who focuses on games
with incomplete information. Another important difference between our work and these papers on
rationalizable SCE is that they consider simultaneous-move games. While the SCE concept, which does
not presume strategic sophistication, can be meaningfully applied to the strategic form of a sequential
game,® notions of SCE with strategically sophisticated players must be adapted to take sequential
moves into account, because their application to the strategic form of a sequential game with feedback
would allow for non-credible threats.!® Dekel et al (1999) analyze a version of rationalizable SCE
for sequential games with perfect feedback. As mentioned above, Fudenberg & Kamada (2015,2018)
allow for imperfect feedback. These papers on rationalizable SCE in sequential games feature a weak
notion of strategic sophistication, as they assume that there is common certainty of rationality and
belief confirmation at the beginning of the game, but not if players are surprised by moves that are
compatible with such assumptions. We instead assume common strong belief in rationality. Yet, we
do not assume common strong belief in confirmation and we do not allow for randomization; thus, the

two concepts are not nested.

The learning aspect of our paper is related to Kalai & Lehrer (1993) who analyze repeated games
with perfect monitoring where each player knows her payoff function, and Kalai & Lehrer (1995) on
repeated games with imperfect monitoring and imperfect knowledge of one’s own payoff function. As
in their work, we obtain convergence of beliefs about superstrategies from a kind of “grain of truth”
condition. As in Kalai & Lehrer (1995), our condition concerns the personal observations that will be
made by each player, rather than the path of play. Furthermore, since we model beliefs as conditional
probability systems, we can state this condition as something that holds eventually, that is, we allow
for finitely many surprises. The most important difference between our work and these papers is that
they do not assume sophisticated strategic thinking, which is the reason why only knowledge of one’s

own payoff function matters, rather than interactive knowledge about the game.

Finally, we do not model the information structure of the one-period game and of the repeated

game by means of information partitions. We represent the flow of information accruing to players

Y3The latter may be partially randomized off path. Cf. Battigalli (1987) and Fudenberg & Levine (1993).

1 For this reason, they call the equilibrium “partition confirmed.” Instead, we keep the same terminology independently
of the information/feedback structure.

5Provided that also feedback, besides the payoff functions, is accurately represented in strategic form. See the
discussion in Battigalli et al (2019), who point out that this is not true when players are ambiguity averse.

1R ubinstein & Wolinsky (1994) write that their analysis concerns “normal-form games.” They do not clarify whether
they mean that the analysis can be meaningfully applied to the normal/strategic form of the given game with feedback.
But it is obvious that this is not the case.
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between stages and periods by means of feedback functions and thereby comply with the following
“separation principle” of Battigalli & Generoso (2021): the description of the rules of the game is
independent of players’ personal features, such as their mnemonic abilities. 7 Besides this conceptual
advantage, our representation allows to seamlessly blend information flows within each one-period
game with repeated-game monitoring. To simplify the exposition, we assume a multistage structure
(cf. Myerson 1986), but our analysis and results can be extended to more general sequential games

represented as in Battigalli & Generoso (2021).

170f course, our analysis of rationality presumes that each player always remembers the sequence of actions she
chose and messages she received (personal history). As shown in Battigalli & Generoso (2021), this perfect-memory
assumption allows to recover from our “flow representation” of information a “stock representation” with information
partitions satisfying perfect recall.
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Appendix

A - Comparison of optimality conditions and existence

In the present appendix we compare the one-step optimality with sequential optimality and weak
sequential optimality. First we show how, thanks to dynamic consistency of expected utility maxi-
mization, whenever players have strictly positive discount factors, the definitions of optimality based
on continuation values are equivalent to maximization of expected utility with respect to continuation
strategies. This holds because it is possible to attach utilities to terminal histories of the infinite
game. Hence, the use of continuation values allows us to extend optimality conditions “computed
under this ex-ante perspective” to the case of impatient intertemporal preferences in a multiperiod
game. Subsequently, we provide a proof of the One-Shot Deviation Principle, which states the
equivalence between one-step optimality and sequential optimality. Then, we adapt known arguments
to prove the existence of sequentially optimal and weakly sequentially optimal superstrategies (and
strategies), and to prove that a superstrategy (strategy) is weakly sequentially optimal if and only if
there exists a behaviorally equivalent sequentially optimal superstrategy (strategy). As implication,
we obtain that our behavioral characterization of rationality and common strong belief in rationality,
and of the corresponding one-period assumptions, is behaviorally equivalent to the one that would be
induced by using weak sequential optimality as the representation of rationality, as done by BT.

First of all, we state the continuity properties of value functions.

Lemma A.1: Let Y(I',0) be the infinite repetition of the multistage game T' with discount factors
0 = (8i)ier- Y(T',0) satisfies continuity at infinity, i.e.

Vi€ 1,Vh; € Hy, limgoolsup{|V/y, (1) — Vi (51)[si.5: € Sivp € A%(S_y),

Vg € Hy, l(g:) < t, si(gi) = Si(gi)}] = 0.

Lemma A.2: For everyi € I and h; € H;, Vi, : S; x A%(S_;) — R is jointly continuous. Fiz a

one-period personal history h; € H;, then also V;p, : S_; A% — R is jointly continuous.

Definition A.1: A superstrategy s} is sequentially optimal given a CPS u' € AQi)(S,i) if, for every
h; € H;,

s; € arg max Vzlﬁl (si).

Similarly, a strategy si is sequentially optimal given a one-period CPS ~' € A% (S_;) if, for every
hi S Hi,

* ~t
s; €arg max V., (s;).
(3 SZESZ("LZ) /L7hz( Z)

Observe that, for every i € I, h; € H;, and u' € A%(S_;), by compactness of S; and continuity

of VZ“ 1;()’ VZ” };() admits a maximizer. Obviously, the same holds with respect to the one-period
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continuation values.

Definition A.2: A superstrategy s is weakly sequentially optimal given a CPS p* € A% (S_;) if, for
every h; € H;(s}),

* ut
s; € argmax V' (s;).
¢ gsiesi Z7h1( Z)

Similarly, a strategy s; is weakly sequentially optimal given a one-period CPS v e A%(S_y) if, for
every h; € H;(s}),
s; € arg max Vﬂ,;(sl)

s, €85

Remark A.1: By definition of continuation value, optimization with respect to superstrategies (strate-
gies) is equivalent to optimization with respect to continuation superstrategies (strategies), at every

personal history and for each (one-period) CPS.

In our definition of sequential optimality (and its weaker version) and one-step optimality, for the
infinite intertemporal interaction, we look at the individual choice not as the choice of a superstrategy
to which the player commits ex-ante, but as the repeated decision at each personal history of the
immediate action to take, re-planning in her mind the continuation superstrategy. For this reason, the
discounted expected utility guiding such decision is the one computed at the current period, not the
one computed ex-ante. It is easy to see that, when players are not impatient, our definitions based on
continuation values coincide with the traditional ex-ante ones. Instead, obviously, the conditions differ
when players are impatient. Hence, our definitions allow to extend traditional optimality conditions

to the case of possibly impatient players, when utility can not be attached to terminal histories.

Remark A.2: (Dynamic consistency of expected utility maximization) When players are not impa-

tient, optimality computed via continuation values is equivalent to optimality computed ex-ante.

The following two propositions allow us to see that our definition of rationality is equivalent
to sequential optimality, and it is hence behaviorally equivalent to the rationality definition of BT,

provided that players are not impatient.

Proposition A.1: (One-Shot Deviation Principle) Fir a player i, a superstrategy s; and a CPS p'
over opponents’ superstrategies. Then, s; is one-step optimal given p' if and only if s; is sequentially

optimal given '

Proposition A.2: Fiz a player i and a CPS u' over opponents’ superstrateqy profiles. Then, there
always exists at least one sequentially optimal superstrateqy and one weakly sequentially optimal su-
perstrategy. Furthermore, every superstrateqy behaviorally equivalent to a sequentially optimal super-
strategy is weakly sequentially optimal. Consequently, there exist infinite weakly sequentially optimal

superstrategies. The same results hold with respect to strategies and one-period CPSs.

Corollary of Proposition A.1 and Proposition A.2: Fiz i € I, superstrategy s;, and CPS over
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opponents’ superstrateqy profiles ii'. Then s; is weakly sequentially optimal given i’ if and only if there

exists a behaviorally equivalent strateqy s; which is one-step optimal given p'.

In conclusion, our representation of rationality is equivalent to sequential optimality, and behav-
iorally equivalent to weak sequential optimality. This latter, whenever players are not impatient,

coincides with the representation of rationality of BT.

Now we define another notion of optimality, namely folding back optimality, which in dynamic
finite games (and thus in our one-period game) is equivalent to one-step optimality and sequential
optimality. This optimality is based on the definition of optimal values, which is done iteratively
below.

Basis step: Fix a CPS ~* € A%(S_;), and consider every pre-terminal personal history h; € Hj,
that is, h; is such that £(h;) = L — 1. Then, the optimal value at h; given 7 is

V) (hi) = max > S wil(@P (R o), (@i, ami)))Y (s-ilS—i(ha)) =

aiE.AL h; T .
‘ ( )aszAel(hz) s,ieSﬂ’.’(hi)

= x| > > wil(hy (a5, a-)Y (S—i(hy as)[S—i(hi)),
i a_;€AL (hy) h€oi(hy)
where S_;(hi,a_;) = {s_; € S_i(hi) : s_i(h;) = a_;}, while a*~'(h;,s_;) is the unique sequence of
L — 1 action profiles induced by s_; when personal history h; has been played.
Recursive step: Fix a CPS 4% € A%(S_;), and assume that, for some k € N, for every personal
history h; € H; such that ¢(h;) > L — k, ‘Zvl(hz) has been defined. Now take every ¢g; € H; such that
0(g;) = L — k. For every a; € .Af(gi)ﬂ(gi), define

V'gna)= S V7 (i (@i 119 (g0, (@i s—ig)))7 (il S—i(90)) =
s—i€5_i(g:)

=X VT e (s £ (g (aa as))) (S0 (00) Si(90))-
a_e A" (g))
Then, define the optimal value at g; given 7* as

‘77i (gi) = max 1771’ (gi,ai)-
! aieAf(‘”Hl (9i) ’

Definition A.3: A strategy s; is folding back optimal given CPS ~* € AC(S_;) if, for every h; € H;,

si(h;) € ar max V7 (hy, ay).
Z( l) gaieAf(hiH’l(hi) (3 ( (2 Z)

Alternatively, s; is folding back optimal given ~* if and only if

~

V" (hay si(hi)) = V7T (ha).

1
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The following proposition is considered well-known, and we do not prove it here.

Proposition A.3: (Folding Back Principle) Take a strategy s; and a CPS v € A%(S_;). Then s;

satisfies one-shot deviation property given v* if and only if s; is folding back optimal given ~'.

Corollary of Proposition A.1 and Proposition A.3: Take a strategy s; and a CPS~' € A%(S_,).
Then s; is sequentially optimal given v* if and only if s; is folding back optimal given ~*.

B - Remarks on game structure

Remark B.1: If we endow H with the natural partial order on sequences =<, we obtain the objective

tree with root @, (H, X). Similarly, endowing H; with the product partial order

hi =< gi < a[-g(hi)}(hi) =< a[f(gi)] (g:) A m[f(hi)](hi) = m[f(gi)} (95)

where hi, g; € H;, £(h;) is the length of h; (i.e. the cardinality of the sequence of pairs), and £(h;) <
{(g;), we obtain the subjective tree with root &, (H;, <).

Observe that the < relation can be applied to H; (and Z;) in an alternative but equivalent way
to the one defined in remark 1, starting from H: for every h;, gi € H; (C,D e Z), h; = g; & exists
h' € oi(h;i) (C), ¢ € 0i(¢9i) (D) such that A’ < ¢’. Again we abuse notation calling the inherited

relation on H; and Z; with the same symbol: <. Then, also (Z;, <) is obviously a subjective tree.

Remark B.2: S(h;) = {s € 5 : Vg; < hi, (gi, (s:(90), /) (5(90))) =< hi}.

Remark B.3: S(h;) = Si(h;) x S_i(h;) for all h; € H; and i € I, and for every g;,h; € H;,
gi = hi = S(h;) € S(g:) & Si(h:) € Si(g:) N S—i(hi) € S_i(9:)-

By inspection of the definition, observe that, for every h; € H;, S(h;) = Uheoy(h;)S(h). Thus, by
Remark B.3, S_;(h;) = Uheoi(hi)S—i(h)'

Remark B.4: (H, =) is an objective tree, (H;, <) is a subjective tree, where < is the “prefiz of”
relation, inherited, respectively, from AN and AIZ-\I X MiN .

Remark B.5: S(h;) = {s €S: Vg <hi, (g (si(g), fi(s(g))) < hf(g“} = Si(h;) x S_;(hy). More-
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over, for every g;,h; € H;,

gi = h; = S(h;) C S(g;) & S;(h;) C S;(g:) A S_i(h;) € S_;(gi).

C - Proofs

Proofs for Section 4

Proof of Remark 2: Let

marg AL g )Mi('lsfv;(hz')) = pi(-|S-i(proju,h))

XhiE{Oi A=) b
for every h; € {Oi_l(z[t_l])} x H;. Clearly,
{O;l(z[t_”)} x Hy ~ H; ~C;

and pi = (p4(-|S—i(hi)))nen; € [A(S_;)]%. We want to show that v/ has the CPS properties. Notice
that indeed

pi (S ()| Si(h) =t (S (071, ) ) 18— (07 (D, h)) ) =1

for every h; € H;. Then, observe also that, for every E_; C S_; and g;, h; € H; such that h; < g;,
i i (QE-i - -
i (B 01 S-i(9)|S-i(h)) = it (857 (0711 ) s (071 (1), ) ) 18— (0711 ) ) =

it (85 (071G ) 18- (07 G g0 ) ) i (81 (0711 ).gn)) 181 (0. ) ) =
= i (B—i|S=i(9:)) 1 (S=i(gi)|S=i(hs)),

where

gE- (Oi—l<z[t—1])> _ {s_i €S, (Oi—l(z[t—l])) 8-l for -1y}, € E_}

(t=1] Take any personal history

Proof of Proposition 1: Take a period ¢ and an objective history z
g = (Ol 1( [t— 1] ) {O z[t*”)} x H;, i.e., any personal history which is part of i’s subjective
one-period game that follows 2t~ (and any history observationally equivalent to z[t_l]). Observe

that, for every s; € S;,

W u; (28 (¢(silgi, s “ds_;|S_i(gs)) =
VI (s1) = /S (Gt ) s (80)
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u; | C((si]gi —1(4lt— S S—ilfo-1(slt— )) 1 (ds—iS_i(gi))-
/S—i(gi) < (( | )|{0i1( [t 1])}><Hz |{01 (2lt 1])}><H,)> ( | ( ))

Moreover, notice that
(Si|gi)’{oi—1(z[t—1])}xm = (Si|{oi—1(z[t—1])}xHi)|gi-
Let
S (gi) = {S—i €8S_i(g): S—i‘{o;l(z[t—lJ)}xHi = S—i} g

we have that

i (Uil oty lgis 5-0) ) (s —i[S-i(g3))

= > u (C((Sz’\{o;l(z[tfu)}xm)\gv:,S—z‘)) /S pt(ds S _i(g:))

S_iE€ES_; i (&)
= > i (CUsil oy g 5-0)) 1H(S% (@018 -i(8)
S_;ES_;
= > i (CUsil g iy e lgis 5-0) ) 1875 (07 () S (@)
S_i€S_;

= Z U; (C((Si|{oi_l(z[t_1])}><Hi)|gi’ S—i)) :uilf(s—l|gl)

S_;ES_;

= Z Uj (C((Si’{o;l(z[tfl])}XHi>‘giaS—i)) /J:ff(s—z’gz)

s_:€8_i(g:)

= VIO (il ot atimyr190):
where the first three equalities follows from the definition of S°7'(g;) and u‘, and the subsequent
ones from the definition of pi and of continuation value. Since for every g; € H; there is g; =
(0; 1 (211, g;), and for every g; € H; there is g; € H; and 2I*=1 € Z!=! (with ¢ — 1 being the
quotient between ¢(g;) and L) such that g; = (O; ' (2[=1), g;), we conclude that, for every g; € H;
and a; € Aagi)ﬂ(gi) = Af(gi)ﬂ(gi),

()

Vilgi(-lgi)(gt) — VZ"LgZ(gl) > Viftgi(édgiai) — Vﬂt(-lgi)(gﬂgiai)a

v ivgi
_ A , g)+1, N 4lg)+1,
and that, for every g; € H; and a; € A, (8i) = A, (9),

if. D i
,;z( o (Sﬂgiai) = Vilfgi(Sﬂgiai).

v/

I (s:) = VI (sl > v

Proof of Theorem 1: Let ((s;, u'))icr € [[;c; £;°. We want to show that, for all ¢ € N, in the one-
period game starting at z(=1 = 2[=1(¢(s)) (notation used henceforth), the induced strategy st (s;)
and the induced one-period CPS ¢ are strongly rationalizable, i.e. (si(s;), ui) € 2.

First, we prove by induction the following claim.
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Claim: For all k € N, if ((s;, u%))ies € [Licr 2? then, for all t € N, in the one-period game starting at
[t—1]
'Z )

S_i(hy) Nprojs X" # 0 = pi(projs_ ™ |S_s(hi)) = 1,
for all m < k and for all h; € H;.

The claim implies that ui € proj Aci(sﬂ,)Ef. Since st(s;) € OR;(ui) (by Proposition 1), then
(sﬁ(s,-),u%) € Ef. To do so, we prove contemporarily that, for every & € N, for every ¢ € I and
for every t € N, given some h; € H;, for every profile of strategies s_; € S_;(h;) N projs_iE’izl
(provided this last intersection is not empty), there exists s_; € projs_, =¥ N S_;(0; ! (2*~1)) such
that s* ;(s_;) = s_;.

Basis step: We start with k = 2. By Proposition 1, for every i € I and t € N, if (s;, u’) € 3! then
st(si) € OR;(ui), which implies that si(s;) € 1. Now suppose that ((s;, pu%))ics € [[;c; B7. Take
all h; € H; such that S_;(h;) N projs, XL, # 0. We want to show that, for any profile of strategies
s_i = (85)j2i € S—i(hs) Nprojs, Xt ., there exists at least a profile of superstrategies s_; € projs_,X_;
such that s’ ,(s_;) = s_;. To see this, consider the case t = 1. Suppose s; € OR;(7?) for some

e A% (S—;). Then, we can find some CPS vl € A%(S_;) such that, for all h; € H; and E_; C S_;,
irqf—i i
V'(SZS—i(hi)) = v (E-i|S-i(hs)).

Indeed, let 17 € A% (S_;) be a CPS such that, for all h; € H; and for every s_; € suppy’ (-|S—;(h;))\

v (sN1S_(hy)) = 2 (s—1S—;(R))),

N is the superstrategy playing like s_j in every period. Indeed, the above condition does not

—J
contradict v/ being a CPS. Clearly, by Proposition 1, there exists s; € BR (1) such that 5]1 (sj) = sj,

where s

and hence s_; € projs_iEl_i NS_;(hy).

Suppose now that ¢ > 2. There exists s_; € S_;(0; *(2["!)) such that s_; € projs_,=',. For
every h; € H; for which it is possible, take some s_; € S_;(h;) Nprojs_, X1, # 0. We want to show
that there exists s_; € S_;(h;) N projs_,=%;, where h; = (Oj_l(z[t_”),hj). For every j # i, let

77 € A% (S_;) such that s; € OR;j(77). Then, let v/ € A% (S_;) such that:
(i) sj € BR;();

(ii) for all h; € Hj and s_; € suppvj(-]S_j(hj)) \ Ugﬁhjsupp’yj(-\gj),

2 (877 (07 G0 18 (105G ) ) = s 1550

(iii) s_; € S_;(0O;  (2[71)).

Conditions (i) and (iii) can clearly coexist. Condition (ii), as before, does not contradict the fact
that v/ is a CPS, nor can it prevent the superstrategy to satisfy one-shot deviation in the previous
periods, as that only depends on the past induced one-period CPSs, not modified by this requirement.

Indeed, the second condition only affects beliefs about continuation strategies from Oj_1 (z[t=1)) onward.
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Thus, it allows s}(s;) = s;. Consequently, there exists s_; € S_i((0; 1 (=l b)) N projs_, =L,
Hence, for every i € I, t € N, and h; € H;

S_i(hi) Nprojs L # 0= S (07 (21 Y), b)) N projs B, #0 =

= u'(projs_ ZLIS_i((07 ' (2'71), 1)) = 1 = wy(projs_,BL;|S-i(hi)) = 1

where the last implication follows from the fact that, for every j € I and t € N,
s;j € projs; 2]1 = s?(sj) € projs, Z}.

Hence, it € ZZZ. Then again,
si € BRi(1') = si(si) € OR;(11f)

for every i € I, which implies that ((s!(s;), ui))ier € ¥°.

Inductive step: Suppose that, for some k € N, for every m > k and every t € N, if ((s;, p%))ier €
[Tic; =7 then, for every i € I, ((si(s;), 1f))ier € X™. Suppose also that there exists s’ ; € projs_. 2,0
S_;(0;*(2*1)) such that st (s ;) = s_;, for every £ < k, for every given h; € H; such that S_;(h;) N
p’rojg_iZfi # (), and for every s_; € S_;(h;) ﬂprojs_iZ{i.

First, we want to show that, given any suitable h;, for every s_; € S_;(h;) N projs_, Ek there
exists s’ ; € S_;(O;*(2I=1)) N projs_, =¥, such that s* (s’ ;) = s_;. Clearly, S_;(O; (z[t MMn
projs_, =%, # 0, because it contains s_;. Conditions s’ ; € S_;(0;*(["1)) and s ,(s",) = s_;

(2

—1i

do not contrast one another. Most importantly, neither are s’ ; € projs_, >k ¥, and s (s ;) = s_;.

Indeed, there exist s} such that s" = (s},s" ;) € projs[l;c; k ﬁ S(0; *(» [t 1Y), which implies that

st (s',) € projs_,¥* .. In particular, we want to build s’ ; such that s (s’ ;) = s_;.

—i

Take any j # 1. Let Ve ACJ'(S_j) be a one-period CPS of interest justifying s; = projs;s—i,
that is, 77 strongly believes projs_; Ekil and s; € OR,;(v/). Hence, by inductive assumption, for
every hj such that S_;(h;) N projs_ Z_] , for every s_; € suppy?(-|S—;j(h;)), there exists s, €
projs_, >k ﬂS i(o; L(2l=11)) such that sti(s”5) = S—j- By defining v/ € A% (S_;) as a CPS strongly
behevmg in those superstrategies s’ ;» and such that v] =7, it immediately follows that there exists
s’ € BR;(17) such that s; € projs, =5 N Sj(ojfl(z[t_l])) and s(s}) = s;. Letting s € S;(o; L([t=1y)
is clearly possible because oj_l(z[t*”) is consistent with strong belief of level k in ratlonahty, and thus
any superstrategy that is a sequential best reply to a CPS assigning probability one to o}l(z[t_”) can
allow it without loss of generality, and independently of the subsequent choices (since the player is
impatient and the personal history is terminal for period ¢ — 1).

This holds for every j # i. Observe that, while in general, for any h; € H;, S_;(h;) # [],;; S;(h;)
instead for any h € H it holds that

S_i(0;'(h)) 2 S_;(h) = []S,(O
J#i

Hence, we have shown that there exists s’ ; € S_;(0; ' (2["1))Nprojs_, =¥, such that s* ,(s' ;) = 5,
and thus S_; ((Oi_l(z[t_”),h,-)) ﬂprojsﬂ,E,i # (). Assume now that ((s;,*))ier € E*TL. Conse-
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quently, for every i € I, t € N, m # k, and h; € H;
S_i(hi) N projs, =™ # 0 = S_;((O; (21, hy)) Nprojs =™ #0 =

= 1’ (projs_, B [S_; (07 (), b)) = 1 = pi(projs_, S™|S—i(h)) = 1,

where the last implication follows from the inductive assumption. Hence, 1} € proj ACi(S )Efﬂ. Then

again,
s; € BR;(margs_, ') = st(s;) € OR;(ul)
for every i € I, that is, ((sf(si), u}))ier € SFFL.

If ((si, 1?))ier € B°°, then for every t € N and i € I it holds that, for every h; € H; and k € N,

S_i(hi) Nprojs_ X% # 0 = ui(projsfiEliJS,i(hi)) =1= ui(proj57i2ﬁ|s,i(hi)) =1,

where the last implication follows from continuity of measures and the fact that X2 = ﬂkZOE'j i

Hence, ((SFL(Sl)aM%))lG] € X, |

Proofs for Section 5

Proof of Remark 3: Observe that pf(-|S_;(h!)) = ui(:|S—;(h¥)) if and only if
p'(S—i(hf)[S—i(hj))
for every k >t > T, where the if part is immediate. Then this requires that, at T, for all t > T,
p'(S—i(hj)[S—i(h])) =1,

which happens if and only if
' (NerS—i(hf)[S—i(h])) = 1,
ie.
' (S=i(0; (¢ (si,8-4)))[S—i(h])) = 1.
Once this holds for T, it clearly holds for every ¢ > T'. In words, if the belief of player i over opponents
superstrategies has converged starting from 7', then at every ¢t > T player ¢ believes with certainty in

opponents’ superstrategy profiles that are observationally equivalent, given i’s own superstrategy, to

the true ones. Clearly, also the the reverse implications hold. n

Proof of Proposition 2: Observe that the sequence (S_;(h!))icn is decreasing, and such that
S_i(ht) | S_;(0;(¢(s))) = NienS—i(ht), where this last equality holds by Remark B.5. Hence, by

continuity of measures, for every k € N,

Limysoopt” (S—i(h)[S—i(hf)) = n'(S—i(0; ' (¢(si,5-4)))[S—i(h)).
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If there exists a T € N such that u*(S_;(0; *(¢(si,5-4)))|S—:(hT)) > 0, then, for all £ > ¢ > T,
P(S=i(07 1 (¢(si,5-0)))S=i(h}) >0 A p'(S—i(hf)|S_s(h})) > 0,

by chain rule. Hence, for all £ > ¢ > T, again applying the chain rule, it is true that

1 (S-i(07 1 (¢(si5-4)))[S—i(hi))

p(S—i(0; ' (¢(si,5-4)))IS—i(hf)) = 1 (S_;(hD)|S_;(h))

Taking the limit for ¢, we obtain that

Limyoop' (S—i(0; ' (C(si,5-4)))[S—i(hf)) =

proving the claim. n

Proofs for Section 6

Proof of Remark 4: For every ¢t € N, it holds that
1> py(S=i (07 1(¢(s")) 15-3) = p'(S—i ((hi, 07 1 (¢(sY)))) S—i(hi)) =
> ' (S-i (07 1(¢(5))) [S-i(hf)),

where the first inequality is by definition of probability measure and the second by the fact that
(ht, 0;1(¢(sY)) = O;1(¢(s)). Hence, for all t € N and € > 0,

l’l

1(S_s (07(C(5))) IS=i (b)) > 1 — & = (S (07 1 (¢(s1)) [S—) = 1 —&.

Proof of Remark 6: For every t > T, let h! < O;*({(s)) be such that £(ht) = L(t — 1). To play
one-period Self-Confirming Equilibria, it must hold that

P (S—i (hi™) [S—i(hf)) = 1.
Since this holds for every ¢ > T', by chain rule it can be shown, by induction, that for every k € N,
(S (BTF) S-i(n])) =
Hence, as shown in the proof of Proposition 2, we can conclude that

p(S-i (071(¢(9))) [S—i(h])) =
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Proof of Proposition 3: We have shown in the proof of Theorem 1 that, when players are impatient,
for every k € N, for every t € N, for every i € I, for every 2zl € Z* such that S(zI") N projsR* # 0,
and for every s; € projs, SRF, there exists s; € projs, RF N Si(z[t]) such that si(s;) = s;.

Consequently, since S(h) = [[,;Si(h) for every h € H, it follows that, for every ¢ € N, for
every h € Z! such that S(h) N projsR> # (), for every z € Z with projsSR>® N S(z) # 0, and for
every k € N, there exists sp € projsR* N S((h, 2)), i.e. projsR* NS((h,z)) # 0. Since projsR* is
closed and S((h, z)) is clopen, projsR* N S((h, 2)) is closed, and thus compact. By finite intersection
property of compact sets, and because for every m < k we know that projgR™ NprojsR* = projsRF,
it holds that Ngen (S((h, z)) ﬁprostk) = S((h,2)) NprojsR>® # (). In other words, there exists
S € S(h) N projsR>™ such that ((s(s)) = 2.

Finally, by induction on ¢, we show that, if z € Z* is such that z!(z) is consistent with one-period
RCSBR, i.e., there exists s € SR such that ((s) = 2(z), for every ¢, then there exists s € projsR>
such that {(s) = z. Indeed, for ¢t = 0, for any z € Z consistent with one-period RCSBR, there exists
s € projsR> such that z'(¢(s)) = z. If for some ¢ € N, it holds that, for every h € Z¢ with z¥(h)
consistent with one-period RCSBR, for k < t, there exists s € projg R such that s € S(h)NprojsR>,
then for every z € Z, consistent with one-period RCSBR, there exists s € S((h, z)) NprojsR>. Hence,
if z € Z* is such that, for every t € N, z!(z) is consistent with one-period RCSBR, then, for every
t, S(z(2)) N projsR™ # §. Similarly as before, S(z[!(z)) N projsR> is close, and thus compact,
for each t. Moreover, S(z1(z)) N S(z4(z)) = S(zlY(z)) whenever ¢ < t. Thus, by finite intersection
property of compact sets, Nien (S(zm(z)) ﬂprostoo) = S(z) NprojsR> # (. n

Proof of Theorem 2: Let z € Z° be the terminal history induced by the sequence of strategy
and one-period CPS profiles (((sg,’yf))iel)teN € [ITics (Si x Aci(S_i))]N. For every t, ((st,7}))icr is a
one-period SCE with strongly rationalizable profiles. For every i € I, define u’ € A%(S_;) such that,
for every t € N, for every h; € H;, and for every s_; € S_;,

Vi(5-i|S—i(he)) = 1’ (Si}i(ofl(z[t_”(z))) Nprojs_, R",[S—i((0; ' (2 (=), hz‘))) :

where
875071 (2 1(2))) = {s—i € 84(0; ' (' (2)))s i (s) = 54},

—1

and
¢ =sup{k € N:S°/(0; 1 (:"4(2))) N projs_,R*, # 0}.

Since, for every t, 2[t=1] (z) is consistent with strong rationalizability, by Proposition 3, ¢ = sup{k €
Ns_; € projs_,SRF}. Since ~} strongly believes (SRk)zozl, then, by definition and by Proposition 3,
prOtheNh-€H~Sfi((O~71(Z[t_1](Z)) hi)),ui strongly believes (Rk)zozl. Observe that, by definition, u’ assigns

initial probability one to the collection of sets (S_;(O; }(21(2))))sen, and thus is confirmed by personal

(2
histories preceding o; '(z). Furthermore, let 4’ strongly believe in (projs_, R* )52 (which consists in
imposing constraints at personal histories outside Usen ({O; L1 (2))) x H;)). Then, there exists
s; € S; such that s; € BR;(u'), and sk(s;) = st. Therefore, there exists ((si,t;))ic; € R™ such that

¢(s) = z and p;(t;) has converged for every player. n

41



Proof of Proposition 4: Fix i € I. Let z; € Z; and 7% € Aci(S_Z-). Assume that, for some € > 0
and for every h; =< z;,

7 (S=i(zi)|S—i(hi)) =1 =8, > 1 —e.
Define v¢ € [A(S_;)]% in the following way:

Y (E—i 0 S_i(2:)|S—i(hs))
1 —0p,

Vhi =2, VE_; CS_; v (E_;|S_i(h)) =

\V/ hz‘ 773 Ziy VE_Z‘ g S_Z‘, I/i (E_Z|S_Z(hl)) = ")/i (E_l|S_Z(hl)) .

It can be checked that 1% is a CPS, i.e. i € A%(S_;). Moreover, for all h; € H;, V;',hi =vi(-|S_i(hi))
is absolutely continuous with respect to ’y,i“ = p(-|S_;(h;)), written I/é"hi << u}h Then, the Radon-
Nikodym derivative is '

dV;—,hi 1

] 1e¢ (..
d’ﬁmi 1_5h¢ i)

whenever h; = z;, and simply 1 otherwise. Take any measurable function u, then

becomes, when h; < z;, in

/ udyi = (1 _5hi)/ udv! by
S_i(z) ' S ’

Hence, for every such h; and any s; € S;,

By [Uisi )l = D Uisilhi, s—) -2, (s-0)

s_:€8_;i(hs)

=(1=06n) D, UiSilhi,s—i) - vl (s-) + > Ui(il i, s—i) - i, (s-i)

SfiES,i(Zi) SfiES,i(hi)\S,i(Zi)
= (L= 0n)E,; , [Ui(5i,)[hi] + > Ui(5ilhi, 5—) - b, (5-2)-
SfiGS,i(hi)\S,Z'(Zi)
Let

n; = minsesUi(s), Ni=mazsesUi(s), ki = Minyev,(s)wes|W — vl
Suppose by contradiction that, for every e > 0 and some h; = z;, there exists s; such that E ; . Uis,] >

E ih. [U’hsz] Then

14
£

0> E'Y;LZ [UZ,§2] - E'y;LZ [Ui78i] = (1 - 5}11) Euéhi I:U'L;gz] - ]Ey;hi [ULSi] +

+ [Ui(Silhi, s—i) — Ui(silhi, s—i)] - 75, (5—3)
SfiES,i(hi)\S,i(Zi)

> (1 — (5}“)/% — 6hZ(Mz — m)
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Thus the inequality is satisfied only if

o
£ > 6y, > -

>R cq01).
- T K+ M; - N; ©.1)

Then, there exists € < HJFM#_N such that a contradiction is reached. Since, for every 3; € .5;,

El’;,hi [Ui,si] = Efyzz [Ui,si] > ]E’Y;LZ [Ui,gi] = El’é,hi [UZ,EL]
when h; ﬁ z;, then the statement is satisfied. n

Proofs for Appendix A

Proof of Lemma A.1: Let

M = ma$(8{752/78_i)65iXSiXS_i[Ui(C(S;, S_i)) - ui(C(S;/7 S_i))]’

K3

Fix h; € H; and € > 0, and let ¢ > ¢(h;) be arbitrary. Then, for every s;,5; € S; such that
si(gi) = 8i(g;) at every personal history g; with £(g;) < t, and for every u’ € A%(S_;),

i

Vi (s0) = Vi ()] =

o0

=| 3 oy~ () mod 1) 1 /S N i (il 5-)) = w (K (¢ il s-.)

k=(¢(h;) mod L) +1 -t

'3 > — i mdL —
SR S iy
k=(t mod L) S—i(h;)

[ (€ il 50))) — il (G(silhirs )] wi(ds IS ()| <

S Z 65"_(5(111') mod L) —1/ Mﬂl(ds—2|s—z(hz)) _
k=(¢(h;) mod L) +1 S_i(hi)
=M. i 6&—(Z(hi) mod L) =1 _ M _y—(f(hi) mod L) —1
: 1—5 :

k=(¢(h;) mod L) +1

where the first equality follows by definition, the second by the superstrategies prescribing same
behavior before ¢, the inequality by definition of M, and the last two equalities by definition of u and

convergence of the geometric series. Since §; € [0, 1), there exists ¢ large enough such that

t—((h;) mod L) -1 _ €(1—3;)
0, < i

Furthermore, this t is independent of ,ui and s;, S;. n

Proof of Lemma A.2: For the continuation values of the one-period game, the property is immediate.
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For the continuation values of the infinitely repeated interaction, the property stems from continuity
at infinity (Lemma 1) and continuity of the discounted summation of one-period utilities. Take a
sequence ((s', puf,))nen € (Si x AQ(S i))N such that (s?, %) — (si, 1), and fix a personal history
h; € H;. We want to show that Vzuﬁl (sP') — Vz”“h (si). Since s — s;, for all ¢t € T there exists an; € N
such that, for every n > n¢, s?'(g;) = si(g:), for all g; € H; with /(g;) < ¢. By continuity at infinity,
for every € > 0, there exists m such that, for all n > m, \VZ’ﬁ‘Z (si) — Vzlﬁ(sf)\ < 5.

Fix t € Nand s; € S;, and let Ul : S_; — R be such that, for every s_; € S_;,

Ul (s—i) = ui(2"({(si,5-40))).-

Then, for every t and s;, Uf_ is continuous and bounded. Thus, (6 1U s, )JneN 1S a sequence

7,84
of continuous functions such that Y7, 61U e = Do L0 1U ! Moreover, such convergence
is uniform, which 1mphes that > ;2 lét 1U ¢ . 1s continuous. Also, it is clearly bounded between

q mingeg U;(s) and q maxses Ui (s). The same properties apply for

o)

Z 557(€(hi) mod L)fIUit,Si.
t=(¢(h;) mod L)+1

Therefore, by convergence of ul, for every s; € S;, there exists ks, such that, for all n > ks,
o0

— / SO gl medDlp ids IS i (hi)+
S

~it=(¢(h;) mod L)+1

o0

- /S SO g meA g ds IS (k)| <
—tt=(¢(h;) mod L)+1

DN ™

Hence, for all n > max{m, ks, },

Vi (80) = Vi (5T < [V, (80) = Vi ()| + [V (s0) = Vi (s7)] < e.

Proof of Remark A.2: The traditional definitions of sequential optimality and one-shot deviation

property are respectively

Vh; € H;, s; Eargmax/ U, (si|hi,s_;)u'(ds_|S_i(hy))

Sze 2

s; (h;) € arg max / Ui(s}|n,ai,s—:)p' (ds_s|S_i(hy)).
1€Aé<h S_;

We want to show that these definitions coincide with the ones based on continuation values, provided

that it is possible to attach payoffs at terminal histories, i.e. d; > 0 for every ¢. Indeed notice that,
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for every h; € H; and s; € S;,

: Uj(silhi, s—;)p' (ds—i|S—i(hy)) =

(¢(h;) mod L)

_ 1y (s b s ) (ds 1S (he
_/S_i(hi) D, O il sl s—)u (ds—lS—i(h)+

t=1

[e.9]

+ S (e (sl i) (s IS ().
S—i(hi) 4_(p(h;) mod L)+1

Then, s is sequentially optimal given 1 in the ex-ante computation if and only if

Vhi S Hi, VSZ‘ S Si,

(¢(h;) mod L)

St /S wi(2(¢ (s i, 5i))) e (ds—i|S—i (hy)) +

=1 —i(h;)
o0

Y[ s ) s S () 2
t=(¢(h;) mod L)+1 S_;(hy)
(¢(h;) mod L)

> [ s ) s S+

—1 —i(hy)
oo

[ s s (ds S i(h).
t=(¢(h;) mod L)+1 S—i(hs)
By the fact that, taking any strategy in S;, for every ¢t < (¢(h;) mod L), 2*({(s;|h;,s_;)) depends

solely on s_;, the above inequality holds if and only if

o0

t—1 (5t s*h:. s . i s IS _.(h;
S /Si(hi)ux (¢85! his—5))) ' (ds ]S _s(hy)) >

t=(¢(h;) mod L)+1

o0

=1 (2" (¢(sihy, s “ds_|S_(hy)).
> X I o a5 (Gl ()

t=(¢(h;) mod L)

Now it is easy to see that, when the definition of payoffs on terminal history is possible, i.e. when

d; > 0, the inequality is equivalent to

[e.9]

ViD= 3 s e [ s s (dsS-i(h) >
t=(¢(h;) mod L)+1 S_i(hy)
S —(¢(h;) mo — i i
>y ot e /S iy M (€l s (dsifS (o) = V], (50).

t=((h;) mod L)+1

Hence, the two types of sequential optimality are equivalent. A similar argument can be made for
one-shot deviation, and for weak sequential optimality.

In conclusion, our definitions of optimality coincide with the traditional ones when payoffs on
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terminal histories can be defined, while allowing us to treat also the case in which players are impatient,

ie. §; =0 for all 7. n

Proof of Proposition A.1: The if part is immediate. It follows from the fact that a sequentially
optimal superstrategy is immune to deviations. Indeed, if exists h; € H; and a; € Q[f(hi)ﬂ(hi), such
that

Vi, (8ilngai) > Vi (sifn,si(he)) = Vi, (si),

then the superstrategy s;|n,a; obtained by substituting a; to s;(h;) and keeping fixed all other moves
is “sequentially better” than s;, which can thus not be sequentially optimal given p.

The converse implication is obtained because the extensive form Y of the game is continuous at
infinity (Lemma 1), and because the One-Shot Deviation Principle holds for the finite horizon case,
which can be shown by induction. To be used as finite horizon case, we define the truncated game.

Given a period T, a superstrategy s; and a CPS i, define the game truncated at 1" as
TT’SZ‘HMZ == <Ia (A27 AIZT()u Mi) Eu Uq, 6i)i€]>7

where APy = AX®I () if ¢(hy) < LT, and AT (hy) = 0 if ¢(h;) > LT, so that
H ={heh:4(h) <LT}and Z" = {h € H: {(h) = LT}; then H, = {h; € H;: O, (h;) C H }
and ZiT ={h; € H; : oi_l(hi) C ZT}. w; is the one-stage payoff function of ', M; is the usual set of
possible messages ¢ can observe, F; the usual one-period incremental feedback function, §; the discount

factor of 7 and A; the set of possible actions. Then we can define

e the set of truncated superstrategies SZT = Xp, eHgﬂAf(hi)Jrl(hi), and for every personal history of
the truncated game h; € ﬁiT, the set of truncated own superstrategies that allow it ST (h;) =
{sF €8I :3x € 0;(h;),3s_; € S_;,x < ¢T(sV,s_)}. ¢T (s sy) = 2TN(¢((silsT), 5_4)), where
(si]s;-r) € S; is the superstrategy playing like SZT at every personal history shorter than LT, and

like s; every where else.;

e for any truncated superstrategy S;TF and strategy s_; € S_;, the truncated strategic form payoff

function

U (s] ,5-5) = Wl(sils] ), s-4)-

Under an ex-ante computation, a truncated superstrategy §? is sequentially optimal given a CPS
pt € A% (S_;) in the game truncated at T if, for every h; € HY

s/ carg max / Ul (s |hy,s )t (ds_i|S_;(hy)),
s; €Sl (hi) JS_;(h;)

whereas, it satisfies one-shot deviation property given '’ in the truncated game if, for every h; € HZT,

s'(hy) € arg max / U (s]|n,ai,5_s)p* (ds_|S_i(hy)).
a; e P () JS_i(h)

Hence, with an analogous argument to the one used in remark A.2, we can derive the continuation

value of playing truncated superstrategy siT at personal history h; € HiT, given ', and equivalently
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express the two optimality conditions in terms of such values. In particular,

T84, 14"
Vhss (sl =

o0

- > oy~ mod )71 /S _i(hi)ui<zt<c<<si|s?>|hi,sfz->>>m<dsfi|sﬂ-<hi>>=

t=(¢(h;) mod L)+1
= Vi ((sils])).

The definition of continuation value in the truncated game clarifies that if a superstrategy is sequen-
tially optimal given p’ then its truncation at 7T is sequentially optimal given u’ in the truncated game
after which the superstrategy itself is the continuation. In the same way, if a superstrategy is one-step
optimal given yf, then its truncation satisfies it in said truncated game.

Now we show via induction how in any finite (truncated) game one-shot deviation property implies
T

sequential optimality. Suppose s; is one-step optimal given Ul

Basis step: Fix some h; € HY | with £(h;) = LT — 1. Take any truncated superstrategy s! € S’
then

T’ L5 Ly T: ) LN =1
Vi,hjz “(s)) = V@hjl g (SﬂthzT(hz))

for any /s\,LT € SZT. This holds because the truncated strategy does not matter anymore after §ZT(hZ~) has
been played, that is, the choice at h; is the last one, in the truncated game, that matters. Hence, by

one-shot deviation,

T"7i T7'7i Tz'zi = Ta"if
Vo (s]) = Vo (s] Ings] (i) > Vi (s] ;8] (hy) = Vi3t (8])

for every 57 € ST (h;).

Inductive step: Suppose that, for some k € {1,... LT —1},forall £ € {1,...,k} and for all h; € H!
such that £(h;) = LT — ¢, s € argmaxgrgrg,,) Vi (87). Let h; € H with £(h;) = LT — k — 1.
Take any truncated superstrategy §;TF #+ S;TF, then

VT:SZ' uu'i (g;T) —

i,h; -
= > gy (f(he) mod L) =1 / i (2 (¢((si87) | hi,s_4)))pi (ds_|S_s(hy))
t=(¢(h;) mod L) +1 S—i(hi)
_ i 57'5—(6(hi) mod L) —1 Z
t=(¢(h;) mod L) +1 gi€H,;((s:[87)|h;): €(gi)=C(h;)+1, p(S_;(g:)|S—i(h;))>0

/ i (C((s:l8T)lgir 5—))) et (ds—s|S—i(hi)).
S_i(gi)

Observe the following. Let

a8, — R§

s.i = w2 (C(silgi s-i))-
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Then, for every s;, §;TF, teN, and g; € H;,

17(SZ|Si )

/ w2 (187 i, 5-)))ii (ds IS i (g1)) = / W g e di(1S_i(e).
S_i(gi) ;

See that uff} is clearly continuous. Indeed, for every (a,b) C R and ¢ € N,
(uiE) 7 (@ b)) = {s—i € S—i : 2 (C(silers—4)) € u; ' ((a,b))} =

Ualt-tlezt-10H; (si]g:) Yzcu; ((a,b)):(1-1,2)€H (silg:) Na=S—i((z1"1, 1))

’L

1&i ) 1S continuous.

where S_;((2=1, h)) is a clopen set. Hence (u Y((a,b)) is open and u

7g'L

Since u;’g’ is a non-negative Borel—meaaurable (by continuity) functlon,

| ns i CI8te)) -

sup{/ [T (gndp’ ‘(-1S_i(gi)) : f simple function, 0 < f < ul ’gl}

For every such f simple (or step) function, there is ny € N, (z4),2, € (RJ)", and a partition (in
measurable sets) (Ag).7, of S_;, such that

ny ny
=) - la, / FAu(18-i(g:) = D k- 1 (AklS—i(gs)),
k=1 k=1

[ 1s_ (g Z«’Ek La,ns_i(e:)

ng
S f Is_, (&) dlu ( IS_i(gi)) Zxk N (AN S—z(gz)ls—l(gz))
- k=1

By the chain rule of probability, for any A, and g; = h; such that u(S_;(g;)|S_;(h;)) > 0,

1t (A N S_i(g:)]S—i(hy))

A0S B)IS - (B)) = s )

Then, for such g; and h;,

v s dii 1S -i(e)

= sup{z T+ Ak m_?(ézg%é)_?(—z()?z)) f S’mele functzon 0< f < ul’gj}

1 e

: - sup zy, - 1 (Ax N S_i(g)|S—i(hy)) : f simple function, 0<f<uf§1
(S S () P (AN 8IS (o) )

=Mi<s_.(g.1)|s_,( - sup{ / S Ts (g (1S_i(hy)) : f simple function, 0 < f < ul®)

1 Le,
:Ms—z’(gi)ls_i(hi))'/_ ;s Us_ (g dn' (1S-i(:)-

48



We can now go back to Vﬁ:iu ' (sT), and see that

(e e

Z 5:—(Z(h¢) mod L) —1 Z

t=(¢(h;) mod L) +1 g €H; ((s4[87)|he): €(gi)=C(hy)+1, i (S—i(g:)|S—i(hy))>0
/S ( )uz’(zt(C((Sﬂg)lgivS—z’)))ﬂi(dsfﬂsfi(hi)) =
—i(8i

1 (S—i(gi)|S—i(hy))
g €H;((si[s7)|hs): £(gi)=€(hs)+1, p*(S_i(g:)|S—i(hs))>0

o0

> gy (h) med ) =1 / wi(Z(C((sil8T)|gir s—i))) ' (ds—s|S —i(gs)
S_i(8gi)

t=(¢(h;) mod L) +1
= > pH(S_i(gi)[S—i(ha)) V3 (5]),
g €H;((sil8])|hy): €(gi)=C(hy)+1, p*(S—i(g:)|S—i(hs))>0

provided that ¢(g;) mod L = ¢(h;) mod L. Otherwise (i.e. if (g;) mod L = (¢(h;) mod L)+ 1),

we obtain that

Vs (s]) = > 1 (S_i(gi)S—i(hy)) 6V, 5> (5T)+
g €H;((si[8T)|hy): £(gi)=C(h;)+1, pn?(S—i(gi)|S—s(h;))>0

+ / us(AE) mod D) (¢ ((s,[5T) i, s_0)) ) (ds_|S_s(g1)),
S_i(8i)

where the second term of the summation is independent of (s;[s7) (though indirectly depends on it as

it determines the possible g;’s). By inductive assumption, observe that

> 1 (S_i(gi)|S—i(hy)) VL5 (8T
g €H; ((si[87)hy): €(ga)=C(hs)+1, i (S_i(g:)|S—i(h;))>0

< 3 H(S—i(gi)[S—i(hi)) Vg™ (s]).
g €H, ((s457)|hy): £(gs)=€(h;)+1, pi(S—_s(2:)|S—i(h;))>0

Hence, whenever ¢(g;) mod L = ¢(h;) mod L,
Vi 81 <

< > 1 (S-i(g)|S-i(hi))Vigo ™ (sT) =
gi€Hi((si[s])|hi): £(gi)=L(h;)+1, p?(S—i(g:)|S—i(hi))>0

= Vo (s] |n,s7 () < V3 (sT |, sT (hi)) = VS (sT),

where the last inequality follows from one-shot deviation property. It can be checked that the same

holds in case ¢(g;) mod L = (¢(h;) mod L) + 1. Since these hold for every 5/ € SI, then s! €

Tsip' (=T

arg maxgr et (n,) Vin, " (Si)

sl v/

Now suppose s;, which satisfies one-shot deviation property in the full game given u’, is not
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sequentially optimal, i.e.

EI/S\Z' € S;, dh; € H;, Vzlfhl(/s\l) — ‘/zlfhz (Sz) =e>0.
Let s and 8] be the truncations at period T of, respectively, s; and 8;, and let 5; = (s;[s]) € S; be the
strategy playing like S; at all personal histories with length less than LT, and like s; everywhere else
(with 87 being its truncation at T'). By continuation at infinity ( lemma 1), there exists a T > ({(h;)
mod L) + 1 such that

i

Vi (51) > Vi (81) — e > Vo (s0).

1,04
Hence, in the truncated game YTSi#

Ts: b/ i i Ts: i
s (s7) = Vzﬂhl(sl) > VZ/‘hZ(SZ) — V',li“u (sh),

7,4 ? .

. T . . . . . . . .
that is, s; is not sequentially optimal in the truncated game, implying it does not satisfy the one-shot
deviation property in the truncated game, which is a contradiction.

An analogous, simpler proof can be provided for the one-period case. n

Proof of Proposition A.2: Fix u' € A%(S_;). By compactness of S; and continuity of VZ”};(),
we know that for all h; € H;, arg maxg, s, Vi“ 1; (s;) is non-empty and closed (hence compact). To see

; N
closedness, take a sequence (s}')nen € <arg maxs,cs,; VZ“ h; (sl)) such that s} — §;, then

Vn e N,Vs; € S;, Vi (s)) = Vi (s):
Taking the limit for n,

Vs; € S;, Vz"hZ (8:) = limnﬁooVi‘fhi(s?) > Vl“hl (i),
where the first equality follows from continuity of Vi” l;()

Let W' = arg max,es, VZ“ ; (s;). Then, for every t € N, pick a superstrategy s} € W1 and let

W= {s; e W1 Vg € Hy(s)), £(gi) <t, si(gi) = si(gi)} N

N <mhi€H¢(s§): £(h;)=t ATE MMAX Vi, (Si)) :

where {s; € W™ : Vg; € Hy(s!), €(g;) < t, si(gi) = si(g:)} is the subset of W'™! consisting in strate-
gies behaviorally equivalent to s! at all personal histories with length less than ¢. Such set is trivially
closed and non-empty. Then, W! # (), because, as highlighted in Remark A.1, for the optimization
at each different personal history h;, the only thing that matters is the continuation superstrategy,
not what has happened in the past (dynamic consistency of expected utility maximization). Hence, a
superstrategy which “continues optimally” at each personal history of any given length can be always
constructed. Also, W' is closed and hence compact. Since in the decreasing sequence of compact
sets (W")22,, every finite intersection is non-empty (for all finite subsequences, the intersection equals

the smallest set), then we can apply the finite intersection property of compact sets, and state that
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Ne>oW! # 0. By inspection of the definitions, N;>oW! is a subset of the set of all weakly sequentially

optimal strategies given !, implying that this latter is non-empty. 1

Similarly, let S° = arg maxg, s, VZ“ ;(Sz) Then, for every ¢t € N, let

8" = 8" N (N, ery0(ny) 1 18 max V}f‘};(Si))-
Clearly, My, cH;: ¢(h;)=¢ AT MaXs,cs; Vl“ l;(sl) is non-empty, by the same argument made above. Hence,
a superstrategy which “continues optimally” at each personal history of any given length can be always
constructed. Again, if St # (), St # (. Also, S? is closed and hence compact, and St C W' by
inspection of the definitions. Then, since in the decreasing sequence of compact sets (S%)%°, every
finite intersection is non-empty (for all finite subsequences, the intersection equals the smallest set),
then we can again apply the finite intersection property of compact sets, and state that M;>oS* is
non-empty, closed and compact. By inspection of the definitions, N;>oS’ is the set of all sequentially

optimal superstrategies given u’.

The last claim is obvious. To prove it formally, one can think of the following “non traditional”
argument. Pick §; € ﬂtzoSt, and use it for the iterative construction of the sequence of sets (Wt)fio
as before, that is, W' = arg maxs,cs, Vl’g(sz) and, for all t € N,

Wt = {Si € Wt_l 1 Vg, € Hi(gi), E(gl) < t, si(gi) = §i(gi)} N

N <mhi€Hi(Si)i L(h;)=t arg mGaSX' ‘/thhz (SZ)> .

7

Such construction is possible since, by definition, §; € W' for every t. Then, as seen in the first
construction above, ﬁtZOWt, which is non-empty, closed and compact, is a set of weakly sequentially
optimal superstrategies. Furthermore, by inspection of the definitions, for all ¢t € N and all g; € H;(s;)
such that ¢(g;) < t, for all s; € ﬁtZOWt, si(g:) = Si(g), i.e. si(g;) =S;(g;) for all g; € H;(5;). In ad-
dition, every strategy s; € S; such that, for all g; € H;(s;), s;(g;) = Si(gi), belongs, for all t € N, both
to {s; € W Vg € Hi(s:), £(gi) <t, si(g) = 5i(gi)} and Ny, cH,(s,): £(h,)=t AT MaXs, s, Vl“};(sl),
and consequently belongs to w'. Hence, thOWt coincides with the set of superstrategies behaviorally
equivalent to §;, which are thus all weakly sequentially optimal.

An identical proof can be provided for the one-period case. n

Proofs for Appendix B

Proof of Remark B.2: (and first part of Remark B.5) Let

C(hi) = {s € S: Vg < hi,(gi,(5i(9i), fi(s(gi))) = hi}.

First, take any s € C(h;). By hypothesis, (alf([hi})(g“(s)),ff([hi])} (a®MD(¢(s)))) = hs, which implies

that a("D(¢(s)) € o0i(hi). Since a®MD(¢(s)) =< ¢(s) by definition of ((s), we have shown that
C(h;) € S(hy).
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For the other inclusion, take s € S(h;). Suppose, by contradiction, that there is some g} <
h; such that (g., (si(q}), fi(s(gl))) A hi. Let g; be the shortest of such personal histories, i.e., for
every gi' < gi, (97, (si(g}), fz( ( i))) =2 hi. By definition, s € C((g;, (si(g7), fi(s(g7)))), and thus
s € S((gg,(si(g;) fz( (g0)))). Then, there is y € 0;((¢., (si(g}), fi(s(g})))) such that y < ((s). Since

(g5, (si(gl), fi(s(g ﬁ hi, for every x € o;(h;) and y € 0;((g;, (si(g}), fi(s(g)))), v ﬁ z. Consequently
z 2 ((s) and a contradlctlon is reached. n

Proof of Remark B.3: (and second part of Remark B.5) A proof “by brute force” of the first
statement can be given by induction. Let s’ = (s,s",),s" = (s/,s"”,) € S(h;).
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Basis step: For t =1, si(@) = a}(h;) = s/(@). Since

(3

Fi(5(2), 84(2)) = filak (i), s' (@) = m(hs) = fi(s(2), 8" 1(2)) = filal (hi), 8" :(2)),
then
fi(54(2),5"(2)) = fi(s!(2), 5 4(2)) = md (hy).
Hence, (s}, s",), (s!,s";) € S(al" (hs), m{" (hy)).

177 —1

Inductive step: Suppose that for some k € {1,...,0(h;) — 1},

(sh,8"0), (57, 5"3) € Sl (hy), M (hy)).

)

Clearly, because the choice of ¢ depends solely on his personal history, and (agk](h,;), myg]

(hi)) < hy,
si(a (i), m{? (hi)) = af T (i) = 5{ (@ (i), ml ()
by characterization of S(h;). Also, since, by the same reasons,
fils' @ (na),m (h))) = filal ™ (ha), 5@ (i), miP (ri))) = mb 1 (he) =

= fi(s" (@ (i), (h))) = filal" M (he), 5@l (h), ml (hi))).
Then
filsi(@l® (he), mM (hi)), s @l (ha), ml (n))) =

= Fi(s7 (@™ ) m™ (), s (@ (), mlM (hg))) = m (),

and thus
(sh,5"2), (57, 5"5) € S (h), mFH (y)).

O

The property just proven reflects the very simple intuition that every s; € S;(h;) is behaviorally

equivalent along (and until) h;, which also implies that

al Mg (¢ (57, 5L4)) = a P (s (¢ (57, 7))
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Now we prove the second statement. The fact that g; < h; implies the existence of ¢’ € 0;(g;),
h' € o;(h;) such that ¢ < h'/. This is equivalent to: for every h” € o;(h;) exists ¢” € 0;(g;) such that
g" = h". This equivalence follows from (H;, <) being a tree, which implies that each personal history
has a unique predecessor for any given length. Indeed, intuitively, if there were two predecessors of,
say, length [, then two histories part of the same personal history would have predecessors belonging to
different personal histories, and thus such personal histories would be different, making it impossible
for two longer histories to belong to the same personal history.

Given the above equivalence, for every strategy s € S(h;), there exists h” € o0;(h;) such that s is
inducing h” (h" < ¢((s)). Then there exists g € 0;(g;), where ¢"l{@)l(h"), such that s is reaching ¢”,
which implies that s € S(g;). i

Clearly, the relation 2 on C; inherited from the relation on personal histories makes (2,C;) a tree,

since such is (H;, <). [

93



	Introduction
	Preliminaries
	Mathematical notation
	beliefs representation and properties

	Set up
	One-period game
	Infinitely repeated interaction

	Rationality and sophisticated reasoning
	Rational planning
	Strategic thinking and strong rationalizability

	Learning
	Strong rationalizability, learning, and equilibrium
	Equilibrium implications of learning and RCSBR "after" beliefs convergence
	Sufficient equilibrium conditions for learning and RCSBR
	Equilibrium implications of learning and RCSBR "during" belief convergence

	Literature review and discussion
	References
	Appendix
	A - Comparison of optimality conditions and existence
	B - Remarks on game structure
	C - Proofs
	Proofs for Section 4
	Proofs for Section 5
	Proofs for Section 6
	Proofs for Appendix A
	Proofs for Appendix B



